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Abstract

We consider the d = 1 Ising model with Kac potentials at inverse temperature
B > 1 where mean field predicts a phase transition with two possible equilibrium
magnetization mg, mg > 0. We show that when the Kac scaling parameter ~y is
sufficiently small typical spin configurations are described (via a coarse graining) by
an infinite sequence of successive plus and minus intervals where the empirical mag-
netization is “close” to mg and respectively —mg. We prove that the corresponding
marginal of the unique DLR measure is a renewal process.

1 Introduction

In this paper we consider the Ising model with a ferromagnetic Kac potential. The formal
hamiltonian is

() = —5 3 (. p)o(@)o(y) (11)

TFy
o(x) € {—1,1} is the spin at site z € Z? and

Iy (@, y) = yey J(v]y — ) (1.2)

where J(r) > 0 is a smooth probability density supported by r < 1; ¢, a normalization
constant such that 3 J.(z,y) =1,¢, = lasy —0.
The mean field version of the model has a free energy

fatm) = =" - S0} 13)



1-— 1-— 1 1
where S(m) = — 5 m log m_ltm log —;m is the entropy when the magnetiza-

tion is m. When 8 > 1, fz(m) is a symmetric two wells function with minima at £mg,
where mg is the positive solution of the mean field equation

mg = tanh{fmg}, [ >1 (1.4)

This suggests that when ~ is small the typical spin configurations should be close to mg
or —mg. Indeed when d > 2 it is proved ([9], [5], [1]) that for any 7 small enough the
plus DLR measure (obained as limit of Gibbs measures with plus boundary conditions)
has typical configurations described by a “sea” where the “local magnetization” is close to
+mgp with small and rare islands where the local magnetization is close to —mg. The spin
flip of the above picture describes the minus DLR measure.

In this paper we study the d = 1 case. In one dimension with finite range interaction
and any inverse temperature 3 there is a unique DLR measure, thus typical configurations
cannot be as in d > 2 predominantly close to mg or to —mg and therefore they must be
close to alternating +mg and —mg intervals. The problem has been first studied in [3].
The original idea in [8] was to see this in the context of metastability, see for instance [15],
[3], namely to relate the typical spin configurations to the trajectories of a random walk
in the two well potentials ! fz(m). For v small the two wells are separated by a very
high barrier and typically the random walk stays close to the bottom of a well with small
fluctuations and it will very rarely jump to the other well; it will then keep doing that for
ever, namely alternating from one well to the other.

Since the barrier height scales as v~ the waiting time for jumps from one well to the
other scales as e while the time it takes for the actual jump is much smaller as it scales
as vy~ L.

In a first version of our paper we have considered the problem in the presence of a
magnetic field h. The magnetic field modifies the two wells potential so that the intervals
with magnetization mg and —mg get different lengths. The paper however was getting
too long and we decided to restrict to h = 0. We did not examine the case when the
magnetic field is random: the length of the intervals then scales as =2 (see [0] and [7])
in contrast with the exponential behaviour at h = 0. It is an open interesting question
whether the renewal properties that we prove in this paper extend to the case with the
random magnetic field.

The relation with metastability however is not straightforward because we are studying
a Gibbs process while metastability is usually framed in the context of Markov processes.
It is true that in d = 1 Gibbs processes (with finite range interaction as in our case) are
Markov but the transition probability of the latter is not simply related to the Hamiltonian
of the Gibbs measure. Indeed to get to the transition probability one needs to know spectral
properties of the transfer matrix, in particular the eigenvectors of the maximal eigenvalue.
This is the approach used by Kac et al. ([10], [I1], [12]) to derive the van der Waals theory
from systems with Kac potentials, however to carry out the whole program along these
lines looks maybe possible but not easy at all.

An alternative approach, used in [3], and which goes back to Lebowitz and Penrose,
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[14], shifts the mathematical context from the spectral analysis of the transfer matrix to
a variational problem wth a non local free energy functional. The tunnelling problem for
the corresponding non local “penalty functional” has been studied in [1], [2] in the d > 2
case. Going back to Lebowitz and Penrose, the reduction to a variational problem comes
from a coarse graining which gives rise to the free energy functional

Flm) = / dr{fo(m(r)) — fo(ms)} + / / drdr' J(|r —r'Dm(r) - m()2 (L5)

Lebowitz and Penrose used coarse graining to describe spin configurations in terms
of a sequence of successive intervals in Z where a plus interval is followed by an interface
interval then by a minus interval, then by another interface interval and this structure
is repeated endlessly. In the plus and minus intervals the empirical magnetization of the
spins is close to mg, respectively —myg, the interface intervals separate the pluses from the
minuses. A precise definition is given in the next section. Calling 41, the DLR measure (at
inverse temperature 5 > 1) in [3] it was proved that:

e The probability j,[B] of the event B that the origin belongs to an interface interval
vanishes as v — 0.

e In the set B¢ call £, the length of the plus or minus interval which contains the origin,
then for any ¢ > 0

< efl(f”)‘BC} ~1 (1.6)

where

f= inf F(m) (1.7)

m(r)—+mg as r—+oo

e Properly normalized the distribution of ¢, converges to an exponential distribution
of mean 1 as v — 0 and the lengths of successive intervals become independent.

Purpose of this paper is to investigate the structure of the plus, minus and interface
intervals when ~ is small but without taking the limit v — 0. We call ) the space
of sequences of such intervals and P, the measure on 2 induced by p,. Namely P, is
obtained from p., by integrating over all spin configurations which give rise to the same
sequence and since we are just interested in the configurations in 2 P, retains exactly the
information we are interested in. The disadvantage when going from u., to P, is that we
loose the nice property of p., that its conditional probabilities have finite range dependence
on the conditioning.

P, however has a very nice structure, in fact (and this is the main result in this paper)
(Q, P,) is a renewal process. More precisely we show that it is possible to add to the
configurations in €2 sequences of “renewal marks” so that the new space (2%, P;) has for
all v small enough the following properties:



o (02, Pj;) is a renewal process where the renewal property occurs when a renewal mark
appears.

e The marginal of P} on (2, namely disregarding the marks, is P,.

Thus if we want to compute the probability of a given finite sequence of intervals we
go to the space (2%, P;) and look for the first mark appearing before our sequence, what
happens earlier is not relevant in computing the probability.

The paper is organized as follows. In Section 2 we define the parameters relevant
to our analysis and in Section 3 we present our main results and discuss their physical
interpretation. Section 4 presents an outline of how the proof of the statements of Section
3 is organized. The subsequent sections and appendices are devoted to detail the full
proofs.

2 Plus, minus and interface intervals

In this section we make precise the definition of plus, minus and interface intervals. We
will use throughout the paper four main lengths: v~!, which is the interaction length,
07 =6y, 6 €(0,1), and €3 = 4~ o € (0,1/2), which are the lengths used in the
definition of plus and minus phases, finally y~'/? which is the coarse graining length. We
will also use a parameter ( > 0 in the definition of the plus and minus phases. The relation
between § and ( is as follows: ( can be any positive number < ¢*, (* > 0 suitably small;
then for any such ( there is 0* = §*({) positive and we can take any § < 0%, (all that
independently of 7). For the definition of §* and ¢* we refer to Chapter 6 of [16].

We want the four lengths commensurable, namely Ej an integer multiple of v~! which
in turns should be an integer multiple of £ which should be an integer multiple of 12,
This could be achieved by taking integer parts but to have simpler notation we suppose
a = 1/4, v € {27% n € N} and 6 € {27%k € N}. For v small enough the above
commensurability requests are fulfilled and we will tacitly suppose that v is as small as
needed.

We use the standard notation in lattice systems, namely if A C Z then op = {o(z),x €
A} IfANA=0, op,05 ={o(x),z € AUA} and with A and A as above, A finite,

H,(0alos) = — > Ty (@, y)o(@)o(y) (2.1)
{z,y e AUA:{z,y }NAAD

which is the energy of the spins in A in interaction with those in A.
We call
Cr ={ze[ils,(i+ 1))} (2.2)
and shorthand
S =0c+, S=A{s,1€L} (2.3)
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s; will be called the i-th block spin. Given a spin configuration o we first define

1
n; = 1 if |€_* Z (o(y) Fmg)| < ¢, ni =0 otherwise (2.4)
v yeC,”
and then
0; = *1 if n; =1 forall C; C G, 6; = 0 otherwise (2.5)
©,==x1if 6, ==1, j=i—1,4,i+1, ©,(s) =0 otherwise
The plus [minus| phase in a configuration o is the set of points where © =1 [© = —1].

As we are going to see plus and minus intervals are defined by allowing fluctuations in the
plus and minus phases.

Definition. [Plus, minus and interface intervals]

e An interval [m,n] is a +— interface if ©,, 1 = 1, ©,,; = —1 and ©; = 0 for all
i € [m,n].

e An interval [m,n] is a —+ interface if ©,,_; = —1, ©,,; = 1 and ©; = 0 for all
i € [m,n].

[m,n] is a plus interval if there is a +— interface which starts at n + 1 and a —+
interface which ends at m — 1.

[m,n] is a minus interval if there is a —+ interface which starts at n + 1 and a +—
interface which ends at m — 1.

Thus a plus interval [m,n| starts at m with ©,, = 1 and ends at n with ©,, = 1
while ©; > 0 at all i € (m,n), moreover [m,n] is maximal with such properties. There
could be plus intervals made of a singleton, i.e. with m = n. Minus intervals are defined
symmetrically.

A spin configuration determines a partition of Z whose elements are the plus, minus
and interface intervals. The partition is denoted by w, the atoms of w are denoted by wy ,,
e Z,me {1,.,4}, using the following convention. {w,1,¢ € Z}, is the collection of all
the plus intervals, {we2, ¢ € Z}, of the +— interfaces, {wy3, ¢ € Z}, of the minus intervals
and finally {wy4,f € Z}, of the —+ interfaces. The atoms are ordered from left to right
in the sense that wy,, < we, if £ < ¢ or £ =, m < m’. The same partition w can arise
from two sequences wy, and wy,, if there is £ so that for all £ and m, wem = Wiy, ,,, We
then call wy,, and wy,, equivalent and denote by w classes of equivalence and by € the
space of all such equivalent classes.

It is sometimes convenient to describe a configuration w as the collection (x,,) of the
positions of the left points of the atoms wy ,, of w. Of course we are interested in equivalent
classes, where (ry,,) is equivalent to (zj,,) if there is n € Z so that x(,, = 7}, ,, for all
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¢ and m. Local sets in 2 are denoted by X* = {x},.,(¢',m') < ({,m) < (¢",m")} and
are the set of all (x,,) such that (for a suitable choice in the equivalence class of (z4,,))
Tom = Tf py (€,m") < (£,m) < (07, m").

Calling 1 the map from the space of spin configurations {—1,1}% (such that wy,, is
well defined) to the space €2, we define on the local sets X*

Py [X7] = py [ﬁ 1Y(s) € X*} (2.7)

where ji, is the DLR measure with hamiltonian (1.1) at inverse temperature 5 > 1. P, is
then extended to the o-algebra generated by the local events.

3 Main results

The main results in this paper are (1) the proof that the DLR process of the plus, minus and
interface intervals is a renewal process and (2) a characterization of the thermodynamics
of the system. We state here the main theorems which will then be proved in the next
sections, leaving the more technical details to the appendices.

3.1 The renewal process

The space € is made of quadruples (wg1, .., wr4) one after the other and indexed by ¢ € Z.
We will prove that their distribution P, can be realized by suitably clustering together
finitely many quadruples and giving independent weights to each cluster. Thus the process
starts anew every time that a new cluster appears.

We start by looking only at the lengths of the quadruples without caring about their
location. We denote by w finite sequences of quadruples of integers: uw = {ugm,? =
L,...k,m=1,.,4}, k € N, and define

R={u:uig>3; upg >1, ugo>2, ugz > 1, ugy > 2} (3.1)

The length of u is defined as
lm

and by (3.1) if u € R then |u| € [8, 00).

In Section 8 we will introduce a probability on R (denoted by w, for reasons explained
in the Remark below) with the following properties (see Theorem 10 and Theorem 12):
Properties of w,,.

e wy (u) >0forallueRand ) wy (u) =1 (being a probability).
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e There are ¢ > 0 and 4, > 0 so that for all R > 0

Z wy, (u) < ce”H (3.3)

wlu|>R

e The first moment is finite and denoted by:

=, Wyl (3.4)

ueER

Remark. Observe that the convergence of the series in (3.4) follows from (3.3) because

D wn Wlul =>" > wa( (3.5)

ueER n>1 u:u|=n

We will see that log a, and log d, are proportional to —y~!

We will first define weights w(u) on R which are determined by the statistical weight of
the plus, minus and interface intervals. We will then call wy(u) := e **lw(u), A > 0, and
prove that there is a unique value A, of A for which wjy(u) is a probability. We will see that
wj, (u) satisfies the properties listed above and that ), is related to the thermodynamic
pressure of the system.

We next denote by W, the probability on RZ product of the wy,. The elements of RZ
are denoted by (u;,7 € Z). We will often use in the sequel the following classical theorem
(which, for the readers convenience, is proved in Appendix G):

Theorem 1. There are ¢’ and 0., positive so that for any positive integer n

k
‘W [ u;)iez : there is k so that Z lu,;| = n}} — oy

=1

< de o (3.6)

where o, is defined in (3.4).

We may regard the elements of RZ as sequences of rods of lengths |u,| with internal
structure u;: our next step is “to put them” on Z.

Definitions and notation. The space Q0* and the map ¢ : " — Q.
Consider the sequence of pairs

(U, ¥i)iez = U; € Ry w; € Ly Tig1 — i = |1y (3.7)

x; is interpreted as the position of the rod wu,, more precisely of its left endpoint; the rods
are placed consecutively, one after the other by the last condition in (3.7). The labelling
is not important and we call equivalent (u;, z;)icz and (u}, z});cz if there is n € Z such
that (u}, 2}) = (1, Titn) for all 7. Notice that an element (u;, x;);cz is determined by the
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sequence of the lengths of the rod and by the position of only one of the rods, as the other
positions are fixed by the constraints z; ;1 —z; = |u;|. We call Q* the space of all (u;, z;)iez
(identifying equivalent elements).

There is a “natural map” ¢ : Q* — Q defined by looking in an element of 2* only at
the sequence wy,, of the internal structures of the rods in (u;,z;)iez. The range of ¢ is
actually a subset Q223 of Q of all w such that {¢ : |wy ;| > 3} is a doubly infinite sequence
(the DLR measure of the complement is equal to 0). Alternatively we may recover the
elements of Q* from those of Q=* by putting “marks” in the set {wy; : |wy1| > 3}: then
a mark at (¢,1) selects a site x defined as the left endpoint of wy;. The sets {x;} of such
marks are then identified with the sets {z;} in (u;, z;)icz, the specification w; being then
the lengths of the wy,, between x; and ;4.

In agreement with the notation of Section 2 given an element (u;,x;)icz € * we
denote by {zym,l € Z,m = 1,..,4} the set of all the left endpoints of the partition

w = ¢((uy, T;)icz)-

We define a “renewal probability” P7 on (2* by specifying first the probability of the
“cylinders” and then extending this to the minimal o-algebra generated by the cylinders.

The specification of a cylinder set is a sequence (v;,¥i)icq1,5, & > 1, such that v; € R,
i=1,..kand y;y1 —y; = |v;], i = 1,..,k — 1. The cylinder with such specification is:

C(Eivyi)iE[l,k] - {(Qia xi)iEZ SEOA (ﬂiv J}Z) = (inyi>ai =1,., k} (38)
Since 2% is defined modulo equivalence this is the same as
Closyicnng = {(%,xi)iez €Vt (Upyiy Tni) = (U, 4:),1 =1, .., k} (3.9)

for any n € Z. Physically Cy, 4., cpi 18 the event where there is a rod v; at y; and the
next £ — 1 rods have speaﬁcatlon Vg, ooy V-
We next define the P probability of a cylinder as

1 [C( v e, k} Qty waw u; (3.10)

The probability Py on Q* is finally defined as the probability which extends (3.10) to the
minimal o-algebra generated by the cylinders.

In Section 9 we will prove the following theorem about the renewal property of the
distribution of the plus, minus and interface intervals:

Theorem 2 (Renewal property of the DLR measure). The inverse image under ¢ of any
local set X* in  is a countable union of disjoint cylinders C; in Q*. It is therefore in the
o-algebra where P} is defined and

X =3 PC), ¢ X" = Uo (3.11)



As a consequence P, (which is defined on the o-algebra generated by the local sets) satisfies:
P, =P ¢! (3.12)

3.2 Thermodynamics of the model

Besides the thermodynamic pressure p, (of our Ising model with hamiltonian (1.1)) we will
introduce several other pressures. In particular we consider here the pressure pj relative
to plus intervals (namely obtained by restricting to plus intervals), see the next section for
a precise definition. We will prove at the end of Section 8 that:

Theorem 3. The thermodynamic pressure p, is equal to
A
+ g
Py =Dy T+ (3.13)
v ﬁﬁf{

where A, 1s the positive parameter introduced in the Remark at the beginning of this section
(ewistence of A\, and properties of wy (u) are proved in Section 8). Moreover if ZX'ZC is
the partition function in the region A, = [—n,n] (in block spin variables) with periodic

boundary conditions, then
Zpbc

A " _—6"n
_ThAn 1l <
RCRE: 1| < e ™ (3.14)

where ¢ and 07 are positive constants.

Thus by Theorem 3 the renewal property which is strictly related to A, has a ther-
modynamic meaning in terms of the pressure difference p, — pj. A, however has also a
thermodynamic interpretation in terms of “surface tension”. In fact in (8.5) it is shown
that |)\7 — 67‘ < 676,%, and in (8.8) that |oz7 — %‘ < c’eg where €, &~ e~ ¢ > 0, while
b, be (%, 1); thus for v small A, is “essentially” equal to e,. It is €, which has a
thermodynamic meaning in terms of “surface tension”. Since there is no phase transition
this cannot be taken literally and what we mean by surface tension here is the free energy
cost of replacing a plus interval by a plus and a minus interval separated in the middle
by an interface interval. The precise definition is given in (7.12) and it is proved in (7.15)
that the surface tension is equal to —[13 log €,. The physical reason behind the fact that the
difference p, — pj is related to the surface tension is that the “true” pressure p, is larger
than the plus pressure p> (= pJ) as it gets an entropic contribution by alternating plus
and minus intervals of all possible lengths and the cost of inserting interface intervals is
given by e,.

The limit v — 0 is also interesting, in fact we have

~ o7
C«/ ~ e

limy ylog A, = lim ylog e, = —Af (3.15)

f, which has been defined in (1.7), is the surface tension of the mesoscopic system derived
in the limit v — 0 and described by the free energy functional F(m), see (1.5). f is the
free energy of the instanton profile which optimizes the free energy of profiles which are

asymptotically +mg.
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Outline of proofs

In this section we give an outline of how the proof of the statements of Section 3 is organized.

5

In Section 5 we prove that to leading order the dependence from the boundary con-
ditions of the partition function restricted to plus intervals factorizes into a product
efr(s0)efn(3nt1) where s is the (block spin) left boundary condition and s,,; the right
boundary condition. By the spin flip symmetry the analogous statement holds for
the minus intervals. The precise statement is given in Theorem 4 whose proof is quite
technical: it is outlined in Appendix A while the details are given in Appendix B
and Appendix C.

In Section 6 we use the analysis on the plus and minus intervals to show that the
partition function (with periodic boundary conditions) can be written as a sum of
products of weights (denoted by w(u)) plus remainders which are negligible, as proved
in Appendix D.

The next step is to control the weights w(u) which involve the partition functions
restricted to interface intervals. This is done in Section 7, more technical details are
proved in Appendix E.

In Section 8 we go back to the expression for the partition function in terms of
products of weights w(u) obtained in Section 6 which is estimated using Laplace
transform as in a Tauberian theorem. We thus write wy(u) := e *%w(u) and prove
that there is a unique value of A, denoted by A, such that wj_ (u) has the properties
stated in Section 3, see Theorem 12. Technical details of its proof are given in
Appendix F. We then conclude the proof of Theorem 3 at the end of Section 8.

The proof of the renewal property of the plus, minus and interface interval as stated
in Theorem 2 is given in Section 9.

Statistical weight of plus and minus intervals

As already mentioned wy (u) will be defined in terms of the statistical weight of plus,
minus and interface intervals. In this section we estimate the statistical weight of the plus
and minus intervals.

The statistical weight Zj{f , of a plus interval of length u =n+2 > 3 is

+ . —BH. yees ,Sn,
Z%n(soasm—l) — E 19,—6,—110,50.i—2..n1€ BHo(51,-,5n]5055n+1) (5'1)

815-ySn
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where 0(sg) = 0(sp+1) = 1. It is the statistical weight of a plus interval whose endpoints
are 0 and n + 1, by translation invariance the definition applies to all plus intervals and by
the spin flip symmetry also to the minus intervals.

Theorem 4. For all v small enough there are pZ, F¥(s), k= 1,2, and G{h(s, s"), so
that

Z';rn(s()’ Spi1) = BT (50)+ F) (5m41)+ G (50,8 41) (5.2)
where n > 1 and
F®(s) < ey Lk =1,2 |G (50, 8n41)] < a6 " (5.3)

¢, a, b positive constants independent of ~y.

Remarks.

e By the spin flip symmetry the statistical weight of a minus interval is equal to

Z (50, 8n1) = G n)py +F (50)+ FSY (s.41) 4GS (0,8m 1) (5.4)
where 0(sg) = 0(s,+1) = —1 and
py =) FP(s0) = F{P(=s0),  E\"(s041) = FP (=s11),
G’(y:f'ZL(‘SOa Sn-‘rl) G'(y 27,( S0, _Sn—‘rl) (55)

e The renewal property is a consequence of (5.2). In fact if we neglect Gyn(so, Sn+1)
the dependence of the partition function on s and s, factorizes. With this in mind
we will write

(1) )
eCrnlsnsnir) — feGrnlsosntr) _pAyn} 4 efvn A — min G(1 (50, Snt1)  (5.6)
50,Sn+1

When we take the term e4*" we decouple right and left, when we take the curly
bracket we get a small contribution (as n will typically be large).

e While n is the length of the interval in the block spin representation E*n is the length
of the same interval in the original spin variables (£n = y~'"%n) so that pI is the
pressure in the plus ensemble. As we shall see the true pressure has an addltlonal
contribution of entropic origin, due to the alternating presence of plus and minus
intervals.

e The equality (5.2) reminds of the expression obtained for the partition function using

the transfer matrix method. The role of our boundary terms Fy(i) are played in the
transfer matrix approach by the right and left eigenvectors of the transfer matrix
relative to the maximal eigenvalue. The latter is identified to the exponential of Sp,
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p the pressure, and it gives rise (as in our case) to a term e Pl |A| the volume of

the region where the partition function is computed. Besides these terms there is an
exponentially small correction due to the spectral gap of the transfer matrix which

. . 0)
in our case is played by e .

The use of the transfer matrix method with Kac potentials has been central in the
analysis of the van der Waals phase transition, see the original papers by Kac et al.,
[10],[11],[12]. Its application is however very delicate because in the limit v — 0 the
maximal eigenvalue becomes degenerate. In our case however this does not happen
because of the restriction to plus intervals, nonetheless the use of transfer matrix
techniques is not straightforward in our case and we will instead use the Lebowitz-
Penrose coarse graining technique.

e The equality (5.4) also reminds of the cluster expansion estimates where the influ-
ence of the boundaries comes from the clusters which touch the boundaries. The
main contribution is due to the small clusters which give rise to surface corrections
as our terms Fy(l). Clusters which connect the two boundaries are long and thus

: . Q)
exponentially small, in our case they correspond to the term e . We do not know
whether cluster expansion works in our case, we have therefore followed a different
route based on the Dobrushin uniqueness approach.

In Appendix A we outline the main steps of the proof of Theorem 4, details are then
given in Appendix B and Appendix C.

6 The weights w,,

The pressure pj defined in Theorem 4 is clearly a lower bound to the true pressure p,
because it is the pressure of restricted partition functions (to plus intervals). The true
pressure p,, gets instead an additional entropic contribution by alternating plus and minus
intervals of all possible lengths. However each transition from a plus to a minus interval
(and viceversa) involves an interface interval whose statistical weight is very small (as

7 — 0) as we shall see in the next section. We will indeed prove that p, — pj = B)‘TL > 0,
Y

with “the correction” A, to the pressure being exponentially small in y~!. A, is the same
parameter introduced in Section 3, this is due to the fact that the computation of the
partition functions will involve the weights wy_ ().

In general the thermodynamic pressure is better approximated by partitions functions
with periodic boundary conditions. Let then A, be the interval [—n,n|, in block-spin
variables, while in the original spin variables it is the interval [-nf, (n + 1)fT) , s =
(S_n, ---, Sn) & block spin configuration in A,, and Hgbc (s) the hamiltonian with A,,-periodic

12



boundary conditions, our aim is to study the partition function

ZKEC = Z e PHY(3) (6.1)

S

We shall prove that ZX'ZC = PPy @t +0 (D) plug corrections which are exponentially
small in the sense of (3.14).

As mentioned above the key point will be to reduce the computation of Z} PbC £ a par-
tition function with the weights w)_ (u), to this end we need to re-introduce the partitions
into plus-minus and interface intervals in the context of the “torus” A,,.

Given s we denote by s’ its A,-periodic extension to Z, i.e. Sz+k(2n+1) = s, 1 € Ny,
k € 7Z. By restricting i to A,, 6(i,s") and O(i,s’) are the phase indicators in A,,. As a
difference with the infinite volume, the sets X° and X* of configurations s, where for all
i € Ay ©; = 0, respectively ©; > 0 (and somewhere = 1) and ©; < 0 (and somewhere
= —1), have non zero probability. We denote by g the complement of X° U XT U X~ and
write

inc _ Z[;\)Ec,g + th)lc,)fo + Z[;\)E(:,XjL + ZXEC,X* (62)

where on the right hand side we have written the partition functions restricted to con-

figurations in ¢ and respectively X°, X* and X~. We will prove in Appendix D that
0 —

ZR0e, ZXELC’X+ and Z¥>“*" are bounded by ¢;nefP 5 @) and are therefore negligible

T (2n+1)03 +2y (2n+1)

with respect to the estimate e®P that we want to prove for Z% pbc We will

thus study in the sequel of this section Z} bcg. Since &' is periodic with perlod 2n + 1 if
s € g then s has infinitely many sites Where O(i) = £1 and therefore it defines a partition

w' of Z into finite atoms wy,,,. Like s" also the partition ' is periodic, namely if wy , is an
atom of W’ then also its translates by 2n 4 1 are atoms of w'.

Call wy = wy; U---Uwy, and let ¢; be such that wy > —n, let 2’ be the leftmost
point of wy and wy ...w; the successive atoms of w’ which cover the interval [2/,2"),
2" =2’ 4+ 2n + 1 (by periodicity in fact at 2" starts the atom of w’ which is wy, shifted by
2n +1). We then denote by w = {wi;m = f(w), ,,),m = 1,..,4;7 = 1,..,k} the partition of
A, image of the atoms wy, ,, and call z = f(2') its “starting point” (the map f : Z — A, has
been defined above). We finally denote by u = {ugm, ¢ = 1,..,k;m = 1,..,4} the lengths of
the intervals wy,, and observe that the pairs (x,u) are in one to one correspondence with
the partitions w. Calling uy = ug1 + -+ + uga, |u| = >, us, the set of possible values of
(x,u) is:

A={(z,u): z€[-n,n|, lu=2n+1l;24+u; —1>n+1, whenx > —n} (6.3)

the condition z+wu; —1 > n+1, when x > —n corresponds to the condition that LD —n.
We remark that the sequences u € A are not necessarily in ‘R namely u;; could be smaller
than 3, see (3.1).
Recalling that
Z5eE = 3 e P (6.4)

s€g
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we then have:

ZWE I DED DI (6.5)

(zu)€A s—(z,u)

where for (z,u) € A we denote by s — (x,u) the set of all s € g such that the induced
partition w gives (x,u). We sum over the interiors of the plus and minus intervals using
(5.2) and then over the interface intervals, and get

k(u) 4
ZERTG YD DY 1 ) U

(z,u)EA {sg,m} £=1 m=1

where k(u) = k if u = (ugm,? = 1,..,k). In (6.6) {ssm} are block-spins and the sum is
over all spm, 0 = 1,...k(u),m = 1,..,4, such that 0(s;,) = 1, m = 1,2; 0(s¢,) = —1,
m = 3,4; If upy = 1 then sp; = sp2 and sp3 = s¢4 if up3 = 1. Moreover s;5 1= sp411
and Sgw)+1,1 = S1,1- Sem > m = 1,2, are the block-spins of the leftmost and rightmost
blocks in wy; whose length is uy;. Analogously s ,,, m = 3,4, are the block-spins of the
leftmost and rightmost blocks in w3 whose length is u,3. It remains to define the two
body potentials V" (s, s).

The potentials V"'(s,s"), m = 2,4, u > 2, take into account the contribution of the
interfaces. Let 0(sg) =1, 0(sy+1) = —1 and

+,— o H- (s S0,Su
230 (80, 8ub1) = E 1o,—10,——116,—0,=1,. e Pl sut)

1u

77+ — —BH w720,
Z’Y7u (_807_8u+1> - § 191=71,9u=11@1‘:071':1,--,116 BHy (o] =50,=5u1) (67)

Then with F§i)(s) as in Theorem 4

vty D (s,8)e PP+ PD )

e (6.8)

eﬂp (u+2)@+

Similarly
Z= (s, 8 )e PHAO+H (P ()47 (s)

Vi(s,s') _ Tvu ’
¢ N By (ut2)ey (6.9)

When the length u of a plus interval is > 3 the sum over the spins in its interior is bounded
by the r.h.s. of (5.2). The factor P55 (4=2) contributes to the first factor on the r.hus. of
(6.6); the factor ePFV@O+FE) s put in V(-,-), m = 2,4. Then V(s, ') = G{A(s, s').

When v = 1,2 (5.2) does not apply and we need to subtract in V,!(s, s')1,<» the terms
F§1)(s), F§2)(s) that we have put in V*(-,-), m = 2,4. In this case in fact there is no
interior in the plus interval: when u = 1 the contribution of the plus interval is 1, when
u = 2 it is e W2 1) where W, (s]s') is the interaction between two contiguous block spins.
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The definition of V.!(s, s') is therefore:
Vis,s) = (BH(s)+ Byt et = D (s) = FO(s)) Luc e
+ (= BWsls) = FD(s) = FO() ) Ly + G (s, )Lz (6.10)
where the extra terms in (6.10) compensate with the corresponding factors in the definition

of V2(s,s') and V1(s,s).
Similarly

Vis,s) = (BH(s)+ Byt eh = F(s) = FO(s) ) Luc e
n ( — BW, (s]s') — F9)(s) — F§4>(s')) Lo+ GO(s,) 1,z (6.11)

Recalling the strategy outlined in the second remark after Theorem 4 whenever u > 3 we
write each e (%) ag

1 ’ (1) ’ (1) (1)
eVu (575) — {eG'y,u72(878) — eA'y,u72} + eA'y u—2 (612)

By the definition of Al (see (5.6)) the curly bracket is non negative. We have

ZplDCg Zp'OC -8b ZXEC’gg (6.13)
where Zp be8b comes from the case where for all ¢ either ug1 < 3 or we take the curly
bracket. Thus

Z/];\)Ec,gb _ 65p¢(2n+1)e¢ Z w(b)(u) (6.14)
(zu)eA
where
k(u) 4 i k(u)
_ Z {H H e uzym(sé,mysi,wrkl)} HKUK,I (8&1,8572)
{se.m} f=1m=2 =1
A

K, (s,s)=e U1u<2+{e Sumalos) _ AL 23,3 (6.15)

The sum over {s;,,} in (6.15) is as in (6.6), Skw)s = s1,1. We will prove in Appendix D,
see (D.12), that there exists ¢, > 0 so that:
Zpbc,gb
lim An - =
n—o00 BPy(2n+1)05 —(y(2n+1)

so that also the contribution of Z} pbc gb

b
restrict to Zp €88

To write exphmtly Zﬁic’gg we replace A by A*, where

is negligible in the proof of (3.14), we can therefore

A" ={(z,uy, . uy), i=1,....k: u € R;Z lu;| = 2n+1; 24+|uy|—1 > n+1, when x > —n}

(6.16)
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and R is defined in (3.1). Namely we start from a sequence u as in (6.3), and call £ the
set of labels £ s.t. wp; > 3 and the last term in (6.12) is taken. We then group together
the up , with ¢’ in between successive values of ¢ in £ and each of these groups is a u; in
(6.16). With these notation

ZPPe88 — oPpy (n+D)E] Z Z Hw u; (6.17)

ko (2uy,uy,) €A i=1

where, similarly to (6.15),

k(u) 4 k(u)

Z {H H e “4m(sem,82m+1 }6 vu11 HKU“ 551,552) (6.18)

{sem} (=1m=2

For any A > 0 we define:

wi(w) = e MMw(w), |ul = Zwm (6.19)

and get

k
Ziicvgg — o(2ntD)[BpY €4+ Z Z H w (u;) (6.20)

ko (z,uy,,u;,)€A* i=1
While (6.20) holds for all A > 0 it greatly simplifies if we choose A = A, A, > 0 such that
wj, (u) satisfies the properties listed in Section 3. We will thus continue the estimate of
Z¥"“%8 at the end of Section 8, after proving the existence of \, and properties of wy_(u).

7 Statistical weight of interfaces

In Theorem 4 we have estimated the statistical weight of a plus interval defined as the
partition function Z¥ (s, s'). Analogously the statistical weight of a +— interface is defined
as the partition function ZF;"(s,s’) of (6.7) (—+ interfaces are just +— interfaces after
spin flip, so that in the sequel we just refer to the former). In Appendix E we will prove
the following bound:

Theorem 5. There are ¢y > 0, a positive integer ng, b € (%, 1) and ¢, > 0 so that for any
So and Spy1 such that 6(sg) =1 = —0(S,41)

Z:;:;L_ (50, Sn+l) S 2;7—;(807 _Sn+1) e—yflﬂf'i‘cb"/*b_,y*lCO(n—n0)1n2n0 (71)

f is the free energy of an instanton, see (1.7), and Z1 5 is defined in (B.2).
Moreover

_ ——18F b
ZI’Q (s0,83) > e Bf ey 75 (s0, —s3) (7.2)
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Observe that Z" has still a “dangerous” dependence on the boundary conditions
because the interaction with the boundaries is exponential in v~1, this will be settled in
the next subsection. In a final subsection we will relate the statistical weight of the
interface to the surface tension introduced at the end of Section 3.

7.1 Bounds on the potentials V"(s,s’), m =24
We will first bound

=Y Z eV () (7.3)

s:0(s)=1s":0(s")=

€y 1= Z e (n) (7.4)

and

Recalling (6.8)

Z Z F(nt2)et Z5 (s, §")e Bl () HHy (I F D (5)+ FO () (7.5)
s:0(s)=1s":0(s")=—1

e, will be referred to as the statistical weight of the interface.

Theorem 6. There are b € (,1) and ¢, > 0 so that for all v small enough

b

ey(n) < 6—7_15f+0b’7_ —y " teo(n—n0)1nzng (7.6)

eV Bl < e, < e B ey (7.7)
Proof. Using (7.1) we get from (7.5)
&(n) Swyaei(n), wyn=e¢"7 BT e =y o (o) nzng (7.8)
€ (n) = o8P (n+2)t { Z ZH((S, Sf)efB[Hw(s>+Hw(s’)]+F<2>(s)+F“>(s’)}
We are going to prove that
e(n) <1 (7.9)

which then proves (7.6).
Let m > 1, eventually m — oo, then by Theorem 4

1 = ZF (s_m_1,8)e B Em+D on )+ (4G5 (s—m—1.5)
—m—1

= Zi (s 8n+m+2)6_{5ﬁ@m+ﬂm(8’)+Fv(2)(8n+m+2)+G(v1,3n(5’78n+m+2)}
’Y?m ?
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hence
7/81; 2 2 ?+ 2 1 1
(n) < e 'y(n m+ ) 'y*F,s )(sn m 2) F( )(S m 1) 2”CT,’(Y,)WLHOO

% E e PHA(S[-mnymi1)lS—m—1,8min+2)
S[—m,n+m+1]

X le;zoiel-mntm+111o_ =0, 4m1=110=1icl0n+1]

The last factor is bounded by Z, .5, 9(S—m—1, Sm+n+2), (having dropped the characteristic
function 1g,—1ic[o,n+1])- Then using again Theorem 4:

1 1
e (n) < G oo HIG St p2lloo

Letting m — oo we prove (7.9) so that the upper bound in (7.6) and (7.7) is proved.
By (7.2)

) 2 P ) ZH (s, ) MO )

0(s)=0(s")=1

with ! , obtained from w, 2 by changing the sign of the term cyy~?. As before and with
n = 2 below,

" + @) (1) (1)
e(2) > o e PPt E B Gnimi2) =B (o) =21l
Y v,2
—BH~(S[—m.m4n S—m—1,S
% § e PHAY(S[mmmint1)ls—m—1 m+n+2)1®i20,i€[*m,n+m+1]19—m:9n+m+1:1191’:1,@'6[073]

8[7m,n+m+l]

Call p (S|-mm+nt1]|S—m—1, Smin+2) the Gibbs measure in the interval [—m,m + n + 1]
conditioned to {©; > 0,i € [-m,n +m + 1];0_,, = 0 my1 = 1} and with boundary
conditions s_,, 1, Smint2. Then the last sum is equal to

ZH(smots smins2)it” [ {60 = 1,0 € [0,3]}]
and
ut [{@i =1,ie 0, 3]}] >1—4e 7 ¥ >0
which follows from (B.8). The lower bound is proved because e, > €,(2) . O
We shall see, in Appendix F (see (F.13)—(F.14) and Subsection F.3), that the factors
eVe(5) and K,(s,s') in (6.15) can be bounded uniformly in s and &' if v > 3 (but not
when v < 3). Thus if the intervals to the right and left of an interface have both u > 3,

then, after using the above uniform bounds, we are in the setup of Theorem 6 and get an
estimate for the contribution of the interface. In the other cases we proceed as follows.
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We call two interfaces “connected” if they are separated by an interval of length u < 3.
We then consider a maximal sequence of connected interfaces which starts on the left from
the interface interval (¢, m’) and ends on the right with (¢, m”), calling (¢, m) the intervals
(interface or not) in between the two extremal ones. Thus the lengths wu,,,, m € {1,3}, of
the intervals between (¢, m’) and (¢, m”) have all length < 3 while the two intervals one
to the left of (¢, m’) and the other to the right of (¢”,m") have both length > 3. By using
the above uniform bounds for these latter we are then left with the case considered in the
following theorem:

Theorem 7. There is ¢ > 0 so that for all v small enough the following holds. Fiz any
mazimal connected sequence of interfaces with (¢',m’), (¢",m") and {usm} as above. Call
k the number of the interfaces in the sequence, then

Z Z Hevﬁ,m(sz’m’sz’m+l) S ckE’I:/erCb’y_b (710)

{ue,m} {se,m} £m

where 0(sgm) =1 when m = 1,2 and 0(sp.m) = —1 when m = 3, 4.

Proof. Fix {uy,,} supposing for the sake of definiteness that m’ = 2 and m” = 4. Call
n = Z Ug,m
lm

and shorthand sy = Sy, Sp1 = Ser . We write sp ) € Spip({tem}) for the configura-
tions which give {uy,,}, then

Z Hevgzm(se,m,samH) _ 6—5p¢(n+2)e¢ Z e—ﬁHv(slo,n+11)eF§2)(80)+F§1)(3n+1)
{se,;m} &m 8[0,n+1]

X Loy 18y {urm}) L0(s0)=0(sm11)=1 (7.11)

Noticing that for n <2 ZF = ZF*, by the spin flip symmetry, by (7.1) and (7.8) this is
bounded by

[6*7_15f+cb’7_b}k6_’77100 320 Y meq2,a3 (te,m—n0)lu, | >ng efy(n)
where € (n) is defined in (7.8) and it is bounded by 1 (see (7.9) ). By (7.7):

_—1Q3F b b
e~V Bfteyy Sﬁye%w

hence (7.10) recalling that w,, <2 when m € {1, 3}. O
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7.2 Free energy of an interface

We define the free energy ¢, of an interface as the free energy cost of splitting a plus
interval into a plus and a minus interval with an interface in between them. More precisely

1 At (5_pm_1,5
¢, = ——=log > liminf - mn(8-m-1, Smtniz) (7.12)
ﬂ n>2 m—00 Zy,2m+n(s—m—1’_sm+n+2)
where s_,,_1 and S, 4,12 are arbitrary with the only condition that 0(s_,,—1) = —0(Smini2) =
1. In (7.12)
A+ (S—m 17Sm+n+2) _ Z e_ﬁH’Y(s[fm,nJrl]|57m7175m+n+2)16i207iSO1®i§07i2n+1
5[7m,n+m+l]
X le,=0,icl1,n)1og=1,0,11=-1 (7.13)

is the partition function with the constraint that [—m — 1,0] is a plus interval, [1,n] is a
+— interface and [n 4 1,n +m + 2] is a minus interval. The liminf in (7.12) is actually a
limit:

Theorem 8. For any sequence s_,,—1 and Spyinia aS above

A+ —m—1) “m-Tn
lim — n(Somoty Sminia) s (7.14)

7,2m+n($*m 1, 3m+n+2)

where e,(n) is defined in (7.3)
Proof. Let 6(s) =1 = —6(s’) then by Theorem 4

A+ (8 m— 1;5m+n+2) = { Z Z (s,8) G£” (s—m—1,8 )JrG( )(s 57n+n+2)}

s:0(s)=1s":0(s")=—1
X eﬁpw (2m+”+2)@L eF(l)(S—m—1)+F(4)(5m+n+2))
The denominator Z7,, ,(S—m—1, —Smint2) in (7.12) is equal to

Z+2 + (5 m—1 _8m+n+2> — eﬁp'y (2m+n+2)£fyr+F(1)(377n71)+F(2)(*sm+n+2)+G;},,)L+2(5—m717*5m+n+2)
¥,2m+4n\°—m—1,

Since F®(—s,1n2) = FY (s554n42)

+
A (5—m—1, Smin+2) < {GHGSJ||o<>+HG£2>||c,o+||G(212L+2||oo}6 (n)
Z+2m+n(s—m 1, Sm+n+2) - vy

Analogously

2m+2

Al (5-m-1, Sman+2) ) ®) &)
) > (eI oI -IG5) ol Y (1)
Zj2m+n<5—m—17 _8m+n+2) !
By (5.3) the curly bracket converges to 1 when m — oo and (7.14) then follows. O
By Theorem 8 and by Theorem 6 we then have:
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Theorem 9. The free energy ¢- defined in (7.12) is well defined, the liminf on the right
hand side is a limit and

e = ¢ (7.15)
Then, recalling (7.7), _

|6y — 7 < (7.16)
Thus

8 Normalization of the weights w(u)

In this section we prove the existence of A, and other properties of w)_ (u) defined in (6.19),
including those stated in Section 3. The following theorem is proved in Appendix F:

Theorem 10. Taking c;, as in in Theorem 6, there is a constant ¢ > 0 such that for all
small enough and %Ev <A< %ev

b

D O e e (5.1)

Corollary 11. In the context of Theorem 10 for v small enough there is ¢ > 0 so that for
any X € (3¢,,2¢,) and any R >0

. 1
Z wy(u) < ce 1R/4 Z@UA(Q)m, < S pp— (8.2)

wi|u|>R ueR

As a consequence the function X — Y wa(u) is in C* when X € (3¢,, 2€,)

Proof. We obviously have for any \ € (%ev, %57) :

wy(u) < e“yl%wéew (u) (8.3)
and the first inequality in (8.2) follows from (8.3) with ¢ = > w 1o, (w). The second
inequality follows from (3.5) and the first inequality. [
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Theorem 12. For any -y small enough there is a unique Ay > 0 such that
> wy, (w) =1 (8.4)

Moreover there is ¢ so that for all v small enough
A — €] < ce?Y (8.5)

Finally the probability wy. (u) on R satisfies the properties listed in Section 3.

Proof. Uniqueness follows because ) wy(u) is a strictly decreasing function of A when
it is finite. We will next prove (8.4). We postpone the (elementary) proof that

€y 2 €y 2
I | — 7 <1 8.6
(67 — Cweg) = 1L +c¢e,, (E'y I C»YE%) > CyEy (8.6)

Then, by (8.1)

€
Zwe —cye2 <Q> > (—7)2 — Cy€y >1
" T €y — Cy€2

Slmllarly
E w, (U)<(—)2+C€ <1
ea,—‘,-cwe?Y =) = " c g/ Y=Y =

By Corollary 11 37 wx(u) is a C" function of X in (3¢, J€,), hence by continuity there

is a value \, in [e, — ¢y6,7%, €, + ¢,€,%] where it is equal to 1.
The proof of (8.6) follows from the inequalities:

1
(—1—0 - 2> (1+cy6)? > 1+ cpe,
7€y
1 2 2\2
(—1+C€ ) §<1_C’Y€'Y+(C’Y€’Y)) <1 —cyey
7€y

In the last inequality we have used that 4c,e, < 1.
The proof of (8.5) follows from (8.1) with A = A,. Finally (3.3) is proved by (8.2). The
existence of the first moment, as stated in (3.4), follows also from (8.2).
[

By (8.1) >, wx(u) as a function of A is to first order approximated by (5)?, it is actually
true that also its derivative with respect to A is well approximated by the derivative of
()% Indeed the following theorem holds (we omit for brevity its proof which is based on
the estimates obtained in Appendix F):
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Theorem 13. There is ¢ > 0 such that for all v small enough

‘ Zw)\ | — 2 <c (8.7)

€y
As a consequence there is ¢ > 0 so that
|, — 6—AY| < dé? (8.8)
vy 2 — ¥ .
Proof of Theorem 3.
We have shown in Section 6 that
7800 — gRbess | gpbedt | gpbe Xty gpbedT | gpbegh (8.9)

In Appendix D it is proved that there exists (, > 0 so that

1 0 + -
. pbc,X pbc,X pbc,X pbc,gb)
Jim B, 2n )6 —C, (2nt1) (ZAn HANT T A, > =0 (8.10)

(6.20) with A = A, becomes

k
inc,gg — p(2n D) [BpT 42 Z wy, (uy) Z Z l_Iw/\7 (w)  (8.11)

(w,uq)€A ko g0 lug|=2n+1—u, | =2

where A" = {(z,u;) : z+ |uy| — 1 > n+1whenz > —n, |u,| < 2n+ 1} (if |y =2n+ 1
then the sum over k in (8.11) is absent). We have:
1
Z wy, (uy) = Z |y [wy, (ug) = o Z |uy [wn, (uy) (8.12)

(z,uy) €A |uy [<n /2 |uy [<n/2 Ty |>n/2

with the last term exponentially small in n (by the properties of A\, stated in Section 3).
By (3.6) for any |u,| < n/2 the quantity

2. > 11w, @) —a, (8.13)

kg, uy Do lu;|=2n+1—|u, | =2

decays exponentially in n. This proves (3.14) and therefore Theorem 3.
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9 Proof of Theorem 2

In this section we will prove (3.11) and hence Theorem 2. We thus fix a local event
X ={x},,,(0';m') < (£,;m) < (£",m")} (see the end of Section 2). As a general result for
one dimensional Gibbs measure we have

il (s) € X°] = lim @ [/ () € X7 (9.1)

n—oo

where (using the notation in Section 6) A,, = [—n,n], s’ is the A,-periodic extension of the
configuration in A,, and upbc is the Gibbs measure with periodic boundary conditions.

e 14 () € X = ZR[s" : y(s') € X7 B ZR[s" : p(s') € X*] efrr(@ntD)Ey
Hyan 18 - 918 B Zvbe T g 7

(9.2)

where ZX:C [s" :(s") € X*] is the partition function restricted to {s' : ¥(s') € X*}.
By (3.14) the last factor converges to 1 as n — oo. To estimate the first one we proceed
as in Section 6 with the role of the point —n replaced by 7 ;. We then have

ZXIZC[g/ . w(g) cX* ] _ Zpr’ . Z/p;bc,gb
6/817’Y(2n+1)£;r An eﬁp'y(Qn""l)ZJr

(9.3)

where Ziic’gb is defined in (6.13) and the last term in (9.3) vanishes by (D.12) below ;
ZPe" s

k

be,* |
Z/I\)n = Z ]-{(a:,k,gl,...gk)—)X*} Hw)w (Qz) (94)

(wykyylv"yk;)eA* i=1

where A* = {(z, k,uy, ... ) s 25y € [, 2+ |y | — 15 [y |+ -+ + |u| = 2n + 1}. Moreover
(x,k,uy,...u;) defines a sequence xppm, 0 = 1,..,k;m = 1,..,4 where 1, = z, x15 =
THULL, Tom = Tom—1+Usm—1 (With o0 = x4_14). With these notation {(z, &k, u,,...u;,) —
X*} is the set of elements in A* such that the corresponding (z,,) verifies xsigym =
Ty, £ =1, .., 0" for some .

Let Cy = [,z + |uy| — 1] =: [2], 2], C; = [2/_, + L, 2] | + ||| = [z}, 27], 1 < k.
By the definition of A* the point zj, € C; and we call C}, the last set C; which has
non empty intersection with [z}, , 7, 4] so that Ci, ..., Cj is the collection of all C; which
have non empty intersection with [z7 ,, 27, ,]. Since the C; are disjoint their number h <
Tpny = Tpy + 1

We fix a positive number R > xj,, — 27 ; + 1, and take n so large that R < 2n + 1.
We then split the sum in (9.4), over configurations (z, k,u,,...u;) such that |C;| < R,i =
1, .., h and the other ones. The contribution of the latter ones is bounded by:

2 Z w, (u)|ul (9.5)

lul>R
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In fact if |C;| > R then necessarily either i = 1 or i« = h (or both) which are bounded in
the same way, hence the factor 2 in (9.5). The quantity in (9.5) is bounded by:

TN wy (W] < e (9.6)
lul>R
where we have used (8.3)
It remains to estimate
k
kok
2 = Z Ly o)X} L{Cil<Ryi=1,...1} H wy, (1) (9.7)
(z,k,uyq .. uy, ) EA* i=1

This can be written as (see (3.6) for notation):

h
Y Lgousriztom Hahay, ) -xy | [ o, (@)
(CRRTIRRNTIY) i=1
k
xW, [ there is k so that Z lu| =2n+1—(|Ci|+---+ \Ch\)} (9.8)
i=1

We next let n — oo, since |Cy] + -+ -+ |Cy| < Rh (vecall that h < 27, , — 2}, + 1), then by
(3.6) the last factor converges to c,. Then we let R — oo and finally get

h

Y Yanaea-xey | s, () (9.9)

(:D)h:yla-nﬂh)eB =1

where B is the collection of all (z, h, u,,...w,) such that the corresponding sets C1, .., C},
cover [z} 1, %y 4] and each one has non empty intersection with [z}, |, 2}, ,].
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A Outline of the proof of Theorem 4

The advantage of describing the spin configurations in terms of plus-minus and interface
intervals is to split difficulties. In fact in a plus (or minus) interval the system sees only
one phase and therefore one can exploit the local stability of single phases. The interface
intervals are dealt with large deviation estimates as in Theorem 5. What we said above
about the plus (or minus) interval is not entirely true because the definition of the plus
interval allows for values of © which are not always equal to 1, as © = 0 is also allowed,
this spoils a direct applications of the previous stability statements.

A.1 Reduction to the restricted ensemble

The problem is settled in the next theorem where we show that the computation of Zj’ n
can be reduced to that of a partition function in the “restricted plus ensemble” where
© =1 (i.e. without fluctuations). The price is an additional hamiltonian which however is
proved to be “small”.

Theorem 14. There are v*, ¢ and b all positive so that for all v < ~* and n > 1.
Z,;r’n(so, Sn—i—l) = Z e*ﬁ[Hw(sh.A,sn|so,sn+1)+U«,(sl,..,sn|so,sn+1)] (Al)
(815-+58n):0(s;)=1,i=1,..,n

U’y(sh --7Sn|3075n+1) = Z uA:'Y(SA)

AC[0,n+1]:Na>5

The latter is the energy in [1,n] in interaction with {0,n + 1} of the hamiltonian U, with
many body potentials {ua ~(sa)} which are bounded by

[ua~(sa)| < ce™™ '"Na_ Ny the cardinality of A (A.2)

when n = 1,2 the additional hamiltonian U, is absent.

The proof of Theorem 14 is reported in Appendix B. The strategy of the proof is like
in a typical step of the Pirogov-Sinai analysis of Ising systems at low temperatures where
the energy is reduced to the ground state energy (i.e. with all plus, or all minus) and the
partition function becomes the partition function of a gas of polymers whose activities
are the weights of the contours. In our case we reduce to the restricted ensemble and
the contribution of the contours is expressed (using cluster expansion) in terms of the
additional hamiltonian U,.
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A.2 An interpolation hamiltonian

It is now convenient to go back to the original spins o(x) and, following the proof in
Chapter 11 in [16], we introduce a reference hamiltonian

Hiree = — nga(x) (A.3)

where mg is defined in (1.4).

Recalling from (2.2) that C;" = [(X4, (X (i 4 1)), we write

w-Uer a- U a0 "

Namely A, _ and A, ; are obtained from A,, by adding all the intervals C;" to the left and
respectively to the right of A,,. We also write:

n+1 n+1 00
r=Uern o= o oa,=Jor (A.5)
=0 1=—00 1=0

We denote by u?} Anone Uhe Gibbs measure on the plus ensemble © = 1 with the interpo-

lating hamiltonian

tH, (onlong) + Uy(onlona,)] + (1= H(0n,), t€[0,1] (A.6)

Uy(ondoapa) = D uag
ACA:,ANAL#D

U, (o, |oaz\a,) is equal to the expression in (A.1) once written in the original spins o(x),
the condition A N A,, # 0 is redundant because A C A% and Ny > 5. Then

1 Z’j’/\n (O-A%) ! free
B log [2 COSh(ﬁmﬁ)]lA”| = 0 thNt,An,a'A% HAn (O—An) - H’Y(O—An|0-A$L) - U'Y(O—An|0-A:l\An):|

(A7)

|An| = nlY, ie. the number of original spins in A,,.

The key point in what follows is that the interpolating hamiltonian restricted to the plus
ensemble satisfies the Dobrushin conditions for uniqueness and the corresponding Gibbs
measures have exponential decay of correlations. We will exploit all that in the analysis
of the right hand side of (A.7). We will write the integrand as sum of terms which are
divided into three categories: those localized away from the boundaries, those close to the
right boundary and finally those close to the left boundary. The first ones will contribute
to the pressure, the second ones to FéQ) and the last ones to F§1). The term Gglll takes
into account the small dependence on the far away boundaries. We outline below how we
implement this strategy.
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A.3 The infinite volume measures ;;; and the pressure p;r

We will prove in Appendix C that for 7y small enough and any ¢ € [0, 1] there is a unique
DLR measure j; on the plus ensemble © = 1 with hamiltonian ¢[H., + U,] + (1 — t)H™®
where U, = {ua}. We will prove Theorem 4 with

pl = llog 2 cosh(fmg)} + dt— E A8
Y B B ut
z€f0,eF)
where
ky = —mgo(x ZJ x,y)o Z ‘A’UAV oa) (A.9)
A>dx

By (A.2) the series in the last term is absolutely convergent.
(A.7) can be written in a similar way

1 AN
- B 05, k x] A.10
6 0og [2 COSh ﬁmﬁ |An Z/ 0 Anmope An, ( )

TEA,

where for z € A7)

1 1
ke = —mpo(r)Leen, + 5 Y Lye@ely) - > mum(%) (A.11)
y{z,y}NAn#0 ACA},ASz

Observe that if above A C A* then necessarily AN A,, # () because No > 5. Thus

%1og2;An(aA%)—|An\p¢: / WY B, i) = S B[R] (aa2)

xGA* wEAn

A.4 Semi-infinite measures and the surface terms Fy(k)

We will prove in Appendix C that for v small enough and any ¢t € [0,1] for any
configuration oxc  in © = 1 there is a unique semi-infinite DLR measure pp,

OAC _
on the plus ensemble © = 1 with hamiltonian ¢[H, + U!] + (1 — t)H™® where U/ =
{uaq, A C A} _}, analogous statement holding for . ,

For any z € A} - we first define

1 1

ke = —mpo (@) Loen,  + 5 Yo Lmye@ey) - > WuM(ovA)
y{z,y}NAn, 70 ACA;, oAz

(A.13)
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and then

1
F’§2)<O-Afu—> :/0 dt{ Z <E“?,An,7;ff/\c [kAn’_,zi| B Eut [kw])

rEA,, "

+ Z EM?,An,_;a'Ac [kAn’i’x] }

€A}, _\An, -

Notice that FV(Q)(-) does not depend on n. Analogously

1
F§1)(0A%,+) - / dt{ Z (E“?,An,Jr;GAC + [kAn’+’$] B Em [k$i|>

0 IGAH,+
+ Z EN?,An;UA% [kA""hm} }
z€A;, \An

A.5 The terms Ggi,)n(so, Sn+1)

(A.14)

(A.15)

We are going to show that the difference between the right hand side of (A.12) and the

(1)

sum [ (ope ) + 2% (oac ), which thus defines the remainder term G(yl,%(so, Sp+1), 18

6
G%(SO, Sny1) = Z g
i=1
where, calling z* := £F[3], [§] the integer part of Z,
1 .
1) _
v _/ dt Z (E“g,An;vAc [k)Anx} B E“gvl\nwf/\c [kA"’+’x )
0 z€EA, ,x<T* " ’ o+ B
1 .
2
\I]( ) :/ dt Z (Eﬂ‘g,An;o—Ac |:k:A"7x:| - E:“‘?,An’_;o'Ac |:k:An’7’x )
0 2EA,, T>T* n ", — i
1 .
o — / Y (B o [Bre] = Buk)
0 IeAn,xzx* t, n,-‘r’a'AflY+ i

@ — _ /01 ” Z (Eu?,An’_;aAc’ [k,\n77,z] - B, [k:xD

TEA,, —,x<x* -

1
(6) — _
\:[I — A dt Z {EM?,AW,;G—A% |:kAn,3?:| EM?vAn,-&-;UA% |:kAn,+7$:|}

2€A  \An +
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(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)



1
6) — _
\II - A dt Z {Eﬂg,An;oA% |:k:A"’mi| E“?,An,,;al\% [kA"*7’$i|} (A22)

xEAfLﬁ\AnY,

In Appendix C we will prove that the series in the definition of the ¥ are absolutely
convergent. To prove (A.16) we observe that

1
F’gl)(JA%,Jr) + W g L g6 = /0 dt( Z {Eu |:kAn71':| - Ey, [kx]}

t,An,opc
n
€A, z<T*

b B, [oe])

€A, \An

1
FO(op )+ 02 40 4 3® = / a( Y B, Ene] = B[]}

0 TEA,, x>x*

tY B, [e])

zeA _\Ap

Summing the last two equations we see that FW(I) + F7(2) + UM ... U6 5 equal to the
right hand side of (A.12), hence (A.16).

As we shall see in Appendix C, the logic behind the above manipulations is that the
terms in the ¥ can be reduced to difference of conditional Gibbs expectations of cylin-
drical functions localized away from where the conditioning of the Gibbs measures differ
from each other and thus exploit the exponential decay of correlations.

B Contours, cluster expansion and proof of Theorem
14

(A.1) shows that Z7, (s0, s,41) can be written as a partition function where the spin con-
figurations are restricted to the plus ensemble with all ®, = 1. This is automatically
true when n = 1,2, when n > 3 it can still be done but the energy gets an additional
term. This is what we will prove in the sequel using contours. Contours are denoted by
' = {sp(T),0r}, where sp(T'") is the spatial support of I, namely an interval of length
Nr > 3 (Nr > 3 tacitly in the sequel); O, called the specification of T, is a function
on sp(I'), namely a sequence 0y, ..,60,, n = Nr, with values 0,41 and such that, setting
0o = 0n+1 =1,

91: nzl, @i:O,izl,..,n (B].)
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The weight of a contour I' with sp(I") = {1, ..,n} and specification (64, .., 6,) is

nefﬁHw(Sly-an\SmSn-H)

D eronsn Lo(s=6:i=12,..
ZH4 (50, Sn11)

4+ o —BH~(81,.-,5n|S0,
Z%n (50’5n+1) _ E 19i:17i:1,27..,n€ BH~(51,.-,5n]50,5n+1)

S15-55n

W, (T[s0, Snt1) =

(B.2)

with 0(sg) = 0(sp+1) = 1. By translations the definition is then extended to all contours
I'. Denoting by I' any collection of “compatible” contours I' we have:

+ _ E = —BH(81,-,5n50,5n+1)
ny,n(50> 5n+1) - Z,[1,n),50,8n41€ ! " " (B'B)

(Sl,.47Sn)30(81):1,i:1,..,n

where

B ftbsorsnss = > LI Wa(TIs0, -, sns1) (B.4)

I:sp(I')C{1,..,n} I'el’

W.(T'|so, .., Snt1) actually depends only on s, and ;1541 if sp(I') = (m +1,..,m + k).
Theorem 5.2 will follow by proving that

log E'y,[l,n},so,..,an = —B Z UA,V(SA) (B5)

AC[0,n+1]:Na>5

(Na the number of sites in the interval A) with ua, satisfying (A.2). =, 150,500
is the partition function of a gas of polymers with weights W, (I'|so, .., S,1+1) and (B.5)
will follow from cluster expansion whose validity depends on the smallness of the weights
W (T[so, -, Snt1)-

Theorem 15. There are ¢ and v* positive so that for all v < v* and n > 3,
W.,(T|s0, $n41) < wy(T) := exp{—cd¢*y 'Nr}, Nr=n (B.6)
Proof. In Theorem 9.2.5.1 of [16] it is proved that
W, (D50, Sny1) < exp{—c/6¢*y ' Np} (B.7)

where the contour I is defined by specifying the values of 7 on sp(I") rather than the values
of 6 as in our case (under the smallness conditions on ¢ and ¢ that we have required). It
should also be remarked that 6 and ¢ in Theorem 9.2.5.1 depend suitably on v but the
proof works also in our case. To use (B.7) we observe that the number of specifications 7
which give a same specification 0 is bounded by 3VNr4 /6 7 = 06y7", so that

W (T|s0, $ni1) < 3NTG /6 gm0~ N
which for o small yields (B.6) (for v small enough).
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]

The proof of (B.5) follows from cluster expansion whose validity relies on the Peierls
estimates proved in Theorem 15. An immediate consequence of (B.6) is the validity of a
strengthened K-P (Kotecki-Preiss) condition: there is &’ > 0 so that for all v small enough

> TN T <1 (B.8)

I':sp(I')ox

where Nt is the number of @—blocks in the spatial support of I'.

The K-P condition allows to exponentiate = 1 ,),s in a convergent series. Referring to
the literature for a proof we just state the result in Theorem 16 below. We need some extra
notation: we regard the space of all contours I" (denoted by {I'}) as a graph with nodes I'
and connections (I',T") if sp(I") Nsp(I') # 0. I(T") denotes any integer valued function on
{T'} such that {I" : I(I") > 0} is a connected set.

Theorem 16 (Cluster expansion). Let vy be so small that the K-P condition (see [17])
(B.8) holds. Then the sum on the right hand side of (B.9) below (over all functions I as
above) is absolutely convergent and

log =, 1,0, ZaIW HW I(F (B.9)

The coefficients a; are combinatorial (signed) factors whose explicit definition is not needed
here. Moreover given any I' and any subset T in {I} such that I(I') > 1 for all I € T and
a non negative function f(I) on Z,

> AW < W (D)eMH N sup f(1e= VI 1) =Y " NpI(I) - (B.10)
T

et IeT

The convergence of the series on the right hand side of (B.9) follows from (B.10).
Indeed, calling Zr = {I : I(I') > 1} and using (B.10) and (B.8)

2 oW < D DI BIALE

=1 T:sp(T")3¢ I€Lr

Z Z W 1+’Y_1b/)Nr <en

i=1 I':sp(T")>4

We can now complete the proof of Theorem 14. Calling Aq the interior of an interval
A, (A.1) holds with

—Buay= > aWl, In={I: (] sp(I)=A} (B.11)

I€T r:(I)>1
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and by (B.10) with Z = Zr N Z, for any i € Aq

P S L
I:sp(T)24,sp(T)CAg I€LrNZIA
< Z ny(F)e(1+7_1bl)|r|677_1bINA0
I:sp(T)34,sp(T) CAg
< elfﬂﬁlb’NAo
because ||I]| = Y NrI(I') < Na, when I € Zr N Za. Observe that the minimal value of
Np is achieved when N, = 3 is minimal and therefore by (B.8) Na > 5.

C Dobrushin uniqueness and proof of Theorem 4

In the proof of Theorem 4 we will need to compare expectations of Gibbs measures where
we change both the boundary conditions and the potential U,. With this in mind we call
U’ and U” energies with many body potentials {u/y} and {wX} which verify the bound
(A.2). Denote by A an interval union of intervals C;" and by N;, Aoy the Gibbs measure
with hamiltonian

t[H, (0al0he) + U'(0alolse)] + (1 = ) HY*(04), t€[0,1] (C.1)
U'(cald!ye) = Z N (C.2)
A:ANA£D

restricted to the plus ensemble where © = 1 (©,(04,0%.) = 1 identically). Ao, 18
defined analogously with U’ replaced by U”. The key ingredient in the sequel is that for all
v small enough and for all ¢ € [0, 1] these hamiltonians satisfy the Dobrushin uniqueness
criterion with respect to a suitable Vaserstein distance as stated below.

Theorem 17 (Dobrushin uniqueness). There are v*, ¢; and by all positive so that for all
v < 7* te [0 1], A, B D A, (unions of C; intervals) o'yc, 0'4c, U' and U" as above and
with u/y = WA when A C B the followmg holds. There is a joint representation P (its
expectation denoted by E) of ”t,A,aAc and :“t,A,a;;c such that for oll C; C A:

S[dcf(a;‘,a;")] < E cle_b”di“(ci_’cj_)dc (0'4e, 04 )+ E cre 7 UGG (C3)
CyCB\A CyCBe

where

do- (0, 0%) = Y |oh(z) — o) (C.4)



The theorem is proved in Chapter 11.5 of [16], it would take too long to enter into its
proof and we just refer to [10].

Recalling (A.4) and (A.5) for notation we state and prove a first corollary of Theorem
17:

Corollary 18. For any v < ~v* (see Theorem 17) and t € [0,1] there is a unique DLR

measure (1 on © = 1 with hamiltonian t{H, 4+ U] + (1 — t)HY*, U = {ua,}. Moreover

for any ope | with © =1 there is a unique semi-infinite DLR measures e Lone  Onthe
” 7 n,+

plus ensemble © = 1.

Proof. We will first prove the statement relative to u;. Let f be any cylindrical function
so that there exists a constant c¢; < 2|| ||« and a set By (union of intervals C; ) such that

[f(@") = o) <ep Y do(0',0") (C.5)
C;CBy

Then uniqueness of y,; follows from

lim sup ’Eﬂt,A,a;\C [f] — EytyA,ch fll=0

the sup being on configurations with © = 1 and 4 4 »,. the Gibbs measure in A, boundary
conditions o 4c and energy U = {ua,}. Let A = [-nll nl¥) with n so large that By C A,
then by Theorem 17

Eut‘A,U/ [f] - E,ut’A,c,// [f] = 8[f<0/) o f(gll)]

AcC

and by (C.5)

|Eltt,,47(,/ [f] B E/‘/t7A’0// [f” <¢g Z Z Clefbl’ydist(C;,C;)Q&y—l (CG)

Ac Ac
C; CBy Cj CAe

which vanishes as A 7 Z. Translation invariance by k¢ follows from uniqueness.
The proof for iy~ is similar. In this case A = Ay = [~k€F, nth), U = U" with many
body potentials {ua~lacas }, uay asin (A.1). We then have to bound
Euo [f] - Euo [f]

t, AL, o t, Ay, ,o
R (oo, —ked) " Intd (nt 1)) P (—oo,—ked) U Ined (n+ 1))

The important point is that the boundary spins differ only when x < —kﬁfy“ as they coincide
for x > n@. Then the same argument used for u; applies also in this case. The proof for
,ug A, 1s completely analogous and the corollary is proved. ]

We will prove that the series defining FV(Q)(O'A% ) is absolutely convergent and that

FV@) (oac ) satisfies the inequality (5.3), the proof of the same statement for F§1)(0A% ) is
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analogous and omitted. Let C;” C A,, and

Go)= 3 o) mlo)=5 S myel)ly) )

.Z‘EC; :IJEC; ,yEAn,—

Recalling the definition of k, and ka, ., (see (A.9), (A.11)) in (A.14), we define

Rio= Y By, . lo)-Bulall+ 1By, - B
Cy ChAp,— T s
+ Z E KAy e [uaq] = By fuas]l (C.8)
ACAn - M-
Ry = > L@yl B, . lo@oWll+[Eulo(z)a)]]}  (C.9)
T€EAp, — YEAn,— i

Ry = ) luanllos + 3 luanlle (C.10)

AACA;, ANAY, \Ag, —#0 A:ANA,, —#B;ANAS _#)
We will prove that

1 3
[F®@(an; )| < / dt»  Ri; < o0 (C.11)
7 0 i=1

The first inequality follows directly from the definition (A.14) of F®(oxe ) and the defi-
nition of the terms R;;, we thus have to bound the latter.

We have
Rpy<2 Y L(zy) <ey!
TEAp,yEAn
By (A.2) R, is bounded by
2 Z ‘UA'y‘ < 2ce” (b/2)y 52 Z —(b/2)y "L (k+k") < Cle—(b/2)f15
A:ANA,, -~ #DANAS A0 k>0,k">0

To bound R;; we will use the following lemma:

Lemma 19. Let f be a cylindrical function on A, _ and let ¢y and By as in (C.5). Then:

B, N =Eufll<ep Y D 207 lee a4 (C.12)

UAC
C; CBy C7 CAS, _

n,—
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Proof. Let Ay, = [k, nlY) (eventually & — oo), then
EM?A o f] = E.lf] = /Nt,An,;aA%’_ (do")pe(do™)
<(By, 1= Fw, , [f])

n,—
tAkUC tAkcrc
A% A%

where 4/’ is defined with the hamiltonian U’ = {ua ,1aca+ _} while " is defined with the
hamiltonian U” = {ua,}. Let € be the expectation relative to the coupling of Theorem
17, then

By, =B, , [[1=E[f04)~ f(eh)]
Since d,- < 26y, by Theorem 17
—byydist(C;,C;)
By, . =By fl<e Y Y 207 ae™

Ap,—i0'e tA ;J
A C; CBy Cy CAj,
which proves (C.12) by letting £ — oc. O
We will apply Lemma 19 with f equal to g;, h; (see (C.7)) and A.

Lemma 20. For f = g; the coefficient cy is equal to 1 and By = C; . For f = h;, ¢y =1
and
By = U Cy
CF Chn,— dist(C; ,C; )<y~

For f =un~, ¢y =2||uallw and By = A.

Proof. The statements for g; and ua are obviously true. The proof for h; is as follows.
By (C.7)

W) ") =5 S L) (F @) — o))+ @) — o (@) )

z€C; ,y€An, —

Since J,(z,y) = 01if | —y| >y and Z Jy(z,y) =1
Y Ayl @l' W) " WIS Y Lawecryzr-1de- (07 0")

z€C; ,y€hn, — C CAn,—
Thus
1
hi(o) = hi(o")] < 5 (de (00 + D Lasaier crerde; (01207)
CF Chn, -
hence the thesis. 0

As a corollary of Lemma 19 and Lemma 20 we have:
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Corollary 21. There are ¢ and V' so that for any v < ~* (see Theorem 17) and t € [0, 1]

1B, e 9] — B lgll <2070 ) e G (C.13)
S CrcAs

B, (] = Byl < > 2070 D e TG
T ) CAp,—udist(C O )<yt CycAs

where h; and g; are defined in (C.7). Moreover for any A C A,

wan] = Buluas]l < 2luaqslloe D 2077 D e UGG (C14)
CcrcA O CAS _

B,
/’Lt,An _jopcC
s n,—

Proof of the first inequality in (5.3).

We will next prove that Ry ; < ¢y~! which together with the analogous bounds already
proved for Ry, and Ry, yields via (C.11) that [F®(ope )| < ey7'

Let m be the integer such that (n + 1)¢3 = m/(;. Then in (C.13) i <m—1,j >m
and dist(C;, C; ) = 6y~ '(j —i — 1) so that

> B, Cone 9] = Bulgil] < 2077 Y e <yt

O Chn,— : j>m,i<m—1
The sum over C; C A, _ of the right hand side in the second inequality in (C.13) is

bounded by
257,1 Z [C//(S—l] Z Clefblls(j*i'*l) (C15)

' <m—1 ji>m

where ¢’6~! bounds the number of intervals C;” which have distance < ™! from C},. Thus

Z |E“?’An —iOAC [hl] - E:u‘t I:th S C/’Y_l
Ci_CAn,— ’ =

Finally by (C.14)

> UBg, .. [usg] = Bulus,H S K25y Y0 e 0D (Clae)

ACA, _ L i<m—1,7>m
where, given C;7, K > 23, [luay|le. We are going to show that K is finite: by (A.2)
2 Z |uaq]oo < Zche’b“’_l”
ADC; nz5

The sum is finite and vanishing as v — 0 hence the existence of K, so that by (C.16)

S B, .. lsa) = Buluss)} < ¢yt
ACA,, - ’ n,—
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[
We shall next prove that len(so, Sp+1) as given in (A.16) satisfies the bound (5.3) and

thus Complete the proof of Theorem 5.1. We will prove the bound for W) + W the proof
for UM + UG is similar and omitted. As in the proof of F® we write

1 3
2) < / dtZSM (C.17)
0 i=1

where recalling that 2* = £ [2], (see after (A.16)).

Sl’t - Z {| /J’t JAn; o'Ac [ ] EI’L?A —jopC [92” _'_ ‘Eu’g,An;(rAc [hl] - EH’?,AH HegNe! I:hl”}
C7 Chy ity >a* " " b
—I— Z |Eut,An;aA% [UAN] - El/‘t,An’_;crAc I:UA,"/” (018)
ACA,,AN[z*,00)#0 ™
Su= Y hwlBg, o] =By @)
zEAn,yZ(n—i-l)Zﬂ{ ™
+ > By l030) = Bup, L losdll - (C19)
ACA%L, AN[(n+1)63 (n42)63)£0 "
Ssp =2 > [uanslo + Z [[ay[loo(C.20)
AACAE;AN0,L)#0,AN[z* ,00)#0 ACA}, _:AN[—E7,0)#£0,AN[z* ,00)#)

Let f satisfy (C.12), then proceeding as in the proof of Lemma 19 we write

By 1= By = [ g @)

X <El"’; An;o + + [f] o EN;/AR 0!t
(—00,65) T [(n+1)6F ,00) (—oo,e) n+1)eF y00)

/1)

where 4 is defined with the hamiltonian U’ = {ua1aca:} while p” is defined with the
hamiltonian U” = {ua,1acaz _}. To simplify notation we just write

! /
Wy = iy 5 Wy =
¢ PhAno et Oyt o)’ T “\"’( sochy (1) )

By (C.12) and (C.3)

Byl =Byl <ep D 3o 20y tee A (C.21)

C; CBj C; C(—o0,ty)
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Then, by Lemma 20,

Eylg] — Bulodl <2077 > e GG (C.22)
C; C(—00,69)
|Epy[hi] = By lhi]| < > 2007 N e IO (Ca3)
C;; CAp:dist(C;, ,C )<yt C; C(—00,t%)

Let m*, m and m’ be the integers such that m*(; = z* = €5 [2], ml; = (n+ 1)( and
m'; = (¥. Then

S By, L Bl Y e

i€m* ;m—1] - j<m’ji€[m* ;m—1]

Calling i = m* 4+ k, k > 0, and j = m’ + k' the right hand side is bounded by

257—1cle—b15(m*—m’) Z o~ 018(k—kK'~1) < C/e—bm[(n/m—z]a
k' <0,k>0
because d(m* —m') = y(0y ") (m* —m/) = ~y(a* — £F) > ~[(n/2) — 2J¢7.
The values of i’ in (C.23) are bounded from below by 7 > m* —kq, kg = 6 ' +1 (because
of the condition dist(C; ,C;") <~ '). Thus calling @' = m* + k, k > —ko, j =m/ + k¥,

S 1B, . B =Bl < 20y e ST etk oy

i€[m*,m—1] k' <0,k>—ko

< C,Y—le—bw[(n/?)—?}@

see (C.15) for the term [¢"671].
We split the sum over A in the last term of (C.18) by distinguishing whether A is or

is not in [2*, 00). In the former case we proceed as for F7(2) and get

_ —b16(i—i—
> B, lusal = By [uag)l < K26y Y ey
ACA,N[z*,00) " ' - i>m*,j<0
which is then bounded by
K26y Leje o Z e b10lk=i—1)

k>0,5<0

see (C.16). It remains to consider the case where A = [k(F,K'(7), 0 < k < [5], [5] <

k' < n. We tacitly suppose below that k& and %’ satisfy the above bounds, then calling
A = [kCEECT)

Z |Eu§ [uan] — Eué’ [ua ]|

kKA
< Z Ce—byfl\k’—k\ Z 257—1 Z Cle—bld(i—j—l)

kK C; Clked k'ed) j<0
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which is bounded by

I _ g+
{Z Ce—(b/2)f1\k’—k\e—(b/2)va(w*—k13¢)}{U{;—k&}%v—l Z cre —by [ykeE +5(—j—1)]

14

k,k' v j<0

For  small enough (b/2)y*(x* — k€F) > byy(x* — kL), so that the above is bounded by

/
20y Lepem {Z clk' — k|5 —(b/2)7*1|k’_k|}che—blé(—j—l)} < (et
kK’ ’Y j<0
Calling (z) := |Epp,  [o@)] =By, . lo()] webound

TAC
n

() < e[dq— LA

Recalling that ox¢ (1) = opc _(2) for x € A5, we get from (C.3)

Z J( Z Z cle —by v dist(C )<C€ biy(ned)

xEAn,xZnéi—’y—l i=m—ko CJ CBe¢

For the second sum we use (C.21) with f = ua .. We have

|uA,’Y(U/) — UA,'Y(U“)‘ < la/AﬁAn#UXr‘]An ce Al < ce 1Al Z dCi_ (O'/ o
O CANA,

so that

) |Eu?,AWA% wanl = B, N

O’AC
AC[0,(n4+1)63), AN (n41)e4)£0 "

- _ k| — + 1y In 41— k|+
< 37 28y eyefen O/ InThimbkE Y o~ (b/2 7 ok — v
kelo,n) Y
% Zc e~ 016(=5=1)] < 057 —b1y*ned

7<0
Finally

S5, <2 E ce VK=Kl < 206_17”’&"@{ E e_bfl(k/_k)} < de~trnty
k' >n;k<0 k'>0,k<0

U™ s like F'® but with the sum restricted to x < x*. The analysis of the many terms
which contribute to ¥* are therefore like the Correspondlng ones for F? but we need to
exploit the fact that the conditioning where the Gibbs measures differ is far away. This is
done with the same ideas used so for U®) we omit the details. Also the analysis of W(©)
similar to that of terms already considered and it is omitted.
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D Bounds on restricted partition functions

In this appendix we will bound the restricted partition functions introduced in Section 6
0 —
namely: ZX':C’X : ZXEC’X+, ZXEC’X see (6.2) and Ziic’gb see (6.14). We start from ZXEC’X+.

+
D.1 Bounds on 22"

By the spin flip symmetry it is sufficient to bound ZXELC’X+. Let
ZWEE D DD S (D)
7 0;>0,00=1 s,

then .
ZRYT < (2n 4+ 1) 275, (D.2)

Recalling that Hgbc(s A,) is defined with periodic boundary conditions so that sy = s9,,41
Z/I{b?o = Z eI () Z 191:ezn:1-ei>0€_ﬂH$bc(8“’2"]|50’82"+1) (D.3)
50:6(s0)=1 5[1,2n)

By Theorem 4 there is a constant ¢ > 0 so that

bc + + -
B ¥ camwasme 0

50:0(s0)=1
b + ot .
so that Z} ) < P BMEF4 (¢ g constant). In conclusion:

inc,é‘ﬁ < {(2n+ 1)€C’ﬁ}eﬁp¢(2”+1)@ (D.5)

D.2 Bound on ZK:C’XO

We will reduce the bound of ZXELC’XO to that of ZXELC’X+. A better bound could be derived
by using the Lebowitz-Penrose coarse graining techniques and estimates on the associated
free energy functional but the bound below is faster and simpler.

We call A/, the set A, without the points —1,0,1. We then have

pr,XO . _ Hpbc /, ’ 75Hpbc s 5178/
ZAn — § e BHS™"(50,5%1) e Y (Aﬁl‘ 0 il)l@i:07i117--,27’b (D6)

/ /
50541 SAl,

with ©; computed on the configuration sy, ,s(,s%,. Let so, 511 be a configuration with
0; =1,i=0,£1. We have

(Y (s 0, 51) — HE™ (s |50, 541)] < 0y (D.7)
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_ pbe 1 o +
Hsbc(smsil) > —col7, E e PHT (s0mn) < eesly

! !
S0:5+1

We thus get from (D.6)

pbe, X0 c3ld Beiy~t Beald rpbe, Xt
Zy, <e®e erEn Zy

and using the bound for ZXEC’X+ proved before, we get for a suitable constant ¢”:

ZXbc,XO < o' PPy (2n+1)Ef

D.3 Bound on ZX]:C’gb

Recalling (6.14):

Zjlibc’gb 1 "
n o b
oy i)t T Ay (2ntD) Z w” (u)

(r,u)eA

We will next prove that that there exists ¢, > 0 so that:

1
i (b) _
G > w®(w) =0

(zu)€A
where w® (u) is defined in (6.15) and A in (6.3) (A depends on n)
We write:
> ww) = oW+ 3w

(z,u)eA (zu)eAZ3 (z,u)€A<3

where:
A ={(z,u): Jul =2n+1; I:uzy >3; x+u; —1>n+1, whenx > —n}

and A<? the complementary set.

Let u > 3, recalling (5.3) and notation in (6.15) we write:

(1)
K, (s, s )eAu—2 ) 1) , (1) M
ol <12 Lzg < el <{6G7’”’2(8’8) - GA%”’Q}G_AW%)luzg
e ru—2

—bolt (1)
< dae”"5 L eAru-21,5

(D.8)

(D.9)

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

We then use this estimate in the first sum in (D.13) on uz, where £ is defined in (D.14):

w® (u) < 4ae’b0“’£¢w(g)
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Substituting in the first term of (D.13), we get by (3.3):

1

S O e <dae™ T 2n41) DT wn () < dae” (204 1)e Y
et ien

(zu)eAZ3 wilul>2n+1
(D.18)
which vanishes exponentially when n — oc.
Let consider other term of (D.13). In this case u,; < 3 for any ¢. We consider u, ; and
bound K, ,(s,s) as follows:

ne

K, (s, s)e vu—2 6) 14

P
e vl

< ettt oAl (D.20)
Since ), <2

1

S Z w® (u) < 9e—b0vt 9. Z wy, (1) < Ae—bovE] =8y (2n+1) (D.21)
ety \en

(z.u)€A<3 wilu[>2n+1

Collecting (D.21) and (D.18) we get (D.12).

E Instanton and proof of Theorem 5

E.1 Coarse graining

We define the coarse graining maps ¢cg : {—1,1}* — [—=1,1]% and ¢y : [-1,1]% — L®(R)
by setting

beg(0) =m = (My)icz, mi= v/ Z o(x) (E.1)
x€livl/2,(i+1)y1/2)
teg(m)(r) =m;, when r € [@'71/2, (1 4+ 1)71/2) (E.2)

We denote by Xy the subspace of L>(A, [—1, 1]) made of functions on A which are constant
on the intervals [i7'/2, (i 4 1)7'/?), we tacitly suppose that A is union of such intervals and
by default any function m that we will consider in the sequel is (unless otherwise stated)
in X, for some A. When A = R we simply write X.

Let m be in the range of ¢, and, recalling (2.3) for notation,

_ _ﬁH (5 1,n IS 1,n C)
Z"vmvs[lmlC - Z 1¢Cg(s[1,n]75[1,n]c):m€ VLl PLn] (E.3)

S[1.n)

43



Then (see for instance Theorem 4.2.2.2 in [16]) there is a constant ¢ so that

0g Znmsy e < =Y BE (Mo uiryy=o) [mpy-e meny-eye)
+ cnﬁfywl/Qlogy (E.4)

where m(-) = ¢g(m) and F(ma|ma), ANA =0, is the Lebowitz-Penrose functional

F(malma) = F(my) /dT/ dr'J(|r —r')m(r)m(r’) (E.5)

F(my) :/A?S(m)dr—5/Adr/Adr’J(]r—r'])m(r)m(r/)

The entropy S(m) is defined after (1.3). The proof of (E.4) simply follows from the
smoothness of the interaction kernel J(|r —’|) and the Stirling formula.

In analogy with (2.4) we define new phase indicators for functions m € L*(R, [—1, 1])
by setting for any 7 € Z:

(i+1)8
Ny ==+1 if }5_1/ dr [m(r) F m5]| < (¢, nf =0 otherwise (E.6)
is

and then, like in (2.5)—(2.6),

07 = %1 if nj =41 forall j:[07,0(j +1)) C [y %,y (i +1))
07 = 0 otherwise (E.7)
O =x1if 0 =+1, j=i—1,i,i+1, ©O](s) =0 otherwise (E.8)

Since 7}, §f and O] are respectively equal to 7;, 6; and ©; when m = ¢g(¢eg(0)), then the
statistical weight Z7:* of a —+ interface is bounded by

log Zf;;j_(SO» Sn—i—l)

-1 .
S B g M ety oy )y g2y
ntx

+7 1/2

log(2y Y2 +1) + cnﬁ,?ylﬁ logy~! (E.9)

the inf being on functions in X}, (,41)y-o) (defined at the beginning of this appendix) and
which verify the constraint stated in the argument of the inf. To get (E.9) we have used
that the cardinality of all m is (2742 + 1)n6 7'

E.2 An equilibrium variational problem

Since the inf in (E.9) is over m which have 7 = —1 and 6} = 1 in the intervals [y~%,2y~%)
and respectively [ny~® (n + 1)y~%), then m in the above intervals is in the minus, plus,
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equilibrium phase. In Theorem 6.3.3.1 in [10] it is proved that in an equilibrium phase
the minimizer of the free energy approaches exponentially fast (away from the boundary
conditions) the equilibrium value +mg, respectively. Thus

Theorem. There are a and ¢ positive so that

pimtm g imy,  E bty [0 =) M1y n2))
> inf *F(mp-o (nr1)7-0) Mo r-0), M1y (nr2)y-ay) — ce ¥ (E.10)
where inf* shorthands the inf over m € L>®([y~%, (n + 1)y~ %), [—1,1]) such that:
¢« 0= —10"=10:=0,i=1,.,n
e m(r) = —mgforallr € [3y —1,3y>+1];

e m(r)=mgforallre|[n+i)y*—1(n+3)y>+1.

We split the interval [y~ (n + 1)y~%) into three intervals:

—o 3 —a 1 —a —a
A=D%50), A=l e+ 1))
3 1
_ 3 1 - E.11
Lemma 22. Let myy-a (ny1)7-0)(r) be equal to —mg when r € [2y~% 34~ 4+ 1] and to mg

when v € [(n+ 3)7™*, (n+ 3)7"* +1]. Then

F(mpy-o (n1)y-0) M0 5y, Mi(n o (n42)y-e)) = F1 + Fy + Fy

+1)y
+2m5/ dr/ler (Ir —7']) (E.12)

where

Fl = F(mA|m[0’fy_a)7 _mﬂl’f’e[g’yia_lzg'yia])
Fy i= F(mamimrryy-e (427729, M8 (4 1yy-o na2yy-ag))

Fy i= F(mal — mgl,epzy-a_13y-a) M8l (s 1yyo (s Lyy-at]) (E.13)

Proof. The Lh.s. of (E.12) differs from F} 4+ F5» + F3 because the interactions across %'y*a
and across (n + %)'y—a are counted twice. The last term on the r.h.s. of (E.12) corrects
such overcounting. n

Since F} and F3 do not depend on m, we can minimize separately the three Fj.
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Minimization of F;. We need to minimize F; over functions my4 such that n; is equal to —1
for all 4 : [0i,0(i + 1)) C A and with boundary conditions which have the same property
(in particular the boundary condition at [%W*Q -1, %7*0‘] is identically —mg. In Theorem
6.3.3.1 in [10] it is proved that there is a unique minimizer m* which is the unique solution
of

my(r) = tanh{J *m(r)}, reA (E.14)

where m in the argument of tanh is equal to m% in A, to mp oy in [0,77%) and to —myg
in [$y~* —1,3~7°]. By the symmetry under change of sign:

7732£1 Fl = F(_m:k4| - m[O,'y—D‘)a mﬁ]‘rE[%’y_afl,%'y—o‘}) (E15)

where nf(—m?) = 1.

Minimization of F5. The argument is completely analogous to that for Fj, hence there is
m*, with nf(m%,) =1 in A" which satisfies the analogue of (E.14) in A’ and such that

lefl Fy = F(my[mieryy-e 2oy Mpleei 1) a1y eny)  (E16)

Minimization of Fj. Let G be the set of m € L>®(R,[—1, 1]) with the following properties:
o m(r) =mg for r > (n+1/2)y~* and m(r) = —mg for r < 3/2y~*.
e Oi(m)=—1, 65(m) = 1.
e Of(m)=0,i1=1,.,n.

Call G, the set of functions which are the restriction to A of functions in G.

Lemma 23. With the above notation

inf F3 = inf F(m) + |Alfz(mg) + m%/ dr/ dr'J(lr—7r'|)  (E.17)
meg >0 <0

megu

Proof. Let m € G, then
3/2y™>

1 2 1 e 12 /
F(m) = F(ma|mac) —[A]fs(mg) +/ dr<§mﬁ - 5/ dr'mgJ(jr —r |))

+ / . d’r<§m% — 5/ . d'r’m%J(]r—r’]))
(n+1/2)y~ (n+1/2)y~«

hence (E.17). O
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The inf,,cg F(m) will be studied in the following two subsections, here we proceed by
analyzing the other terms. Going back to (E.10) we get

inf “F(mp-e (u1)y-2) Moy, Miar1)y-o,r2)y-2)) 2 I F(m)

HE(=my| = mpg ), Ml e(3y-a1,35-a)

*
HE(M M1y =e nr2)y=e) M Lreq 1 a1y agn)

HMMWW%%/ m/<wmwwp (E.18)
r>0 r’'<0
We claim that

inf *F(mpy-a (1)) Mo y-a) MY +1)7-2 (n42)y-2)) 2 Inf F(m)

+E (M=o (nr1)y-o)| = Mioy-a), M{nr1)y-o (nt2)y-2)) (E.19)

where Mpy-a (n41)y-«) is equal to —m7 and m%, in A and A" and elsewhere it is equal to
mg.

To prove the claim we need to show that the sum of the last four terms in (E.18) is
equal to the last term in (E.19). To this end we define G* as the set of m € L*(R, [-1,1])
with the following properties:

o m(r) =mg for r > (n+1/2)y"* and for r < 3/2y7°.

e 07(m)=1,6(m)=1.

e Of(m)=0,i1=1,.,n.

proceed as before with the inf* over m € G* we get the following analogue of (E.18)

inf *F(mh—aj(n+1)»yfa)| — Mo,y—), m[(n+1)'y*a,(n+2)'y*a)) > n"ILIelé* ]:(m)
_f_F(_le - m[O,W7Q)7 mﬁl’l‘E[%’y*a—L%'y*a])

)

*
HE (M i ryye 2y Malrelty o gy-ain)

HMMW@+%%/ m/ )
r>0 r’<0

and the claim follows because inf,,cg« F(m) = 0 as m(r) = mg is in G*.

By the smoothness in AU A’ it follows that the last term in (E.19) is bounded from
below by

F (1o, n1yy-2)| = Mioy-2), MYmt1)yy-e (n2)y-2)) = €ny ™"
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where m = t(m) with m in the range of ¢ (see the notation at the beginning of this
appendix). The converse of (E.4) holds namely (see for instance Theorem 4.2.2.2 in [10])

—’YflﬁF(m[v—a,(nH)v—a)’ = MY0y=2); M4 1)y (n+2)y~))

<1082 gy T el log

<log Zj’n(—so, Sn+1) + cnfjv‘lﬂ logy~* (E.20)
Thus (7.1)will be proved once we show that

infg F(m) > f+v"eoln —ng)Lysn, (E.21)
me -

E.3 The instanton

We will prove (E.21) separately for “small and large n”, the former in this subsection,
latter in the next one. B
Recalling the definition (1.7) of f we have

inf F(m) = f — / dr m(r) (F.22)

meg

where m(r), called the instanton, solves

m(r) = tanh (/dr’J(\r - r'\)m(r'))

with m(r) — £mg as r — xoo. m(r) is modulo translations the only function with such
properties, see for instance Theorem 8.1.2.1 in [10].

(E.22) proves (E.21) for n small, i.e. n < ng (which will be defined in the next subsec-
tion).

E.4 A large deviation estimate

The bound (E.22) being independent of n becomes inadequate when n is large, for that we
use a large deviation estimate proved in Theorem 6.4.2.3 in [16]. Let Zy be the collection
of intervals [id, (¢ + 1)0) where n*; = 0 and Z, a collection of consecutive pairs of such
intervals with 7*; = —n*; 1 and such that no interval appears twice in Z.. One can check
that there is b > 0 so that |Zy| + |Z.| > bn. Then by Theorem 6.4.2.3 in [16] there is a
positive constant ¢ so that

inf I > c¢(*5bn (E.23)
(E.22) and (E.23) yield
inf Fy > f 4+ cC%6b(n — ng)lysny, 1o : cC20bng > f (E.24)

thus completing the proof of (E.21) and hence (7.1).
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F Proof of Theorem 10

We split

downw) =D vV, vV = > wa(w (F.1)

u€ER k>1 wER:k(u)=k
and define
Yo(N):= > w(w)e M (F.2)

wER:k(u)=1;u3>3

We will prove that there is ¢ so that for all v small enough and all A € [%, 37],

o (N) = (7] < cere™ ™, JooN)] < cere’™ ™" wo(N) + do(N=t1 (M)
Pa(N) < ey Y (N < cey (F.3)

k>2

By (7.7) 67680’”4’ is infinitesimal as v — 0 because b € (1/2,1). We start by proving the
first inequality in (F.3):

F.1 The term 1)
We rewrite 1)o(A) more explicitly; recalling (6.18),

§ : § : e Murttua) A%LI E G§L3(52,54)6VU2(82 83)6Vé4(84751) (F4)

u1,u3>3 u2,uq>2 {51,52,53,54}

where V2 and V* are defined in (6.8) and (6.9) and the sum over {s, s, S3, 54} is restricted

to 0(s1) = 0(s2) =1, O(s3) = 0(s4) = —1.
We write
S e $ b ) (59
u1,u3>3 uz,ug>2 {s1,52,53,84}
By (5.3)
|¢6()\)| < Z Z e—)\(u1+---+u4)(|1 o 6a6*b07¢¢u3| Z 6V52(82783)6Vf4(847s1)
u1,u3>3 u2,ugs>2 {51,52,83,54}
+|1 _ eaefbowGLul |6a67b07€¢u3 Z GV“22 (52,33)€V7f4(34,51)> (FG)

{51,52,53,54}

We then have

ae b’Y€+u 2 s s 4 is
[bo(N)] £ ——— T DI ATIS S A C O X

u3>3 u2,u4>2 {s1,52,53,54 }
—boveduy —byve33 2 4
e 5 ae v Vi, (s2,83) Vi, (54,51)
+{ E 1—e —e } Z Z e’z e’ (F.7)
w1 >3 u2,u4>2 {51,52,53,54}
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By (7.3) and (7.15)

§ § oVita (52:53) Vi (s4,81) _ 63

u2,u4>2 {s1,52,53,54}

so that
[ho(N)| < ex7le = Ce,

")/:

3
when A € [F, F2].

Call ¥§(X) the first term on the right hand side of (F.5), then
U = D e (@ g ST e ) e (ua)e, ()

u1,u3>3 Uu2,ug>2

We have

| e - ()] < e,

u1,u3>3
In the last term in (F.10) we write
|6—)\(u2+u4) o 1| S |€—>\u2 o 1| + |€—)\’LL4 - 1|
Then by (7.6)-(7.7) the last term in (F.10) is bounded by
1
(1 —e A

which completes the proof of the first inequality in (F.3).

)%2¢,, [evc/\e%”fb] < c’eve%wib

F.2 The term ¢
By (F.3) ¢o = ¥y — thy, hence

1) 3 2 4
¢0()\) — E E e—A(u1+...+u4)€A7,ul § : Vs (32,34)6Vu2 (32,33)6Vu4 (s4,81)

u1 >3,u3<2 ug,uq>2 {51,52,53,54}

thus ¢y > 0. We bound

1
e_/\(u2+"'+u4)€A£y,')ul <2

so that

2
do(N) < — Z Z Vg (52:54) G V2, (52,58) Vi (s4,51)

u3<2;u2,u4>2 {51,52,53,54}

By (7.10) and (6.11)
2 _
¢0(>\) < 1——W‘626364Cb7 b

which proves the second inequality in (F.3).
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(F.11)

(F.12)

(F.13)

(F.14)



F.3 The terms v, k> 2

Fix k > 2. In the sum over ugp,, £ = 1,..,k, m = 1, ..,4 we distinguish the cases when u
and ug3 are > 3 or < 2, here ¢ > 2 because u;; > 3 by the definition of ¢, (\). We thus
have 22*~! terms and when u = ug; > 3 we bound e=** < 1 and use (5.3) to bound (for y
small enough)

sup Goulss) _ AL < 2{sup |G (s, 8)| + |AD |} < dae
’ 77“ 77“
5,8

s,s’

Thus the sum over any such u,; is bounded by a constant. When v = u,3 > 3 we bound

(3) ’
sup eCru(s:s) <2

s,s’

and the sum over any such w3 is bounded by —%=. For the remaining terms we use (7.10)
and get the bound, (d below is a suitable constant)

1

—b _ —b
)k+1€2k64kcb7 S dkek 164kcb7 (F15)
1 —e A Y Y

Ye(A) <
(recall that €,/ < 3/2). When k = 2:
Pa(N) < e d2e®’ (F.16)

while (for v small enough)

Z vr(N) <, ( Z dk€§/3e4kcb7_b> < e, (F.17)

k>3 k>3

because k — 2 > k/3 for k > 3.
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G Proof of Theorem 1

In this appendix we will prove the exponential bound in Theorem 1. The proof will use
properties of the following Markov chain.

G.1 An auxiliary Markov chain

The auxiliary Markov chain is defined as follows. The state space is {0, 8,9, ...} namely all
the non negative integers minus those from 1 to 7. Recall that the length of a quadruple
in R is > 8. We suppose that the transition probability denoted by p(z, z’) is such that:

e p(0,0) =1, p(z,2') >0 for all z# 0 and all 2’ (in the state space).
e There are ¢ and § positive so that p(z, 2') < ce™%* for all z # 0 and 2.

e There is ¢ > 0 so that p(z,0) > ( for all z # 0.

We call P,, the law of the Markov chain {z,} starting from z, and with transition prob-
ability p(z, z’). We denote by n, the stopping time of the chain at 0, namely ny is such
that z, > 0 for all n < n, and z,, = 0. Notice that z, =0 for all n > n.

Theorem 24. There are C' and a positive so that for anyt > 0 and zy # 0:

n4

P, [ZZ” > t] < Ce™™ (G.1)

n=1
Proof. The proof is a straight consequence of the following two bounds.

P, [m > n] <(1-0¢)n (G.2)
which is proved using the third property of the transition probability. There are x, C" and

a’ positive so that for all NV

P, [ﬁ:zn > /{N} < Clem@N (G.3)

n=1

which follows using the Chebishev exponential inequality and the exponential bound for
the transition probability. [
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G.2 Exponential decay
We go back to the proof of Theorem 1. We define for any integer u > 8

q(u) == Z Lju=utwn, (u) (G.4)
uer
q(u) is a probability on {u € N : u > 8}, g(u) > 0 for all u and
qu) <cpe ™, w>0 (G.5)
Let xg € Z, set Xy = z¢ and forn > 1
Xp=x04+u+-Fup X = (Xpn)n>0 (G.6)

where the variables u; are i.i.d. with law ¢(u). We denote by P,, the law of X. We want
to prove that

zoli)rrjoo Pol0eX] =o', a= Zuq(u) (G.7)
u>8
and that the convergence is exponentially fast. The existence of the limit (in a much more
general setup) is well known in the literature as the Erdos, Feller and Pollard theorem. For
completeness we will prove it in the remark at the end of this appendix, but for the time
being we take it for proved so that we only need to show that the convergence in (G.7) is
exponential.
We will first prove that there is ( > 0 such that

Py, [0 € X] > (¢ forall zp < —8 (G.8)

(this is one of the assumptions used in the previous subsection).
Proof of (G.8). Let n > 15 then for any zo < —n

P [X N[0, =8 =0] < Y PylyeX] Y qu< > qlu)<1-q®)

Then, recalling that ¢(8) > 0,
P.,[0€ X] > q(8) min glu) =

u€[8,n]

We call Y the sequence defined in (G.6) with z( replaced by yo. By (G.7) it will be
enough to prove that there are b and c¢ positive so that for all o < —8:

lim
Yo—>—00

P, [0 € X] ~ P,y [0 € Y]| < ce7t (G.9)

Given yy < o < 0 with |zo| large enough, we are going to define a coupling @, ,, of X
and Y so that denoting by E,, ,, its expectation, (G.9) becomes

lim ‘Eﬂcmyo [1()6& - ]-OEX] ‘ S ce_b‘xo‘ (G].O)

Yo—>—00
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To define @), ,, We introduce “overshooting” variables z,,n > 0 which are functions of X
and Y, setting 2o := x¢g — yo. Think of zy as a “target” for Y which is “shooting” from yq:
call then n; the first integer n such that Y,, > z¢ and define z; = Y,,, — x¢ if this is not
in {1,..,7} otherwise we set z; = Y,,, 11 — xo. 21 says how much we missed the target z,
which instead has been hit if z; = 0.

If z; > 0 then X, which is shooting from z(, has the new target xqg — z;. Iterating
this procedure by alternating targets for Y and X we get a sequence z, which is stopped
as soon as the target has been hit. Call ny such a hitting time: i.e. the first n such that
2, = 0. This means that there exist integers n and m such that

Xﬁ:Ym, Xﬁ—l‘0:2’1+---+zn+ (Gll)

We denote X,, = xg + Y u; and Y,, = yo + > v; so that the coupling @, ,, is defined by
stating how the u; and v; are coupled. The u; and v; are taken independently till 7 and m
respectively, after that uz,; = vz We also set z, = 0 for n > n,. We have

‘Exo,yo |:10€X - 10€Xi| ‘ S Q:Eo,yo [Zl + - Zn+ > |'T0|i| (G12)

The variables z; under the law @, ,, define a Markov chain which satisfies the properties
stated in the previous subsection (the condition of exponential decay follows from (G.5)),
then (G.10) follows from (G.1).

Remark. The above argument proves that the sequence P, [0 e X } is Cauchy and it thus
converges to some limit 6 as xo — —oo. It is then easy to prove that 6 = 1/a. Indeed,
since

Po [ XNN#0] =1

then
1 =", [there exists n: X, <0and X, ;1 >0 } (G.13)

hence

1221&0[—716&]2(](@ (G.14)

n>0 u>n

By taking the limit zg - —o0

1=0) "> q(u) =ba (G.15)

n>0 u>n
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