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Abstract—Signal propagation in Space-Division Multiplexed
(SDM) systems in the linear regime is dominated by the effects of
modal dispersion (MD) and mode-dependent loss (MDL). While
multiple models have been proposed for characterizing these
phenomena separately or to study the effect of MD on MDL,
the effect of MDL on the system MD has never been analyzed.
In this work we report such an analysis, where the inclusion of
MDL is accounted for by introducing a complex MD vector ~τ .
We show that the signal delay spread, quantified by the duration
of the intensity impulse response function, is not affected by the
presence of MDL, and its functional dependence on ~τ remains the
same as in the absence of MDL (in which case ~τ is a real-valued
vector). The model, which represents SDM systems operating in
the regime of strong coupling between modes, is validated by
comparison with experimental data.

Index Terms—Optical fiber communications, Space-Division
Multiplexing, Modal Dispersion, Mode-Dependent Loss.

I. INTRODUCTION

Modal dispersion (MD) and mode-dependent loss (MDL)
are two of the most relevant propagation effects in space-
division multiplexed (SDM) transmission systems, and a num-
ber of models assessing their impact on system performance
have been reported. Models of MD study the distortion of the
propagating waveform as a result of the accumulated delay
spread [1], [2]. The characteristics of MD are very different in
the two regimes of partial [3]–[7] and strong [1], [8], [9] cou-
pling between modes, and they have been studied in most cases
by neglecting the effect of MDL. On the other hand, the study
of MDL and its effect on system capacity has been conducted
by focusing on the MDL-induced fluctuations of the signal-to-
noise ratio [10]–[13]. The frequency dependence of MDL and
MDL-induced capacity fluctuations as a consequence of the
fiber MD has been also studied in [14]. Nonetheless, the way
in which MDL affects the system MD, and most importantly
the link intensity impulse response, has not been investigated.

In this work we propose a unified model for MD and MDL.
We consider the transmission regime where all propagating
modes undergo random coupling, as is the case in coupled-
core multi-core fibers [8], [15], [16]. The proposed model
studies the accumulation of MD and MDL along the link in
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the generalized Stoke-space representation of multiple-mode
propagation [2], [6], [17]–[21], and describes the combined
effect of MD and MDL on the system intensity impulse re-
sponse (IIR), which as has been shown in [8], is a deterministic
property of SDM propagation and its duration determines the
memory that is required for the MIMO-SDM receiver. In the
process, we define a complex MD vector ~τ that generalizes
the MD vector introduced in [2] so as to account for the
presence of MDL. We show that the duration of the IIR is
simply related to the mean square value of this vector, and
so is the system mean MDL. A complex vector ~τ was also
introduced in the context of single-mode systems [22] so as
to account for the joint effect of polarization-mode dispersion
(PMD) and polarization-dependent loss (PDL), and a physical
interpretation of its real and imaginary parts was given in
the regime of small PDL [23]. Here the definition of the
complex MD vector allows to construct a general theory of
the IIR that goes beyond the derivation in [8] and its precursor
[24]. The proposed model relies on two scalar parameters
only which can be extracted from experiments. Finally, the
proposed model is validated by comparison with experimental
data collected on a SDM system employing a coupled-core
three-core fiber. To the the best of our knowledge, this is
the first direct comparison between theory and experiments
in the context of MD and MDL. It should be noted that the
experiment relied on a spooled fiber, whereas experiments
on deployed SDM fibers are planned to take place in the
recently established SDM fiber infrastructure in the Italian city
of L’Aquila [25].

The paper is organized as follows. In Sec. II we introduce
the model and the formalism that is involved, define the
complex MD vector and derive the equation governing its
evolution. In Sect. III we characterize the statistics of the MD
vector in terms of its autocorrelation functions. In Sect. IV we
derive the expression for the IIR in the presence of MDL and
its relation with the complex MD vector. In Sec. V we present
a comparison between theory and experimental results.

II. THE COMPLEX MD VECTOR

We express the electric field propagating in a fiber that
supports 2N modes, where N is the number of spatial modes
and the factor of two accounts for polarization degeneracy, as

~Epx, y, z, tq “ Re

«

2N
ÿ

n“1

~fnpx, yqEnpz, tqe
´iΩ0t

ff

. (1)
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Here z is the propagation coordinate, Ω0 is the central optical
frequency, n is the mode index, ~fnpx, yq and Enpz, tq are
the corresponding lateral profile and complex field envelope,
respectively, normalized as in [26]. We construct the field
vector ~Epz, tq by stacking the 2N complex envelopes on
top of one another, and we denote its Fourier transform by
~̃Epz, ωq “

ş`8

´8
~Epz, tq exppiωtqdt, so that linear propagation

is described by the relation

~̃Epz, ωq “ Tpz, ωq ~̃Ep0, ωq, (2)

where Tpz, ωq is the transfer matrix from the link input to a
generic point z along the fiber, and where ω is the offset from
the carrier frequency Ω0. The evolution of Tpz, ωq obeys the
following equation,

BTpz, ωq

Bz
“

1

2
pg0 ´ α0qT` iφT

`

„

´
~α ¨ ~Λ

2
` i

~β ¨ ~Λ

2N



Tpz, ωq, (3)

where g0 and α0 are the mode-averaged gain loss coefficients,
respectively, and φ accounts for the mode-averaged phase
accumulation. The quantities ~α¨~Λ and ~β ¨~Λ represent 2Nˆ2N
Hermitian matrices accounting for the local effects of MDL
and mode coupling,1 respectively. Following the notation of
[2] and [21], we denote by ~α and ~β the local MDL vector
[21] and the generalized birefringence vector [2], respectively,
whereas ~Λ is a vector whose elements Λn are generalized Pauli
matrices forming a basis for 2N ˆ 2N traceless Hermitian
matrices, so that

~α ¨ ~Λ “

D
ÿ

n“1

αnΛn (4)

~β ¨ ~Λ “

D
ÿ

n“1

βnΛn (5)

where D “ 4N2 ´ 1 is the dimensionality of the generalized
Stokes space [2] in which ~α and ~β are defined. In what follows
we assume that the dependence of the local MDL vector ~α on
frequency can be neglected within the bandwidth values that
are relevant to this work (the rational of this assumptions and
the implications of frequency-dependent MDL are discussed in
Sec. IV-A). For the generalized birefringence vector we adopt
the usual first-order expansion around the carrier frequency
Ω0, ~β0 ` ω~βω , which renders

BTpz, ωq

Bz
“

1

2
pg0 ´ α0qT` iφT

`

„

´
~α ¨ ~Λ

2
` i
p~β0 ` ω~βωq ¨ ~Λ

2N



Tpz, ωq.(6)

The contribution of ~β0 can be eliminated from (6) by shift-
ing to a rotating reference frame that follows the evolution
of ~β0. Namely, instead of considering Tpz, ωq we consider

1The frequency dependence of ~β is responsible for modal dispersion, which
thereby is also accounted for by the term ~β ¨ ~Λ.

U:0pzqTpz, ωq where U0pzq is a frequency independent uni-
tary (i.e. basis rotating) matrix obtained from

dU0

dz
“ i

~β0 ¨ ~Λ

2N
U0. (7)

In what follows T will denote the transfer matrix in the
rotating reference frame (i.e. it will replace U:0T), so that
its evolution is governed by

BTpz, ωq

Bz
“

1

2
pg0 ´ α0qT` iφT

`

„

´
~α ¨ ~Λ

2
` iω

~βω ¨ ~Λ

2N



Tpz, ωq. (8)

Although we continue using the same notation, the vectors
~α and ~βω in Eq. (8) are rotated with respect to ~α and ~βω
appearing in Eq. (6). Yet, since in the relevant limits, these
vectors are modeled as white noise processes that are isotropic
in the generalized Stokes space, these rotations do not affect
their statistical properties. This explains why the transition to
a rotating reference frame has no effect on the statistics of
T or on any physically measurable results reported in this
paper. This reasoning also implies that the distribution of
T is independent of ω,2 and that the statistics of the two-
frequency product T:pz, ω1qTpz, ω2q depends only on the
frequency difference ω2´ω1. These properties can be viewed
as demonstrating the wide-sense stationarity of the matrix T
with respect to frequency, which has been well known in the
context of PMD studies in single-mode fiber systems [27],
[28].

The expression for the frequency derivative of T is similar
to Eq. (8),

BTpz, ωq

Bω
“

´

iτ0 ´
γ

2

¯

Tpz, ωq ` i
~τ ¨ ~Λ

2N
Tpz, ωq, (9)

where, as will be clarified later in this section, τ0 and γ are
related to mode-averaged group delay and loss, respectively,
and where ~τ is a complex-valued Stokes vector whose com-
ponents, as follows from Eq. (9), are given by

τn “ ´iTrace

"

Λn
BTpz, ωq

Bω
T´1pz, ωq

*

. (10)

In the absence of MDL, in which case the matrix T is
unitary up to a proportionality coefficient that accounts for
mode-independent loss, the vector ~τ becomes real-valued and
coincides with the MD vector introduced in [2]. In the presence
of MDL, it generalizes the complex PMD vector of [22],
[23] to the multi-mode case, and hence we refer to it as
the complex MD vector. This vector provides a complete
characterization of MD and MDL. In the single-mode case, the
complex PMD vector has been shown to be simply related to
the distortion of the propagated signal within the familiar first-
order approximation [23]. This interpretation can be trivially
extended to the multi-mode case, except that the first-order
approximation is never valid in the case of practical SDM
fibers [29]. Instead, in such fibers, where the transfer matrix
changes wildly within the typical bandwidth of the information

2That is because for any fixed frequency ω omitting the term ω~βω is
equivalent to modifying the matrix U0 that only rotates the reference frame.
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carrying signal, linear propagation effects are better captured
in terms of the IIR which was introduced in [8]. The relation
between the MD vector and this entity is described in Sec. IV.

The evolution equations for τ0, γ, and ~τ , are extracted from
the equality

B2Tpz, ωq

BωBz
“
B2Tpz, ωq

BzBω
, (11)

where the left- and right-hand sides of the equation are
obtained by differentiating Eq. (3) and (8) with respect to
ω and z, respectively. Equating the terms proportional to the
identity matrix gives the evolution equations for the mode-
averaged group delay and loss,

Bτ0
Bz

“
Bφ

Bω
(12)

Bγ

Bz
“ ´

Bpg0 ´ α0q

Bω
, (13)

which can be integrated with the result

τ0pz, ωq “

ż z

0

Bβ0pz
1, ωq

Bω
dz1 (14)

γpz, ωq “ ´

ż z

0

„

Bg0pz
1, ωq

Bω
´
Bα0pz

1, ωqq

Bω



dz1.(15)

Here the term Bφ{Bω reflects the fiber design and perturbations
of the mode-averaged propagation constant, whereas g0 and α0

depend on the amplification scheme [13], and on the mode-
averaged link loss, respectively. Equating the traceless terms
yields

B~τ

Bz
¨ ~Λ “ ~βω ¨ ~Λ`

i

2N

”

pω~βω ` iN~αq ¨ ~Λ, ~τ ¨ ~Λ
ı

(16)

where by rA,Bs “ AB ´ BA we denote the commutator
between matrices A and B. As shown in [2], the above can
be expressed as

B~τ

Bz
“ ~βω ` pω~βω ` iN~αq ˆ ~τ , (17)

where by the symbol ˆ we denote the generalized cross
product between Stokes-space vectors [2]. This equation gen-
eralizes the evolution equation of the complex PMD vector Eq.
(32) of [23] to the multi-mode case. It is worth noting that the
validity of Eq. (17) is not limited to any specific regime of
operation.

We conclude this section by pointing out that, similarly to
the matrix T, the complex MD vector ~τ is also stationarity
with respect to frequency. To see why this is the case, one
can define an orthogonal matrix R0 in the generalized Stokes
space, which evolves according to

dR0

dz
“ ω0

~βω ˆ R0. (18)

Then the vector R´1
0 ~τpωq satisfies Eq. (17) with ω replaced by

ω ´ ω0, and since ~βω is delta-correlated in z, it has the same
distribution as ~τpω´ω0q. Similarly to our previous discussion,
this implies that the average of products of the form ~τpz, ω1q ¨

~τpz, ω2q or ~τ˚pz, ω1q ¨~τpz, ω2q depends only on the frequency
difference ω1 ´ ω2.

III. TWO-FREQUENCY CORRELATION FUNCTIONS OF THE
COMPLEX MD VECTOR

The main goal of this section is to characterize the statistical
properties of the vector ~τ . We aim to relate the two averages
x~τ ¨~τy and x~τ ¨~τ˚y to the model parameters κα and κβω

, so as
to enable their extraction in the comparison with experimental
data. To this end we fist derive the two correlation functions
of ~τ , which can be used to characterize the bandwidth of MD
and MDL. The physical significance of x~τ ¨ ~τy and x~τ ¨ ~τ˚y is
discussed in Sec. VII.

As is evident from the evolution equation (17), the statistical
properties of the complex MD vector follow from those of the
generalized birefringence and local MDL vectors. While in
general these may depend on the specific fiber type, in the
regime of strong mode mixing that is considered in this work
the properties of the accumulated channel transfer matrix do
not depend on the details of the local coupling and mode-
dependent loss statistics. In this regime, consistent with previ-
ous related work [2], [6], [8], [21]–[23], ~α and ~βω can be legit-
imately modeled as two independent D-dimensional Gaussian
processes such that xαnpzqαmpz1qy “ δn,mκ

2
αδpz ´ z1q{D

and xβω,npzqβω,mpz1qy “ δn,mp2Nq
2κ2
βω
δpz ´ z1q{D, where

angled brackets are used to denote ensemble averaging. A
formal treatment of the dynamics requires that ~α and ~βω
are associates with two corresponding Wiener processes ~Wa

and ~Wb, whose increments are given by d ~Wa “ ~αdz and
d ~Wb “ ~βωdz, such that

dWa,npzqdWa,mpzq “ δn,m
κ2
α

D
dz, (19)

dWb,npzqdWb,mpzq “ δn,m
p2Nq2κ2

βω

D
dz, (20)

in which case Eq. (17) can be rewritten as

d~τ “ d ~Wb ` pωd ~Wb ` iNd ~Waq ˆ ~τ

´
4N2κ2

βω
ω2 ´N2κ2

α

D
~τ dz (21)

which is a stochastic differential equation in the Ito sense [30].
The last term on the right-hand side of the equality is the so-
called Ito term, which follows from the formulation of the
physical differential equation (17) as a stochastic differential
equation in which the Wiener process increments d ~Wapzq and
d ~Wbpzq are statistically independent when evaluated at the
same position z. Its derivation is given in the appendix.

We now proceed to the derivation of the two-frequency
correlation function f~τ,~τ pz, ωq “ x~τpz, ωq ¨ ~τpz, 0qy, which
follows from the same path as [2], [27]. Defining for short
~τ “ ~τpz, ωq and ~τ0 “ ~τpz, 0q, the differential of f is expressed
as

df~τ,~τ “ xd~τ ¨ ~τ0y ` x~τ ¨ d~τ0y ` xd~τ ¨ d~τ0y, (22)

which, using the statistical independence of all quantities
involved, yields

df~τ,~τ “ ´
4N2κ2

βω
ω2 ´ 2N2κ2

α

D
f~τ,~τdz ` 4N2κ2

βω
dz

´N2
A´

d ~Wa ˆ ~τ
¯

¨

´

d ~Wa ˆ ~τ0

¯E

. (23)
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2 ] 

(a) (b)

Fig. 1. Real and imaginary part of x~τ ¨ ~τy (a) and x~τ ¨ ~τ˚y (b) versus z, as
obtained from Monte Carlo simulations. Dashed lines show the corresponding
analytical expressions in Eqs. (28) and (29), respectively.

The second average on the right-hand side of the equality, as
we show in the appendix, reduces to ´2N2κ2

αfdz{D, with
the result

df~τ,~τ
dz

“ 4N2κ2
βω
´

4N2κ2
βω
ω2

D
f~τ,~τ , (24)

which yields

f~τ,~τ pz, ωq “
D

ω2

#

1´ exp

«

´
4N2κ2

βω
ω2z

D

ff+

. (25)

The frequency correlation function f~τ,~τ˚pz, ωq “ x~τpz, ωq ¨
~τ˚pz, 0qy, follows from the same procedure. Its evolution
equation is found to be

df~τ,~τ˚

dz
“ 4N2κ2

βω
´ 4N2

κ2
βω
ω2 ´ κ2

α

D
f~τ,~τ˚ , (26)

with the result

f~τ,~τ˚pz, ωq “
D

ω2 ´ κ2
α{κ

2
βω

ˆ

#

1´ exp

«

´4N2κ2
βω

ω2 ´ κ2
α{κ

2
βω

D
z

ff+

.(27)

It is worth noticing that only Eq. (27) is affected by the
presence of MDL, through the parameter κα, whereas Eq. (25)
has the same expression that it would have in the absence of
MDL [2] (that is, by setting κα “ 0). Of course Eq. (27)
reduces to (25) as κα vanishes, in which case ~τ becomes
real-valued. Note also that both correlation functions are real-
valued, a result that lacks any intuitive justification.

As follows from stationarity with respect to frequency, the
averages x~τ ¨ ~τy “ f~τ,~τ pz, 0q and x~τ ¨ ~τ˚y “ f~τ,~τ˚pz, 0q, are
frequency independent and their expressions are

x~τ ¨ ~τy “ 4N2κ2
βω
z, (28)

x~τ ¨ ~τ˚y “
Dκ2

βω

κ2
α

„

exp

ˆ

4N2κ2
α

D
z

˙

´ 1



. (29)

We tested the derived quantities by comparison with Monte
Carlo simulations. For this purpose we numerically solved
Eq. (21) for 1000 independent instantiations of ~Wapzq and
~Wbpzq and for a number of frequency values, while setting
κβω » 12.31 ps/km1{2 and κα » 0.02 km´1{2. The numerical
integration is based on a wave-plate approach, where the k-th

Im 𝜏 ⋅ 𝜏

𝜏⋅𝜏[n
s2 ] 

𝑧 [km] 𝑧 [km]

𝜏⋅𝜏∗ [
ns

2 ] 

(a) (b)

𝑓 ఛ,ఛ/⟨𝜏
⋅𝜏⟩ Re 𝑓ఛ,ఛ𝜏 ⋅ 𝜏  

Im 𝑓ఛ,ఛ𝜏 ⋅ 𝜏  

𝜔/2𝜋 [GHz] 𝜔/2𝜋 [GHz]

Re 𝑓ఛ,ఛ∗𝜏 ⋅ 𝜏∗  

Im 𝑓ఛ,ఛ∗𝜏 ⋅ 𝜏∗  𝑓 ఛ,ఛ∗ /⟨𝜏
⋅𝜏∗ ⟩

(a) (b)

Fig. 2. Real and imaginary part of the autocorrelation functions x~τ1 ¨ ~τ2y
(left) and x~τ1 ¨~τ˚

2 y versus pω1´ω2q{2π. Equations (25) and (27) are plotted
by dashed lines for comparison.

fiber section of length ∆z is characterized by a generalized
birefringence vector ~bk and a local MDL vector ~ak, which
are selected independently for each section, each having D
statistically independent zero-mean Gaussian components of
variance p2Nq2κ2

βω
∆z{D and κ2

α∆z{D, respectively.
In Fig. 1a we plot x~τ ¨ ~τy versus propagation distance. For

the numerically obtained average we plot by solid lines its real
and imaginary parts. The dashed line is a plot of the theoretical
expression in Eq. (28). In Fig. 1b the solid line refers to the
numerically obtained average x~τ ¨ ~τ˚y, and the dashed line to
the theoretical expression in Eq. (29). The good agreement
between theory and simulations is self-evident.

In Fig. 2a we plot the normalized correlation function
f~τ,~τ {x~τ ¨ ~τy versus ω at z “ 2000 km, for the same settings
as in Fig. 1. The real and imaginary parts of the numeri-
cally obtained correlation function are plotted by solid lines,3

whereas the dashed line is a plot of the theoretical expression
in Eq. (25). In Fig. 2b we plot the normalized correlation
function f~τ,~τ˚{x~τ ¨ ~τ˚y. The good agreement between theory
and simulations is self-evident also in this case. Note that
in this example the term κα{κβω

is of about 260 MHz, and
therefore it introduces a small effect in the correlation function
f~τ,~τ˚ as compared with f~τ,~τ . However this correction could be
greater depending on the actual MD and MDL of the studied
fiber.

IV. THE IIR AND MDL

The IIR of a fiber in the regime of strong mode mixing is
defined as follows. At the fiber input we excite the k-th mode
with a signal whose complex envelope is ψ0ptq, and look at
the total output power, which is the sum of the output powers
in the various modes. This quantity can be expressed as

Ikptq “
2N
ÿ

j“1

|Hj,kptq|
2, (30)

where by Hj,kptq we denote the elements of the matrix

Hptq “

ż `8

´8

dω

2π
exp p´iωtqTpL, ωqψ̃0pωq, (31)

3We note that the numerically obtained correlation function was normalized
with respect to the real part of the numerically obtained average x~τ ¨ ~τy.
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with ψ̃0pωq “
ş

dt exp piωtqψ0ptq. By exciting the various
fiber modes one by one and by averaging the received power
signals, we obtained the quantity Iptq in which we are inter-
ested,

Iptq “
1

2N

2N
ÿ

k“1

Ikptq “
1

2N
Trace

“

HptqH:ptq
‰

. (32)

The Fourier transform of Iptq is readily found to be

Ĩpωq “

ż 8

´8

dΩ

2π
ψ̃0pω ` Ωqψ˚0 pΩqR̃pL, ω,Ωq, (33)

where

R̃pL, ω,Ωq “
1

2N
Trace

“

TpL, ω ` ΩqT:pL,Ωq
‰

. (34)

As argued in [8], the function R̃pL, ω,Ωq can be replaced with
its statistical average, provided that the bandwidth of ψ0ptq
is much larger than the modal dispersion bandwidth defined
below.4 By defining

r̃pL, ωq “ xR̃pL, ω,Ωqy, (35)

where the dependence on Ω disappears owing to the stationar-
ity with respect to frequency, the expression for Iptq simplifies
to

Iptq “ rpL, tq b I0ptq, (36)

with I0ptq “ |ψ0ptq|
2, and where the symbol b denotes

convolution. The above shows a linear relation between the
input and output powers, and hence rpL, tq represents the IIR.
We now proceed to derive r̃pL, ωq – the Fourier transform of
the IIR – and to this end we look at the evolution of the average
Apz, ωq “ xTpz, ωqT:pz, 0qy. To this end we re-express Eq.
(8) as follows,

dTpz, ωq “

„

1

2
pg0 ´ α0q ` iφ



Tpz, ωqdz

`

˜

´
d ~Wa ¨ ~Λ

2
` iω

d ~Wb ¨ ~Λ

2N

¸

Tpz, ωq

`

ˆ

N2

8
κ2
α ´

ω2

2
κ2
βω

˙

Tpz, ωqdz, (37)

where the last term at the right-hand side of the equality is
the Ito term (whose derivation is presented in the appendix).
The evolution of Apz, ωq is therefore governed by

dApz, ωq “ xdTpz, ωqT:pz, 0qy ` xTpz, ωqdT:pz, 0qy

`xdTpz, ωqdT:pz, 0qy

“

ˆ

g0 ´ α0 `
Nκ2

α

8
´ κ2

βω

ω2

2

˙

Apz, ωq, (38)

which after taking the trace of both sides of the equation and
integrating from z “ 0 to z “ L yields

r̃pL, ωq “ r̃0pLq exp

˜

´
κ2
βω
zω2

2

¸

, (39)

4Note that the presence of MDL does not affect the validity of the frequency
averaging because the MDL bandwidth is identical to the bandwidth of MD,
and hence much smaller than the bandwidth of ψ0ptq.

where r̃0 “
şL

0
rg0pzq ´ α0pzqsdz `Nκ

2
αL{8 is a normaliza-

tion constant accounting for gain and loss. The inverse Fourier
transform of the above finally gives

rpL, tq “ r0 exp

˜

´
t2

2κ2
βω
L2

¸

, (40)

or equivalently

rpL, tq “ r0 exp

„

´
t2

2T 2pLq



, (41)

T 2pLq “ κ2
βω
L “

x~τ ¨ ~τy

4N2
, (42)

where T pzq is the mean square duration of the IIR at point
z. Equations (40)–(42) show that the expression for the IIR is
the same as in the absence of MDL [8], provided that by ~τ
one denotes the complex MD vector introduced in the present
work. In particular, Eq. 42 gives a clear physical interpretation
of the model parameter κ2

βω
, beyond simply being the mere

average intensity of the vector ~βω . The invariance of the IIR
expression with respect to the lossless case legitimates also
extending the definition of the MD bandwidth introduced5 in
[8] – the frequency for which the power spectrum of the IIR
|r̃pL, ωq|2 reduces from its peak value by the factor 1{e – to
the general case in which MDL is present, namely BMD “

2N{p2πx~τ ¨ ~τy1{2q.
The broadening of the IIR with the link length is accom-

panied by a corresponding increase of the link MDL. As
shown in [21], the accumulation of the mean square link MDL
in decibels in the regime of strong mode mixing obeys the
equation

xρ2
dBy “

102

ln2
p10q

fpNqκ2
αz, (43)

where fpNq is the empirical relation

fpNq “ 4
pN ´ 1q2 ` 24.7pN ´ 1q ` 16.14

0.2532pN ´ 1q2 ` 7.401pN ´ 1q ` 16.14
, (44)

and where ρdB is given by the familiar expression ρdB “

10 log10pλmax{λminq, with λmax and λmin being the largest
and smallest eigenvalue TT:, respectively. Similarly, the more
familiar mean MDL can be expressed as

xρdBy “
10

lnp10q

Γ
`

KN`1
2

˘?
2

Γ
`

KN

2

˘?
KN

a

fpNqκ2
αz, (45)

where KN “ 3` r10.39pN ´ 1q1.36s, and where by Γpaq we
denote the Gamma function of argument a.

In Fig. 3a we plot the function Iptq defined in Eq. (33)
at various propagation distances along the fiber, for an input
excitation ψ0ptq which was set to be a Nyquist signal with
bandwidth B “ 20GHz around the carrier frequency, ψ0ptq “?
B sinpπBtq{πBt. The numerically generated fiber transfer

matrix Tpz, ωq was obtained using a wave-plate model. The k-
th section of length ∆z is characterized by the transfer function
Tkpωhq “ exp

”´

´~ak{2` iωh~bk{2N
¯

¨ ~Λ
ı

, where ~ak and
~bk are generated as in Figs. 1 and 2, and where the angular

5A related definition can be found in [17].
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Fig. 3. (a) The mode-average intensity waveform Iptq defined in Eq. (33)
at various propagation distances along the fiber, for an input Nyquist signal
ψ0ptq with a bandwidth of 20 GHz. The red curves were obtained in the
absence of MDL, whereas the blue curves were obtained by setting κα to the
same value as in Figs. 1 and 2. The value of κβω was also set as is Figs. 1 and
2. The dashed curves (almost completely hidden by the simulation results)
refer to the theoretical expression from Eqs. (36) and (40), and the dotted
curves are a plot of the IIR in Eq. (40). All plotted quantities are normalized
so as to have unit area. (b) The frequency-average of the accumulating link
MDL as a function of propagation distance. The dashed curve refers to the
theoretical expression of the link MDL in Eq. (45).

frequencies ωh are equally spaced between ´B{2 and B{2.
The function Iptq is then extracted according to the definition
in Eq. (33). The red curves in the figure were obtained in the
absence of MDL, whereas the blue curves were obtained by
setting κα to the same value as in Figs. 1 and 2. The value of
κβω was also set as in Figs. 1 and 2. The dashed curves are the
plot of the theoretical expressions in Eqs. (36) and (40). The
agreement between theory and numerical results is excellent
in all cases. Also plotted by dotted lines is the expression of
the IIR. As can be seen in the figure, there is perfect over-
lap between the IIR rpz, tq and the mode-averaged intensity
waveform in the main lobe Iptq “ rpz, tqbI0ptq, whereas the
two differ in the tails, owing to the finite bandwidth of the
input excitation signal ψ0ptq. In Fig. 3b we plot the link MDL
versus propagation distance. The plotted quantity is the mean
MDL in decibels, where the numerical averaging is performed
over frequency using the frequency-dependent MDL values
ρdBpωhq. Since the bandwidth over which the averaging is
performed is multiple times larger than the MD bandwidth at
all propagation distances, the frequency average coincides with
the ensemble average, as implied by the excellent agreement
with the theoretical result of Eq. (43) that is plotted by the
dashed curve. Unlike in single-mode systems where the signal
is affected by a particular random instantiation of PDL at its
frequency, here the typical signal bandwidth is much larger
than the MD bandwidth and hence the effect of MDL is
averaged across the signal spectrum [29]. This implies that
the mean MDL is the only relevant quantity in single-carrier
SDM transmission in the strong coupling regime.

We conclude this section by stressing that the theory of the
IIR relies on the fact that the MD bandwidth be multiple times
smaller than the bandwidth of a WDM channel. Were this
requirement not fulfilled, a different approach to characterizing
MD and its consequences on the complexity of the MIMO-
receiver equalization scheme would be necessary.

A. Dependence of MDL on frequency

The expression of the IIR has been derived under the
assumption that the local MDL vector ~α does not depend on
frequency within the bandwidth of the propagating signal. This
assumption, which is customary in the PDL/MDL literature
[14], [22], [23], is related to the fact that the frequency
dependence of the loss itself is negligible over bandwidths on
the order of a single communication channel in a wavelength-
division multiplexed system. In order to see that most easily,
consider scalar propagation in a single-mode fiber in which
the propagation constant is given by kpω̃q “ ω̃n{c, where
n “ n1 ` in2, so that n1 is the refractive index whereas
n2 accounts for the effect of loss, and where ω̃ “ Ω0 ` ω
is the optical frequency. The loss coefficient at the center
frequency of the signal is n2Ω0{c and its relative variation over
the signal bandwidth B is given by B{Ω0 `Bpdn

2{dωq{n2.
Obviously the first term B{Ω0 is much smaller than unity.
Since fiber-optic systems operate far from material resonances,
the variation Bpdn2{dωq is very small relative to n2 and so the
second term is much smaller than unity as well. The extension
of this argument to the case of polarization-multiplexed and
mode-multiplexed systems is straightforward.

It is interesting to note that if the frequency dependence of
~α had to be taken into account, it would have a major effect on
the system model characteristics. In particular, the propagation
model would loose its frequency stationarity property and its
analytical tractability would reduce significantly.

Finally, note that the independence of ~α on frequency
does not imply that MDL is frequency-independent. Modal
dispersion is responsible for the frequency dependence of the
accumulated MDL, consistently with previous MDL studies
[14]. In particular, the MDL correlation bandwidth is closely
related to the MD correlation bandwidth [14], [31], which in
medium-to-long reach links is much narrower than the typical
transmission bandwidth. Under the assumptions of frequency
stationarity and ergodicity, this implies that MDL-induced
impairments are averaged over the signal spectrum [29].

V. COMPARISON BETWEEN THEORY AND EXPERIMENTS

In this section we validate the proposed model through a
comparison with experimental data taken on a coupled-core
three-core fiber in a loop configuration. A detailed description
of the experimental setup as well as of the technique that
was used to acquire the data can be found in [15]. The
estimated impulse response of the link was used to evaluate
the transfer matrix T at the end of each loop over a frequency
range of 20 GHz with a resolution of ∆f “ 0.1 GHz.
The frequency-dependent vector ~τ was extracted from T
using Eq. (10), where the numerical frequency derivative at
the angular frequency ωh was computed according to the
following formula,

dTpzk, ωhq

dω
“

Tpzk, ωh ` nk∆ωq ´Tpzk, ωh ´ nk∆ωq

2nk∆ω
(46)

where zk “ kLF is the link length at the end of the k-th
loop recirculation, and nk is an integer-valued number ranging
between nk “ 3 for small values of k and nk “ 1 for large
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values of k. The use of a symmetric expression improves
the estimation of the numerical derivative by averaging out
additive noise that is always present in experimental data.
This averaging is more critical when the modal dispersion
bandwidth is larger, in which case measurement noise may
be dominant over the frequency dependence of the transfer
matrix. This explains the use of larger values of nh for small
values of k. The frequency-dependent MDL parameter ρdB

was also extracted from the transfer matrix T, as described
in the previous section. Finally, ensemble averages were esti-
mated by averaging the quantities of interest with respect to
frequency.6

In Figs. 4a and 4b we plot the two averages x~τ ¨ ~τy (real
and imaginary part) and x~τ ¨ ~τ˚y, respectively. Figure 4a
shows that the real part of x~τ ¨ ~τy grows almost linearly with
distance, whereas its imaginary part is practically vanishing,
as predicted by theory. The solid curve is the plot of the
theoretical expression x~τ ¨~τy in Eq. (28), where N “ 3 and κβω

was used as a fitting parameter. The solid curve in Fig. 4b is the
plot of the theoretical expression for x~τ ¨~τ˚y in Eq. (29), where
the parameter κα was used as a second fitting parameter. The
fitting procedure returned the values κβω

» 12.12 ps/km1{2

and κα » 0.019 km´1{2, and the agreement between theory
and data is self-evident. In Fig. 4c we plot the mean MDL (in
decibels) versus propagation distance, as well as the theoretical
expression for xρdBy given by Eq. (45), where we set κα to
the value obtained from the fitting performed in Fig. 4b.

Notice that the measured mean MDL amounts to „ 3dB
already after a single loop of 60 km. Such large MDL is to
be attributed to the SDM transmitter and amplifier, where the
contribution of the first is present only at the system input,
while the contribution of the second accumulates at each loop.
We can therefore express the overall system transfer matrix
as T “ TsTin, where Tin accounts for the transmission
and amplification stages preceding fiber propagation and Ts

accounts for the link itself. Notice that when the frequency
dependence of Tin is negligible, its presence does not affect
the accumulation of ~τ . This follows from the fact that

i
~τ ¨ ~Λ

2N
“

BpTsTinq

Bω
pTsTinq

´1

“
BTs

Bω
T´1
s `Ts

BTin

Bω
pTsTinq

´1, (47)

where the second term on the right-hand side vanishes when
BTin{Bω “ 0. The fact that data points of Figs. 4a and 4b
tend to zero at the link input z “ 0, in spite of the fact that
MDL does not vanish at that point, is consistent with this
interpretation.

It is interesting to note that, using Eq. (45), the ratio between
x~τ ¨ ~τy and x~τ ¨ ~τ˚y can be expressed in terms of xρdBy as

x~τ ¨ ~τ˚y

x~τ ¨ ~τy
“

exp
`

aN xρdBy
2
˘

´ 1

aN xρdBy
2

, (48)

where

aN “
4N2

D

ln2
p10q

102fpNq

KNΓ2
`

KN

2

˘

2Γ2
`

KN`1
2

˘ . (49)

6Data points close to the edges of the input signal spectrum ψ̃0pωq
may suffer from system bandwidth limitation-related effects and hence were
discarded.
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Fig. 4. (a) Experimentally extracted average of x~τ ¨ ~τy (real and imaginary
part) versus propagation distance. The solid line is a plot of the theoretical
expression in Eq. (28), where N “ 3 and κβω is used as a fit parameter.
(b) Experimentally extracted average of x~τ ¨~τ˚y versus propagation distance.
The solid line is a plot of the theoretical expression in Eq. (29), where κα
is used as a second fit parameter. (c) Experimental mean MDL xρdBy versus
propagation distance. The solid curve refers to the theoretical expression in
Eq. (45), where κα is set to the same value as in (b). (d) Ratio between the
left-hand side and the right-hand side of the Eq. (48).

When computed on the experimentally extracted quantities,
Eq. (48) provides a simple global test for the accuracy of the
proposed model, and it is particularly useful for the regime of
small MDL, where it is practically exact. The ratio between
the left- and right-hand sides of Eq. (48) is plotted in Fig. 4d.
The small deviation from unity for all data points shows the
good accuracy of the model.

Finally, in the left and center panels of Fig. 5 we plot the
experimentally extracted autocorrelation functions (real and
imaginary parts) x~τpω ` Ωq ¨ ~τpωqy and x~τpω ` Ωq ¨ ~τ˚pωqy,
respectively, versus Ω, for a number of propagation distances.
Also plotted by thin lines are the theoretical expressions in
Eqs. (25) and (27). In the right panels we plot the correspond-
ing mode-averaged intensity waveforms Iptq and by thin lines
the theoretical expression for the IIR from Eqs. (41) and (42),
where the value of κβω is the one resulting from the fitting
performed in Fig. 4a.

VI. MDL-INDUCED CAPACITY REDUCTION

Mode-dependent loss is a non-unitary effect and therefore
it reduces the SDM system capacity. While this is a well
known fact [10], [21], in general it is not trivial to quantify the
impact of MDL in terms of capacity based on experimental
data. For instance, many studies use the capacity ratio as a
figure of merit, i.e. the ratio between the system capacity
and the capacity that the same system would achieve in the
absence of MDL. This ratio cannot be extracted from transfer
matrix measurements of the kind that are available in this
work owing to the fact that it depends on the specific value
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Fig. 5. The thick lines in left and center panels are a plot of the experimentally
extracted autocorrelation functions (real and imaginary parts) x~τpω ` Ωq ¨
~τpωqy and x~τpω ` Ωq ¨ ~τ˚pωqy, respectively, versus Ω, for the displayed
propagation distances. The thin lines refer to the theoretical expressions in
Eqs (25) and (27). In the right panels the thick curves are a plot of the
corresponding mode-averaged intensity waveforms Iptq, while the thin lines
refer to the theoretical expression for the IIR from Eqs. (41) and (42).

of the mode-averaged signal-to-noise ratio, as well as on
the noise coherency matrix [32], which have to be measured
separately. A convenient figure of merit that can be extracted
from the system transfer matrix is the capacity7 loss per mode
` introduced in [21], which is defined as the difference between
some reference capacity and the capacity of the system under
study, divided by the number of scalar modes. When the
reference capacity is the capacity that the system under study
would achieve in the absence of MDL, the average value of
this quantity in the regime of large signal-to-noise ratio (SNR)
is independent of the SNR itself and is given by Eq. (3) of
[21]

x`y “
x~Γ ¨ ~Γy

3 logp2q
, (50)

where ~Γ is the MDL vector defined through the equality

TT: “ γ
´

I` ~Γ ¨ ~Λ
¯

, (51)

7Just as in [21], by the term capacity we refer to the spectral efficiency,
which is obtained by dividing the actual capacity by the channel bandwidth

A
ve
ra
ge

ca
p
ac
it
y
lo
ss

⟨ℓ
⟩

𝑧 [km]

Fig. 6. Average capacity loss per mode versus propagation distance. The
symbols show the result obtained by frequency-averaging the scalar product
~Γ ¨ ~Γ obtained from the experimental data using Eq. (52). The solid line is
the plot of theoretical expression in Eq. (53).

with γ being the mode-averaged gain/loss. Owing to the
frequency-averaging effect produced by MD [8], the average
value of the capacity loss per mode is the relevant quantity to
be evaluated, and its extraction from the experimental data is
straightforward, using

~Γ ¨ ~Γ “
Trace

”

`

TT:
˘2
ı

Trace rTT:s
2 ´ 1 (52)

and by averaging this quantity with respect to frequency.
The average capacity loss is also independent of how the
inline amplifiers are operated [13], and is related to the model
parameters through the simple expression [21]

x`y “
κ2
αz

3 logp2q
, (53)

which follows from x~Γ ¨ ~Γy “ κ2
αz. In Fig. 6 we plot the

experimentally extracted capacity loss per mode Eq. (50)
versus propagation distance. The solid line is a plot of the
theoretical expression in Eq. (53), where we set κα to the
value obtained from the fitting performed in Fig. 4b. The figure
shows that the effect of MDL is to reduce the system capacity
by about 0.5 bits/s/Hz after 3000 km.

We conclude this section by noting that the vector ~Γ is
also related to an alternative metric for MDL, the rms MDL,
which was investigated in [33]. This metric is proportional to
the square-root of the quantity g2 “ p2Nq´1

ř

n g
2
n, where

we denote the n-th eigenvalue of TT: by exppg0 ` gnq, and
assume that

ř

n gn “ 0. It is straightforward to show that

g2 “
1

2N
Trace

”

log2
´

I` ~Γ ¨ ~Λ
¯ı

´ log2
`

γe´g0
˘

» ~Γ ¨ ~Γ´ log2
`

γe´g0
˘

(54)

where the second equality holds in the regime of small-to-
moderate MDL. The term by which g2 and ~Γ¨~Γ differ depends
on the way in which the amplifiers are operated (see [13]) and
the characterization of its statistics goes beyond the scope of
the present work.
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VII. DISCUSSION: MODEL KEY-PARAMETERS AND THEIR
PHYSICAL SIGNIFICANCE

Prior to the conclusions, we summarize in this section the
parameters of the proposed model and their physical meaning.
As should be clear at this point, the key quantity of our model
is the vector ~τ . This is a complex-valued vector and can be
expressed as ~τ “ ~τR ` i~τI . The relation T 2 “ x~τ ¨ ~τy{4N2

provides a simple meaning for the scalar product x~τ ¨ ~τy –
the duration of the IIR. Changes in the system MDL do not
affect the value of T, in spite of the fact that both MD and
MDL affect the accumulation of ~τ . The dependence on MDL
emerges in the average x~τ ¨ ~τ˚y. The significance of x~τ ¨ ~τ˚y
stems Eq. (48), which shows that the ratio of x~τ ¨~τ˚y to x~τ ¨~τy
depends only on MDL. In the regime of low-to-moderate MDL
the exponential function at the right-hand side of the equality
can be expanded to the second order with respect to aN xρdBy

2,
yielding

x~τ ¨ ~τ˚y ´ x~τ ¨ ~τy

x~τ ¨ ~τy
“

1

2
aN xρdBy

2, (55)

which shows that the relative difference between x~τ ¨ ~τ˚y
and x~τ ¨ ~τy is proportional to the link square mean MDL.
The only two model parameters κβω

and κα, can therefore
be equivalently extracted from space- and frequency-resolved
measurements of the system transfer matrix Tpz, ωq (with
the help of Eqs. (28) and (29)), or from space-resolved
measurements of the system IIR durations and mean MDL
(with the help of Eqs. (42) and (45)).

VIII. CONCLUSIONS

We proposed a unified model for modal dispersion and
mode-dependent loss in the generalized Stokes space repre-
sentation of multiple-mode propagation in SDM fibers. The
key-quantity of our model is the complex-valued extension of
the mode dispersion vector ~τ that was introduced in [2] as
a generalization of the famous polarization-mode dispersion
vector [34] to the multi-mode case. We used the proposed
model to develop the theory of the intensity impulse response
of SDM links affected by mode-dependent loss in the regime
of strong mode mixing, previously developed for unitary SDM
links [8]. We found that the time duration of the intensity
impulse response is determined by x~τ ¨ ~τy, just like in the
unitary-channel case, except that now ~τ is a complex-valued
vector, whose imaginary part originates from the presence of
mode-dependent loss. We validated the model by comparison
with experimental data collected on a SDM system based on
a coupled-core three-core fiber. To the best of our knowledge,
this is the first detailed comparison between SDM theory and
experimental data.

APPENDIX

Ito term of Eq. (21)

The Ito term of Eq. (21) is given by [30]

1

2
pωd ~Wb ` iNd ~Waq ˆ d~τ . (56)

After replacing d~τ with the right-hand side of Eq. (21) and
retaining only the terms of the order of dz (while neglecting

those of higher order) and those that involve both d ~Wb and
d ~Wa (which average to zero) it reduces to

ω2

2
d ~Wb ˆ pd ~Wb ˆ ~τq ´

N2

2
d ~Wa ˆ pd ~Wa ˆ ~τq. (57)

The final result follows from [2]

d ~Wa{b ˆ pd ~Wa{b ˆ ~τq “ dW 2
a{b,n~τ , (58)

where dW 2
a{b,n is given by Eqs. (19) and (20).

Average in Eq. (23)

Using the definition of generalized vector product, the
average that appears in Eq. (23) can be expressed as

A´

d ~Wa ˆ ~τ
¯

¨

´

d ~Wa ˆ ~τ0

¯E

“
ÿ

n

ÿ

i,j

ÿ

l,m

xfi,j,nfl,m,ndWa,iτjdWa,lτ0,my

“ dW 2
a,k

ÿ

j,m

˜

ÿ

n,i

fi,j,nfi,m,n

¸

xτjτ0,my (59)

Using
ř

n,i fi,j,nfi,m,n “ 2δj,m [32] and Eq. (19) yields the
final result.

Ito term of Eq. (37)

The Ito term of Eq. (37) is given by [30]

1

2

«

´
d ~Wa ¨ ~Λ

2
` iω

d ~Wb ¨ ~Λ

2N

ff

dT. (60)

Replacing dT with the right-hand side of Eq. (21) and
neglecting here too the terms proportional to dz as well as
those that involve both d ~Wb and d ~Wa, it simplifies to

1

2

«

pd ~Wa ¨ ~Λq
2

4
´ ω2 pd

~Wb ¨ ~Λq
2

4N2

ff

T. (61)

The final result follows from [2], [32]

pd ~Wa{b ¨
~Λq2 “ dW 2

a{b,n

ÿ

k

Λ2
k “ dW 2

a{b,nD I, (62)

and Eqs. (19) and (20).
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