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asynchronous settings may heavily affect the feasibility of the problem. In fact, even though
dealing with asynchronous robots in general requires more sophisticated strategies with
respect to the synchronous counterpart, sometimes it comes out that asynchronous robots

Keywords: simply cannot solve the problem whereas synchronous robots can.

Distributed algorithms We study general properties of graphs that can be exploited in order to accomplish the
Mobile robots gathering task in the synchronous setting, obtaining an interesting and innovative sufficient
Synchrony condition for the feasibility of the gathering task in graphs, regardless the topology.
Gathering Furthermore, we consider dense and symmetric graphs like complete and complete
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bipartite graphs where in general the topology does not allow to distinguish vertices where
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to finalize the gathering. In such topologies, we fully characterize the solvability of the
gathering task in the synchronous setting by suitably combining some strategies arising
from the general approach with specific techniques dictated by the considered topologies.
From the lower bound point of view in terms of number of synchronous time units
required to accomplish the gathering task, in general nothing better than Q(D¢), with D¢
being the diameter of the input graph G, can be provided. For both complete and complete
bipartite graphs, we prove a lower bound of Q(log, k), with ¢ being the well-known golden
ratio. Combined with the provided algorithms, this reveals to be asymptotically tight for
complete graphs while for complete bipartite graphs an additive factor of §(k) is achieved,
with §(k) being the function that returns the number of divisors of the integer k.
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1. Introduction

In this paper, we consider the Gathering task by means of a swarm of very weak - in terms of capabilities - robots
moving on graphs. Initially, each robot occupies a different vertex of the graph. The task requires robots to move toward a
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common vertex from where they do not move anymore. The gathering task is one of the basic primitives extensively studied
in the context of robot-based computing systems.

Whether or not a mobile robot system can solve a given problem typically depends on the capabilities one assumes
for robots. A common approach in distributed computing is to detect the minimal capabilities that are necessary so as
robots can perform basic tasks. The rationale behind this approach is twofold: it is theoretically interesting to answer the
minimality question; the weaker the model assumed to solve a task, the wider its applicability, including more powerful
robots prone to faults.

1.1. Robots’ model
In this paper, robots are considered to be:

Anonymous: no unique identifiers;

Autonomous: no centralized control;

Dimensionless: no occupancy constraints, no volume, modeled as entities located on vertices of a graph;
Oblivious: no memory of past events;

Homogeneous: they all execute the same deterministic' algorithm;

Silent: no means of direct communication;

Disoriented: no common coordinate system, no common left-right orientation;

The ability to solve a given task depends also on the magnitude of synchrony among the robots. Concerning synchrony,
one of the most studied scenario assumes robots to alternate within two main states active or inactive. When active, a robot
executes a Look-Compute-Move (LCM) cycle by performing the following three operations in sequence, each of them
associated with a different state:

e Look: The robot observes the environment. The result of this phase is a snapshot of the positions of all robots with
respect to its own perception.

e Compute: The robot executes the designed algorithm, using the data sensed in the Look phase as input. When robots
are moving in graphs, the result of this phase either is the vertex where the robot currently resides (i.e., the robot does
not move) or it is a vertex among those in the direct neighborhood (i.e., at most one edge per cycle can be traversed
by a robot).

e Move: The robot moves toward the computed target. If the target is the current position, then the robot stays still, i.e.,
it performs what is called a nil movement.

Actually moves are always considered as instantaneous. This results in always perceiving robots on vertices and never on
edges during Look phases. Hence, robots cannot be seen while moving, but only at the moment they may start moving or
when they arrived. The rationale behind this assumption is that the graph may model a communication network, whereas
robots model software agents.

In the literature, different characterizations of the environment have been considered according whether robots are fully-
synchronous, semi-synchronous (cf. [45-47]), semi-asynchronous (cf. [9]) or asynchronous (cf. [3,8,10,12,24,31,33]). These
synchronization models are illustrated in Fig. 1 and defined as follows:

e Fully-Synchronous (FSync): All robots are always active, continuously executing in a synchronized way their LCM cycles.
Hence the time can be logically divided into global rounds. In each round all the robots, obtain a snapshot of the
environment, compute on the basis of the obtained snapshot and perform their computed move.

e Semi-Synchronous (SSyNc): It coincides with the FSyNc model, with the only difference that not all robots are necessarily
activated in each round.

e Semi-Asynchronous (SAsyNcC): Robots are activated independently. Like in FSYNc or SSyNc, the duration of each phase is
assumed to be always the same. Differently from FSYNc or SSYNc, two activated robots can be in different phases even
though phases are synchronized.

e Asynchronous (AsyNc): Robots are activated independently, and the duration of each phase is finite but unpredictable.
As a result, robots do not have a common notion of time.

In AsyNc, the amount of time to complete a full LCM-cycle is assumed to be finite but unpredictable. Moreover, in the
SSYNC, SAsyNc, and AsyNC cases it is usually assumed the existence of an adversary which determines the computational
cycles timing. Such timing is assumed to be fair, that is, each robot performs its LCM-cycle within finite time and infinitely
often. Without such an assumption the gathering would be unsolvable as the adversary could prevent some robots to ever
move.

! No randomization features are allowed.
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Fig. 1. The execution model of computational cycles for each of FSYNc, SSYNc, SAsyNc, and AsyNc robots. The inactivity of robots is implicitly represented
by empty time periods.

It is worth to remark that the four synchronization schedulers induce the following hierarchy (see [23,26]): FSYNc robots
are more powerful (i.e., they can solve more tasks) than SSyNc robots, that in turn are more powerful than SAsyNnc robots,
that in turn are more powerful that Async robots. This simply follows by observing that the adversary can control more
parameters in AsyNcC than in SAsyNc, and so forth. In other words, protocols designed for Async robots also work for SAsyNc,
SSync and FSync robots. On the contrary, any impossibility result proved for FSync robots also holds for SSync, SAsync and
ASYNC robots.

Whatever the assumed scheduler is, the activations of the robots determine specific time instants t =0, 1, 2, ... during
which at least one robot is activated. Apart for the AsyNc case where the notion of time is not shared by robots, for the
other types of schedulers robots are synchronized. In the FSyNc case, each robot is active at each time unit. In the SSync
and SAsyNC cases we assume that at least one robot is active at each time t. Focusing on FSync and SSyNc robots, if C(t)
denotes the configuration observed by some robots at time t during their Look phase, then an execution of an algorithm A
from an initial configuration C is a sequence of configurations IE : C(0), C(1),..., where C(0) = C and C(t + 1) is obtained
from C(t) by moving each robot (which is active at time t) according to the result of the Compute phase as implemented
by A.

Notice that, given an algorithm A, in SSYNc, SAsYNC, or AsyNc there exists more than one execution from C(0) depend-
ing on the activation of the robots, whereas in FSYNC the execution is unique as it always involves all robots in all time
instants.

For FSyNc robots, the time complexity of an algorithm A is the maximum amount of time units required by A for
processing any gatherable initial configuration. For the other types of schedulers, the time complexity usually refers to the
number of required rounds, where a round is the time (finite but unpredictable) within which all robots complete a LCM-
cycle at least once. For the gathering problem, a natural lower bound for the time complexity of any algorithm is Q(D¢),
where Dg is the diameter of the graph underlying the configuration.

It is very common (as dictated by impossibility results) that in combination with the L.CM-model, robots are endowed
with the so-called multiplicity detection capability (see e.g. [15,38]). Basically, when more than one robot resides on the
same vertex X, then x is said to be occupied by a multiplicity. During the Look phase, robots can perceive multiplicities.
The multiplicity detection capability might be local or global, depending whether the multiplicity is detected only by robots
composing the multiplicity itself or by any robot performing the Look phase, respectively. Moreover, the multiplicity detec-
tion can be weak or strong, depending whether a robot can detect only the presence of a multiplicity or if it perceives the
exact number of robots composing the multiplicity, respectively.

1.2. Related work

The gathering problem has been deeply investigated and fully characterized for robots moving on the Euclidean
plane [15] endowed with global weak multiplicity detection. The problem is in fact a special case of the more general
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Table 1
Achievements about Gathering on graphs. Results marked by (*) are those contained in this paper.
Graph Ref. Model Multiplicity Achievement
Any [29] FSync global strong some impossibility
[29] AsyNC global strong basic feasibility
(@) SSYNC global strong sufficient condition
Trees [17,18] AsyNC none full characterization
[29] AsYNC global strong traveled distance opt
Rings [38] ASYNC global weak asymmetric conf.s
[37] AsYNC global weak symmetric dense conf.s
[20] AsyNC global weak conf.s with 6 robots
[36] ASYNC local weak opt asymmetric
[19] AsYNC global weak (almost) full characterization
[21] AsyNC local weak asymmetric conf.s
[22] AsyNC local weak full characterization
[29] AsYNC global strong traveled distance opt
[25] SSyNC global weak separation with Async
Regular Bipartite [34] AsYNC local weak full characterization
Finite Grid [17] ASYNC none full characterization
Infinite Grid [5,16] FSyNc none time opt (limited visibility)
[28] AsYNC global strong traveled distance opt
Oriented Hypercubes [4] ASYNC global weak traveled distance opt
Complete ") FSync global strong opt full characterization
[14] SSYNC global strong impossibility
Complete Bipartite * FSync global strong full characterization
[14] SSYNC global strong some conf.s

pattern formation problem [10,12,45]. A slightly different model imposing robots to gather at some visible and predeter-
mined points (called meeting points) provided in the Euclidean plane has been also investigated and fully characterized,
see [6-8].

In contrast, on graphs not much is known, see the recent surveys [32] and [42]. Apart for some preliminary results
contained in [29], holding for general graphs, so far only a few of specific topologies have been investigated like trees [17,18,
29], rings [19-22,25,29,36-38], regular bipartite graphs [34], finite [17] or infinite [5,16,28] grids, hypercubes [4], complete
graphs and complete bipartite graphs [14], also from an optimization perspective. In particular, Table 1 summarizes the
achieved results with respect to the different topologies. Most of such topologies are very symmetric, that is, vertices can
be partitioned into a few of classes of equivalence. The choice of such topologies has been dictated by the requirement to
make harder the design of a resolution algorithm as robots cannot exploit much topological properties. For instance, if a
tree or a finite grid admits only one center, then all robots can detect it and move there, even asynchronously. Contrary, in
rings, infinite grids, complete graphs or hypercubes, all vertices are equivalent and the synchronicity may heavily impact on
feasibility. In rings, a full characterization has been provided for FSync and SSync robots [25] endowed with global weak
multiplicity detection, whereas in the AsyNc case a few of configurations are still not known whether they are solvable or
not [19,27].

Concerning feasibility aspects, the aim has been usually that of finding the minimal set of assumptions under which
robots are able to solve the problem. One of the main observations for gathering in the Euclidean plane has been to show
that AsyNc robots are as much powerful as FSYNc ones [15], except for the only case of exactly two robots. This case is
unsolvable in the SSYNC context whereas it is solvable by two FSYNc robots, i.e. it represents a separator between SSyNc and
FSync.

In general graphs, a full characterization for the gathering task is missing, even for FSyNc robots. Clearly, on graphs,
movements are very constrained with respect to the Euclidean plane, and this heavily affects the possibility to design
general strategies that are independent from the underlying graph topology. A main observation coming out from the
literature about gathering in graphs is that feasibility is very dependent on the assumed level of synchronicity. On the
one hand, dealing with AsyNc robots is much harder than considering synchronized settings. On the other hand, it may
happen that AsyNc robots simply cannot solve some instances, hence sensibly reducing the scope of research for resolution
algorithms. In other words, the graph context seems requiring deep investigation on the different results one may achieve
when switching from the AsyNnc to the SAsyNc, SSYNC or FSYNC cases.



Doctopic: Algorithms, automata, complexity and games TCS:12666

S. Cicerone, G. Di Stefano and A. Navarra Theoretical Computer Science eee (esee) coe—soe

1.3. Our results

In this paper, we focus on FSync robots endowed with global strong multiplicity detection, see Table 1. First, we study
general properties of graphs that can be exploited in order to accomplish the gathering task in the SSync (and hence also
in the FSyNc) setting. The investigation leads to obtain an interesting and innovative sufficient condition for the feasibility,
applicable to any topology. Intuitively, according to a measure d related to the symmetry of the input graph and to the
number k of robots, the gathering can be achieved if some primality properties between d and k hold.

Although we provide some evidence about the wide range of applicability of our achievement with respect to many
different topologies, still there are cases where the topology cannot be exploited to solve the gathering problem. To this
respect, we then consider dense and symmetric graphs like complete and complete bipartite graphs where Async, SASYNC
or SSYNC robots cannot build their strategy on particular sets of vertices, due to the high symmetry of such graphs. In such
topologies we fully characterize the solvability of the gathering task in the FSync setting for robots endowed with global
strong multiplicity detection. We first show that with weaker assumptions on the multiplicity detection only very restricted
cases can be solved. Then, by suitably combining some strategies arising by the general approach with specific techniques
dictated by the considered topologies, we provide the corresponding resolution algorithms.

We also evaluate the time complexity of our algorithms to accomplish the gathering task in terms of number of syn-
chronous time units required. From the lower bound point of view, a natural limit to the number of moves required by any
algorithm is (D¢), with D¢ being the diameter of the input graph G. Interestingly, we are able to prove that the addressed

logy (+/5k—1)-1
topologies, namely complete and complete bipartite graphs - where D(G) < 2, present a lower bound of LMJ

time units, where k represents the number of robots and ¢ is the well-know golden ratio. Concerning the provided res-
olution algorithms, by combining their complexity with the lower bound, we get an asymptotically optimal solution for
complete graphs. For complete bipartite graphs, we provide a resolution algorithm that requires O (logk + 5(k)) time, where
8(k) is the function that returns the number of divisors of the integer k. Comparing this complexity with the lower bound,
it is worth to remark that our algorithm is tight each time &(k) = O (logk). In fact, from [30] it is known that §(k) behaves
like a normal random variable with mean loglogk and standard deviation /loglogk. However, concerning the growth rate

log2
of 8(k) it is known that §(k) = o(n€) for all € > 0; more precisely, §(k) <k Toglogt [35].
14. Outline

In the next section, we provide some definitions, notation and preliminary results inherited from the literature concern-
ing the feasibility of the gathering task in graphs. Section 3 provides a new general result about a sufficient condition for the
resolution of the gathering task in graphs, regardless the underlying topology. Section 4 concerns the full characterization
of the gathering in complete graphs by means of FSyNc robots, along with the analysis of the performance of the provided
algorithm in terms of synchronous time units. Section 5 concerns the full characterization of the gathering in complete bi-
partite graphs by means of FSyNnc robots, and the analysis of the performance of the proposed algorithm. Section 6 contains
the lower bound to the complexity of the gathering problem in the addressed graph topologies. Finally, Section 7 provides
useful discussions for future works.

2. Problem definition and general impossibility results

The topology where robots are placed on is represented by a simple and connected graph G = (V, E), with vertex set
V and edge set E. The cardinality of V is represented as |V|, n or |G|. A function A :V — N, from the set of vertices
to the set of integer numbers represents the number of robots on each vertex of G, and we call (G,A) a configuration
whenever )" _, A(v) is bounded and greater than zero. A vertex v € V such that A(v) > 0 is said occupied, unoccupied
otherwise. A subset V' C V is said occupied if at least one of its elements is occupied, unoccupied otherwise. A configuration
is initial if each robot lies on a different vertex (i.e., A(v) <1 for each v € V). A configuration is final if all the robots are
on a single vertex (i.e, Ju e V : A(u) >0 and A(v) =0, Vv € V \ {u}). The gathering problem can be formally defined as
the problem of transforming an initial configuration into a final one. Throughout the paper we assume that each initial
configuration is composed of at least two robots (otherwise the problem is trivially solved). A gathering algorithm for this
problem is a deterministic distributed algorithm that brings the robots in the system to a final configuration in a finite
number of LCM-cycles from any given initial configuration, regardless of the adversary.> Formally, an algorithm A solves
the gathering problem for an initial configuration C if, for any execution E : C = C(0), C(1), C(2),... of A, there exists a
time instant t > 0 such that C(t) is final and no robots move after t, i.e., C(t') = C(t) holds for all ' > t. Given an initial
configuration C = (G, A), if there exists a gathering algorithm for C we say that C is gatherable, otherwise we say that C is
ungatherable.

We now recall from [29] the notions of configuration automorphisms and symmetries to be applied to general graphs,
and accordingly we also recall general impossibility results.

2 In this work, we show that even in the case of FSYNc robots the adversary can control some variables that can impact on the solvability of the gathering
task.
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2.1. Configuration automorphisms and symmetries

Two undirected graphs G = (V,E) and G’ = (V', E’) are isomorphic if there is a bijection ¢ from V to V’ such that
{u,v} € E if and only if {¢p(u), ¢(v)} € E’. An automorphism on a graph G is an isomorphism from G to itself, that is a
permutation of the vertices of G that maps edges to edges and non-edges to non-edges. The set of all automorphisms of G
forms a group called automorphism group of G and denoted by Aut(G). Two vertices u, v € V are equivalent if there exists
an automorphism ¢ € Aut(G) such that ¢(u) =v.

The concept of isomorphism can be extended to configurations in a natural way: two configurations (G, 1) and (G’, 1)
are isomorphic if G and G’ are isomorphic via a bijection ¢ and for each vertex v in G, A(v) = A/(¢(v)). An automorphism
on a configuration (G, A) is an isomorphism from (G, A) to itself and the set of all automorphisms of (G, 1) forms a group
that we call automorphism group of (G, A), denoted by Aut((G, 1)).

If |Aut(G)| =1, that is G admits only the identity automorphism, then G is said asymmetric, otherwise it is said
symmetric. Analogously, if |Aut((G, A))| = 1, we say that the configuration (G, ) is asymmetric, otherwise it is symmet-
ric. In a configuration (G, A), two distinct robots r and r’ on vertices v and v/, respectively, are equivalent if there exists
¢ € Aut((G, 1)) such that v/ = ¢(v). Note that A(v) = A(v') whenever v and v’ are equivalent. From an algorithmic point
of view, it is important to remark that when there are equivalent vertices in a configuration, a robot r located at a vertex
u cannot distinguish its position from that of a robot r’ located at vertex v = ¢(u). As a consequence, no algorithm can
distinguish between two equivalent robots, and then it cannot avoid that the two robots perform a same move simultane-
ously.

Let G = (V,E) be a graph and C = (G, A) be a configuration defined on G. Given ¢ € Aut(C) different from the identity,
the cyclic subgroup of order p generated by ¢ is given by I'={¢%, ¢! =0 o ¢® > =@ o',...,0P~1 = ¢ o P2}, where
@Y is the identity automorphism, ¢! # ¢° for each 0 <i < p, and @P = @ o P~ = 0. In C, the orbit of any vertex v € V
generated by the cyclic subgroup I' is defined as I'v={y(v) | y €T'}.

The next theorems exploit the concepts of cyclic subgroup and orbit to provide a sufficient condition for a configuration
to be ungatherable. Before recalling such a result, we first need the following definition.

Definition 1. [29] Let G = (V, E) be any graph and let C = (G, 1) be any configuration. An automorphism ¢ € Aut(C) is
called partitive on V' C V if the cyclic subgroup I'={¢°, ¢! =@ o ¢@®, 0> =g op!,..., 0P~ =@ o P2} generated by ¢
has order p > 1 and is such that |Tu| = p for each u e V'.

Let G = (V, E) be any graph and let C = (G, 1) be any configuration that is partitive on V' C V according to any cyclic
subgroup I'. In such a case, notice that the following properties hold:

1. the orbits I'v, for each v € V’, form a partition of V’;
2. vertices/robots belonging to a same orbit are pairwise equivalent.

For the sake of simplicity, from now on we say that a configuration C is partitive whenever there exists an automorphism
@ € Aut(C) which is partitive on the entire set V.

The following two theorems use the above definition and notation to provide impossibility results for the gathering
problem on general graphs. Since they refer to FSyNc robots, they also hold for SSync, SAsync and AsyNc robots.

Theorem 1. [29] Let G = (V, E) be any graph and let C = (G, A) be any non-final configuration. If there exists ¢ € Aut(C) partitive
on V then C is ungatherable.

It is worth to remark that the above theorem requires the existence of an automorphism ¢, which in turn is based on
the function A defining the exact number of robots on each vertex. Hence, Theorem 1 holds when the robots are endowed
with the global-strong multiplicity detection. Stating a negative result, it follows that such a theorem holds even when
considering weaker robots (i.e., without global-strong multiplicity detection).

Fig. 2 shows four initial configurations. Among them, configurations C; and C, admit an automorphism which is partitive
on the entire vertex set V. In both cases, these automorphisms generate a partition on V consisting of three orbits (in Cq
each orbit has size three while in C, each orbit has size two). By the above theorem we deduce that both C; and C;
are ungatherable, since each move allowed by any algorithm can be executed synchronously, due to the adversary, by all
the robots belonging to the same orbit. This would always produce a new partitive configuration (for each possible move
planned by the algorithm, the robots belonging to the same orbit always remain separated and located in any of the orbits).

The following theorem shows that some configurations can be gathered only at some predetermined vertices.

Theorem 2. [29] Let G = (V, E) be any graph, C = (G, 1) be any configuration, and V' C V unoccupied. If there exists an automor-
phism ¢ € Aut(C) that is partitive on V \ V', then any gathering algorithm can not assure the gathering on a vertexin V \ V'.

In this work, we will use the above theorem in the following rephrased form:

6
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Fig. 2. Four configurations where gray vertices indicate the presence of one robot and arrows indicate mappings due to cyclic subgroups.
In particular, C1; and C, show three cyclic subgroups each, while C3 and C4 present two cyclic subgroups each.

Corollary 3. Let G = (V, E) be any graph, C = (G, A) be any configuration, and V' C V unoccupied. If there exists an automorphism
@ € Aut(C) that is partitive on V \ V', then each gathering algorithm for C (if any) must move robots toward V.

The rationale of this corollary is the following: if the algorithm moves robots toward vertices in V \ V' then the adversary
can synchronously move all the equivalent robots belonging to a same orbit, each one to a different vertex. This produces a
new configuration which is still partitive on V \ V' and where the orbits in V \ V' maintain the same size as in the initial
configuration. As a consequence, as long as an algorithm moves robots toward vertices in V \ V’, the configuration remains
partitive. Hence, in order to aim to gather, the move toward unoccupied vertices must be performed, eventually.

Fig. 2 shows configurations C3 and C4 that represent cases where Corollary 3 can be applied. In fact, both these config-
urations do not admit any automorphism which is partitive on the entire set V, but both admit an automorphism which is
partitive on the subset defined by all the occupied vertices. According to the corollary above, any gathering algorithm for
C3 or C4 (if any) must finalize the gathering on a vertex which was initially unoccupied. It is worth to remark that both
C3 and C4 admit more than one automorphism which is partitive on proper subsets of V. In particular, C3 admits at least
two partitive automorphisms (one on the occupied and the other on the unoccupied vertices) inducing two orbits with
two and three elements, respectively. The same kind of automorphisms induces two orbits with three and four elements,
respectively, in C4. In Section 3.3 these configurations will be considered again after providing a sufficient condition for
gathering.

3. A sufficient condition for gathering in arbitrary graphs

In this section, we provide a sufficient condition for gathering FSYNc robots in arbitrary graphs. This result exploits new
concepts we define in the following, like recognizable subgraphs and d-primality.

3.1. Recognizable subgraphs

Informally, an induced subgraph H of a graph G is said recognizable if any automorphism of G maps H on itself, that is,
H cannot be confused with other subgraphs. Formally:

Definition 2. An induced subgraph H = (V’, E’) of a graph G = (V, E) is recognizable if V' = {p(v) | v € V'} for each
automorphism ¢ € Aut(G).

In the following, we provide interesting properties of recognizable subgraphs. Let G = (V, E) be a graph: if V' C V, then
G[V’] denotes the subgraph induced by V’. By definition, the empty subgraph is recognizable. Then, the following properties
hold:

1. G is recognizable;
2. if V1 and V, are the vertex sets of recognizable subgraphs of G, then G[V1 U V3] is recognizable;
3. if G is asymmetric then any subgraph composed of a single vertex is recognizable.

Definition 3. A recognizable subgraph H of a graph G = (V, E) is minimal if there is no proper subgraph H’ of H such that
H’ is recognizable.

Additional properties about recognizable subgraphs are provided by the following statements.
Lemma 4. Let H = (V', E’) a recognizable subgraph of G = (V, E). Then G[V \ V'] is recognizable.

Proof. Let us assume G[V \ V'] is not recognizable. Then, there exists ¢ € Aut(G) and a vertex v € V \ V' such that ¢(v) ¢
V \ V. Then ¢(v) = v’ € V'. This means that ¢~!(v/) € V \ V', that is not possible being H recognizable. O

7
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Ga

Fig. 3. Visualization of some graphs along with the unique vertex partition generated by the minimal recognizable subgraphs (cf. Theo-
rem 6). The dotted arrows show the equivalence among vertices belonging to the same minimal recognizable subgraph (cf. Corollary 7).
Notice that in G4 a subgraph induced by a minimal recognizable subgraph is composed of two isomorphic connected components.

Lemma 5. Let G[V1] and G[V>] be two distinct minimal recognizable subgraphs of G = (V,E), with@ £V SV and J £V, C V.
Then V1 NV, is empty.

Proof. By contradiction, let V{ NV, # @. For each ¢ € Aut(G), if v € V1 N Vy, then ¢(v) € V1 and ¢(v) € V;, and hence
@(v) € V1N Vy. This means that G[Vq N V3] is recognizable, a contradiction being G[V1] and G[V;] minimal. O

Theorem 6. The set containing all the minimal recognizable subgraphs of G = (V, E) forms a unique partition of V.

Proof. The required partition can be found with the following procedure. If G is minimal recognizable, we are done. If G is
not minimal recognizable, let G[V] be a minimal recognizable subgraph of G and let {V1,V \ V1} be a partition of V. By
Lemma 4, G[V \ V1] is recognizable. If it is also minimal recognizable we are done, otherwise recursively apply the procedure
to G[V \ V1]. Regarding the uniqueness, by contradiction let us suppose that there exist V = {V1,V,...,V,} and V =
Vi, Vs, ..., V;,} distinct partitions of V such that G[V;], G[V}] are minimal recognizable graphs, for each i=1,2,...,p
and j=1,2,...,p’. Now, since both V and V' are different partitions of V, then there exists a vertex v € V that belongs to
distinct sets Vj, and V}*. This implies that Vj, N V}* # (3, while Lemma 5 requires Vi, N V}* = (), a contradiction. O

The following corollary shows that each pair of vertices inside a minimal recognizable subgraph of G concerns two
equivalent vertices.

Corollary 7. Let G = (V, E) be a graph and let {V1, V2, ..., Vp} be the unique partition of V induced by the minimal recognizable
subgraphs. For each pair of verticesu,v € V;,i=1,2, ..., p, u and v are equivalent.

Proof. By contradiction, assume that there are two vertices u and v in a set V; such that for each ¢ € Aut(G), ¢(u) # v.
Consider the set of vertices U = {y (u) | y € Aut(G)}. Let us show that G[U] is recognizable. To this end, consider an element
w € U. Then, there exists y’ € Aut(G) such that w = y’(u). For each y” € Aut(G), it must be that ”(w) € U because y” oy’
is in Aut(G), then y”(w) = y”(y’(u)) is in U. By the generality of w, this implies that G[U] is recognizable. However, v is
not in U, hence G[U] is a proper recognizable subgraph of G[V;]. This is a contradiction being G[V;] a minimal recognizable
subgraph. O

Fig. 3 visualizes some graphs where Theorem 6 and Corollary 7 apply. Let G = (V, E) be a graph and H be a minimal
recognizable subgraph of G. Notice that if H is disconnected, all the connected components are pairwise isomorphic (cf.
graph G4 in Fig. 3). In the remainder we use c(H) and s(H) to denote the number of connected components of H and the
size of each connected component of H, respectively.

3.2. d-primality and batches

In order to make use of a recognizable subgraph H for gathering purposes, we need to relate the number k of robots of
a given configuration to the topology of H.

Consider the following scenario: (1) take a configuration C composed of k FSYNc robots that must move according to an
algorithm A, (2) in C all the robots are equivalent (i.e., A cannot distinguish among them, so all of them will move), (3)
the target of the move is represented by d vertices, and (4) A cannot distinguish among the d possible destinations (so,
an adversary can decide on the actual target for each moving robot). In such a situation we want to determine when the
adversary cannot produce a configuration C’ composed of d’ < d multiplicities with k/d’ robots per multiplicity (which may
result in a partitive configuration). To this end, in this section we define the concepts of d-primality and batch.

8
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Definition 4. Let k and d be two positive integers both greater than zero. We say that k is d-prime if Ipf (k) > d, where Ipf(k)
denotes the least prime factor of k.

Notice that when k is d-prime the following properties hold:

e k>d>0;
e if d =1 then every k > 1 is d-prime;
o for each integer 2 <d’ <d, d’ does not divide k.

Definition 5. Let G = (V, E) be any graph, C = (G, A) be a configuration with k robots, .4 be a gathering algorithm for C,
and E : C =C(0),C(1),C(2),... be any execution of A that starts from C. Given an integer i, 0 < i <k, the batch Bj(t),
t > 0, is the subset of vertices {u €V | A(u) =i} in C(t).

We simply use B; when we are not interested to any specific time instant. Given a batch B;, we use the following
additional notions:

e the order of B; is i, i.e., there are i robots in each vertex in B;. Bnjn and Bmax denote the non-empty batches with
minimum and maximum order, respectively;
e the size of B; is |Bj|, i.e., the number of vertices in B;.

By the above definitions, in a configuration C with k robots:

1. |B1| =k if and only if C is initial;
2. By # (i.e., Bmax has order k) if and only if C is final.

Lemma 8. Let G = (V, E) be a graph with n vertices, H be a subgraph of V, and C = (G, 1) be a non-final configuration composed
of k robots, 2 < k <n, such that k is max{c(H), s(H)}-prime. If all the k robots reside on vertices of H, then the following conditions
hold:

1. if the robots are on different connected components of H, then there are connected components of H with different number of
robots;
2. if the robots are all on the same connected component of H, then in H there are batches with different orders.

Proof. Since k is max{c(H), s(H)}-prime, then Ipf(k) > max{c(H),s(H)}. This implies that k is both c(H)-prime and
s(H)-prime. These relationships imply k > Ipf(k) > s(H) and k > Ipf(k) > c(H); in other words, k is greater than both
c(H) and s(H).

We now analyzed two cases according whether different components of H are occupied or not. Assume c(H) > 1 and
the robots are on different components of H. Since k is c(H)-prime then the k robots cannot be equally distributed over
any subset of the c(H) connected components. This implies the first property.

Assume all the robots are on the same component of H. Since k is s(H)-prime, then the k robots cannot be equally
distributed over any subset of the s(H) vertices. Then, the second property holds. O

3.3. A sufficient condition for the resolution of the gathering

In this section, we use the notions of recognizable graphs, d-primality, and graph canonization to provide a sufficient
condition to the solvability of the gathering problem by means of SSync robots. This condition is applicable to any graph
topology.

In graph theory the graph canonization is the problem of finding a canonical form of a given graph G. A canonical form is
a function that associates to G a labeled graph Canonic(G) such that Canonic(G) is isomorphic to G and every graph G’ that
is isomorphic to G is such that Canonic(G’) = Canonic(G) [2]. The labels are from a linearly ordered set (e.g., {1,2,...,n}).
The graph canonization problem is at least as computationally hard as the graph isomorphism problem, which is not known
to be solvable in polynomial time nor to be NP-complete. However in [1] a linear time algorithm is reported that with
probability at least 1 — exp(—O (nlogn/loglogn)) produces a canonical labeling. This justifies the good behavior in practice
of the deterministic algorithm proposed by McKay [39] whose complexity is studied in [40].

Theorem 9. Let G = (V, E) be a graph with n vertices, and let C = (G, A) be an initial configuration composed of k SSYNC robots,
2 <k < n. If there exists a minimal recognizable subgraph H of G such that k is max{c(H), s(H)}-prime, then C is gatherable.

Proof. Let us consider the set S containing all the minimal recognizable subgraphs H’ of G that minimizes max{c(H’),
s(H")}. Consider a canonical labeling Canonic(G) and let H € S be the subgraph with the vertex having the minimum label.

9
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Being the labeling unique up to vertex equivalence, and being the labels lexicographically ordered, all the robots can agree
on H.

By hypothesis there exists a minimal recognizable subgraph H of G such that k is max{c(H), s(H)}-prime. Then k is also
max{c(H), s(H)}-prime, being max{c(H), s(H)} < max{c(H), s(H)}. Let V be the vertex set of H. We show there exists an
algorithm A able to gather all robots in C on a vertex of V. If E : C(0),C(1),... denotes any execution of Ag, then Ag
will apply the same move m to each active robot in any obtained configuration C(t). Such a move m is defined as follows:

e (target of m) if there are no robots in V, the target T(t) for m coincides with V. If there are robots on different compo-
nents of H, T(t) corresponds to vertices of the connected components that contain the largest number of robots. If all
the robots are on a single component of H then the target T(t) is the set containing each vertex v € V such that A(v)
is maximum.

e (robots moving according to m) robots allowed to move are all those not on vertices of T (t).

e (trajectory) if a moving robot r is not on a vertex in T(t), it can move toward an adjacent vertex along a
shortest path to a vertex in T(t) having minimum distance from r. If all the robots are on the same con-
nected component of H, the shortest path is chosen among only those having all the vertices in that compo-
nent.

Note that it might happen that during a L.CM-cycle, only robots lying on the vertices of T(t) are activated by the adversary
(we recall we are assuming the SSyNc model), that is no one moves during that cycle. However, by the fairness assumption,
all other robots will be activated within finite time.

We now prove that any execution of A, starting from C = C(0) guarantees the existence of a time t* > 0 such that C(t*)
is a final configuration.

According to A, at starting time to = 0, as long as there are no robots in H, m allows all robots to move toward V
along shortest paths. This implies that there exists a first time t; > to when at least one robot is inside H.

For each time t > t1, subgraph H is not empty because, from time t; onward, T(t) € V and robots on T(t) do not
move.

Now, assume that at time t; the robots in H are on different components of H. Then T(t;) is the set of vertices of the
components of H with the largest number of robots. The set T(t1) is always distinct within the set of all the vertices v
such that A(v) > 0. In fact, if there are robots outside H, the vertices in which they reside do not belong to T(t;) C V, and
if all the robots are inside H, by Lemma 8, there are at least two connected components that contain a different number
of occupied vertices. In the latter case, notice that the trajectories to reach T(t;) contain vertices in V \ V (that is outside
H), being the components disconnected in H. Moreover, note that the shortest paths from a component to another one
could pass through intermediate components of H. Then, it could be possible that the target components change after a
move. From time t; onward, moves are repeated until a time t, is reached when all the robots are on a single component
in H.

To analyze the convergence toward a single component, let us consider for each time t > t1 the pair p(t) = (k — n¢, d(t)),
where 7; is the total number of robots on a component of G[T(t)] and d(t) = ZV¢T(t)7A(V)>0d(v, T(t)) be the total sum of
the distances of robots not in T(t) to any closest vertex in T (t). We show that p(t + 1) < p(t), where the operator ‘<’ refers
to the lexicographic order. In this way, we prove that there exists a time t; such that p(t;) = (0, 0), which is equivalent to
say that all the robots are on a single component of H.

For each time t such that t; <t < t;, it is possible that some active robots outside H reach vertices of H at time t + 1,
not necessarily on a component of G[T (t)]. Then it could be possible that ;1 > 1 as some components can increase their
number of robots and hence k — 141 < k — n;, which in turn implies p(t) < p(t + 1). If n; remains equal to 741 then, by
the analysis above, it could be that T(t + 1) 2 T(t), but in this case d(t + 1) < d(t) and then p(t + 1) < p(t). Hence, in both
cases we have p(t+ 1) < p(t).

The moves are repeated for each t; <t <t and then, being k — n; > 0 and d(t) > 0, there will be a time t; such
that p(tz) = (0,0) and all the robots are on the same component H’ of H. According to the target, the move m, and the
trajectories specified by Ag, we are sure the robots will not leave H' for each t > t5.

At time tp > tg either all the robots are on a single vertex, and the gathering is achieved, or, by Lemma 8, there are
batches with different orders.

In the latter case, consider a time t > t, and let H' be the component of H where all the robots reside and let V' be its
vertex set. Let us define the pair q(t) = (k — A¢, d(t)), where A; is the maximum A(v) for v € V' at time t and d(t) is defined
as above. We show that q(t + 1) < q(t), where operator ‘<’ still refers to the lexicographic order. In this way, we prove that
there exists a time t* such that q(t*) = (0, 0), which is equivalent to say that By (t*) is not empty and hence C(t*) is a final
configuration. We analyze three different cases that may arise at time t’ > t, during which the activated robots are not only
those in T(t):

e At time t’ > t, a robot reaches a vertex in T(t). In this case, Ay > A; and hence k — A; < k — Ay, which in turn implies
qt") <q();

10
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e At time t, (1) no robots reach a vertex in T(t), and (2) the moving robots form a new multiplicity in H’ such that
Ar > A¢. This case may occur when the shortest paths of two or more moving robots share a common vertex in V'\ T (t).
As in the previous item, Ay > A¢ implies q(t") < q(t);

e At time t/, (1) no robots reach a vertex in T(t;), and (2) the moving robots do not form a new multiplicity in H’ such
that Ay > A;. This case may occur when the moving robots must traverse many edges in H' before reaching T(t). In
this situation Ay = A¢ holds. We now show that d(t') < d(t), which in turn implies q(t") < q(t). Two subcases must be
analyzed:

- at t/, the greater new multiplicity formed in H’ is smaller than A.. In this case, T(t") = T(t). As all robots moved
toward T(t), then d(t') < d; trivially holds.

- at t/, the greater new multiplicity formed in H’ is equal to A;. In this case, T(t) C T(t"). Notice that the robots forming
such a new multiplicity do not contribute to d(t’), while all the others have reduced their distance to T(t) C T(t').
This implies d(t') < d(t).

In any case we have q(t') < q(t) and hence there will be a time instant t* such that q(t*) = (0, 0). This guarantees that
the gathering is eventually accomplished. O

Consider again configurations Cq, ..., C4 shown in Fig. 2. We have already observed that both configurations C; and C;
have an automorphism which is partitive on the entire vertex set V: according to Theorem 1 they are ungatherable. On the
contrary, C3 represents a case in which Theorem 9 applies: this configuration is gatherable by SSync robots since k =3 and
there exists a minimal recognizable subgraph H with c(H) =2 and s(H) =1 (the empty vertices form such a subgraph, cf.
G; in Fig. 3).

Conversely, C4 is a configuration where Theorem 9 cannot be applied since there are k = 3 robots and two minimal
recognizable subgraphs: the first has one component with three vertices, the second has four components with one vertex
each. In [14], the notion of weak-partitive configuration is introduced. In certain situations, it extends the definition of con-
figurations admitting partitive automorphism recalled in Section 2.1 and the negative result stated in Theorem 1. According
to this extended version of partitive configuration, we can say that C4 is weak-partitive and hence ungatherable even by
means of FSYNc robots.

Another example can be derived from graph G4 in Fig. 3: if five robots are located anywhere on such a graph, a con-
figuration gatherable by SSyNnc robots is obtained (in fact, there is a minimal recognizable subgraph H with c(H) =2 and
s(H)=3 and 5 is 3-prime).

3.4. Applications of Theorem 9

In this section, we show that Theorem 9 provides a powerful means for gathering purposes as long as the input graph
admits some topological properties like a limited number of centers, medians, bounded degree vertices and so forth. It can
also be applied in some cases when the initial configurations admit multiplicities.

Configurations on graphs with special properties. In a graph, a center is a vertex that minimizes the maximum distance (in
terms of number of edges) from any other vertex. A graph may admit more than one center. A well-known result states that
a tree T admits either one center or two neighboring centers [43]. Let C = (T, A) be any initial configuration on T, assume
there are two centers in T (say c¢; and c3), and let T1 and T, be the two subtrees rooted at c; and cy, respectively, when
the edge connecting c; and c; is removed. In such a scenario we say that C is balanced when the sub-configurations (T1, A)
and (T3, A) are isomorphic. It is known that C is gatherable by AsyNc robots if and only if C is not balanced [11,17].

In the context of trees, Theorem 9 provides a simple gathering algorithm when C contains an odd number k of robots.
In fact, the subgraph H containing the centers of T is recognizable, it has at most two elements and hence it easily follows
that k is |H|-prime.

The same approach can be used for finite grids. Let H be the set containing all centers of a squared grid G: then H has
one, two or four elements. Hence, in a configuration C with k robots, Theorem 9 provides a simple gathering algorithm for
C when k is odd but not a multiple of three. In fact, in the case k is a multiple of three and the grid admits four centers,
then k is not |H|-prime, i.e., Theorem 9 does not apply.

Another graph property that could be exploited concerns medians. In a graph a median is a vertex that minimizes the
summation of the distances from any other vertex.

In 2-trees it is known that medians induce a complete graph of size at most three [44]. Hence, in a configuration C with
k robots, Theorem 9 provides a simple gathering algorithm for C when k is odd but not a multiple of three.

Initial configurations with multiplicities. Most of the previous works concerning robots located on graphs make the assump-
tion that the initial robot positions are unique, that is, in the initial configuration, no two robots share the same node. In
Section 2 we have assumed the same model. Anyway, some authors have addressed the gathering and other problems with
respect to initial configurations that admit multiplicities (see, e.g. [41]). In such cases, Theorem 9 can still be used to directly
solve the problem in certain situations, regardless of the underlying graph topology. For instance, consider a configuration
C = (G, A) composed of k robots and admitting multiplicities: it can be observed that if k is |G|-prime, then the algorithm
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Fig. 4. A configuration defined on a complete graph. Visualization of the automorphisms o and ¢’ acting on the occupied and unoccupied
vertices, respectively.

given in the proof of Theorem 9 is able to solve the gathering problem for C. A special case of this condition applies when
k is prime and k > |G|.

As we are going to see in the next sections, still some of the provided techniques can be exploited for FSync robots even
in very symmetric graphs like complete and complete bipartite graphs where the topology does not provide any feature to
distinguish among vertices.

4. Gathering in complete graphs

We start by defining specific automorphisms holding in any initial configuration C = (G, 1) with k > 2 robots when
G = (V,E) is a complete graph. Let V' C V be the set of unoccupied vertices and hence V \ V' be the set of occupied
vertices. In the remainder, we denote by ¢ and ¢’ the automorphisms defined as follows:

e o (0’, respectively) considers the subgraph induced by vertices in V \ V' (V’, respectively) as a cycle and maps each
vertex into the next vertex in that cycle.

As an example, these automorphisms are depicted in Fig. 4. Notice that ¢ is partitive on V \ V/ and ¢’ is partitive on V’.
In particular, they generate one orbit coincident with V \ V' and one orbit coincident with V', respectively.

Property 1. Let C = (G, A) be an initial configuration with k > 2 robots, where G = (V, E) is a complete graph, and V' C V be the
subset of unoccupied vertices. Let A be any gathering algorithm for C. The automorphism o is partitive on V \ V', and by using
Corollary 3 we get that A must move robots toward vertices in V'. Hence, the following properties hold:

e Since the automorphism o makes all robots equivalent, A cannot distinguish which robots to move. Then with FSYNc robots, all
robots move synchronously;

e Since the automorphism o’ makes all vertices in V' equivalent, then the adversary may decide which are the real destinations
within V' for the moving robots.

4.1. Concerning the multiplicity detection

Before providing our full characterization about gathering in complete graphs by means of FSyNc robots endowed with
global strong multiplicity detection, we show that considering weaker assumptions on the multiplicity detection gives rise
to very restricted cases of solvability.

Consider any initial configuration C = (G, A) with k > 2 robots when G = (V, E) is a complete graph with n vertices.

e If n =k + 1 holds, then the gathering is easily solvable by letting move all robots toward the only unoccupied vertex,
regardless the multiplicity detection capability assumption.

e If n =k + 2, instead, we can distinguish between two cases according to the parity of k. If k is even, then any config-
uration is ungatherable because there exists a partitive automorphism on the entire vertex set and hence Theorem 1
applies. If k is odd, then the gathering can be finalized only if robots can detect the parity of a multiplicity (that is
with the local- or global-strong multiplicity detection). By Property 1, after the first move toward unoccupied vertices,
either the gathering is accomplished or one vertex is occupied by an even number of robots and the other one by an
odd number of robots. As subsequent move then, for instance, we can move all robots from the multiplicity composed
by an odd number of robots toward the other occupied vertex, hence finalizing the gathering. Clearly, the problem is
unsolvable if the local- or global-weak multiplicity detection is assumed, as then the two multiplicities would look the
same. The only exception is provided when k = 3, in which case there will be one single robot and a multiplicity (of
two robots). Hence even with the local-weak multiplicity detection we may allow the single robot to move toward the
other occupied vertex to finalize the gathering.

e If n > k + 2, it can be shown that the gathering is always unsolvable if the global strong multiplicity detection is
not assumed. When k is even, the adversary may force to have exactly two multiplicities of the same size, and from
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there it is impossible to finalize the gathering. For k odd, of course the configuration is ungatherable if k = 3 (the
adversary always selects k distinct destinations). For k > 5, by moving robots toward unoccupied vertices as dictated by
Property 1 may produce two multiplicities, and then again the configuration is ungatherable with the local- or global-
weak multiplicity detection. If the local-strong multiplicity detection is assumed, we now show there are two possible
scenarios that may occur where robots would not be able to accomplish the gathering. After the first move we focus on
two possible configurations that can be obtained: (a) a configuration composed of a single robot and two multiplicities,
each composed of k L robots; (b) a configuration made of two vertices occupied by single robots and a third vertex
occupied by the remammg k — 2 robots.

From (a), to finalize the gathering, the algorithm may move the single robot toward one of the other occupied vertices,
and then, as above, the gathering can be finalized by moving the multiplicity with an odd number of robots toward
the other occupied vertex. Instead, by letting move from (a) the robots composing the multiplicities (or even all robots)
may lead to a configuration isomorphic to the considered one as robots cannot discriminate the destination. From (b),
consistently with the move that the algorithm has to implement for case (a), the single robots should move. Again, since
robots cannot discriminate among destinations, if the robots in the multiplicity are also moved, then the adversary may
rotate indefinitely the occupancies of the three occupied vertices. If robots in the multiplicity are instead not allowed
to move, then the two single robots may exchange their positions forever.

By the above discussion, from now on we consider FSyNc robots endowed with global-strong multiplicity detection as
not much can be done otherwise.

4.2. The characterization result

The next theorem shows a full characterization of the gathering problem within the considered setting.

Theorem 10. Let G be a complete graph with n vertices, and let C = (G, 1) be an initial configuration with k > 2 FSyNc robots. C is
gatherable if and only if k is (n — k)-prime.

Proof. (<) We show there exists an algorithm Agjqe able to gather all robots in C. This algorithm is defined by the
following two moves:

e Move mjy. It is applied when the configuration is initial (i.e., no multiplicity occurs): each robot moves toward an arbitrary unoc-
cupied vertex;

o Move my. It is applied when there are multiplicities. Let B be the batch of minimum size, of greater order in case of tie. Each robot
not in B moves toward an arbitrary vertex in B.

We now prove that for any execution IE : C = C(0), C(1), C(2), ... of Agjigue there exists a finite time instant t > 0 such
that C(t) is final and C(t') = C(t) for each t’ > t.

In C(0) each robot performs move mi. Then, there are two possible cases for C(1): either it is final (and the proof is
concluded), or C(1) contains batches with different orders (since k is (n — k)-prime). In the latter case, since there are
multiplicities in C(1), move mj is applied. Let B(i) be the batch of minimum size, of greater order in case of tie, generated
at the i-th time unit. As specified by move my, each robot not in B(1) moves toward an arbitrary vertex in B(1). Now,
concerning the obtained configuration C(2), again two cases may occur: either it is final, or the following analysis can be
performed.

We have already observed that there are batches with different order in C(1), and m, moved all robots not in B(1)
toward vertices in B(1). It follows that in C(2) all the k robots are in B(1) and hence B(2) C B(1). Moreover, by reminding
that k is (n — k)-prime and that |B(1)| <n—k, then k is |B(l)| prime as well. Hence, also in C(2) there are batches with
different orders. This implies the following property:

e B(2) c B(1).

Hence, if C(2) is not final again move m; can be applied. Since each time my is applied the size of B decreases, then it is
clear that in a finite number of time units the size of B will be 1. From there, either the configuration is final or it becomes
as such in the subsequent time unit.

(=) Assume k is not (n — k)-prime. If n — k = 0 (the only possible value of n — k for which the definition of d-primality
does not apply) then the automorphism o is partitive on the entire vertex set and hence, by Theorem 1, C is ungatherable.
The relationship n —k =1 cannot hold otherwise k is (n — k)-prime, against hypothesis. Hence, in the remainder we assume
n—k>2.

According to Corollary 3, we can assume that the move planned by A is toward an arbitrary unoccupied vertex. Since
k is not (n — k)-prime by hypothesis, then we get n — k > Ipf(k), that is there exist at least Ipf(k) > 2 unoccupied vertices
in C(0). Hence, the adversary may select Ipf(k) unoccupied vertices as targets to create a configuration C(1) consisting of
Ipf (k) occupied vertices with lpr(k) robots per vertex.
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In C(1) it is still possible to apply automorphism o, which implies that Property 1 also holds in this configuration. We
now show that from C(1) any possible move creates a configuration C(2) isomorphic to C(1), thus preventing the possibility
of gathering all robots.

Since in C(1) all the moving robots are moved toward the unoccupied vertex (cf. Corollary 3), then the adversary selects
different destinations per multiplicity; notice that this is possible because, being n — k > Ipf(k) in C(0), then n — Ipf(k) >
k > Ipf(k) and hence in C(1) the number of unoccupied vertices (i.e.,, n — Ipf(k)) is greater than or equal to the number of
occupied vertices (i.e., Ipf(k)). It follows that in any case the configuration is ungatherable. O

The following theorem provides an upper bound to the complexity of the gathering problem on complete graphs.

Theorem 11. In any gatherable configuration defined on complete graphs composed of k FSYNC robots, the gathering problem can be
solved in O (logk) time.

Proof. Let C = (G, ) be any gatherable initial configuration with k robots and defined on a complete graph G with n
vertices. Being C gatherable, Theorem 10 implies that k is (n — k)-prime.

Consider the algorithm A proposed in the proof of Theorem 10 to process C. In any possible execution, Agjgye first
applies move m; to bring all robots on the initially n — k unoccupied vertices, and then it applies a sequence M composed
of moves m; only. It follows that the complexity of Aige depends on the length of the sequence M of consecutive moves
my it applies. In the following we provide an upper bound to such a length.

We recall that move m; leads each robot not in B toward an arbitrary vertex in B. From the proof of Theorem 10 we
know that each time my is applied the size of B is reduced. In order to maximize the length of M, at any time t the
adversary will arrange all the moving robots among all the possible destinations so that B(t) is as large as possible.

It can be observed that, at the time t, the greater the number of batches formed by the move m; performed at time
t — 1, the smaller the size of B(t). According to this observation, the best disposal strategy for the adversary would be to
create just one single batch, but this is not possible since k is (n — k)-prime. Hence, at each move, the adversary disposes all
the moving robots into two distinct batches. Moreover, always to maximize the length of M, the sizes of these two batches
must be comparable. This can be obtained when |B| is roughly halved each time, thus producing an execution requiring at
most log(n — k) time units. Since k is (n — k)-prime, then k > Ipf(k) > n — k and hence the final complexity is O(logk). O

5. Gathering in complete bipartite graphs

In this section, we study the gathering problem of FSync robots endowed with global strong multiplicity detection on
complete bipartite graphs. Throughout the section, we use the following notation: if G = (V1 U V>, E) is a complete bipartite
graph and C = (G, 1) is any initial configuration on G, then n; and ny denote the number of vertices of Vi and V»,
respectively; ki and k, denote the number of robots on V; and V,, respectively; if k; > 0 and k; > 0, then lcpf(kq, k2)
denotes the least common prime factor of ki and k;; and we say that partition V;, i =1, 2, is unoccupied (occupied, resp.) if
ki =0 (k; > 0, resp.).

In the following we extend to bipartite graphs some concepts introduced in Section 4. Let G = (V1 U V,,E) be a
complete bipartite graph, C = (G, 1) be a configuration with k; + k, robots, A be a gathering algorithm for C, and
E:C=C(0),C(1),C(2),... be an execution of A that starts from C. Then:

e B!(t) and B#(t) denote the projections of a batch Bi(t) onto V; and Vs, respectively; formally, B! (t) = B;(t) N V¢ and
B (t) = Bi(t) N V2;

the projections B}(t) and Bl.z(t) induced by any batch B;(t) are simply called p-batches;

Bl. (t) and B2. (1) are the p-batches induced by Bpn(t);

Bl .« (t) and B2, (t) are the p-batches induced by Bmax(0);

B1(t) and B2(t) are the p-batches of minimum size, and of greater order in case of tie, in the partitions V; and V>,
respectively;

e A'(t) and A2(t) denote the number of occupied vertices at time t in the partitions V; and V3, respectively.

The next lemma provides a partial characterization of the gathering on complete bipartite graphs. As we will show in
the proof, the gathering is realized by requiring that in any time unit, the robots swap the partition in which they reside.

It is worth to remark that such a technique is mandatory. In fact, it can be shown that without the simultaneous
exchange of the position of the robots between the two partitions of the graph, it is not possible to perform the gathering.
An explicative example to this respect is given by the configuration C with n; =ny; =8, k;y =5 and ky = 3. Let A be any
gathering algorithm that does not allow the swapping operation. Clearly, by moving the robots of one side toward the
unoccupied vertices of the other side may generate a partitive configuration with 8 robots occupying the 8 vertices on one
side and 8 unoccupied vertices on the other side. Hence, we can consider A to move the robots from one side toward the
occupied vertices of the other side. It is possible to perform an exhaustive analysis showing that in each case the adversary
is able to force A to produce an ungatherable configuration. In fact, if the k; robots are moved on the k, occupied vertices,
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the adversary produces a configuration C’ with one batch Bﬁ of size 1 and one batch B% of size 2. If Bi is moved on
V1 a symmetric configuration is created with p-batches B% and B% both of size 2. On the contrary, if B% is moved on
V1, a symmetric configuration is created with p-batches B}l and Bﬁ of size 1. By Theorem 1, both these configurations are
ungatherable. Moves on unoccupied vertices does not help as, in this case, the adversary maintains the same batches, even
if on different partitions.

If, as first move, the k; = 3 robots are moved on the k; =5 occupied vertices, the adversary produces a batch B} of size
3 and a batch B} of size 2, and, with the next move, these two batches are on separate partitions. Without loss of generality
assume that the two batches are B of size 3 and a batch B} of size 2. If robots on B are moved on B?, then a batch B}
of size 2 is created and the resulting configuration is ungatherable by Theorem 1. If robots on B} are moved on B%, then
again the ungatherable configuration C’ with one batch Bﬁ of size 1 and one batch B% of size 2 is created.

On the other hand, if moves that swap the robots on the two initial batches are admitted, the configuration C can be
gathered. In fact, if the k; robots are moved on the three occupied vertices of V, (when the robots on these vertices are
moved on V1), the adversary can move all the ki robots on a single vertex, and then the gathering is accomplished on the
next move, or on more vertices. In the latter case a batch B of size 1 and order strictly less than 4 is always created: the
gathering can be then easily accomplished by moving all the robots not in B on V1 and then all the robots in V1 on B.

Lemma 12. Let G = (V1 U V3, E) be a complete bipartite graph with ny 4+ ny vertices, and let C = (G, 1) be an initial configuration
composed of k1 + k, FSYNc robots, with k1 > 0 and k, > 0. Then, C is gatherable if one of the following conditions holds:

1. k1 and k; are coprime;
2. kq and k; are not coprime, 0 <ni — ky < lepf(k1,k2) or 0 <ny — ky < lepf(kq, k2), k1 # ky or nq #na.

Proof. We show there exists an algorithm A, (algorithm for partial cases) able to gather all robots in C when one of the
conditions in the statement holds. This algorithm is defined by the following moves:

e Move my. It is applied when A (t) =1 and A%(t) = 1. If ky # ko then each robot in Bmin(t) moves toward the unique vertex in
Bmax (t) else each robot in the larger partition between V1 and V, moves toward the unique occupied vertex in the other partition;

o Move myy. It is applied when A'(t) =1 and A%(t) > 1: each robot moves toward the unique vertex in B1(t).

o Move myy,. It is applied when A(t) > 1 and A%(t) = 1: each robot moves toward the unique vertex in B2(t).

e Move ms. It is applied when either C is initial and k1 and k; are coprime or C is not initial and A'(t) > 1, A%(t) > 1: each robot
in V1 moves toward B2(t) and each robot in V, moves toward B'(t).

e Move my. It is applied when C is initial and the integers k1 and k, are not coprime. If n1 — ky = 0 then set Ty corresponds to V1,
else T contains all the unoccupied vertices in V1. Symmetrically, if n, — ko, = 0 then set T, corresponds to V5, else T, contains all
the unoccupied vertices in V. Then, each robot in V1 moves toward an arbitrary vertex in T, and each robot in V, moves toward
an arbitrary vertex in T1.

Let E: C =C(0),C(1),... be any possible execution generated by .4,. In the first part of this proof we assume that the
initial configuration C fulfills the first condition of the statement, i.e. k1 and k; are coprime. According to this assumption,
A, applies move m3 to C(0). Without loss of generality, we also assume that kq < k».

By applying m3 to C(0), it is obtained a configuration C(1) where all robots in V1 moved toward the k, occupied vertices
in V, and, symmetrically, all robots in V, moved toward the k; occupied vertices in V. Notice that as long as the condition
that generates the move mj3 is verified, robots will continue to swap the partition they reside. To analyze what happens to
the configurations generated by the continuous application of ms3, we define the following predicates:

e Q(): B0 < [B'(t—2);
e Q'(t): AT)=1;
e Q" (t): C(t) is final.

We prove now there exists a finite time ' > 0 such that by applying algorithms A, to C(0), then Q'(t) holds for each time
2<t<t/, Q" holds at time t’, and Q"'(t) holds for each time t > t' (and hence A, results to be a gathering algorithm).
Notice that the defined predicates concern only partition V1, but according to the symmetry of all the moves defining Ay,
they hold for V;, as well.

Notice that Q”(t) may hold whenever the adversary allows the robots to be moved toward the same destination - if
this is not the case, there will be a sequence of applications of move ms3. So, assume the algorithm .4, uses a consecutive
sequence of t > 2 moves m3 and, by contradiction, assume that Q'(t) does not hold. This means that |B!(t)| = |B!(t — 2)|
holds. In particular, it implies that:

e in C(t—1), all the k; (or kq) robots moved on V; have been equally distributed over the |B1(t—2)| possible destinations
- hence B'(t—1)=Bl(t -2);
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e in C(t), all the kq (or kz) robots moved on V4 have been equally distributed over the IB1(t — 1) possible destinations —
hence B1(t) =Bt - 1).

It follows that |B'(t)| = |B'(t — 1)| = |B1(t — 2)| results to be a common divisor for both k; and k», against the hypothesis
that k; and ky are coprime. This implies that Q' holds as long as move mj3 is applied, and in turn that the size of B! is
reduced every two consecutive LCM-cycles. As a consequence, there exists the requested finite time t’ > 0 such that Q" (t")
holds.

When Q”(t') holds, in the obtained configuration C(t') at least one partition between Vi and V, contains just one
occupied vertex. Then, at C(t') one among moves my, Mg, Or My, will be performed. In any case it is easy to observe that
Q"(t"+1) holds, that is C(t' 4+ 1) is a final configuration. This proves that .4, is able to gather each configuration C where
the first condition of the statement holds.

In the second part of the prove we assume that the second condition of the statement holds. According to this assump-
tion, from the hypothesis 0 < ny — ki < lcpf(kq, k) or 0 <ny —ky < lepf(kq, ko) we get that at least one set between V; and
V3 has unoccupied vertices. Without loss of generality, let us assume that 0 < ny — k1 < Icpf(kq, k) holds; in particular, this
implies there are unoccupied vertices in V.

When A, is applied to C(0), since we assumed that the second condition of the statement holds, move m4 is used.
According to such a move, all robots in V, move toward the n; — k; > 0 unoccupied vertices in V;. Concerning robots in
V1, they move toward V5, in particular toward the unoccupied vertices if n, — k; > 0 otherwise toward the k, occupied
vertices.

Then, at most ny — kq vertices become occupied in V; after the first move. Since ki and k, are not coprime and 0 <
ny — k1 < lepf(kq, k2) by hypothesis, then ny — k1 < k1 and ny — k1 < k. Thus, moving k, robots over n; —kq vertices leads to
form multiplicities in V1 - i.e., C(1) is not initial. Notice that it is possible there is only one p-batch in V; after the move,
and this happens when ny — k; is larger than or equal to a divisor of k, (in this case the adversary may equally distribute
all the moving robots among all the n; — k; possible destinations).

If the adversary does not allow that only a single vertex is occupied in Vq or in V, after the first move, then the
algorithm A, applies move m3 to C(1). The analysis of the configurations generated after C(1) proceeds as in the first part
of the proof, and hence still uses predicates @', Q”, and Q"

Assume the algorithm, after generating C(1) via my4, uses a consecutive sequence of t > 2 moves ms. By contradiction,
let us assume that Q’(t) does not hold. This means that |B'(t)| = |B!(t — 2)| holds, and in particular that the following
properties hold:

o Bt -2 <m —ki;

e in C(t—1), all the k; (or k;) robots moved on V; have been equally distributed over the |B!(t —2)| possible destinations
- hence B1(t—1)=B1(t —2);

e in C(t), all the kq (or ky) robots moved on V1 have been equally distributed over the IB1(t — 1) possible destinations —
hence B'(t) = B'(t — 1).

It follows that |B'(t)| = |B'(t — 1)| = |B1(t — 2)| results to be a common divisor for both k; and ks, against the hypothesis
that |[B1¢t—1)| < |B'(t —2)|<ni —k < lepf(k1, k2). This implies that Q'(t) holds. Hence Q' holds as long as move mj3 is
applied, and in turns that the size of B! is reduced every two consecutive LCM-cycles. As a consequence, there exists the
requested finite time t’ > 0 such that Q”(t’) holds.

When Q”(t') holds, in the obtained configuration C(t’) at least one partition between Vi and V, contains just one
occupied vertex. As described in the first part of this proof, one move among mj, myg, or myy, is performed on C(t’). Note
that, due to condition (2) - i.e., ky # ky or nj £ n, — move my is well defined. This leads to accomplish the gathering just in
one LCM cycle. It follows that A, is able to gather each configuration C even when the second condition of the statement
holds. O

The following theorem makes use of the previous lemma for providing a full characterization of the gathering problem
on complete bipartite graphs by FSync robots.

Theorem 13. Let G = (V1 U V>, E) be a complete bipartite graph with ny + ny vertices, and let C = (G, 1) be an initial configuration
composed of k1 + ky FSYNc robots. C is gatherable if and only if one of the following conditions hold:

1. k2 =0, kq is np—prime;

2. k1 =0, ky is ny-prime;

3. k1 >0, ky > 0, ky and k; are coprime;

4. k1 >0, ky > 0, kq and k; are not coprime, 0 <nq — ky < lepf(kq, k) or 0 <ny —ky < lepf(kq, k2), k1 # ko or nq #ny.

Proof. (<) We show that Algorithm Ay;, described if Fig. 5 is able to gather all robots in C when C fulfills one of the
conditions expressed in the statement (notice that the conditions are mutually exclusive).
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Algorithm: Ay,
Input: Configuration C = (G, ») composed of k; + ky FSyNc robots and defined on a complete bipartite graph G = (V1 U V3, E) with ny +n;
vertices. It fulfills one condition in the statement of Theorem 13.

1 Letk=ki +ky;
2 if (ny >ny and kis np—prime ) or ( ny > ny and k is ny-prime ) then
3 |_ call Ag // it handles configurations fulfilling Conditions 1 or 2 of Theorem 13

4 else
5 |_ call A, // it handles configurations fulfilling Conditions 3 or 4 of Theorem 13

Fig. 5. Algorithm Ay, for gathering FSyNc robots in a complete bipartite graph G. It uses algorithms .Ag (from proof of Theorem 9) and .4, (from proof of
Lemma 12).

Assume that Condition 1 holds. In such a case it is interesting to observe that ny # n, holds. In fact, since kq is np—prime
then ny < Ipf(k1) < ki <nq. In particular, ki is ny-prime implies ny > ny, and hence Ay, calls Ag at Line 3 for moving
robots in C(0). Notice that each time Ap;, restarts for handling configurations C(1), C(2),..., always Ag is executed. Since
ny > ny, then V, induces a minimal recognizable subgraph of G and k; is n,—prime by hypothesis. Hence, by Theorem 9 the
gathering is eventually accomplished on a vertex of V;. The case in which Condition 2 holds is symmetric to the previous
one.

The remaining cases are straightforward. In fact, if one between Conditions 3 and 4 holds, then Ap;, calls A, at Line 5.
According to Lemma 12, A is able to gather the given input configuration.

(=) Assume that none of the conditions expressed in the statement applies, then we show that C is ungatherable.

If one between Vq or V; is unoccupied, then neither kq is np-prime nor k; is ny-prime (otherwise at least one among
Conditions 1 and 2 holds). Let us analyze the case in which V; is unoccupied and consequently ki is not ny-prime. The case
in which Vq is unoccupied is then symmetric. In this case, the proof is similar to that of Theorem 10. In fact, since G is a
complete bipartite graph, there exists an automorphism in Aut(C) that makes all robots pairwise equivalent. In other words,
if A is any gathering algorithm for C, then any move planned by A is performed by each robot. In particular, each move
applied at C = C(0) must move each robot in V1 toward an arbitrary vertex in V. Since k; is not ny-prime, then we get
ny > Ipf(ky), that is there exist at least Ipf(k1) > 2 unoccupied vertices in the partition V, in C(0). Hence, the adversary may
select Ipf(k1) unoccupied vertices in V; as targets to create a configuration C(1) consisting of Ipf (k1) occupied vertices with
,pfk(—}m robots per vertex. It is easy to observe that in C(1) there exists an automorphism that makes the Ipf(k) multiplicities
pairwise equivalent. Then, from C(1) the adversary allows only to generate C(0) again, thus preventing the possibility of
gathering all robots.

If both V1 and V;, are occupied, then ki and k; are not coprime otherwise Condition 3 holds. Assume now that Condi-
tion 4 is false. This implies different sub-cases to be analyzed.

The first sub-case is given when ki > 0, k2 > 0, k1 and k; are not coprime, and the following properties hold: ki = k»
and nqy = ny. This means that C admits an automorphism which is partitive on the entire vertex set, and hence C results to
be ungatherable according to Theorem 1.

The second sub-case is given when ki > 0, ky > 0, k; and k, are not coprime, and one of the following specific cases
occur (where we denote d = Icpf(k1, k2) > 2 for the sake of simplicity):

(@) ny — k1 >d and ny — k; > d;
(b) ny —ky>d and ny —k, =0;
(c) ni — ki =0 and ny —ky >d;
(d) ny —k;=0and np —k; =0.

Assume that (a) holds in C(0). In this configuration, there exists only the p-batch B} (0) in V¢ and, symmetrically, only the
p-batch B%(O) in V,. Since k1 and k, are not coprime, the size of each of such p-batches is a multiple of d > 2. Let A be
any possible gathering algorithm for C(0) and let [E : C(0), C(1),... be any possible execution performed by .A. We now
prove by induction on t that in each configuration C(t) both the following properties hold:

e there are at most two p-batches in C(t) and the size of each p-batch is a multiple of d (notice this implies that C(t) is
not final since in each final configuration there exists only one p-batch with size one);
e either both V7 and V; contain at least d unoccupied vertices, or one set between V1 and V; is unoccupied.

It can be observed that such properties hold in C(0) by hypothesis. By induction, let us assume that they are also valid in
any configuration C(t), t > 0. We prove that they are still valid in C(t + 1).

Assume that in C(t) robots are moved from Vi to V. Since all robots in a p-batch are pairwise equivalent, when
the algorithm selects some robots in V{ to be moved into V,, it must select all robots belonging to one or more p-
batches. Moreover, since the size of each p-batch in C(t) is a multiple of d, always a multiple of d robots is moved. The
strategy of the adversary is based on selecting d distinct destinations and arranging all the moved robots so that they
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are equally distributed on the d destinations. Concerning the destinations, notice that the adversary may always determine
them, regardless whether the algorithm selects occupied or unoccupied destinations:

e The algorithm selects occupied destinations. Since there are at most two p-batches in C(t), this implies that there is one
p-batch B’ in V1 and one p-batch B” in V5. By hypothesis, both B’ and B” contain a multiple of d vertices. In particular,
let |[B”| =¢-d, £ > 1. According to the described strategy of the adversary, the moved robots are equally distributed
over d vertices within B”.

If £ =1, after the move we have that B” maintains the same size but increases its order, there is only the p-batch B”
in C(t+1), and V1 is unoccupied. On the contrary, if £ > 1, after the move we have that B” is divided into two distinct
p-batches with sizes d and (£ — 1) x d, respectively, C(t + 1) has exactly the two p-batches obtained by splitting B”,
and V7 is unoccupied.

This proves that the inductive hypothesis holds also in C(t + 1) when the algorithm moves robots from V; toward
occupied vertices in V5.

o The algorithm selects unoccupied destinations. In this case, the adversary chooses d distinct vertices in V. This is possible
according to the inductive hypothesis. Moreover, according to the described strategy of the adversary, the moved robots
are equally distributed over d unoccupied vertices.

If V, was occupied in C(t), then C(t + 1) contains at most two p-batches (each with size multiple of d), and V; is
unoccupied. On the contrary, if V, was unoccupied in C(t) then one p-batch moved from V; to V,. This leads to a
configuration C(t 4+ 1) with at most two p-batches (in case of two, one p-batch per side), both with size multiple of
d. Concerning the unoccupied vertices, V1 increased by at least d the number of unoccupied vertices (resulting from
the vertices left from the moved robots), while V; has at least n, — k > d unoccupied vertices that correspond to the
unoccupied vertices in the initial configuration C(0).

This proves that the inductive hypothesis holds also in C(t + 1) when the algorithm moves robots from V; toward
unoccupied vertices in V5.

By symmetry, the above analysis still holds when robots are moved from V; to V. Moreover, the above analysis holds
even when the algorithm .4 swaps robots between V; and V; instead of simply moving robots from one side to the other
at a time.

Assume now that one among cases (b), (c), or (d) holds. It can be observed that in such a case robots can perform only a
subset of movements allowed in case (a). Since we have shown that in (a) each possible movement leads to an ungatherable
configuration, the same holds for the other cases. O

The next corollary concerns the complexity of the algorithm described in the previous theorem for solving the gathering
problem on complete bipartite graphs by means of FSyNc robots. In such a statement, we use the divisor function §(n), that
is the function that returns the number of divisors of any integer n, including 1 and the number n itself.

Corollary 14. In any gatherable configuration defined on complete bipartite graphs and composed of k FSYNc robots, the gathering
problem can be solved in O (log(k) + &(k)) time.

Proof. Let C = (G, 1) be a gatherable initial configuration with k =k +k, robots and defined on a complete bipartite graph
G. Consider the algorithm Ap;, proposed in the proof of Theorem 13 which calls exclusively one between algorithms A,
and A to process C.

If C is processed by Ag, then a proof similar to that of Theorem 11 applies. The only difference now is that robots
require two moves to ‘emulate’ what they do with one move in complete graphs, i.e., decreasing the size of B. Hence, the
time required to accomplish the gathering is at most doubled with respect to that achieved in complete graphs. Hence,
when C is processed by A, the final time complexity is O (logk).

If C is processed by 4,, then we get from the proof of Lemma 12 that such algorithm distinguishes between two cases,
according whether kq and k; are coprime or not. In the first case it applies an initial sequence of moves in which only ms is
used. After that, just applying once a move among mjy, myg, OF My leads to a final configuration. In the latter case the same
sequence of moves is used except for the initial application of a single move m4. Hence, the complexity of A, depends on
the length of the sequence M of consecutive moves ms3 it applies. In the following we provide an upper bound of such a
length.

We know that, at each step, m3 moves all robots from V7 to B2 and symmetrically all robots from V, to B!. From the
proof of Lemma 12 we also know that each pair of consecutive applications of move m3 reduces the size of both B! and
B2. Without loss of generality, let us assume that k; <k, and the gathering is finalized on a vertex in V. Then, in order to
maximize the length of M, at any time the adversary will arrange all the moving robots among all the possible destinations
so that B! is as large as possible. It can be observed that, at any time t, the greater the number of batches formed by the
move m, performed at time t — 1, the smaller the size of B(t). According to this observation, and by considering that it is
not always possible to form only one batch, the adversary may select at each time t the best disposal strategy between the
following two. By denoting as r (with r =k; or r =k;) the number of robots to be moved toward B'(t — 1), then:
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e Disposal strategy 1: if |B1(t — 1)| > Ipf(r), then the r robots are arranged on the vertices of B'(t — 1) so as to form a
single batch with size p and order r/p, being p the largest divisor of r smaller or equal to |B'(t — 1)|;

e Disposal strategy 2: if |B'(t —1)| < Ipf(r) or r is prime, then the r robots are arranged on the vertices of B1(t — 1) so as
to form two batches such that [B!(t)[ is as large as possible.

According to these strategies, if the adversary applies always the first case, then the length of M is bounded by O (§(k)).
If it applies always the second case, then the length of M is bounded by O (logk). If the two strategies are combined, the
length of M is bounded by O (log(k) + 8(k)).

Summarizing, the complexity of the algorithm Ay, is 0 (log(k) +8(k)). O

6. Lower bound

In this section, we provide a lower bound for the gathering problem that holds in both complete and complete bipartite
graphs. This lower bound requires to quickly recall the Fibonacci sequence. The i-th element of such a sequence is denoted
by F; and is given by the sum of the two preceding ones. Formally:

Fo=0,
Fi1=1,

Fi=Fi_ 1+ Fi.

The first elements of this series are 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, ... Notice that there exists a useful
relationship between the Fibonacci number F; and the corresponding index i. Consider the well known equality

o-(3)

Fi= :
' NG

where ¢ = @ is the golden ratio (see, e.g., [35]). By noting that % is less than 1, then F; < “"1% which implies the
following inequality:
i >logy (V5 Fi—1). (1

Lemma 15. Let F; be any Fibonacci number and let 1 < j < 1. F; can be expressed as a linear combination of F; and F;_1, that is
Fij=a-Fj+b-Fj_1 for some natural numbers a and b.

Proof. We prove the statement by also showing that the values a and b are themselves two consecutive Fibonacci numbers,
namely a = F;_j;q and b = F,_;. Hence, in order to show that
Fi=a-Fj+b-Fj_ 1=F_j1-Fj+F_j - Fj4 (2)
we proceed by induction on j. The relation is true for j =1 since F; = F;- F; + Fj_1 - Fgp = F; - 1 4+ 0. Assuming that the
relation is true for j, we have to show that it is true for j+1, thatis Fj= F_j- Fj;1 + Fi_j_1 - Fj. By replacing F; we obtain
Fijyi-Fj+Fj-Fja=F_j-Fira+F_j1-Fj,

which is equivalent to

(Fi—jt1 = F—j-1) - Fj=(Fjy1 — Fj—1) - Fi_j,

and in turn to the following identity F;_j-Fj=F;-F_;. O

Let G, be a graph with F; vertices and such that it is either a complete graph or an independent set (i.e., a set of vertices
no two of which are adjacent). Let G, ¢, be a graph with F,, + Fy, vertices obtained from G, and G, by connecting every
vertex in Gy, to every vertex in Gy, with an edge. Given Gy, ¢,, G¢, and G, are called the first and the second component
of Gg,«¢,. TEspectively.

Let C¢, £ > 4, be an initial configuration defined on Gyg,¢—1), and such that each vertex in its first component G, is
occupied whereas each vertex in its second component G,_1 is unoccupied. Notice that, by definition, C; contains F, robots.
As an example, in Fig. 4 it is represented a configuration C,, with £ =4, built using two complete graphs as components.
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Theorem 16. If C; is composed of FSyNc robots, then each gathering algorithm for C, requires at least | ——————— | time units,

where ¢ is the golden ratio.

Proof. Let us call fibo any non-empty subset S of vertices of G such that |S| is a Fibonacci number, the vertices in S are
pairwise equivalent and each vertex in S is occupied by the same number of robots. Moreover, according to its definition,
the initial configuration C, is composed by two fibos.

Let A be any possible gathering algorithm for C, = C(0) and let IE : C(0), C(1), ... be any possible execution performed
by A. We assume that the adversary will act in such a way to maintain any obtained configuration C(t), t > 0, composed
by a set of fibos, whatever the moves are. Obviously, if in C(t) all the fibos have size greater than one, the configuration is
not final.

We now show that the adversary’s strategy can be always applied. This is equivalent to show by induction on t that
the following property holds: in any possible execution of A, the configuration C(t) produced at time t > 0 is composed by a set of
fibos. It is worth to remark that in this inductive proof we will also show an additional property: each time the algorithm
produces a new configuration, the index of the size of the smallest fibo is reduced by at most two. Formally, let Fy) be
the size of the smallest fibo in C(t), then such a size becomes at most Fy)—2 in C(t +1).

The base of the induction holds for t =0, since C(0) coincides with the initial configuration C; which is composed by
just two fibos. Now, assume by the inductive hypothesis that C(t), t > 0, is composed by a set of fibos. Then, we show that
the same property holds in C(t + 1) by analyzing any possible move performed by .4 from C(t). Moreover we show that
Fm@e+1) = Fm@y-2-

Let R(t) be the set containing all the robots that .4 moves in C(t). Given r € R(t), in general A must define one or more
vertices as target for r (the latter case occurs when the algorithm leaves r to arbitrarily select a vertex among many). If
v, is a target for r, then according to Property 1 and since each vertex in C(t) belongs to a fibo by inductive hypothesis,
then each vertex equivalent to v, can be reached by r. Denoting by T; all the possible targets of r, then it follows that T,
is made by a set of fibos (recall that the vertices of a fibo are pairwise equivalent). In particular, any fibo of C(t) is either
entirely included in T, or completely excluded. In such a case, the adversary selects a fibo with smallest size in T, as target
for r. Denote such a fibo as 7, and call it effective target of r. It can be observed that 7, is the effective target not only for r
but also for each robot r’ which is equivalent to r in C(t).

The above arguments can be applied to any robot in R(t), and hence there exists a target 7, for each robot r € R(t).
Finally, notice that a generic fibo t may result the effective target of non-equivalent robots in R(t). Hence, in general there
are many fibos in C(t) occupied by robots that have t as effective target: denote as S; the set containing all such fibos, call
this set effective source for 7, and denote as ® any element in S;.

We now analyze what the algorithm produces when all robots in an effective source S; are moved toward the corre-
sponding effective target t. To this end, denote as F; the size of T and let F; be the size of the smallest fibo in S;. We
analyze two cases, according whether F; > F; or not.

o If F; > F;, consider the subdivision of 7 into two subsets 71 and 7, of size F;_; and F;_;, respectively, which come by
the definition of Fibonacci numbers as F; = F;_1 + F;_,. Hence, the adversary moves the robots in any fibo ® € S; on 7;
and 7, maintaining the two fibos. This is always possible because, if |®| = F}, for some h, then, as shown in Lemma 15,
Fp, can be expressed as a linear combination of F;_; and F;_», that is F, =aF;_1 + bF;_, for suitable integers a and b.

o If Fj < F;, consider the subdivision of 7 into two subsets 7q and 7 of size F; and F; — Fj, respectively. Then, the
adversary moves all the robots of any fibo ® € S; toward 71 by creating two further fibos of size F;_; and F;_; as
shown in the previous case. Concerning T, observe that it can be considered as composed by a set of fibos of sizes F;
and Fj_1, respectively. In fact, since F; =a’Fj+b'Fj_1, for some integers a’ and b’, then F; — Fj = (¢’ — 1)F; +b'F;_1.

Summarizing, we have shown that the inductive hypothesis also holds in C(t + 1). Moreover, notice that in both the above
cases the move performed by .4 transforms the size Fy) of the smallest fibo in C(t) into at most Fp)—2, and this is a
lower bound to the size Fp41) of the smallest fibo in C(t 4+ 1). This proves that each time the algorithm produces a new
configuration, the index of the size of the smallest fibo is reduced by at most two.

We now analyze how the size of the smallest fibo evolves during any execution performed by A. In C(0) the smallest
fibo has size Fp) = F¢—1. Since we have shown that the size of the smallest fibo is reduced at each time unit, then the
algorithms terminates at a time t when Fp) = 1, which means m(t) =2 or m(t) = 1. Since at each time unit the index of
the size of the smallest fibo is reduced by at most two, then A performs at least L%J moves. According to Equation (1),

L . . logy (+/5-Fe—1)-1 | .
this implies that A requires at least LMJ time units. O

Corollary 17. There exists a gatherable configuration C composed of k FSYNcC robots and defined on complete graphs or on complete

_ . , : logy (V5k-1)-1|
bipartite graphs such that any gathering algorithm for C requires at least | ———— | time units.
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Proof. Consider the graph G, when it is built by using two complete graphs as components: by definition, G; is complete.
Consider again G, but now assume that its components are two independent sets: by definition, G, is a complete bipartite
graph. Consider also a configuration C = C; defined on G, when this graph is either complete or complete bipartite. The
statement simply follows by considering this configuration along with Theorem 16. O

Corollary 18. There exists an asymptotically optimal algorithm for any gatherable configuration defined on complete graphs and
composed of FSYNC robots.

Proof. The lower bound provided by Corollary 17 together with the complexity provided in Theorem 11 imply that al-
gorithm Agjque defined within the proof of Theorem 10 is an asymptotically optimal algorithm for solving the gathering
problem on complete graphs. O

Concerning complete bipartite graphs, the lower bound provided by Corollary 17 together with the complexity provided
in Corollary 14 shows an additive factor of §(k). As already pointed out in Section 1.3, whenever §(k) = O (logk) the algo-
rithm is optimal. Note that, from [30] it is known that §(k) behaves like a normal random variable with mean loglogk and
standard deviation /loglogk. However, concerning the growth rate of §(k) it is known that §(k) = o(n€) for all € > 0; more

log2
precisely, §(k) < klogﬁ’gk [35].
7. Concluding remarks

We have considered the gathering problem of synchronous weak robots moving in graphs. First we have studied general
properties that allow to solve the problem by means of SSYNc robots, regardless of the underlying topology. Then, we have
focused on dense and symmetric graphs like complete and complete bipartite graphs, where we fully characterize when the
gathering can be accomplished by means of FSyNc robots. Concerning the complexity of the proposed algorithms, O (logk)
time units are required in complete graphs, whereas O (8(k)) time unites are necessary for complete bipartite graphs, where
8(n) is the function that returns the number of divisors of any integer n. Comparing this complexities with the provided
lower bound of O(logy k), with ¢ being the golden ratio, this leads to an asymptotically optimal algorithm for complete
graphs and to a little gap in the case of complete bipartite graphs.

An interesting research direction concerns the case of SSync robots. In fact, while in complete graphs it is known SSYNC
robots are not able to solve the gathering (see [14]), it remains open what they can do in complete bipartite graphs. An
initial study on this respect can be found in [14]. However, a full characterization is still missing.

Our investigation highlights how the graph environment is very sensible to synchronization issues. This opens a wide
area of research since FSYNc or SSyYNc robots have not been considered much in graphs so far.
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