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Abstract

The aim of this paper is to investigate the singular relaxation limits for the Euler—Korteweg and the
Navier—Stokes—Korteweg system in the high friction regime. We shall prove that the viscosity term is
present only in higher orders in the proposed scaling and therefore it does not affect the limiting dynamics,
and the two models share the same equilibrium equation. The analysis of the limit is carried out using the
relative entropy techniques in the framework of weak, finite energy solutions of the relaxation models con-
verging toward smooth solutions of the equilibrium. The results proved here take advantage of the enlarged
formulation of the models in terms of the drift velocity introduced in [6], generalizing in this way the ones
proved in [15] for the Euler—Korteweg model.
© 2020 Elsevier Inc. All rights reserved.
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1. Introduction

The objective of this work is to study the high friction limit for the Euler—Korteweg and the
Navier—Stokes—Korteweg systems, that is:
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0p+divm =0

mem

orm + div (T) + Vp(p) =2vdiv(ur(p)Du) + vV(rr(p)divu) (.0

1
+pV (k(p)Ap + 5k/<p)|vm2) — &pu,

where ¢t > 0, x € T", the n—dimensional torus, p is the density, m = pu is the momentum, and
the constants £ > 0 and v > 0 stand for the large friction and the viscosity coefficient (v = 0 for
the case of Euler—Korteweg system). As usual, in the viscosity terms of (1.1)

Vu+1'V
Du=

is the symmetric part of the gradient Vu and the Lamé coefficients iy (p) and Ay (p) verifies

2
pr(p) =0; ;//«L(p) +2r(p) = 0. (1.2)
Moreover, p(p) stands for the pressure, connected to the internal energy e(p) by the relations

p(p) P (p)

e'(p)= —a h(p) = pe(p); h"(p) = ; p(p) =ph'(p) — h(p). (1.3)

As a consequence, we readily obtain

pV (h'(p)) = ph" (p)Vp =V p(p).

In what follows, and we shall confine ourselves to the case of monotone pressure, and, for sim-
plicity we shall consider the classical y—law p(p) = p¥ for y > 1, for which the function 4 is
given by

h(p) = pr.

y—1

The literature concerning this kind of systems, which include in particular Quantum Hydro-
dynamic models, is very wide and a complete description of it is beyond the main interest of
our present research, which is focused in the study of the relaxation limit for weak, finite en-
ergy solutions of (1.1). In particular, we are not interested here in investigating the existence of
such solutions, but solely in understanding their behavior in the high friction regime. However,
for some rigorous mathematical studies of such systems, regarding in particular the existence of
weak solutions, the dedicated reader may refer to [1—4] and the reference therein.

The high friction regime, after an appropriate time scaling, in both cases is given by the
following equation:

1
pr = divy <pVx (h/(p) +k(p)Ap + Ek/(p)IV,OI2>> ; (1.4)
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as one can easily check by performing the classical Hilbert expansion. Moreover, the rigorous
study of this singular limit in terms of relative entropy techniques limit when v > 0 does not
present significant differences, and therefore we shall first discuss the case of Euler—Korteweg
system in full details, and leave the discussion of the Navier—Stokes—Korteweg for the last sec-
tion, where we shall emphasize only how to control the new terms due to the presence of the
viscosity in (1.1). Moreover, it is worth to observe here that, besides the natural condition (1.2)
needed to guarantee the dissipative nature of the viscosity terms, we shall assume here only ap-
propriate uniform integrability conditions on that functions (which can be deduced from a bound
of their L' norm in terms of the energy), without a precise connection with the capillarity coef-
ficient k(p), as it is usually needed in the analysis of these models.

The kind of singular limits under investigation here enters in the realm of diffusive relaxations,
for which hyperbolic systems of balance laws (as (1.1) for v = 0) converge in a diffusive scaling
toward parabolic equilibrium systems. This kind of asymptotic analysis has been addressed in
various frameworks and with several techniques; in particular we refer to [8] and the reference
therein for the results concerning weak solutions and compactness arguments. More recently, this
kind of limits has been also successfully addressed by means of relative entropy techniques, start-
ing from the well-known case of the Euler system with friction (obtained by choosing k(p) =0
in (1.1) in addition to v = 0) converging to the porous media equation [14]. It is worth recalling
that, as already pointed out before, this asymptotic behavior has been analyzed also before under
many different viewpoints, and in particular for this remarkable example we refer to [16,11,12].
However, the study of such limits with the present technique, even if it is confined to the case of
smooth solutions at equilibrium, has the advantage of obtaining a stability estimate and hence a
rate of convergence as the relaxation parameter goes to zero.

More recently, many other diffusive limits have been addressed following the same ideas;
among others, see [5,9,13,17,7], and in particular here we recall the general framework intro-
duced in [10,15], where the relative entropy calculation and the analysis of the diffusive limits
have been presented in the general framework of abstract Euler flows generated by the first vari-
ation of an energy functional £(p):

9o +div(pu) =0

8&
poiu + pu - Vu = _'OVS_ —&pu.
0

The system (1.1) under consideration here belongs to this class of abstract flows for the fol-
lowing particular choice for £(p):

1
5(p)=/<h(p)+§k(p)lvplz> dx. (1.5)

Referring in particular to the analysis of the large limit, among other possible instances, we
recall here that in the paper [15] the Authors showed the emergence of the (Cahn—Hilliard type)
equation (1.4) as high friction limit of the Euler-Korteweg system solely in the case of constant
capillarity k(p) = Ci. This result is based on the following general relative entropy relation for
the aforementioned abstract Euler equations [10,15]

% <E(p|ﬁ) +/%p|u —ﬁ|2) +s/p|u —ii|Pdx =
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/Vﬁ:S(p|/3)dx—/pVﬁ:(u—ﬁ)@(u—ﬁ)dx,

written here for (p, #) and (p, u) smooth solutions of this system. The stress tensor S appearing
in the relation above can be defined in many examples of physical interest starting from the
energy functional as follows:

8& .
—pV— =divSs.
sp
In the particular case under consideration here, this relation becomes

1
—Vp(p) + pV (k(p)Ap + 5k’<p>|vm2) =divS.

The relation recalled above, and thus the corresponding control of the diffusive limit can be
improved if we confine our attention to the specific form of the Euler-Korteweg systems (1.1),
as it has been recently proved in [6]. Indeed, the relative entropy techniques turns out to be more
effective if one introduces the drift velocity

Vu(p)
p b

where 11(p) satisfies ' (p) = +/pk(p). In this way, it is possible to obtain an augmented formu-
lation of (1.1), which, for the Euler-Korteweg system (that is, with v = 0), reads as follows:

d;p +div(pu) =0

1
9 (pu) +div(pu @ u) + Vp(p) = div(u(p)Vv) + EV(?»(/)) divv) — &pu (1.6)
3 (pv) +div(pv ® u) + div(u(p)' Vu) + %V(k(p) divu) =0,

where A(p) =2(u'(0)p — p(p)) and, thanks to the Bohm identity (see [6]), we also have

div(u(p)Vv) + %V(k(p) divv) =div S

thus defining the new stress tensor Sp in (1.6) due solely to the capillarity effects. As we shall
prove in the sequel, this approach will lead us to control the high friction limits for non constant
capillarities, obtaining the same advantages already pointed out in [6] also in the context of dif-
fusive relaxation, thus generalizing the results of [15] for this particular system. More precisely,
the strategy is to define a new momentum J = pv to then estimate the following relative entropy:

n(p,m, J1p,m,J)=n(p,m,J) —n(p,m, J) —iip(p — p) — il - (m — )
— iy (J = J)

1 - 2 1 _2 -
= Eplu —ul”+ Eplv —0|"+h(plp).
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In the present analysis, which involves a relaxation limit between two different diffusive theo-
ries, the equilibrium (smooth) solution (5, 71z, J) will solve the corresponding diffusive limiting
equation, which shall then be recasted as an appropriate correction of the relaxing system (1.6),
as already done in previous works [14,15].

The outline of this work is as follows. In Section 2, after the appropriate time scaling, we
perform the Hilbert expansion of (1.6) in order to recognize the limit equation. Then we rewrite
the latter as a correction of the relaxation system (1.6) to take full advantage of the relative
entropy tools. Section 3 is devoted to obtaining the relative entropy inequality, which will be
used as an yardstick to measure the distance between the two solutions in the relaxation limit
of the subsequent section. Finally, in Section 5 we describe our all results can be adapted in a
straightforward way to the case of the Navier—Stokes—Korteweg model (1.1) for v > 0.

2. Hilbert expansion and formal diffusive limit for the Euler—-Korteweg model

In this section we shall present the correct scaling for which (1.1), and hence (1.6), exhibits
the desired diffuse limit. More precisely, for £ = 1/¢, we rescale the time so that d; — €9; and
(1.1) becomes:

1
oo+ —divm =0
€

1 . [(m®m 1 1 . 1 2.
m+ —div| —— )+ =Vp(p) = - divS| — 5 pu.
€ 0 € € €
Accordingly, (1.6) reads
1 .
0;p+ —divim) =0
€
1 . /m@®m 1 1 . 1
9 (m) + —div| —— ) + =Vp(p) = —divS1 — — pu (2.2)
€ 0 € € €
1 J 1
8 (J) + — div <ﬂ> +—divS, =0,
€ P €

where J = pv and (see [6] for further details)

div S» = div(u(p)' Vu) + %V(A(p) divu).

In order to perform the Hilbert expansion, we need to introduce the asymptotic expansions of p
and m in (2.2), and the one for J will follow, being J = pv = Vu(p). To this end,

p=po+epr+epyt

m=m0+€m1+62m2+~~

and collect the terms of the same order. From the mass conservation we get:
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0(6_1): divimg =0;
oQ): 0rpo +divim; =0;
O(e):

from the momentum equation we get:

0(6_2)3 mo =0;
O™ —my = Vp(po) — div S1(00);
o():

Hence, from these first relations, we recover the equilibrium relation my = 0, the Darcy’s law
m1 = —Vyx p(po) + divy S1(po), and the following gradient flow dynamic for py:

9 po + div (=V p(po) + div S1(p0)) =0, 2.3)

that is, the formal limit as € — 0 of (2.2).

In order to compare weak solutions of (2.2) and strong solutions of its parabolic equilibrium
(2.3) and take full advantage of the relative entropy estimate for hyperbolic systems, as already
done in [14,15], we rewrite the latter as Euler—Korteweg system with friction plus an error term
as follows. Let us denote by p the (smooth) solution of (2.3). Then (p, m = pu) solves

1
orp+ —divim =0
€
_ 1. (m®m 1 _ | 1 _ o 24
orm + —div - 4+ —-Vp(p)=—-divS| — —m +e(p, m),
€ 0 € € €

where

m=¢e(=Vp(p)+divSi(p)).
Clearly, in (2.4), the error term e(p, m) = e is given by:
_ 1 (nﬁ ® ﬁz) _
e = — lex — )+ m;
€ o
=ediv, (=Vp(p) +divS1(p)) ® (=Vp(p) +divS1(0))

+e(=Vp(p) +divS1(p)),
= 0(e). *

Introducing the notation J = pv = V1(5), the equilibrium can be rewritten also as follows:
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1
dp+ —divin =0
€

1. m®m 1 _ 1 .. - 1 _ o
oym + —div <f> 4+ -Vp(p)=-divS — —m+ e(p,m) (2.6)
€ 0 € € €

-1 JQm 1 -
9,7 + —div (ﬂ) +—divs, =0.
€ 0 €

As already done previously [14,15], in next section we as shall validate rigorously the large
friction limit using relative entropy estimates, but this time using the enlarged reformulation in
terms of the drift velocity, thus considering the singular limit from (2.2) to (2.6).

3. Relative entropy estimate for the Euler—-Korteweg model

Let us start by we start by recalling the entropy—entropy flux pair (n, Q) associated to the
original Euler-Korteweg system (1.1) with £ = 1 /€ and after the related time scaling. Using the
notation of [10,15], we obtain the potential energy (see (1.5))

1
F(p,Vp)=h(p) + §k<p)|w|2,

while the kinetic energy reads
1 2
Ex =—= .
K=3 plul

Moreover, the couple (1, Q) is defined in the following way:
1 2, 1 2
n(p.m.Vp)=zplul”+ Zk(p)IVpl”+h(p);

1 1
Q(p,m,Vp) = 5pu|u|2 + pu <h/(p) + Ek%p)wmz —~ div(k(p)vm)
+k(p)Vodiv(pu).

Before the rigorous justification of the relative entropy calculation in the context of weak so-
Iutions we are interested in, let us first briefly present the (formal) computation leading to the
desired expression in the case when both solutions (of the relaxation and the limiting equations)
are regular. Let us emphasize once again that in the sequel we shall take advantage of the re-
formulation (2.2) in terms of the drift velocity, and the rewriting of the equilibrium equation in
(2.6).

If we introduce m = pu, then (smooth) solutions of (1.1) in the diffusive regime satisfy

1 1 |m|? 1
(. m, Vp) + - div <§m% m (h’(p) + K PIVoP - div(k(P)V,O)) +

k(p)Vp divm) =——— <0,
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while (smooth) solutions of (2.4) satisfy the following energy dissipation identity:

R o _
8,n(p,m,V,0)+gdva(p,m,V,o) —6—274'—_'& 3.1

It is worth to observe here that (3.1) is a rewriting of the classical energy relation valid for the
solution p to the equilibrium gradient flow equation (2.3). At this point, the main difference here
with respect to the arguments in [10,14,15] relies on the fact that we use the notation of [6]: we
introduce a fictitious velocity v =, / @V o and correspondingly its transport equation along the

velocity u (see (2.2)3). This leads us to define a “new” entropy-entropy flux pair (1, Q) related
to the “new” potential energy

1|J?
F(p,J)= h(/O)‘i‘—T

where J = pv. Hence, the entropy rewrites as follows:

1 |m|? 1|J|2
n(p,m, J)—— +h(p) +
P
while its flux Q is given by:
L |m? 1P
Q(pm])——m—+ K (p) + m—z.
p? o
We get:
1m 1J 1 |m|?
on(p,m,J)+ — dva(,o m, J)——— divS — ——- d1VS2——2—, (3.2)
€p €p e p
while for the regular solution of the parabolic equation we get:
I B 1m 1J 1 |m)? i
m(p,m,J)+ —div Q(p, m, )=—— leSl___ div SZ__—_+e'T~ (3.3)
€ €p €p o o

Before formally prove the relative entropy relation in the context of weak solutions, here we
sketch the derivation of (3.2) for the system (2.2) and state the final result. To this end, a direct
computation shows

1 |m|? 1 1 2 1 1 1
0y |m| + —div —m|m—| :——u~Vp(,0)—|——uodivS1——p|u|2,
2 p € 2 p? € € €?

and
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11J? 1. , 1,
0 F(p,J)=0 <h(p)+——> =——dIV<m (h (p) + = vl ))
2 p € 2

1 1
+ —u-Vp(p) — —-v-div Sy,
€ €
leading to (3.2). In this framework, the relative entropy is defined as:

n(p,m, J1p,m, J)=n(p,m,J) —n(p,m,J) —ny(p,m, J)(p — p)
— (D, 10, J) - (m — ) —ny(p,m, J) - (J —J).

When both solutions are regular, it verifies the following relation:
- - = 1. _ o~ =
8),‘}7(10’"1’ J|pvmv J)+ Edlvx Q(p’m, J|P,m, J) =
1 _ _ _ 1 _o  P_ 1 g -
——pViu:(u—u)®w—u)— —Splu—ul”—=ze-(u—u)——pplp)divu
€ € 0 €
1 _ _ _ 1 o o
— PV =D ® v —1) - Ep(/x”(p)Vp — 1" (P)VP)) - (v —v)divi
— (u —u)divo)
1 _ _ . - .
- gp(u’(p) — 1 (D) ((v—10)) - V(divir) — (u — i) - V(div v)),

where the relative flux is given by

1 1
Q(p, u, v|p, i, D) =pu |u —i|? + pu(h'(p) — 1’ (D)) + Spulv = 0|2
— u(p)Vo(u — i) — %k(p) div v(u — it)—
1(p)Vu(o — v) — %A(p) divu(d — v)
— w2V — u) + 1 (P 2V (D — v)
p P
—p (M - M) (Vit(v — 0) — Vi(u — it))—
P P
% (A(p) - %x(,a)) ((v—=v)divit — (u — it) div D))

and the relative entropy can be also rewritten as

__ = 1 B 1 _ _
1o, m, J1p, i, J) = = plu — il* + Pl = 012+ h(plp).

Now, to generalize this relation for weak solutions, let us first state the precise definition of the
latter, based on the one introduced in [15]. We recall that we shall consider here y—law pressures
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p(p) = p?, while the capillarity coefficient k(p) is given by k(p) = (YH) p*, for which we

obtain w(p) = p =5 , with the conditions y > 1,s +2 <y and s > —1.

Definition 3.1. (p, m, J) with p € C([0, o0); (L' (T")) (m, J) € C([0, 00); (L' (T")*"), p > 0,
is a weak (periodic) solution of (2.2) if

o, /pv € L¥((0, T); L*(T™)"), p € C([0, 00); (LY (T")),

and (p, m, J) satisfy for all € C1([0, 00); C'(T")) and for all ¢, ¢ € C1([0, 00); C1(T")"):

// (Plﬁz+ —m - Vy lﬁ>dxdt /P(X,O)W(X,O);

(0,400)xT" Tn
1/ m@m 1 .
|| |mon: 2 910) + 2 pl)dive
(0,4+00)x T

1 1 1
+ p (,u(,o)v -Vdiv(g) + Vu(p) - (Vov) + EVMP) -vdive + Ek(p)v . Vdivd)) :|dxdt

1 // m.¢dxdz+/m(x,o>-¢(x,0>dx,

(0,+00)xTn Tn

where we have used the identity

1 .
S=—-pEI+ S =-pEI+pnpVe+ Ek(p) divvl;

JQm 1 .
// {J o+ = (T:wa)—g(ﬂ(p)u-(levw)+Vu(p)-(Vg0u)

(0,+00)xTn

1 1
+EV)»(p)-udiV(p-l—Ek(p)u~Vdiv<p>:|dxdt=/J(x,O)~(p(x,0)dx,
Tn

where we have used the identity
t 1 .
S> =u(p) Vu + 5)»(,0) divul.
If in addition n(p, m, J) € C([0, c0); LY(T™)) and (p,m, J) satisfy

// (n(p,m, J))O(t)dxdt</(n(p m, J)) |i1=00 (0)dx

(0,+00)xT*
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2
_ lz // M g (yaxar (3.4)
€ p

(0,+00)xT"

for any non-negative 8 € W!-°[0, 0o) compactly supported on [0, o), then (p, m, J) is called a
dissipative weak solution.

If n(p,m, J) € C([0,00); LY(T™)) and (p, m, J) satisfy (3.4) as an equality, then (o, m, J)
is called a conservative weak solution.

We say that a dissipative (or conservative) weak (periodic) solution (p, m, J) of (2.2) with
o > 0 has finite total mass and energy if

sup /,odx <M < +o0,
te(O,T)T”

and

sup /U(p,m, Jdx < E, < +o0.
te(O,T)Tn

Theorem 3.2. Let (p, m, J) be a dissipative (or conservative) weak solution of (2.2) with finite
total mass and energy according to Definition 3.1, and let p be a smooth solution of (2.3). Then

/n(ﬂ,m,Jlﬁ,ﬂ,f)(t)dXS/n(p,m,Jlﬁ,nﬁ,J_)(O)dx

T» Tn

1 9 1 _ _ -
- = plu — u| dxdr—g pVu:(u—u)® wu—u)dxdt

€

0,r)xTn 0,r)xTn

1 L 1 _ _ _
- - p(pl|p)divudxdt — — pVi:(v—7)Q (v—rv)dxdrt

€ €

0,5)xTn (0,))xTn

R P -
— // e(p,m)- =(u —u)dxdrt
0

0,r)xTn

1
—C // Pl (p)Vo = 1" (D)Vp) - (v — V) divit — (u — i) divv)]dxdt

0,0)xTn
— é // o' (p) — ' (P)[(v =) - Vdivii — (u — i) - Vdivoldxdr, (3.5)
0,)xTn
where
m=pi=ec(=Vpp)+divSi(p)); J =pv = Vu(p). (3.6)
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Proof. Let (o, m, J) be a weak dissipative (or conservative) weak solution of (2_.2) according to
Definition 3.1 and let p be a strong solution of (2.3), so that, using (3.6), (0, m, J) satisfies (2.6).
We consider the following function 6 () in the energy (in)equality (3.4) of Definition 3.1:

1, forO0<rt <1,
0(r) = "T’+l, fort <t <t+rT,
0, fort>1t+ .

Then, as u — 0, we readily obtain:
Im|?
/(n(p Dl < // Edxar.
T 0,t)xTn

Moreover, by a direct integration in (0, ) x T" of (3.3) we get:

_ - = m _
/U(P,m, J)|t1=()=_ // —dXdT+ // E 4 (37)
T~ 0,r)xTn 0,r)xTn
because
// (Vi : 81 — Vi : S)dxde
0,r)xTn
1 _ _
= - // (ﬁ -divS; —v- diVSz)dxdr
€
0,1)xT*
// (Vu(,é) - (Vou — Vuv) + u(p)(u - Vdive — v - Vdiv ﬁ))dxdr
0,1)xT*
// (Vk(ﬁ) -(udive —vdivu) + A(p)(u - Vdiveo — v - Vdiv ﬁ))dxdt, (3.8)
0,r)xTn

being /5 periodic and using the definitions of S} and S»:
< R T
S1=u(p)Vo + Ek(p) divol;
< I T
S> =u(p)' Vu + 5)»(,0) dival.

Indeed we have:

1 a 1 1
- // Vii: Sidxdt = - // (u(ﬁ)Vﬁ 1V + S 4(p) div b div u> dxdr,
€ €

0,1)xTn 0,/)xTn
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and

1 - 1 1
- // Vv : Sdxdt = - // (u(ﬁ)Vﬁ Vi 4 Ek(ﬁ) div u div 5) dxdrt.
€ €

0,5)xTn (0,/)xTn

Therefore, since

va_v<“/()’°) ):VZM(,E)

is symmetric, it holds:
Via:Vo—Vi:'Vi=Via:Vo—Via:'Vo=Vi:Vo— Vi : V=0,

and the integral

// (Vii: 8 —Vi:S)dxde

0,r)xTn

1
// (/L(ﬁ)(Vﬁ 1V —Vo:'Vi) + Ek(ﬁ)(div vdivu — divodiv ﬁ)) dxdt
0,r)xTn
vanishes.
Now we want to evaluate the linear part of the relative entropy for the difference (o — p, m —

m, J — J) choosing suitable test functions in the weak formulation (according to Definition 3.1)
of the equation satisfied by these differences, namely:

1
_ // (w,(p —p)+ Elﬁxi (m; — rfz,-)) dxdt = /(,0 — P)¥li=odx, (3.9)
']I‘n

[0,00)xT"

mim;  m;n; 1 _
- = 8)Cj¢i + —[P(P) - p(p)]BX1¢idxdT
) o : €

- // ¢t~(m—n'1>+1(
€

[0,00)xT"

// (n(p)vi — p(p)0i)x; 0x; ¢ + (3x; (PIvj — Oy (P)V;)0x; PpidxdT

[0,00)x T 1 1 (3.10)
// 7 (O () vi = B (M(P))Vi)0x; b + 5 (A (PIvi = A(P) Vi) s Ox;¢jdxdr
[0,00)xT'"
// (m —m) - pdxdr — // e- ¢dxdr+/(m m) - @|r=odx
[0 oco)x T [0,00)xT"

and
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Jimj  Jini;
J ()
// <Pt - J)) ( - —15 ) Oy pidxdt
[0,00)x T

// ((p)ui — W(BYE) s, 35,95 + (B, 1(P)uj — By, (BYIE )y, pidxd T

[0,00)xT'" G.11)

1 o 1 -
// E(ax,-)»(p)ui — O A(P)ui)ox; 0 + E(K(p)ui — M(p)ui)0x; Ox; jdxdt
[0,00)xT"

= /(J —J) - pli=odx,

where ¥, ¢, ¢ are Lipschitz test functions, ¢, ¢ vector—valued, compactly supported in [0, 4+00)
in time and periodic in space. In the above relation we choose in particular

1Lm)?  |J)?
w:e(r)(h( )—5%—|_|2> and
o o

noJ
D= (¢,p) =6(7) (n—_l, T) , where 6(7) is defined above.
o’ P

Then, letting ;© — 0 in (3.9) we obtain

Lm)>  |J? o
/(h( )—57—?>(P—P)|f_odx

']I‘n
// o (1) - 220 BN (- praxae
2 02 p?

[0,¢]xT"
2 2
_! v (W -2 VY G avavar —o.
€ 2 2
[0,/]xT"
From (3.10):
/ n_:a -(m — n‘1)|2=0dx — // 0¢ <@> -(m —m)dxdt
p p
T» [0,/]xT"
- [(’" M ”7"171_~’> ) (’"—) +(p(p)— p(p))dw( " )}dxdr
()t xTn p P p

// |:M(p)(v—v) lev( )—}—VM(,O) V(p)(v—v)]dxdt

OIXT”
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// [(u(p) W) de( )+vw<p> M(ﬁ))V<%)ﬁ}dxdr
Oth”

// (Vk(p) (v—v)dw( )+A(p)(v—v) Vd1V<_))dxdr
[Ooo)x'IF" p

// [V(A(,o) A(p)) - vdiv ( ) + (A(p) — A(p))v - Vdiv (@)] dxdrt
[0 o) xTn P
=—i // @-(m—r?z)dxdr— //
0
[0,6]xT"

[0,¢]xT"

-edxdrt.

b||§|

Analogously, from (3.11):

/— (= DI _gdx — // ( ) (J — Ddxdr
Til

[0,.]xT"

i WA (ij)dxdf
€ p p p
[0,¢]xT"

1

m m Lo (m m
// |:,u,(,0) <— — —_) -V(divo) + Vu(p) - Vo (— — T)] dxdt
o P o
[0,£]xT"
1 _.m Lo
+ [(M(p) —M(P))E -Vdivo + V(u(p)
[0,))xT*

- u(,a))w@_} dxdt
| i _
+— // |:V)»(p) : (ﬂ —_ @) divi + A(p) <@ - @_) -Vdivﬁ] dxdr
2e o P p P
[0,/]xT"
1

// V(A(p)—k(ﬁ))~%divﬁ+(k(p) x(ﬁ))"i V div odxdt =0

k)

[0,£]xT"

Combining the above relations we get

- 1 _
/[n(p,m,llp,m,J)]I’T:odxz—e—2 / [plul* — plia|* — i(pu — pit)ldxdz

[0,£]xT"

1 1
// [ <h’(ﬁ) - 5|ﬁ|2 —~ Ewﬂ) (p — p) + 8 (i) (pu — pit) + 3, (0)(pv — pv)] dxdt
[0,£]xTn

1 1
// v (h’(ﬁ) - EW — §|a|2> (pu — pi)ydxdt

[0,6]xT"

10509
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[p(p) — p(p)]ldivudxdt

[0,00)xT"
1 o _ __ _
—C / (puiuj — pujuj)oy; (u;) + (pviuj — pvjuj)dy; (v;)dxdt

[0,6]xT"
— é // n(p)[(v—ov)Vdivi — (u — ) Vdivv]

[0,£]x T
+ Vu(p)[Vu(v —v) — Vo(u — i)]dxdt

— i // Vi(p)[(v—v)divi — (u — u)divv]
[0,(]xT"
+A(p)[(v—=v)Vdivi — (u —u)Vdivoldxdt

1
T [7 (((p) = pw(P)(@ - Vdivo — v - Vdivir)

[0,6]xT"
+ V(1u(p) — p(p)) - (Voir — Viav))dxdt

+ % // ((A(p) = A(D)) (@ - Vdiv — 7 - Vdivid)
[0,¢]xT"
+V(A(p) — A(p)) - (@ div D — Ddivi))dxdr. (3.12)

First of all, let us observe that the last two lines of the relation above are indeed zero, as one
can easily prove repeating the arguments leading to (3.8), with the differences (o) — pu(p) and
A(p) — A(p) replacing p(p) and A(p) inside the definition of the tensors S and S>. Moreover,

using the relation h”(p) = p’(p)/p and the continuity equation for o, we get

1
- // (afh/(m(p = P)+ - VR (P)(pu - ﬁﬁ)) dxdt
[0,¢.]xT"
1
T e // (P/(/?)(p — p)divii + %Vp(ﬁ)(ﬁ — u)) dxdr.

[0,6/]xT"
We multiply the transport equations of i and v, namely

1 VP(/S) diV.§1
= _—M,

1
deit + — (it - Vit) . _
€ € p o o

1
00+ —(u-Vv)+ —-——=0,
€ € P

by p(u —u) and p(v — v) respectively to conclude
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1 _ _ 1 1 _ _ _ __ 1 _ __
O | S1al*) (o= p)+ =V ( Slal* ) - (pu — pit) — 0 - (pu — pit) — =10 (puju j — piiiii;)
2 € 2 e

1 1Vp(p o .
= Lvaitw—iew-an- 2P+ LS @ w42 —u)
e b €p p

€

L i (u —u)
——=pu-(u—u

2”
and

L _» _ 1 L _, __ _ __ 1. _ o
0r Elvl (p—p)+gV Elvl ~(pu—pu)—i?zw(pu—pu)—EBvai(pviuj—pviuj)

1 _ _ lp o _
=—pVo:[(v—0)Qw—u)] ——=divS - (v —v).

€ €p
In view of the calculation above, (3.12) rewrites as follows:

/[U(Pa m, Jl/;’ rﬁv J_)] |{[=0dx <

Tr
_elz // plu—ﬁlzdxdr—é // pVii: [ — &) ® (u — i) |dxdr

[0,¢]xT" [0,¢]xTn
1
_Z // oV [(v— ) ® (u — it)]dxdT + // - 2@ - wdxdr
¢ F;
[0,£]xT" [0,6]xT"
1 1
- — // p(plp)divadxdt — — // [,u(,o)((v —v)-Vdivu — (u —u) - Vdivo)
€ €
[0,1]xT" [0,6]x T

+ Vulp) - (Vii(v — 9) — Vi(u — i) |dxdt

- % // [VA(p) - (v — D) divii — (u — it) div D) + A(p) (v — D) - Vdivii
[0,£]xT"

— (u — @) - Vdivd)|dxdr

1 P 4. - ¢ YA vaT v
+- // E|:(u(,0)d1VVv+ Vu(p) Vo) - (u —u)

[0,¢]xTn
1
+ 5 (VAD) divi + (7)Y divD) - (@ — u)i|dxdr

1 P NP TH N\Vii) - (T
- // 5 |:(,u(,0) div'Vu +'Vu(p)Vi) - (v — v)
[0,¢]xTn

+ %(vx(,a) divii +A(p)Vdivir) - (0 — v):|dxdr. (3.13)
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We recall that div’ Vit = V div & and therefore div Vo = V div ¥ being Vv symmetric. Hence, we
can collect terms as follows:

I :=— é // (,u(,o) — %u(ﬁ)) (Vdivi - (v—v) —Vdivo - (u —i))dxdrt
[0,.]x T

_ é // (V,u(p) _ %w@) - (Vii(v — ¥) — Vi(u — ii))dxdr.

[0,£]x T
.. . . Vu(p) )
In addition, recalling also the definition of v = , we conclude:
Jo
| _
I =—- // o (M - M) (Vdivii- (v — ) — VdivD - (u — ii))dxdt
€ o o

[0,6]xT"
1
— - // p(w—v)- (Vu(w—v)—Vo(u —n))dxdr.
€
[0,¢]xT"
Moreover, we define

bLi=— % // (k(p) - %,\(5)) (v —10)-Vdivii — (u — it) - Vdivv)dxdt

[0,£]xT"

- // (V)»(,O)—%V)»(ﬁ)>'((v—ﬁ)diVﬁ—(u—ﬁ)divﬁ)dxdt.

[0,6]xT"

Since A(p) = 2(pu'(p) — 1(p)), one has

L—_ L // P <M _ M) (v—7) - Vdivii — (u — i) - Vdiv 9)dxdt
2e Iy 13
[0,¢]xTn

1
- = // o (PIVo — 1" (P)VH) - (v —0v)divi — (u — i) divv)dxdr.
€
[0,¢]xT"
Therefore

1
ht+h=-< // p((W'(p)Vp = 1" (P)VP) - (v —v)divit + (i — u) divv))dxdT
[0,1]xT"

=2 | o - w5 Vai+@-w Vo
[0,6]xT"

- é // [p(v—10)- Vii(v — b) — p(v — B)Vi(u — it)] dxdt (3.14)

[0,¢]xT"
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Finally, using (3.14) in (3.13) we obtain (3.5) and the proof is complete. O
4. Stability result and convergence of the diffusive limit

With the relative entropy estimate (3.5) of Theorem 3.2 at hand, we are now able to control
our diffusive relaxation limit in terms of the quantity
2
) dx. 4.1)

The proof of our convergence result will follow the blueprint of [14,15], in particular generalizing
the results of the latter to our more general case in terms of the capillarity coefficient, thanks to
the enlarged reformulation of the system due to [6]. To this end, let us first remark that, since we
are dealing here to y—law gases, y > 1, we have

0

+§P

ZI‘JJ_

_ 1 \'m m
w(t) :=/<h(p|p)+§p‘;—5
’]I‘n

h(p) = o’

y—1

Therefore

p(plp) = (y — Dh(p|p), 4.2)

and the error term in (3.5) involving the pressure will be then controlled in terms of the relative
entropy, namely in terms of the “distance” W defined in (4.1). It is worth observing that the same
kind of control can be obtained for general monotone pressure laws, with 4 given as in (1.3) and
satisfying appropriate conditions, and for positive densities; see [14,10,15] for details, as well
as for discussions about the metric induced by (4.1). Moreover, to control the last two terms of
(3.5), we take advantage of the results contained in [6], and in particular the following one, that
we report here below for the sake of completeness.

Lemma 4.1. [6, Lemma 35] Let assume (1(p) = p# withy > s+ 2 and s > —1. We have
Pl (0) — W (D) < C(B)h(plp),
with C(p) uniformly bounded for p belonging to compact sets in R™ x T".
We are now ready to state our main convergence theorem.
Theorem 4.2. Let T > 0 be fixed and let (p,m, J)_ be as in Definition 3.1 and p be a smooth
solution of (2.3) with p > § > 0, and define m and J by (3.6). Assume the pressure p(p) is given

by the y—law p¥, y > 1, and assume u(p) = p% with y > s + 2 and s > —1. Then, for any
t €10, T, the stability estimate

W(r) < C(W(0) +€*), (4.3)
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holds true, where C is a positive constant depending on T, M, the L' bound for p, assumed to
be uniform in €, p, and its derivatives. Moreover, if W(0) — 0 as € — 0, then as € — 0

sup W(r) — 0.
1€[0,T]

Proof. In view of the definition of W in (4.1), from the relative entropy estimate given by Theo-
rem 3.2 we get:

\Il(t)—i- // ‘——ﬁ dxdt < W(0) + / (101 + |Edxdr, (4.4)

[0,6]x T [0,6]xT*

where the terms Q and E are given by

E:=e- @(—— ),Q=Q1+Q2,
o p
with

Q1:=— é // oVu:[(u—u)®wm—u)ldxdr

[0,7]xT"

_é // pVﬁ:[(v—ﬁ)@(v—f))]dxdr—é // (ol5) diviidrdr

[0,/1xT" [0,/]xT"

0>

// Pl (p)Vp — 1" (P)VP) - (v — D) divii — (u — i) div v)|dxdt
[0,£]xTn

// o (p) — i (P (v —0)-Vdivii — (u — i) - Vdivo)dxdr.

[0,6]xT"

We use the Young inequality and the previous results to estimate E and Q1 (as in [14,15]) and
0> (following [6]) in terms of the relative entropy itself. We start from the error term E:

// \E|dxdt < & // f_ pdxdt + // dxdr
13
[0,¢]xT" [0 t]xTn [0,¢]xT"
< CTée + — // ‘ dxdt,
[0 AxT"

using the bounds for 5, the L' bound for p, and in view of the fact that, as shown in (2.5), the
error term e is O (¢). For the term Q1 we use again the fact that Viz = O (¢) to conclude
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1 _ ) ) m m|?
- // oV [(u—u)® wu —un)ldxdt < Cy // p|— — —| dxdr,
€ p P

[0,.]xTn [0,¢]xT"

1 7 2
- // oVu:[(v—0v)® (v—v)]ldxdt <Cy // — — —| dxdr,
€

[0,£]xT™ [0,£]xTn

// p(plp)divadxdt < C3 // h(p|p)dxdr,
[0 IxTn [0,£]xTn

the latter thanks to (4.2) as well. For the new term Q> coming from the formulation of the relative
entropy estimate of [6], the strategy is the same: we shall take advantage of the estimates from
that paper, by carefully taking into account of the singular coefficient in terms of the relaxation
parameter €. For the first term we define

// P (0)Vp — 1" (P)VP) - (v—1v)divii + (it — u)divi)dxdr
Ot xTn

= 021+ 02,

where

1
O = - / VP (p)Vp — 1 (V) - /o — B diviidxdr,

[0,6]xT"

1 , o ) o
0=+ / W (0)Vp — 1 (F)VF) - /B — u) div idxd.
[0,£]xT"

Again, divii = O(¢) and, since u”’(p)Vo — u’(p)Vp = %(v — v), we readily obtain

021 =Cy // ’———_ dxdr,
[0,6]xT"
JI?
02 <Cs // ’— — —| dxdrt + // dxdr
[0,¢]xT" [0 IxTn

using Young’s inequality for the second estimate. Analogously, we split the second term in Q>
in two:

// p(u'(p) — 1 (PN (v =) - Vdivii + (it — u) - Vdivi)dxdr
[0,/1xT"

/ VAW (p) — 1 (B)/p(v — T) - V diviidxdr

[0,¢]xT"
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/ VP (p) — 1 () /Pl — u) - V dividxd.

[0,7]xT"

Hence, we use Young’s inequality and Lemma 4.1 to bound the first term in view of Vdivu =
O (¢), while for the second one we take advantage of the control given by the friction term:

// o' (p) — i (PN (v —70)-Vdivii + (& — u) - Vdivo)dxdr

[0,/1xT"
// <h(p|p)+p’——— )dxdr+— // dxdr
[0,.]xTn [0,£]xT"

Finally the relative entropy inequality becomes:
t

\IJ(I)—|— // ‘——ng dxdr<\IJ(0)—|—C6 —I—C/\Il(r)dr

[0 t]xT" 0

and the Gronwall’s Lemma gives the desired result. O
5. The high friction limit of Navier—Stokes—Korteweg system
In the same spirit of the previous discussions, in this section we want to study the high-friction

limit in the case of the Navier—Stokes—Korteweg system, which, in the (enlarged) formulation and
after the scaling described above, rewrites as follows:

1
orp+ —divim =0
€

1 .. (m@m 1 PAVIRS v .
om + < div — + EVP(/O) - div(pr(p)Du) — EV(/\L(p)dlvu)
5.1
- 1 (5.1
=—d1VSl——2m
€ €

/T 1
9, J + - div (ﬂ> +—divS, =0.
€ 0 €

In system (5.1), m = pu, J = pv, the viscosity coefficient v is positive, and, as denoted above,

Vu+'Vu
2

Du =

is the symmetric part of the gradient Vu and we recall that the Lamé coefficient verifies

2
ne(p) 2 0: —pur(p) +rL(p) = 0. (5.2)
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Moreover, the effective velocity v = Vu(p)/p and the stresses S; and S, are the same of the
Euler—Korteweg system, namely

1
div §1 = div(u(p)Vv) + 2-V((p) divo)
and
1
div S = (u(p)' Vu) + 3¢ VO-(p) divan),
€

as well as the definition of the functions ©(p) and A(p). As already pointed out above, we stress
once again that the coefficients ©y (0)and Ay (p) need not to coincide with p(p) and A(p), and
we shall only assume their L! norm is bounded uniformly in €, which can be viewed as a control
of them in terms of the pressure term p? and using the energy bound E,,.

The Hilbert expansion applied to system (5.1) will give us the same formal limit of the previ-
ous case, that is the viscosity term will affect the expansion only for higher terms, and therefore,
the limit solution p as € — 0 satisfies the following equation:

9 p +div(=Vp(p) +div S1(p)) =0, (5.3)
while the (nonzero) leading term for the momentum is given by
i = €(—Vp(p) +div §)). (5.4)

Indeed, we introduce the asymptotic expansion of the state variables:

p=potepi+ep

m:m0+em1+62m2+~--

in the system (5.1) and collect the terms of the same order; the expansion for J will clearly come
from the one of p. Then, from the mass conservation we get:

0(67])2 divimg =0;
o(l): 0rpo +divm, =0;
O(e): 0;p1 +divmy =0;
0(e?):

while, from the momentum equation we get:

0(672) : mo = 0;
O™ ): —my =V p(po) — div 1 (po):
o): —my = V(p'(po)p1) — div(u'(po) p1 Vo + 11(p) Vi)

+ V(A (po) p1 div vg + A(po) div vy)
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. mi .omy

—2vdiv (,uL(po)D <—>> — vV (AL(,O) div —> ;
£0 £0

Hence, from these first relations, we recover the equilibrium relation my = 0, the Darcy’s law
m1 = —Vyp(pg) + divy S1(pp), and the gradient flow dynamic (5.3) for the leading term pg.

In the same spirit of Section 2, we rewrite the scalar equation (5.3) in the same form of the
“hyperbolic part” of system (5.1) by adding an appropriate error term. To this end, let us consider
0 a smooth solution of (5.3) and assume m is given by (5.4) and, as said before, J=Vup).
Then (p, m, J) satisfies

O(e):

1
dp+ —divin=0
€

_ 1. (m®m 1 _ 1. - I _
oym + —div - +-Vp(p)=—-divS; — sm+e (5.5)
€ € € €

1 _
)+—div52=0,
€
where
_ 1 (m@m _
e=—div| —— )| +m; = O(e).
0

The idea of introducing the system (5.5) is that of recostructing the same first—order part of the
relaxing system, to take advantage of the properties which link the entropy and the convective
terms, and then obtain in a more direct way the relative energy estimate, as already done in
Section 3, and therefore there is no need to introduce viscosity terms (and thus extra errors)
in this reformulation of the equilibrium dynamics. As consequence, the structure of the two
systems is the same of the one considered above, and hence we shall emphasize here below only
the differences with respect to the previous calculations in obtaining the desired relative entropy
inequality.

Let us start by recalling the constitutive relations for the functions involved in (5.1), that is
the y—law pressure p(p) = p¥, u(p) = p% with the conditions y > 1,s4+2 <y,s > —1 and
A(p) =2(pp'(p) — p(p)). The mechanical energy associated to (5.1) is given by

Lm*  1J?
np,m,J)=-——+-—+h(p),
2 p 2 p

and, proceeding as in the previous sections, we (formally) obtain

2
m|

d 2v 2 v . 2 1
L no,m, Dax + 2 [ uripwidx+ 2 [ anoldivalae=——= [ ™ ax.
dt € € € P

Tn T

Tn

Tn

In particular, as it is well known, condition (5.2) implies the mechanical energy dissipates along
solutions of (5.1). On the other hand, the entropy 7(p, m, J) associated to (5.5) satisfies:
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2 -
m m

—/n(p,m J)dx———/udx—i—/e—_dx. (5.6)
0

We state here below the definition of weak solutions we shall consider in the study of our relax-
ation limit

Definition 5.1. (p, m, J) with p € C([0, o0); (L' (T"™)) (m, J) € C([0, 00); (L' (T")*), p > 0,
is a weak (periodic) solution of (5.1) if

Vo, /pv € L®((0,T); L2(T™"), p € C([0, 00); (LY (T™)),
pr(p)D() € L'((0, T); L'(T™)*), ar(p)divu € L'((0,T); L'(T™))

and (p, m, J) satisfy for all ¥ € C1([0, 00); C'(T")) and for all ¢, ¢ € C1([0, 00); C1(T")"):

// (Plﬁer —m - Vi w>dxdl—/p(x,0)¢(x,0);

(0,+00)xT" T
1/ mm 1 . 2v
// [m (P + c < P : Vx¢) + ;p(p) dive — ?ML(P)D(M) Vo
(0,+00)xT"

1
- g)»L(p) divadive + - (u(p)v - Vdiv(¢) + Vu(p) - (Vov)) +

1 <%V)L(,o) -vdive + %A(p)v . Vdivqb) ]dxdt =

€

_eiz // m'¢dde+/m(x,0)~¢(x,0)dx,

(0,400)x T Tn

where we have used the identity

1 .
S=—p(EI+ 8 =-p(EI+u@)Vu + 5)‘(’0) divvl,

J 1
// [J o 4o (% x90>—g(ﬂ(p)u-(Vdivw)JrVu(p)-(W)u)

(0,+00)xT"

1 1
+ EV)»(,O) ~udive + Ek(p)u . VdiV(p>:|dxdl = /J(x, 0)-¢(x,0)dx,
Tn

where we have used the identity

1
=u(p)' Vu + Ek(p) divull.
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If in addition 5 (p, m, J) € C([0, 00); L' (T™)) and (p, m, J) satisfy

// (n(p,m, J))G(t)dxdt</(n(p m, J)) |1=00(0)dx

(0,+00)xT"
// —e(r)d di - // 1L (0| D) PO dxds
(0 +o0)xT" (0 oo)xTn
1
— - // AL (p)|divu|®6(t)dxdt (5.7)
€
(0,00)xT"

for any non-negative & € W 1[0, co) compactly supported on [0, 00), then (p, m, J) is called a
dissipative weak solution.

If n(p, m, J) € C([0,00); LY(T™)) and (p, m, J) satisfy (5.7) as an equality, then (o, m, J)
is called a conservative weak solution.

We say that a dissipative (or conservative) weak (periodic) solution (p,m, J) of (5.1) with
o > 0 has finite total mass and energy if

sup /,odx <M < +o0,
te(O,T)Tn

and

sup /n(p,m, J)dx < E, < +00.
te(O,T)Tn

The relative entropy calculation is contained in the next theorem.

Theorem 5.2. Let (o, m, J) be a dissipative (or conservative) weak solution of (5.1) with finite
total mass and energy according to Definition 5.1, and p smooth solution of (5.3). Then

/n(p,m,fm,rh,f)(t)dxs/n(p,m,Jm,na,i)(omx

’]I‘)L ’]I‘n
// ()| D(u — i) Pdxdr — = // a(p)] diviu — it)|*dxdt
€
0,))xTn 0,0)xTn
1
// olu — i)’ dxdt — - // pVi: (1 — i) ® (u — d)dxdt
€
0,r)xTn 0,r)xTn

// e(ﬁ,ﬁz)-%(u—ﬁ)dxdr—é // p(plp) diviidxdr

(0,1)xT" 0,5)xTn



G. Cianfarani Carnevale, C. Lattanzio / J. Differential Equations 269 (2020) 10495-10526 10521

1
- // pVii: (v— ) ® (v — D)dxdt
€
0,r)xTn

// Pl (©)Vo — 1" (P)Vp) - (v —10)divie — (u — i) div D) dxdt
0,r)xTn

// o' (p) = (P)[(v—10)-Vdivi — (u — i) - Vdivoldxdr.
0,r)xTn

// ur(p)D@) : D(u — u)dxdt — g // Ar(p)divu(divu — divi)dxd€5.8)

0,1)x T 0,5)xT"
where

=pi=¢€(=Vp(p)+divSi(p); J=pv=Vup)
are defined as in (3.6)
Proof. To prove the relation (5.8) we underline here only the differences coming from the pres-

ence of viscosity term in the momentum equation m. To this end, we recall that from energy
inequality (5.7), using the test function 6(7):

1, forO0<rt <t,
0(r) = %—i—l, fort <t <t+r,
0, fort>1t+ u,

as u — 0, one has:

2
/(n(p,m,J))V,:os // ﬂdd v // 11 (0)| D) Pdd
']I‘n

(0 t)xT? (O,t)xT"

// AL (o) divu|*dxdr.

0,0)xT»
On the other hand, integrating over (0, t) the relation (5.6) we get:
N _m
np,m, J)|—gdx =— —d + e—dx.
P
T (0 HxTn 0,r)xTn

To control the linear correction of the entropy we choose, as in Theorem 3.2, the following test
functions in the weak formulation for the differences (0o — p,m —m,J — J):
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ooy LlmPP P
Yv=00)|h(p)—z— — — and
2 p? 02

m J
D =(¢,0)=0(1) (T,t>,
P p

where 6(t) is defined above. Since D(u) : V¢ = D(u) : D(¢) and the equation for m does
not involve viscosity terms, the new terms due to the viscosity in the weak formulation of the
equation for m — m re given solely by:

+2 // (211 (p)D(w) : D(@)dxdt + rp(p) divu divid)dxdr.
€
[0,¢]xTn

Hence, the new terms we need to handle here with respect to Theorem 3.2 are the following
integrals:

26_]) // ILL(P)[D(u):D(ﬁ)]dxdr+£ // ar () divu dividxt

0,r)xTn 0,nxTn
2v 2 v . 2
-— pur(P)|Dw)|” dxdr — — Ar(p)ldivul“dxdz,
€ €
0,n)xTn 0,r)xTn

which can be rearranged as follows:

2v 9 2v _ _
- // nL(p)|Du —w) dxdr — — // pL(p)D (@) : D(u — w)dxdt

0,r)xTn 0,1)xTn
V %
_Z // AL ()| div(u — i) Pdxdt — - // AL (p) divii(divu — divid)dxdr.
€ €
0,n)xTn 0,r)xTn

Hence, repeating the same calculation of Theorem 3.2 for all remaining terms we readily obtain
(5.8) and the proof is complete. O

Now we use Theorem 5.2 to measure the distance between the two solutions in terms of the
relative entropy as in Section 4. To this end, we recall the definition (4.1) of the “distance” W(¢):

_ 1 |m m
q’(¢)=/<h(,0|,0)+§/0’;—3
"]1‘!1

2 =2
1 |J J
+—p‘ dx.
0

2"

Then the following theorem holds.

Theorem 5.3. Let T > 0 be fixed, let g,o, m, J) be as in Definition 5.1 and p be a smooth solution
of (5.3) such that p > § > 0, m and J defined as (3.6). Assume the pressure p(p) is given by the

y-law p¥ with y > 1. Assume u(p) = p% withy >s+2ands > —1, and
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L (P oo (0,01 (T » 1AL (P I oo (0,0): 21 (T 7)) < E, (5.9)

for a positive constant E independent from €. Then, for t € [0, T), the stability estimate

W) < C(W(0) +€* +ve), (5.10)
holds true, where C is a positive constant depending on T, M, the L' bound for p, and E,, the

energy bound, both assumed to be uniform in €, p and its derivatives. Moreover, if ¥(0) — 0 as
€ =0, thenase — 0

sup W(t) — 0. 5.11)
t€l0,T]

Proof. From the definition of W(¢) and from the relative entropy estimate given by Theorem 5.2
we obtain for 7 € [0, T']:

1 m | 2v -
V() + // p’——f‘ dxdr + 22 // 1L (0)| D) — D(ii)2dxdr
€ p P €

[0,¢]xT" 0,r)xTn

+£ // AL (p)[divu — divi*dxdt < W(0) + // (IE|+ 10| + | E2|)dxdr.

0,5)xTn 0,1)xT"

The terms Q and E are exactly the same of Section 4, that is

Ezaﬂ(ﬂ_i)
pP\pP P

and

Q:—é // oVu:[(u—u)®@ wm —u)ldxdt

[0,£]x T
1 _ _ _ 1 e -
- - // oVu:[(v—0v)® (v—v)ldxdt — — // p(plp)divadxdr
€ €
[0,/]xT" [0,/]xT"

t
1
—C / / Pl (0)Vp — 1" (D)VP) (v — D) divii — (u — it) div ¥)1dxdt
0 T~

t
- é//p(u’(p) — W (P)[(v = D)Vdivii — (u — i)V div v]dxdr,
0 Tn

while the new error term E is defined as follows:
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2v _ -
Ey):=—— ur(p)D@) : D(u —u)dxdrt
€
0,t)xTn

// Ar(p)divu(divu — divia)dxdt

0.5)xT"
=: E>1 + Eq.

Clearly, the terms Q and E can be bounded as in Theorem 4.2, namely

// |Eldxt < CTe' + //

[0,6]xT" [Ot 1xTn

dxdt

where C depends on the bound for 5 and on the (uniform) L' bound for p. Here we also used
the fact that e = O(¢). Moreover, we recall the estimate for Q as well:

2
// |Qldxdt < % // dxdt+é/ﬂl(t)dr,

[0,7]xT" [0,£]xT" [0,7]

where C depends on the bounds divii/e = O(1) and Vdivu/e = O(1).
To bound the new terms E»; and E»> we shall use the uniform bound (5.2) as follows.

2
Eyy = _?” // 1L (p)D(@r) : [D(u — it)]dxdt <

0,0)xTn

// ML(p)|D(ﬁ)|2dxdt+£ // uL(P)|D(u — i) Pdxdr <

0,)xT" 0,)xTn

v // wL(p) D — i) Pdxdr +vCaTe,
€
0,r)xTn

where we have used D(it) = O(¢€), and C, depends also on E, in view of (5.9). The estimate for
E»>> is analogous: we use the fact that divi = O (€) as follows

Epy=-—2 // ar(p) div i (div u — divit)dxt <
€

0,1)xTn
: =12 2v =2
()| diviu — u)|“dxdt + — Ar(p)|diva|“dxdt <
€
0,r)xTn 0,1)xTn

FvCaTe + 21 // L (p)| div(u — i) [*dxdz,
€
0,r)xTn
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where C4 depends also on E,, again using (5.9).
Finally we get:

\I'(t)+ // dxdr+— // wr(p)|D(u) — D(@)|*dxdt

[Ot IxTn (Ot)xT”

t
// AL(p)[divu — divi’dxdt < W(0) + Ce* + vCe + / W(r)dr,
0,1)xT» 0

and, since from the relation (5.2) we obtain

2
// (mp) 4 m(p)) |diviu — i) Pdxde

(0 tHyxTn

K // wr(p)|Du) — D(u)lzdxdt+ // AL(p)[dlvu—dlvu]zdxdt
€
0,5)x T~ (Ot)x’]I"'

the Gronwall’s Lemma gives the result. O

Remark 5.4. Let us emphasize that the choice uy (p) = u(p) and Az (p) = A(p) is compatible

with (5.2) and (5.9) in the range of exponents considered here. Indeed, we have (p) = p# with
s>—1,s4+2<y,andy > 1, and A(p) = S'H =Z=u(p). Then u(p) and A(p) are both nonnegative
and

1
e ()l oo 0.07: 21 (Tmy) - 1AL (O] Loo0.0: L1 (1)) < CllP N (0,017 Ty < CEg

Moreover, it is worth to observe the difference between the stability estimate (4.3) obtained for
the Euler—Korteweg model and (5.10) of Theorem 5.3. Besides the common control of the initial
relative entropy W(0), the latter gives a control of the errors of the form O (e*) 4+ O (ve), which is
consistent with the one in (4.3) as v — 0+. In other words, the stability estimate obtained in the
Euler-Korteweg case is better, nevertheless it is recovered by the one obtained in the presence of
the viscosity terms. The leeway which allows us to perform this estimate in the case of the high
friction limit for the Navier—Stokes—Korteweg system is linked to the fact the viscosity terms
appear at an intermediate order in the Hilbert expansion and they are “less singular” with respect
to the ones coming from the friction term, and therefore they can be controlled in the relative
entropy estimate.

Acknowledgments

The authors would like to thank A.E. Tzavaras for many helpful discussions they have about
the topics of this paper.



10526 G. Cianfarani Carnevale, C. Lattanzio / J. Differential Equations 269 (2020) 10495-10526

References

[1] P. Antonelli, P. Marcati, On the finite energy weak solutions to a system in quantum fluid dynamics, Commun. Math.
Phys. 287 (2009) 657-686.
[2] P. Antonelli, P. Marcati, The quantum hydrodynamics system in two space dimensions, Arch. Ration. Mech. Anal.
203 (2012) 499-527.
[3] P. Antonelli, S. Spirito, Global existence of finite energy weak solutions of quantum Navier—Stokes equations, Arch.
Ration. Mech. Anal. 225 (2017) 1161-1199.
[4] P. Antonelli, S. Spirito, Global existence of weak solutions to the Navier—Stokes—Korteweg equations, arXiv:1903.
02441, 2019.
[5] R. Bianchini, Strong convergence of a vector—-BGK model to the incompressible Navier—Stokes equations via the
relative entropy method, J. Math. Pures Appl. (9) 132 (2019) 280-307.
[6] D. Bresch, M. Gisclon, I. Lacroix—Violet, On Navier-Stokes-Korteweg and Euler-Korteweg systems: application to
quantum fluids models, Arch. Ration. Mech. Anal. 233 (3) (2019) 975-1025.
[7] J.A. Carrillo, Y. Peng, A. Wréblewska-Kaminska, Relative entropy method for the relaxation limit of hydrodynamic
model, arXiv:1910.12237, 2019.
[8] D. Donatelli, P. Marcati, Convergence of singular limits for multi-D semilinear hyperbolic systems to parabolic
systems, Trans. Am. Math. Soc. 356 (2004) 2093-2121.
[9] E. Feireisl, T. Tang, On a singular limit for the stratified compressible Euler system, Asymptot. Anal. 114 (1-2)
(2019) 59-72.
[10] J. Giesselmann, C. Lattanzio, A.E. Tzavaras, Relative energy for the Korteweg theory and related Hamiltonian flows
in gas dynamics, Arch. Ration. Mech. Anal. 223 (3) (2017) 1427-1484.
[11] F. Huang, P. Marcati, R. Pan, Convergence to the Barenblatt solution for the compressible Euler equations with
damping and vacuum, Arch. Ration. Mech. Anal. 176 (2005) 1-24.
[12] F. Huang, R. Pan, Z. Wang, L! convergence to the Barenblatt solution for compressible Euler equations with damp-
ing, Arch. Ration. Mech. Anal. 200 (2011) 665-689.
[13] X. Huo, A. Jiingel, A.E. Tzavaras, High-friction limits of Euler flows for multicomponent systems, Nonlinearity
32 (8) (2019) 2875-2913.
[14] C. Lattanzio, A.E. Tzavaras, Relative entropy in diffusive relaxation, STAM J. Math. Anal. 45 (3) (2013) 1563-1584.
[15] C. Lattanzio, A.E. Tzavaras, From gas dynamics with large friction to gradient flows describing diffusion theories,
Commun. Partial Differ. Equ. 42 (2) (2017) 261-290.
[16] P. Marcati, A.J. Milani, The one—dimensional Darcy?s law as the limit of a compressible Euler flow, J. Differ. Equ.
84 (1) (1990) 129-147.
[17] L. Ostrowski, C. Rohde, Compressible multicomponent flow in porous media with Maxwell-Stefan diffusion, Math.
Methods Appl. Sci. 43 (7) (2020) 4200-4221.


http://refhub.elsevier.com/S0022-0396(20)30418-6/bib73457A99D888BA3212977C59A189DB06s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib73457A99D888BA3212977C59A189DB06s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib3EBD5A4130C4F03DB35A7D6BEC02D512s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib3EBD5A4130C4F03DB35A7D6BEC02D512s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibA2C29192484301FA800100E16E494ACFs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib59CDAAB533F69062F6FBDDE53F047C03s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib59CDAAB533F69062F6FBDDE53F047C03s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib8A50467D3919EA21C26DBB77FA46F52Fs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib8A50467D3919EA21C26DBB77FA46F52Fs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibE7E7BF23EDE5866FFF71171E57FA53FAs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibE7E7BF23EDE5866FFF71171E57FA53FAs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib55C4503A0FE99484937A0BC2CE9F7FACs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib55C4503A0FE99484937A0BC2CE9F7FACs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibD52FB1B8C24E29ED252A5685724E5669s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibD52FB1B8C24E29ED252A5685724E5669s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibE7BDDA2ABEA74DEBE6DFC166CEE5A1ACs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibE7BDDA2ABEA74DEBE6DFC166CEE5A1ACs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibDB21BDAD58351191BBD6E515E5390508s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibDB21BDAD58351191BBD6E515E5390508s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibE5BEB2EDAE873094D6AABF79C2630E2Ds1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibE5BEB2EDAE873094D6AABF79C2630E2Ds1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibB7A5E568ED0228D1723A70B039B0B8E7s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibB7A5E568ED0228D1723A70B039B0B8E7s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib6A93E826562E297197F87607AC6B5C93s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib6A93E826562E297197F87607AC6B5C93s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibC562607189D77EB9DFB707464C1E7B0Bs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib8E15AA370164733CADB45AAB768FA983s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bib8E15AA370164733CADB45AAB768FA983s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibD83BBDDFC6AFEF6301DDC1982B8D9D7Fs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibD83BBDDFC6AFEF6301DDC1982B8D9D7Fs1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibF16E0C8DB9B21B9C15073FC16503F050s1
http://refhub.elsevier.com/S0022-0396(20)30418-6/bibF16E0C8DB9B21B9C15073FC16503F050s1

	High friction limit for Euler--Korteweg and Navier--Stokes--Korteweg models via relative entropy approach
	1 Introduction
	2 Hilbert expansion and formal diffusive limit for the Euler--Korteweg model
	3 Relative entropy estimate for the Euler--Korteweg model
	4 Stability result and convergence of the diffusive limit
	5 The high friction limit of Navier--Stokes--Korteweg system
	Acknowledgments
	References


