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GLOBAL SOLUTIONS FOR A CHEMOTAXIS
HYPERBOLIC-PARABOLIC SYSTEM ON NETWORKS WITH
NONHOMOGENEOUS BOUNDARY CONDITIONS

FRANCESCA R. GUARGUAGLINI®

ABSTRACT. In this paper we study a semilinear hyperbolic-parabolic system
as a model for some chemotaxis phenomena evolving on networks; we consider
transmission conditions at the inner nodes which preserve the fluxes and non-
homogeneous boundary conditions having in mind phenomena with inflow of
cells and food providing at the network exits. We give some conditions on the
boundary data which ensure the existence of stationary solutions and we prove
that these ones are asymptotic profiles for a class of global solutions.

1. Introduction

In this paper we consider the one dimensional semilinear hyperbolic-parabolic
system

us + v, =0,
(1.1) v + Mg = up, — Bu

Tbt:Dwm-f-(w—bZ/M

on a finite network, where A\, 8, D,b >0 and a >0 .

The system has been proposed as a model for chemosensitive movements of
bacteria or cells; the unknown u stands for the cells concentration, Av denotes
their average flux and v is the chemo-attractant concentration produced by the
cells themselves; the individuals move at a constant velocity, whose modulus is A,
towards the right or left along the axis; (8 is the friction coefficient while D, a, b are
respectively the diffusion coefficient, the production rate and the degradation one
for the chemoattractant .

Systems like (1.1) are adaptations of the so-called Cattaneo equation to the
chemotactic case, introducing the nonlinear term w, in the equation for the flux
[22, 8], and their solutions have been studied in [14, 15, 10]; they are included among
hyperbolic models which have been recently introduced in contrast to the parabolic
ones considered before, since they give rise to a finite speed of propagation and
allow better observation of the phenomena during the initial phase.

In recent years, one dimensional models on networks have been developed in or-
der to describe particular chemotactic phenomena like the process of dermal wound
healing and the behavior of the slime mold Physarum polycephalum as a model for
amoeboid movements. Actually, during the healing process, the stem cells in charge
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of the reparation of dermal tissue (fibroblasts), create a new extracellular matrix, es-
sentially made by collagen, and move along it to fill the wound driven by chemotaxis
and tissue engineers insert artificial scaffolds within the wound to accelerate this
process [13, 16, 23]; also, the body of Physarum polycephalum contains a network
of tubes which are used by nutrients and chemical signals to circulate throughout
the organism [18].

These models are heavily characterize by the transmission conditions set at the
internal nodes of the network, which couple the solutions on different arcs.

Here we consider the system (1.1) on a network whose arcs I; are characterized
by the parameters A;, 5;, D;, a;, b;. The triples of unkowns (u;, v;, ;) corresponding
to each arc are coupled by the transmission conditions introduced in [11] set at the
inner nodes, which impose that the sum of the incoming fluxes equals the sum of
the outgoing ones, rather than the continuity of the densities, since the eventuality
of jumps at the nodes for these quantities seems a more appropriate framework to
describe movements of individuals.

This model, complemented with homogeneous boundary conditions at the exter-
nal vertices of the network, was studied in [11], concerning the existence and the
uniqueness of global solutions in the case of suitably small initial data; moreover,
results about existence of stationary solutions and asymptotic behaviour are given
in [9]; finally, in [3] the authors carry out a numerical study of the same system
with transmission conditions set for the Riemann invariants of the hyperbolic part,
which are equivalent to our ones for some choices of the coefficients.

Results about hyperbolic models on networks can be found in [6, 7, 25, 19,
24], with different kinds of transmission conditions; moreover parabolic chemotaxis
models on networks were studied in [1, 5, 17], with continuity conditions at the
nodes.

It is worth considering system (1.1) with nonhomogeneous boundary conditions
at the outer nodes of the network, having in mind phenomena with inflow of cells
and food providing at the network exits, in particular experiments on the behaviour
of Physarum [18]. We remark that [2] contains a numerical approach to system
(1.1) on networks, with transmission conditions given for the Riemann invariants
and nonhomogeneous conditions at the boundaries; the numerical tests show the
correspondence with the main features of the real behavior of slime mold examined
through the laboratory experiments: dead end cutting and the selection of the
solution path among the competitive paths.

So, in the present paper we consider system (1.1) with the dissipative trans-
mission conditions introduced in [11] at the inner nodes, and nonhomogeneous
Neumann conditions for the hyperbolic part and nonhomogeneous Robin condition
for the parabolic equation at the external ones. The boundary data are assumed
to satisfy suitable hypothesis ensuring, in particular, the boundedness of the total
mass of cells during the phenomenon evolution; the mass is preserved in case of
homogeneous Neumann conditions, since the conservation of the fluxes holds at
each inner nodes, due to the transmission conditions [11, 9], but in the present case
it depends on the evolution in time of the boundary values for the fluxes \;v;.

The first result in the paper is the existence of local solutions; it is achieved by
linear contraction semigroups theory together with the abstract theory for semilin-
ear problems, and the dissipative transmission conditions at the inner nodes play a
fundamental role.

The existence of global solutions is achieved under assumptions of smallness of
the data, proceeding in some steps. First we assume the existence of a stationary
solution (U(x),V(x),¥(x)) to the problem and we obtain a priori estimates for
solutions corresponding to initial and boundary data which are small perturbations
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of the possible stationary solution. Here a fondamental role is played by a suitable
condition stated for the transmission coefficients, which allows to express the jumps
of the densitiy u at each inner node as linear combinations of the values of the fluxes
at the same node. This fact and assumptions on the data provide a control of the
evolution in time of the L°°- norm of the density which permits to remove some
conditions on the parameters a; and b; considered in [11, 9]. When the boundary
data for the fluxes A\;v; are constant functions, the hypothesys necessary to prove
the a priori estimates imply that the sum of the fluxes incoming in the network
have to equal the sum of the outgoing ones and that the initial mass of cells has to
equal the mass of the stationary solution.

If a stationary solution (U(z),V (z), ¥(x)) exists and the quantities ||U||s and
[[¥']|o are small, the a priori estimates provide a bound, uniform in time, for a
norm of the solutions having small perturbations of the stationary one as initial
and boundary data; in this way, after the proof of real existence of stationary
solutions, we would obtain the existence of global solutions for a class of initial
and boundary data and would identify the stationary solutions as the asymptotic
profiles for such class of solutions.

For this reason we devote part of this paper to study the existence of stationary
solutions. In the cases of acyclic networks we prove two results, under different
smallness conditions on the boundary data and on the total mass; in particular
we give conditions which ensure the existence of a stationary solution with non-
negative density U. For general networks we exhibit some stationary solutions in
very particular cases for the parameters of the problem.

We stress that, although the techniques used in proving the a priori estimates for
solutions of (1.1) are similar to the ones in [11], here we need to control the growth
in time of the L°°- norm of the densities to treat the non homogeneous boundary
conditions, removing, at the same time, some restrictions on the parameters a; and
b; considered in [11, 9]. Moreover, in this paper, the proof of existence of global
solutions is strictly connected to the existence of stationary solutions, since we con-
sider initial data which are small perturbations of stationary solutions. The study
of these solutions (on acyclic graphs) in presence of non homogeneous boundary
conditions is more complex than the one in [9], where homogeneous conditions are
considered; in both cases, if a stationary solution (U(z),V(z), ¥(x)) exists, the
function V() is constant on each arc but in the case of null boundary data it has
to be zero, while here, in general, it is not, so that different techniques are necessary
in proving existence results.

The paper is organized as follows. In Section 2 we give the statement of the
problem and, in particular, we introduce the transmission conditions and the as-
sumption on the data, while in Section 3 we prove the local existence result. Section
4 is devoted to the a priori estimates and to the consequent global existence and as-
ymptotic behaviour results, under the assumption that a small stationary solution
exists. In Section 5 we prove the results of existence of stationary solutions in the
case of acyclic networks. Finally, in Section 6 we present the global existence and
asymptotic behaviour results under assumptions which ensure the real existence of
stationary solutions.

2. Statement of the problem

We counsider a finite connected graph G = (£, .A) composed by a set Z of n nodes
(or vertexes) and a set A of m oriented arcs, A = {I[; : i € M = {1,2,...,m}}.
Each node is a point of the plane and each oriented arc I; is an oriented segment
joining two nodes.
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We use ej, j € J, to indicate the external vertexes of the graph, i.e. the
vertexes belonging to only one arc, and by I;;) the external arc incident with
e;. Moreover, we denote by N,, v € N, the internal nodes; for each of them we
consider the set of incoming arcs A%, = {I; : i € 7"} and the set of the outgoing
ones AV, ={l;:i € O"}; let MV =T"UO".

In this paper, a path in the graph is a sequence of arcs, two by two adjacent,
without taking into account orientations. Moreover, we call acyclic a graph which
does not contains cycles, i.e. for each couple of nodes there exists a unique path
connecting them, whose arcs are covered only one time.

Each arc I; is considered as a one dimensional interval (0,L;). A function f
defined on A is a m-tuple of functions f;, i € M, each one defined on I;. The
expression f;(N,) means f;(0) if N, is the starting point of the arc I; and f;(L;) if
N, is the endpoint, and similarly for f(e;).

We set LP(A) :={f: fi € LP(I;)}, H*(A) :={f: fi € H*(I;)} and

111y = D W illp 5 1Flloo == max || filloo , |/l == > A fille-
ieM ieM

We consider the evolution of the following problem on the graph G

uit + )\ivix = 0 5

(21) Vit + )"Luzm = Uﬂ/hx - ﬂivi ) t Z 07 HARS Ii7 1 S M7

iy = Divigy + aiui — bih;
where a; > 0, \; b;, D;, B; > 0, complemented with the initial conditions
(2.2) (uOi,UOi) S (HI(IZ‘))Q , Yo € HQ(IZ-) , forie M.

In order to set boundary and transmission conditions, we introduce the following
parameters:

V=1 1ifieI’, 8 =—1ific O, veEN,

o { 1 if the arc I;(;) is incoming ine; ,  j € J,
5= —1 if the arc I;(;) is outgoing from e; , j € J,
where we used the notation introduced at the beginning of this section for the
external arcs. Moreover we write f(e;) in place of f;(;)(e;), since no ambiguity
arises.
The boundary conditions for v, at each outer point e;, are

(2.3) niXigyv(ej,t) = W;(t) € wW210,T), foreachT >0, j€J,

while for 1) we set the Robin boundary conditions
(2.4)
0 Dijy¥a(ej, t) + djib(ej, t) = P;(t) € H*(0,T) , d; >0, foreach T >0, j € J.

In addition, at each internal node N, we impose the following transmission
conditions for the unknown v

5:Dlwzx(Nl/at) = Z O‘;jj(w](NV7t) _wl(NVat)) s 1€ MV ; t> O,
(25) jEM"

af; >0, af; =af; foralli,j € M,

and the following ones for the unknowns v and

=0 ANy t) = > 0l (uj(Ny,t) — ui(Ny, 1) i€ MY, £>0,
(2.6) jem

o5 > 0,07, =0% foralli,jeM”.
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Motivations for the above constraints on the coefficients in the transmission
conditions can be found in [11] . These kind of transmission conditions, known as
Kedem-Katchalsky permeability conditions, were introduced in [12] in a parabolic
model for the description of passive transport through biological membranes and
are used in models where discontinuities for the solutions at the internal nodes are
expected [20],[21].

Finally, we impose the following compatibility conditions

niXigyvole;) = Wi(0) , n;Digjyvhoz(ej) + djtho(e;) = P (0), j€ T,

(2.7) 67 Dithoin(Ny) = XM: i (Yo (Nv) — 1oi(Ny)), ie MY, veEN,
jeM>

75%’)\,’@01‘(]\/},) = Z O'qyj (Ugj(Nl,) — UOi(NV))v 1 E MV, S N
jEMV

First we are going to prove that the problem (2.1)-(2.7) has a unique local solu-
tion

u, v € C([OvT]§H1<A)) n Cl([OaT];L2(~A)) )

v € C([0,T); H*(A)) n CH([0,T); L*(A) " H' ((0,T); H' (A))

for some T' > 0.

On the other hand, the proofs of the existence of global solutions and of the
existence of stationary solutions on acyclic graphs, carried out in the last sections,
require the following further conditions on the transmission coefficients,

(2.8)
for all v € N, there exists k € M" such that ¢}, # 0 for all i € M”,i £k ,

in addition to suitable smallness and smoothness assumptions on the data.

We conclude this section by deriving some identities from the transmission con-
ditions (2.5) and (2.6), which will be useful in the next sections.

First, the assumptions on ¢7; in (2.6) and on ; in (2.5) allow to write

(2.9) Z Z 8 Niwi(Ny, t)v; (N, t Z Z (uj (Ny, t) — (N, 1))?

veN ie MV veN i,jeM¥
(2.10)
Z Z 6U zd’u Nwt)wz Nwt Z Z t) _q/ji(Nwt))2-
veN ie MY veN i,jeM¥

Finally we remark that the transmission conditions (2.5) imply the conservation
of the flux at each inner node N,, for all ¢t > 0,

(2.11) > Divyiy(Ny,t) = > Dithi, (N, 1),
1€V ieOQv

and the conditions (2.6) ensure the conservation of the flux of the density of cells
at each inner node N, , for t > 0,

(2.12) > ANy, t) = > Awi(N, 1)
i€V ieQv

which corresponds to the following condition for the evolution in time of the total

Z/ulmtdx—Z/uol dx—Z/W

iEM iEM JjET
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3. Local solutions

In order to prove the existence and the uniqueness of a local solution to problem
(2.1)-(2.7) we need to introduce the auxiliary functions V(z,t) and ®(z,t), defined
on the network as follows

Vi(z,t), ®i(z,t) =0 if I; is an internal arc,
W (t 1—mn; .
’OJ)\l(j)Vl(]) (1'7t) = j( ) n;x + 7,’,]][/1(]) for all S J,
Li 2
Pi(t i—1 .
0D Piy)(w,t) = LJQ( )x(x — L) <x + mzLi(j)) for all j € 7,
i)

where 7); is defined in the previous section.
Let the triple (u,v,) be a solution to (2.1)-(2.7) and let

(3.1) wi=v-—Y, p=19p—>;
then the triple (u,w, ¢) satisfies the following system

Uiy + AWip = —AVig
(3:2) Wit + Aitliy = Ui(Pig + Piy) — Biwi — Vig — BiVi
Giy = DiGigy + aitti — bidi — Py + DiPiyy — bi®;
forx € I;, i € M, t > 0, with the initial conditions
(3.3) (ui(,0), wi(z,0), ¢i(x,0)) = (uwio(z), wio(z), dio(x)) ,

where w;o(z) := vip(z) — Vi(z,0), ¢io(x) := i0(x) — ®;(x,0); moreover, it easy to
check that the triple (u, w, ¢) satifies the homogeneous boundary conditions

(3.4) njNigyw(ej, t) =0, t>0, j€J,

(3.5) 05 Di) b= (€5, ) +djplejt) =0, d; >0, t>0, j€T,
and the transmission conditions at each inner node IV,

(36) 5:D'L¢zx(Nwt) = Z a'lijj((bj(Nuvt) - ¢1(Nuvt)) ) 1 S MV ) t > O )
jeEMY

(3.7) = Nwi(Ny,t) = Y ol (ui(Nyyt) —wi( N, 1) , i€ MY, £>0.
jEMY
We are going to prove the existence and uniqueness result for local solutions
to problem (2.1)-(2.7); it will be a consequence of the proof of the existence and

uniqueness result for problem (3.2)-(3.7).
We consider the unbounded operator A; : D(A;) — (L?(A))%:

U= (u,w) € (H(A))?: niXigyw(e;) =0, j €T,
D(A;) =

=6 Niwi(N,) = > o (ui(N,) —ui(N,)) , i€ MY, veN [
JjEMY

AU = {(—XNiWiz, —Aitliz) Fiem ;
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moreover we introduce the unbounded operator Ay : D(Ag) — L?(A),
(3.8)
¢ € H*(A) : 0jDy(jydz(e;) +djdle;) =0, j €T,

D(A2> - 5;’Dz¢1x(ND) = Z Oé;/j(ng(Nu)fﬁbz(Nv)) ) iEMV7 VEN ,

jeEMY

A2¢p ={Didizz — bii}iem -
Proposition 3.1. A; and A, are m-dissipative operators.

Proof. The proof for the operator A; can be achieved as in [11] (see the proof of
Proposition 4.2), taking into account that, if (u,w) € D(A4;), then

S (N )wi(N,) >0, veN,
veN ieMv

since an equality as (2.9) holds (with no dependence on time).
For the operator As we similarly notice that the transmission conditions in the
definition of D(As) imply that, for ¢ € D(Az),

(3'9) Z Z 6U z¢zx (bz( )_Oa VENa
veN ie MY

since an equality as (2.10) holds (with no dependence on time); moreover, thanks
to the boundary conditions (3.6), it is easy to prove that

(A2¢ ¢ Z / z(bquz;m; - 2(252) dr < 0,

ieM

so that Ay reveals to be a dissipative operator [4]. In order to prove that the
operator is m-dissipative, we introduce the bilinear form a(¢, x) : (H'(A))*> — R

Z / Digixi, + (1 +b; )¢1X1) dz

ieEM
- Z Z z] ¢j ¢z( + Z d]¢ eg ;
veN i,jeMV JjeT

the form is continuous and coercive, hence, by the Lax-Milgram theorem, we know
that, for each ¢ € L?(A), there exists a unique ¢ € H'(A) such that, for all
x € H(A) it holds a(¢,x) = Z @ixi dz; taking x; € H(I;) for all i € M,
iem L
we obtain that ¢;, € H'(I;), then taking x; € C§°(I;), as in [11], we prove the
equality
—Didipr + (1+b))ps =¢; ae xe€l;, foralieM;

finally, thanks to suitable choices of x;(V,), x(e;), we obtain that ¢ satisfies the
right boundary and transmission conditions to belong to D(As). O

Thanks to the above proposition we conclude that the operator A; is the genera-
tor of a contraction semigroup 7; in (L?(.A))? while the operator A, is the generator
of a contraction semigroup 75 in L?(A).

We notice that

. ; N < ; >
(3.10) max [@4(0)cary < Comax[Py(0)] . 120,

where Cg is a constant depending on the parameters D; and L;, and

(3.11) sup || @5, (t)[l2 < Co max [|P; 2(0,1) »

)
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where Cy is a constant depending on D;, L;, the number of external nodes and the
Sobolev constant of (0, 7).

Lemma 3.1. Let T > 0 and let (u,w, ), (@, W, @) be two solutions to the problem
(3.2)-(3.7) such that ¢, ¢ € C([O,T],HQ( ))NCH([0,T]; L*(A)) and (u,w), (u,W) €
C([0,T]; (H'(A))*) N CH([0,T]; (L*(A))?). Then (u,w,¢) = (@, W,9).

Proof. Using the first and the second equation in (3.2), holding for (u,w,¢) and
(w,w, ¢), we obtain, for ¢ € [0, 77,

(3.12)

5 (it~ w013 + 1) w01 + 61 [ osls) — (5 s

ieM

+>Y / 8 Xi(ui(Ny, ) — (@i (N, 8))(ws (N, s) — Wi (N, s))ds

veN ie M¥

_ Z/ / o (2, 9) (i (2, 8) — Tis(w, 8)) (i (2, 8) — W (x, 8))dar ds

iceM

+ Z/ / wi (1, 8)Pix(z,8) — Ui, 8) P, (2, 8)) (wi(z, 8) — W;(z, 5))dxds.

ieM

The last term on the left hand side is non negative, since u —u and w —w satisfy the
conditions (3.7) so that an analogous identity to (2.9) holds. Then (3.12) implies
the inequality

lu(t) =a(®)3 + w(t) —@(®)]3 + /Ilw s)|[3ds

t
<o / (62(5) — Ba ()12 + l[uls) — u(s)[3) ds
for ¢ € [0,T], where ¢; depends on sup [[u(t)]lz:, sup 1B (t) a2, max 1P| 1= 0.7)
[0,7] [0,7] ieJ

and on the parameters L;, \;, B; (see(3.10)).
Next, since ¢ — ¢ satisfies the boundary conditions (3.5) and the transmission
conditions (3.6), then the following equalities hold, for j € J and v € N,

anDi(j)(¢m(ejat) 7am(€jvt))(¢(ejv ) 5(617 )) 07

JjET
S S G D6, (Nut) = B, (Nos ) (03(Nost) = 3,(N,, ) <0
veN ieM¥
then, using the third equation in (3.2), we easily obtain
t
||¢(t)—¢(t)|\§+/0 (l(s) = B(s)113 + 62 (5) — b, (5)]13) ds < 62/ [u(s)—a(s)|3ds ,
where the constant cy depends on the parameters a;, b;, D;.
Then the result follows by Gronwall Lemma. O

In order to prove the local existence theorem we need some preliminary results.
Let f € C([0, T]; H*(A)NH'((0,T); H'(A)) and g = (g1, g2) € C([0,T]; (H' (A))*)N
CH([0,T]; (L*(A))?), we set

(3.13) Frg(t) = {0, (fip(t) + Pix(t)) 91:(t) — Big2i(t)) icm-
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Lemma 3.2. Let T, K > 0. Let g,g € C([0,T]; (H'(A))*) N C'([0,T]; (L*(A))?),
£, fec(0,T]; H*(A) N H'((0,T); H'(A)) and

T
sup [I£(B)llm2 + ( / ||f;<t>||§dt>
[0,T] 0

Then there exist two positive constants LT¥ LTX  depending on K and T , such
that

sup || Frg ()= Frg (1)l z2)2 < LT sup [g(8)=g(t) | z2y2+5up g1 (#)loo sup | fo ()= Fr(®)]l2 ,
[0,77] [0,T] [0,7] [0,7]

1
2

_ T _,
> sup [[f(O)][ 2 + (/ IIfE(t)Ilgdt> <K.
(0,7 0

1
2

1 and
(3.14)

T
/0 |F}y(t) = B (8) | coypdt < VTLEX (;u;} l9()) = 3@l + VTg'(6) — g'<t>||@2>z>

2

T
+VT sup [[g1 (1) oo (/ I1£2(t) f;(t)||§dt> + T sup [|75 (t)|2 sup || fo(t) — Fo(t) ]| -
] 0 (0,77

[0,T [0,T7]

Proof. We have

sup [ Frg(t) — Fps(t)ll(12)2 < (Sup [/ (@) ]loo + sup ||‘I’z(t)|oo> sup [[g1(t) — g1 (1) ]2
[0,7] [0,7] [0,7] [0,7]

+B sup [lg2(t) = Ga(t) |2 + sup [[91 (1) l|oo sup [ fa(t) = fo(B)ll2
[0,7] [0,7] [0,7]

> where 3 := max{; }ica; then the first inequality in the claim follows with

(3.15) L™ = esK + Cosup [P = o) + B,
JjE

1
2 2

As regard to the second inequality we have
T
JRIACER AT
2

T T
/0 ||F;g<t>—F;g<t>|<L2>zs</o ||gl<t>—g1<t>iodt>
T % T — 9 — _
+</ ||gl<t>||ocdt> (/ IIfx(t)—fw(t)IIth> + T 9h(6) = T4(0)]

3 where ¢g depends on Sobolev constants and Cg is the constant in (3.10).
0

+T (sup [f2(®)llo + sup II%(t)IIoo) sup [lg1(t) — 1 (8) |2+
[0,7] [0,7] [0,T7]

+T sup [[71(t) |2 sup [ £z (t) — f..(t)llo
[0,T] [0,T)

< VTers (K + Comas [Py o)) sup g(0) = 00y
T

)

+T(c2s (K + Cp max | Ps || aro,m)) + B) sup [|g'(t) = G (8) | (z2)>
jeT [0,7]

1
2

T
+VT sup |9, (t)lloo (/ £z (2) —f;(ﬂ%) +T sup |7 ()2 sup || fz(t) = 2 (1) [l oo
[0,T] 0 [0,7] [0,T]
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where Cp and Cp are the constants in (3.10) and (3.11) and ¢, cos depend on
Sobolev constants; then, setting
LTK = (c15 + c25) (K + (Co + Cy) max 1Pl 20,1)) + B,
we obtain the second inequality. O

Theorem 3.1. (Local existence) There exists T > 0 such that problem (2.1)-(2.7)
has a unique local solution (u,v,v),

(u,v) € C([0,T]; (H'(A))*) N CH([0, T, (L*(A))?),

W € C([0,T]; H?(A)) N CH([0, T, L2(A)) VH((0,T); H' (A)) -

Proof. We set @ := maxa;, b := min b;, b := maxb; and D := min D;.
ieM ieM ieEM ieEM
We consider the problem (3.2)-(3.7) and we set Up := (up, wp) and

Zi(t) = (Z1i(t), Z2i(1))) := (= AiViz, —Vir — BiVi)
Zgz(t) = _(I)it + D?‘bzzx — bz‘bz

We fix T > 0 it is readily seen that there exists a constant C'y depending on D;, L;,
such that

(3.16) 125(®)ll2 < Co max (1P ()] + [P5(®)]) » ¢ €[0,T],
(3.17) HZ3||H1((0,T);L2(A)) <Cs Ijnefﬂgi ||Pj||H2(o,T)v

and there exists a constant Cy,, dependind on A;, L;, such that

(318) 120 < Cv max (W0 + W0, te0.7],
(319) ”Z”lel((O,T);(LZ(.A))z) <Cy rjnea}(HWj”W?ul(O,T) :

Now we introduce the following quantities, M, K;, K2, K, depending on the
boundary and initial data and on T,

3 2 2 (14 60l + Camax Pl o)+ 3) IWhllpcay

+Cy (mae (DY, 001+ VL) + max Wl ) )
where Cy is the constant in (3.10),
K1 = ||¢ollp(ay) + 2alluoll2 + 3TaM

+2Cs (e (PO + PLO)) + VT mag 1Py o )

1

Ky = —
2= 3p

2
(I90llpcas)+ ol + Co s (175011 + [P3(00) )

1

=2 2 27 2
+3p (ComaxlIPs o + Ta2A?).

1+b
K2(1+;)K1+\/E2.
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Let L?K , L?K be the constants in Lemma 3.2 and let T < T. Let consider the
set

(3.20)
U = (u,w) € (C([0,T]; (H'(A)*) N C'([0,T]; (L*(A))?) ,
¢ € C([0,T]; H*(A)) N C([0, T]; L*(A)) N H'((0,T); H'(A)) -
U(0) = (uo,wo), ¢(0) = oo ,
sup [|U(t)|[(z2)> , sup ||u/(t)||(L2)2 <M,
[0,T] [0,7]
Byk = ;

sup | AUt (1292 < (1 + LTE)M
[0,T7]

+0vmas (IW; <o) + IV e o))

1 +B T / 2
sup] lo@ = < ( 1+ —~ ) Ku, oL(E))12 dt < Ko
= 0

0,7

we equip Bjsx with the metric generated by the norms of the involved spaces,
obtaining a complete metric space .

We define a map G on By in the following way: given (U!, ¢7) = (uf,w!, ¢!) €
Bk , then (U, ¢) = GUT, ¢T) is such that ¢ is the solution to

¢ € C([0,T): D(A2)) N C*([0,TT; L*(A))
(3.21) @' (t) = Agp(t) +aul(t) + Z3(t) , t€[0,T],

#(0) = ¢o € D(A2) ,
where au?(t) := {a;ul (t)}iem, and U is the solution to

U € C([0,T]; D(A1)) N CH([0,TT; (L*(A))?)
(3.22) U'(t) = AUt) + Fyur(t)+ Z(t) , te[0,T],

U(0) = (ug, wo) € D(A1) ,

where we used the notation (3.13).

First we prove that G is well defined and G(Byx) € Bax. Since Ul €
C([0,T); (H(A))?) n C'([0,T); (L*(A))?) and Z3 € H*((0,T); L?(A)) we can use
the theory for nonhomogeneous problems in [4] and we infer the existence and
uniqueness of a solution ¢ to problem (3.21) given by

o) = Tat)oo + | Tolt = s)(au (s) + Za()ds
see[4]. If we set
F(t) ::/0 Ta(t — 8)(au1(s) + Z3(s)) ds

the assumption on u! and Z3 imply that F € C1([0,T]; L?(A)) N C([0,T]; D(A2)),
Ao F(t) = F'(t) — aul (t) — Z5(t) for all t € [0,T] (see [4]) and

F(t) = /0 To(t = s)(au''(s) + Z4(s)) ds + T5(t) (au’ (0) + Z5(0)) -
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Then we have
() p(as) < Pollpeas) + IF(E)ll2 + [A2(F(@)]]2

< lI¢oll p(as) +allu’ (t) = Ta(t)u’ (0)l2 + [1Z5(t) — Ta(t) Z5(0) 2

' =1, 1 _ 1’ ,
(3.23) +/0 (aHu ()2 + 1Z5(s)|l2 +all(u’ (s)]l2 + H23(8)||2> ds

i
< ll¢ollp(as) +aT (2 sup [[u’(s)]2 + sup ||uI(s)||2>
[0,7] [0,T]

+2al[u(0) |2 + 21 Z3(0) |2 + 2[| Zs[lw1(0.1):L2()) < K1

whence, using (3.16) and (3.17), the first inequality for ¢ in By follows.
Moreover, let 0 < t; < to < T and let AMf(t) := f(t + h) — f(t); using the
equation in (3.21) we can write

/ / Ahd) A bi — i(Ahébi)mAh(ﬁi) dxdt =

ta
/ / (a; A" uf A" gy — by (AMg;)? + AP Z3; AP g,) dadt ;
t1 I;

then we have

Z (/Iiwder/j/ziDi(Ah@f)Q dxdt)

ieEM

<Y / 51 Di( A" 61, ) (AR i) (N, )t

veN ieM¥
(3.24)

+Z/ 13 Di5) (A", (") (e;, )t

Jj€ET

+Z/ Ah@ Arit)”,, Z/ / < (a8 ;) (AhZBZ) >dxdt.

ieM

Since the first and the second terms on the right hand side are non positive and
ul, ¢ € C1([0,T]; L%(A)) and Z3 € H'(0,T); L?(A)), the above inequality implies
that ¢ € H((0,T); H'(A)); moreover, for h — 0 and then t; — 0, to — T', we have

1 _ 2
> [ | Doz vt < 5 (ollpcas + ol + 12:0)])

ieEM

1
2b (Ta [bOUP [ ( 15 + ||Z3||?{1((O,T);L2(,A))> )

so that ¢ satisfies the last condition in (3.20).

Now we consider the problem (3.22) and we set F(t) := Fyr(t) . We know that
Z € WhH((0,T); (L*(A))?) and, from Lemma 3.2, F € W11((0,7); (L?(A))?), then
there exists a unique solution I/ € given by

(3.25) Ut) = T (U + /0 t Tit — 8)(F(s) + Z(s))ds
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see [4]; moreover, using Lemma 3.2, choosing 7' small such that 7' < (2LTE) =1 (see
(3.15)) and using (3.19) and the condition on M, we obtain the following inequality

t
0wy < lolasys + [ 1P+ Z(3)yeds
< |[Uoll(z2)> +TLT™ sup 1 @)l z2y2 + 121l 0,7)02)2) < M 5
then we can argue as we did beléore for ¢, using [4] and (3.14), to obtain
(3.26) t
4 @) a2 < WAitollaye + 1FO) + 2Oz + [ 1F(5)+ Z/(9meds

< [[Ailhollz2y2 + ([62(0)lloo + |22 (0)lloc + B)[Uoll (£2)2 + [ Z(0) | (£2)2

+VTLyX ({SOUZ% " (@)]| ¢rrryz + ﬁ[?)u% lee” (t)||(L2)2) + 1 Z w01y 22)2)

where L1¥ is given at the end of the proof of Lemma 3.2; setting )\ := m}a Ai, using
1€
(3.10), (3.18), (3.19)and the condition on the quantity M, the previous inequality
implies
M

oup U @)l sa: <

[0.T
Cy max (|[Wjllp=(o,r) + [WjllL=01))
jeT
A )

1+ LTK
+VTLIK <1+>\+\FT>M+

so that, choosing T sufficiently small, we have

sup ||Z/l/(t)||(L2)2 S M.
(0,77

Finally, using Lemma 3.2 and (3.18)
sup ||A1U(t)H(L2)2 < sup ||Ul(t)||(L2)2 + sup ||F(t) + Z(t)H(LZ)?
(0,77 (0,17 (0,77

< (14 LM + Cymax (IWj =0,y + Wyl o) -

The above computations show that (U,¢) = G(U!,¢') € Byk if T is small
enough.

Now we are going to prove that G is a contraction mapping on B, for small
values of T
Let

W' ¢") = (' w' o), @'.&) =@ 0" 6") € B ,
W.¢)=GWU'¢"), U.9)=cU"3)
F(t) = Fsppr(t) , P() = Fagar (1)
Then, arguing as in (3.23) and in (3.24), we have

— _ ’ —I’ —I
sup [|¢(t)=¢(t)[| pa,) < Ta <2 sup [UT (1) = U ()| (z2)2 + sup [|U' (t) - U (t)|(L2)2) ;
(0,7 (0,7 (0,7

1 / — 112 T - 2 Ta? I 2
ssup [[¢'(t) =o' () |2+D | (¢ae(t) = e (D) |3dt < — = sup U () ~U" (£)|[{p2)e -
2 0,1) 0 2b fo,1]
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Then, using (3.25) and Lemma 3.2, we obtain the inequality

sup (1) — U(D)]| 12y < sup
[0,77 [0,77]

/0 Ti(t —s)(F(s) — F(s)) ds

(L2)?
—I —7 _
<TL{" sup 2 (8) = U ()| (L2y2 + Tes|U (1)l 2 sup [6,(t) = ¢ (t)ll2

where cg is a Sobolev constant; moreover, arguing as in (3.26) and using (3.14)

T
— —
oup /(1) = (D) < / |F/(8) = F ()| 12y2lt

< VTLIRNW —uU!||c oz + VTes U ()l e llée — Sulla (0m)iL2)
—I —I' —
. (L%Ku Ul ooz + s [T )y ||¢—¢||c<[o7T];Hz>) .

Finally, for t < T,
1AL U() = A @) 222 < U (1) =T (D) 12y2 + | F (1) = F @)l 22

— —I’/
< (&) U () r2y + LTETIA — U oo ry22y2)

tes|T (Ol [ 6o () — G (®)]]o-

The function HI belongs to Bk, so it is possible choosing T sufficiently small,

1

2 depending on the data and on the parameters of the problem, to make G a con-
3 traction mapping in Bysx and its unique fixed point in B is the local solution
4 to problem (3.2)-(3.7). The existence and uniqueness of local solutions for problem
5 (2.1)-(2.7) follow from Lemma 3.1 and from (3.1). O
6 4. A priori estimates

7 In this section we assume the condition (2.8) . Moreover, we assume that there

s exists a stationary solution to problem (2.1),( 2.5), (2.6), (U(x),V(x),¥(z)) €
o (HY(A))? x H%(A), verifying the boundary conditions

(4.1) nj)\i(j)v(ej) = Wj njDi(j)\I/'(ej) + dj\I/(ej) = Pj Jje J;
10 we notice that, integrating the first equation in (2.1) and using the conservation of
11 the flux (2.12) at each inner node, it turns out to be necessary that Z W; =0 .

je€T
12 We set

(4.2) s = ZEZ/:VI /I U;(z)dz .

Let (u(z,t),v(z,t),1(x,t)) be the local solution in Theorem 3.1 to problem (2.1)-
(2.7) corresponding to initial data (U (z),vo(z), ¥y (z)) and boundary data W(t),

P(t); let 71(0) := Z Up(z)dxr be the initial mass so that, integrating the
iem Vi

first equation in (2.1) and using (2.12), we have the following expression for the

evolution of the mass

i(t) = Y [ eyt =(0) -

ieM

> /Oth(s)ds .

jeT
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Due to the assumption of existence of the stationary solution (U(x),V(z), ¥(z)),
the triple

(’U,(J}, t)a U(.’I?, t)7 1/)(1;7 t)) = (ﬂ(l‘, t) - U($),ﬁ(l‘, t) - V(.’E),E(.’L‘, t) - \I/(J}))
is the local solution of the following problem
(4.3)
Uip + AiVip = 0,
Vig + Niliy = uithiy, — Bivi +wi W +Usthy, , € [0,T], € 1l;, i€ M,
iy = Dithiyy + aju; — ity

wi(x,0) = ugi(x) := Toi(z) — Ui(x), vi(x,0) = vgi(x) := oi(x) — Vi(z),

Yi(, ) oi(x )-: wol‘(m)_‘yi(@ ; zel,,ieM
niXigyv(es, t) = Wi(t) = W;(t) = Wy , tel0,T], jeT,
njDi(j ’gbw(ej,t) +dj’(/J(€j,t) = Pj(t) sz ( ) P] R te [O,T] , J € J

complemented with the transmission conditions (2.6) and (2.5). We set

(4.4) = [ e tde =) - ..

ieEM

We are going to prove some a priori estimates for the solution to the above problem,
assuming suitable conditions on the data. If the stationary solution and the data
in (4.3) are small in some suitable norms, then these estimates provide a global
existence result for problem (4.3). In this way, after the proof of the real existence
of stationary solutions in the next section, the results in the following propositions
will be the tools to prove the existence of global solutions to problem (2.1)-(2.7).
To this aim we assume some conditions on the functions W;(t) = W;(t) — W;,
P =P;(t) — P; and p(t) = f(t) — ps; precisely, we assume that the data wg, W;,
Pj, W, and P;, and U(x) are such that

(4.5) W; € W2H(0,+00)) , forallje J,
(4.6) P; € H((0,+00)) N H?*((0,T)) forall T >0, foralljeJ,

(4.7) p € L*((0, +00)) .

The a priori estimates we are going to obtain are the tools to prove the uniform
(in time) boundedness of some norms of (u,v,t) when the data are small. Similar
results are proved in [11] in the case of homogeneous boundary conditions, when
% does not change with i, and some of the proofs have minor differences from the
ones in that paper. However, here we prove the result in Proposition 4.1, where
||i (-, t)]|co is estimated by a linear combination of |u(t)], ||wiz (-, t)||1 and ||vi(o,t)||oc,
i € M; the use of this result, which is necessary in treating the boundary terms in
some steps in the proofs of the following propositions, is based on condition (4.7)
and allows to discard the condition that §* is constant for i € M, assumed in [11].

First we remark that the assumption (2 8) implies that the condition (2.6) can
be rewritten as follows

(48)  wj(Ny,t) = uk, (N, t) + Y A0i(Ny, ) forallje MY, veN ,
ieEMV
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where ~;; are suitable coefficients depending on o7} (see the proof of Lemma 5.9 in
[11]).
Proposition 4.1. Let (2.8) hold; let u,v € C([0,T]; L?(A)) N C*([0,T]; H'(A))
satisfying the conditions (2.6), let p(t) := Z ui(z,t)dz and v := max{|y};|};
iem VT
then, forallie M, 0<t<T,
-1

i Olloe < | D2 Li | 11 +2 > llugu( O)ll + 391w (5 8)loo)
JEM JEM

Proof. We consider two consecutive nodes, N, and Ny, and let I; be the arc linking
them. For all x € I}, ¢t € [0,T]

ul(xvt) = ul(Nz/a t) +/ ug, (y7t)dy = ul(Nh?t) +/ ug, (y7t)dy

Np

(by N, we mean 0 if N, is the starting node of I; and we mean L; otherwise).
Let k., kp the indexes corresponding respectively to the nodes IV, and Nj in
condition (2.8); then, using (4.8), we can write for all ¢ € [0, 7],

Z fYJlrUj Nuat / ug, (yvt)dy

JEMY

= g, (Niyt) + Y jv; (N, t) / ur, (y, t)dy ;
h

jeMh Np,
then

N,
(Ny,t) 7ukh Nha Z levj Nllvt Z ’YJZU] Nha / lv(y7t)dy
jeEM> jeEMM

Since each node of the network is connected with the node Ny, the above relation
implies that, for all p € N/, we can express the value of u, (Np, t) in the following
way

(49) Uk, (Npat) = Uk, (N17t) +Fp(t) ’

where k, and k; are the indexes in condition (2.8) corresponding respectively to
N, and N, and I',(¢) is a quantity which can be estimated as follows

(4.10) 01 < 3 @0 oo + s, D) -

JEM
Arguing as in the previous computations, thanks to conditions (4.8) and (4.9), for
each p € N and each i € MP we can write, for all z € I; and t € [0,T],

(411)  wila,t) = e (N, ) +Tp(0) + Y 50 (N, 1) +/ iy (y, t)dy
jEMP N,
which implies, for all i € MP,

[ wtatide = Li | g, (341, + 3 Wt |+ [ [ tdyds
1. JN,

Ii jEMP

Letting p vary in A/, we can obtain an expression as the above one for each i € M,
so that, after summing for ¢ € M and using (4.10), we get

(Z L> |, (N1, )] < [p(B)] + <Z L) > Gylloi®)lloo + 2lluia(®)1) -

ieEM ieM ieM
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Using the above inequality and (4.10) in (4.11) we obtain the claim. O

In the following we use cg to denote positive quantities depending on Sobolev
constants.

Proposition 4.2. Let (2.8) hold and let (u,v,v) be the local solution to (4.3)-
(4.7),(2.5)- (2.7); then

T
> (Sup [lui (#)]]3 + sup ||vi(t)||§+2ﬁi/ ||vi(t)||§dt>
] (0,77 0

ieEM

)

< Jluol|3 + llvoll3 + 2¢s Z SOUP [[wigiy @Oz W5 L1 0,4-00)
jeg 0

T
+2Nmm£(wmw&wmw@w

iEM

“+o0o T
+er (Z II\I”iIIoo> (/O Iu(t)\2dt+/o (qu(t)||§+IIv(t)II?p)dt>

ieM

T
bes 3 sup fuallm [ (s O + s (0I3)
rem [0.7] 0

where ¢1 is a suitable constant. depending on Sobolev constants, on the parameters
L; (i € M) and on the quantity v in Proposition 4.1.

Proof. We multiply the first equation in (4.3) by u;, the second one by v; and we
sum them; after summing up for ¢ € M, we obtain the claim, taking into account
that from Proposition 4.1 we have, for each i € M,

T T
/ /%ﬁ@JMHuSc/'umwﬁ+n%uma+mum%dﬁ
0 I; 0

where ¢ is a suitable constant depending on L; (j € M), v and Sobolev constants,

and that condition (2.9) holds, so that the sum of the terms at nodes is non positive.
O

Proposition 4.3. Let (u,v,1)) be the local solution to (4.3)-(4.7),(2.5)-(2.7); then

T
> (Sup H%(f)H%Jr[Squp] IIvit(t)H§+25i/0 ||vu(t)||3dt>

ieM

)

< Jooall3 + [[oe (O3 +2e5 D W] ll1(0,+00) sup [y (8) |
ieg ’

+2cg Z Wil Lo (0,400) SUD l[wscsy (8] 1 4 IVE(0) [[|i 5 (0) || 2
jeT [0,T]

> <Cs sip lus ()] 0 + IUioo> /O (it (N3 + llvs(D3) dt

ieEM

)

)

T
+Y <Cs sup [[Pie (¢) |1 + | Willo ) /0 (s (D113 + lvie (0)]3) dt -

ieM
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1 Proof. We set A"f(z,t) = f(x,t + h) — f(x,t); using the first two equations in
2 (4.3),for 0 <6 <7< T and |h| <min{d, T — 7}, we obtain

h h T
/ / < (Au (A vi)” > dmdt+/ /)\i (AMv,AM,) | dadt
t 6 JI;

/ / (uithiy) + WA u; + U; A ) Aoy — B (A"0;)?) dadt .

(4.12)

Using condition (2.9) and the boundary conditions we can write

Z// (A, (2, t) APy (2, 1)) dxdt>Z/ Alu(e;, ) AMW;(t)dt

ieM JjeTJ

=hy_ / AMW;(T)u(e;, T + 0h) — AMW;(8)u(e;, 8 + Oh))do
JjeT

th/ / AW (tyu(e;, t + OR)dtdo

JjeT
3 so that, after dividing the equalities (4.12) by h?, summming them for i € M and
4 letting first A and then § go to zero, we obtain the claim. O

Proposition 4.4. Let (u,v,1)) be the local solution to (4.3)-(4.7),(2.5)-(2.7); then

> supA luiz ()13 < Z (bup lvie()113 + 67 sup ||vi(t)||§>

z€./\/l ZGM

)

+ Y (es sup l[wi ()] + [Uilloo) (Fuz% i (8113 + sup 145, (ﬂll%)

ieEM
+ > %o sup [AG]
ieEM (0,77

5 Proof. We multiply the second equation in (4.3) by u;,, we integrate over I; and
6 we sum for ¢ € M; using the Cauchy-Schwartz inequality we obtain the claim. [

Proposition 4.5. Let (2.8) hold and let (u,v,v) be the local solution to (4.3)-
(4.7),(2.5)-(2.7); then

ZA/ o O3t < 32 2 / (lo(®) 13 + B2los(DI2) dt

ieM ze/\/l

+ > (s sup [lui(®)| s + HUiHoo)/O (lluie (03 + i (B)113) dt

iem 10T
T
+c2 l;; [ (/ | (t)|2dt+/0 (lusa (@115 + ||Ui(t)||§11)dt>

7 where co is a constant depending on Sobolev constants, on L; (i € M) and on vy .

8 Proof. We multiply the second equation (4.3) by u;,, we integrate over I; x (0,T")
9 and we sum for i € M; using the Cauchy-Schwartz inequality and Proposition 4.1,
10 we obtain the claim. O
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Proposition 4.6. Let (u,v,1)) be the local solution to (4.3)-(4.7),(2.5)-(2.7); then

> A2/ lvia (0113 dt < e (lvoll3 + lluollF (1 + IollZ + 1115) + U1 [1voa13)

iceM

+es ) | IV (0)] iy (O)lan + Wyl oe (0, +00) SUP i) ()] a1
jeq [0,77]

T
tes Y Il 0.400) sup iy (Ol +ea Y ({Su%)] llvie (£)13 + /0 ||'Uit(t)||gdt>

JjeJ ieEM

+ (Cs sup lwi () + 1| ||c>o>/0 (o113 + i (B)113) it

ieEM

)

T
o5 ) ({Sujl?] i (D)l 0 + (5 ||oo> /0 lvi ()17 dt

ieEM
where cs, cq,C5 are positive constants depending on /\i,ﬁi,afj (i,j e M, veN),
and on Sobolev constants.

Proof. Using the same notations as in the proof of Proposition 4.3, by the second
equation in (4.3) we obtain, for 0 < § <7 < T, |h| < min{d,T — 7},

/ / ((’UiAh’Ui)t — UitAh’Ui - )\ivahui + N\ (lehul)z) dx dt
5 I;

/ / v; (A" (ugaps, ) + AU + U; A, — BiA";) da dt

Using (2.6) (as in (2.9)) and the boundary conditions in (4.3) , we can write
(4.13)

Z / / -\ ’UZzA u; + BiviA vl) dx dt

ieEM

hZ/ ) AR, (7 )dx—|—vi(5)Ahvi(5 da:—f/ ZWA u(e;)d

jeT

_% /57 Z Z %Vj (uj (V) = ui(N,)) A" (ui(Ny) — ui(N,,)) dt

veN i, jEMV

h Z / / vi Ao + v, (A Mugp;, ) + WA M 4 UiAh’(/JZ‘I))) dx dt .

ieM

In order to treat the terms at the inner nodes, we set H(t) = u;(N,t) — u;(N,t)
and arguing as in [11] we have

1 1
lim i H(t)A"H(t) dtzi(HQ(T)—H2(5)) .

As regard to the terms at the boundary nodes, we argue as in the proof of Propo-
sition 4.3. Then we obtain the claim letting h and then § go to zero and 7 go to T’
n (4.13). O
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Proposition 4.7. Let (u,v,1)) be the local solution to (4.3)-(4.7),(2.5)-(2.7); then

T
> (E)u% \\wit(t)||2+/0 (i (113 + 1 (B)]13) dt)

ieEM

< s ([olZe + lluoll3) +er S / s ()2 dt

1eEM
T
+ (/0 Iw1:<j>tw(t)||§dt>

where cg,c; > 0 depend on D;,b;,a; (i € M) and cg > 0 depends on the same
parameters and Sobolev constants.

1 1
2 2

T
+cg Z P11 2 (0,4-00) (/0 |1/J¢(j)t(t)|§dt>

JjeT

Proof. The boundary conditions in (4.3) imply that

Z 0Dy (ej, t)v(e;, ) ZP P(e;,t), te€[0,T).

JjeT €T

Then, from the third equation in (4.3), arguing as in Proposition 4.3 and using
(2.10) and the boundary conditions in (4.3), we obtain, for 0 < 6 <7 < T,

> ( /I (A" (7)) da + 2 /5 ' /1 (bs(A"p)? + Di(AM;,)?) dxdt)

iceM

<Y ( / (AMp(6))%dx + 2a; / / AhulAthldazdt)+2Z / AP AMp(ej)dt.

ieM JET

Since
/AhP (t) A (e;, t)dt
JjET

<es 3 1AM 120400 ( /6 (1A, D)3 + 1AM, (DIE) dt) ,

JjET

we obtain the claim arguing as in the previous proof. O

Proposition 4.8. Let (u,v,1)) be the local solution to (4.3)-(4.7),(2.5)-(2.7); then

)

D}
3 (5 sup IWias 013 + 2D sup i (1)1
iEM [ [07T]

7 [0,T

2 9 Qaf 9
<y sup [9i, ()7 + = sup [lui (t)[|3
iEM bi bi o)

+2¢s Y sup [[$ig) (O] 1Ps ]l e (0,400);
jeg 0T
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moreover, if (2.8) holds,

> [ (D2 O+ 2D < 3 [ 2 o0

ieEM ieEM

+eg Y / )+ i (013 + [0 0) 1 7r0) dt + 10 Y 1Pill22(0 400 11D 220, 400)

ieM JjET

N[=

T

+eir Y 1Pz 0.400) (/ (=@l F + 103 + [lua ()3 + [0(B)]|70) dt)
jeg 0

1 where ¢y, c19,c11 are positive constants depending on v, L;, a;,b;, D; (i € M) and

2 Sobolev constants.

3 Proof. The first inequality can be achieved multiplying the third equation in (4.3)
4 by %wim, integrating on I;, summing for ¢ € M and using the Cauchy-Schwartz
5 inequality, (2.10) and the boundary conditions in (4.3).

In order to obtain the second inequality, using Proposition 4.1 we obtain

S [ (Bwviton +2pion o) e < 3 [ 2 sup oo

ieEM ieEM
+eg Y / )+ llwio (0113 + loi )1 F1) dt + > 1 (en)llz20m) P51l 20.m)
ieM €T

6 where c¢g depends on v, a;,b;, L; (i € M). The claim follows using the equation
7 satisfied by ¥ and Proposition 4.1 . O

Now we introduce the functional Fr as follows:

F(u,v, ) := sup |lu(t)|[F + sup [o(t)|[F: + sup [[0(t)]1%e
t€[0,T] t€[0,T] t€[0,T]

T
+/0 (a1 + lo@lFn + lve @3 + 1L Oz + D@13 + e (0)13) dt

8 The a priori estimates in the previous propositions allow to prove the following
9 theorem.

Theorem 4.1. Let (2.8) hold. Let (U,V,¥) be a stationary solution to problem
(2.1), (2.5), (2.6), (4.1), (4.2) and let (u,v,) be the solution to problem (4.3)-

(4.7), (2.5)-(2.7). There exists eg > 0 such that, if
1Tlloo + [1¥]|o < €0,

10 then, if the quantities

(4.14)
Z HPJ‘HHl(o,Jroo)a Z ||WJHW2,1(0,+00)7 ||M||L2(o,+oo)7 l[wollzre, lvollzrr s [Ivboll mre
JjET JjeET

are suitably small, then Fr(u,v,®) is bounded uniformly in T ,
u,v € C([0,4+00); H(A)) N C*([0, +00); L2(A)) ,
W € C([0, +00); H*(A)) N CH([0, +00); L*(A)) N H((0, +00); H' (A))
and, for alli e M,

t—lg,-noo ||uz‘(~7t)||c(7,;) tl:I-Eloo ||'Uz‘(~7t)||c(7i) ) tl}ﬂfloo lli (-, )”Cl(ji) =0.
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Proof. Let (u,v,1) be the solution to problem (4.3)-(4.7), (2.5)-(2.7) given in The-
orem 3.1; using the estimates proved in Propositions 4.1-4.8, it is easy to prove the
following inequality

(4.15) F2(u,v,¢) < Co + CoFi(u,v,9) + C3F2(u,v,),

where

Co=co (Iluollip (1+ [0l =) + llvoliFe + lvollz + (19" loo + 1) el Z20,4.00)

+ bup |P; ||L2 0,+00) ||M||L 2(0,+00) T 5% 2% (5111) W HW2 1(0,400) T bUP [P HHl 0 +oo))>

_ )
Ca=ca (W + 11+ 5)

C’3,co,c2 > 0 depend on Sobolev constants, m, 3;, A, b;, a;, D;, L;,v, 0] (i,j € M,

v e N), and § is any positive quantity. -
Let [|[U]|cos ||¥']|c0,d be in such a way that Cy < 1, and let the quantities in
J— —~ \3
(4.14) be small enough to have Cy < %; these choices imply that the function
f(y) = C3y® — (1 — C2)y* + O has a negative minimum in y = 2(17002)
2(1 - Cy)

3C3
that Fr(u,v,) remains uniformly bounded for all T > 0; then the solution is
globally defined.

Moreover the set {u(t),v(t), ¥ (t)}1eo,+00) is uniformly bounded in (H'(A))? x
H?(A); thus, if we call Ey the set of accumulation points of {u(t),v(t),¥(t)}+>s in
(C(A))? x C'(A), then Ej is not empty and E := Ng>oEs # 0. Let 9(z) be such
that, for a sequence t,, — +oo,

nEIEOO Z [vi (-, tn) — f}Z'(')HC'(TU =0.
1EM

Finally,

if Fo(u,v,9) < , then we can conclude that the inequality (4.15) implies

If we set w;(t) := |lvi(t,-)||2(z,) then the estimates obtained for the functions

v; imply that w; € H((0, +oo)) and, as a consequence, tligl wi(t) = 0. As
— oo

hrf [lvi(-, tn)ll2 = ||9:(+)|l2, we obtain ||9]]z = 0. The same argument can be

applied to the functions u; and ;. O

5. Stationary solutions on acyclic networks

In this section we study the real existence of stationary solutions to problem
(2.1)-(2.8). Concerning the uniqueness, we can notice that the results of the previ-
ous section imply that two stationary solutions with the same mass and the same
boundary data , which are small in H! x H' x H? norm, have to coincide.

In this section we restrict our attention to acyclic graphs and we approach the
study of existence of stationary solutions (U(x), V(x), ¥(z)) with fixed mass ps,

(5.1) =3 [ vte

and boundary data
(5.2) mXiVie) =Wy, 0V (e;) +d;j¥(ej)=P;, jeT,

assuming conditions (2.8) and some suitable smallness conditions on ||, |[W;| and
1Pl -
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Of course, for all i € M, V;(x) is a constant function, V;(z) = V;; moreover, we
recall that a set of boundary data {W;};cs is compatible with the transmission
conditions only if Z W; = 0 (see previous section). These facts hold true for

jeT
general networks.

In the case of acyclic network, a set of admissible boundary values {W;}cs
determines univokely the costant value of each function V; on the internal arc I;.
Actually, let consider an internal arc I; and its starting node [V, and the sets

(5.3) Q={rveN:N, is linked to N, by a path not covering I;} ,
’ J' ' ={j €T :ej is linked to N,, by a path not covering I; ;

at each inner node the conservation of the flux (2.12) holds, then

> <Z AVIN) = > AM(M)) =0.

veQu{n} \tel” LeOv

Since V,(z) is constant on I, for all © € M, using the first condition in (5.2), the
above equality reduces to

(5.4) AVi(x) == > W; Vo € I;.
JjeJ’

Hence, if G is an acyclic graph, a stationary solution to problem (2.1),(2.5),(2.6),
satisfying (5.2) and (5.1), is a triple (U(z),V, ¥(x)), where V = {V; };er is deter-
mined by the boundary values W; in (5.4), and the functions U and ¥ solve the
following problem.

Find C;, i =1,..m, and ¥ € H?(A) such that

7D1\I/;/($) + bl\Ill(iL’) = alUi(x) S 11 y 1eM 5
() — vi@\ (o By [ o (- 2i(5)
U;(x) fexp< 5 ) (Cl /\z‘Vl/o exp< Y ds ) ,
niDijy¥'(ej) + d;¥(e;) =P,  je T,
(5.5)
SYDW(N,) = Y af(W;(N,) = Wi(N,)), i€ M veN,
jeM
5PNV = > ol(U(N,) = Ui(N,) ie MY, veN,
jeM
Z / Ul(l‘)d.’ﬂ = Ms -
iem i

We are going to prove existence of solutions to problem (5.5) using a fixed point
technique; we need some preliminary results.

Lemma 5.1. Let G an acyclic graph and let (2.8) hold. Given a function [ €
H2(A) and real values ju, and V; (i € M), there ezists a unique Cf = (Cf,CI,...,Cf)
such that the functions

(5.6) U/ () = exp (fA(‘”)> <qf - fv/ow exp ( fA(s)> ds)

satisfy
(B7)  =NVi= Y ohUl(N)-UI(N,) ., veEN . ieM”,
jeMY
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(5.8) / Ul (z)dx = ps .
ieM

Proof. Given f; € H%(I;), for i € M, we introduce the functions

(5.9)  El(2) = exp (ff)) L S )= f/oz exp (—fi;j)) ds

The conditions (5.7) can be rewritten as in (4.8)

(5.10) Ul(N) =ul (N + D %Y forallie M",ve N,
jeEMY
where 7}, are suitable coeflicients depending on o7;. In order to satisfy such relations

at the node Ny, each coeffcient C’if , fori e /\/ll, have to be a linear combination of
the values C,{l and V; (i € M), where k; is the index in (2.8),

cf = &/ (N)™H | BL (V) (Cf Vi Ji, Nl) Vs | Vi ()
JEM?

Setting
Qf, = EL (N)(E{ (V)™

o, = (E{N) | -V, EL (N, + 3 Vi |+ v
JEMY

we have
= Qi1 Cy, + 11 y 1€ ;

now, if N, and V; are two consecutive nodes, linked by the arc I;, arguing as before
we infer that the coefficients C,fy and C’,fl have to satisfy the following relation

f —_nf f I —_nfof
Cp =@, 0, +0;, = @G, + ol ,
which expresses C,{V in terms of C,]:l; so, for all i € M", we have the expression

Q Qw o/ of
h2i%i212 lel Qf 1

lV ll/

Cf—Qfo —|—Of ZV+Of
Since there are no cycles in the network, iterating this procedure we can write
univokely all the coeffcients C,f i € M, in terms of C,{l,

(5.11) cl=qQlcl +0f  ieMm,

7 7

where Q{ and O{ are suitable quantities depending on the function f and on the
values V, (¢ € M). In other words, system (5.7) has oo! solutions given by (5.11),
for Cj, € R. In order to determine C,fl we use condition (5.8):

i, = (iGZM@{ / Ef(x)dx) <ﬂs > / ~Vidf (@) Ef(x)dx)

ieEM
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Now, given f € H2(A) we consider U defined in (5.6)-(5.8) and the problem
—D V! () + b, (z) = ald! (z) ieM,
(512) n;j z(])\I’ (6]) + d \I/(ej) P , j € J,

SYDWL(N,) = > af(U;(N,) = Wi(N,)), ieM’, vEN,
JEMY
which has a unique solution (see the proof of Proposition 3.1). We set
(5.13) 0 := z |Pj| + ps max{a; }icm;
JjeT
then the following estimates hold .

Lemma 5.2. Let G be an acyclic graph. Let L{f(x) >0,i€ M, andlet ¥ € H*(A)
be the solution to problem (5.12). Then there exist two positive constants K, Ko,
depending on the parameters b;, D;, L;,d; (i€ M, j € J), such that

(5'14) ”\Il”oo S Kl@ ) H\Ij/”oo S K2@ .
Proof. Using the first equation in (5.12), and (2.10) to treat the terms evaluated

at the internal nodes, we obtain
+) a / Ul |w;|dz

Z/ DV 40,07 ) dw < Y (Pj¥(e;) — d;j¥(e )

ieEM JjeT 1EM

< Yo 1P| + pemax{aitier | Y NWillan
jeg ieM
where ¢ are Sobolev constants. This yields the first inequality in the claim.
In order to obtain the second inequality, first we notice that, if e; is an external

node and I;(; is the corresponding external arc, then the following inequality holds

‘D ])\I/z(]) | </ Dz(])|\:[jz(])( )| dy + |P —d; \I/(e])| , T € L(]) .
Lig5)
Then we consider an internal arc I, and its starting node Ny, the sets Q and J " as
in (5.3) and S = {v € M : [, is incident with N, for some v € Q} ; at each node
the conservation of the flux (2.11) holds, so

> (ZD\IJ — > D;Wy(N >o.

veQuU{n} \iel” €OV

Then, for all z € I,, using the above equality and the boundary conditions in (5.12),
we have

D,V (z) / D! (y dy+/ DY) (y) dy— > (P —d;¥(e;)) -
i€S JjeT’
Then , for all | € M,
D) < 0 1P~ dyle)| + 3 [ i) — otd! )l
JjET ieEM
and using the first inequality in (5.14) we obtain

]
max |V < ———— [ 1+ K b;L; + d;
ieM 3] min{D; }ie m ! @;:4 2;7 J
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O

The previous results provides the tools to prove the following theorem of existence
for stationary solutions under smallness conditions for some data; in particular we
remark that the condition on Z [Vi] is a condition on W, j € J, thanks to (5.4).

iEM
Theorem 5.1. Let G be an acyclic graph and let ( 2.8) hold. Let pus >0, W;, P; €
R, for j € J, and © be given in (5.13); let Z W; =0 and V = {V;}icm given by
JjeJ
(5.4). There exists € >0 and 6 = 6(©) > 0, increasing with ©, such that, if

0 Wil <ps  and  po+ Y |Vil<e,
ieM ieM
then problem (2.1), (5.2), (2.5), (2.6) has a stationary solution (U(x),V,¥(z))
satisfying (5.1), with U;, ¥; € C>®(1;) and U; > 0, for i € M. Moreover, it is the
unique stationary solution with non-negative U.

Proof. If a stationary solution (U(z),V,¥(x)) exists then, for all i € M, V; are
univokely determined by the boundary data W;, j € J, in (5.4); moreover U, ¥

satisfy (5.5) and U;(z) are univokely determined by W;(z) and the values Vi, o7

and ps (Lemma 5.1). We remark that, if U(x) > 0, then the estimates in Lemma
5.2 hold for W.

Let G be the operator defined in D(As) (see (3.8)) such that, if U/ € D(A,)
then ¥ = G(¥7) is the solution of problem (5.12) where f = ¥/ and U"" is the
function in Lemma 5.1. We consider G on the set

Bo = {¥ € D(42) : |[¥]loc < K1O | ¥']c < K0 } ,

where K7, K5 are the constants in Lemma 5.2, equipped with the distance d gen-
erated by H?(A)—norm; (Be,d) is a complete metric space.
Using the expression of Cif given in the proof of Lemma 5.1 and setting

AY = Z/ (O}“I ijJ;I’I(x)> EY (2)de, A} =Y Q;.PI/ EY (x)dx
jem L jEM L
(we are using the notations in (5.9)), we can write
QY (ns = AY) + (OF — Vi () A’
AY' ’
It is readily seen that there exist some positive quantities ¢; = ¢;(©), increasing

in ©, and some positive quantities r; = r;(©), decreasing in 6, depending also on
the parameters of the problem, such that, for all f € Bg,

(5.15) U (z) = EY (z)

(2

(5.16) O<m<E(@)<q, 0<J/(@)<q, Veel,, VieM,
(5.17) 0<rs<Qf <qs, [0/|<awu D Vi, VieM,
JEM
(5.18) 0<rs <AL <gs, |A[<qs ) Vil
JEM

Hence, fixed ps > 0 and Pj, j € J, it is possible to find a quantity § = §(0),

increasing with O, such that, if ¢ Z [Vi| < ps then Z/{i‘I'I () > 0 for all : € M.
ieM

This fact allows us to use Lemma 5.2 and infer that ¥ € Bg.
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Now we are going to prove that, if us + Z |V;| is small then G is a contraction
ieM
mapping in Be. We consider ¥/ ,@I € Be and the corresponding ¥ = G(¥') and
U= G(@I); using the equation satisfied by ¥ and ¥ and (2.10), we infer that
(5.19) S - Tl <K S U Ul
ieM ieM
where K3 is a suitable constant depending on a;,b;, D;, (i € M); moreover, for

i € M and z € I;, we have
(5.20)

q3pts + (396 + qa + q295) Z 14
JEM

U (@) U (@) < |B () - B (o) =

q1 ~al ~=I I —7
oz pst a6 Y Vil (%‘Qf’ *Q;II’JF%'A\QP —AY D
jem

=TI ~ ~=1
v (B2 [ay - AT |+ [0F - OF |+
5

7 @)= ¥ @)

It is easily seen that, for suitable positive quantities ¢; = ¢;(©), depending on ©
and on the parameters of the problem, increasing with ©, the following inequalities
—TI
hold, for each !, ¥" € Bg, for each i € M and z € I,

BY (@) - BT (2)] < ar9! (@) - T} ()], :

T (@) = I ()] < 450 (@) - T (@)

~ T ~=1 —T ~T ~=I —I
QF = QT [ a0 3 1Tl [OF = OF | < a0 | o1l | 3 19] - e
JEM JEM JEM

I I —I
A =AY < [ X i) Y e - T
jeM ieEM
1 5! —T
Y AT < 3010 - s
ieM
the above inequalities can be used in (5.20) so that (5.19) implies

— —I
(5.21) Yo = Willgz <a(©) [ s+ D Vil | D 1% =Tl

iEM JjEM ieEM
where ¢(0) is a quantity increasing with ©, depending also on the parameters of

the problem; hence, for s + Z |V;| small enough, G is a contraction mapping on
JEM X

Be. Let ¥ be the unique fixed point of G in Be and let U = UY; then (¥,U) is

a solution to Problem (5.5). The last assertion in the claim follows from Lemmas

5.1 and 5.2. Regularity properties follow from the equation in (5.5). O

Remark 5.1. If G is an acyclic graph and W; =0 for j € J then V; =0 fori € M
and U;(N,) = U;(N,) fori,j € M”, for all v € N; in particular, if ps > 0 then
C; >0 for all i € M (see the proof of Lemma 5.1), i.e. U(z) > 0. In this case the
stationary solution of the previous theorem is the unique stationary solution with
mass fis.



® N o o~ W N

10

11

12

13

14
15
16
17
18

19

20

21

22

23
24

28 FRANCESCA R. GUARGUAGLINI

When the quantity Z |V;| is not small enough respect to s we do not have
ieM
information about the sign of U;(z); however, if the boundary data, ps and the
parameters of the problem satisfy some relations, a stationary solution with mass
s exists.

First, given f € H?(A) and L{if defined in (5.6)-(5.8), as in Lemma 5.2 we can
prove that if ¥ € H?(A) is the solution to problem (5.12), then there exist two
positive constants K1, Ko, depending on the parameters b;, D;, Li,d; (i € M,
j € J), such that

(5:22) W < Ka@lt 1+ SR s Wl < K@i+ 3 1P)
€T JjET
where @ := max{a; }ie -
Moreover, let 3, A be as in Section 3 and v as in Lemma 4.1, and let

28
(5.23) |A| = Z L;, Q= || + 2| A ()\IA| +3’y> Z Vil ;
ieM - ieM
if (U(z),V,¥(x)) is a stationary solution, then \;U/(z) = U;(x)¥'(z) — B;V; for
each i € M, so that using Proposition 4.1 we obtain
A Al sup [[¥i]|oo

ieM
Ul < 0+ —=H "y,

and then, using (5.22),

4| A|K @ 4| A|K
Gay e (AR S e ) o a0
- - JjET
Then, if
e e 2
4| A|K 2 A A A[K
(5.25) 1—-——=—> |P|>0, Q< - [1- Spl o,
A jeg 16|A|K2a A jeg
setting
(5.26)
— — 2 —
A 4| AIK, 4| AIK 16| A|QK 2a
+
prom A | AR s gy ([ AR 5y ) 10T
8|.A|K2a A jeg A jeg A

we can conclude that y* > 0 and , if a stationary solution (U(x),V, ¥(x)) exists,
then Ul < = or U]l > pt.

So, under suitable smallness conditons for the boundary data and |us|, in the fol-
lowing theorem we are able to prove the existence of a stationary solution verifying
Ul < .

Theorem 5.2. Let G be an acyclic graph and let ( 2.8) hold. Let pus >0, W;, P; €

R, forj € J, > W;=0andV = {Vi}icm given by (5.4). Let (5.23), (5.25)
S

(5.26) hold, where K1 and Ko are the constants in (5.22). There exists € > 0 such

that, if |pus| + Z [Vi| < €, then problem (2.1),(5.2),(2.5),(2.6) has a stationary
ieEM

solution (U(x),V,¥(x)) satisfying (5.1) with U;, ¥, € C>®(I;), for all i € M.

Moreover, it is the unique stationary solution verifying | U1 < p~.
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Proof. We proceed as in the proof of Theorem 5.1: we set ©1 := au~ + Z |P;|
JjeT
and we consider the map G defined in the proof of that theorem, acting on the set
B@l = {\I’ S D(AQ) : ||\I’||OO < Flgl ,H\I//HOO < Fg@l }

equipped with the distance d generated by the H?(A)—norm; (Be,,d) is a complete
metric space.

Fixed ¥! € Beg,, UY" s still given by (5.15) and the relations (5.16)-(5.18) hold,
where the quantities ¢; here depend on ©;.

Thanks to (5.22), we can prove that U = G(¥') € B, if we show that [UY[|; <
u~; this inequality can be achieved taking into account that ¥/ € Bg, and

MUY =u? (WY = BVi forallie M,
and then arguing as for (5.24) to obtain

4|A‘F26

_ I
X p U = | 1=

4|A|K
AE S i | 10 020,
- Jj€T

The last part of the proof is equal to the one of Theorem 5.1 since, for ¥/ 7@1 €
Be, an equality like (5.21) holds, with ©; in place of © and |us| in place of u,. O

6. Global solutions

Here we use the results of Sections 4 and 5 to prove the existence of global
solutions to problem (2.1)-(2.7). First we assume that G is an acyclic graph, so
that the existence of some stationary solutions holds.

Let ps > 0, let the assumptions of Theorem 5.1 hold and let (U(x),V,¥(x)) be
the stationary solution satisfying (5.1) and (5.2); due to (5.14) we can control the
size of the quantity ||U||oc + || ¥’||sc by means of the size of pis, | P;| and |V;| (i € M,
j € J), in order to satisfy the hypothesis in Theorem 4.1. So, such theorem yields
the following one.

Let (uo,vo,v0) satisfy (2.2) and let W; € W1(0,T), P; € H?(0,T), for each

t
T>0andjeJ. Weset u(t) := Z / ugi (x)dr— Z / W;(s)ds and we assume
I 0

iEM JjeT
that

(6.1) up(-) —U € HY(A), vo(-) =V € H'(A), vo(-) =¥ € H*(A),

(6.2) P;(-)—P; € H'(0,+00), W;(-)—W; € W10, +00), u(-)—ps € L*(0,+00).

Theorem 6.1. Let G be an acyclic graph and let (2.8) hold. Let the assumptions
of Theorem 5.1 hold and let (U(x),V,¥(x)) be the stationary solution to problem
(2.1), (2.5),(2.6), (5.1), (5.2) verifying U(x) > 0. Then, if (6.1)-(6.2) hold and
the quantities

ps s Nluo = Ullzr, Nlvo = Ve, o —Wlaz . Y 1Pl Vil (ce M),
JjeET

Do IPi = Pillar oo Y IWs = Willw2i 0400y 11— tsll 2200, 400)

JjET JjeT
are suitably small, then the problem (2.1)-(2.7) has a global solution (u,v,1)) such
that

u,v € C([0,4+00); H*(A)) N C ([0, +00); L*(A))
¥ € C([0, +00); H*(A)) N CH ([0, +00); L*(A)) N H'((0, +00); H'(A)) -
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Moreover, for each i € M,
t_lj+moo ui()=Uillo(z,) = 0 7t_lj+moo i) —=Villcz,) =0 ’t—lg-noo [9i(6)=Yillga 7,y =0

On the other hand, if the assumptions of Theorem 5.2 hold, then the hypothesis
in Theorem 4.1 can be satisfied by controlling the size of |us|, |P;| and |V;] (i € M,
j € J); then, similarly to the above result, we obtain the existence of global
solutions corresponding to data which are small perturbations of the stationary
solution of Theorem 5.2, assuming that |us|, |P;| and |V;| (i € M, j € J) are
suitably small.

In the cases of general networks, we notice that for each {P;};jcs, it easy to
prove the existence of the stationary solution (U(z),V(x),¥(z)) = (0,0,%°(x)),
where UV is the unique solution to problem (5.12) with & = 0; the solution has
null mass and satisfies the boundary conditions

(6.3) Viej) =0,  nV'(ej)+d;¥(e;) =P, jeJ.

Moreover, if some particular relations among the parameters of the problem hold,
then there exist stationary solutions constant on the whole network: if we assume
that

%:r for all i € M,
(6.4) if P; =0 then d; =0, jed,
P; s .
if Pj # 0 then d; #0 and =2 =2 , 1€ T,
dj  |Al
then, for any ps € R the triple (,us 0,7 Hs ) is a stationary solution to (2.1),(2.5)

A" A
-(2.8),(5.1) satisfying the boundary conditions (6.3).

Finally, Theorem 4.1 yields that the results of Theorem 6.1 hold for general
networks when ps = 0, (U;(x), Vi, ¥;(z)) = (0,0,99(z)), W; =0 (i € M, j €

J), and when (U;(x),V;, U;(z)) = m,o,rﬁ) W, =0(@(eM,jeJ) and
conditions (6.4) hold, for each us € R .
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