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Abstract

The Capacitated Facility Location Problem calls for opening a set of facilities
with capacity constraints, with the aim of satisfying at the minimum cost
the demands of a set of customers. We present a new class of valid inequal-
ities, the Weak Flow Cover inequalities. We show that Weak Flow Cover
inequalities can be separated in polynomial time and turned into violated
Flow Cover inequalities. In this way, we are able to provide a polynomial
separation heuristic for the latter. Embedding the separation procedure into
a cut-and-branch approach, we get results significantly better than those re-
ported in the recent literature both for the lower and the upper bounds.

Keywords: Facility Location, Flow Cover, separation, valid inequalities,
cut-and-branch

1. Introduction

Consider a set of customers to be served, each one with a corresponding
demand, and a set of facilities that can be opened, each one with a given
capacity. The Capacitated Facility Location Problem (CFLP) consists of
selecting a subset of the facilities and of assigning customers to the open
facilities. The aim is to minimize the sum of the opening and the assignment
costs, without exceeding the capacity of the chosen facilities. A feasible
solution to the problem is illustrated in Figure 1. We assume that all the
customers have demand 1, that all the facilities have capacity 2.5 and that
each customer can be assigned to any facility. The facilities are on the left:

Preprint submitted to European Journal of Operations Research July 14, 2020



the open ones correspond to triangles, while the others are represented by
squares. The customers are on the right of the figure. The assignment of
a customer to a facility is represented by a line, whose label is the amount
supplied to the customer from the considered facility.

Figure 1: A feasible solution of the Capacitated Facility Location Problem.

The CFLP has received a considerable amount of attention in the literature
and exact and heuristic approaches to solve the problem have been proposed.
For comprehensive surveys on the CFLP and its applications to real world
problems, we address the reader to Drezner and Hamacher (2002); Fernan-
dez and Landete (2015); Klose and Drexl (2005a). The polyhedral structure
of the CFLP and several families of valid inequalities have been investigated
in Aardal et al. (1995); Leung and Magnanti (1989). Separation algorithms
have been addressed in Aardal (1998a). In Avella and Boccia (2009) a refor-
mulation based on Dicut inequalities has been proposed as a starting point
for a cutting plane algorithm. In Görtz and Klose (2012); Klose and Drexl
(2005b); Klose and Görtz (2007), a branch-and-bound method is presented,
where the lower bound is computed using Lagrangian duality. The lower
bound problem can either be solved to optimality by column generation
(Klose and Drexl, 2005b; Klose and Görtz, 2007) or in a less precise way
(Görtz and Klose, 2012) and then reconstructing an approximate primal so-
lution to be used for the branching decisions. The current state-of-the-art
exact algorithm for solving the CFLP is the one proposed in Fischetti et al.
(2016) and is based on a Benders reformulation of the problem.

In this paper we present a new class of valid inequalities for the CFLP poly-
tope, the Weak Flow Cover (WFC) inequalities, defining a relaxation of the
Flow Cover (FC) inequalities introduced in Aardal (1998a). Here we show
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that, unlike the FC inequalities, for which a polynomial separation algorithm
is known only for the special case of constant capacities, WFC inequalities
can be separated in polynomial time via a min-cut algorithm, even in case
of varying capacities.

Since any violated Weak Flow Cover can be easily transformed into a vi-
olated Flow Cover, this class of inequalities naturally leads to a heuristic
approach for separating violated Flow Cover inequalities. Computational
tests on benchmark instances with 2000 facilities and 2000 customers show
that the approach based on the WFC inequalities is helpful in tightening
the formulation. To further validate their effectiveness we embed them into
an enumeration scheme, which is able to improve the best known results
reported in the literature for several large test instances.

The remainder of the paper is organized as follows. In §2 we present the
formulation of the CFLP and review known valid inequalities. In §3 we
introduce the WFC inequalities, their separation algorithm and show how
to use them within a separation heuristic for the Flow Cover inequalities. In
§4 we report and discuss the results obtained using cut-and-branch approach
based on the use of WFC inequalities.

2. Problem formulation and known valid inequalities

2.1. Mathematical formulation

Let I = {1, . . . ,m} and J = {1, . . . , n} be a set of facilities and a set of
customers, respectively. Let Ci be the capacity of facility i ∈ I and let Dj

be the demand of customer j ∈ J . Let Fi be the fixed cost of opening facility
i ∈ I and let Qij be the cost of serving a unit of demand of the customer
j ∈ J from facility i ∈ I. The CFLP selects a subset of facilities O ⊆ I to
open, such that the total capacity of the facilities in O can accommodate
the demands of the customers in J , minimizing the sum of the fixed and
the service costs. Let yi be a binary variable associated with facility i ∈ I,
that is, yi = 1 if i is selected to be opened (i ∈ O), and 0 otherwise. Let fij
be the amount of demand shipped from facility i to customer j. The CFLP
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can be formulated as below.

M(CFLP) min
∑
i∈I

Fiyi +
∑
k∈I

∑
j∈J

Qijfij∑
i∈I

fij = Dj j ∈ J (1)∑
j∈J

fij ≤ Ciyi i ∈ I (2)

yi ∈ {0, 1} i ∈ I
fij ≥ 0 i ∈ I, j ∈ j

Constraints (1) require that the whole demand of each customer is satisfied.
Capacity constraints (2) impose that no customer is supplied from a closed
facility and that the total demand supplied from facility i ∈ I does not
exceed its capacity Ci. Moreover, let conv(CFLP) be the convex hull of the
points (y, f) ∈ M(CFLP).

2.2. Known valid inequalities

It is well-known that the formulation above can be strengthened using the
inequalities. ∑

i∈I
Ciyi ≥

∑
j∈J

Dj (3)

fij ≤ Djyi i ∈ I, j ∈ J (4)

The aggregated capacity constraint (3) is redundant, but induces MIP solvers
to derive knapsack cuts, which can effectively tighten the formulation (Aardal,
1998b). Constraints (4) are known as variable upper bounds. ¿From now on,
we refer to formulation M(CFLP) plus constraints (3) and (4) as M̂(CFLP).

Several families of valid inequalities have been introduced in the CFLP lit-
erature. In Leung and Magnanti (1989), the CFLP polytope in the case of
constant capacities is studied and the Residual Capacity (RC) inequalities
are introduced. RC inequalities are obtained by aggregating subsets of the
capacity constraints (2) and then applying a Mixed-Integer Rounding (MIR)
procedure. Aardal et al. (1995) introduce the Submodular Inequalities, which
have the Flow Cover, the Effective Capacity and the Single Depot inequalites
as special cases. They also presented the Combinatorial inequalities, already
introduced by Cho et al. (1983) for the uncapacitated problem, and the Lot-
sizing inequalities, that are valid in the case of constant capacities. The
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companion paper Aardal (1998a) presents heuristic separation routines for
the Effective Capacity, the Single Depot and the Combinatorial inequalities.

The Flow Cover (FC) inequalities can be defined as follows. Let S ⊆ I
and K ⊆ J be a subset of facilities and of customers, respectively, such that∑
i∈S

Ci−
∑
j∈K

Dj = λ > 0, i.e., S is a cover for the demands of the customers in

K. Then, the FC inequality associated with (S,K) is the inequality below.

FC(S,K) :
∑
i∈S

(Ci − λ)+(1− yi) +
∑
i∈S

∑
j∈K

fij ≤
∑
j∈K

Dj (5)

The separation problem for the FC inequalities is polynomial in case of con-
stant capacities, i.e., Ci = C for all i ∈ I, if K is given (Aardal, 1998a). No
polynomial separation algorithms are known for the general case with vary-
ing capacities and K not preassigned. More generally, modern MIP solvers
generate MIR-Flow Cover cutting planes, i.e., derive FC inequalities by de-
tecting single-node flow substructures and then applying a MIR procedure
over them, see Wolter (2006); Louveaux and Wolsey (2003) for the details.

3. Weak Flow Cover inequalities

Here we introduce a new family of inequalities, the Weak Flow Cover (WFC)
inequalities. First, we show that the WFC inequalities are valid for conv(CFLP)
but dominated by the FC inequalities. Then, we present a polynomial time
separation algorithm, based on the solution of a min-cut problem.

Let S ⊆ I and K ⊆ J be subsets of facilities and of customers, respectively,
and let h ∈ S be a selected facility. Let λ =

∑
i∈S

Ci −
∑
j∈K

Dj .

The WFC inequality associated with (S,K, h) is

WFC(S,K, h) :
∑
i∈S

∑
j∈K

fij ≤ (Ch − λ)yh +
∑

i∈S\{h}

Ci (6)

3.1. Validity and relation with the FC inequalities

The following theorem shows that the WFC inequalities are valid for conv(CFLP).

Theorem 1. WFC inequalities (6) are valid for conv(CFLP).
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Proof. Consider yh = 0. Trivially,
∑

i∈S\{h}
∑

j∈K fij ≤
∑

i∈S\{h}Ci, is
valid for conv(CFLP). Now, consider yh = 1. Inequality (6) becomes∑

i∈S

∑
j∈K

fij ≤
∑
i∈S

Ci − λ

and recalling that λ =
∑
i∈S

Ci −
∑
j∈K

Dj , we get

∑
i∈S

∑
j∈K

fij ≤
∑
j∈K

Dj ,

which is also valid for the CFLP.

However, WFC inequalities are dominated by the FC inequalities.

Theorem 2. WFC inequalities (6) are dominated by FC inequalities (5)

Proof. Since the FC inequality∑
i∈S

(Ci − λ)+(1− yi) +
∑
i∈S

∑
j∈K

fij ≤
∑
j∈K

Dj

is a less-then-or-equal-to inequality and each contribution (Ci − λ)+(1− yi)
is non-negative, we can weaken it by removing (Ci − λ)+(1 − yi) for each
i ∈ S \ {h}, obtaining

(Ch − λ)+(1− yh) +
∑
i∈S

∑
j∈K

fij ≤
∑
j∈K

Dj

which is trivially still valid. Again, since we have a less-than-or-equal-to
inequality, if we replace (Ch − λ)+ by (Ch − λ) we are further weakening it,
without loosing the validity. In fact, we are just possibly transforming a zero
coefficient into a negative one, in the left-hand-side of a less-then-or-equal-to
inequality. We obtain

(Ch − λ)(1− yh) +
∑
i∈S

∑
j∈K

fij ≤
∑
j∈K

Dj

which is equivalent to∑
i∈S

∑
j∈K

fij ≤ (Ch − λ)yh − Ch + λ+
∑
j∈K

Dj
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Since λ =
∑

i∈S Ci−
∑

j∈K Dj , the result is the Weak Flow Cover Inequality
(6). ∑

i∈S

∑
j∈K

fij ≤ (Ch − λ)yh +
∑

i∈S\{h}

Ci

Now, we demonstrate that the WFC inequalities can be separated in poly-
nomial time in the general case, whereas the FC inequalities can be poly-
nomially separated only for constant capacities and K given. Moreover, we
show how to use the exact separation of the WFC inequalities to derive a
heuristic separation procedure for the Flow Cover inequalities.

3.2. Separation algorithm for WFC

To describe the separation algorithm we first rewrite the WFC inequality
in a convenient form. For a given (S,K, h), consider the associated WFC
inequality ∑

i∈S

∑
j∈K

fij ≤ (Ch − λ)yh +
∑

i∈S\{h}

Ci

Replacing λ by its definition, that is, λ =
∑

i∈S Ci −
∑

j∈K Dj , first we get∑
i∈S

∑
j∈K

fij ≤ (Ch −
∑
i∈S

Ci +
∑
j∈K

Dj)yh +
∑

i∈S\{h}

Ci

then ∑
i∈S

∑
j∈K

fij ≤ −(
∑

i∈S\{h}

Ci −
∑
j∈K

Dj)yh +
∑

i∈S\{h}

Ci (7)

Constraint (1) of M̂(CFLP) implies that
∑

i∈I fij = Dj for any j ∈ J . Since
I is partitioned into {S : I \ S} one can write Dj =

∑
i∈S fij +

∑
i∈I\S fij .

This holds for any j ∈ J and also for j ∈ K ⊆ J . Thus, by summing up the
equations for all j ∈ K, we get:∑

j∈K
Dj =

∑
j∈K

∑
i∈S

fij +
∑
j∈K

∑
i∈I\S

fij

that is ∑
i∈S

∑
j∈K

fij =
∑
j∈K

Dj −
∑
i∈I\S

∑
j∈K

fij

The above equality substituted into inequality (7) returns∑
j∈K

Dj −
∑
i∈I\S

∑
j∈K

fij ≤ −(
∑

i∈S\{h}

Ci −
∑
j∈K

Dj)yh +
∑

i∈S\{h}

Ci
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which corresponds to

(
∑

i∈S\{h}

Ci −
∑
j∈K

Dj)(1− yh) +
∑
i∈I\S

∑
j∈K

fij ≥ 0 (8)

Given the optimal solution (ȳ, f̄) to the linear relaxation of M̂(CFLP), to
formalize the separation problem we represent the (unknown) sets S and K
by, respectively, binary variables ui (for i ∈ I) and vj (for j ∈ J). Then,
ui = 1 if i ∈ S (0 otherwise) and vj = 1 if j ∈ K (0 otherwise). Let wij be a
binary variable associated with the pair (i, j) for i ∈ I, j ∈ J and such that
wij = 1 if i ∈ I \ S and j ∈ K and 0 otherwise. Now, if we select a facility
h ∈ I, the LP solution (ȳ, f̄) violates the WFC inequality (S,K, h) (8) if the
following problem has a negative optimal solution.

SepWFC(ȳ, f̄ , h) min
∑

i∈I\{h}

∑
j∈J

f̄ijwij+(1− ȳh)

( ∑
i∈I\{h}

Ciui −
∑
j∈J

Djvj

)
wij ≥ vj − ui, i ∈ I \ {h}, j ∈ J
ui ∈ {0, 1}, i ∈ I \ {h}
vj ∈ {0, 1}, j ∈ J
wij ∈ {0, 1}, i ∈ I \ {h}, j ∈ J

The problem above, has a simple interpretation as a min-cut problem on a
suitable graph.

LetG(N,A, h) be the directed graph with node setN =
{

(I\{h})∪J∪{s, t}
}

and arc set A = {(s, i) : i ∈ I \{h}}∪{(j, t) : j ∈ J}∪{(i, j) : i ∈ I \{h}, j ∈
J}. Given a solution (ȳ, f̄), arc weights are defined as follows: arcs (s, i)
have weights (1− ȳh)Ci; arcs (j, t) have weights (1− ȳh)Dj ; arcs (i, j) have
weights f̄ij .

Let B ⊆ A, we denote by δ+(B) (δ−(B)) the outgoing (incoming) arcs with
respect of B.

Theorem 3. SepWFC(ȳ, f̄ , h) can be solved as a minimum capacity (s, t)-
cut problem on G(N,A, h).

Proof. If we add auxiliary variables wsi = ui for i ∈ I \ {h} and wjt =
1− vj for j ∈ J , one can observe that SepWFC(ȳ, f̄ , h) admits the following
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relaxation.

min
∑

i∈I\{h}

∑
j∈J

f̄ijwij+(1− ȳh)(
∑

i∈I\{h}

Ciwsi +
∑
j∈J

Djwjt)− (1− ȳh)
∑
j∈J

Dj

(9)

wsi ≥ ui, i ∈ I \ {h}
wjt ≥ 1− vj j ∈ J
wij ≥ vj − ui i ∈ I \ {h}, j ∈ J
wij ≥ 0, i ∈ {s, t} ∪ I \ {h}, j ∈ J

The constant term (1−ȳh)
∑

j∈J Dj can be removed from the objective func-
tion. Linear program (9) is the formulation of a minimum (s, t)-cut prob-
lem on G = (N,A, h), where the weights are assigned according to (ȳ, f̄).
The optimal solution to the problem above defines an (s, t)-cut [R, R̄] in
G(N,A, h). Precisely, variables ui = 0 and vj = 0 identify the set R while
variables ui = 1 and vj = 1 identify the set R̄. Variables wsi, wjt and wij

correspond to arcs (s, i), (j, t) and (i, j) ∈ A taking value one if the corre-
sponding arc is in δ+(R) and zero otherwise. Therefore, problem (9) admits
an integer optimal solution and, being a relaxation of SepWFC(ȳ, f̄ , h), this
solution is also feasible and optimal for the separation problem. The min-
imum capacity (s, t)-cut problem provides a violated WFC inequality if its
value is less than

∑
j∈J Dj with the set S given by I ∩ R̄ ∪ {h} and the set

K given by J ∩ R̄.

In Figure 2 is depicted an (s, t)-cut [R, R̄] (dark gray nodes are in R, white
nodes are in R̄) and the corresponding sets S and K.

s t

h

S K

I J

Figure 2: A cut in G
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3.3. From Weak Flow Cover to Flow Cover

Any violated Weak Flow Cover for (S,K, h) naturally gives rise to a Flow
Cover inequality defined on the sets S and K, which is violated as well.
Moreover, the violation is preserved.

Theorem 4. If a WFC inequality for (S,K, h) is violated by (ȳ, f̄), then
the corresponding FC(S,K) inequality∑

i∈S
(Ci − λ)+(1− yi) +

∑
i∈S

∑
j∈K

fij ≤
∑
j∈K

Dj

is violated by at least the same amount of the WFC.

Proof. Consider the WFC for (S,K, h) and assume that it is violated by
(ȳ, f̄), that is ∑

i∈S

∑
j∈K

f̄ij > (Ch − λ)ȳh +
∑

i∈S\{h}

Ci

If we subtract a non-negative amount from the right-hand-side, the violation
does not decrease. Then, as (Ci − λ)+(1− ȳi) is non-negative for any i, we
can subtract the value

∑
i∈S\{h}(Ci − λ)+(1− ȳi) from the right-hand-side.

We get∑
i∈S

∑
j∈K

f̄ij > (Ch − λ)ȳh +
∑

i∈S\{h}

Ci −
∑

i∈S\{h}

(Ci − λ)+(1− ȳi)

Recalling that λ =
∑

i∈S Ci−
∑

j∈K Dj and then
∑

i∈S\{h}Ci = λ+
∑

j∈K Dj−
Ch, we get∑

i∈S

∑
j∈K

f̄ij >
∑
j∈K

Dj − (Ch − λ)(1− ȳh)−
∑

i∈S\{h}

(Ci − λ)+(1− ȳi)

Again, if we replace amount (Ch−λ) by the non-negative amount (Ch−λ)+,
the violation does not decrease. Since the above transformations do not
decrease the violation, the resulting Flow Cover Inequality FC(S,K)∑

i∈S

∑
j∈K

f̄ij >
∑
j∈K

Dj −
∑
i∈S

(Ci − λ)+(1− ȳi)

is at least as violated as the original WFC inequality.

Since the separation problem for the Weak Flow Cover inequalities depends
on h, we must iterate over h ∈ I to see if there is a h corresponding to
a violated inequality to be transformed into a Flow Cover. The overall
procedure is illustrated in Algorithm 1, where we consider all h ∈ I such
that ȳ is fractional.
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Algorithm 1: FC separation

Data: (ȳ, f̄)
Result: A (possibly empty) collection of Flow Cover inequalities F
begin

Y = {i ∈ I : 0 < ȳi < 1};
F =∅;
while Y 6= ∅ do

Select h ∈ Y ;
Build G = (N,A, h);
Find the minimum capacity {s, t}-cut on G and let S and K
be the corresponding sets of nodes;

if the inequality FC(S,K) (5) is violated then
F := F ∪ FC(S,K);

end
Y = Y \ {h};

end

end
return F

4. The computational study

To validate the effectiveness of the procedure based on the Weak Flow Cover
inequalities, we embedded the separation Algorithm 1 into the cut-and-
branch framework provided by Xpress-Mosel 5.0.2 (Heipcke, 2012). All the
experiments were performed through the Xpress-Mosel interface and ran on
an Intel Xeon Silver 4110 2.1 GHz 8 Core workstation with 96 GB of RAM
(Windows Server 2016 as operating system). Xpress memory size limit has
been set to 32GB to mimic performance of less powerful workstations.

4.1. Test-bed description

The most challenging benchmark instances in the recent literature are the i∗
instances with 1000 facilities and 1000 customers, tested in Fischetti et al.
(2016), and the p∗ instances with 2000 facilities and 2000 customers of the
test-bed C, introduced in Guastaroba and Speranza (2012) and also used
by Fischetti et al. (2016). Nevertheless, because of the fast progress of MIP
solvers, the 1000×1000 i∗ instances have now become easy, being all solvable
to optimality by FICO Xpress 8.7 in less than 1800 seconds on a workstation.
Therefore, we restricted our attention to the subgroup of the 2000×2000 p∗
instances and, in addition, we randomly generated a new set of i∗ instances
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with 2000 facilities and 2000 customers, with the same properties of those
introduced in Cornuéjols et al. (1991) and tested in several papers (Avella
and Boccia, 2009; Fischetti et al., 2016). The 2000×2000 p∗ instances of the
test bed C can be divided into six groups of five instances, each including

instances with the same ratio r =
∑

j∈J Dj∑
i∈I Ci

, namely r ∈ {1.1, 1.5, 2, 3, 5, 10}.
The i∗ instances are organized into four groups of five instances with the
same ratio r, namely r ∈ {5, 10, 15, 20}. The new i∗ instances are download-
able at http://www.ing.unisannio.it/boccia/CFLP.htm.

4.2. Root node analysis

We first compare three strengthenings of the formulation M̂(CFLP):

XP → M̂(CFLP) strengthened by Xpress cuts

WFC → M̂(CFLP) strengthened only by WFC

XP+WFC → M̂(CFLP) strengthened by Xpress cuts and then WFC

In all configurations that use Xpress cuts the parameter CUTSTRATEGY has
been set to 3 (aggressive cut generation).
Tables A.6 and A.7 in Appendix A report the best LB obtained by each
model, the percentage gap closed and the CPU time (with a time limit
of 3600 sec). The percentage gap closed for a model M ∈ {XP, WFC,
XP + WFC} is calculated as:

z̄M − z̄
zUB − z̄

× 100

where z̄M is the value of the linear relaxation of the model M, z̄ is the
value of the linear relaxation of M̂(CFLP) and zUB is the best upper bound
known for each instance.

Hence, results are summarized in Tables 1 and 2, reporting the percent-
age gap closed, the (average) number of separated WFC-s and the CPU
time computed as averages over all instances having the same ratio r. Such
values are also graphically illustrated in Figures 3 and 4.
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i∗ 2000× 2000

XP WFC XP+WFC
% gap Time % gap # sep. Time % gap # sep. Time

Ratio closed (sec) closed WFC-s (sec) closed WFC-s (sec)

r=5 21.04 1441 48.69 482.2 2668 49.05 351.0 3600
r=10 37.31 893 59.17 225.0 1084 64.13 177.8 1383
r=15 52.94 473 59.97 78.4 550 73.87 48.2 628
r=20 63.51 322 61.48 77.8 416 72.21 41.6 464

Table 1: % of gap closed at root node by XP, WFC and XP+WFC

r=
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r=
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20
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20

40

60

80

100
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d

XP WFC XP+WFC

Figure 3: Graphical illustration of Table 1

For the i∗ instances with r ∈ {5, 10, 15}, the WFC lower bounds are signifi-
cantly better than those provided by the Xpress built-in cuts, despite Xpress
cuts include, among others, general flow cover inequalities. Moreover, WFC
inequalities used in combination with Xpress cuts close a remarkable por-
tion of the gap for r ∈ {15, 20} and this improvement has an acceptable
computational cost.

As the p∗ instances are concerned, one can observe that WFC inequalities
outperform Xpress cuts only for r ∈ {1.1, 1.5}. However, the combination
of Xpress cuts with WFC inequalities once again closes a relevant portion
of the gap for instances with r ∈ {1.1, 1.5, 2, 3} and almost all the gap for
r ∈ {5, 10} with a moderate additional computational burden.
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In summary, the combination of Xpress cuts with WFC inequalities ap-
pears to be the most promising model for an enumeration algorithm.

p∗ 2000× 2000

XP WFC XP+WFC
% gap Time % gap # sep. Time % gap # sep. Time

Ratio closed (sec) closed WFC-s (sec) closed WFC-s (sec)

r=1.1 69.95 390 84.85 389.8 927 89.97 195.6 836
r=1.5 78.44 298 83.67 607.0 1097 89.73 297.2 871
r=2 87.49 241 86.26 501.4 917 94.54 184.0 663
r=3 94.80 175 82.36 213.4 405 97.27 29.8 315
r=5 98.46 113 84.10 104.8 288 99.08 4.4 170
r=10 99.79 88 74.07 32.2 199 99.83 0.2 96

Table 2: % of gap closed at root node by XP, WFC and XP+WFC
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Figure 4: Graphical illustration of Table 2

4.3. Enumeration results

In this section we compare the performance of Xpress fed by the model
XP+WFC (XP+WFC-enum) with the performance of Xpress itself (XP-
enum). All solver parameters are left to default but CUTSTRATEGY=3. As
before, we discuss results aggregated by r that are reported in Tables 3
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and 4. Detailed results can be found in Appendix A (Table A.8 for the i∗

instances and Table A.9 for the p∗ instances).

i∗ 2000× 2000

XP-enum XP+WFC-enum
% gap # solved Time % gap # solved Time

Ratio left instances (sec) left instances (sec)

r=5 0.47 0/5 3600 0.36 0/5 3600
r=10 0.20 0/5 3600 0.09 1/5 3374
r=15 0.00 4/5 2562 0.00 5/5 933
r=20 0.01 4/5 1948 0.00 5/5 809

Table 3: Enumeration aggregated results on i∗ instances

p∗ 2000× 2000

XP-enum XP+WFC-enum
% gap # solved Time % gap # solved Time

Ratio left instances (sec) left instances (sec)

r=1.1 0.05 0/5 3600 0.01 0/5 3600
r=1.5 0.07 0/5 3600 0.04 0/5 3600
r=2 0.04 0/5 3600 0.02 0/5 3600
r=3 0.00 2/5 2423 0.00 5/5 767
r=5 0.00 5/5 252 0.00 5/5 321
r=10 0.00 5/5 216 0.00 5/5 96

Table 4: Enumeration aggregated results on p∗ instances

For each model, the tables report the percentage gap left at the end of com-
putation (time limit is set to 3600 seconds) evaluated as (Best UB - Best LB)

Best UB ×
100, the number of solved instances within the time limit and the overall
computing time (that is, the time to generate the model plus the enumera-
tion).
On i∗ instances XP+WFC-enum outperforms XP-enum both in effective-
ness and CPU time. Namely, for r = 5 the average gap left by XP+WFC-
enum at the time limit is 22% better than the gap left by XP-enum. For
r = 10 there is an average improvement of about 50% and one instance out
of 5 is also solved to optimality. Finally, for r = 15 and r = 20 XP+WFC-
enum is able to solve all instances in less than half the time of XP-enum
that fails on 2 instances out of 10. An in depth analysis of Table A.8 also
shows that XP+WFC-enum either improves or ties the best lower bound of
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XP-enum on all instances. Concerning the best upper bound, this happens
on 16 instances out of 20.

On p∗ instances the comparison between XP-enum and XP+WFC-
enum leads to similar conclusions: when algorithms reach the time limit
the gap left by XP+WFC-enum is about 50% of the gap left by XP-
enum. XP+WFC-enum solves three more instances than XP-enum and it
is typically faster than XP-enum with the exception of the instances with
r = 5. The detailed analysis shows that XP+WFC-enum improves or ties
both the best upper and lower bounds w.r.t. the XP-enum on 19 instances
out of 20.

4.4. Comparison with other approaches in the literature

Now we compare XP+WFC-enum with the existing approaches in the lit-
erature. As discussed in 4.1, the comparison is limited to p∗ instances. In
Figure 5 for each group of the p∗ instances with the same ratio r, we report
the average final gaps returned by XP+WFC-enum and the one evaluated
by Fischetti et al. (2016) through a Benders decomposition approach (de-
noted as Benders in the figure). This comparison was made possible by M.
Fischetti and M. Sinnl that kindly provided us their detailed results (Fis-
chetti and Sinnl (2018)). Their experiments were conducted on a cluster of
identical machines each consisting of an Intel Xeon E3-1220V2 @3.1 GHz
with 16 GB of RAM and setting a time limit of 50000 seconds.
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Figure 5: XP+WFC-enum vs. Benders reformulation approach of Fischetti et al. (2016):
average gaps on p∗ instances

The chart shows that the final gaps yielded by XP+WFC-enum are sub-
stiantially better than those obtained by the Benders reformulation, espe-
cially for instances with r ∈ {1.5, 2, 3}.
In Table 5, for each group of p∗ instances with the same ratio r, we compare
the upper bounds returned by XP+WFC-enum with those obtained by
the Kernel Search heuristic of Guastaroba and Speranza (2012) (denoted as
Kernel Search). For a fair comparison, the lower bound used for the per-
centage gap evaluation is the one reported in Table 15 of Guastaroba and
Speranza (2012) that is significantly smaller than the XP+WFC-enum
lower bound. Results in Guastaroba and Speranza (2012) have been ob-
tained on a PC Intel Xeon @ 2.27 GHz 64-bit processor with 12.0 GB of
RAM, Windows 7 64-bit and CPLEX 12.2, setting a time limit of 5000 sec-
onds.
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p∗ 2000× 2000

XP + WFC-enum Kernel Search
% gap Time % gap Time

Ratio left (sec) left (sec)

r=1.1 0.34 3600 0.36 2045
r=1.5 2.08 3600 2.24 2031
r=2 4.33 3600 4.57 2021
r=3 4.81 767 4.96 2016
r=5 6.93 532 7.03 2008
r=10 8.72 96 8.72 875

Table 5: XP+WFC-enum vs. Kernel Search

Upper bounds provided by XP+WFC-enum at the time limit for instances
with r ∈ {1, 1.5, 2} are slightly better than those provided by Kernel Search
in a comparable time, while for r ∈ {3, 5, 10} XP+WFC-enum actually
solves to optimality all the instances outperforming Kernel Search.

5. Conclusions

In this paper we considered the Capacitated Facility Location Problem,
whose goal is to open a set of facilities, with the aim of satisfying at the
minimum cost the demands of a set of customers, respecting the capacities
of the facilities. We introduced the Weak Flow Cover inequalities, a new
family of valid inequalities for the problem. We showed that they are a
weakening of the well-known Flow Cover inequalities and hence valid for
the problem. We proposed a polynomial time separation algorithm to find
violated Weak Flow Cover inequalities that is based on a minimum cut
problem on a suitable graph. Then, we discussed how to use the exact
separation of Weak Flow Cover inequalities as a heuristic separation for Flow
Cover inequalities. Finally, we embedded the separation procedure into a
cut-and-branch scheme that is able to produce results that are significantly
better than those reported in the recent literature.
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Appendix A. Detailed computational results

Key to Tables A.6 and A.7

Ratio Instance ratio
Name Instance name

M̂(CFLP) LP value Value of the linear relaxation of the model (1)-(4)
LB Value of the linear relaxation of the strenghtened model

{XP,WFC, XP+WFC}
%gap closed Percentage of the gap closed by the strenghtened model

{XP,WFC, XP+WFC}
Time CPU time in seconds

Key to Tables A.8 and A.9

Ratio Instance ratio
Name Instance name

M̂(CFLP) LP value Value of the linear relaxation of the model (1)-(4)
Best LB Value of the best lower bound at the end

of the computation for XP-enum and XP+WFC-enum
Best UB Value of the best upper bound at the end

of the computation for XP-enum and XP+WFC-enum
%gap Percentage gap left at the end of the computation

for XP-enum and XP+WFC-enum
Nodes Number of enumerated subproblems

for XP-enum and XP+WFC-enum
WFC-s Number of added WFC inequalities

for XP+WFC-enum
Time CPU time in seconds
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