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Abstract

The relaxation time limit from the quantum Navier—Stokes—Poisson system to the
quantum drift—diffusion equation is performed in the framework of finite energy weak
solutions. No assumptions on the limiting solution are made. The proof exploits the
suitably scaled a priori bounds inferred by the energy and BD entropy estimates. More-
over, it is shown how from those estimates the Fisher entropy and free energy estimates
associated to the diffusive evolution are recovered in the limit. As a byproduct, our
main result also provides an alternative proof for the existence of finite energy weak
solutions to the quantum drift—diffusion equation.

Keywords Quantum-Navier-Stokes - Quantum-Drift diffusion - Relaxation limit -
Weak solutions - BD entropy

1 Introduction

This paper studies the relaxation time limit for the quantum Navier—Stokes—Poisson
(QNSP) system with linear damping, toward the quantum drift—diffusion equation.
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More precisely, in the three-dimensional torus T3, we consider a compressible, viscous
fluid, whose dynamics is prescribed by

drp +div(pu) =0
. . v _ AP
d;(pu) + div(pu @ u) — div(pDu) + Vp’ 4+ pVV =2pV W — &pu

— AV =p—g.
(1.

Here, the unknowns p, u, Du and V denote the particle density, the velocity field, the
symmetric part of the gradient Vu and the electrostatic potential, respectively. The
function g is given and represents the doping profile.

The system arises in the macroscopic description of electron transport in nanoscale
semiconductor devices (Jiingel 2009), where quantum mechanical effects must be
taken into account. In this context the dissipative term —&pu describes collisions
between electrons and the semiconductor crystal lattice (see, for instance, Baccarani
and Wordeman 1985), and T = 1/£ is the relaxation time. The advantage of using
macroscopic models for quantum fluids, with respect to kinetic models, is their reduced
complexity, especially from a computational point of view (Markowich et al. 1990).
Moreover, hydrodynamic models correctly describe high field phenomena or submi-
cronic devices. However, in certain regimes, as in particular for low carrier densities
and small electric fields, these models can be further reduced to some simpler ones. In
the context of semiconductor devices for instance, quantum transport of electrons can
be effectively described by the quantum drift—diffusion (QDD) equation (Roosbroeck
1950), given by

A
0, p + div (2,0V (ﬂ> —VpY — pvv> =0
N/

— AV =p—g.

(1.2)

The (QDD) equation can be formally recovered from system (1.1) as a relaxation limit.
Precisely, by rescaling the time as follows

t/
' =et, (pS,u)(t',x) = (p,u) (—,X) , (1.3)
€
where € := 1/, the scaled system reads

L.
01 pe + E div(peue) =0

I . . 1 1
0t (Peue) + ; div(pette @ ue) — g div(pe Due) + EVPZ + gpevve (1.4)

1 Aﬁ) 1

= EZIOEV ( o - e_zpeue —AVe = pe — 8.

@ Springer



Journal of Nonlinear Science (2021) 31:71 Page3of32 71

Thus, in the limit € — 0, we formally obtain that

A
1in})p€“—€ =2V (ﬂ) —Vp¥ — pVV (1.5)
€— €

NG
and therefore the (QDD) equation.

Remark 1.1 It is worth observing that, as already noted in Cianfarani and Lattanzio
(2020), under the scaling (1.3), the diffusion term does not appear in the limit, in view
of the value of the momentum at the limit given in (1.5). Indeed, if we perform the
following Hilbert expansion:

p=p"+ep! +--

(1.6)
u =u +eu +--

and substitute (1.6) in (1.4), we deduce:

1 A/ p0
0 (—) s pul =2p°v (_p) —vp — pOvvo
/00
=div(p°V?log p°) — v — pOvyO:
o) : p’u? + plu' ==V (y(p" 1o
+ div(p' V2 log p° + p°V3log p!) + div(p°D(u")).

Thus, the dissipation term p Du does not appear in the zero relaxation limit, but it is
effective only at higher orders.

The main purpose of our paper is to rigorously prove the above limit, that is to
prove that scaled finite energy weak solutions to (1.1) converge to finite energy weak
solutions to (1.2). To this aim, in the following we shall refer to (1.4) with initial datum

(0°, u®) and doping profile g possibly depending in a suitable way on the relaxation
parameter € as well.

Theorem 1.2 Let (p¢, ue, Vi) be a weak solution of (1.1) in the sense of Definition 2.1
with data (,02, ug, 8e) satisfying

{,og}€ is bounded in L' N LY (T?) such that ,02 — p%in LI(T?), g <3andy >1
{V\/ 0O is bounded in L*(T?),

{ ,ogug}E is bounded in LZ(T3),

{ge}e is bounded in LZ(T3) such that gc—g in LZ(T3).
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Then, up to subsequences, there exists p > 0 and V such that

e — /P strongly in L*((0, T); H'(T?))
VV. — VV strongly in C([0, T); L2(']T3)),

and (p, V) is a finite energy weak solution of p of (1.2) with initial datum p(0) = p°,
in the sense of Definition 2.8. Namely there exist A, S € L*>((0, T) x T3) such that

VPA =2div(/pV3/p — Vo ®Vp —p’l) — pVV in D' ((0, T) x T?)

1.7
VPSS =2/pV*/p -2V /o ®V.p ae. in(0,T) x T (1.8)
and C > 0 such that fora.e. t € (0, T)
o’ 1 !
/ (sz PRI wwz) (H)dx +/ / |APdsdx < C
T3 Y — 1 2 o JT3
(1.9)
t 4 1 v

/ (p(logp — 1) + D(t)dx +/ / |Sdsdx + — / / Vo |*dsdx

T3 0 JT3 v .Jo Jm (1.10)

t
+// p(p —8) dsdxs/ (0’ (log p° — 1) + Dydx.
o Jm g

Moreover, if in addition, the initial data also satisfy

00u® — 0 strongly in L*(T3)

V0% — V/ pO strongly in L*(T?)
pg — p" strongly in LY (T?),

then p is an energy dissipating weak solution, meaning that in addition to be a finite
energy weak solution for a.e. t € (0, T) it holds

2 p” 1 2 ! 2
/ <|vﬁ| + 4 ovy )(t)dx+// |A2dsdx
T y—1 2 o JT3
< / 9P Pdx + /
T g

0\y 1
(o)) dx+/ ~|IVV(0)[2dx.
y —1 ™ 2

Let us notice that the estimates (1.9) and (1.10) yield the boundedness of the Fisher
entropy and the free energy, respectively. On the other hand, the quantities A and
S characterized in (1.7) and (1.8) provide the associated entropy dissipations, in a
weaker sense than the estimates derived in Gianazza et al. (2009) and Jiingel and
Matthes (2008). Indeed, formally
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A7) e
NG VB

but, due to the low regularity setting and the possible presence of vacuum regions
it seems not possible to obtain the relations (1.11) in the limit, so the only available
information we have is given by formulas (1.7) and (1.8). We refer to Remark 2.4 and
Proposition 2.11 below for more details on the tensor A and S.

An exhaustive list of all references concerning diffusive relaxation limits and
asymptotic behavior for systems of conservation laws with friction, and in particular for
hydrodynamic models for semiconductors, is beyond the interest of our presentation.
For the theory of diffusive relaxation, we refer here to Donatelli and Marcati (2004),
concerning in particular the case of multidimensional general semilinear systems, and
the reference therein. Moreover, concerning in particular the case of high friction lim-
its with relative entropy techniques in the context of Korteweg theories (Giesselmann
et al. 2017), we refer to Lattanzio and Tzavaras (2017); Cianfarani and Lattanzio
(2020); see also Lattanzio and Tzavaras (2013) for the case of Euler equations with
friction. Finally, for the particular case of Euler—Poisson models for semiconductors,
we recall that the rigorous analysis of the diffusive relaxation limits in the context of
weak, entropic solutions started with the seminal paper (Marcati and Natalini 1995),
where the one-dimensional case is treated using compensated compactness; see also
Lattanzio and Marcati (1999); Lattanzio (2000) for the multi-d case.

Besides the modeling point of view, there are some other mathematical aspects
which motivate our result. First of all, the study of this singular limit is related to
the asymptotic behavior of solutions to (1.1) for large times. Let (p*, u*) = (r, 0)
be the stationary solution to (1.1), where, for g constant, r = f p = g is the mean
value of the particle density. Then it can be shown that solutions to (1.1) exponentially
converge toward (p*, u*) ast — o0, see Gualdani et al. (2003) for the one-dimensional
problem (with suitable boundary conditions, see also Liang and Zheng (2008) for some
extensions) and Bresch et al. (2020) for the proof of this result in the framework of
finite energy weak solutions in the three-dimensional torus.

On the other hand, it is also interesting to determine the asymptotic dynamics which
governs the exponential convergence to equilibrium. This is indeed achieved by per-
forming the scaling in (1.3); hence, the (QDD) equation (1.2) also gives the asymptotic
dynamics we are interested in.

On a related subject, let us also comment on the inviscid counterpart of system
(1.1), namely the quantum hydrodynamic (QHD) system (Antonelli and Marcati
2009, 2016). Due to the dissipative term —&pu, also in this case it is possible
to show both the exponential convergence toward the stationary solution (Huang
et al. 2006, 2010) and the relaxation limit (Jiingel et al. 2006), again toward the
(QDD) equation. However the only available results here deal with small, reg-
ular perturbations around stationary solutions. This can be seen as due to the
lack of regularizing effect of the viscosity, by means of the BD entropy esti-
mates.

Notice that in Theorem 1.2 the only assumption needed is the initial energy asso-
ciated to the system (1.1) to be uniformly bounded at the initial time. In particular, no
assumptions on the limiting solution to (1.2) are given. Consequently, as a byprod-

A=2ﬁv< S = /pV:logp, (1.11)
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uct our main theorem also provides an alternative proof for the existence of finite
energy weak solutions to (1.2), see Jiingel and Matthes (2008) and Gianazza et al.
(2009). Furthermore, in the proof of our main result it is possible to see how the
energy and BD entropy estimates, respectively, associated to (1.1) yield, in the limit
e — 0, the Fisher and free energy, respectively, associated to (1.2). Those facts
were already noticed, in a similar context, in the recent proceeding (Bresch et al.),
see also Bresch et al. (2019). More precisely, the authors in Bresch et al. consider
the one-dimensional shallow water equations with a nonlinear damping term. By
using a similar scaling as in (1.3), the authors study the convergence toward a lubri-
cation type model. In particular, in Bresch et al. the authors emphasize how the
BD entropy for the hydrodynamical system converges toward the so-called Bernis—
Friedman Bernis and Friedman (1990) entropy, associated to the limiting diffusive
equation.

Let us remark that also in the context of semiconductor device modeling it would
make sense to consider a nonlinear damping term, as in Bresch et al. Indeed this would
correspond to the case when the relaxation time t is no longer a constant, but a func-
tion of the particle density. This is consistent with the derivation of the hydrodynamic
system from kinetic theories, as in general the relaxation coefficient may depend on
the particle density.

Finally, our result can also be seen as related to the derivation of (1.1) and (1.2)
from kinetic equations. These macroscopic models for quantum transport are usu-
ally derived from collisional Wigner-type equations, with a suitable choice of the
collision operator, see Degond and Ringhofer (2003); Degond et al. (2005) and
Jiingel (2012) for a more comprehensive discussion about those issues. In partic-
ular, the QNS system with a linear damping was derived in Jiingel and MiliSié
(2011) by applying the moment method to a Wigner-type equation whose colli-
sional operator is chosen to be the sum of a BGK and a Caldeira-Leggett-type
operator, see also Jiingel et al. (2011) where an alternative derivation is given by
avoiding the Chapman-Enskog expansion. Actually in Jiingel and Milisi¢ (2011)
and Jiingel et al. (2011) the authors derive the full QNS system, where also the
dynamics of the energy density is given, in our paper we only consider the isen-
tropic dynamics given by (1.1). We also mention Brull and Méhats (2010) where
the QNS system without damping is derived. On the other hand, the QDD equa-
tion can also be derived from the same Wigner-type equation by using a diffusive
scaling. In this sense our result, obtained by using the scaling (1.3), can be seen as
linking the two different scalings used to derive (1.1) and (1.2) directly from kinetic
models.

Organization of the Paper

The paper is organized as follows. In Sect. 2 we give the definition of weak solution
for the quantum Navier—Stokes system and the quantum drift—diffusion equation, we
give a formal proof of the e-independent estimates and we state the main theorem and
in Sect. 3 we prove the main result of the paper.
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Notations

We denote with L?(T") the standard Lebesgue spaces. The Sobolev space of L?
functions with k distributional derivatives in L” is denoted W*7; in the case p = 2
we write H*(T"). The spaces W %7 and H ¥ denote the dual spaces of wk-r" and
H* where p’ is the usual Holder conjugate of p. Given a Banach space B, the classical
Bochner space of real valued function with values in B is denoted by L” (0, T'; B) and
sometimes also the abbreviation Llp (By) will be used. Given a function f € L?(T?),
we denote the average of f alternatively { f or f, and throughout the paper we can
assume without loss of generality that |T?| = 1. We denote with Du = (Vu + Vu')/2
the symmetric part of the Jacobian matrix Vu and with Au = (Vu — Vu')/2 the
antisymmetric part. Moreover, for a generic tensor A, we denote with A* and A%,
respectively, its symmetric and its antisymmetric part.

Finally, the subscript € used to denote sequences of functions has to be always
understood running over a countable set.

2 Definition of Weak Solutions and Main Result

In this section we give the definition of weak solutions for the system (2.1) and (1.2).
The existence of weak solutions of (2.1) is out of the scope of this paper. On the other
hand, in Appendix A we provide an overview of the main ideas of the approximation

procedure, which is based on a compactness argument as in Lacroix-Violet and Vasseur
(2017); Antonelli and Spirito (2017), see also Antonelli and Spirito (2018, 2019a,b).

2.1 Weak Solutions of the Quantum Navier-Stokes—Poisson Equations

Let us consider the following system in (0, T') x T? for a given g, : T> — R,

L.
01 pe + E div(peue) =0

I . 1 . 1 1
0r(Peute) + — le(peue ® Ue) — ; div(pe Due) + Evpz + ;,OeVVe 2.1

AJp 1
:—2 V( 6>—€—2/Oeue_AVe=pe_ge

with initial data

pe(0,x) = p2(x),

0 0 2.2)
Pe (0, X)ue (0, x) = p. (X)ug(x),
on {r = 0} x T? and zero average condition for V., namely
][ Ve(x,t)dx = 0. 2.3)
T3
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We emphasize that in order to solve (2.1)3, (2.3) we need the following assumption
on the doping profile g¢: f13 ge(x)dx = M¢ and M > 0 where M = 3 o0 (x);
see also Remark 2.6 below.

The definition of weak solution is the following.

Definition 2.1 Given p? positive and such that \/p? € H'(T3) and p0 € LY (T?),
ge € L*(T?) and ug such that ﬁgug € L2(T?), then (pe, e, V) with pc > 0 and V,
with zero average is a weak solution of the Cauchy problem (2.1)—(2.2) if the following
conditions are satisfied.

(1) Integrability conditions:

VPe € L®(0, T; H'(T?) N L2(0, T; HX(T3)), /peue € L0, T; L*(T3)),
p! € L=, T; L'(T%)), T. € L2(0, T; L3(T?)),
pe € C0, T; L*(T%)), V. € C(0, T; HX(T%)).

(2) Continuity equation:
For any ¢ € C*®([0, T) x T3; R) such that $(T) = 0

/p?qb(o)dx + [/pe¢t + é\/E\/EMGqu dsdx = 0. (2.4)

(3) Momentum equation:
For any ¢ € C*®([0, T) x T>; R3) such that ¢ (T) = 0

/pgugw(O)dx—‘r //in(mug)w, dsdx + é/ Petie/pette - Vi dsdx
_ é//mrf: : VY dsdx + é //PZ div r dsdx — é//,oEVVel[f dsdx

(2.5)
—lﬂzmvzm:vwdsdx+lf/2vm®vm DV dsdx
€ €
+ 12 //,oeugw dsdx = 0.
€
(4) Poisson equation:
For a.e. (t, x) € (0, T) x T? it holds that
— AVe = pe — ge- (2.6)

(5) Energy dissipation:
For any ¢ € C®([0, T) x T3; R)

//\/E’Z;,-,jq) dsdx = —//pgugq,-v_,-tp dsdx—//Z\/Eug,- ® Vj/pe ¢ dsdx.
2.7
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(6) Energy Inequality:
Forae.t € (0,T)

1 V
/T ( Pelucl® + 1+2|V\/'0_e| +—|VVe| )(l)dx

[ |7;‘|2dsxd+—2 [ [ petucrasax 28)
€ Jo JT3 € Jo Jm3
1 () 1
< /T <5p3|u8|2+ﬁ+2|v\/p2|2+5|vve(0)|2 dx

(7) BD entropy: Let we = u. + Vlogpe, then there exists a tensor S €
L2(0, T; L3(T3)) such that

V0eSe =2/pV /P — 2V /P ® V/pe ae.in (0,T) x T3 (2.9)

we have fora.e.r € (0, T)

1 2
- 2Epe|we| ]/
//|’T“|2dsdx+/ / |Se|* dsdx + — //|Vp 1> dsdx
+*/ / p5|u5|2 dex+/ / Pe(pe — ge) dsdx
€ Jo T3

1
s/ (—ep2|w2\2 @ -+ 2|V,//)€|2++ IV )P + (0 (log p? — l)+1)>dx.
T \2 -
(2.10)

Pe —e|vve|2 + (pe(log pe — 1) + 1)) (t)dx

(8) There exists an absolute constant C such that

4 1
/ / IVZ«FpeIZHVpé‘I“dsdxsc/ ( epllwl? T3l +e2|v p9|2)dx
Jo Jr3 J1s y—1

+C /3 (%e|vvg(0)|2 + (p200g p? — 1) + 1)> I
T
(2.11)
The following remarks aim at explaining some peculiar points of the definition of

weak solutions. In particular, we explain the presence of the tensors 7 and S, in the
following remarks, and the reason why we must further assume the bound (2.11).

Remark 2.2 (Weak formulation of the quantum term) We emphasize that in the weak
formulation introduced above, the third-order term in the momentum equation can be
written in different ways:

2pV (AT*?) =div(pV2log p) = div2/pV2/p — 2V/p @ V/p),  (2.12)
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and we are using the last expression to give a distributional meaning to the third-order
tensor term.

Remark 2.3 (The velocity field and the vacuum set) We stress that in the definition of
weak solutions the vacuum region can be of positive measure. As a consequence, the
velocity it is not uniquely defined in the vacuum set, namely if we change its value on
{p = 0} we would still have the same weak solution of (2.1)—(2.2). Moreover, even if
we choose u = 0 on {p = 0} we cannot deduce any a priori bound in any Lebesgue
space since, from the energy estimate (2.8) and the BD entropy (2.10), the uniform
bounds on the velocity are always weighted by a power of p.

Remark 2.4 (About the tensors 1. and S;)

The presence of the tensor 7 is due to the possible presence of vacuum regions.
Indeed, if the density is bounded away from zero, (2.7) implies that 7c = /peV ue.
On the other hand, even in the case when the vacuum has zero Lebesgue measure,
Vu. also cannot be defined in a distributional sense. Therefore, the tensor 7, arises as
a weak L2-limit of the sequence {/p" Vul)}, of approximations, see Lacroix-Violet
and Vasseur (2017); Antonelli and Spirito (2017). Analogously, S, is again motivated
by the presence of vacuum regions. Indeed, also in this case, if the density is bounded
away from zero, by using the identity (2.12), we have that S¢ = ,/pe V2 log pe. As
for 7, the tensor S. arises as an L2 weak limit of the sequence {/p"V? log oln,
where again {p, ul}, is a suitable sequence of approximations. Notice that the fact
that {\/p"V? log o2}n is bounded in L?((0, T) x T?) because of the BD entropy, see
Proposition 2.7. We refer to Appendix A, where a description of the approximation
scheme and a more precise explanation of the tensors 7, and S are provided.

Remark 2.5 (About the inequality (2.11)) Regarding (2.11) we recall that in Jiingel
and Matthes (2008) it is proved there exists C > 0 depending only on the dimension
such that for any smooth function p > 0 it holds

//|vp%|4 dsdx+//|V2ﬁ|2 dsdx 5C//,0|V2log,o|2 dsdx. (2.13)

The inequality (2.11) follows by applying (2.13) to the approximation p, which is
smooth and such that the quantity \/p" V> log p? is well-defined, and then using the
bound on /p"V? log p¢ inferred from the approximated version of the BD entropy
and using the weak lower-semicontinuity of the norms. For completeness we give
more details on the inequality (2.11) in the Appendix A and we give the full proof of
(2.13) in Appendix B.

Remark 2.6 (About the integrability conditions and the Poisson equation) We notice
that by using the integrability hypothesis and (2.4) the average of the density is con-
served, namely fT3 Pe(t,x)dx = M, for any ¢ € (0, T'). Therefore, p. — g has zero
average for any ¢ € (0, 7') and then the compatibility for the Poisson equation (2.1)3
is always satisfied.

Next, from the minimum regularity required for p, to be a weak, finite energy solution,
we readily obtain p. € C([0, T]; L2(T?)); this (redundant) condition is thus listed
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explicitly in Definition 2.1. Hence, p¢|;=0 = ,og in L2(T3) and we have that V,(0) is
well-defined and coincides with the solution of the corresponding elliptic equation at
t = 0, that is:

— AVe(0) = p? — ge. (2.14)

Finally, since p? and g, are both bounded in L2(T?) we have that V,|;—o = V.(0) is
bounded in H2(T?).

Note that, since weak solutions have a limited amount of regularity, the energy
inequality and the BD entropy must be included in the definition. In particular, being
the proof of the existence based on a compactness argument, (2.8) and (2.10) are proved
for approximate solutions and then are obtained through a limiting argument; we refer
again to the Appendix A. On the other hand, as usual in PDE they are motivated by
formal estimate. This is exactly the content of the next proposition.

Proposition 2.7 Let € > 0 and (pe, ue, V) be a sequence of smooth solutions of (2.1)
with initial data (2.2). Define we = ue + V1og pe. Then, for any t € [0, T') the pair
(pe, Ue, Ve) satisfies the following estimates:

(1) (Energy Estimate)

1 2,
‘/3 <2pe|ue| Y —
// pc|Duc)? dsdx—l——// Pelue|*dsdx (2.15)

1 02 (Pe)y 012 2
= 5 E| | + +2|V o +§IVVe(0)| dx

(2) (BD entropy)

Pe |vv |2> (t)dx

1 ol 1
/T3 (Eemwaz T H VYR + ez VY

+(pe(og pe — 1) + 1)) (1)dx

t
+//pe|Au€|2dsdx
//,06|V210g,06|2dsdx+ // |Vpe *dsdx  (2.16)
+//pg(p€—ge>dsdx+—/ / pelucPdsdx
0 JT3 € Jo J13

1 14 1
=/ Sepl lwl|? +e("f) +€2|V\ /2P + €| VVe(0)?
™\ 2 1 2

+(0%(log p? — 1) + 1)) dx.
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Proof Let us start by recalling the following alternative ways to write the dispersive
term:

2pV (%ﬁ) = div(pV?log p) = div(2{/pV>/p — 2V./p ® V./p).

Then, for smooth solutions (pe, ue) of (2.1), as usual we multiply the continuity
equation (2.1); by y,oz _1/ (y — 1) and the momentum equation (2.1), by u and
integrate in space to get:

d 4 1
Ll Pe iy — —/ V! tedx = 0. 2.17)
dt Jp3y —1 € J3

d 1 1 1
— —pluc)? dx+—/ ,0|Du€|2dx+—/ Vo? - ucdx
dt Jm3 \2 € J13 € JT3 (2.18)

1 1 1
+ —/ p€V2 log pe : Vuedx + —2/ ,o|u5|2dx + —/ PeVVeucdx =0,
€ J13 € T3 € J13

d 1
— | Z|VV)? dx:—/ (AV), Ve dxz/ 3 pe Ve dx
dt 3 2 T3 T3

1 1
= ——/ div(peue) Ve dx = —/ PeVVeue dx, (2.19)
€ J13 € J13

Moreover, using the equation satisfied by the so-called effective velocity V log pe,
(see Bresch et al. 2019 for its formal derivation)

1. 1.
(peV log pe)r + c div(pe V1og pe @ ue) + - div(plVue) =0,

after multiplication by V log p. itself and space integration we obtain

d 1
— | 21Vyp | dx — -/ peV210g pe - Ve dx = 0. (2.20)
dt 13 € J3

Hence, summing (2.18, (2.17)) and (2.20) and integrating time we end up to (2.15). For
the BD entropy relation, we take once again advantage of the effective velocity, and
in particular introducing the quantity we = ue + V log pc. Then, using the relations
| 1
—div(pe Vlog pe) = —Ape,
€ €
l_ .
(peViog pe)y = — gv div(pette),
1 . 1 2 . 1 .
c div(pette @ V10g pe + peV10g pe @ ue) = ;A(peue) T div(pe Due) + EVdIV(PeMG)a

1 . 1 1.
— div(peVlog pe ® Vlog pe) = —A(peVlog pe) — - div(pe V2 log po).
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we obtain the following alternative version of (2.1):

1 . 1
01 pe + - div(pewe) = ZA)OG
1 . 1 y 1 . 1
0 (pewe) + ¢ div(pewe ® we) + EV,OG + p div(pe Dwe) — EA(Pewe)

1 . 1 1
- div(pe V? log pe) + ~PeVVe+ pette =0.
(2.21)
Now we pass to compute the energy associated to the system (2.21). To this end,

as already done for (2.1), we use the continuity equation (2.21); and multiply the
equation (2.21); by we to conclude

1 2 1 . 1 2 1/1 2
O | zplwel” ) + = div | pewe = |wel” | + = | s Apelwe|” — A(pewe) - we
2 € 2 € \2

1 1 . |

+ Vol we + — div(pe Dwe) - we — — div(pe V2 log pe) - we
1 1

+ 5 Pelle We + =0 VVewe = 0.
€ €

Since

1

1 1 /1 . .
- <§Ape|we|2 — Alpewe) - we) = (5 div (Vpelwe ) + div(pc Vi) - wg) ,

when we integrate the equality above over T we get:

d
dt 3

1 1 1
+ _/ PeVVewe dx — _/ ,05|D(we)|2dx + _2/ PelteWedx
€ J13 € J13 € T

1 5 1 2 1
= pelwe|"dx + - PelVwe|"dx + — sz cWedx
2 € J3 € J3

1
+= / peV21og pe : Vwe dx = 0. (2.22)
€ J13

We observe that |[Vwe |> — |D(we)|? = |A(we)|? = |A(ue)|?, and, from the definition
of we, we infer

V!

€

4
cwe = Vp! -ue + ;|W/2|2;

€

PeclleWe = ;Oeug + pette V10g pe;
PV 10g pe 1 Vwe = pe V2 1og pe : Ve + pe| V2 log pe|?

PeVVewe = peVVette + pe VVeVlog pe
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Moreover, we recall (2.17), (2.20) and (2.19) to compute:

d 1
— [ (peogpe — 1) + 1)dx = - /3 Pette V10g pe dx,
T

dt J3
1 d 1
- pPeVVewe dx = — —
sl

1
|Vve|2dx+—/ peVVV log pe dx,
€ dt Jp3 2 € Jm

the last term can be rewritten:

1 1 1
—/ pcVVcVilog pe dx = —/ VVeVpe dx = ——/ AVepe dx
€ J13 € J13 € J13

1
= —/ Pe(pe — ge) dx
']1*3

€

Therefore, we multiply (2.22) by € and, using the previous identities, we obtain the
final estimate

d 1 ol |
dt g3 |:€ <§,0|w6|2 + y i 1 +2|V/pel* + §|VV€|2> + pe(log pe — 1) + 1i| dx

2 4 52 2 2
+/ PlA(ue)l dx+—/ Ve | dx+/ pe|V*=log pe|” dx
T3 Y Jrs T
1
+—/ Pe”zdx‘l'/ Pe(Pe — 8e) dx =0
€ J13 T3
which gives (2.16) upon time integration. O

2.2 Weak Solution of the Quantum Drift-Diffusion Equation

Next, we consider the quantum drift—diffusion—Poisson equation in (0, T) x T3 with

g: T3 >R
A
9;p + div (ZpV (%) —Vp? — ,OVV) =0

(2.23)
with initial datum
pli=o = p° >0, (2.24)
and V such that
][ Vdx =0. (2.25)
']1*3

As before, to solve (2.23),, (2.25) we need the following assumption for g: defining
M = fr3 p°, we assume that frag =M.
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The following definition specifies the framework of weak solutions to (2.23)
obtained in the zero relaxation limit.

Definition 2.8 Given g € L2(T3), we say that (p, V) with p > 0 is a finite energy
weak solution of (2.23) if

(1) Integrability condition:

Jp € L®0,T; H{(T*) N L?(0, T; HX(T%);  p e L™®(0, T; LY (T?))
V e C((0, T); H*(T?))

(2) Continuity equation:

/T 0 dr + [ (00— o7 div Vs -2V 58 V5 g
+2ﬁV2ﬁ V2 + pVV - ¢) dsdx =0,
for any ¢ € C2°([0, T); C*°(T3)) such that ¢(T) = 0,
(3) Poisson equation:
For a.e. (t,x) € (0, T) x T3 it holds that
—AV=p—g (2.26)

(4) Entropy inequalities:
there exist A, S € L2((0, T) x T?) such that

VoA =div2/pV2/p =2V /p @ V/p — p’T) — pVV in D'((0, T) x T?)
(2.27)

VPSS =2/pVi/p -2V /p®V/p ae.in (0,T) x T3 (2.28)

and constant C > 0 such that for a.e. t € (0, T)
2 pY 1 2 ' 2
2AV/PPP + F— + 2 |VVI2) (1) dx + IA|? dsdx < C, (2.29)
T3 y —1 2 o J13
t 4 t ¥
/ (pogp — 1) + 1)(1) dx+/ / |S|? dsdx + —/ / Vo2 % dsdx
T l 0 JT3 v Jo JT3 (2.30)
+/ / p(p — g) dsdx < / (p°(log p” — 1) + 1) dx.
0 JT3 T

In addition, (p, V) is called energy dissipating weak solution if in particular it holds
that fora.e. 7 € (0, T):

14 1 f
/ 2|v«/ﬁ|2+”—+—|vv|2 (t)dx+/ / |A|? dsdx
T3 y—1 2 0 Jm
P 1
5/ 2|V\/,00|2dx~|—/ dx+/ —|VV(0, x)|%.
T3 3 2

™y —1

2.31)
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Remark 2.9 Note that Definition 2.8, although motivated by the relaxation limit, it is
very natural and based on the formal a priori estimate given in Proposition 2.11. In
particular, the inequalities (2.29) and (2.31) are also crucial in the arguments of Jiingel
and Matthes (2008) and Gianazza et al. (2009).

Remark 2.10 The terminology finite energy and energy dissipating weak solutions is
motivated by the fact that both (2.29) and (2.31) arise as a weak limit of the energy
inequality (2.8). As in Proposition 2.7 we derive the formal estimates for smooth
solutions.

Proposition 2.11 Let (p, V) be a smooth solution of (2.23) with data satisfying

(2.24),(2.25). Then, for any t € [0, T) the pair (p, V) satisfies the following esti-
mates:

d pY 1
— 2AV/ol> + — + = |VV]? ) d
= T3<| NI +y_ + 5 |> x

1
A 2
+/ p‘ZV <—‘/ﬁ> "2V — VY| dx =0, (2.32)
T3 NIg
d
— plogp—1)+1+ dx/ /n>|V210g,0|2 dx
dt J13 T3
4
+—/ IVoZ2 dx+/ p(p—g)dx =0. (2.33)
Y J1s T3

Proof The energy (2.33) is achieved by multiplying (2.23) by log p and integrating by
parts:

d
/ prlog p dx = 7/ ((p(ogp — 1)) + 1) dx,
T3 dt T3

A
/ div <2pV (j) - V,oV) logp dx = / div (div (,oV2 log p) - V,oy) log p dx
T3 VP T3

4
= [ ovtiogol ax+ 2 [ 19o¥ P ax.
YIS Y J13

—/ div(pVV)logpdx:/ pVVVlogpdx:—/ AV,odx:/ p(p—g)dx.
T3 T T3 T3

Moreover, if we multiply (2.23) by —2A./p//o+vp" ™ '/(y —1), after integrating
by parts we get

/T3p, (#) dx=—/1r3div<zvgpt) dx+/T3 V. J/pV (2%) dx

d y _ d pY
= — ZV zd, yl d = -0 d1
a0t o v X/T%pr<y_1p ) x= X

sy — 1
Lo (oo (S2)) (2224 2 ) T
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AP\ AVPY v
= 4p ‘V (—) —2ypV (— p’ 7"V dx,
/1r3 ( NG NG
A
/ div(—V p7) (—2—*/5 n pr—l) dx
T3 Vo ooy—1
A
= / —Vp¥'Vv (2—ﬁ> + plyp? "2 Vp|? dx
T3 Vo
A
= / —2ypp? 2V pV (—ﬁ> + plyp? *Vpl* dx,
T3 NI

/ — dlv(pVV)
T3

pY 1d)c—/ pVVyp?2Vp dx
1 el
:/ VVVpY dx = —/ AVp? dx

T3 T3

. AV / (Aﬁ)
d VV)2 dx = — VV2v | ——) d
/11‘3 iv(pVV) NG X TSp NG X

= —/ VV div(pV?log p) dx
']1"3

Finally, we multiply (2.23) by V; integrating by parts, we get:

1d
/ oV dx:—/ AV, dez/ VV,VV dx:——/ IVV|? dx,
T3 T3 T 2dt J3
A A
/ div <2pv (—“/’3>>de=—/ 2pV (—‘/ﬁ) VV dx
T3 NI T3 NI

=_/ VV div(pV?log p) dx,
T3

/—div(V,o”)V:/ VpVVV:—/ p?Y AV
T3 T3 T3

and (2.32) follows by summing up all terms.

Remark 2.12 1t is worth to observe that if we perform the Hilbert expansion of (2.1)

the limit solution (p, ) formally satisfies at the first nontrivial order O(1/€) (the
order O(1/€?) tells us the momentum expansion starts form the power one in €) the

following identities:

(o

3 p + div (ZpV (

*/_) —ypY 7V — vv)

—=
%) —-Vp¥ — p‘vf/) 0,
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which is exactly the quantum drift—diffusion equation (2.23). We underline also that,
with the above definition for i, namely

(p.it) = (,5, ¢ (2V (%}5) —yp" TVp - W)) ,

in the formulation for the mechanical energy (2.15) for (2.1), at the limit the latter
reduces to (2.32) after a time integration, that is the corresponding conservation of the
mechanical energy for the quantum drift—diffusion equation. The same happens for
the BD entropy, namely (2.10) for ¢ — 0 reduces to (the time integrated version of)
(2.33). This fact is coherent with our analysis and it will be validated by Theorem 3.1
below.

Remark 2.13 We remark that if p is a weak solution in the sense of the previous
definition the initial datum p? is attained for example in the strong topology of L2(T?).

3 Main Result

In this section we prove Theorem 1.2, which we rewrite for reader’s convenience.

Theorem 3.1 Let (pe, ue, Vi) be a weak solution of (2.1) in the sense of Definition 2.1
with data (2.2) satisfying

{,o?}6 is bounded in L' N L”(']IG) such that pg — ,00 in L9 (']I‘3), g <3
{V\/p0)c is bounded in L*(T?),

3.1
{y/ 00u®)¢ is bounded in L*(T?),

{ge)e € Lz(']I‘3) and ge— g weakly in L2(T3).
Then, up to subsequences, there exist p > 0 and V such that

e — /P strongly in L*((0, T); H'(T?))
VV. — VV strongly in C([0, T); LZ(T3))

and (p, V) is a finite energy weak solution of (2.23-(2.24)) in the sense of Definition
2.8. If in addition to (3.1), it also holds that

,/,ogug — 0 strongly in L*(T3)

V\/KZ) — V/p strongly in L*(T?) (3.2)
p0 — p strongly in LY (T?)

then (p, V) is an energy dissipating weak solution.
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The proof of Theorem 3.1 requires several preliminaries, collected in the following
section.

3.1 Preliminary Results

We start by proving the uniform bounds obtained by the energy estimate and BD
entropy.

Lemma 3.2 There exists a constant C > 0 depending on the data such that the fol-
lowing bounds, uniform with respect to €, hold

T v
sup/ pe dx < C; sup/ ,oeuz dx < C; / / Vol |? dsdx < C;
t JT3 t J13 0o JT3

sup/ IV /pe|* dsdx < C;
t

1 T 1 T
—/ / |751? dsdx < C; sup/pZ dx <C; —2/ /peuf dsdx < C;
€ Jo Jm3 t €= Jo

T T
/ / V2. /pc|? dsdx < C; / / 1Sc|? dsdx < C;
0 T3 0 T3
Sup/ V2V dx < C (3.3)
t T3

Proof We first notice that under the hypothesis (3.1) we have that
{p2log p?}c is bounded in L' (T?). (3.4)

This is obtained very easily under the hypothesis (3.1). Indeed, one can easily show
that for ¢ > p > 1 there exists C > 0 such that for s > 0:

|slogs|? < C(1+sP)
and therefore, by taking g = y and 1 < p < y we have that
{p21og p?}c is bounded in L9 (T°). (3.5)
which implies (3.4).
Next, as shown in Remark 2.6, {VV,|;,—o}¢ is bounded in L2(T3) and we have

proved that the right-hand sides of (2.8) and (2.10) are bounded uniformly in €. Then,
to obtain (3.3) is enough to use the bound

t 1 t 1 1t
//pe(pe—gadsdxz—// |pe|2dsdx——// g dsdx
0 J 2Jo Jr 2Jo Jr3

in the energy inequalities (2.8) and (2.10). Finally, the bound on the potential follows
from the Poisson equation. O
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In the following lemma we prove the convergence needed to pass to the limit as
€ —> 0.
Lemma 3.3 Thereexistp > Osuchthat /o € L0, T); H' (T*)NL?(0, T; H*(T?))
and the following hold:

pe = pin C([0, T1; LY(T?), ¢ < 3, (3.6)
P~/ weakly in L*(0, T; H*(T?)), (3.7)
Ve = /p weakly* in L0, T; H'(T%)), (3.8)

Pe —> /p strongly in L0, T; H'(T%)). 3.9
peog pe +1) +1— p(ogp + 1) + 1 strongly in L' (0, T; L'(T?)),  (3.10)
ol — p¥ inL'0, T; LY(T%) y > 1. (3.11)

Proof From (3.3) and Sobolev embedding H ' (T?) c LO(T?), we have that:
{\/Pe e is bounded in L>(0, T; LY(T%)) ¢ € [1, 6] (3.12)
Therefore, since Vp. = 2V, /pc/pe by using (3.12) and (3.3), we can infer that
{pe}e is bounded in L®(0, T: W3 (T3)).

Next, by using the weak formulation of the continuity equation and the bounds (3.3)
we get that

{3 pe)e is bounded in L2(0, T: W~13 (T3)). (3.13)

Indeed, it is enough to note that we have

ds.

"o 12
Vpef

2

T 2 1 g 2 T 2
/ Vrpel? |, ds < —2/ loeucl? , ds 5/ WAl
0 w2 € Jo L} 0 *

Since for ¢ < 3 we have W3/2(T3) < L4(T3) with compact embedding and
L9(T3 c W~13/2(T3), we can apply Aubin-Lions lemma to deduce that there
exists a subsequence not relabeled and p > 0 such that (3.6) holds. Moreover, the
strong convergence (3.6) implies that p. — p strongly in L9((0, T'); L9 (T?3)) for any
q < 3, and thus, passing to subsequence if necessary, we have that

pe — p aein (0,T) x T, (3.14)
Then, the convergence (3.7) and (3.11) follows from (3.14), the uniform bounds (3.3)
and standard weak compactness considerations. Next, note that since (3.14) holds, for
any M > 0 such that {p = M} has zero measure, it holds that

Xipe<M) —> Xip<m) a-e.in (0, T) x T>.
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Therefore, since p is summable, we can always find a sequence {My}; of positive
numbers such that M — oo and

Xipe<My) = Xip<y) ae.in (0, T) x T3, (3.15)
Then, to prove (3.9) we start by proving that
pe — +/p strongly in L2(0, T; L*(T?)). (3.16)

First, notice that since the function ¢ — /7 is continuous on [0, 00), (3.14) and (3.15)
imply that

VP Xipe<My) = PXip<my) aein (0,T) x T2

Then

T T
/ / e — /pI? dsdx < / / | /o2 dsdx
0 JT3 0 J{pe>My)}
T 2
+/0 /WI«/PeX{pesMk}—\/FX{psMk}l dsdx

T
+/ / |V/p|? dsdx.
0 Jip>My)

Then, by using (3.3), (3.12), the fact that ./p € L>(0, T; L(T?)), we have that

T 1 -
/ / Iv/pe — \/5|2 dsdx 5—2/ /|\/E|6 dsdx
0 JT? M2 Jo
' A/ 2
+/0‘ /]1-2 | Pe X{pe=My} — \/IBX{,OSM;(H dsdx

il [
+ — IVpl® dsdx
Ml? 0 \/_
T
S/O /1r3 |/ Pe X{ /pe <My}

2C
— \/;X{ﬁSMk}|2 dsdx + V]g

Then, we conclude by first sending € — 0 in the second term, where we use Dominated
Convergence Theorem, and then by sending k — oo.

The strong convergence (3.9) of ,/pc in L%(0, T; H'(T3)) is a consequence of the
following simple interpolation inequality:
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1 1
IVPe (@) = /POl g1 = Cll/pe®) — /POl 21V pe®) = /o@Dl 52
(3.17)

Indeed, by integrating in time and using Holder inequality, we have that

1

A|wmnﬂﬁw@m§<lnﬂﬂwumw@M)

1
T 2
x(A|WEm—¢am@mQ

and we conclude by using (3.3) and (3.7). Next, we prove (3.10). We first notice that
by using (3.3) and by the very same argument used to deduce (3.5), we easily have
that for some p > 1

plogp € LP((0, T) x T?),
{pe log pc}e is bounded in L? ((0, T) x T3).

Moreover, since the function s — slog s is continuous on [0, c0), by using (3.14)
and (3.15), we have that

Pe 108 pe X(p. <My —> PlOg pX(p<m;y ae.in (0,T) x 3.

Then

T T
/ / |0 log pe — plog p| dsdx 5/ / |pe log pe| dsdx
0 JT3 0 J{pe>My)

T
+/ / [0 10g Pe X {pe <My}
0o Jt3

— plog pxip<m;}l dsdx

T
+/ / |plog p| dsdx.
0 J{p>My}

T
5/ / |0 10 pe X {pe <My
0 T3

— plogpxip<my| dsdx
N 2C
(My log My)P—!

and we conclude as in before. Finally, we prove the convergence of the pressure term.
We first note that from (3.3) we have that

Y
{p& }e is bounded in L>(0, T; L>(T?)) N L%(0, T; H'(T?)).
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Then, by Sobolev embedding
5 2 63
{p& }¢ is bounded in L=(0, T; L°(T°))
and therefore for a.e #:
b2 2 2y 3
lpé Mo < llpe D13 108 DG -
Therefore, by integrating in time and using (3.3) we have that
Lo . 10 3
{pé }e is bounded in L3 ((0, T) x T°),
which is equivalent to say that
{p!}e is bounded in Lg((O, T) x T?).

Moreover, by (3.14) and since ¢t +— t? is continuous on [0, co) we have that also
ol — p? ae.in (0, T) x T> and by Fatou Lemma we have that

o7 € L3((0, T) x T?).
Moreover, by (3.14) and (3.15) we also have that

sz{peka} — ,OyX{pSMk} ae.in (0,7T) x T3.

Then,
r T
/ / Ipz—pV|dsdx§/ / p! dsdx
‘ B 0 {pe>My}
T
+/0 /11,3 10f Xipe <ty — PY X{p<m;)| dsdx
T
+/ / oY dsdx
0 {p>My}
T
S/ /Tz 10 Xipe=mi)y — PY Xip=my)| dsdx
0
2C
T
M’
and we conclude as before. i
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3.2 Proof of Theorem 3.1
First, we note that from (3.3) and (3.1), by using (2.6) we have that
{Vc}c is bounded in L*(0, T; H*(T?)).
Moreover, since g, is not depending on time, by using (3.13), we have that
{8, V). is bounded in L2(0, T; W=132 (T3)).

Since H> cc H' c w=h 3 (T3), by using Aubin-Lions lemma we have that there
exists V such that

V'V, — VV strongly in C([0, T); L*(T?)). (3.18)
Moreover, the Poisson equation is satisfied pointwise. Regarding the momentum

equation, let v € C*°([0, T); C°°(T3)) and consider the weak formulation of the
momentum equations in Definition 2.1, multiplied by e,

e/pgugw(O)dx+el//mmti¢, dsdx+52//m“ei ®mb‘ei .V dsdx
- ﬁ//ﬂ% : Vi dsdx—l—/]p;’divw dsdx —//ZJ/TGVZ\/,OT: Vi dsdx

_//pevvew dsdx+//2vm® VeV dsdx+//pe”€iw dsdx = 0.
(3.19)

We study the convergence in the limit of € — 0 of all the terms separately. By using
(3.1) and Holder inequality, we conclude

0
€ < elvliLz Ny o2l 20y p2ucll 2 < € C — Oase — 0.

/ p2u®y (0) dx

Analogously, from (3.3) and Holder inequality, we get for € — 0:

€2 < 2C — 0,
LZ
1,x

u u
// VoeN/Petn dsdx| = il IRz, | Voe =

e’ <1Vl <e’C—0,

u
A/ Pe ?6‘
Ts

€

u u
//m:‘®@f:v¢dsdx

//\/p_e% 1V dsdx

Next, by using (3.7) and (3.9) it follows that for e — 0

2
L7,

< .JJeC — 0.

2
LT..\'

Je

< VeIVl Vel 2.
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//wﬁvz@: Vi dsdx — //2ﬁv2ﬁ .V dsdx,
//2V@® V./pe : Vi dsdx — //2Vﬁ® VP : Vi dsdx.

Moreover, the convergence of p. in (3.11) implies the continuity of the pressure term

//pg’ divyr dsdx — //,0” divyr dsdx

as ¢ — 0. Next, we consider the potential term and, by using (3.6) and (3.18), one

gets:
//,oGVVGw dsdx — //pVth dsdx ase — 0.

For the damping term, we first note that, that from (3.3), we can infer that there exists
A such that

VPe £ A weakly inL*((0, T) x T%), (3.20)
€

by using also (3.9) we get that

//\/E\/p_e%w dsdx — //\/EAW dsdx ase — 0

Therefore, from (3.19) we conclude

//ﬁAlﬂ dsdx=—2//V«/ﬁ®«/5:V1// dsdx+2/ VPVE/p Vi dsdx
—//pV divy dsdx—l—//pVVl// dsdx,
that is

VOA =div(=2V./p ® /P + 20V — p’I) 4+ pVV inD'((0, T) x T?).
(3.21)

Finally, for the continuity equation we similarly have for e — 0:

/ plp(O0)dx + // Peds + /Pe/Peuc Ve dsdx — / 2 (0) dx
+//P¢z + JpAV¢ dsdx,
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and therefore taking into account (3.21), we get that p satisfies

// por + /PAV dsdx =0, (3.22)

orany ¢ € C°([0, T); C>®(T?3)). Next, we prove (2.28). Again, from (3.3) we have
that there exists S such that

Sc—8 weakly inL>((0, T) x T?), (3.23)

Therefore, for any ¢ € C*° (T?3), we have that

//\/,0786(1) dsdx — //ﬁS(ﬁ dsdx
// VPV SPed — V/pe @ V./pe dsdx — // VOVISPh — V. /p ® V. /p dsdx

where we have used (3.9), (3.7) and (3.23). Finally, by using (2.9) we get (2.28).
Next, we prove the entropy inequalities. By lower semicontinuity we have that for a.e.
te0,7T)

t
[ (B2 2w iseont+ 39vanr) ax+ [ [ a0 asix
=y N (3.24)

1
<11m1nf/ (—p3|u8|2 (pf) +2|V,/p€|2 IVVEO|2) dx
e—0 T3 2

and then (2.29) and (2.31) follows by using (3.1) and (3.2), respectively, and (3.18).
Finally, regarding (2.30), we recall that we only assume (3.1). We first note that
(3.1) implies that, up to a subsequence,

pg — po ae.in (0, T) x T3

then by using (3.4) and the very same argument used in Lemma 3.3 to prove (3.10)
we get that

0dog p? + 1) +1 — p°(log p° 4 1) + 1 strongly in L (T®).

Moreover, we have that

t
lim/ / Pe(pe — 8e) dsdx = hm/ / o dsdx—hm/ / Pec8e dsdx
e—~0Jo JT3 T3
t
=/ / p(p —g) dsdx,
0 J13

but this follows directly from (3.6) and the weak convergence of g.. Therefore, con-
sidering (2.10) and arguing exactly as done to deduce (3.24) we get (2.30).
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Appendix A.

In this part we explain the main steps in the construction of weak solutions in the sense
of Definition 2.1. Two approximations are known for system (2.1) in the literature,
namely the one in Antonelli and Spirito (2017) and the one in Lacroix-Violet and
Vasseur (2017). It is still an open problem finding other approximation schemes,
other than the ones in Antonelli and Spirito (2017) and Lacroix-Violet and Vasseur
(2017), converging to weak solutions of (2.1). The main difficulty in providing an
approximation scheme for the system (2.1) is due to the fact that the BD entropy, which
is crucial in the theory, is obtained by a nonlinear transformation of the unknowns. The
approximation scheme in Antonelli and Spirito (2017) requires for technical reasons
some restrictions on the coefficients y, v and k: precisely, the coefficients satisfy
y € (1,3) and v ~ «. In addition, the approximation scheme introduced in Lacroix-
Violet and Vasseur (2017) is less rigid and does not require any restriction on the
coefficients, and therefore, we sketch here the main ideas of the latter. The complete
proof of the existence requires several approximation steps, and the last one is given
formally by the following system:

1
op+ —div(pu) =0
€
I 1. 1 1
o (pu) + < div(pu @ u) — - div(pDu) + vay + E,OVV (A.1)

1 1
= —div(pV?log p) — — pu — rou — roplul’u — AV = p — g,
€ €

where, for ry > 0 fixed, we have introduced the artificial drag terms —rou — rop|u|u.
The solutions (p, u, V) of (A.1) formally satisfy approximated versions of the energy
inequality (2.8) and the BD entropy (2.9), which ensure uniform bounds, with respect
to ro, in the integrability spaces listed in Definition 2.1, provided natural bounds on
the initial data are assumed. At this stage the main obstacle in the passage to the
limit of rp — 0 is due to possible concentration in the convective term. The obstacle
is overcome by a truncation argument: one first performs the limit of ro — 0 for a
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modified momentum equation satisfied by (p, /o,BlfS (u;)), where ﬁf (u;) is the truncation
of u;, and after takes the limit for § — 0. Note that solutions of the system (A.1) are
only known to satisfy a limited amount of regularity, as in Definition 2.1; therefore,
computing the equations satisfied by (p, ,o,BlfS (u;)) requires some technical argument,
which are inspired by the theory of renormalized solutions of transport equations with
irregular coefficients of DiPerna and Lions (Di Perna and Lions 1989). In particular,
it is exactly at this point that the additional terms rop|u|?u and rou play a major role.
Moreover, we note that, although it can be proved the vacuum set has zero Lebesgue
measure, the stress and dispersive tensor can not be defined. As a consequence, for
any fixed rp > 0, and thus already at this stage of the approximation, the tensors 7°
and S, which are replacing ./pVu and /p V2 log p, need to be considered. In order
to prove existence for (A.1) for any ro > 0 fixed, one may consider the following
approximating system:

1
9o + —div(pu) = tAp,
€
1 1 1
9 (pu) + — div(pu ® u) — —div(pDu) + —Vp? — nV,o*IO — /LAZM +1tVp-Vu
€ € €

1 1 1
4+ —pVV = - div(;oV2 log p) — — pu —rou — roplulzu + SpVAg,o,
€ € €

(A2)

where 7, , 6, and 1 are positive constants. The existence of solutions for this system
is proved by Faedo—Galerkin method, following with minor changes the arguments in
Vasseur and Cheng (2016). Thanks to the additional regularizing terms in (A.2), it can
be proved that their solutions satisfy an approximated version of the BD entropy. In
addition, the presence of the terms nVp !0 and 80V A?p guarantees that the density
is bounded away from zero, namely there exists C = C(8, n) > O such that p(x, t) >
C(6,n) > 0. At this point, it is possible to perform the limit of the parameters 7, u,
8, and n going to zero. In particular, one first performs the limit as T and u going to
zero, and then the limit of § and 7 going to zero. In the latter limit there may be a
possible loss of strict positivity of the density and, due to this, the tensors 7 and S
appear, and, clearly, they depend on ry. More precisely, the tensor 7 is obtained by
standard compactness argument as a weak limit, namely:

Ps.y Vs =T in L*((0,T) x T?), as 8,5 — 0.
On the other hand, since it holds that
s Vs, = V(s yitsy) — 2P sy @ V/Ps
one can show that the latter converges for §, n — 0 to
VpT = V(pu) —2/pu®V/pinD'((0,T) x T).
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Thus, the tensor 7 is uniquely identified by (p, u). The same compactness arguments
apply for S, which arises as a weak limit of \/p, nvz log ps,, namely:

ﬁa’HVZ log ps.,—S in L*((0, T) x T3), as 8, — 0.

The equation (2.9) is therefore a consequence of the passage to the limit into the
following identity

pa’ﬂv2 IOg Ps.n = 2\/55,nv2\/;8,77 - ZV\/ES,W ® V\/ﬁé,n'

Indeed, as already observed for the tensor 7, one can show that, sending 8, n — 0, it
holds

VPSS =2/pV*:/p -2V /o6 @V /pin D ((0,T) x T?).

Hence, the final tensors 7" and S appearing in Definition 2.1 are the limit as ro — 0
of the ones constructed above.

Finally, we explain why (2.11) has to be included in the definition of weak solutions.
Note that, for §, n and rq fixed, from (2.13) we obtain

T 1 T
| v 1905 dxdr <€ [ 1970w P

0 0 0 0
= C(pﬁ,n,ro’ Us o Vﬁ,n,ro’ gS,n,ro)’

where the constant on the right-hand side stands for the approximated version of the
BD entropy at time ¢+ = 0. Then, in the limit of  and § vanishing, we can use lower
semicontinuity on the left-hand side and natural convergence hypotheses on the initial
data to conclude

r 1
/0 /1r VABn P+ IV gy [ dxdr < Clopup,. Vi g7,).
and, in the limit ro — 0, one eventually gets exactly (2.11).

Appendix B.

For sake of completeness, in this appendix we present the proof of (2.13).

Lemma B.1 There exists C > 0 depending only on the dimension such that for any
smooth function p > 0 it holds

1
[vettt+ [1vvat = [ pivtiogst
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Proof We first notice that
V 2
[olv (7)) =
Jp
On the other hand we also have
[ol )
0
Jp

We have:

2
= —/przlogplz-

4
(B.1)

1 1
/p —=Vlogp ® Vlog p + —V2,0
2 2p

vzﬁ VP ®V.p.
(B.2)

4 2 2
/IV\/_I—HV\/_I 7

/ %axiaxj\/ﬁaxm/ﬁaxjﬁ = / O <8"f' ﬁ%%ﬁ)

—/3x,-\/58x,. (3)3\25) 3Xj\/5_/%axiaxj\/zaxi\/ﬁaxj\/ﬁ.

The first term is zero, and thus, we get

/—Vzﬁ:Vﬁ@V[:—/|Vﬁ|2div<Vg>.

Then, we use Young inequality

/ |VI|4

2’/%v2\/ﬁ;vﬁ®v\/—’ <

m(f)

e R

and finally we get, using (B.1) and (B.2):

v /5l
[ Vel HIV VR = C [ o9 log pP

that gives (2.13), being

\V4 4
/|vp%|4=16/—| VP )
P
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