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A longitudinal analysis of the Italian national
standardized mathematics tests

Laura Branchetti’, Federica Ferretti?, Alice Lemmo’, Andrea Maffia®, Francesca Martignone?,

Mariagiulia Matteucci? and Stefania Mignani?

A WO N =

This paper presents a longitudinal analysis of the out-
comes of the Italian national standardized mathematics
tests. By intertwining quantitative and qualitative meth-
ods, we selected and analysed a set of linked questions
among the tests administered to the same cohort of stu-
dents firstin grade 6 and then in grade 8. In particular,
we focus on poor knowledge students and we argue an
example of the analysis of two linked questions about
graphical representation of fractions. The comparison
between the two questions allows us to interpret some
difficulties of students and to expect possible future be-
haviours.

Keywords: Standardized mathematics tests, longitudinal

analysis, fractions, qualitative and quantitative analysis.

INTRODUCTION

This paper presents an “in progress” research devel-
oped within the Ideas for the research project, funded
by the Italian national institute for the educational
evaluation of instruction (INVALSI). This project asks
for new qualitative interpretative tools with the aim
tointegrate the statistical ones with them. These tools
can be used by teachers to point out some groups of
questions (in different grades) that could identify
poor knowledge students (see the next section for a
definition of this set) in specific mathematics con-
tents. Our study focuses on alongitudinal analysis of
mathematics standardizes tests outcomes collected by
INVALSI in 2011 and 2013 respectively in grade 6 and
8 (therefore we analyse the same cohort of students
who faced the INVALSI tests in grade 6 and 8). The aim
of this analysis is to identify questions in which poor
knowledge students have difficulties and, observing
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their behaviours, to describe possible causes of these
difficulties. Such causes are going to be the object of
our future analysis in classroom activities.

We carried out an analysis that intertwined quali-
tative and quantitative interpretative tools in a lon-
gitudinal study: in particular, we analysed items of
the INVALSI tests focusing both on the mathematical

contents involved and on the solution strategies de-
veloped by students to face the tasks (qualitative anal-
ysis), and using the information given by a statistical

analysis of the national sample results (quantitative

analysis). We expect this study to be an useful tool for
teachers because the outcomes of the research could

help teachers in identifying students’ difficulties in

longitudinally linked items. These information could

be used to implement educational activities aimed to

avoid the persistence of wrong behaviours of students,
similar to the ones observed in the research, and fu-
ture failures in mathematics.

In the next phase of our research some of the items,
selected from the INVALSI tests and analysed in the
first part of our study, will be administered again
during classroom activities in order to give empirical
support to the analysis presented in this paper.

THEORETICAL LENSES

The INVALSI test is designed by Italian teachers
selected by INVALSI according to their experience
and education. INVALSI framework is based on
to National Standards Ministero dell'lIstruzione,
Universita e Ricerca, 2012). In our study, we take into
account INVALSI framework but we integrate it with
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specific theoretical tools taken from the literature in
mathematics education.

Theitemsarepresentedinawritten formwithmultiple
choice questions, open questions, true or false and
closed. Asthe topics are many and the testisfaced by a
large amount of students, we conjecture that the most
frequent difficulties described in literature appear
in students’ answers. For this reason, we create a list
of difficulties found in literature for each topic. For
instance, in this paper, we analyse two questions about
fractions. Our theoretical framework on educational
studies about fraction refers to the research carried
out in the last thirty years and summarized in the
Encyclopaedia of Mathematics Education (2014). In
particular, Demetra Pitta-Pantazi describe some
recurring misconceptions, for example:

Students often do not interpret fractions as numbers
but view fractions as two numbers with aline between
them. When adding fractions, they often add the nu-
merators and denominators or are unable to order
fractions from smaller to larger (e.g., Behretal., 1992).
(Encyclopaedia, 2014, pp. 470-476)

We use also the study of Fandifio Pinilla (2007) who
offers a wide review about difficulties in fractions
domain. These researches gave us the tools to identify
and to interpret students’ answers to the INVALSI test
items. In this paper, we analyse students’ answers iden-
tifying some common difficulties and errors linked to
the concept of fraction: (M1 - Divide in non-equiv-
alent parts: count-and-match misconception) the
“Epistemic” misconception of fraction as a part but
non-equivalent to the others; (M2 - Answer d - n
instead of the total d) the mistake in identifying the
fraction numerator and denominator when students
analyse some coloured parts in a grid of equivalent
parts of afigure and considering the coloured part as
numerator (n) and only the rest (d-n) as denominator,
not the total amount of parts (d); (M3 - Divide in equiv-
alent parts and take some parts) Student implicitly
suggests that “some” cannot be “all”; it becomes easily
an obstacle for the fractions equivalent to the unit.
The INVALSI items are given to students in written
form, but words are often mixed with images, tables,
graphs and other representations. For this reason,
some students’ difficulties could be related to semi-
otic representations management. Indeed, we need
a theoretical tool of analysis to figure out possible
obstacles arising from this semiotic richness. We

use semiotic approach proposed by Duval: “there
are always many possible semiotic representations
of'the same object. The higher process of thought, and
especially mathematical activity, are based on this
plural semiotic object representation” (Duval, 1993;
2008). Even if a richness of semiotic representations
is necessary to conceptualize mathematical objects, in
the very first steps of learning or for poor knowledge
students coordinating many registers and connecting
representations can be an obstacle. Different students
errors in INVALSI tests can be interpret asafailurein
verbal-graphic conversion, in the decoding of the text
or in expressing a right solution in another register.
In the examples argue below the students mistakes
could be caused by a wrong transformation of the
fraction verbal representation in the right graphic
one or viceversa (S1) or ina incorrect transformation
of the graphic results in the fractions’ register (S2).

Our research question is: what kind of information,
emerging from the analysis (both quantitative and
qualitative) of the 8th grade items, are useful for the
interpretation of the outcomes of the analysis of the
6th grade questions?

We conjecture that a longitudinal analysis of the
answers of the same cohort of students, carried out
through the comparison between the two data sets
from different years, could be useful to better inter-
pret the 6th grade outcomes in terms of the analysis of
8th grade items. Unfortunately, by means the analysis
of the statistical data, we cannot follow the specific
test outcomes for each student in different years; for
this reason we need a criterion tolink questions from
different grade tests. In particular we decided to select
questions that deal with longitudinal topics, identi-
fied in the National Standards - Indicazioni Nazionali
(2012), and which can be solved using the same scheme,
namely the same sequence of actions, controls, opera-
tional invariants and so on (Vergnaud, 2009).

METHODOLOGY

A longitudinal analysis of the tests, administered to
the same cohort of students in different years has
been performed integrating qualitative methods with
quantitative ones. Starting from 2013 INVALSI test
for grade 8 students, we consider 2011 test for sixth
graders.
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As concerns the qualitative analysis we analysed all
the items of the INVALSI test for grade 8 and grade 6
focusing on some longitudinal contents: e.g., fraction
and decimal representations of rational numbers and
equivalent polygons. In this paper, we analyse items
that deals with the fractions of a square area.

The INVALSI team verifies the consistency of the
whole test by Classical Test Theory tools (Cronbach
alpha, point-biserial correlation coefficient). Then
using an Item Response Theory approach (Van der
Linden & Hambleton, 1997) the estimation of item
characteristic parameters is carried on.

In our work we use some INVALSI test results to in-
vestigate the behaviour of the items. First we apply
a latent class analysis [1] to classify students and to
judge the item characteristics. This statistical method
gives a classification of students in a fixed number of
groups characterized by different levels of perfor-
mance. The classification is based on the estimated
probability of correct answer of each item. Chosen the
best number of groups, it is possible to interpret them
(for example, the group with the worst performance,
the group with the best performance and soon) and to
investigate the probability of a correct answer for all
items within each group. In this way items that show
a particular response behaviour could be identified.
Most items included in the test are unordered cate-
gorical (nominal) multiple-choice items. The statisti-
cal analysis and specifically the latent class analysis
were conducted on dichotomous items, i.e. correct/
incorrect response. The analysis of the national sam-
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ple (i.e., the students of the same cohort in grade 6 in
2011 and in grade 8 in 2013) showed the presence of
groups/classes of students with a lower probability
of correct answers in comparison with the results
of the whole of students’ answers to all the items of
the INVALSI test. Analysing the results obtained by
the group with the lower performance, we selected
some items in which the ‘weaker’ group had the low-
est probability of correct answer compared to all the
students who faced the same test. In our data we iden-
tify five groups/classes [2] which consist of students
with asimilar response probability for the same items.
We analyse the results on a national sample of about
28000 grade 8 students.

Class 5 (about the 23% of the students) is the class with
the lowest outcome probabilities so we consider it as
the set of poor knowledge students. Comparing class
performancesitemby item, a set of questions in which
only class 5 has low performances can be observed
(Figure1).Inparticular, we gather the items in which
the success probability for class 5 is less than half of
outcome probabilities for the other classes. Item D25
(Figure 1) has the maximum ratio, equal to 0.46, indeed
the probability of class 5 right answer is 14% instead
of the other classes whose outcome probabilities are
a range from 30% to 81%. This item seemed to be a
good candidate to study the possible difficulties face
by poor knowledge students in INVALSI test. It was
identified through the interweaving of qualitative and
quantitative analysis: this is meaningful both as re-
gards the contents and schemes involved (it concerns
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Classs

R
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Figure 1: Classes’ outcomes probability of correct answer in 8 grade test
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the identification of relationships between areas of
polygons), and the results on the national sample.

AN EXAMPLE OF ITEMS ANALYSIS

Using Latent Class analysis on data from grade 8 test
of 2013, we select a set of questions with low perfor-
mances in particular for poor knowledge students. To
give an example of our analysis we consider question
D25 (Figure 2).

This is a multiple choice question with four options
and only one right answer. The correct answer is
Option D. Option A considers the number of all piec-

es as denominator, so it could be chosen by students
who do not take in account the different areas of the
pieces (M1); Option B may be selected considering
only half of the Tangram maybe because of a wrong
calculation of the area of the triangle not dividing by
2; Option Cis selected by students that correctly divide
inequivalent parts the square, but take 1as numerator
and the difference between total and 1 (16-1=15) as
denominator (M2).

Looking at data, 42% of the students answer correctly
and few students choose Option Band C (respectively
8.0% and 11.3%). A relatively high percentage of stu-
dents, about 35%, chooses Option A.

D25. In figure it is represented the game of Tangram with the pieces that compaose it

To which fraction of the area of Tangram does the colored piece correspond to?

A |:| One seventh

One eighth
One fifteenth

One sixteenth

Figure 2: Question D25 from the grade 8 INVALSI test administered in 2013 [2]
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Figure 3: Characteristic Curve of question D25 from the grade 8 INVALSI test, 2013. The probability of options

choice is shown on the vertical axis, while the corresponding ability estimate is shown on the horizontal axis.
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In the Figure 3 on the abscissa of the graph we can
read the measure of the ability of the students in the
test (Latent Trait), and on ordinate there are the prob-
abilities of options choice. Each option choice is rep-
resented by a different Characteristic Curves (see the
Legend in Figure 3). Analysing Characteristic Curve
(Figure 3), we can notice that students with lowest
performances, among which we expect to find poor
knowledge students, have 60% of probability to choose
Option A and less than 20% of probability to choose the
others (see the framed region indicated by the arrow
in the Figure 3). We link the question of grade 8 test,
D25, to question D2 of grade 6 (Figures 4-5).

There’s a very good relation between the two ques-
tions in terms of statistic trends. Moreover the task is
similar and the strategies developed to answer can be
compared. We have to stress that the two questions,
evenifsimilar, are different. The grade 6 question asks

to cover while the grade 8 one to find afraction, butin

both the cases the operation to carry out the solution

is the same: to compose the square using triangles

equivalent to the coloured one. In item D2, the per-
centage of correct answers is 55.3%; since the question

is not amultiple choice one, the Characteristic Curve

gives information only in terms of “right-wrong” an-
swer. In this case, students belonging to the lowest
performances in the graphic have a probability about
10% to provide a correct answer, with more than 70%

of failure. The percentages given by national results

didn’t help us tounderstand which kind of errors stu-
dents made because, in open questions, we can know
only how many students gave the right answers (and

how many students gave the wrong ones). In order

to identify the possible wrong answers, we collected

a sub-sample of 74 tests from the national survey of
2011 and we analyse the students’ answers. Obtained

data are summarized in Table 1.

D2 In the square ABCD the middle points of side AB and segment OB are connected

A

c

How many triangles,as the colored one, can we exactly cover the surface of the squ

ABCD with?

Figure 4: Question D2 from the grade 6 INVALSI test administered in 2011 [3]
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Figure 5: Classes’ outcomes probability of correct answer in 6 grade test
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Answer 16 12 8 4

3 other missing

Percentage 52.7% 10.8% 5.4%

6.8%

4.1% 6.8% 13.4%

Table 1: 74 students’ response to D2: answers (16 is the right answer, the others are wrong)

The percentage of right answers of this sub-sample is
coherent with the national sample. Analysing wrong
answers in Table 1, it is possible to identify some re-
sults that can be the outcome of the same students’
solution schemes captured by the options of the D25
in 2013: therefore we conjecture a link between these
difficulties observed in grade 8 and grade 6 results.
As a matter of fact, students who answer 12 maybe
look at triangle AOB as composed by three triangles,
even if they are not equivalent (M1), and repeat this
procedure in all the quarters of the square. This at-
titude could be linked with students who answer 3.
They probably consider the three triangles but donot
extend the procedure to the others. Another inter-
pretation of this phenomenon is that students could
individuate the right number of triangles composing
AOB, but do not consider in the calculation the grey
one and count 3triangles or 12 in the case of extending
procedure for the whole square (M2). Students that
answer 8 probably do not consider the grey part and
count only the white pieces of AOB, then multiply by
four (M2+M1). Who answers 4 maybe does not reach
the instruction and refers to AOB instead of the grey
triangle or just focus on AOB'’s pieces (S3). As a mat-
ter of facts, same codes are present in both questions’
analysis. This fact allows us/makes us able to link dif-
ficulties in the two questions longitudinally. In par-
ticular, students who answer 12 in D2 can behave as
students who choose Option A or C. For instance, M1
refersto students who consider non-equivalent pieces
and count 12 triangles in D2 (or 3 in the case in which
donot extend the procedure to the whole square) and
“one seventh” in D25. Otherwise, if we consider the
second interpretation (M2), it is possible to link this
attitude with the choice of Option C i.e. who does not
consider the coloured triangle in counting. From the
semiotic point of view, in both questions students
have to recognize verbal, graphic and symbolic rep-
resentations of fraction and to switch from one to the
others. Indeed, one of the students’ difficulties could
be found in conversion between registers (S1-S2).

Aninteresting difference we have to take in account is
that the multiple choice question obliges the student
to coordinate graphical register with the verbal one,
because using written verbal register to represent

fractions is quite unused in Italian schools for the

solutions. Probably some wrong answers are duetoa

combination ofthese difficulties. It will be possible to

validate this conjecture only in the second part of the

project, that will be carried out through interviews

and classroom experiments - on the qualitative side -
and correlating sets of data from the same sub-sample

of students in the two grades. Comparing the percent-
age of correct answers, we notice that from grade 6 to

grade 8 it decreases of 13 percentage point (from 55%

to 42%), thus there is a significant group of students

thatis able to give a correct answer to D2 question but

not to D25, even ifthe operations required to give the

right answer are the same. Indeed, there is a peculiar

feature of D25 which make this question more diffi-
cult and the main difference can be identified in the

presence of a direct reference to fractions.

CONCLUSION AND FUTURE PRESPECTIVE

In this paper, we show an example of longitudinally
linked items (these can be seen as paradigmatic exam-
ples of questions) that can identify poor knowledge
students in specific tasks. From the methodological
point of view we selected these questions both using
quantitative and qualitative methods intertwined.
In particular statistical analysis on a big amount of
data allowed us to focus our attention on a group of
students, and starting from their performances we
could select a set of items of interest for our aim. The
opportunity to use data about the same cohort of stu-
dentindifferent grades has been exploited linking the
selected questions from 2013 test to questions of the
2011 one. This connection is achieved through a quali-
tative study focuses on the epistemological, cognitive
and educational aspects: i.e. we analyse the concepts
involved, the representations and schemes (Vergnaud,
2009) developed by students in order to face that the
task, and the possible difficulties arising from con-
version among different semiotic representations
(Duval, 2003).

The comparison of the linked questions outcomes
strengthens the a priorianalysis of possible students’
difficulties facing these items. We identified the same
coded difficulties and the percentages in outcomes are
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similar. The qualitative analysis of the grade 6 item
allows us to formulate hypothesis for the selection
of options in grade 8 item; it is reasonable to assume
that grade 6 question outcomes can have a predictive
power for the grade 8 ones, but only the classroom ex-
periment can confirm it. In particular, as concerns the
analysed questions, we can assume that the students
who have difficulties in dividing a figure in equivalent
piecesin grade 6 will tend to consider non-equivalent
partsin graphical representation of fractions in grade
8. Similarly, the students who do not consider all the
partsinafigure (in our example, the grey part) will be
inclined to convert graphical representation of frac-
tion in symbolic or verbal ones with a wrong denom-
inator. Further interviews can confirm if students
that have a difficulty in one of the questions have the
same difficulties in the other. These interviews could
beintegrated with a correlation analysis of outcomes
within already collected data.

The next phase of the project is going to involve some
schools to identify students with peculiar difficulties
ontheselected items and to analyse their behaviours.
We can show how our analysis points out some groups
of questions (in different grades) that could identify
poor knowledge students in specific mathematics
contents. We would like to share with the teachers
involved both our theoretical tools and the analysis
of the data. It is important for us to understand if the
tools produced are usable by the teachers.

These qualitative analysis of the items could be also
useful for the teachers who design the test items be-
cause it shows some elements that can discriminate
in the assessment of poor knowledge students.

From a statistical point of view, future developments
of this work could include the implementation of a
multilevel latent class analysis (Vermunt, 2003; 2008).
In fact, traditional latent class analysis assumes that
observations are independent while a hierarchical
structure could be present (e.g., students nested
within classes or schools). The multilevel latent class
analysis could account for the nested structure of the
databyallowing latent class intercepts to vary across
groups (level 2 units) and by investigating if and how
the groups affect the level 11atent classes. In our study;,
this analysis would allow to examine how the proba-
bility of belonging to a particular performance group
could vary across level 2 units (classes or schools).
Finally, covariates could be introduced at level 1 and

level 2in order to predict the probability of belonging
to a certain latent class.
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ENDNOTES

1. We implemented a Random Effects Latent Class
Analysis (random LCA); this R package fits latent class
models, may include a random effect.

2.Inour analysis the classification in five classes gave
a good division of the group of students according

their performance in the test.

3. Translation from Italian realized by authors.

1701



