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Abstract
In this article the problem of data-driven structural damage detection is consid-
ered exploiting historical data collected from a structure. First, a novel technique
based on Kalman filtering and on a combination of regression trees theory from
machine learning and auto-regressive system identification from control the-
ory is derived to build switching models that can be used to detect structural
damages. A technique is also proposed leveraging principal component anal-
ysis together with the poly-exponential approach to create nonlinear models
to be used for structural damage detection. Finally, a novel sensors selection
algorithm based on the notions of entropy and information gain from infor-
mation theory is developed to reduce the number of sensors without affecting
or even improving, as it happens in our experimental setup, the model accu-
racy. The presented techniques are validated on three independent experimental
datasets, showing that the proposed algorithms outperform previous and clas-
sical approaches, improving the prediction accuracy and the damage detection
sensitivity while reducing the number of sensors.
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1 INTRODUCTION

Structural health monitoring systems are systems that involve the use of sensors placed on a structure together with algo-
rithms to continuously monitor the structure health. In this context, enabled by recent advances in sensors technology, as
well as telecommunication infrastructures, civil engineering structures are expected to be equipped with large networks
of sensors (e.g., accelerometers), collecting nominal and non-nominal (i.e., when a damage on the structure occurs) data
related to the structural health.1,2 Such collected data can be used to derive, using system identification techniques, a
mathematical model of the nominal (and possibly faulty) structure behavior, so that existing techniques for early damage
detection can be applied, see for example, References 3-5.

Motivation and related work for SHM systems modeling and damage detection. This data-driven strategy is particularly
relevant when the behavior of a structure is too complex to be derived using physics-based modeling or finite element
methods. In this case, the cost/effort to derive a mathematical model is in most cases impractical or even impossible,
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hence data-driven approaches are necessary.6 In the last years, data-driven approaches for SHM systems have been widely
investigated, however lot of work still has to be done.7 In particular, a first challenge that arises is about the modeling of
the dynamics of the structures under investigation and the consequent damage detection methodologies involved.

A widely explored area in this sense consists on the use of deep learning methodologies: the authors in References
8-11 proposed data-driven approaches based on neural networks (NNs) algorithms in different scenarios to detect faults
occurrence in structures. In general, they have demonstrated that the proposed NNs-based algorithms are efficient in
detecting faults existence on structures. However, a main well known drawback of such approaches is that NNs provide
quite complex models. Although new technologies are helping the widespread of NNs by overcoming the computational
complexity problems,6 in some cases simpler models can be needed. Furthermore, in terms of application of standard
fault detection techniques, simpler or even linear models can be better depending on the application under consideration.

In this respect, much simpler and well established techniques that can address such an important issue, and that
are widely used in the SHM modeling context, are the partial least squares (PLS)12 and the principal component analy-
sis (PCA).13 PLS is a standard technique that derives a set of linear combinations of the inputs to produce a regression
model for the output estimation. The widespread adoption of the PLS in different fields of application, for example, in
the SHM one,14 is motivated by its simplicity. However, an obvious drawback of such technique is due to its capability to
well approximate the dynamics of complex systems that can also exhibit a nonlinear behavior: we will indeed show later
on that the damage detection sensitivity is worse than in the other methods. PCA consists of an orthogonal projection of
a dataset to a lower dimensional space such that the variance is maximized. Through the dimension reduction PCA can
unveil a much simpler pattern that can be extracted using eigen value decomposition (EVD) via the sample covariance
matrix.15 This pattern is in general very sensitive to structural changes (e.g., damages), and can be used for structural
damage detection. There are several research papers based on this paradigm, see for example, References 16-19. More
precisely, Krishnan et al.16 performed damage detection by on-line estimating with a Kalman filter the time evolution
of the parameters of a PCA-based autoregressive (AR) model of the structure; Lakshmi et al.17 focused on the output
response generated by the PCA-based AR model; Dunia et al.18 suggested the use of PCA for sensor fault identification by
reconstructing each variable using iterative substitution and optimization; Kesavan et al.20 proposed the idea of damage
detection by combining PCA analysis and wavelet transformation; Nguyen et al.19 addressed the problem on nonlinear-
ity in PCA using kernel-based PCA. In general, all these techniques demonstrate the capability of PCA-based models to
detect damages of a structure. However, while the PCA is a versatile and robust method, it also has some limitations.
First, PCA is performed by calculating the EVD of the data: hence, the complexity of the algorithm increases as the num-
ber of sensors increases. In particular, the algorithm complexity of eigenvalue computation for an n × n matrix is O(n3)
with standard SVD algorithms.21 As a consequence, even PCA can be computationally intractable or inefficient when
the number of sensors is very large. Another limitation is that the principal component (PC) of PCA is given as a linear
combination of the original data: hence, if the linearity assumption is not satisfied PCA does not provide the desired pre-
diction accuracy.22 Furthermore, on high multidimensional data, upward bias in sample eigenvalue and inconsistencies
of sample eigenvectors can appear, and PCA provides unexpected results.23

Motivation and related work for sensors selection/placement in SHM systems. A second challenge that arises when
dealing with damage detection in structures is about how many sensors could be needed to detect a damage and how to
place them. This topic has been widely investigated in the past years with different approaches. Theoretical algorithms
based on Kalman filtering have been proposed in this sense outside the SHM community. For example, in Reference 24
the authors presented a greedy sensor selection algorithm based on sub modular functions, in Reference 25 the authors
introduced a stochastic sensor selection algorithm based on a greedy algorithm, and in Reference 26 the authors proposed
a solution to the problem of sensor selection for parameter estimation with correlated measurement noise and greedy
algorithm. However, these methods are not contextualized in the SHM field. In this respect, much effort has been pushed
into the use of information entropy for sensors selection/placement in SHM systems in the last 20 years. The first works
in this sense were introduced in References 27,28 with the aim of minimizing the uncertainty of the estimated model
parameters and exploiting the possibility to compare different configurations of sensors. Since then, lot of work has been
done in this direction.

For example, in Reference 29 the authors discussed an entropy-based sensor placement based on the minimization
of the information entropy. The problem is solved by an approximation of the information entropy estimation so that
large number of data can be handled. Results also show that this kind of approach can outperform others, as for example
the ones based on genetic algorithms. However, it is mainly based on heuristics and does not leverage any potential
information that a modeling framework could provide, thus even modeling errors are neglected. Also, this approach is
based on a single type of sensors, while other studies take into account the multi-type sensor configuration.
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In Reference 30 the authors combined the Bayesian sequential sensor placement algorithm together with the con-
cept of information entropy for the optimization of multi-type sensor configurations, however it only considered a single
objective function and a single setup measurement. These issues are taken into account in the most recent papers,31

where the authors consider an optimal sensor placement strategy for multi-setup modal testing of large structures, and
References 32,33, where the authors provide different methodologies to address multi-objective optimization for sensor
placement. Nonetheless,31,33 do not consider a dynamical model of the structure that interacts with the sensor selection
procedure, while Reference 32 only considers the equation of motion of a linear-elastic structural system and a specific
damage detection model in the form of structural stiffness reduction.

Contribution. In this article we aim at addressing several of the mentioned limitations considering both challenges,
that is, modeling and damage detection, and sensor selection/placement.

We propose two novel damage detection methodologies that are based on Kalman filtering. The first method exploits a
recently developed model identification technique that is based on auto regressive (AR) system identification and regres-
sion trees (RTs) theory.34-36 The main advantage of this methodology is that it provides a modeling framework that is both
(1) simple from the computational complexity point of view (as it consists of a collection of linear models) and (2) accu-
rate in terms of damage detection performance (as it will been shown in the validation section). Furthermore, thanks
to the dataset partition induced by the RTs algorithm, it is also able to extract a piecewise linear model of the nonlinear
behavior of a structure.

The second method consists of the extension of the aforementioned classical PCA modeling approach by means of
the poly-exponential (PE) theory. PE is a well known modeling technique that has been used in several fields of study.
For example, in References 37-39 the authors exploited PE-based methods to create body-drug reactions models in the
study of pharmacokinetics. In Reference 40 the authors derived several identities connecting the PE functions and the
degenerate Bell polynomials. In Reference 41 the authors modeled plasma concentration versus time profiles with the PE
model. The proposed model was able to capture the time-course of drug concentrations with high accuracy. In Reference
42 the author applied the PE model to perform zero-noise extrapolation, where they were able to show error reductions
of 18 to 24 fold over non-mitigated circuits. However, based on our literature review, it seems that this kind of modeling
approach has never been introduced in the context of damage detection in SHM systems. Thus, it has motivated us to
further dig the potential of this method. For this reason, we extended the classical PCA modeling framework by adding
a PE (hence nonlinear) correction term, and set up a Kalman filter-based damage detection methodology, to show that
such modeling extension does improve the damage detection sensitivity by capturing the nonlinear system behavior with
respect to the classical PCA.

Last but not least, as a third contribution of this article we propose a novel entropy-based sensor selection method-
ology that integrates the proposed data-driven modeling of the structure. The goal is to use the concepts of entropy
and information gain from Information theory to drastically reduce the number of sensors on a structure without
affecting (and, in our experimental cases, even strongly improving) the predictive model accuracy. More precisely, the
idea is to place n sensors over a structure (or leverage a structure that is already equipped with n sensors) with n
quite large, with the objective of predicting the output of a specified sensor i, for example, identified from the struc-
tural engineer, and use them to collect a dataset. Then we iteratively apply our entropy-based methodology to this
dataset to reduce the number of sensors to n∗ << n. At the first cycle of the algorithm all possible pairs of sen-
sors are considered, and the pair that maximizes the information gain is chosen. Then we iterate, considering all
pairs except the chosen one. After n∗ iterations all redundant sensors are removed so that they can be used with
other structures to repeat the process, thus reducing the cost of long-term sensing campaigns. Moreover, although
the proposed algorithm discusses about sensor selection, it is quite intuitive how it can be used in the problem of
sensors placement from the point of view of damage detection. This is because it identifies the sensors set that pro-
vides non-redundant information between all the ones placed on the structure, and select the useful sensors locations.
However, it does not allow the optimization of any cost function for the optimal sensors placement for applications
other than damage detection, as is the case of part of the literature cited above, but this is out of the scope of the
article. We also show in the simulation section that the proposed approach also scales well to different types of
structures.

We validate our damage detection and sensor selection methodologies on three independent experimental datasets,
that is, the bookshelf resembling structure, the Irvine bridge’s column and the Sheraton hotel, provided from the repos-
itory of the Engineering Institute at the Los Alamos National Laboratory (LANL),43 and show that they outperform the
results obtained using well-established techniques as the plain PCA approach by Krishnan et al.16 and the standard PLS
approach over the same dataset.
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This article extends preliminary results already published in Reference 44, where only the sensor selection algorithm
and its application with the PCA on the bookshelf structure were proposed. In addition, in this article we extend the
modeling with nonlinear components, that is, by including RTs and PE model structures, and validate the proposed
methodologies on two additional experimental benchmarks.

Article organization. The article is organized as follows. In Section 2 we describe both the PCA-based technique used
in Reference 16 and our novel model identification technique, based on AR identification and RTs theory, as well as the
damage detection strategy. In Section 3 we illustrate our entropy-based novel sensor selection technique. In Section 4
we define the PE modeling and its integration with Entropy-based sensor selection methodology. In Sections 5.1–5.3
we validate the techniques derived in this article on 3 accelerometric datasets3,43,45 provided by various institutions and
accessible via the data repository of the LANL In particular, we compare our novel methodology with existing PCA-based
methods both in terms of prediction accuracy and damage detection sensitivity.

2 MODEL IDENTIFICATION AND DAMAGE DETECTION

In this section, we first describe two methods for model identification: the first based on PCA (illustrated in Reference
16), and the second based on a combination of RTs and AR model identification (as proposed in References 34-36). Then
we introduce a novel methodology to use such models for damage detection via a Kalman filter-based residual generator.

2.1 PCA-based damage detection

In Reference 16 the authors have demonstrated the capabilities of a PCA-based fault detection algorithm46,47 for con-
tinuous online damage detection of vibrating structures, that we recall in this subsection. Their method consists of two
main steps: (1) data projection onto an orthogonal subspace and AR terms identification, and (2) Kalman-based dynamic
estimation of the corresponding AR coefficients.

Let us define X = [x1 x2 · · · xn] ∈ Rm×n as the matrix of sensor measurements consisting of vectors xi =
[xi(1) · · · xi(m)]⊤ ∈ Rm

, i = 1, … ,n, where xi(k) ∈ R denotes the measurement at time k of the ith sensor, n denotes the
number of sensors (features), and m denotes the number of samples measured from each sensor. Denote by R ∈ Rn×n the
correlation matrix of X , and by V ∈ Rn×n the matrix of eigenvectors of R sorted so that the corresponding eigenvalues of
V are decreasing from the left to the right columns.

Step 1. The principal orthogonal component (POC) Ψ ∈ Rm×n can be defined as

Ψ = XV , (1)

and computed using the collected data. Then, for each jth PC 𝜓j, that is, the column wise elements of Ψ, an AR model
can be identified by

𝜓j(k) =
𝜏∑

i=1
𝛼

0
ij𝜓j(k − i), (2)

where 𝜏 denotes the autoregressive order, and k is the discrete time variable evolving according to the sampling time.
Coefficients 𝛼0

ij are computed via the classical least square method commonly used to identify AR models.
Step 2. Once the predictive model (2) is obtained, the next step is to define a residual generator for fault detection.

Note that the AR coefficients in (2) refer to the system’s nominal dynamics. The idea is to assume that the AR terms are
subject to changes when for example a damage occurs. Thus, to estimate non-nominal changes of such AR terms, a state
variable vector 𝜶j(k) for each component j of our system is defined, together with the associated dynamics

𝜶j(k + 1) = I𝜶j(k) + 𝜔(k),
𝜓j(k) = 𝝍 j(k)𝜶j(k) + 𝜈(k), (3)

where 𝜶j(k) = [𝛼1j(k), … , 𝛼𝜏j(k)] is a state vector with initial condition 𝜶j(0) =
[
𝛼

0
1j, … , 𝛼

0
𝜏j

]
, 𝝍 j(k) = [𝜓j(k −

1), … , 𝜓j(k − 𝜏)] is a time varying observation matrix, 𝜔(k) and 𝜈(k) are uncorrelated white noise signals with variance
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𝜎
2
𝜔

and 𝜎2
𝜈

respectively, and I is the identity matrix of appropriate dimension. Since 𝝍 j(k) and 𝝍 j(k) are given by sensor
measurements transformed via (1), they are known at each time step k. In Reference 16 a Kalman filter can be easily
constructed leveraging48-50 to estimate the time evolution of the AR parameters. In particular, for each time step k, the
Kalman filter solution for the model above is computed as

𝜶j(k|k − 1) = 𝜶j(k − 1|k − 1)
P𝜶(k|k − 1) = P𝜶(k − 1|k − 1) + I ⋅ 𝜎2

𝜔

𝜓j(k|k − 1) = 𝝍 j(k)𝜶j(k|k − 1)
S(k) = 𝝍 j(k)P𝜶(k|k − 1)𝝍 j(k)⊤ + 𝜎2

𝜈

R̃(k) = 𝜓j(k) − 𝜓j(k|k − 1)
KG(k) = P𝜶(k|k − 1)𝝍 j(k)⊤S(k)−1

𝜶j(k|k) = 𝜶j(k|k − 1) − KG(k)R̃(k)
P𝜶(k|k) = [1 − KG(k)𝝍 j(k)]P𝜶(k|k − 1), (4)

where𝜶j(k|k − 1) and𝜶j(k|k) are the a priori and a posteriori estimates of𝜶j, P𝜶(k|k − 1) and P𝜶(k|k) are the a priori and a
posteriori estimates of the covariance, and S(k), R̃(k), KG(k) are respectively the pre-fit residual covariance, the prediction
residual and the Kalman gain at instance k. The Kalman filter above provides an estimate of 𝜶j(k) in run-time: we will
use such estimate to detect whether a damage/fault is running or not in the system, as will be explained in Section 2.3.

2.2 RT-based damage detection

In References 34-36 the authors proposed a new model identification technique to derive a switching AR/ARX model
starting from historical data of a system, leveraging standard model identification methods and RTs. To apply such iden-
tification technique in our context, we have to extend the dataset identified by the matrix X into an extended dataset x
by adding the regressive terms of the measurements as features, that is,

x = {(x(k)⊤, x(k − 1)⊤, … , x(k − 𝜏)⊤)}k=1,… ,m, (5)

where x(k) = [x1(k), … , xn(k)]⊤ ∈ Rn.
RTs are a technique from machine learning that partitions, via for example, the CART algorithm,51 the historical

dataset using specific rules. More precisely, the CART algorithm creates a RT structure via optimal partitioning of the
dataset: it solves a least square problem by optimally choosing recursively a variable (feature) to split on and a correspond-
ing splitting point. After several steps the algorithm converges to the optimal solution, and the dataset x in our case is
partitioned in L hyper-rectangular sets R𝓁 such that

⋃L
𝓁=1R𝓁 = x: each of these sets is associated to a leaf 𝓁 = 1, 2, … ,L

of the learnt tree  . Then, in each partition we can estimate the value of the variable we wish to predict, in our case x(k),
with a constant given by the average of the samples in the partition (we refer to Reference 51 for more details regarding
RTs).

In the novel method proposed in References 34-36, differently from CART, an AR model is fitted in each leaf 𝓁 using
only the samples belonging to the corresponding hyper-rectangle R𝓁:

xj(k) =
𝜏∑

i=1
𝛼

0
ij,𝓁(x(k))xj(k − i), (6)

where x(k) = [x(k − 1)⊤ · · · x(k − 𝜏)⊤], and 𝓁(x(k)) = {𝓁 ∶ x(k) ∈ R𝓁} assigns to the state measurements x(k) the corre-
sponding leaf in  .

We can now leverage this modeling to extend the previous section, defining for each component j a dynamical model
of the AR terms

𝜶j(k + 1) = I𝜶j(k) + 𝜔(k)
xj(k) = C(x(k))𝜶j(k) + 𝜈(k), (7)
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where

𝜶j(k) = [𝛼1j,1(k) … 𝛼𝜏j,1(k) … 𝛼1j,L(k) … 𝛼𝜏j,L(k)]⊤,

is a state vector with initial condition

𝜶j(0) = [𝛼0
1j,1 … 𝛼

0
𝜏j,1 … 𝛼

0
1j,L … 𝛼

0
𝜏j,L],

C(x(k)) is a time varying observation matrix defined by

C(x(k)) = [x(k)𝛿1,𝓁(x(k)) · · · x(k)𝛿N,𝓁(x(k))],

with 𝛿⋅,⋅ the Kronecker delta, 𝜔(k) and 𝜈(k) uncorrelated white noise signals with variance 𝜎𝜔 and 𝜎𝜈 respectively, and I
the identity matrix of appropriate dimension. Note that in this case we are not using the PCA transformation as in (1),
and x(k) is directly measurable. With few modifications with respect to the previous section, a Kalman filter can be easily
constructed leveraging48-50 to estimate the time evolution of the AR parameters.

2.3 Damage detection thresholds

To detect damages one can check whether the run-time trajectories of the 𝜶j(k) vectors in (3) or (7) change with respect
to the nominal initial conditions, that is, whether the autoregressive coefficients change due to a change in the physics of
the system. However, the choice of a threshold to decide whether the noisy change of 𝜶(k) corresponds to a faulty event
is in general application dependent.13,52 In this article, without loss of generality, we define a scalar residual vector

𝛾(k) = ||𝜶(k)||2, (8)

with 𝜶(k) = [𝜶1(k), … ,𝜶n(k)], and bounds

𝛾u = (1 + b%)||𝛾(0)||2, 𝛾l = (1 − b%)||𝛾(0)||2. (9)

We consider a system nominal when 𝛾(k) does not exceed the nominal value of more than b%

𝛾l ≤ 𝛾(k) ≤ 𝛾u, (10)

and faulty otherwise. The choice of b% purely depends on the application, and often heuristic methods are used in practice
taking into account that large values of b% can avoid false alarms, but can either increase the time to detect a damage or
even fail to detect it.

3 ENTROPY-BASED SENSOR SELECTION

In this section, we are interested in reducing the number of sensors (accelerometers in our experimental setups) placed
on a structure without losing (or even improving) the accuracy of the predictive models described in the previous section,
and hence keeping (or even improving) the damage detection performance. In particular, the idea is to equip a structure
with n sensors randomly placed all over it, or to consider a structure that is already equipped with n sensors, and use the
collected measurement data to identify what sensors provide the needed (non-redundant) information to detect a damage
on the structure. In this way, the “useless” sensors can be removed and used to repeat the process on other structures.

A naive method is by selecting subsets of accelerometers that are strongly correlated one to each other: to do so, the
correlation matrix R = [rij]ni,j=1 ∈ Rn×n can be used, where−1 ≤ rij ≤ 1. Indeed, a well known methodology that is applied
in practice is to group sensors corresponding to very large values of the coefficients r2

ij, where 0 ≤ r2
ij ≤ 1 and r2

ij is called
coefficient of determination between the components i and j (see References 53,54 for further reading on this topic). In
this article, we will specifically call this heuristic procedure correlation-based sensor selection (c-ss).
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We propose in this article an alternative metric to perform the sensor selection based on information theory. In par-
ticular, the goal is to maximize the information gain. To this aim, it will be also necessary to introduce the concept of
entropy from Information theory. For this reason, we call this sensor selection approach, whose theoretical foundation is
provided in the following sections, entropy-based sensor selection (e-ss).

The advantage provided by the e-ss approach with respect to c-ss consists of selecting the sensors on the basis of a
different criterion, that is, maximizing the information gain, as formally proved in Theorem 1. Beyond such theoreti-
cal validation, we illustrate in the simulation section how the e-ss approach provides better results in terms of damage
detection with respect to c-ss over three different experimental real benchmarks.

3.1 Background on information theory

We first briefly recall the notions of entropy and information gain from Information theory. Intuitively, the entropy repre-
sents the measure of uncertainty of a random variable, while the information gain represents the amount of information
shared by 2 or more random variables (we refer to References 55-57 for further reading on the topic). Let Y be a random
variable which takes values in the set {y1, y2, … , yn}: the entropy of Y is defined as

H(Y ) = −
n∑

i=1
P(yi)log2(P(yi)), (11)

where P(yi) denotes the probability of Y to take the value of yi. The value of entropy is non negative, and the larger the
entropy, the larger the uncertainty. For example, entropy for a fair coin toss is 1, while for a 6 headed dice it is 2.585, which
is larger than fair coin toss since there are more possible events to occur. When Y is a binary variable, that is, it takes value
in {0,1}, and

Y =

{
0, with probability p
1, with probability 1 − p

with 0 ≤ p ≤ 1, its entropy is called binary entropy and is defined as

H(Y ) = H(p) = −[p ⋅ log2(p) + (1 − p) ⋅ log2(1 − p)]. (12)

Given two random variables X and Y , suppose that X is known. We define the conditional entropy of Y given X as

H(Y |X) =
∑

x∈X
P(X = x)H(Y |X = x)). (13)

H(Y |X) represents the uncertainty of Y given the information of X : H(Y |X) = 0 means that, for each value taken by X ,
we deterministically know the outcome of Y .

Finally, the information gain is a measure of mutuality between a pair of variables. Given two random variables X and
Y , the information gain between them is defined as

I(Y ;X) = H(Y ) −H(Y |X). (14)

As for entropy, the value of the information gain is non negative: this implies that H(Y ) ≥ H(Y |X). However, as opposed
to entropy, the larger the information gain the smaller the uncertainty.

3.2 Entropy-based sensor selection

Let us consider as above a dataset described by the matrix X ∈ Rm×n consisting of vector measurements [x1 x2 · · · xn],
and let X1, … ,Xn be random variables corresponding to each component (sensor). Namely, each vector xi =
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6042 SMARRA et al.

[xi(1) · · · xi(m)]⊤ ∈ Rm×1 is a sequence of random outcomes of Xi, that is, the outcome of the random vector Xi
.

=
[Xi … Xi]⊤ consisting of m i.i.d. scalar random variables Xi.

As mentioned at the beginning, the e-ss algorithm illustrated in this section will be based on the notion of information
gain, and consequently on the notion of entropy. Let us assume we wish to define a subset of sensors to predict the
component i. To this aim, given a dataset described by a matrix X , we define a binary random variable Zij, ∀j ≠ i, as

Zij =

{
1 if |Xi − 𝛽ijXj| < 𝜃 ⋅ 𝜎(Xi)
0 if otherwise

, (15)

where 𝜃 ∈ [1,+∞) ⊂ R,𝜎(Xi)denotes the standard deviation of Xi and 𝛽ij = (x⊤j xj)−1x⊤j xi is the solution of the least squares
method. Let pij = P[Zij = 1]. At this point, it is possible to define the information gain of Zij given 𝛽ij as

where 𝜃 ∈ [1,+∞) ⊂ R, 𝜎(Xi) denotes the standard deviation of Xi and 𝛽ij = (X⊤

j Xj)−1X⊤

j Xi is a random variable
defined as the solution of the least squares method. Let pij = P[Zij = 1]. At this point, it is possible to define the information
gain of Zij given 𝛽ij as

I(Zij; 𝛽ij) = H(Zij) −H(Zij|𝛽ij), (16)

where I(Zij; 𝛽ij) denotes the information gain of Zij given 𝛽ij, that is, given xi and xj.
The main idea is to estimate the information gain between each pair i, j, j ≠ i, and chose the component j∗ such that

the information gain I(Zij; 𝛽ij) is maximized. Since we do not know the expression of the information gain I(Zij; 𝛽ij) and of
the entropy H(Zij), the only way to proceed is by the conditional entropy H(Zij|𝛽ij) as in the following. Indeed, maximizing
the information gain I(Zij; 𝛽ij) is equivalent to choosing j∗ that minimizes the conditional entropy H(Zij|𝛽ij). Although it is
very difficult in general to compute exactly H(Zij|𝛽ij), as the main contribution of this section, we derive an upper bound
Ĥ(Zij|𝛽ij) of H(Zij|𝛽ij) as a function of the coefficient of determination r2

ij, which can be computed easily. As a consequence,
when we compute ĵ∗ that minimizes Ĥ(Zij|𝛽ij) we are basically minimizing an upper bound of the conditional entropy,
and thus maximizing a lower bound of the information gain. As widely experimentally validated in Sections 5.1–5.3, this
approach strongly improves the prediction accuracy and the damage detection sensitivity with respect to the c-ss in all
our three experimental setups.

In the following, with abuse of notation, we emphasize that the residual error and the coefficient of determination
depend on the number of samples m using the notations eij(m) and rij(m).

Lemma 1. Given Zij the following holds:

pij ≥ lim
m→∞

(1 − 𝜃−2 + 𝜃−2 ⋅ r2
ij(m)). (17)

Proof. We recall that, for m →∞, eij(m) = Xi − 𝛽ij(m)Xj is a random variable representing the residual error and 𝜎(Xi) is
the standard deviation of Xi. By the Chebyshev’s inequality

lim
m→∞

P(|eij(m) − 𝜇(eij(m))| ≥ c𝜎(eij(m))) ≤
1
c2 , (18)

▪

where 𝜇(⋅) and 𝜎(⋅) respectively denote the expectation and the standard deviation, and c is any real positive number.
We now show that, under the assumption of random sampling, 𝜇(eij(m)) and 𝜎(eij(m)) can be well estimated from Xi
when the number of samples m goes to infinity. Let 𝜇m(⋅) and 𝜎m(⋅) respectively denote the sample mean and the sample
standard deviation of the vector xi of m samples, with

lim
m→∞

𝜇m(xi) = 𝜇(Xi), lim
m→∞

𝜎m(xi) = 𝜎(Xi). (19)

We first note that 𝜇m(eij(m)) = 0, ∀m as a direct consequence of defining 𝛽ij(m) via the least squares algorithm. Then, the
sample standard deviation of eij(m) can be defined as

𝜎m(eij(m)) =

√∑n
k=1(xi(k) − 𝛽ij(m)xj(k))2

m − d
, (20)
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SMARRA et al. 6043

where d is the degree of freedom. The coefficient of determination obtained from the dataset vectors xi and xj, each
consisting of m samples, is defined as

r2
ij(m) = 1 −

∑n
k=1(xi(k) − 𝛽ij(m)xj(k))2
∑n

k=1(xi(k) − 𝜇m(xi))2
. (21)

By simple manipulations on (20) and (21) it follows that

𝜎m(eij(m)) = 𝜎m(xi)
√

1 − r2
ij(m). (22)

We can now rewrite (18) as

lim
m→∞

P

(
|eij(m)| ≥ c𝜎m(xi)

√
1 − r2

ij(m)
)
≤

1
c2 . (23)

By imposing c = 𝜃√
1−r2

ij(m)
> 0 we obtain

lim
m→∞

P(|eij(m)| ≥ 𝜃 ⋅ 𝜎m(xi)) ≤ lim
m→∞

(𝜃−2 − 𝜃−2 ⋅ r2
ij(m)). (24)

By (19) if follows that

lim
m→∞

P(|eij(m)| < 𝜃 ⋅ 𝜎(Xi)) = pij ≥ lim
m→∞

(1 − 𝜃−2 + 𝜃−2 ⋅ r2
ij(m)). (25)

This concludes the proof.

Theorem 1. Let

Ĥ(Zij|𝛽ij)
.

=
− [(1 − 𝜃−2 + 𝜃−2 ⋅ r2

ij(m)) log2(1 − 𝜃−2 + 𝜃−2 ⋅ r2
ij(m))

+ (𝜃−2 − 𝜃−2 ⋅ r2
ij(m)) log2(𝜃−2 − 𝜃−2 ⋅ r2

ij(m))].

Then, for m → ∞ and r2
ij ∈

[
1 − 𝜃

2

2
, 1
]

,

H(Zij|𝛽ij) ≤ Ĥ(Zij|𝛽ij).

Proof. Zij|𝛽ij is a binary random variable, therefore

H(Zij|𝛽ij) = H(pij)
= −[pij log2(pij) + (1 − pij) log2(1 − pij)]. (26)

▪

Since by Lemma 1 pij ≥ limm→∞(1 − 𝜃−2 + 𝜃−2 ⋅ r2
ij(m)), and by definition of the entropy function, it directly fol-

lows that H(Zij|𝛽ij) ≤ Ĥ(Zij|𝛽ij) for (1 − 𝜃−2 + 𝜃−2 ⋅ r2
ij(m)) ∈ [0.5, 1], which directly implies the thesis since 𝜃 > 1. This

concludes the proof.

Remark 1. Note that when r2
ij ∈ [0, 1 −

𝜃
2

2
) we cannot state any relation between H(Zij|𝛽ij) and Ĥ(Zij|𝛽ij), namely we can

just imply the trivial inequality H(Zij|𝛽ij) < 1 that holds by definition.

To validate Theorem 1 with a numerical test we generated 2 random vectors, namely xi and g of 104 components, from
normally distributed random variables Xi and G via the Matlab Random Number Generation (randn) function. Then, we
defined the random variable Xj = 2Xi + 𝜉G. Thus, xj is endowed with a linear correlation to xi perturbed by 𝜉g: the larger
𝜉g the more independent xj from xi, and consequently the smaller r2

ij. In particular, for the test we selected 𝜉 ∈ [0.75, 3.5].
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6044 SMARRA et al.

T A B L E 1 Numerical test spanning r2
ij for 𝜃 = 1, 1.05, 1.1

𝜽 = 1

r2
ij

pij Ĥ(Zij|𝜷ij) H(Zij|𝜷ij)

0.9613 1 0.2361 0

0.6051 0.913 0.9679 0.4264

0.4029 0.7514 0.9726 0.8091

0.3304 0.7089 0.9153 0.8701

0.3178* 0.698 0.9019 0.8837

0.2732 0.681 0.8461 0.9033

0.1639 0.6319 0.6436 0.9492

0.1409 0.6229 0.5865 0.956

0.1066 0.6102 0.4895 0.9647

𝜽 = 1.05

0.9405 1 0.303 0

0.6355 0.9978 0.9156 0.0226

0.4941 0.8514 0.9951 0.6063

0.3011 0.722 0.9476 0.8527

0.2397* 0.6918 0.8936 0.8911

0.1938 0.6753 0.8397 0.9094

0.1117 0.6436 0.7103 0.9397

0.0952 0.6376 0.6786 0.9447

0.0712 0.6313 0.6285 0.9497

𝜽 = 1.1

0.8782 1 0.4711 0

0.3124 0.7668 0.9865 0.7835

0.2257 0.7217 0.9428 0.8531

0.1687* 0.6966 0.8966 0.8854

0.1301 0.6804 0.8569 0.9039

0.103 0.6701 0.8247 0.9148

0.0834 0.6624 0.7991 0.9225

0.049 0.6495 0.7492 0.9345

0.0422 0.6467 0.7385 0.937

Note: ∗ denotes the largest experimental r2
ij such that Ĥ(Zij|𝛽ij) ≥ H(Zij|𝛽ij) is still satisfied.

Starting from xj and xi, we calculated pij from (15) using Monte Carlo simulations, and H(Zij|𝛽ij) and Ĥ(Zij|𝛽ij) as illustrated
above in order to span from (almost) perfect linear correlation to (almost) no correlation at all. The results of the numerical
test are shown in Table 1.

Using the above results we propose Algorithm 1 to choose, given a dataset described by the matrix X consisting of m
traces of n sensors and a desired number of sensors n∗ < n, a novel suboptimal and computationally fast sensor selection
process based on information gain maximization. In the validation sections we compare the results obtained via our sub-
optimal sensor selection procedure with respect to the optimal solution, that we were able to compute via combinatorial
search: clearly, this comparison is computationally possible only when the number of sensors under consideration, that
is, n∗ and n, is small.
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SMARRA et al. 6045

Algorithm 1. Entropy-based subset selection

Inputs: Dataset described by matrix X ∈ Rm×n; Variable to predict i ∈ n; Desired number of sensors n∗< n;
Parameter 𝜃.
Output: Set of sensors indices S ⊂ n, |S| = n∗.
Initialization: S ∶= {i}
for k = 1,… ,n∗ − 1 do

j∗ ∶= argmin
j∈n⧵S

Ĥ(Zij|𝛽ij)

S ∶= S ∪ {j∗}
end for

Given any integer n ∈ N, we denote by n = {1, 2, … ,n} the set of integers up to n.

Remark 2. The complexity of the proposed algorithm is given by the sum of two terms: the first term is the complexity of
computing the correlation matrix, and it is well known to be (mn2); the second term depends on the number of times
that the argmin is computed at each cycle of the algorithm, considering that Ĥ(Zij|𝛽ij) can be computed in constant time
given rij. Thus, the algorithm complexity can be formalized as

(mn2) +
n∗−1∑

k=1
(n − k)(1) = (mn2) + (0.5(2n − n∗)(n∗ − 1)) ≈ (mn2) + (nn∗) ≈ (mn2). (27)

Therefore, the overall asymptotic complexity is the same of the c-ss algorithm, that is, the complexity of the computation
of the correlation matrix.

Applying the e-ss algorithm to our experimental use cases in Sections 5.1–5.3 evidences the following tradeoff: when
𝜃 is chosen very close to 1 then clearly the e-ss and c-ss algorithms provide the same sensor selection in the range r2

ij ∈

[1 − 𝜃
2

2
, 1], while when 𝜃 is chosen much larger than 1 e-ss does not provide any benefit. In all our experimental datasets,

the improvement of e-ss with respect to the c-ss occurs for values of 𝜃 around 1.05, namely when the random variable Zij
represents the event that the prediction error on Xi given measurements of Xi,Xj does not exceed 5% of the variance of
Xi. Given a specific dataset, the problem of solving the above tradeoff and choosing the optimal value of 𝜃 such that e-ss
outperforms c-ss is an interesting venue for future work.

4 POLY-EXPONENTIAL MODEL

In this section, we introduce a modeling approach based on the PE theory (Section 4.1), and use it as a nonlinear cor-
rection term to the ess-PCA (Section 4.2). In particular, we propose an idea to use such PE based correction term as an
improvement to the e-ss PCA’s model predictive accuracy, and to introduce a nonlinearity in the fault detector to improve
fault detection performance as well.

4.1 Poly-exponential correction term

Let us consider X̂ = ΨV⊤ = [x̂1 x̂2 · · · x̂n] as the estimate of X with the e-ss PCA algorithm, and R = X − X̂ = [r1 r2 · · · rn]
as the matrix of residual, with rj = xj − x̂j, j = 1, 2, … ,n, the residual vectors.

The goal is to fit a PE model r̂j, that is an approximation of the residual rj, of the following form for each residual vector:

r̂j(k) =
p∑

i=1
bijelj(x̂j(k)−cj)i + dj, (28)

where p is the order of the PE, and b1j, b2j, … , bpj, lj, cj and dj are the model parameters that can be estimated in different
ways, for example, with the Levenberg–Marquardt algorithm58,59 as in our case. As a consequence, given (28), a new
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6046 SMARRA et al.

model estimate of xj, provided by the PE model and denoted by x̃j, is defined as

x̃j(k) = x̂j(k) +
p∑

i=1
bijelj(x̂j(k)−cj)i + dj. (29)

As in the previous section, we can extend (28) to implement the fault detection algorithm. As before, we assume that
the nonlinear regressive terms in (28) remain constant under nominal condition. Let

𝜷 j = [b1j, b2j, … , bpj, lj, cj, dj],

be the state vector, then the dynamical model for (28) can be defined as

𝜷 j(k + 1) = I𝜷 j(k) + 𝜔(k)

rj(k) =
p∑

i=1
bij(k)elj(k)(x̂j(k)−cj(k))i + dj(k) + 𝜈(k), (30)

where 𝜔(k) and 𝜈(k) are uncorrelated white noise signals with variance 𝜎2
𝜔

and 𝜎2
𝜈

respectively.
Finally, the time evolution of the nonlinear parameters in (30) can be estimated leveraging the extended Kalman filter,

whose solution is expressed as

𝜷 j(k|k − 1) = 𝜷 j(k − 1|k − 1)
P𝜷(k|k − 1) = P𝜷(k − 1|k − 1) + I ⋅ 𝜎2

w

rj(k|k − 1) =
p∑

i=1
bij(k|k − 1)elj(k|k−1)(x̂j(k)−cj(k|k−1))i

+ dj(k|k − 1)

J(k) =
𝜕rj(k|k − 1)

𝜕𝜷 j

|||||𝛽(k|k−1)

S(k) = J(k)P𝜷(k|k − 1)J(k)⊤ + 𝜎2
v

R̃(k) = r(k) − r(k|k − 1)
KG(k) = P𝜷(k|k − 1)J(k)⊤S(k)−1

𝜷 j(k|k) = 𝜷 j(k|k − 1) − KG(k)R̃(k)
P𝜷(k|k) = [1 − KG(k)J(k)]P𝛽(k|k − 1), (31)

where 𝜷 j(k|k − 1) and 𝜷 j(k|k) are the a priori and a posteriori estimates of 𝜷 j, P𝜷(k|k − 1), and P𝜷(k|k) are the a priori and a
posteriori estimates of the covariance, and S(k), R̃(k), KG(k), J(k) are the pre-fit residual covariance, the prediction residual,
the Kalman gain and the Jacobian vector, respectively. The extended Kalman filter solution above gives an estimate of
𝜷 j(k) in the run-time, and we can use it to detect whether a fault existed or not in the system.

However, other than using such modeling as it is, the idea is to use it as a nonlinear correction term for e-ss PCA
approach. We show in Section 5.4 how the combination of these 2 approaches provides a performance improvement in
terms of fault detection.

4.2 E-ss PCA + PE correction term

Let us consider the definitions already provided in Section 4.1, together with (29) and (2). Let also recall that

x̂j(k) =
n∑

i=1
𝜓i(k)vi(j)

=
n∑

i=1

𝜏∑

t=1
𝛼ti𝜓i(k − t)vi(j). (32)
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SMARRA et al. 6047

Then, by substituting (32) into (29) we get

x̃j(k) =
n∑

i=1

𝜏∑

t=1
𝛼ti𝜓i(k − t)vi(j)

+
p∑

i=1
bijelj(∑n

i=1
∑
𝜏

t=1𝛼ti𝜓i(k−t)vi(j)−cj)i
+ dj. (33)

Let now the new state vector be defined as

𝜸j = [𝛼11, 𝛼12, … , 𝛼1𝜏 , 𝛼21, … , 𝛼2𝜏 , … , 𝛼n𝜏 ,

b1j, b2j, … , bpj, lj, cj, dj], (34)

then the dynamical model for (33) can be defined as

𝜸j(k + 1) = I𝜸j(k) + 𝜔(k),

x̃j(k) =
n∑

i=1

𝜏∑

t=1
𝛼ti(k)𝜓i(k − t)vi(j)

+
p∑

i=1
bij(k)elj(k)(∑n

i=1
∑
𝜏

t=1𝛼ti𝜓i(k−t)vi(j)−cj(k))i
+ dj(k) + 𝜈(k). (35)

Remark 3. It is worth of notice that 𝜸j ∈ Rn𝜏+p+3, that means there are n𝜏 + p + 3 equations to be derived for the Jacobian
matrix (i.e., there are 200 variables for the bookshelf resembling structure, in our use case), which makes the extended
Kalman filter solution for the Equation (35) to be computationally expensive. However, an approximation can be consid-
ered: since the 𝛼 coefficients are independent from the 𝛽 ones, their variation through the Kalman filter solution can be
independently obtained via (3); thus, the variation of the 𝛽 coefficients is computed via (30) given the 𝛼s.

Remark 4. This approximation is close to the real one especially when the first eigenvalue is large enough, such that
the first PC contains the most information, characterized by high variance (i.e., the other PCs can be dropped due to
insignificance).

In the next section we show that indeed considering both 𝜶j and 𝜷 j together does improve the capability of the model
in detecting faults with respect to PCA and PE only.

5 VALIDATION

This section is organized in two main parts:

1. In the first one we show the capability of the e-ss PCA and RT-based approaches in detecting faults. The valida-
tions, respectively addressed in Sections 5.1–5.3, are done on three different datasets, that is, the bookshelf resembling
structure, the Irvine bridge’s column and the Sheraton hotel, which are provided by the LANL in their online data
repository.45 In particular, we show that the e-ss version of both algorithms outperforms the standard and the c-ss ver-
sions of the respective algorithms. Furthermore, we show that the RT-based approach, especially the e-ss version, is
more sensitive in detecting faults compared to the other techniques;

2. In the second part, we show the performance of the e-ss PCA with the PE correction term. We validate, in Section 5.4,
its performance strictly on the e-ss version of PCA algorithm, as it is the one that provides the best performance. We
also compare the performance of the e-ss PCA + PE to a standard learning algorithm, that is, the PLS, to show that
a simple algorithm might not be good to predict faults, thus emphasizing that our work is indeed relevant and takes
into account necessary complexity to detect faults in complex structures.

We want to remark that the PLS algorithm can be used to detect faults following the same approach defined in the
previous sections for the PCA-based algorithm via Kalman filtering. We do not explicitly describe the PLS-based fault
detection algorithm only to avoid repetitions.
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6048 SMARRA et al.

F I G U R E 1 Assembled LANL test structure similar to a 3-tier bookshelf

5.1 Bookshelf resembling structure use-case

This accelerometric dataset is provided from the repository of the Engineering Institute at the LANL.3 The frame structure,
which resembles a three tiers bookshelf, was built from unistrut columns and aluminum plates. Each of the shelves,
which is 1.3 cm thick aluminum plate, is mounted on the unistrut column with 2-bolts connection brackets. In each tier 8
accelerometers (2 per joint) were installed on the plate and column. Figure 1 illustrates the structure and accelerometers
placement for each tier. To generate the data, the structure was vibrated with frequency ranging in 0–3 KHz for 8 s,
producing 4096 data samples. Several experiments in the nominal configuration were repeated, generating nominal (or
baseline) datasets. Then, three different types of damage were induced in the structure: each of them is characterized by
a different location of the damage, that is, in case 1 a damage was induced on joint 2a, in case 2 a damage was induced on
joint 4b, and in case 3 a damage was induced both on joints 2a and 4b. To verify our fault detection algorithms capability
to detect damages we will consider all 3 cases of damage provided by LANL. In particular, we will train our models with
3000 samples of the nominal behavior. We will use 1000 samples of the nominal behavior and 4000 samples of each of
the 3 damages to validate respectively the prediction accuracy, and the damage detection sensitivity of our algorithms,
comparing them with previous work on the same dataset.16

5.1.1 Predictive model accuracy

We validate the prediction accuracy of the PCA- and RT-based models in 3 cases: (1) using all sensor components; (2)
using sensors selected via c-ss; (3) using sensors selected via e-ss. We considered a selection of sets of sensors with cardi-
nality n∗ = 5 as it happens to be the best tradeoff between prediction accuracy and computational complexity. Of course,
this choice can be adjusted to suit the specific application needs. The prediction accuracy will be measured using the
normalized root mean square error (NRMSE).

Tables 2 and 3 summarize the accuracy of the PCA-based and RT-based predictive models respectively, where the
ith row of each table indicates (1 - NRMSE) ×100% for predicting sensor component i using respectively all sensors, the
sensor subset obtained using the c-ss and the sensor subset obtained using the e-ss. The last row indicates the average
prediction accuracy among all 24 components. The last column of Table 2 refers to our “Oracle,” namely the optimal
sensor selection (opt-ss) obtained with a combinatorial search over all subsets of sensors to obtain the set that provides
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SMARRA et al. 6049

T A B L E 2 The results in the table are shown as normalized root mean square error in percentage, that is, (1 - NRMSE) ×100%

all PCA16 c-ss PCA e-ss PCA opt-ss PCA

91.88 95.36* 96.35* 97.87

91.03 92.65 95.07* 97.08

89.82 92.50 95.04* 97.21

91.18 93.15 95.95* 97.10

92.20 94.71* 94.94* 97.78

90.87 92.53 94.87* 97.12

89.90 92.61 95.20* 97.11

90.48 92.17 95.29* 96.46

93.25 95.60 96.50* 96.93

94.96 96.69* 96.42* 98.22

91.94 94.46 95.55* 96.24

93.15 93.97* 92.18 97.20

92.67 95.15 96.46* 97.41

95.35 96.37* 96.01* 98.38

91.44 94.24* 94.99* 95.71

93.59 94.14* 92.61 97.31

90.40 94.04 95.24* 95.65

91.16 93.02 95.09* 96.57

95.62 95.94* 95.98* 96.79

96.18 96.73* 96.21* 97.35

92.36 93.98 95.18* 95.88

90.99 94.75* 94.88* 96.65

95.42 95.65* 96.22* 96.74

95.80 96.16* 95.47* 97.33

92.57 94.44 95.32* 96.96

Note: The last row indicates the average prediction accuracy among all 24 components. Results are about sensor selection sets for the PCA-based model. ∗

denotes the best accuracy among all, c-ss and e-ss. Results show that both c-ss and e-ss PCA algorithms always achieve better prediction accuracy with respect to
the case where all 24 sensors are used. Also, in most cases e-ss outperforms c-ss, and in general is better average-wise, thus it is a valid alternative w.r.t. the c-ss.

the best achievable prediction accuracy: although computationally very expensive, with just 24 sensors it was possible
to compare all possible subsets, while in the case of a much larger number of sensors this would have not been possible
because computationally intractable.

Table 2 shows that both c-ss and e-ss PCA algorithms always achieve better prediction accuracy with respect to using
all 24 sensors. This result is somehow related to the linearity problem in PCA: indeed, using PCA each PC needs to be
written as a linear combination of the original variables, but if the linearity between original variables does not exist PCA
will not work properly. By introducing sensor selection into the standard PCA algorithm the linearity in the model is
maintained by choosing the more linearly correlated components, thus increasing the prediction accuracy. In particular,
the accuracy of e-ss PCA is larger than that of c-ss in almost all cases (up to +3% in accuracy) and in the average (+1%
in accuracy, reducing the optimality gap of 50%): as widely discussed in the introduction, our interpretation is that the
e-ss is indeed able to select the components that add more information for the predictive model. With respect to the
computational time, e-ss PCA is characterized by more steps compared to the standard PCA and c-ss PCA. However these
extra steps, which consist of the calculation of the approximate entropy followed by finding the minimum of it, are solvable
within time complexity of O(n):60 therefore, e-ss improves the prediction accuracy and does not increase significantly the
computational complexity.
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6050 SMARRA et al.

T A B L E 3 The results in the table are shown as normalized root mean square error in percentage, that is, (1 - NRMSE) ×100%

all RT16 c-ss RT e-ss RT

92.03* 91.77 92.06

93.16* 92.6 91.08

91.37* 91.26 90.28

92.37* 92.29 90.76

92.8* 92.08 91.58

92.89 92.6* 91.11

91.99* 91.34 90.92

92.16* 92.02 91.13

91.58 91.67 92.07*

91.69 92.18* 91.7*

90.54 90.69* 90.32

91.78 91.34 92.07*

92.39 91.64 92.48*

92.46* 91.6 92.24

90.21 90.62 90.8*

91.21 91.4* 91.13

90.51* 90.15 90.43

91.13 91.31* 91.17

91.79* 91.79* 92.43

91.43 91.49 91.73*

90.81* 90.26 90.5

91.43 91.56* 90.91

91.93 92.02* 91.26

91.82 91.61 91.86*

91.73* 91.55 91.33

Note: The last row indicates the average prediction accuracy among all 24 components. Results are about sensor selection sets for the RT-based model. ∗ denotes
the best accuracy among all, c-ss and e-ss. Results show worse results with respect to PCA-based models, probably due to the inherent linearity of the dataset
dynamics which can be better captured by the linear models of PCA than the nonlinear models derived exploiting the RT-based methodology. Moreover, there
is no significant improvement in terms of prediction accuracy between the three methods, although e-ss and c-ss use significantly less sensors (5 instead of 24)
to provide the same level of accuracy.

Table 3 shows that RT-based models provide worse results with respect to PCA-based models, probably due to the
inherent linearity of the dataset dynamics which can be better captured by the linear models of PCA than the nonlinear
models derived exploiting the RT-based methodology. Moreover, there is no significant improvement of the prediction
accuracy using e-ss RT and c-ss RT with respect to all RT: of course, both e-ss and c-ss use significantly less sensors (5
instead of 24) to provide the same level of accuracy.

5.1.2 Damage detection sensitivity

In this section we compare the sensitivity of damage detection algorithms using the predictive models introduced in this
article, including the one proposed in Reference 16 that exploits all sensors. As discussed above we consider 3 datasets
provided by LANL, each consisting of 4000 samples, corresponding to 3 different damages. Following the methodology
described in Section 2, we first derive models on the nominal dataset and then apply the Kalman filter to generate a
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SMARRA et al. 6051

F I G U R E 2 Trajectories of 𝛾(k): 1st column: nominal case, 2nd–4th column: faulty cases 1–3; 1st row: all PCA, 2nd row: c-ss PCA, 3rd
Row: e-ss PCA

F I G U R E 3 Trajectories of 𝛾(k): 1st column: nominal case, 2nd–4th column: faulty cases 1–3; 1st row: all RT, 2nd row: c-ss RT, 3rd row:
e-ss RT

residual signal 𝛾(k): when such signal violates some predefined bounds, we raise a damage detection. In our simulations
we have chosen b = 0.5% after a trial-and-error calibration process.

Figures 2 and 3 plot the trajectories of 𝛾(k) in nominal and faulty cases using respectively PCA-based and RT-based
predictive models as described above, and simulations show that damages are detected by all methods.

To compare the damage detection sensitivity we define the escape time te as the minimum time instant such that the
residual signal 𝛾(k) leaves the nominal zone bounded by 𝛾l, 𝛾u, and never returns back again, that is,

te
.

= min{t∗ ≥ 0 ∶ (∀t ≥ t∗, 𝛾(t) ∉ [𝛾l, 𝛾u])}.

 10991239, 2022, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rnc.6124 by U

niversitã  D
egli Studi, W

iley O
nline L

ibrary on [27/02/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



6052 SMARRA et al.

T A B L E 4 Escape time te for different damages and techniques

Damage all PCA c-ss PCA e-ss PCA all RT c-ss RT e-ss RT

1 3.68 3.51 2.93 3.02 6.31 1.23

2 3.74 4.16 3.19 1.96 4.90 0.51

3 5.73 2.41 2.37 1.28 2.17 0.50

Note: Results show that the e-ss version for both PCA- and RT-based models performs better than c-ss, and in particular the e-ss PCA and e-ss RT reduce the
escape time w.r.t. the c-ss PCA up to 23% and 88% respectively.

Table 4 clearly shows that e-ss version for both PCA- and RT-based models performs better than c-ss. More precisely,
e-ss PCA and e-ss RT reduce the escape time w.r.t. c-ss PCA up to 23% and 88% respectively. It is interesting to note that
e-ss RT, whose prediction accuracy is smaller than the PCA-based methods, outperforms all other methods in terms of
damage detection sensitivity: our interpretation of this fact is that the nonlinear dynamics of the RT-based model is less
accurate but more responsive to sudden changes in the structure.

5.2 UCI bridge column use-case

This dataset is taken from an experimental setup performed by University of California, Irvine (UCI) on a bridge col-
umn.43 The structure consists of two concrete bridge columns with diameter of 0.61 m retrofitted to columns of diameter
0.91 m. Both columns are 3.45 m in length and cast on the top of concrete foundations 0.635 m tall, and 40 accelerom-
eters are assigned to the structures to measure the dynamics of the columns. Figure 4 illustrates the structure and the
accelerometers placement on the bridge’s column. The structure was vibrated by a shaker with frequency between 0 and
400 Hz for 8 s, and produced 2048 samples. The experiment was repeated twice, thus creating 2 nominal datasets. Faulty
datasets, that is, the datasets containing data collected from the damaged structure, were generated with the same pro-
cedure as above. More precisely, an hydraulic actuator was used to apply lateral loads to the top of the column before
the vibration process. The loads were applied in a force-controlled manner to produce lateral deformations at the top of
the column corresponding to 0.15Δy, 0.25Δy, 0.4Δy, and 0.7Δy, where Δy denotes the deformation with respect to the y
axis of the column. These experiments were repeated multiple times generating 8 faulty datasets containing 2048 sam-
ples each. To verify our fault detection algorithms capability to detect damages we considered 3 cases of damage provided
by LANL: they consist on 0.25Δy, 0.4Δy, and 0.7Δy lateral deformation as in Reference 43. We trained our models using
2000 samples of the nominal behavior (1000 samples from each nominal dataset). We used the remaining 2096 samples
from the nominal behavior (1048 samples from each dataset) to validate the prediction accuracy of our models. Finally,
for the damage detection sensitivity of our algorithms we used 2048 samples from each of the 3 faulty datasets. We con-
sidered the datasets with 0.25Δy as damage level 1, which is the lowest, 0.4Δy as damage level 2, and 0.7Δy as damage
level 3 (the higher the level, the stronger the damage).

5.2.1 Predictive model accuracy

We proceed as illustrated above, considering a selection of sets of sensors with cardinality n∗ = 5. Tables 5 and 6 sum-
marize the accuracy of the PCA-based and RT-based predictive models respectively. As above, the last row indicates the
average prediction accuracy among all 40 components.

Table 5 shows that both c-ss and e-ss PCA algorithms always achieve better prediction accuracy with respect to using
all 40 sensors. Also in this case, the accuracy of e-ss PCA is larger or almost equal to c-ss in almost all cases (up to +14%
in accuracy) and in the average (+3.5% in accuracy, reducing the optimality gap of 50%).

Table 6 reveals that, also in this case, the RT-based nonlinear models perform worse than the PCA-based linear models.

5.2.2 Damage detection sensitivity

In this section we compare the sensitivity of damage detection algorithms using the predictive models introduced in this
article. Following the methodology described in Section 2, we first derive models on the nominal dataset, and then apply
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SMARRA et al. 6053

F I G U R E 4 Accelerometers location on UCI bridge column

the Kalman filter to generate a residual signal 𝛾(k): when such signal violates some predefined bounds, we raise a damage
detection. In this use-case we have chosen b = 5% after a trial-and-error calibration process.

Figures 5 and 6 plot the trajectories of 𝛾(k) in nominal and faulty cases using respectively PCA-based and
RT-based predictive models as described above, and simulations show that damages are detected by almost all
methods.

Table 7 clearly shows that, for Damages 2 and 3 (the strongest damages), all methods work well, without substantial
differences. Regarding Damage 1 (the weakest damage and therefore the most difficult to be detected), c-ss PCA fails to
detect the damage, all RT and c-ss RT are characterized by a very large escape time, while all PCA, e-ss PCA, and e-ss RT
are characterized by a similar and small escape time. Since e-ss PCA and e-ss RT use only 5 sensors and all PCA uses 40
sensors, we can state that the e-ss PCA and e-ss RT outperform all other methods in detecting the weak Damage 1. This
is crucial as, very often, strong damages in structures start from weak damages: being able to detect subtle damages is a
huge advantage to prevent the occurrence of strong damages and catastrophic events.
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6054 SMARRA et al.

T A B L E 5 The results in the table are shown as normalized root mean square error in percentage, that is, (1 - NRMSE) ×100%

all PCA16 c-ss PCA e-ss PCA opt-ss PCA all/e-ss PCA

86.04 94.21* 92.75 96.02 94.32

90.12* 90.5* 90.16* 93.14 N/A

83.23 87.07 90.38* 94.57 87.53

74.31 93.01* 92.63* 95.2 91.66

81.38 82.99* 82.31* 93.19 84.29

81.95 93.38 94.5* 95.62 92.72

90.08 94.39* 94.99* 96.31 94.03

18.09 74.94 81.82* 91.84 80.69

91.84 96.09* 95.84* 96.12 94.18

88.6 95.82* 94.81 96.68 95.29

20.46 82.04 89.28* 92.64 89.05

94.64 96.77* 93.65 97.15 96.74

89.51 95.96* 95.11* 96.89 95.76

63.95 85.26 86.42* 91.77 85.62

83.84 95.64* 95.74* 97.04 95.37

91.45 94.66 95.45* 96.6 94.64

55.5 75.48 89.56* 92.02 81.97

93.9 95.24 96.68* 97.15 95.88

86.08 94.17* 93.55* 96.4 92.7

34.87 76.76 88.3* 89.67 85.42

91.79 93.81* 92.69 97.09 94.51

77.86 86.5* 86.5* 94.47 86.69

77.34 92.5* 92.13* 94.53 91.16

90.63 92.79* 91.56 95.11 91.07

24.44 78.58* 77.74* 92.4 80.8

92.65 94.77* 94.77* 96.21 94.71

63.29 87.88* 87.76* 93.25 87.02

92.5 96.25* 96.27* 97.01 95.59

70.63 92.04* 85.98 94.26 89.24

96.08 97.35* 95.75 97.52 96.87

84.57 93.4* 92.65* 93.93 92.11

94.89* 95.99* 93.72 97.15 96.1

70 91.42* 89.22 93.99 91.04

93.41* 93.63* 93.63* 96.46 94.37

40.68 86.66 92.38* 94.23 89.47

86.34 90.38* 89.79* 92.93 90.51

91.95* 89.9 90.89* 93.83 N/A

85.95 95.37* 95.01* 96.74 95.76

85.58 88.24* 86.6 91.27 N/A

87.95 88.3* 88.66* 92.14 N/A

77.46 89.42 91.05 94.76 91.25

Note: The last row indicates the average prediction accuracy among all 24 components. Results are about sensor selection sets for the PCA-based model. ∗

denotes the best accuracy among all, c-ss and e-ss. Results show that both c-ss and e-ss PCA algorithms always achieve better prediction accuracy with respect
to the use of all 40 sensors. In particular, the accuracy of e-ss PCA is larger or almost equal to c-ss in almost all cases.

 10991239, 2022, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rnc.6124 by U

niversitã  D
egli Studi, W

iley O
nline L

ibrary on [27/02/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



SMARRA et al. 6055

T A B L E 6 The results in the table are shown as normalized root mean square error in percentage, that is, (1 - NRMSE) ×100%

all RT c-ss RT e-ss RT all/ess RT

87.77 91.9* 91.42* 87.77

89.92 92.28* 92.27* N/A

87.41 90.97* 90.97* 87.41

87.04 90.94* 90.75* 88.14

88.23 91.37* 91.92* 88.23

87.84 91.78* 91.36* 87.84

88.7 92.88* 92.83* 88.7

87.96 90.64* 90.97* 87.96

88.77 91.93* 91.84* 88.77

88.62 93.39* 93.66* 88.62

89.17 91.74* 91.74* 89.17

89.58 92.8* 92.8* 89.58

89.45 94.56* 94.47* 89.45

87.81 90.14* 89.9* 87.81

89.2 93.02* 93.42* 89.2

89.23 94.57* 94.64* 89.23

87.97 90.49* 90.25* 88.74

88.49 92.7* 93.54* 88.49

90.79 94.28* 94.06* 90.74

86.01 88.54* 87.71* 86.01

88.48 92.61* 92.7* 88.48

87.43 91.09* 91.09* 87.43

87.92 91.35* 90.8* 88.86

87.31 91.11* 90.65* 87.31

88.11 90.69* 90.7* 88.11

85.95 90.86* 90.86* 85.95

88.14 91.02* 90.97* 89.32

89.07 91.37* 91.7* 89.07

87.77 91.32* 91.61* 87.77

89.43 92.45* 92.41* 89.43

88.87 91.84* 92.4* 88.87

88.58 92.36* 92.36* 89.91

88.97 92.11* 92.2* 90

88.64 92.81* 92.81* 88.64

90.15 92.28* 92.81* 90.32

88.03 91.35* 91.43* 88.99

88.87 91.84* 91.84* N/A

89.09 94.58* 94.47* 89.09

87.68 90.25* 90.26* N/A

89.03 91.52* 91.47 N/A

88.43 91.83* 91.70* 88.59

Note: The last row indicates the average prediction accuracy among all 24 components. Results are about sensor selection sets for the RT-based model. ∗ denotes
the best accuracy among all, c-ss and e-ss. Sensor selection sets are same as Table 5. Results show that the RT-based nonlinear models perform worse than the
PCA-based linear models.
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6056 SMARRA et al.

F I G U R E 5 Trajectories of 𝛾(k): 1st column: nominal case, 2nd–4th column: faulty cases 1–3; 1st row: all PCA, 2nd row: c-ss PCA, 3rd
row: e-ss PCA

F I G U R E 6 Trajectories of 𝛾(k): 1st column: nominal case, 2nd–4th column: faulty cases 1–3. 1st row: all RT, 2nd row: c-ss RT, 3rd row:
e-ss RT

T A B L E 7 Escape time te for different damages and techniques

Damage all PCA c-ss PCA e-ss PCA all RT c-ss RT e-ss RT

1 0.88 - 0.91 6.76 6.52 0.82

2 0.04 0.04 0.03 0.05 0.05 1.55

3 0.02 0.01 0.01 0.02 0.02 0.26

Note: Results show that, while for Damages 2 and 3 (the strongest damages) all methods work well without substantial differences, for Damage 1 (the weakest
damage and therefore the most difficult to be detected) c-ss PCA fails to detect the damage, all RT and c-ss RT are characterized by a very large escape time,
while all PCA, e-ss PCA and e-ss RT are characterized by a similar and small escape time. Since e-ss PCA and e-ss RT use only 5 sensors and all PCA uses 40
sensors, we can state that the e-ss PCA and e-ss RT outperform all other methods in detecting the weak Damage 1.
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SMARRA et al. 6057

F I G U R E 7 Accelerometers placement inside Sheraton hotel

5.3 Sheraton hotel use-case

The dataset is obtained from LANL teams who measured the vibrational responses on the Sheraton Hotel at Universal
City in North Hollywood, California. The hotel is a twenty-one story ductile moment-resisting concrete frame structure
that has permanent instrumentation installed on it. There are 13 accelerometers mounted on various locations inside the
building, as shown in Figure 7. The accelerometers read the signal caused by background vibration sources such as wind,
traffic, and mechanical equipment in the structure, with frequency recorded ranging from 0 to 25 Hz for various amount
of times (32, 64, 128, 256, and 512 s). Such measurements generated 10 different datasets, each consisting of 4096 samples.
We will consider 2 of the 10 datasets, that is, the ones vibrated with frequency range of 0–6.25 Hz for 256 s, and create
a unique dataset of 8192 samples. We will use 6144 samples to train the model, and use the remaining 2048 samples for
the validation process. Since in this experimental setup there is no availability of datasets corresponding to a damage, we
only validate the predictive model accuracy.
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6058 SMARRA et al.

T A B L E 8 The results in the table are shown as normalized root mean square error in percentage, that is, (1 - NRMSE) ×100%

all PCA c-ss PCA e-ss PCA opt-PCA all/e-ss PCA

13.07 84.12* 74.1 88.38 N/A

87.67* 85.18 84.36 88.75 86.85

88.24 89.56* 90* 94.64 88.7

85.76* 62.7 83.35 88.31 N/A

80.49* 76.64 77.41 89.86 79.01

85.48* 84.36 84.41 87.6 N/A

86.83* 87.29* 87.29* 88.6 87.52

82.23 84.79* 84.79* 87.48 79.5

87.18 88.77* 88.77* 89.34 87.94

85.59 88.04* 88.04* 88.13 85.11

83.43 67.86 87.28* 88.17 82.31

86.78 89.72* 89.72* 91.41 88.41

87.67* 87.53* 87.45* 89.25 N/A

80.03 82.81 85.15* 89.22 85.04

Note: The last row indicates the average prediction accuracy among all 24 components. Results are about sensor selection sets for the PCA-based model. ∗

denotes the best accuracy among all, c-ss and e-ss. Results show that both c-ss and e-ss PCA algorithms always achieve better prediction accuracy with respect
to all PCA. The accuracy of e-ss PCA is larger or almost equal to c-ss in almost all cases and in the average. For the prediction of each specific sensor, the
optimal sensor selection largely outperforms e-ss and c-ss, probably because e-ss and c-ss assume that the relation among each pair of sensors is linear.

5.3.1 Predictive model accuracy

We proceed as illustrated above, considering a selection of sets of sensors with cardinality n∗ = 3 due to the limited number
of available accelerometers. Tables 8 and 9 summarize the accuracy of the PCA-based and RT-based predictive models
respectively. As above, the last row indicates the average prediction accuracy among all 13 components.

Table 8 shows that both c-ss and e-ss PCA algorithms always achieve better prediction accuracy with respect to all
PCA. Also in this case, the accuracy of e-ss PCA is larger or almost equal to c-ss in almost all cases and in the average. For
the prediction of each specific sensor, the optimal sensor selection, which is combinatorial and thus impractical when the
number of sensors is very large, largely outperforms e-ss and c-ss. Our interpretation is that e-ss and c-ss assume that the
relation among each pair of sensors is linear: they fail in the Sheraton hotel dataset because, being it much more complex
than the previous structures, the relation among some subsets of sensors is nonlinear.

Interestingly, Table 9 shows that in the RT case all the three algorithms seem to perform very similarly, and outperform
PCA-based models (+10% in average accuracy), except for the opt-PCA, although very close. Clearly, in terms of number
of sensors, c-ss RT and e-ss RT use less sensors with respect all-RT (3 against 13). Moreover, as discussed above, the use of
opt-PCA sensor selection is clearly inapplicable for a large number of sensors. In conclusion, it is interesting that RT-based
models perform better than PCA-models when the dataset presents nonlinearities, which can be very well captured by
the nonlinear models derived exploiting the RT-based methodology with respect to the linear models obtained via PCA.

5.4 Nonlinear fault detection via e-ss PCA + PE correction term

In this section, we show the performance of the e-ss PCA + PE algorithm in terms of fault detection performance with
respect to both the e-ss PCA algorithm, that is the one that provided the best performance between the proposed ones, and
the PLS algorithm, as a comparison with a standard and simple methodology. We show that the e-ss PCA + PE model is
more sensitive in detecting faults with respect to the other 2, thus emphasizing that its increase of complexity is justified
when compared to the standard PLS, since such simpler algorithm might not give a desirable output.

 10991239, 2022, 10, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/rnc.6124 by U

niversitã  D
egli Studi, W

iley O
nline L

ibrary on [27/02/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



SMARRA et al. 6059

T A B L E 9 The results in the table are shown as normalized root mean square error in percentage, that is, (1 - NRMSE) ×100%

all RT c-ss RT e-ss RT opt-RT all/ess RT

87.96* 88.12* 88.08* 88.58 N/A

90.01* 88.85 88.22 90.36 89.88

93.22* 93.64* 93.62* 93.83 93.37

88.67* 86.42 85.9 88.92 N/A

88.67* 87.91* 87.85* 89.12 88.65

90.01* 86.22 86.55 89.13 N/A

89.19* 88.59* 88.59* 88.84 89.11

88.74* 86.27 86.27 88.22 87.16

89.87* 89.93* 89.93* 90.44 89.9

86.76* 86.92* 86.92* 87.49 86.88

88.34* 87.07 86.53 88.99 88.45

89.96* 88.95 88.95 90.19 89.55

88.87* 87.85 86.74 89.54 N/A

89.56* 88.21 88.01 89.51 89.22

Note: The last row indicates the average prediction accuracy among all 24 components. Results are about sensor selection sets for the PCA-based model. Sensor
selection sets are same as Table 8). ∗ denotes the best accuracy among all, c-ss and e-ss. Results show that in the RT case all the three algorithms perform very
similarly, and outperform PCA-based models, except for the opt-PCA, although very close. In terms of number of sensors, c-ss RT and e-ss RT use less sensors
with respect all-RT (3 against 13). Moreover, the use of opt-PCA sensor selection is clearly inapplicable for a large number of sensors.

To show that e-ss PCA+ PE model is more sensitive in detecting faults, we purposely raise the bound b% to 5%, which
is ten times larger than the bound we used in previous cases.

It is worth of notice that our identification technique first identifies the e-ss PCA model and then fits the correction
term on the estimation error. Thus, the goal of this section is to show that the addition of the nonlinear correction term
increases the performance in detecting faults.

Model predictive accuracy. Before we start with the fault detection procedure, it is important to understand how accu-
rate the models we are going to use are. Table 10 summarizes the comparison of model predictive accuracies between e-ss
PCA and e-ss PCA + PE correction terms for all 3 use cases. It can be seen from Table 10 that the e-ss PCA + PE model
does usually provides improvements in the model predictive accuracy over the e-ss PCA, although small.

However, we can also see how the e-ss PCA+ PE model is able to provide large improvements in the model predictive
accuracy w.r.t. the e-ss PCA, see for example, the 8.22% improvement provided on accelerometer 22 in the Irvine Bridge’s
column and the 11.59% improvement provided on accelerometer 5 in the Sheraton hotel. Given the complexity of these
two structures, it is not surprising that the use of the linear model alone is not sufficient to well represent the system.
Thus, the nonlinear term introduced by the PE model helps the e-ss PCA model to better match system dynamics.

Regarding the time complexity, the e-ss PCA + PE have additional steps compared to the e-ss PCA, which is the com-
putation of the LM algorithm. However, this calculation converges rapidly, as it is solvable between the time complexity
of Õ(𝜀−2) or O(𝜀−2), where 𝜀 is the desired model prediction error61 (in our use case, the algorithm converges at most in 10
iteration steps). Hence, this additional term does not increase significantly the complexity of PCA algorithm, while being
able to improve the prediction accuracy.

Fault detection on bookshelf resembling structure use-case. Table 11 shows the escape time (measured in seconds) of
the e-ss PCA, the PE and the PLS algorithms for the three damage cases in the bookshelf resembling structure. The sign
(-) indicates the incapability of the algorithm to detect faults from the information provided by the corresponding sensor
under 5% tolerance bound (i.e., the bound might be too high for the dynamics of the model to pass it).

Notice that the PE correction term provides the best result when compared the e-ss PCA and PLS algorithms, both
in producing less number of false positives and faster in detecting faults (characterized by short escape time). The e-ss
PCA algorithm generates a lot of false positives, however, it does not mean that the algorithm is not sensitive enough to
detect faults: the bound in this simulation is set to be 10 times higher than the one used in previous section. Since the
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6060 SMARRA et al.

T A B L E 10 The results in the table are shown as normalized root mean square error in percentage, that is, (1 - NRMSE) ×100%

Bookshelf resembling structure Irvine Bridge’s column Sheraton hotel

Sensor n. e-ss PCA e-ss PCA +PE e-ss PCA e-ss PCA +PE e-ss PCA e-ss PCA +PE

1 96.06 96.08 91.23 91.42 74.31 74.38

2 95.32 96.19 85.37 85.48 84.35 84.98

3 93.79 94.18 86.7 92.29* 89.81 91.77*

4 95.79 96.26 91.46 91.57 82.83 82.84

5 94.91 95.79 71.87 72.72 77.5 89.09*

6 95.52 96.36 92.91 93.99* 84.51 84.52

7 94.06 94.36 93.89 93.75 87.11 87.11

8 94.88 96.16* 81.7 85.56* 84.86 84.87

9 96.31 96.28 94.92 94.9 88.82 88.8

10 96.15 96.56 92.76 92.89 88.23 88.29

11 96.32 96.3 83.44 83.78 86.63 86.64

12 91.32 92.68* 90.85 92.03* 89.72 89.74

13 95.8 96.44 92.85 92.57 87.45 87.44

14 95.3 95.97 84.99 86.39* - -

15 95.96 96.3 94.85 94.85 - -

16 92.34 93.08 92.79 92.04 - -

17 95.75 96.2 86.88 87.49 - -

18 95.72 96.33 97.13 97.33 - -

19 95.39 96.08 91.46 92.93* - -

20 95.71 96.23 84.93 85.09 - -

21 96.19 96.23 90.46 92.51* - -

22 95.6 96.13 80.3 88.52* - -

23 95.92 96.33 87.78 87.59 - -

24 95 96.32* 88.61 92.74* - -

25 - - 74.73 85.7* - -

26 - - 92.99 94.21* - -

27 - - 79.81 82.4* - -

28 - - 93.41 92.85 - -

29 - - 76.91 82.25* - -

30 - - 94.5 95.87* - -

31 - - 89.74 89.62 - -

32 - - 92.02 94.04* - -

33 - - 82.94 83.21 - -

34 - - 90.73 91.61 - -

35 - - 90.45 90.44 - -

36 - - 84.81 85.69 - -

37 - - 89.18 91.06* - -

38 - - 92.27 91.98 - -

39 - - 81.77 81.4 - -

40 - - 81.86 82.06 - -

Average 95.21 95.78 87.95 89.37* 85.08 85.42

Note: Results are about sensor selection sets for the PCA-based and the PCA + PE-based models only with the e-ss over the 3 use cases. * denotes a significant
improvement in terms of %. Results show that the e-ss PCA + PE model does usually provides improvements in the model predictive accuracy over the e-ss
PCA, although small. However, it provides in some cases large improvements in the model predictive accuracy w.r.t. the e-ss PCA, see for example, the 8.22%
improvement provided on accelerometer 22 in the Irvine Bridge’s column and the 11.59% improvement provided on accelerometer 5 in the Sheraton hotel.
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SMARRA et al. 6061

T A B L E 11 Escape time (in seconds) for the e-ss PCA, the PE correction term, the PLS model and the e-ss PCA + PE correction term for
the 3 damages in the bookshelf resembling structure

Damage 1

N. e-ss PCA PE e-ss PLS e-ss PCA + PE

1 2.988 0.820 3.6409 1.3226

2 3.351 1.306 1.8185 -

3 2.048 0.008 5.9815 4.8076

4 1.022 0.542 0.062 0.4168

5 4.096 0.430 4.187 7.996

6 3.351 - 4.143 -

7 2.048 0.006 1.3023 -

8 1.022 0.010 0.3821 1.9018

9 - 0.006 6.2096 1.3206

10 - 6.854 1.2763 -

11 - 0.006 0.03 0.6072

12 - 0.010 - 7.8357

13 - 0.008 1.5404 0.008

14 - 0.008 1.0823 -

15 - 1.504 0.018 1.7956

16 - 0.862 0.016 7.8497

17 4.305 0.470 0.118 0.01

18 4.281 0.386 - 3.7575

19 - 0.006 0.8622 0.002

20 - 0.006 0.144 0.008

21 - 0.010 0.062 0.004

22 - 0.012 0.8242 7.984

23 - 0.008 7.1938 0.008

24 - 0.008 0.5321 0.004

Damage 2

e-ss PCA PE e-ss PLS e-ss PCA + PE

3.341 0.008 6.5296 0.008

4.229 0.008 2.5046 0.004

2.555 0.006 - 0.008

0.271 0.302 0.078 5.7936

6.024 - 0.03 7.998

4.229 0.008 - 0.004

2.555 7.694 - -

0.271 - 0.6062 1.2265

- 0.006 1.1563 0.008

- 0.006 0.3561 -

- 0.010 0.038 3.8297

- 0.074 0.03 3.9599
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6062 SMARRA et al.

T A B L E 11 Continued

Damage 2

e-ss PCA PE e-ss PLS e-ss PCA + PE

- 0.008 0.2681 0.004

- 0.008 4.5751 0.008

- 0.008 0.016 0.008

- 0.556 0.012 0.7154

6.415 0.010 0.3021 0.012

- - - 1.0501

- 0.008 0.8162 0.004

- 0.008 3.847 0.008

6.653 0.008 0.044 0.008

- 0.432 0.3981 7.8257

7.726 0.006 0.3321 0.004

- 0.010 0.2761 0.4309

Damage 3

e-ss PCA PE e-ss PLS e-ss PCA + PE

2.429 1.062 0.8282 0.002

2.657 1.224 4.8132 0.004

1.022 0.790 4.4291 0.004

0.110 0.130 2.3806 7.479

2.675 2.697 0.2941 7.998

1.080 0.582 0.9062 0.004

1.022 3.807 6.8897 0.008

0.110 0.418 1.3763 1.521

2.481 1.092 0.4821 0.008

2.677 1.272 1.1343 0.008

4.846 0.008 0.3921 3.8297

3.593 1.274 0.6062 3.9519

2.481 0.006 0.5121 0.008

2.677 1.694 1.7884 0.004

4.846 0.428 0.4501 0.004

3.593 1.234 0.4281 0.7154

3.439 0.704 1.6184 0.012

1.860 1.706 3.809 1.0501

- 0.008 1.6244 0.004

- 0.006 1.8645 0.008

1.589 0.008 0.6242 0.008

1.860 0.008 0.7162 1.426

- 0.008 0.5561 0.004

- 0.008 0.196 0.4329

Note: − denotes a false positive. Results show that the PE correction term provides the best result when compared the e-ss PCA and PLS algorithms, both
in producing less number of false positives and faster in detecting faults (characterized by short escape time).
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SMARRA et al. 6063

T A B L E 12 Escape time for the PE correction term model and e-ss PCA for 3 different damage cases

e-ss PCA PE e-ss PCA + PE

Sensor n. Damage 1 Damage 2 Damage 3 Damage 1 Damage 2 Damage 3 Damage 1 Damage 2 Damage 3

1 6.1255 - 0.0157 - 0.0664 0.0274 1.7578 0.1484 0.1172

2 - 0.2784 0.2902 0.5315 0.1368 0.1212 1.4297 4.2656 0.7813

3 0.8863 0.3412 0.251 - 0.1446 0.1759 1.7891 0.1446 0.1172

4 3.9765 0.0275 0.0118 - 0.2775 0.2384 1.6953 0.1563 0.1172

5 0.9255 0.0196 0.0078 - 0.2228 0.1954 1.8594 0.1172 0.125

6 3.4314 0.1412 0.4 - 0.8324 0.6527 1.6953 0.1485 0.1172

7 - - 0.0118 7.871 0.0899 0.0664 1.6797 0.1563 0.1172

8 2.7373 0.0039 0.0235 - 0.3009 0.3009 1.8594 0.1485 0.125

9 1.3176 0.0157 0.0196 - 0.1485 0.0743 1.6953 0.1563 0.1172

10 - - 0.0118 7.9961 0.0664 0.0469 1.6875 0.1915 0.1328

11 6.3725 0.0039 0.0118 - 0.254 0.2189 1.8594 0.1915 0.125

12 3.4314 0.1412 0.4 - 0.2736 0.2423 1.7656 0.1172 0.125

13 - - 0.0039 - 0.1133 0.0821 1.6953 0.1563 0.1328

14 - - 0.0157 - 2.1612 1.5164 1.9219 0.1563 0.1328

15 1.4627 0.4667 0.3961 - 0.1602 0.1251 1.6875 0.1446 0.1172

16 - 0.0314 0.0118 - 0.1212 0.086 1.6953 0.1563 0.125

17 5.9922 0.8039 0.4 - 0.3596 0.3127 1.6875 0.1563 0.1172

18 0.7451 0.3529 0.7059 - 0.1524 0.1915 1.7891 0.1446 0.1172

19 - 0.0078 0.001 - 0.1212 0.0821 1.7969 0.1641 0.1953

20 5.9922 0.8039 0.4 - 0.0977 0.0899 1.6953 0.1563 0.1172

21 - 0.0196 0.0118 - 0.7777 1.0904 1.7891 0.1446 0.125

22 0.4353 2.902 1.6784 - 0.3244 0.9692 1.8125 0.1563 0.125

23 4.0627 0.0039 0.0118 7.7968 1.0708 0.8676 1.6797 0.1563 0.1172

24 1.8196 2.5255 1.9569 - 1.4617 1.704 1.7734 0.1563 0.125

25 - - 0.0118 - 0.0703 0.043 1.8828 0.1406 0.0938

26 - 0.0941 0.2471 - 4.85 4.9946 1.6953 0.1563 0.1172

27 4.1529 - 0.0078 - 0.6527 0.3517 1.8516 0.1212 0.125

28 - 0.1451 0.4039 - 1.5476 2.1729 1.6797 0.1563 0.1172

29 1.7059 0.0275 0.0196 - 0.6448 0.5159 1.8516 0.1563 0.125

30 - 0.0941 0.2471 - 0.8481 0.8403 1.7109 0.1172 0.1172

31 - - 0.0118 - 0.0899 0.0625 1.7578 0.1563 0.1172

32 - 0.0941 0.2471 - 0.5042 0.6175 1.7891 0.1212 0.125

33 2.7961 0.5451 0.4157 - 0.7308 0.555 1.8047 0.1563 0.125

34 - 0.2196 0.4863 - 0.4064 0.512 1.7578 0.1446 0.125

35 1.8627 0.0431 0.0314 7.9805 6.0342 5.1861 1.6875 0.1563 0.1172
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6064 SMARRA et al.

T A B L E 12 Continued

e-ss PCA PE e-ss PCA + PE

Sensor n. Damage 1 Damage 2 Damage 3 Damage 1 Damage 2 Damage 3 Damage 1 Damage 2 Damage 3

36 - 0.0196 0.0118 - 0.1172 0.1133 1.8516 0.1719 0.2188

37 - - - 0.3361 1.7509 3.0132 - - 0.167

38 - - 0.0039 - 0.1172 0.086 1.6953 0.1563 0.125

39 - - 6.7373 0.3596 0.3439 0.4963 1.6953 0.1641 0.1328

40 - 0.2784 0.2902 0.0352 0.0743 0.043 1.6797 0.1641 0.1953

Note: − denotes the false positives. Results show that when the damages are strong enough (Damage 2 and Damage 3) it can be seen that the PE-based models
are able to detect fault presence in each accelerometer flawlessly w.r.t. the e-ss PCA, and it is done almost immediately when the faulty signal is injected into
the system (it can be seen from the short escape time), thus improving the damage detection sensitivity of the e-ss PCA algorithm. When the damage is weak
(Damage 1) both the e-ss PCA and the PE (alone) algorithms do suffer from a lot of false positive cases, while their combination allows to detect almost all
faults, hence compensating the lacks of the single methodologies.

dynamic growth for the e-ss PCA model is relatively slow than the other two methods, it fails to raise the alarm on a very
loose bound. In practical uses, the bounds are defined by the user: tight bounds might raise the alarm faster but more
susceptible to the false positives, while loose bounds might decrease the false positives but increase the chance of false
negatives. In particular, being able to detect fault faster in a loose bound is an advantage to avoid both false positives and
negatives.

Fault detection on UCI Bridge Column use-case. Table 12 shows the escape time for all 40 sensors installed on the
bridge’s column for the e-ss PCA model, the PE correction term model, and their combination. As in the previous section,
the (−) indicates that the algorithm failed to detect a fault on that specific accelerometer.

In this case, we are not able to provide the results for the PLS algorithm as the algorithm generates a lot of false
negatives on nominal cases even when the bound is raised to 50%. We claim that this is due to the nature of the data,
which is much more complex than the previous case, and hence the dynamics learned by the PLS model behave in an
unexpected way.

It is worth of notice that, when the damages are strong enough (i.e., Damage 2 and Damage 3), it can be seen
that the PE-based models are able to detect fault presence in each accelerometer flawlessly w.r.t. the e-ss PCA, and it
is done almost immediately when the faulty signal is injected into the system (it can be seen from the short escape
time). This is an evidence that the PE correction term does improve the damage detection sensitivity of the e-ss PCA
algorithm.

However, when the damage is weak (i.e., Damage 1), both the e-ss PCA and the PE (alone) algorithms do suffer from
a lot of false positive cases. In particular, the PE model induces more false positive cases than the e-ss PCA model. It
is interesting to notice that the PE model is able to detect the presence of faults on several accelerometers which are
undetected by the e-ss PCA (see accelerometer numbers 2, 7, 10, 37, 39, and 40), while the integration of the 2 (i.e., the
e-ss PCA + PE) compensate the missing of the single methodology.

6 CONCLUSIONS

In this article we addressed the problem of structural damage detection, and proposed four contributions: (1) a novel
damage detection methodology based on the combination of Kalman filtering with a model identification algorithm based
on AR system identification, PCA, and RTs; (2) a novel entropy-based sensors selection algorithm; (3) a new nonlinear
damage detection methodology that extends the PCA-based one with the addition of a PE term; (4) the validation of our
techniques on three experimental datasets.

All experimental setups show that our novel e-ss approach based on PCA models is a valid alternative to classical
heuristic c-ss, providing in almost all cases better results in terms of predictive model accuracy, and outperforming c-ss
in the average towards the (combinatorial) optimal sensor selection (+50% both in Sections 5.1 and 5.2). The valida-
tion in Section 5.3 also shows that when the system presents nonlinearities our novel RT-based approaches outperform
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SMARRA et al. 6065

PCA-based models. The damage detection validation in Sections 5.1 and 5.2 shows that both e-ss PCA and e-ss RT per-
form better than c-ss, improving the prediction accuracy and the damage detection sensitivity while reducing the number
of sensors. Finally, the validation in Section 5.4 shows how, with a small increase in the model complexity due to the addi-
tion of a PE nonlinear term, the e-ss PCA + PE model improves the fault detection performance on complex structures
when nonlinearities become strong.
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