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Abstract

We investigate the distance function 6‘2 from an arbitrary closed subset K of a finite-
dimensional Banach space (R", ¢), equipped with a uniformly convex €?-norm ¢.
These spaces are known as Minkowski spaces and they are one of the fundamental
spaces of Finslerian geometry (see Martini et al. in Expo Math 19:97-142, 2001,
https://doi.org/10.1016/S0723-0869(01)80025-6). We prove that the gradient of 8‘;}
satisfies a Lipschitz property on the complement of the ¢-cut-locus of K (a.k.a. the
medial axis of R” ~ K') and we prove a structural result for the set of points outside K
where 6‘2 is pointwise twice differentiable, providing an answer to a question raised by
Hiriart-Urruty (Am Math Mon 89:456-458, 1982, https://doi.org/10.2307/2321379).
Our results give sharp generalisations of some classical results in the theory of distance
functions and they are motivated by critical low-regularity examples for which the
available results gives no meaningful or very restricted informations. The results of
this paper find natural applications in the theory of partial differential equations and
in convex geometry.

1 Introduction

For the basic notation we refer the reader to Sect. 2.1.

Communicated by Yoshikazu Giga.

B Mario Santilli
mario.santilli@univaq.it

Stawomir Kolasinski
s.kolasinski @mimuw.edu.pl
Instytut Matematyki, Uniwersytet Warszawski, ul. Banacha 2, 02-097 Warsaw, Poland

Department of Information Engineering, Computer Science and Mathematics, Universita degli Studi
dell’ Aquila, via Vetoio 1, 67100 L’ Aquila, Italy

Published online: 16 May 2022 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s00208-022-02407-7&domain=pdf
http://orcid.org/0000-0002-9774-9776
https://doi.org/10.1016/S0723-0869(01)80025-6
https://doi.org/10.2307/2321379

S. Kolasinski, M. Santilli

Suppose K € R” is a closed set and ¢ is a uniformly convex norm on R"; cf. 2.8.
Our central object of study is the ¢- distance function

8% (x) =inf{¢p(y —x): y e K} forx e R".

We investigate in detail the set of points where Si is not differentiable and then also
the set of points where it is not pointwise twice differentiable. Define

%K) = R"~K)N{x: 8?} is not differentiable at x} . (1)

A basic and fundamental result in the theory of distance functions asserts what follows.

Theorem 1.1 (Cl’l-regularity) If K € R" is an arbitrary closed set, then 8‘2 is C!
with a locally Lipschitz gradient on the open subset U := R" ~ (K U Clos Z‘p(K)).

This result can be deduced employing general results from the theory of Hamilton—
Jacobi equations (see [31,Theorem 15.1] or [16]). Indeed, for a general closed set K
it is well known that 6?} is a locally semiconcave function on R"” ~ K and it satisfies,
in a viscosity sense, the Eikonal equation ¢*(grad u) = 1 on R” ~ K (where ¢™* is the
dual norm of ¢ as defined in 2.7); see [8, 31, 45]. For the Euclidean norm Theorem
1.1 can also be obtained using a purely geometric argument (see [17,4.8]).

Of course, the conclusion of the theorem can be improved if we know that K is at
least a C2-submanifold. In fact, in this case 8‘;} is at least of class €2 on the open sub-
set U and Clos £?(K) is a set of .#"-measure zero; if K is a C*!-submanifold, then
Clos =% (K) is a set of locally finite 2" _measure; see [12, 28, 32, 33, 36]. A suffi-
cient condition that guarantees ¢ (Clos X (K)) = 0 for closed Cl*l-hypersurfaces K
in terms of the inner radius of curvature is given in [35,Theorem 4.1]. Moreover, if K
is a closed C!-hypersurface, then [35,Theorem 1.3] provides a necessary and sufficient
condition for a point x € R” ~ K to lie in R” ~ Clos(X (K)).

On the other hand, it turns out that the C>-regularity is a critical hypothesis; indeed
the second named author has shown, in [41], that for a convex open subset 2 with C L1
boundary the set Clos £¢ (R” ~ ) might have non empty interior in 2; moreover, for
a typical (in the sense of Baire Category) convex open subset Q with C!-boundary we
have that ©¢(R" ~ Q) is dense in . There exist even closed C!*-hypersurfaces K
such that ©¢(K) is dense in all of R”; see [41,Corollary 2.9]. In all these examples
one can choose ¢ to be the Euclidean norm. Therefore, the set U defined in 1.1
might easily be empty even if K = R” ~ Q and Q is a convex open subset with C!
boundary, or might reduce to a small tubular neighbourhood around K if 2 has a
C'! boundary. Consequently Theorem 1.1 provides no (or very limited) information
in these situations. On the other hand it is well known that the gradient of 8‘;} is
a continuous map on its domain R” ~(K U £?(K)). Therefore, it is a natural to
ask for a characterisation of the largest set on which the gradient of Si satisfies
a Lipschitz condition. We identify that set in Theorem 1.4, providing an effective
sharp generalization of Theorem 1.1 that is applicable in the aforementioned critical
low-regularity cases.
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Regularity of the distance function...

Besides its central role in Theorem 1.1, the set £ (K') has been extensively studied
in the last decades. Indeed, if we define the ¢- nearest point projection 5?} to be the
multivalued function (see 2.11 and 2.28) mapping a point x € R" into the set

Q) =Knla:px—a) =84, 2)

then it is well known that £¢(K) is precisely the set of points x € R" ~ K where
5?; (x) is not a singleton. It is remarkable that £¢ (K can be always covered by count-
ably many C2-hypersurfaces (see [23, 44]); moreover upper bounds on its Hausdorff
measure are known (see [1]). Lower bounds and results on the propagation of the non-
differentiability points can be obtained from [3, 4, 14]. The topological properties of
the set E¢(K ) in a Euclidean or Riemannian setting are studied in [5, 13, 30].

Since 87} is locally semiconcave outside K, it is a natural question to investigate
the set of points x € R" ~ K where 6‘;} is pointwise twice differentiable, which
means the set of points where the function admits a second-order Taylor polynomial;
see 2.22. Thus, we consider the set

Eg’ (K)=R"~K)N {x : Sﬁ is not pointwise twice differentiable at x} . 3

A classical theorem on the twice differentiability of convex functions of Alexandrov
(see [7]) readily implies the following result.

Theorem 1.2 If K C R" is an arbitrary closed set, then f”(Eg’(K)) =0.

The example in 4.19 shows that the dimension of the set 2;’ (K) might be exactly n
even if K is a closed convex body with C!'!-boundary. On the other hand, it is natural
to ask about the structure of Ef (K) for a general closed set K; however, nothing is
known in the literature. The problem, in the Euclidean setting, goes back at least to
[26] (see last paragraph on page 458). We remark that the set of twice-differentiability
points of the ¢-distance function 8}’; corresponds to the set of differentiability points
of the ¢-nearest point projection £¢ ;see 2.41(e). Only if K is convex sharp results are

available, that describe the structure of Ef (K) in terms of the unit ¢- normal bundle
of K. This is defined for an arbitrary closed set K C R” as

N?(K)={(a.n:aecK, neR", ¢ =1, Si(a + sn) = s for some s > 0}.
4)

We recall that N%(K) is a Borel and countably (n — 1)-rectifiable subset of R2"; cf.
[15,Lemma 5.2], see [18,3.2.14(2)] for the notion of rectifiability.

Theorem 1.3 Suppose K C R" is convex. Then there exists Z C N¢(K) with
S 1(Z) = 0 such that

Zg’(K):{a—l—rn:0<r<oo, (a,n) € Z}.
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In particular, for "' almost all (a,n) € N?®(K) the distance function 6% is
pointwise twice differentiable at all points of the ray {a +rn : 0 < r < +o0}.

The exceptional set Z cannot be excluded. In fact, even if ¢ is the Euclidean norm,
there exist convex bodies K with C!'! boundaries such that the set Z is dense in
N? (K) with Hausdorff dimension n — 1; see 4.19. Indeed, the construction of the C L1
convex hypersurface in Theorem 4.19 shows that one can choose Z to be somewhat
arbitrarily complicated. In the Euclidean setting Theorem 1.3 is a classical fact in
convex geometry; see [42]. The general anisotropic version in Theorem 1.3 can be
proved employing Theorem 1.1 and following a similar argument. We also remark
that for n = 2 Theorem 1.3 can be deduced from a more general statement in [10].
See also [27] for related results.

Our Theorem 1.5 extends Theorem 1.3 to arbitrary closed sets and it gives the first
answer to the question of Hiriart-Urruty, providing a new insight into the structure of
=2(K).

1.1 The main results of the present paper

In addition to the notions already introduced in the previous section, we introduce here
a few additional definitions and facts. Here K € R" is always an arbitrary closed set.

The ¢- reach of K is the function r‘;; : N®(K) = (0, +00] given by

r?}(a,n):sup{s >O:8<;}(a+sn)=s} for (a, n) e N?(K). %)

Simple arguments show that r?} is upper semicontinuous; see 2.35. Moreover,

we define Cut? (K), the ¢-cut locus of K, by
Cut®(K) = {a +r (a, nn : (a,n) € N®(K)}. (6)

In view of this last definition, the number r(;;(a, n) can be seen as the ¢- distance
from the cut locus of K in direction n; indeed, this function plays a central role in
the seminal work [28], where it is proved to be Lipschitz continuous provided K is
a smooth submanifold, and in other papers on the subject; see for instance [12, 32].
Note that (see Remark 4.1)

»?(K) € Cut?(K) < Clos =% (K) .

We notice also that " (Cut?(K)) = 0; see Remark 4.4. Since ¢ (K) might not

be nowhere dense, the same is true for Cut? (K). Observe that & (;; induces a natural
fibration

R" ~(Cut?(K)UK) = {a+pn : (a.n) € N°(K),0 < p < rigan)}.
Our goal is to study regularity properties of S‘i on R" ~(Cut?(K) U K). To this end
we look at the sets of points of R" ~(Cut?(K) U K) with a uniform positive relative

¢-distance to the cut-locus; in other words, we consider the sets
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Ko ={a+pn:(a,meN*(K),0<op<ri(@m} foro=1. (7

Notice that R” ~(Cut?(K) U K) = Uy~ Ko but K; might have empty interior for
every o > 1.

Our first result asserts that grad 8(;; is locally Lipschitz continuous on the sets K,
which is a sharp generalisation of Theorem 1.1. More precisely we prove the following
result.

Theorem 1.4 (Lipschitz estimates for the gradient) Suppose ¢ : R" — R is a uni-
formly convex norm of class €* away from the origin, K C R" is closed, 1 < o < 00,
0<s <t <oo and

Kosi=la+pn:@@neNK),s<p<t,op<ri@n).

Then grad 8‘,’2 |Kq.s5.; is Lipschitz continuous.

The restriction “op < ri (a, n)” cannot be avoided since the Lipschitz constant

of grad Si may explode near points of Cut?(K); cf. 4.2. Observe that if x €
R" ~(Clos £?(K) U K), then x has positive distance from Cut?(K); hence, The-
orem 1.4 includes Theorem 1.1 as a special case; moreover, it is sharp in terms of
specifying the set of points where a Lipschitz condition for grad 6‘2 holds. There are
two main difficulties in proving 1.4. The first one arises from the fact that Cut? (K)
might be dense in R” ~ K and consequently it does not seem to be possible to rely
on general results for Hamilton—Jacobi equations as for Theorem 1.1. The second
difficulty comes from working with a possibly non-Euclidean norm. In fact, if ¢ is
the Euclidean norm then the proof of Theorem 1.4 follows rather directly from the
geometric argument originally found by Federer for sets of positive reach in [17], see
[40,3.10(1)]. However, this argument is not applicable if ¢ is not the Euclidean norm,
in which case one needs a considerably more sophisticated approach, based on a care-
ful analysis of the geometric properties of the ¢-balls (which occupies the entire Sect.
3). In fact this analysis allows to show that the ¢-nearest point projection E‘Z onto K
satisfies the asserted Lipschitz property. Recalling the well known relation between
5?} and grad 8‘;} (see Lemma 2.41(c))

grad Si(x) =grad ¢ (x — E‘;;(x)) for every x € dmn grad 8 ,

we get the conclusion of 1.4. Notice that uniform convexity and regularity of the norm
for n > 3 are crucial to obtain the Lipschitz property in Theorem 1.4; see the last
section in [10].

The second goal of this paper is to extend Theorem 1.3 to arbitrary closed sets. In
case of convex sets the reach function satisfies r}i(a, n) = +oo for every (a,n) €
N?(K) and consequently Cut? (K) = @. This is a very special situation given by the
assumption of convexity; indeed, even if we consider ¢! convex hypersurfaces the
reach function might be discontinuous on a dense set and the cut-locus might not be
nowhere dense; see 2.37. This suggests that a generalization of Theorem 1.3 to non-
convex sets requires a careful analysis of the behaviour of r}é and the connection with

@ Springer



S. Kolasinski, M. Santilli

the points of differentiability of & ‘Iz This can be done considering the new reach-type
function (recall (7))

ri(a, n) = sup{ar 0<r< r‘,i(a, n),o>1 O(L"LKs,a+rn) = 1} U {0}
3

for (a, n) € N?(K).Itholds that 0 < ri(a, n) < ri(a, n) forevery (a, n) € N®(K);
see Remark 4.10. However simple examples show that there exist closed sets K for
which r% (a, ) < r%(a,n) for some (a,n) € N?(K); cf. 4.17. If K is a closed
set such that the ¢-tubular neighbourhood {x : 8(;;(x) < p} of radius p > 0 does
not intersect £ (K), then r}i(a, n) > i(a, n) > p for every (a,n) € N®(K);
cf. Lemma 4.16.

Employing the reach function r‘z we obtain the following result on the structure of

the Eg’ (K) for an arbitrary closed set K.

Theorem 1.5 Suppose K € R”" is closed. Then

(a) Cut?(K) < £4(K).

M) If(a,n) € N®(K) and there exists 0 < r < r‘;}(a, n) such thata +rn ¢ E‘ZP(K),
then a + sn ¢ Eg’(K)for every( < s < r}é(_a, n).

(© " ({(a. n) : ry(a.n) < rig(a. m}) =0.
(d) there exist Z € N®(K) with #"~(Z) = 0 and a residual set

R C {a +rn: rﬁ(a, n) <r< ri(a, r;)}
such that

SP(K)\Cut?(K) = {a+rn:0<r < i(a, n, (a,n) € Z} UR.

In particular, for "~ almost all (a,n) € N?(K) the distance function 8‘;} is
pointwise twice differentiable at all points of the line segment {a +rn : 0 < r <

r% (a, n)).

We do not know whether R = {a + rn : r(;; (a,n) <r< r(;; (a, n)}; this is left as an
open problem. In Remark 4.18 we show, however, that

L"{a+rn: i(a, n<r< r}i(a, mhH=0.

The proof of Theorem 1.5 is based on the Lipschitz property proved in Theorem 1.4
and on some general estimates for the pointwise principal curvatures of level sets of
87; (these level sets might not even be topological manifolds but they admit a natural
notion of pointwise curvature; see 2.44). Moreover, results on the preservation of the
density points under bilipschitz transformations (see [11]) and on the approximate
differentiability of multivalued functions (see 2.38) are used in a crucial way.
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1.2 Applications

Here we briefly mention a couple of different applications of the results of the present
paper.

Pointwise regularity and gradient Lipschitz estimates for solutions of the
Eikonal equation Suppose €2 € R” is an arbitrary open set, ¢ is a uniformly convex
C2%-norm and ¢*(u) = sup{u e v : ¢(v) = 1}. It is well known that 6‘;} is the unique
viscosity solution of the following Eikonal equation on 2

¢*(gradu) =1 onQ

u=20 on 92
If 8K is hypersurface of class at least C2, then the local structure of this solution has
been extensively studied and it is by now very well understood (see the references
cited at the beginning of this introduction). On the other hand, as already explained,
if 32 is not C? then such a solution can have a very complicated (in particular dense!)
singular set (see [41]) and many classical results in the theory do not give an insight
about its local structure. In this direction our results in Theorems 1.4 and 1.5 provide
a new and rather sharp description of the structure of the solutions of the Eikonal
equation for arbitrary domains.

Steiner formula and curvature measures in uniformly convex finite dimen-
sional Banach spaces One of the original motivation of the second author for the
present work is to provide results that can be used to advance the theory of convex
and integral geometry in Minkowski spaces; see [27]. In [25] Theorems 1.4 and 1.5
are used to prove the Steiner formula for arbitrary closed sets in a uniformly con-
vex Banach space (Minkowski space); thus, extending the same formula previously
obtained in [24] in the Euclidean space. The Steiner formula is then used as a start-
ing point to develop the theory of curvature measures for sets of positive reach in a
Minkowski space.

2 Preliminaries
2.1 Notation
We follow traditional well established and widely accepted conventions and notations

typical for geometric measure theory. For convenience of the reader we briefly describe
them here. We use the following symbols

R set of real numbers;

R =R U {—00, +00} extended reals;

Y/ set of positive integers;

1%} the empty set;

Ry the d-dimensional Hausdorff measure;
" the Lebesgue measure over R”;

a(k) Lebesgue measure of the unit ball in R¥;
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Snfl

Xey

|x]

A~B

Clos A

Int A

JdA =ClosA~Int A

dmn f
FIA]

im f

Df

grad f
A+B={a+b:acA,be B}

Hom(X,Y)
Axor (x, A)

U?(x,r) ={z: ¢z —x) <r}
B (x,r) ={z:¢(z—x) <r)
1A

Vi)

I,

7l

[A>x > f(x)]

whA

Tan($, x)

Nor(S, x)

the unit Euclidean sphere in R”;

the inner product of two vectors x and y in a
Euclidean space;

the norm of a vector x in a normed vectorspace;
set-theoretic difference of two sets A and B;
closure of a subset A of a topological space;
interior of a subset A of a topological space;
topological boundary of a subset A of a topo-
logical space;

domain of a function f;

the image of a set A C dmn f under the func-
tion f;

the image of a function f, ie., imf =
fldmn f1;

derivative of a function f defined on a subset
of a normed vectorspace; cf. 2.23;

gradient of a real-valued function f defined on
a subset of a Euclidean space;

algebraic sum of subsets A and B of a vec-
torspace;

vectorspace of linear maps of type X — Y;
the value of a linear map A on a vector x €
dmn A;

open ball with respect to a norm ¢;

closed ball with respect to a norm ¢;
restriction of a function f to the set A C
dmn f;

the set of subgradients of a convex function f
atx € dmn f; cf. 2.20 and 2.21;

the linear orthogonal projection onto a linear
subspace T of a Euclidean space;

the orthogonal complement of a linear sub-
space T of a Euclidean space;

anunnamed function defined on A whose value
atx € Ais f(x);

the restriction of a measure w to a set A; cf.
[18,2.1.2];

tangent cone at x of a subset S of a normed
vectorspace; cf. [18,3.1.21];

normal cone at x of a subset S of a Euclidean
space; cf. [18,3.1.21];

Givenk € Z; and 0 < o < 1 we shall say that a function f is of class €% if
the k™ derivative DX f exists and satisfies the Holder condition with exponent o; cf.
[18,3.1.11 and 5.2.1]. We say that f is of class €* if DX f is just continuous.
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Remark 2.1 We study several notions depending on the norm ¢, whose name is always
in the superscript. In case ¢ is the standard Euclidean norm on R” we omit it in the
notation so, e.g., if x € R" and 0 < r < oo, then U(x, r) denotes an open Euclidean
ball in R".

We now introduce some classical functions
e Hausdorff densities of a Radon measure p at x

pnB(x, 1))

9*" (/-'l/v x) — l]m Sup M oc(n)r"

rl0 o (n)r”
and @"(u,x) = O™ (u,x) whenever @™ (i, x) = O (u, x);

. OL(n,x) = 11%1011f ,

e dilations

i, (x) =rx whenever r € R and x is a vector ;
e translations
T,(b) = a+ b whenever a and b are vectors in a vectorspace X ;
o the identity map on a set X
Ix(x) =x wheneverx € X .

Remark 2.2 Without introducing any new symbols (in order not to make the notation

too heavy) we find that given a function f defined on a subset of a normed vectorspace
dmn D f is the set of differentiability points of f.

Remark 2.3 We shall repeatedly make use of the following simple fact. If f is a real
valued function defined on a subset of a Euclidean space X, x € dmn D? f, and
u,v € X, then

Dgrad f(x)u e v = (u, Dgrad f(x)) e v = D% £ (x)(u, v) .
Remark 2.4 We adopt the convention that “Cy ,(a, b, ¢)” refers to the object (e.g.
constant) defined in item (lemma, theorem, corollary, remark) x.y under the name ”C”’,

where a, b, ¢ should be substituted for parameters of x.y in order of their occurrence.
For instance, if v is a vector such that ¢(v) = 1, then M3,7(%, v) is the manifold

constructed by employing 3.7 with % and v in place of “¢” and “n”.

2.2 Basic concepts

Definition 2.5 We say that a norm ¢ : X — R is strictly convex if for all a, b € X
pla+b)=¢(a)+¢(b) implies ¢(b)a = ¢p(a)b.
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Remark 2.6 In the sequel, unless otherwise specified, n shall be a fixed positive integer,
X will be a vectorspace of dimension n, and ¢ : X — R will be a strictly convex norm
on X of class €2 away from the origin. Of course, X shall be isomorphic with R”
but, whenever we write X instead of R”, we want to emphasise that there might not
be a natural choice of a Euclidean structure on X.

Definition 2.7 Whenever X is equipped with a scalar product and ¢ : X — Ris a
norm we define the conjugate norm ¢* : X — R by the formula

¢*(x) =sup{xey:ye X ¢p(y)=1} forxeX.

Definition 2.8 (cf. [15,2.12,2.13]) Assume X is equipped with a Euclidean structure.
We say that ¢ : X — R is a uniformly convex norm if it is a norm and there exists
y > 0 such that the function [X Sx b ¢(x) — y|x|] is convex.

Remark 2.9 [cf. [15,2.32]] If ¢ is a uniformly convex norm of class ¢? away from
the origin, then ¢* is also a uniformly convex norm of class %> away from the origin.
Moreover, grad ¢*|S* is the inverse of grad ¢|S, where S = 9B?(0, 1) and §* =
aB?" (0, 1).

Definition 2.10 Given a closed set K € X we define
SY(K,r)={x:8%0x)=r} forr>0.

Definition 2.11 A map of the type f : X — 2" shall be called Y- multivalued. In
case x € X and f(x) is a singleton, we abuse the notation and write f(x) to denote
the unique member of f(x).

Definition 2.12 Let f be a Y-multivalued function on X and A C X. Then we denote
with f|A the Y-multivalued map on X defined as

(fIAD) = f(x) ifxeA,  (FIHX) =2 ifx¢A.

Definition 2.13 Let f be a Y-multivalued function on X and A C X. Then we define
the inverse f~! of f as the X-multivalued map on Y as

Fly)y={x:ye fx)} foryeY.

Definition 2.14 Suppose K C X is closed and £(lz : X — 2K is the ¢-nearest point
projection onto K characterised by (2).
The Cahn—Hoffman map of K associated to ¢ is the multivalued map v‘é :

X ~K — 298°0.D defined by the formula
v (1) =850 (x —£2(x)) forx e X~K.

Remark 2.15 1t will be useful to notice that E(;;(x) is a compact subset of X for every
x € X.
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Remark 2.16 Since ¢ is a norm, one readily checks that if ¢« € K, v € X and
8% (a +v) = ¢p(v), then 8% (a + 1v) = t¢(v) for every 0 <t < 1.

Remark 2.17 1t has been observed in [15,2.38(g)], using strict convexity of ¢, that if
a € K,uedU®0,1),0 <t < oo and 6?}(61 + tu) = t, then E‘Z(a + su) is a
singleton and §‘Ié(a + su) = {a} for every 0 < s < t.

Definition 2.18 (c¢f. [38,p. 213]) Let f : X — R and x,v € X. The one-sided
directional derivative of f at x with respect to v is defined to be

b fe+ ) = f(x)
f(x,v)—/\l_1>r(1)1+ A ’

whenever the limit exists in R.

Remark 2.19 If f is a convex function and x is a point with f(x) € R, then f/(x; v)
exists for every v € X; cf. [38,Theorem 23.1].

Definition 2.20 (c¢f. [38.,p. 214-215 and Theorem 23.2]) Suppose f : X — R is
convex and x € X is such that f(x) € R. We say that ¢ € X is a subgradient of f at
x if

f(x;v)>cev forveX.

The set of all subgradients of f at x is denoted by V f(x).

Remark 2.21 Since the symbol “9” is used in this paper for the topological boundary
of a set and, on grounds of set theory, functions are sets it would introduce ambiguities
if we used the standard notation “d f for the subgradient mapping of f; hence, we
decided to denote it “V f”.

In the next definition we use the notion of a polynomial function which is formally
defined in [18,1.10.4].

Definition 2.22 Let X, Y be normed vectorspaces and f be a function mapping a
subset of X into Y. We say that f is pointwise differentiable of order k at x if there
exist: an open set U C X such that x € U € dmn f and a polynomial function
P : X — Y of degree at most k such that f(x) = P(x) and

lim M =0.
y=x |y —xff

Whenever this holds P is unique and the pointwise differential of order i of f at x, for
i =1,...,k, is defined by pt D' f(x) = D P(x). As usual pt D! f(x) = pt D f (x).

Remark 2.23 The notion of pointwise differentiability of order 1 coincides with the
classical notion of differentiability so pt D = D; cf. [18,3.1]. A summary of known
facts about pointwise differentiability for functions can be found, e.g., in [34,§2].
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Remark 2.24 1If f is a R-valued convex function on an open subset U of X then V f (x)
is non empty for every x € U; cf. [38,Theorem 23.4]. Moreover, f is differentiable
of order 1 at x if and only if V f(x) is a singleton; cf. [38,25.1].

We need to extend the concept of continuity and differentiability to multivalued
maps.

Definition 2.25 [cf. [46,Definition 2]] Let X and Y be normed vectorspaces and 7 be
a Y-multivalued map defined on X. We say that T is weakly continuous at a € X if
and only if T (a) # @ and for each ¢ > 0 there exists § > 0 such that

T(x) €T(a)+U(0,e) wheneverx € and |[x —al <§.

If, additionally, T (a) is a singleton, then we say that T is continuous at a.

Remark 2.26 We notice that if T(y) = @ for y € B(x, §) ~{x} then T is continuous
at x. On the other hand, we remark that studying the map & i we do not need to
worry about such strange behaviour. Moreover, in 2.41(f) we prove that “;‘i is weakly

continuous on the whole of R”. Obviously, & q;}(x) is a singleton for all x € X if and
only if K is convex.

Remark 2.27 Note that weakly continuous multivalued functions may carry connected
sets into disconnected sets. Consider, e.g., the function f : R — 2R given by f(r) =
{—1}ifr < O, f(r) = {1} ifr > 0, and f(0) = {—1,0, 1}; then, f is weakly
continuous in the sense of 2.25. Another example is & (I@ which is weakly continuous
on the whole of R” regardless of the choice of the closed set K € R"; in particular,
when K is disconnected; cf. 2.41(f).

Definition 2.28 [cf. [46,Definition 3]] Let X, Y be finite dimensional normed vec-
torspaces and 7 be a Y-multivalued map defined on X. We say that T is differentiable
at a € X if and only if 7' (a) is a singleton and there exists a linearmap L : X — Y
such that for any ¢ > 0 there exists § > 0 satisfying

ly—=T(a) — L(x —a)| <e|x —a| whenever [x —a| <S§andy e T (x).

The set of all such L is denoted by DT (a). In case DT (a) is a singleton, we say that
T is strongly differentiable at a.

Remark 2.29 Note that it might happen that 7' (y) = @ for some y € B(x, §). Actually,
if T (x) # o and there exists § > O such that T (y) = @ for y € B(x, §) ~{x}, then T
is differentiable at x with DT (x) = Hom(X, Y). On the other hand if,e.g.,dim X = n
and @" (" {y : T(y) = &}, x) =0, then DT (x) is a singleton.

Remark 2.30 Let P and Q be two multivalued functions and x € R". If P is differ-
entiable at x and Q is differentiable at P (x) then the multivalued function R given
by

R(y) = Q[P(] =U{Qw) : w € P(y)} foryeR",
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is differentiable at x.

Definition 2.31 Let K C R” be closed. For x € R” define pﬁ :R" - RN {r:1<
t < oo} as

pqlz(x) =supRN {s : 6?}(51 +s(x —a)) = SS?;()C)}
whenever x € R" and a € E(;;(x).

Remark 2.32 Definition 2.31 is well posed, since 2.17 gives that if “;“Z (x) is not a sin-
gleton, then

sup{s : 8?}(51 +s(x —a)) = sﬁq;((x)} =1 foreverya ¢ Eq;;(x).
The following Lemma will be used in Sect. 4.

Lemma 2.33 For every closed set K C R" the function p}i is upper semicontinuous
and satisfies

p?}(x) = tpqé(a +t(x —a)) forxe R ae E(;;(x) and (0 <t < p?;(x).

Moreover, Cut?(K) = R" N {x : p?;(x) =1}.

Proof Let xg, x1,x2,... € R" and B8 € R be such that lim; o x; = x0, ¢(x; —
xp) < lfori € Z4, and lim;_, p‘,@ (x;) > B. Since 6‘2 is continuous we have
lim; s oo 872 (x;) = Si (x0) and we may assume Si (x;) < 872 (x0) + L fori € Z,.
Choose a; € E‘;}(x,‘) fori € Z. Since {a; : i € Z,} € B?(xo, 6‘;} (x0) + 2) we may,
possibly choosing a subsequence, assume that lim; _, o, @; = ag and then ag € E‘;} (x0)
by continuity of both 6‘;} and ¢. Assume further that p‘;; (xj) = Bfori € Z,.Recalling
the definition of p?} we obtain

8k (a0 + plxo — ap)) = lim 8 (ai + (xi —a) = lim B8% (xi) = B8y (x0):

hence, p}é(xo) > . Since thisholds forany 8 € Rsatisfying lim;_, o p(;; (xj) > B,we
see that lim; _, oo p(;; (xj) < p}i (x0) and we conclude that p(;; is upper semicontinuous.

Suppose x € R"™! a4 € $‘;}(x) and 0 <t < p(;}(x) and we prove that p(;;(x) =
tp% (a + t(x — a)). Evidently, if p% (x) = oo, then p% (a + t(x — a)) = oo for all
0 < t < oo and the assertion is true. Therefore, we assume 1 < p(z (x) < oo and
define y = a + t(x — a). Notice that Sﬁ(y) = tS(;}(x) anda € E(;;(y). Since

¢
a+”"7m(y—a>=a+p‘f;(x><x—a>
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¢ X ¢ X
we have 5‘2 (a+ —pKl( )(y —a)) = p‘};(x)a‘;; (x) = —pKl( )5(2 OF
hence, tp‘;; (y) > p?; (x). )

Noting that x = a + %(y —a), p}i(y) > %, and a € E%(Y)’ we can apply the
inequality in (9), replacing x and ¢ with y and } respectively, to obtain the reverse
inequality; hence, equality.

Finally the assertion about the cut locus follows directly from the definition
of p(;;. O

Lemma 2.34 Suppose K C R" is closed, 0 > 1, K, = {x : p‘i (x) > o} ~ K and
the R"-multivalued function h; is defined as

he(y) =ty + (1 —0E%(y) fory e R" andt € R.

Then the map h;|Ks is a homeomorphism onto K/ with (hy |K(,)_l = h1t|Ks 1 for
every0) <t < o.

Proof Since tp‘;}(h,(x)) = p}é(x) > o for every x € K, by Lemma 2.33, we
get that 7,[Ks] € Koy Let y € Koy and define x = hy,(y). Since §';}(y) is a
singleton we can write x = S‘;}(y) + %(y — S?}(y)). Notice that S?}(x) = E‘;}(y) and

%p(;} x) = p(;} (y) > %, again by Lemma 2.33. We conclude that x € K, and, by a
direct computation, &, (x) = y. It follows that &, o hy;, = IKU/t and 1 [Ks] = Ko /1.

Since 0 < % <Z
replaced by % and % respectively to infer that 21, o hy =g, and h1/[Ks/1] = Ko
This proves that &;| K is an homeomorphism onto K/, . O

we apply the statement proved in the last paragraph with ¢ and o

The next lemma provides an alternative description of the normal bundle N (K)
defined in (4) and the reach function defined in (5).

Lemma 2.35 For every closed set K C R" the function rq;( :N®(K) > RN{r:0<
t < oo} is upper semicontinuous. Moreover,

N?(K) = (€% (1), v% (1)) : x € R ~ (K UCut (K)))
and
(% (), v% (x) = 82 (0)p% (x)  forallx € R" ~ (K UCut?(K)).

Proof Assume this is not true, so that for each i € Z there is (a;, u;) € N?(K) such
that

lima=aekK, limu=uecS', (a,u)eN?K),
11— 00 1—> 00

and rig(a.u) < lim r (i, ).
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0<’ (a I/t) <S5 =< (a' u) fori EZ
K ’ — K 1y ¥ + -

Since r(;}(a, u) < s wecan find b € K such that ¢ ((a + su) —b) < s.Lete € R be
such that

O<e<s and O <dp((a+su)—>b)<s—e.
Leti € Z be so big that ¢ (a; —a) <2 3s and ¢ (u; — u) < 2735 'e. Then
¢ ((a;i + sup) — (a+su)) < ¢la; —a) + s (u; —u) <2 %.

Since r(;} (ai, u;) > s we get a contradiction

s = Si(ai + su;) < ¢((a; + su;) —b)
< ¢(ai +su) —(@+su)+¢p((@a+su)—b) <2 %e+s—¢e<s.

The second part of the statement follows mechanically from the definitions. O

Remark 2.36 Notice that in [15,Remark 5.6] we erroneously claim that r?} is lower

semicontinuous which is obviousy wrong but, fortunatelly, does not affect other results

of [15] since we only need the fact that r(;; is a Borel function there.

Remark 2.37 The function r‘,i can fail to be continuous even if K is a compact convex

C'1 hypersurface. In fact in [41] we show that there exists a compact and convex C!-!-
hypersurface K such that Clos(X (K)) has non empty interior. Noting that N (K) is the
classical unit normal bundle of K and consequently it is compact, we infer that if r
was continuous then Cut(K) would be compact; consequently Clos(X(K)) = Cut(K)
and Z"(Cut(K)) > 0 which is incompatible with Remark 4.4.

2.3 Auxiliary results

The following lemma shows that if A € R” is a set of points at which a multivalued
function f satisfies a Lipschitz condition, a is a density points of A, and f|A is
differentiable at a, then f is differentiable at a. It is a variant of a classical result stating
that a Lipschitz function that is approximately differentiable at a point is classically
differentiable at that point; cf. [18,3.1.5].

Lemma 2.38 Assume

acACR", CeR, f:R">2R O"(ZL'LR"~A),a)=0,
f(b) is a singleton forb € A, f|A is differentiable at a ,
|f(b) — y| <Clb—c| wheneverbe A,c e R",y e f(c).

Then f is strongly differentiable at a.
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Proof Since a is a density point of A we see that f|A is strongly differentiable at a and
Df(a) = {L} for some L € Hom(R", R"); cf. 2.29. Let ¢ > 0. Choose 0 < § < ¢
such that

L"B(a,r)~A) < "47"(|L|| + C)"a(n)r” whenever 0 < r <28,
£ (b) = f(a) — L(b —a)| < Lelb—a| whenever b € AN B(a, 25).

Letc € B(a,8)and y € f(c). Setr = |c — a| and choose b € A such that |c — b| =
d,4(c) < r.Clearly B(c, |c — b|]) € B(a, 2r) and .Z" B(c, |c — b]) = a(n)|c — b|*;
hence,

(L] + C)lc — b| < tele —al.
Since b € A we obtain

ly—fl@)—Lc—a)l =|y—fDI+1f®b)— fla)—Lb—a)l+|LOb - o)
< Clc—b|+ elb—al+|L|l - lc = b| < éelc —al.

The next lemma is a classical result in convex analysis.

Lemma2.39 [fU C R" is an open convex set, f : U — R is a convex function and
x € U, then the following three statements are equivalent.

(a) f is pointwise differentiable of order 2 at x.

(b) The multivalued map V f is differentiable at x.

(¢c) There is at least one function g : U — R”" such that g(y) € V f(y) for every
y € U and g is differentiable at x.

If (a), (b), and (c) hold, then
DV f(x)u e v = Dg(x)u ® v = ptD* f (x)(u, v) foru,v e R".

Proof Clearly V f(y) # @ for all y € U because f is convex and 2.24. The proof
that (a) implies (c) is contained in [2,p. 495] (and attributed to Fitzpatrick). For the
proof that (c) implies (b) and (b) implies (a), one can look in [9]. In fact, first we notice
that f is "zweimal differenzierbar in p" in the sense of [9,4.2] if and only if V f is
differentiable at p in the sense of 2.28; then we look at [9,4.3] and [9,4.8] respectively.

O

Definition 2.40 Suppose U < R” is open. We say that a function g : U — R is
semiconcave if and only if there exists « > 0 such that the function g(y) — (k/2)|y|?
is concave.

The following lemma collects few facts on the continuity, differentiability, and
convexity properties of 6(2 and & (Z for an arbitrary closed set K.
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Lemma 2.41 Let K C R" be a closed set. Then the following statements hold.

(a) (6(1@)/(x; v) = inf {gradqb(x —y)ev :y € ’§‘,€(x)} for every v € R" and
x e R"~K.

(b) Foreach x € R" ~ K there exists an open neighbourhood U C R" ~ K of x such
that 8% |U is semiconcave.

() 8‘2 is differentiable at x € R" ~ K if and only if'f(;;(x) is a singleton, in which
case

grad 8% (x) = grad p (x — €5 (x)), &% (x) = x — 8% (x) grad ¢* (grad 8% (x)) .

(d) I]‘&?} is differentiable at x € R" ~ K then 3(2 is differentiable at &'?}(x) +t(x —
E(;;(x))for() <t< p}é(x) with

grad 8?( (x) = grad 6}’; (E?;(x) +t(x — ’;‘}Z(x))) )

(e) S(Ii is pointwise differentiable of order 2 at x € R" ~ K if and only if&i is
differentiable at x in the sense of 2.28, in which case

ptD28% (x)(u, v) = D(grad ¢ o v%) (x)(u) o v foru,v € R".

®) S‘;} is weakly continuous in the sense of 2.25.

Proof The assertions (a) and (b) correspond to [45,Corollary to Theorem 3*] and
[45,Theorem 5], respectively.

We prove (c). If & }‘}(x) is a singleton, then for every v € R” the partial derivative
of 8?} at x with respect to v exists and equals grad ¢ (x — éﬁ(x)) e v by (a). Since
8‘2 is Lipschitz continuous with Lipschitz constant 1 by [15,Lemma 2.38(a)] and
(5‘;})’ (x; v}z (x)) = 1 by [15,Lemma 2.32(c)] we conclude that 8‘;; is differentiable
at x using [19,2.4, 2.5]. On the other hand if §(z(x) is not a singleton then S(ﬁ is not
differentiable at x by a result of Konjagin [29] (see also [45,Proposition 2]).

Assertion (d) follows from (c) and 2.17.

To prove (e) we observe that for x € R” ~ K there exist, by (b), a constant x > 0,
an open neighbourhood U of x, and a convex function V : U — R such that

V() = (k/2)ly? = 8% (y) foryeU.

Moreover, we observe, using (a), that if £ : U — R” is a function such that £(y) €
«S?}(y) forevery y € U, then ky — grad¢(y — &(y)) = ky — grad¢(5?}(y)’l(y -
S(y))) € VV(y). Therefore, we conclude from 2.39 that 8‘;} is pointwise differentiable

of order 2 at x if and only if & (;} is differentiable at x. The displayed equation in (e)
also follows from the postscript of 2.39.
Finally we prove (f). The argument used in [15,2.38(b)], which proves the statement

for the restriction of & ‘Ii to the set of points where it is single-valued, also works in the
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general case of (f). For completeness we provide a proof. By contradiction we assume
there are x € R”, ¢ > 0 and two sequences x; € R” and a; € K such that x; — x,
a; € Eﬁ(x,-) and |a; — b| > ¢ forevery b € Si(x) and for every i > 1. Noting that

18 (xi) — 8% (1) < p(xi —x)
and
Plai —x) < 8% (x) + ¢ (xi —x) < 8% (x) + 26 (x; — x)

for every i > 1, it follows that {a; : i > 1} is a bounded sequence and consequently
we can assume a; — a for some a € K. Then

8% (x) = lim 8% (x)) = lim ¢(a; —x;)) = p(x —a), a€Eh(x).
i—00 i— 00
It follows that |a; — a| > ¢ for every i > 1, which is in contradiction with a; — a. O

Remark 2.42 Continuity properties of E}@U will be studied more carefully in 3.2 in
case ¢ is strictly convex and in 3.9 in case ¢ is uniformly convex.

Lemma 2.43 Assume T is an hyperplane in R, « € T, f : T — T~ is function
continuous at,a =+ f(a), A={x+ f(x): x € T}and Tan(A,a) C T. Then
f is differentiable at o, D f (a) = 0, and Tan(A,a) = T.

Proof We prove that D f («) exists and equals zero. If lim SUP7 5y o | (X)) — f(@)]-
Ix—a|~! > 0, then we could find asequence x; € T suchthat x; — «, (xj—a)-|x;—
af ' > weT,and (f(x;) — f(@) Ix;—al™! > veTtwithv #0as j — oo;
hence, settingv; = x;+ f (x;) we would obtain (v; —a)-|vj—a|_1 — w € Tan(A, a)
as j — oo and Tulw # 0 which would contradict Tan(A, a) € T by the definition of
tangent cone; cf. [18,3.1.21]. O

The following Lemma follows rather directly from classical implicit function the-
orems for Lipschitz and semiconcave functions. In the next lemma, given x € R”,
€,6 > 0, and a linear space T < R”, we make use of cylinders aligned to 7' defined
the following way

Uesx, T) = {y : ITo(y = )] <8, |T;"(y —x)| < €}.
Moreover, we recall from Lemma 2.41 that
grad Sﬁ(x) #0  forevery x € (dmn grad 8}‘;) ~K.

Lemma 2.44 Suppose K is a closed subset of R"™!, r > 0, x € S?(K,r), 8‘;} is
differentiable at x, v = grad 6‘;}(x)/| grad 8‘;} xX)|andT =R"N{v:vev =0}

@ Springer



Regularity of the distance function...

Then T = Tan(S¢(K ,7), x) and there are €,8 > 0 and a semiconcave function
f T — Rsuch that f is differentiable at T,x with D f (T;x) =0,

Ues(x, TYNS?(K,r) = Ues(x, T)N{x + f()v: x €T} (10)
and
Ues(, T)N{x :8%(0) > ry = Ues(x, T)N{x +tv:1 < fGO). (1)

Moreover, lf&?} is pointwise differentiable of order 2 at x then f is pointwise differ-
entiable of order 2 at Tyx and

|grad6i(x)| ptsz(Ttx)(u, v) = —ptD23i(x)(u, v) foru,veT.

Proof We notice that 6'2 is locally semiconcave on R” ~ K by Lemma 2.41(b). Since
8‘,’; is differentiable at x and grad 6‘2 (x) # 0,noting Remark 2.24 and [22,Remark 1.4],
we see that we can apply [22,Theorem 3.3] to find €,5 > 0 and a semiconcave
function f : T — R such that (10) and (11) hold.! Since 6‘2 is differentiable at x,
then Tan(S"’(K ,1),x) C T. Therefore, the first part of the conclusion follows from
Lemma 2.43.

Assume now that 8(;; is pointwise differentiable of order 2 at x and x = 0. Setting

¢ = x + f(x)v, we notice that D§% (0)(¢) = f(x)| grad 8% (0)] so

8%.(0) = 8%.(0) — f(x) | grad 8% (0)| — 1 ptD26% (0)(¢, ¢)

0= lim

© T3x—0 Ix|?
_ o F00 | grad 8 0)] + 5 ptD?85 0)(x. x)
C T3x—0 Ix|? ’

which means that f is pointwise differentiable of order 2 at 0 with
| grad 8% (0)| ptD? £ (0) = — pt D*8% (0)|T x T .

O

Lemma 2.45 Suppose T is a hyperplane in R, f : T — T is a function of class €>
such that f(0) =0andDf(0) =0, S ={x+ f(x):x €T} andn: % — S" Lis
a function of class €' such that n(x) € Nor(X, x) for x € . Then

DnO)uev = —sz(O)(u, v)en(0) foru,veT.

1 At a first sight we can only deduce from [22,Theorem 3.3] that there exist €, 5 > 0, an hyperplane
S C R" and a semiconcave function f : S — R such that (10) and (11) with S replaced by T. However,
closer inspection of the proof of [22,Theorem 3.3] reveals that we can choose S = T, as the existence of
a lipschitzian function f : T — R which satisfies (10) for some €, § > 0 directly follows from Clarke
implicit function theorem.
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Proof Noting that n(x + f(x)) e (u + Df(x)u) = Oforu € T and x € T, we
differentiate this relation with respect to x at 0. O
3 Lipschitz estimates

In this section we consider an abstract Minkowski space (X, ¢) of dimension n and
we are defining a Euclidean structure on X to fit our problem. For this reason we
choose to denote the space with “X” rather than “R”"” since the latter refers to a space

with a predefined Euclidean structure which is of no use to us. The operator norm of
a bilinear map A : X x X — X with respect to ¢ is defined as in [18,1.10.5], i.e.,

[Allg = sup{@p(A(x,y) :x,y € X, ¢p(x) < 1, ¢(y) < 1}.

Once the Euclidean structure on X is defined we shall use the symbol || A|| to denote
the operator norm of A with respect to that Euclidean structure.

Definition 3.1 (¢f. [17,4.1]) Let K € X be closed. We define the set of points with
unique nearest point

Unp?(K) = X N {x : #°ES (x)) = 1}.
We start by showing that & i is uniformly continuous on certain sets. Later, in 3.9
and 3.10, we bootstrap this regularity to Lipschitz continuity. Uniform continuity is

obtained for strictly convex norms ¢, while Lipschitz continuity requires uniform
convexity and € regularity of ¢.

Lemma 3.2 Assume

¢ is strictly convex, K C X isclosed, 1 < i < o0,

K= (X~K)N{x:phx) =1}
Then there exists w;, : R — R such that lim; o w; (t) = 0 and
$la—Db) <84 ) @ (p(x — y)/8% (X)) forx € Kp,y € X, ae&f(x),bei(y).
Proof For 0 <t < oo define

K.t =XxXN{@b):pa)=xr,¢b)=xr,¢((1—1/1a—b) <1+2t},
wy(t) =sup{¢(a —b) : (a,b) € K;.(1))}.

Observe that strict convexity of ¢ yields

ﬂ{K;L(t) 0<t < oo} =XxXN {(a,a) p(a) = A} and limw,(t) =0.
tl0
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Indeed, assume lim sup, @, (t) = §. Find sequences X N{a; : j € Z}and XN{D; :
Jj € 7.4} such that (aj,bj) € Kl(l/j),¢>(aj —bj) >5—-1/j, limj_moaj = ap and
im0 bj = bo with ¢ (ag) = A, ¢(bo) = &, $(bo — aq) = 8, ¢(z0 — (1 — 1/X)ao)
< 1. Then

A =¢bo) = ¢pbo— (1 —1/Mag) +¢((1 —1/Mag) =1 +1—-1=2

which implies that ¢y = bg and § = 0 by 2.5.
Letx € K, C Unp¢(K), y € X. Choose

565?}(}0, Ees‘,’;(y), c=a+irx—a,
r=6}i(x), a=@—co)jr, b=bB-0c))r, t=¢(x—y)/r.

Clearly we have

pb—x)<pb—y)+¢(y—x)
<gpa—y)+o(y—x)<¢p@a—x)+20(x—y)=r(1+21).

Since (x — ¢)/r = (1 — 1/A)a we obtain
rg(1—1/Ma—b)=¢((x—c)—(b—c) =¢x —b) <r(1+21).
Because x € K, we know also that ¢ (@ — ¢) < ¢(b — ¢); hence,
r¢(b) =¢b—c)>¢@—c)=rea) =rp(x —a) = rr.
This shows that (a, b) € Ky(t) 0 ¢(a — b) < w; (1) and ¢(@ — b) < rwp(t). O

Corollary 3.3 Assume ¢ is strictly convex, K C X is closed, 0 < s <t < o0,
1 <A < oo, and

Kiso={x:p%0) = 4,5 <8%x) <t}

Then Eqé |K). 5.1 is uniformly continuous.

Remark 3.4 This provides an alternative proof that Ei |Unp?(K) is continuous; cf.
[15,2.42].

Remark 3.5 Assume that X is a finite dimensional vectorspace equipped with a strictly

convex and continuously differentiable (away from the origin) norm ¢ : X — R.
We define

S=09B?0,1), &£:X~{0} > S by &x)=xpx)"" forx e X ~{0},
7 :S§S — Hom(X, X) by m =DE|S. (12)
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Note that whenever 1 € S the map () is a projection onto Tan(S, 1) such that
() om(n) =n(n), imma(n) =Tan(S,a), nekern(n) forneS. (13)

Lemma 3.6 Consider the situation as in 3.5. Let 0 < ¢ < 1 and set

R:supRﬂ{r:O<r<1,17,{GS,(l)(n—{)§rimplies||rr(n)—n({)||¢51—8}.

Then (n)|S N B?(n, R) is injective whenever n € S.
Proof Assume that for some 7 € S the map 7(1)|S N B? (1, R) is not injective. Set
D=SNB%(#, R)
and let &, ¢ € D be such that 7(n)§ = 7w (n)¢; hence, & — ¢ € ker m(n) = span{n}.
Assume ¢p(& —n) < (& —n).If n=&,then{ = —pand ¢p(¢ — n) =2 > 1 which
cannot happen because { € D and R < 1. Let P = span{n, £}. Then ¢ = & + A for
some A € R and we get
n,&cePNS.
Lety : R — SN P be such that
o(y'(1)) >0 forreR, yO0) =&, y()=¢.
Set A = im y|[0, 1]. Since £ — ¢ € span{n} we see that both £ and n are on the same
side of the line span{n} in P. Therefore, the Monotonicity Lemma [37,Proposition 31]
yields that [[0, 1] 5 t — ¢ (y(¢) — n)] is a strictly increasing function and we know
that ¢ (¢ — n) < R; thus, we have ¢(y () —n) < Rforallt € [0, 1] and
ACD.

Letw € P and w € P* be such that w and n are linearly independent, w(w) = 1, and
w(n) = 0. Define the function f : R — R by

f@) =w(y@)) forteR.

Note that f(1) — f(0) = w(¢ — &) = 0so f(1) = f(0) and, by the mean value
theorem, there exists #g € [0, 1] such that

0= f'(to) =w(y'(tp)); hence, y'(ty) = An forsome L € R~{0}.
Setv = y(1p). Since y'(1p) € Tan(S, v) we see that € Tan(S, v) and 7 (v)n = 7 so
() =Wl = ¢mn —x(w)n) =¢(n) =1
but v € A C D so this contradicts the choice of R. O
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Remark 3.7 Consider the situation as in 3.5 and assume ¢ is of class € away from
the origin. Let ¢ € (0,1) and n € S. Set R = R3¢6(¢), T = Tan(S,n), and M =
SN B¢(n, R). Since 7 (n)|M is injective and M is compact we see that 7 (n)|M is
a homeomorphism between M and A = w(n)[M] C T. Set

H=@mIM) o) and C =nx(n) '[IntA].

Since ¢ is of class € we see that M is a manifold of class €2 and H : C — M is of
class €2,

H()=£&(¢) and DH(¢)u =D&(C)u for¢ € SNC and u € Tan(S, ¢) .
Differentiating the equation
DH()onm(¢)u =DE(E)om(¢)u whichholdsfors e SNCandu e T

we get
D?H (n)(u, v) + DH () (Dt (n)uv) = D*£ () (u, v) + 7 () (D (muv) foru, v e T';

however, if u, v € T = im (), then D (n)uv € ker w(n) = span{n} by (13) and
for all x € S N C we also have DH (x)n = 0; hence

D?H () (u, v) = D*6(n)(u, v) foru,veT.

Since T is tangent at € S to the level-set S of ¢ we have D¢ (n)u = 0 whenever
u € T} thus, differentiating (12) twice and recalling that ¢(n) = 1 and £(n) = n we
obtain

D’H (n)(u, v) = D*6(n) (u, v) = —=D*¢ () (u, v)y foru,veT.

Remark 3.8 In3.9 we prove that & i is Lipschitz continuous on each of the sets K 5 ; =
{x : p}é(x) >A,s < 6‘2(}5) < t}definedfor0 < s <t <ooand 1 < A < 0.
Since the proof is a bit technical we briefly describe the main idea. For x € K ; ; and
y e R"~K with¢(x —a) < eweseta = ’.;‘(;;(x) and choose any b € §‘;}(y). First we
find a point ¢ for which T = Tan(3B? (x, §% (x)), a) = Tan(8B?(y, §% (y)), ¢). For
this point we have ¢ (a —c¢) < 2¢(x —y);see (17). Then we choose e € B¢ (v, 8‘2 )
and d € 0B®(a + A(x — a), AS‘,@ (x)) which have the same orthogonal (with respect
to the Euclidean structure induced by D?¢(a — x)) projections onto T as a and b
respectively; see Fig. 1. We represent dB? (a + A(x — a), AS‘Z (x))and 9B?(y, 8‘2 )
locally around a and c as graphs over T of functions g,, and g, of class € using 3.6.
Employing 3.2 we can find ¢ > 0 which guarantees that d, e, and b fit on the
graphs of gy, gy, and gy, respectively. Let g be the signed distance from T such that
q(x —a) > 0. The crucial point of the proofis in the estimates (21) and (22), where we
use the second order Taylor formulas for g,, and g, to compare (both ways) the heights
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q(d —a), q(e —c),and g(b — c) with A7 |T,(d — a)|?, | Ty(a — ¢)|?, and | T; (b — ¢)|?
respectively up to errors expressed in terms of the modulus of continuity of D*H,
where H comes from 3.7. Analysing the situation presented on Fig. 1 we obtain an
estimate of the form

qb—c)<q(d—a)+qe—c),
which, using the comparison mentioned before, is translated into
1Ty — o) < ATy (b — @) + | Ao| To(a — o),

where A1 and A, can be made arbitrarily close to 1 by adjusting ¢ depending on the
modulus of continuity of D? H. This leads to the estimate (24) of the form

1Ty (b — a)| < |Ty(b — )| +|Tu(c — a)| < A3|Ty(c — a)| + 172 A4 Te (b — a)l,

where, again, A4 is close to 1 given ¢ is small enough; hence, the last term may be
absorbed on the left-hand side. Since |T;(b — a)| =~ |b —al] and |T;(c — a)| = |x — y|
we get the conclusion.

Theorem 3.9 Consider the situation as in 3.5. Assume

¢|X~{O}isofclass%”2, K C X isclosed, 1 <X<oo, x,yeX, pﬁ(x)z)»,

ac ‘g‘i(x), be ‘g‘i(y), n= D2¢(n)(u, u) > 0 foru € Tan(S, n) ~{0}.

a
pla—x)’
There exist e = €(A, ¢, 8(;2 (x)) and I = T'(A, ¢) such that

¢(x —y) <& implies $p(a—b) <T¢p(x —y).
Proof Clearly we can assume a@ # b and y € X ~ K. Define

re=8p () =¢la—x), ry=8c()=¢b-y)),
a—X

m, T:Tan(S,T])

c:y—i—:—y(a—x), w=a+i(x—a), n=
x
Note for the record (see Fig. 1)
a € dB?(x,r) NOB®(w, ary) ~B?(y,ry), b,cedB?(y,ry), be¢B?(x,ry).
Recall 2.4 and define

R=Rys(3), H=H(5,m, M=Mi(z,n, C=Csi(5m.
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Fig.1 We introduce a Euclidean structure on X so that x — a is orthogonal to T’

Let ¢ € X* be such that g(7) = —1 and ker ¢ = T. Note that D2¢(n)(n, n) = 0 by
one-homogeneity of ¢. Let B : X x X — R be the bilinear form such that

B(u,v) = D2¢>(n)(n(n)u, T(n)v) +qu-quv foru,veX.
By our assumption on D?¢ (1) the map B defines a scalar product on X. In the sequel
of this proof we shall assume the Euclidean structure on X comes from B. In particular,
we shall use the notations
T,=n(n), uev=Bu,v), and |u|=B(u,u)!/? foru,veX. (14)

Let w; be the map obtained from 3.2. Set

Ay =sup({l}U{jul:u € S}), Ay=min{l,r—1},
o(r) =sup{ID*H() —D*H() : ¢, x € C, |t — x| <r} for0<r <oo,

where the operator norm of the bilinear map D?H() —D?*H(x) : X x X — X is
taken with respect to the Euclidean structure on X defined by (14). Choose ¢ € R so
that

0 < Are <27Axrc and o(4A1(wy(e/ry) +&/ry)) <27°A,. (15)

Assume ¢ (x — y) < &. Note that

Tan(3B?(y, ), ¢) = Tan(3B? (w, Ary), a) = Tan(dB? (x, ry),a) = T
and ¢p(yt+(@—x)—c)=lry—r| <dplx—y)<e (16)
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0 pla—c)=pla—(y+a—x)+¢((y+a—x)—c) <2¢(x—y) =<2e.
A7

Set E = T,[C] and define

8y : ”’r‘[E] — X and 8w :I"Arx[E] —- X
by gy(z) =ryH(z/ry)+y forze p, [E]
and gy (z) = AryH(z/(Ary)) +w forz € puy, [E]

so that
img, =7y 0m, [M1SB?(y,r,), g(0)=c,
im g, = Ty o fy, [M] S 3B (w, Ary), gu(0) =a.
Recallthat H = Ho T, anda —x,c —y e ker Ty = T+ = span{n}. Set
d=g,(Ty(b—a) and e=g,(T;(a—c))
and observe that

Ty(b—a)=Tyd —a), Tya—c)=Te—c),

z=gyoTy(z—c) ifzeimgy,, z=gyoTy(z—a) ifzeimg,, (18)
b68B¢(y,ry)~B¢(w,er); hence, ¢q(b —a) <q(d—a), (19)
a € dB?(w, Ary) ~B?(y,ry); hence, g(a—c) <gqle—c). (20)

Recalling 3.7 we see that
Dgy(0) = DH(0)|T =17 and D%, (0) = —n(irx)~'D*$(n);
thus, since || = 1 and g(—n) = 1 the Taylor formula [18,3.1.11, p. 220] yields

lgd —a) — @rry) T (d — a) ]
=|d—a—Tyd —a) — 2rry) | Tu(d — @) |*(—n)|
= |gw(T:(d — @) — gu(0) — (T (d — a) , Dgy(0))
1
—5(<Tu<d —a), T,(d — a)), D*g,(0))|
= | /o1 =((Ty(d — @), T,(d — @), D?gu(sT:(d — a)) — D*g,(0))d.L"(5)|
< Qrry) NTy(d — @) o (IT:(d — a)| () 7). 21)

Repeating the above computation twice with gy, ¢, e and g, ¢, b in place of g, a, d
we get

lg(e — ) — @ry) 7! Ty(a — | < @ry) ' Ty(a — o)Po (1Ty@ — o)lr; ")
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and |q(b—c)— Qry) Ty — )| < @ry) 1Ty — ) Po (1T — o)) ).

(22)
Consequently, using (18), (19), and (20)
O<gb—-—c)=qb—a)+qla—c) <q(d—a)+qg(e—c)
IT.(b — a)? _ ITy(a — o) _
= =S (14T -al6r)™) + ”T(l +o(ITya—o)lry"))
(23)
and
_ _ -1
T — P < 2rylq(b — o)| < ry(1+o(Ty(b a)l(?»rx_)1 ))\Tt(b—a)lz
1—o(T;(0—0o)lry ") arx(I—=o(|T;(b —o)ry "))
l+o0(Tya—o)r;hH
: | Tya — o)
1—=o(Ty(b —c)lry )
hence,

B B B l+a(|Tn(a—c)|r;])>1/2> B
T —a)| < T~ ) +1Te —a)l < (14 (Fggim ) )Tt —a)l

ry<1+a(|Tn(b—a)\(Arx)”)))‘/2 B
4'( ind-o(To-onTy ) 1=l @49

Recalling (16), (17), ¢ (x — y) < ¢, p‘;; (x) > X and using 3.2 we obtain

r @ =)l < ry ' Aigla —b) < Aws(e/r)
ry_l|Tu(a —0)| < ry_lAlq‘)(a —c) < rx_IZAlerx/ry < rx_14A15 s
r T — o)l < rT T (b — a)lre/ry + 7y Th(a — o)) < 441 (wn(e/ry) +e/r) -
Employing (15), (16), and noting that
-5 -5
r_y§1+2—5A2’ ufl ﬁ’ r_yufpr&
Iy 1-275A, 327 ry1=275A, 2
we obtain

_ -1 _

1 ry 14+0(T a)l(er)l ) - 1(1 Ll) _ rel _

A Ty lfo'(lT:(bfc”r; ) A 2 2N

l4+0(Ty@a—oryh 33 A 1172y —1 14 (k112 4
I, ) By, (- (") =2 (50) " _ ;

1—o(T;(0—0o)lry ) 3 oA 1 o1

hence; plugging these estimates to (24) yields
12x
ITu(b—a)IfmlTu(C—a)L (25)
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Note that |T;(a — ¢)| < 2¢ A1 < min{ry, ry} by (15) and (16). In case g(a —¢) > 0
we combine (25), (23), (22), (20) to get

,1+279A,
b -l qb -0 +q@—0) = T — o — 2
I'x
142777, (122)2
HIa =P — == 2+ 55—l (9)

Ifga—c) <0,theng(b —a) =q(b—c)+q(c—a)>0and we getby (18), (19),
(21), (25)

14+27°A
lq(b — a)| = q(b —a) < q(d — a) < |Ty(b —a)|2T2
Fy
(122)2 .
= m| u(a—C)I~

As aresult the final estimate of (26) holds regardless of the sign of g(a — ¢). Employ-
ing (17)

2
b—al = IT0 -l +lgG - o)l = (2 +2+ L) T - )

2
< (2 +24+ B2 A —a) < To — ).

2
where I' = 2A1 (G2 +2 + 83?)2). O

Corollary 3.10 Assume ¢ is uniformly convex, K C X is closed, 0 < s <t < 00,
1 <A < o0, and

Kiso=1{x:p%0) 21,5 <8%0) <1},

Then there exists I € R depending only on s, t, A, and ¢ such that

$(E% (@) —y) <T¢(a—b) whenevera € Ky, b eR",y € £ (b), and 8% (b) <1.
In particular, ‘;“;} |K). 5.1 is Lipschitz continuous.
Proof Assume a € K .., b € R", y € §%(b), x € £%(a), and 8 (b) < 1. Let
e = e39(M,¢p,s). If ¢(a — b) < &, then the conclusion follows from 3.9. In case
¢(a —b) > ¢, we have

px—y)=opx—a)+dla—b)+¢b—y) <¢la—b)+2t <¢(a—b)(1+2t/e).

O

Remark 3.11 Observe that the bound for the Lipschitz constant of & (;; | K s.; obtained
in 3.9 explodes with A — 17, This is in accordance with 4.2.
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Proof of Theorem 1.4 Since
grad 8'2(x) = grad ¢ (x — §‘;}(x)) for x € dmn(grad 6}@) ~K = Unp¢’(K) ~K

by 2.41(c) we obtain the claim directly from 3.10. O

4 Twice differentiability points

In this section we prove Theorem 1.5. Recall that r(;; was defined by (5), pointwise dif-

ferentiability in 2.22, ¢-cut locus Cut? (K ) by (6), and singular sets ©¢ (K ) and E(Zb (K)
in (1) and (3).

Remark 4.1 1t is well known, and follows from 2.17, 2.41(c) and [21,Theorem 3B],
that

»?(K) C Cut?(K) < Clos £?(K).

Remark 4.2 Consider the parabola K = {(x, x2) : x € R} with centre of curvature at
the point a = (0, %) € R%. Thena € Cut(K) N Unp(K). We look at the behaviour of
& on the line {(x, %) : x € R}. Whenever 0 < x < 8172, setting b = (2x, %), we
have & ¢ (b) = (4/x, x); hence, & ;. is not differentiable at a and § is not pointwise
differentiable of order 2 at a. Note also that & is not even Lipschitz continuous in
any neighbourhood of a. On the other hand 2.41(c) yields differentiability of §; at a
(which can also be checked by direct computation). We conclude a € X,(K) ~ X(K).
In 4.3 we prove that this is a generic situation for points in Cut(K) N Unp(K).

Lemma 4.3 Assume K C R"isclosed,x € R" ~ K, and&}é is pointwise differentiable
of order 2 at x.
Then pﬁ (x) > 1. In particular Cut? (K) C Ef(K).

Proof Define r = Si(x), V= v}z (x),a = E‘Iz(x) and7 =R"N{v:vegrad 8‘2 x)}.
We use 2.44 to find 1 > 0 and a continuous function f : T — T which is pointwise
twice differentiable at Tjx with D f(Tjx) = 0 such that, defining M = {x + f(x) :
x € Tyand U = U?(x, 1), it holds U N S?(K,r) = U N M. Decreasing | > 0 if
necessary, we infer from the pointwise twice differentiability of f in Tyx that there
exists a polynomial function P : T — T of degree at most 2 such that

S*(K,r)NU CR"N{y: P(Tyy) e grad 8% (x) > y e grad 8%, (x)}.  (27)

Decreasing r; > 0 even more, we can assume also that U ~ S?(K, r) is the union of
two connected and disjointed open sets U~ and U™ such that

(X+P(x):xeT}NUCClos(UNHNU.
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Since U?(a, r) N S?(K, r) = @ we infer U N U%(a, r) C U~. Moreover, it follows
from (27) that there exists s > 0 such that U? (x + sv, s) € U™ (notice s < r) and

B®(x +sv,5) N S?(K,r) = {x}. (28)

Choose 0 < € < 7. The continuity of Ei and 8?} at x implies that there exists
0 <8 <esuchthatgp(b—a) <eandp(b—y) <r+eforeveryb € §i(y) and for

every y € U?(x, 28). Define y = x + 8v, choose b € £i(y) and let T = sup{r : 0 <
t <1, ¢(y +t(b—y)—a) > r} Notice

r—e<¢o(y+tb—y —a)—¢b—-a
<p(y+tb-y-b)=0A-1)¢(b—Y),

b —y)<pb—y)—(r—e) <2e,

Py +Th—y)—x) <Py —x)+Td(b—y) <5+2 <r].

Therefore, y + (b —y) e UN B%(a, r) € ClosU™ NU. Since y € UT we infer

there exists 0 < ¢ < r suchthaty +#(b —y) € SP(K,r). Definingz =y +t(b —y)

and noting that ¢ (z — b) = ¢(x —a) and ¢ (y — 2) = ¢ (y — x) by (28), we infer
dp(y—=0)=900 - +dz=-D0) =y —x)+d(x —a)=9¢(y —a),

whence we conclude thata € & ‘;} (y) and consequently p‘;; (x) > 1. O

Remark 4.4 Since .£" (Eg’ (K)) = 0 by the Alexandrov theorem [7], it follows that
LM (Cut?(K)) = 0.

In a Riemannian setting a conclusion analogous to Lemma 4.3 is contained in [6].
A proof of .#"(Cut?(K)) = 0 along different lines can be found in the proof of
[15,Theorem 5.9, Claim 1], see also [15,Remark 5.10].

In the next result the classical notion of approximate lower limit of a function plays
a central role. Let us first recall this definition.

Definition 4.5 [cf. [18,2.9.12]] Let p : R® — R be a function. The approximate
lower limit of p at x is defined as

apliminf p(y) = supRN {1 : ©@"(L"L{y : p(y) < 1}, x) =0}.
y—x
Remark 4.6 1f p is .Z"-measurable, then ap liminf,_,, p(y) > o € R if and only if
O (L L y:p(y) >t},x) =1 whenever —oc0 <t <o.

The approximate lower limit of an arbitrary function always defines a Borel func-
tion. This fact can be proved using an argument similar to those of [39,Lemma 5.1].
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Lemma 4.7 Suppose f : R* — R is an arbitrary function and let f : R" — R be
defined as

f(x) =apliminf f(y) forx eR".
= y—x

Then f is a Borel function.

Proof For every t € R we define F; = {x : f(x) <t} and we set
Weir=1{y: Z"UGy,)NF) <i~'r")

fort € R,i € Z; and r > 0. Then we prove that the set W; ; , is a closed subset of
R" forevery t € R,i € Zy and r > 0. Choose a sequence y; € W, ; , that converges
to y € R". Noting that

0
Uy.n < J UG
k=1 h=k
we conclude from [18,2.1.5]
00
LY F,NU®G, ) < klgxgog"(lg F, N Uy, 1))
< limsup " (F, N Uy, r)) <i~'r"

k— 00

and y € W,; .. Fix now o € R, an increasing sequence ¢; converging to o, and a
countable dense subset D of R. Noting that

{x:i(x)ZU}ZﬂﬂUﬂ{W,j”:reD,0<r<%},

j=li=1k=1

we conclude that {x : i (x) > o} isaBorel subset of R”; hence, i is a Borel function.
O

We consider now the approximate lower envelope of p(;; (see Definition 2.31).

Definition 4.8 For a closed set K € R” we define the function pi :R" — Ras
¢ _ - ¢ n
Pk (x) =apliminf pp (y) forx € R".
PN\ y—>Xx

Remark 4.9 Clearly 1 < p‘;;(x) < limsup,_, p‘;}(y) < p‘;}(x) forx € R" by Lemma
2.33. o
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Remark 4.10 Let (a,n) € N®(K). If there exists 0 < r < r‘;}(a, n) and o > 1 with
p(;; (a + rn) > o, then it follows from Remarks 4.6 and 4.9 and Lemma 2.35 that

r @, =rpla+rn) =rpb@+rn >or.

Therefore it follows from the definition in (8) that r';} (a,n) < r?}(a, n) for every
(a,n) € N®(K).

We recall the following notation: if K € R” is a closed set and o > 1 we set
Ko ={x:pl(x) >0} ~K.

If o > 1 then K, € R"\(K UCut?(K)) and K; = R" ~ K. Compare the next
Lemma with Lemma 2.33.

Lemma 4.11 For every closed set K C R" the function p?} is a Borel function and it

satisfies

Pl () = 1pY (ER (0) +1(x — £ (1))

for x € R""! ~ K with p}é(x) >1land0 <t < p}é(x).
¢

Proof The function p} is a Borel function by Lemma 4.7.

Let &, be defined as in Lemma 2.34 for all 7 € R. Suppose x € R" ~ K, 0 =

¢
p}‘; (x) >1and0 <t < o.Wechoose 0 < € < 6’(2(x) and we notice that

1 3
B?(x,e) C {y : 56‘,’;@) < 8% () < 56‘,‘;@)}
and, with the help of Lemma 2.34,
@ Lo ¢ 3t e
hKe NBP(x,€)] € Koy Ny : 551(()6) <& = 551(()6) .

Then we infer from Corollary 3.10 and Lemma 2.34 that ,|K, N B?(x, €) is a bi-
Lipschitz homeomorphism. Since ®" (£"L K, x) = 1, we employ [11,Theorem 1]
to conclude that

O (L"L Koy, hi(x)) =1 and 19 (hi(x)) = pf (x). (29)

Noting that p}é (ht(x)) > p‘;; (x)/t > sup{l, 1/t}, we can apply the inequality in (29),

with x and ¢ replaced by /;(x) and % respectively, to obtain the desired conclusion. O
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Lemma 4.12 Suppose

K CR"isclosed, x e R"~K, p}é(x) =0, p?;(x) = A,
5‘;} is pointwise differentiable of order 2 at x ,
T =R"N{v:vegrads?h(x) =0},

h(y) =ty + (1 —0E%(y) fory e R" andt e R.

Then the following statements hold.

(a) imDv% (x) € T,

(b) Dy (x)(v (x)) = DER (1) (¥ (1)) = 0.

(¢) There exists abasis vy, ..., v,—1 of T of eigenvectors ova(Il’< (x)|T € Hom(T, T)
and the eigenvalues x1 < -+ < Xn—1 ova(;; (x)|T are real numbers such that

; < Xxi < ! .
(1—2)8% (x) 8% (x)

(d) Dh;(x) is an isomorphism of R" for every 0 <t < A
(e) If o > 1 the R"-multivalued map hy; is strongly differentiable at h(x) for every
O<t<o.

® If o > 1, then 6‘;} is pointwise differentiable of order 2 at h;(x) whenever
0<t<o.

Proof Note that A > 1 and 1 < o < A by Lemma 4.3 and Remark 4.9 and also that
vﬁ is differentiable at x by 2.41(e). We choose a function £ : R" — R” such that
E(y) € ’;‘q;}(y) for y € R" and we define
_y—&W) _ gradg(y —§(y)

v(y) = —5—— and n(y) =
8% () |grad ¢ (y — £(¥))

fory e R"~K.

Employing 2.41(e)(c) we notice that n is differentiable at x,

n(x) = grad 6(2 (x)

=, and imDn(x) ST (30)
| grad & (x)|

since [n(y)| = 1 for every y € R" ~ K. Moreover, we compute

D(grad ¢ o v)(x)u e v ptD28% (x)(u, v)

Dy(x)u o v = -
nx)uev | grad ¢ (v(x))]| |grad3(;}(x)|

foru,veT; (31)
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whence we conclude that Dn(x)|T € Hom(T, T) is self-adjoint. Recalling 2.9 we
notice that

grad ¢"(n(y)) = grad ¢* (grad § (v — £(»))) = grad ¢*(grad¢(y8;—f()y))) =)
x\V

for y € R" ~ K. Henceforth,
Dv(x) = D grad ¢*((x)) o Dn(x). (32)

Since D grad ¢*(v)v = 0 and D grad ¢*(v) is self-adjoint for v € R" ~{0}, we con-
clude that

Dgrad¢*(v)u ev =ueDgrad¢p*(v)v =0 foru,v e R", v #0,

whence we deduce that im D grad ¢*(v) C {u : u e v = 0} forv # 0,imDv(x) C T,
and D grad ¢*(n(x))|T € Hom(T, T) is a positive definite self-adjoint linear map.
In particular, we established (a) and, moreover, it follows from (32) and [15,2.25] that
the eigenvalues of Dv(x)|T are real numbers.

To prove (b) we notice by 2.17 that the equations

EEM) +1(x —5W) =81 and v(E(Xx) +1(x —5)) = v(x)

hold for 0 < ¢ < 1 and we differentiate with respectto t atz = 1.
We now check the estimate claimed in (c) for the eigenvalues of Dv?} (x)|T. Assume
x =0and A = p%(0) > 1. Define

r=0800), Wi =UGE0).r), Wr=UPEQO) —280), h— Dr),
and observe that W; C {y : 8¢ (y) <r};,Wa C{y: 3‘;;(y) >r}and0 € dW NIW,N
S? (K, r). Notice that Tan(S‘f(K, r), 0) = Tan(d Wy, 0) = Tan(d W3, 0). Using 2.44,
we find an open set V containing 0 and three functions f : T — T+, fj : T — T+
and f» : T — T such that fi and f> are of class €2, f is pointwise differentiable

of order 2 at 0, f(0) = f1(0) = f2(0) = 0,Df(0) =D f1(0) =D f2(0) = 0,

VNSYK,r)=VN{x+f(x):x €T},
VNow; =V Nn{x+ filx): xeT} fori e{l,2},

and f1(x) e n(0) < f(x) en(0) < f2(x) @ n(0) for x € Ty[V]. In particular,
D? £1(0) @ n(0)(u, u) < ptD? £(0) @ n(0)(u, u) < D*f>(0) @ (0)(u,u) foru eT.
Letn; : 0W; — S"~! be the exterior unit normal function of W; fori € {1, 2}. Then

1n1(0) = n(0) = —n2(0) and we use 2.44 in combination with (30), (31), and 2.45 to
infer
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~Dn2(0)u o u = D? f(0)(u, u) @ 12(0) < Dn(0)u o u
<-DfiOuen ©0) =Dni(O)ueu forueT. (33)

To conclude we use the argument from the third paragraph of the proof of [15,2.34].
First, we find a positive definite self-adjoint map C € Hom(T, T) such that
Dgrad ¢ (1(0))|T = C o C; then we observe, using [15,2.33], that

CoDn(0) o C =C"oDgradg(n(0)) o Dna(0) o € = (p (x) — D~ 'r "Iz,
CoDni(0)oC=C""oDgrad¢(3(0) o Dni(0) o € =r "I,

whence we deduce, employing (33)

r_1|u|2 =(CoDni(0oCueu= Dni(0)oC)ueC(u)
(Dn(0) o C)u o C(u) > —(Dn2(0) o C)u o C(u)
—(CoDm0) o CYu) eu=(1—phO)'ru? forueT.

v

Noting that C o Dn(0) o C is a self adjoint map with the same eigenvalues as Dv(0) =
D grad ¢ (17(0)) o Dn(0) we finally obtain the estimate in (c).

We turn to the proof of (d). Let0 < ¢ < A and assume ¢t # 1 (notice that i1 = Ign).
By contradiction, if there was v # 0 with DA, (x)v = 0, then it would follow that

v =DE% (x)v

t—1

and, noting that v‘;;(x) e grad Sﬁ(x) = ¢>(v}é(x)) =landv=w+ /cvq;< (x) for some
w € T and k € R, we could employ (b) to compute

t
r—1

(cv? (x) + w) = DL ()yw = w — §% (\)Dv) ()w,
whence we would deduce from (a) that « = 0, w # 0 and
Dy ()w = 4 )1 —1)"w,
which would contradict one of the estimates in (¢): in case 0 < ¢t < 1, we have
(1—-0)"'>1landifl <t <A, then (1 —1)"' < (1 =)L
Finally, we prove (e) and (f). Let 0 > 1 and 0 < ¢ < o. We define the R"-
multivalued maps (see Definition 2.12) T and S by

T = hy/|Ko): and S =K.

Then T is continuous at /,(x) and S = T~! by Lemma 4.11 (see Definition 2.13).
Moreover, since @ (£"L K, x) = 1, it follows from Remark 2.29 that S is strongly
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differentiable at x with DS(x) = Dh,(x) and it follows from Lemma 4.11 that
o"" LKO'/[s hi(x)) = 1.

We apply [46,Lemma 2] to conclude that T is differentiable at i, (x) and, noting the
Lipschitz property of 1/, over K/, that can be deduced from Corollary 3.10, we can
use Lemma 2.38 to conclude that &1, is strongly differentiable at i, (x). Therefore
& (Z is strongly differentiable at 4, (x) and 6‘2 is pointwise differentiable of order 2 at
h;(x) by Lemma 2.41(e). O

Remark 4.13 The proof of (c) shows the following fact. Suppose & : R* — R”" is an
arbitrary function such that £(y) € & t2()}) for y € R" and

by = EOOEOD

lgradg(y — &)l

Then D(V@)(n(x)|T and Dn(x)|T are self-adjoint maps in Hom(T, T),

Dv?}(X) = D(V¢)(n(x)) o Dn(x)
pt D28% (x) (u, v)

and Dn(x)(u) ev = 3
| grad &7 (x)]

foru,veT

The next Lemma clarifies the relation between the function p‘,i and the function

¢
rg.

Lemma 4.14 Suppose K C R” is closed and (a,n) € N®(K). Then the following
statements are equivalent.

(a) &(a +rn) > 1 for somer > 0,
(b) ri(a,m >0,
(c) &(d 4+rn) > 1foreveryQ <r < i(a, n).

If (a), (b) or (c) holds, then
i(a,r/) :r&(a+rn) foreveryO <r <i(a,n). (34)

Proof Tt follows from the definition of r‘;} that (a) implies (b) and it is obvious that
(c) implies (a). It remains to prove that (b) implies (c) and the equality in (34). Let
0<r< r}é(a, n) and choose o > 1l and 0 < s < r(;;(a, n) such that

r<os<rymn and ©"(L"LK, a+sy) = 1.
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It follows that p}é (a +sn) > o > 1 and employing Lemma 4.11 we conclude that

tp‘;;(a—i—tsn) = p‘;}(a—i—sn) for0 <t < o.

Since % < 0, choosing t = % we obtain
r os
ofp‘;;(a+sn):;p(;;(a+rn) and pﬁ(a+rn)27> 1. (35)

Letting o's approach ri (a, n), we infer from (35) that r(z (a,n) < rpﬁ (a + rn) for
0<r< r‘i(a, n).

Finally if 0 < r < r?}(a, n), then p}é(a +rn) > 1,
O"(¥L"LKy,a+rn) =1, and or < rﬁ(a, n) foreveryl <o < p?}(a +rn).

It follows that rp(z (a+rn) < ri (a, n) and the proof is complete. O

Lemma 4.14 implies the Borel measurability of the reach function r}é.

Lemma 4.15 For every closed set K C R”" the function r‘;} is a Borel function.

Proof Let A > 0 and choose a sequence r; | O such that r; < A foreveryi > 1.1t
follows from Lemma 4.14 that

{rg =2} = N O {(a, ) s ripl @+ i) = 2},
whence we infer from Lemma 4.11 that {r(;; > A} is a Borel subset of N?(K). m]
Lemma 4.16 Suppose K C R" is a closed set, p > 0, U = {x : Si(x) < p}, and

UNz?K)=0.
Then r(;; (a,n) = p for every (a,n) € N®(K). In particular, if K is convex then

ri(a, n) = +oo for every (a, n) € N®(K).

Proof First we notice that Clos Cut?(K) N U = @ by Remark 4.1. It follows that
¢ ¢ ¢ ¢
rg(a,n) >é8gla+riy(a,mn) >p forevery (a,n) € N°(K)

and N*(K) = {(¢%(x),v%(x)) : x € U}. Using Lemma 2.35 we obtain that
8?; (x)pi (x) = p for every x € U and we infer that

p‘;}(x) = aplim inf p‘;}(y) > ap lim inf ¢p = % >
_ e YT () S ()

for every x € U and the conclusion follows. O
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Remark 4.17 Let (ey, e3) be the standard basis of R? and set x; = 2% fork € Z,.
Then

Xk — X1 L xpp
T C T ok ez,
Xk 2 Xk

Define
K = {xie; 1k € Z,} U{0} C R>.

Let a > 0. Evidently p (aez) = oo and (0, e2) € N(K). We shall prove that
P (aez) < oo and infer that

rg(0,e) =00 >rg(0,e).

Define ¢ = L;"“ to be the centre of the segment in R joining x;4; and xj.
Moreover, let Oy be the 2-dimensional square with centre in cre; + aey and side-
length % = 27%=2 and let T} be the 2-dimensional triangle with vertices in
Xkt1€1, Xke1, and crep + 2aey. Clearly, there exists kg € Z4 depending only on a
such that Qy C Tj for k € Z with k > ko. Noting that

{crer k> 1} x R=X(K),

one infers that there is k1 > ko depending only on a such that for k € Z, withk > k|
there holds

Sx(2)pg(2) <|cker +2aey — xke1| <3a fork >kjandz e T},
Xk — Xk+1

Sx()>a— 2

=a—2"%3>1a fork >k andze Q.
Consequently,
Pr(z) <6 fork >kiandz € Q.

Now, for k > k| we get

LR {2 zeer| S xp. [(zeer) —al < x. pg(2) < 6))
_ o 1
> 23 Q) =K Y 2 o =

h>k h>k

and conclude that @*2(.£2L{z : Pk (2) <6}, aez) > 0; hence, p_K(aez) <6.

Finally, we prove that ’g‘?} is not differentiable at aep for each a > 0. Assume
that there exists L = D&y (aer) € Hom(R?, R?). Since £ x(ae2) = 0 and
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&y (aer +xrer) = xpep fork € Z itmustbe Le; = ej. However, & g (aez +crer) =
{xre1, xr41€1} for k € Z 4 and

Xpep — aer) — L(cye Xp —C
|kl SK( 2) (kl)|: k k:2_k_2.%2k+1:%>0.

Ck Cr
Proof of Theorem 1.5 Notice that the statement in (a) is proved in Lemma 4.3. The
statement in (b) follows combining Lemma 4.14 with Lemma 4.12(f).

Define Ry = {r : 0 <t < oo} and for ¢ € Ry the function f; : R* x R” — R”
by the formula f;(a,n) = a + tn whenever a,n € R". Next, define g : R" ~
(KUCut?(K)) — N?(K) by g(x) = (% (x), v} (x)) for x € R ~ (K UCut? (K)).
Corollary 3.10 yields

glK, N SP(K,1)is Lipschitz continuous for each t > 0 and A > 1. (36)

Moreover, for every t € Ry it follows from Lemma 2.35
N(K) N (a1 < rigam} = Uy 81K N SP (K, 0],

We turn to the proof of (c). Set B = (R" ~K) N {x : p(,é x) < p‘,i (x)}. Since p(,é
is a Borel function by 2.33 and p}é is .Z" measurable by Lemma 4.11 we see that B
is %" measurable and it follows from [18,2.9.13] that £"(B) = 0; hence, the coarea
formula [18,3.2.11] yields a set / € R such that ' (R, ~J) = 0 and
A" N BNSP(K, 1) =0 fortel.

For t € Ry define

W = N*(K) N {(a, 1) : rg(a,m) < riga, m)
and W, = WN{@an:t<rl@n).

Since f;[W;] € BN S?(K, 1) fort € R, by Lemma 4.14, it follows that
AN FIWD) =0 forre . 37)

Since g[K, N f:[W:]] = g[K N SP(K,t)]NW, forr > landr e R, we conclude
from (37) and (36) that

%”"71(g[KAHS¢(K,t)]ﬂW[):0 foreachA > landr € J.
Since W; = [J{W, Ng[K; N SP(K,1)]:1 < i e Q}, it follows that ] W) =0
for 2! almost all ¢ € R, . Noting that W = U,>0 W;and W; C W, fors < t, we

infer 52"~ L(W) = 0.
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We finally prove (d). Define

Z=N*K)N | n):a+sne=y(K)forall0 <s < ran).

If (a, n) € N?(K) ~ Z, then there exists 0 < s < r}é(a, n) such that 8‘;} is pointwise
twice differentiable at a+sn. Since pi (a+sn) > 1Z1d pﬁ (a+sn) = s_lrﬁ (a,n) >
1 by Lemma 4.14, we infer from 4.TZ(f) that 8‘2 is poin?zvise twice diffe;ltiable at
a+tnforall0 <t < r(,i(a, n).

Consequently, it remains to show that .7#”~!(Z) = 0. This can be done with an

argument similar as in the proof of (c). Since .£™" (2;’ (K)) = 0it follows from coarea
formula [18,3.2.11] that there is I € R such that Z! (Ry~1)=0and

A" (ESK)NSP(K, 1)) =0 forrel.

We define Z, = ZN{(a,n) :t < r(lé(a, n)} for t € R4. Noting that f;[Z;] C
2(K) N S?(K, 1) for > 0, we infer that

AN f1Z,)=0 forrel.

Since g[K; N fi[Z:]] = g[Kx N S®(K,1)]NZ, for . > 1 and ¢t > 0, we conclude
that

A" VK, NSP(K,)INZ)=0 fori>1landtel.

It follows that .~ 1(Z;) = 0 for £! almost all r > 0. Noting that Z = U,~0 Z; and
Z; C Z; for s <t, we see that %"‘1(2) =0. O

Remark 4.18 Recalling the set B from the proof above and noting that
fatrn:@n e N @), ry@m=r<ri@n}cs,

we conclude that " ({a +rn : i(a, n) <r< ri(a, m} =0.

The following theorem shows that even in the case of convex bodies with C!-!-
boundaries, the dimension of the set Z in the statement (d) can be precisely n — 1. See
also [45,Theorem 1] for a similar construction.

Theorem 4.19 There exists a convex set K < R? with ¢! boundary and a dense set
S C 0K such that

(a) HV(S) =0 and H#°5(S) = +oo forall s < 1,
(b) A#V(N(K)|S) = 0and 7°(N(K)|S) = 400 forall s < 1,
(c) $K|S¢(K, r) is not differentiable at a + ru for allr > 0 and (a, u) € N(K)|S.
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In particular, both ¥ (K) and the set of points where & . is not directionally differen-
tiable are dense in R*> ~ K with Hausdorff dimension 2.

Proof We choose a dense Gs-set G € R with £ (G) = 0 and #*(G) = +o0 for
all s < 1. Then Zahorski theorem (see [43] or [20]) ensures the existence of non-
decreasing Lipschitz function f : R — R such that f is not differentiable at each
point of G and it is differentiable at each point of R ~ G. Let g be a primitive of f
and notice that g is a ¢! convex function. Let

K=RxBR)N{x,y):gx) <y}, S=GxRN{kx,y):gx)=y}.

Evidently K is a convex set with €' boundary, 7! (S) = 0 and .7 (S) = 400 for
every s < 1.If n : 9K — S! is the exterior unit normal of K then

n(x, f(x)) = (f(x),—l) forx e R,

1
VI+ f(x)?

whence we infer that » is not differentiable at each point of S and it is differentiable at
all points of 0 K ~ §. Moreover, we notice that the map ¢ : 0K — N (K), defined by
¢(2) = (z,n(2)) for x € K, is a bilipschitz homeomorphism and N (K)|S = ¢ (S).
Therefore, (b) holds.

To check (c) we assume that & ;- |S? (K, r) is differentiable at @ + ru for some r > 0
and (a,u) € N(K)|S. We notice that §K|S¢(K, r) is a bilipschitz homeomorphism
onto d K with

E1SP(K.m) ' (b) = b+ rn(b) forb e IK.

Therefore, D(§ ¢ |S¢(K, MNa + ru) : Tan(S®(K,r),a + ru) — Tan(3K,a) is
a linear homeomorphism and (§ |S¢(K , 7))~ ! is differentiable at a. This contradicts
the fact that n is not differentiable at a. O
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