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Abstract The nonlinear dynamics of a thin tube under
the action of a harmonic external load is addressed in
the paper. Use is made of a beam-like model which
extends the Timoshenko beam model with further kine-
matic descriptors, related to the change in shape of the
cross section. The external load is applied in half cap
of the pipe, directly triggering both the bending of the
axis-line and the flattening of the cross sections. The
equations of motion are projected on a reduced basis
constituted by the first three linear modes, and then the
solutions are sought via the multiple scale method, for
two different external resonance conditions. Internal
resonances among the modes are considered as well.
The outcomes, compared with pure numerical solu-
tions, highlight the possible energy exchange between
local modes, i.e., those describing flattening and warp-
ing of the cross sections, and global modes, i.e., those
related to bending of the axis-line and rotation of the
cross section of the pipe.
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1 Introduction

The use of tubes as structural members is widespread in
lots of engineering applications, ranging from civil to
industrial, aerospace and many other contexts. Hence,
the evaluation of their carrying capacity is a com-
pelling step in the design development, as the typi-
cal thin-walled nature of pipes makes this aspect a key
point. Indeed, demanding cares are requested to con-
sistently deal with the possible lack of validity of the
Saint Venant principle and the significant contribution
of the distortion of the cross sections. In this frame-
work, the possibility to model tubes as beams or beam-
like structures would represent an undoubted asset, as
compared to more demanding bi-dimensional or three-
dimensional continuum theories. However, classical
beam theories like Euler—Bernoulli and Timoshenko
[1] require to be enriched, in order to overtake the
hypothesis of rigid cross section.

For instance, the Vlasov theory [2], introduced to
address non-uniform torsion of tubular beams, serves
as main instrument in including the effect of warping of
cross sections in shaft models, as well as in providing
advanced and reliable contributions in the mechanics of
pipes. As a further example, the nonlinear interaction
between bending of pipes and flattening of their cross
sections is the main focus of the Brazier theory [3,4],
which provides physical explanations and functional
tools to engineers to address the softening behavior of
bent tubular beams. In some cases, soft elastic cores
are included to prevent flattening [5].
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Many other efforts have been made in the last
decades by scholars in developing high-level beam the-
ories [6-9]. The generalized beam theory (GBT) lies in
this line of research [10-14], introducing linear combi-
nations of assumed shape functions to describe bend-
ing, torsion and cross-section distortion of thin-walled
beams. Recently, in [15], the Euler—Bernoulli beam
model was endowed with descriptors for the distor-
tion of the cross section, to deal with multi-layered
pipes under flexural static actions. Lately, in [16,17],
the same idea, which originally comes from GBT, was
broadened to the Timoshenko beam model, including
effects of flattening and warping of the cross sections as
assumed shapes, amplified by unknown variables. The
same pipe model was then used to analyze the nonlinear
dynamic response in [18], after consistent evaluation
of the inertial contributions. In that specific case, the
nonlinear coupling came both from stiffness and iner-
tial terms, and triggered internal resonances between
modes, which were related both to global (bending) and
local (cross-section distortion) behavior. External res-
onance due to a load covering the whole cross section
was considered as well, and the effects of the softening
contribution provided by the cross-section change in
shape were analyzed.

In this paper, starting from the pipe model proposed
in [18], a different external load is considered: Here, it
is assumed to be distributed only on half cap of the
cross sections. This specific aspect induces a direct
loading toward the flattening modes of the cross sec-
tions of the tube. Hence, 1:1 external resonance condi-
tions with one of the local modes, combined with inter-
nal resonances between local and global modes, may
potentially cause energy transfers from cross-section
distortion to bending, occurrence which is worthy of
investigation. The analysis is addressed by the multi-
ple scale method (MSM), applied to the equations of
motion which are made discrete by a Galerkin projec-
tion. Two different implementations of the MSM are
carried out, depending on the local mode involved in
the considered external resonance condition. Numeri-
cal integration of the equations of motion are used to
compare and validate the asymptotic solutions.

The paper is organized as follows. In Sect. 2, the
beam-like model is briefly described, in Sect. 3, the
discretized nonlinear equations of motion are obtained
via a Galerkin projection, in Sect. 4, the two differ-
ent implementations of the MSM are described, and
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in Sect. 5, the numerical results are presented and dis-
cussed. Finally, the conclusions are drawn in Sect. 6.

2 Model description

The formulation of the beam-like model used here to
address the nonlinear dynamics of a pipe with thin
annular cross section is extensively described in [18].
For the sake of completeness, here its main features
are only briefly recalled, leaving the details in [18],
but highlighting the differences related to the load and
resonance conditions.

An in-plane Timoshenko beam model is introduced
(Fig. 1a), as constituted by a straight axis-line spanned
by the abscissa s € [0, ] in direction a;, where [ is
the initial length, and by infinite initially transverse
cross sections, parallel to the plane spanned by aj, a3.
The unitary vectors aj, a, a3 are mutually orthogo-
nal. The beam is clamped at s = 0 (cross-section
A) and free at s = [ (cross-section B). The kine-
matic variables are u(s), v(s), 9(s), where the first
two variables represent a;- and az-components of the
displacement u of the axis-line points, respectively,
whereas the third one describes the cross-section rota-
tion about a3. Moreover, as an extension of the Tim-
oshenko beam model, further kinematic variables are
introduced, referred to as a, (s), ay (s), which describe
in-plane and out-of-plane change in shape of the cross
section, respectively. The physical meaning of a,(s),
ay (s) comes from an identification procedure of the
beam-like model through a three-dimensional realiza-
tion of the pipe, seen as an assembly of infinite longi-
tudinal fibers and transversal ribs (Fig. 1b), and hav-
ing length /, mid radius R, and thickness 7 < R. In
particular, a,(s), ay (s) turn out to be the amplitudes
of assumed flattening (Fig. 2a) and warping (Fig. 2b)
shapes of the annular cross section of the pipe at the
generic abscissa, respectively.

The strain measures of the Timoshenko beam are
consistently introduced: the longitudinal strain g(s),
the transversal strain yp(s), the bending curvature
ko(s), as well as strain components relevant to the
cross-section change in shape, namely a,(s), Bp(s),
ay (8), Bu(s), referred to as local components. Hence,
the nonlinear strain—displacement relationship, series-
expanded up to the third order, is:
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Fig. 1 Initial configuration of the beam: a beam-like structure;
b pipe with longitudinal fibers and annular ribs highlighted

—>
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Fig.2 Local distortion on the cross section: a assumed shape for
the flattening and amplitude a,; b assumed shape for the warping
and amplitude a,,

192

g0 :=u' — 74—191/

1
voi=v —0 —u'v+ 6(193 —392)

, (1)
Ko =1
o =a .
, forj = p,w,
ﬂj :=aj

where prime stands for s-derivative. Boundary condi-
tions for clamp at cross-section A read:

UA = Os ﬁA = Os awA = Os

@)

The virtual work theorem allows one to determine
the weak form of the dynamic equilibrium equations.

Ua =0» apAZO,

More specifically, the internal virtual work for the
beam-like structure reads:
1

Wint = / (meo + T8y + Mo

+ > (Djda; +Bj5ﬁj))ds
j=p.w

3)

where § is the variational operator, 7', M are the shear
force and bending moment of the planar Timoshenko
beam, D;, B; are distortion and bi-distortion force
components, dual to the local strain components, for
J = p,w, and X is a Lagrange multiplier, introduced
in order to nullify the longitudinal strain ¢, as itis usual
in case of cantilevers [19-24]. Moreover, the external
virtual work for the beam-like structure reads:
I

Wext = / ((fu — F)su At (fy — fo)bu

0

+c—O8+ Y (g —g,)M,)ds
j=p,w

“)

where f,, fu, c, g; represent the external distributed
forces and couples, work-conjugate of the generalized
displacements, and f,, f,. ¢, g ;j are the inertial coun-
terparts. Substitution of Eq. (1) in Eq. (3), imposition of
the virtual work equation §Wi = §Wet, for all kine-
matically consistent du, §v, 8v, dayp, day,, 84, provides
the weak form of the dynamical equilibrium equations.

The constitutive law in case of linear elastic material
of Young modulus E and transversal elastic modulus
G is obtained after the application of the identifica-
tion procedure from the three-dimensional model and
assumes the following expression:

1
T =ciy — EC]OtwKo

1
M = cyk0 + c30pK0 + C4a12,/c0 — Eclawyo
1 2
+§C1awK()

Dy = csap + C4oeplc§ + 6‘6/(02 + cgapay By
—|—C70lp0l3) + a;otiﬂw

2 3

B, = chﬁp + croow + croajon, + criay,

2 2
Dy = cizay + c10B)p + cra,aw + cr20, Bp
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1
2 2 3
+cisay,Bp + €10k + cla0;,

1
— 510K + C160pty Pu

By = c17Bw + coatparl, )

where the elastic coefficients are:

c1 =nGhR, 2 =7'[EhR3,
3 5
¢3 = —-wEhR?, c4 = —~mEhR,
2 8
OnEJ 3 2
CSZT, C6:—Z7TEhR N
27w Gh 9w Gh
= —, g =— ,
7T ToR3 8 8R2
36 Eh
c9g = ) c10 = —Gmh, (6)
TnGh 9 Gh
c1]1 = —, C12 = — s
H=r2 2= " 16R2
47 Gh 217 Gh
c13 = , 15 = ———,
13 R 15= e
T2 Eh
Cl6 = R c17 =nwEhR,
_ 1187Eh 56w Gh
Ccl4 = R B EE

Here, the Poisson ratio is assumed as v = 0, in order
to highlight the pure effect of the coupling between
bending and flattening.

It is worth mentioning that the three-dimensional
model used for the determination of the constitutive law
(5), sketched in Fig. 1b, is assumed to allow extension
and shear deformation of the longitudinal fibers, as well
as bending of the transversal annular ribs. More details
on this aspect are given in [16,18].

Consistently, the expressions for the inertial forces
and couples are identified as well:

B s 02 had
u:mliizml/ (——l?u’) dg 7
o \ 2
fo=mii (®)
C=myd + m3c'zpf’ + mgapb' + m4ézpapz9
+ m5a§i§ + miawayd + mmi 9 )

T . _é 13’2 %)
gp = mydyp Smﬁap + m7 ¥ (10)
Bw = meliy — meay (11)
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with the coefficients:

3
my =2mwhpR, mpy= nhpR3, m3 = —ErrhpRz,
5 5
ms = ZnhpR, ms = grrh,oR, me =mhpR, (12)
3 2
= -mhpR
m7 = J7hp

where the dot stands for differentiation with respect to
time, indicated as ¢.

In Eq. (7), the condensation of the variable u is
applied, as a consequence of the condition ¢g = 0
which provides, by Eq. (1-1):

s 2
U= / (ﬁ— - M)dg. (13)
o \ 2

Correspondingly, the expression of the Lagrangian
multiplier is obtained as well:

[
A= To 4 / (fu — Fu)de. (14)

The identification procedure also provides the expres-
sion for the external forces. Here, a time-dependent
load per unit volume b,, = by cos(§2t), in the direction
a, is uniformly applied on the upper cap of the cross
sections, as shown in Fig. 3. Therefore, the load condi-
tion is different than the one applied in [18], where the
load was applied in the whole cross section. Hence,
in the analyzed case and with reference to Eq. (4),
the load provides both f, and g, components in the
beam-like model, of expression: f, = focos(§21),
g&p = —%fo cos(§2t), with fy = mhRby whereas
Ju =0,c =0, gy = 0. In other words, the load pro-
duces nonzero work both in the transversal displace-
ment and in the flattening component of displacement.

The theorem of virtual work, after localization and
use of Egs. (1), (5), (7)—(11), allows one to evaluate
the nonlinear equations of motion in terms of kine-
matic variables, which are reported in Appendix A
(Egs. (59)—(61)).

If free linear vibrations are sought, Egs. (59)—(61)
are written retaining only linear terms and neglecting
the external forcing contributions, namely:

iV =) —mi =0 (15)

0 + eV —=9) —ma =0 (16)
1

cloa,, + chag —csap —mady, =0 (17)

c17a,, — €13ay — c1()a;7 — medy =0 (18)
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by = bg cos 2t
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Fig. 3 Distributed force per unit volume in the pipe, applied to
the upper cap

with boundary conditions at A:

up =0, va=0, 94=0, apa=0, aysa=0
(19)

and at B:

(v — 95) =0 (20)

00 =0 1)

1
c10auwp + ZCla;B =0 (22)
c17a;}3 = U. (23)

It is worth noticing that Eqs. (15)-(23) are uncou-
pled in the global (v, ¥#) and local (ap, a,) problems,
since coupling only occurs through nonlinear terms.
As a consequence, linear modes for the global problem
(i.e., those of the Timoshenko beam) are unmodified by
the local motion and vice versa. Furthermore, a class of
local modes, i.e., involving a,, and a,, only, is obtained.

3 Reduced-order model

A Galerkin projection of the nonlinear problem is per-
formed here, using as trial functions the first three
modes of the linear problem Egs. (15)—(23), where one
is global (frequency w1) and two are local (frequencies
w2, w3). Moreover, the frequencies of the higher modes
are assumed quite far from the considered ones, so as
to neglect their contributions in the response. These
assumptions will be lately fulfilled in the numerical
example.

The following expressions are hence introduced:

v(s, 1) ®v,1(5) 0
D(s, 1) | Do,1(5) 0
aen | =8O [T,
ay(s,t) 0 ¢w,2(s)
0
0
+g3(t) p3()
Dw,3(s)
(24)
where ¢;(t), j = 1,2,3 represent the unknown

time-dependent amplitudes, and (¢, 1(s), ¢s.1(5)),
(Ppk(5), Puwi(s)), k = 2,3 are the modal compo-
nents. Substitution of Eq. (24) in the virtual work equa-
tion, calculation of the integrals in ds and collection of
the terms multiplying 8¢;, j = 1,2, 3, produces the
reduced ordinary differential equations of motions. In
the state space form, they appear as:

q-p=0
p+Cp+Kq+N(q,p) +Fcos(21) =0

where q(t) = (q1(t), q2(1), g3 ()T collects the ampli-
tudes and p(t) = (p1(t), p2(1), p3(t))T their veloc-
ities. According to the choice of the trial functions
and their normalization, K = diag(a)i), j =123
is the (diagonal) stiffness matrix listing on its diagonal
the square of the natural frequencies; a linear damp-
ing operator C = diag(2¢;w;) is inserted in Eq. (25),
being ¢; the damping factors. The load column vector
F is defined as:

(25)

i Pua(s) cri
F=fo / g |ds=fo || @6
O\ —5E¢p.3(5) Ct3

and N is the column vector collecting the quadratic
and cubic nonlinear terms:

N(q,p) =N2.1(q. @) + N22(p, p) + N23(q, p)
+N3,1(q,q, @) +N3.2(q, p, p)

+N33(q. q.p)
27)

where the single functions are explicitly defined in
Appendix B.

4 Perturbation method

An asymptotic solution of Eq. (25) is sought via the
multiple scale method [25]. To this end, the dependent

@ Springer



A. Casalotti et al.

variables are expressed as series expansion, after intro-
ducing the small scaling parameter 0 < € < 1:

q(1) = €qq(to, 11, 1) + €2qa(to, 11, 12)
+ Eqs(to, 11, 1)
p(t) = €p1(t0, 11, 12) + €20, 11, 1)

+ 3palto, 11, 12)
(28)

where the different time scales are defined as 7y =
t,t] = €t,th = €2t. The linear damping ratios are
assumed to be small so that they appear directly at the
highest order, i.e., {; = 62{} (tilde is omitted in the
follow).

Internal resonance conditions are considered as well,
namely wy =~ 2w, w3 =~ 3w; in order to possi-
bly address energy exchange between global and local
modes. Furthermore, as the external action provides a
direct excitation also toward the local modes (Eq. (26)),
the following two load cases are considered, inducing
different external resonances:

— Case 1: 2 >~ wy;
— Case 2: 2 >~ ws.

To analyze the aforementioned cases, two distinct per-
turbation schemes are developed to take into account
the proper external detunings. It is worth noting that
the case §2 >~ w; was addressed in [18].

4.1 Case 1: 2 >~ wy

For the specified case, the following scaling is adopted
for the forcing terms defined in Eq. (26):

Cf,1=65f,], Cf,2=635f,2, Cf,3=EEfy3, (29)

so that the resonant term will appear at the cubic order,
while the non-resonant forcing terms at the linear order.
Moreover, external detuning o is considered as:

Q2 =w) + €0 (30)

and the internal detuning parameters p;, p3 are defined
so that:

2
wr = 2w + € 0

, 31)
w3 = 3w; + €“p3.

Under these assumptions, the following perturbation
equations are obtained:
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Order €:
doq1 —p1 =10
dop1 + Kq; = —F| cos 21y,
Order €2:
doqz — p2 = —di1q1
dop2 + Kqz = —91p1 — N2,1(q1, q1)
= N2.2(p1, p1) — N2:3(q1, dop),
(33)

(32)

Order €3:
doq3 — p3 = —dq1 — 91q2
dop3 + Kqz = —dap1 — d1p2 — Cqi — F3 cos(£21)
—N3.1(q1, 91, q1) — N3.1(q1, p1, 1)
— N3,1(q1, q1, dop1)
—No1(q1, q2) — N21(q2, q1)
— N22(p1, p2) — Na22(p2, p1)
— Na3(q1, 91p1) — N2,3(q1, dop2)
— N2.3(q2, dop1),
(34)

where 0; = d/dt; with j = 0, 1, 2. The nonlinear
terms are expressed according to the functions defined
in Appendix B, while the forcing terms are defined as
follows:

CfJ 0
Fi:=f]| 0], Fzs:=folcra]- (35)
cr3 0

Linear-order problem

The solution of the linear-order problem (32), beside
the complementary solution, is characterized by the
presence of the particular solution related to Fj.
Accordingly, it is defined by the following expression:

3
qir) Zy iwito
<p1) = E Ar(t1, 1) (l.wka)e

k=1
/A
J ity
+f02;(i[2/1]~>e + cc,
J:

(36)
where (zg, i wy zk)T is the k-th right eigenvector of the
eigenvalue problem given by Eq. (32) made homoge-
neous. More specifically, it is:

1 0 0
(z1,22,2z3) = [0 1 0O]). (37
0 0 1
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Moreover, cc stands for complex conjugate, and the
components of the vectors A ; are:

1_cp
Zw%,gp 0
Al = 0 , Ay =0, A3 = 0
13
0 2@%—!22

Quadratic-order problem

After substituting expressions (36) into Eq. (33), the
following solvability condition is imposed to eliminate
the secular producing terms:

2wk T )
/ (la)kzk> Rzeflwkldto — O, (39)
0 Zk

withk =1, 2, 3, being (i wizy, zk)T the k-th left eigen-
vector and Rj the right-end side of Eq. (33). From
Eq. (39), the following amplitude modulation equations
are derived:
01A] = id]AzAleipm + idzfoAlei(pz+a)t2
+ id3f0A3e_i(p2_p3+0)t2,
01A) = id4A%e_ip2t2,
91 Az = id5f0Alei(pz_p3+U)'2,
(40)

where the coefficients d; (j = 1, ..., 6) are defined in
Appendix C.

Equation (40), substituted into Eq. (33), allows one
to determine the particular solution of the quadratic
order problem that can be written in the following form:

<q2) — A2A1 < .Wl )eia)ll()-‘ripztz
P2 —lw1W]

—_ W2 . .
+ foA; ( ) )etw1t0+t(0+pz)tz
—IW|1W2
w3 ; —; _
+ foAs ( ) )elwuto i(o+p2—p3)t2
—lw1W3
+ A% ( Wyq >e2iw1t0—i/)2t2
LWy
—_ WS . .
+ fOAl < ) )elw1t0+t(o+p2)t2
—IW|W5
+ NRT + cc,

(41)

where NRT represents the non-resonant terms that are
not reported here for sake of brevity, while the vectors
w; are defined in Appendix D.

Cubic-order problem

After substituting expressions (36) and (41) into Eq. (34),
in order to eliminate secular producing terms, the fol-
lowing solvability condition is imposed:

2wk [+ T )
f (“”"Z") Rye " dty = 0 42)
0 Zk

with k = 1,2, 3 and being Rj the right-end side of
Eq. (34). From the latter expression, the following
amplitude modulation equations at the third order are
derived:

0hA| = idﬁA%Al + d7A1A2A2 + idgfoAlAzeiimz
‘HdgfoAlAQeimz + id10A1A3A_3
+idy1 f§ A1+ idiag Ay
+id13foAzAzei<2p2*p3+”)t2
+id14f02A_3ei(2p2_p3+20)[2,
NAy = idisA1ArA| +idig foA1A1e "
+idyy foAyAze™ GO 4 idig AT A,
+idyo foA3e ™% {idag fo Ay Are'™
+idy1 A A3 Az + ido fi Ar
+idy3l Ay 4 idos f§ Are® "
+idys foA3A3el®? + dag f e’
+idy7 foe'’",
hA3 = idigA1A3A| + idag foAr Ayl P2 Pt
+id3()f021&1€i(2p2+20_p3)t2 + id31A2A3A2
+idy foArAze ™7 4 idss foA3Age’"
+idsy A3 As +idse f§ Az + idzst As.
(43)
The coefficients appearing in Eq. (43) are explicitly
defined in Appendix C and their numerical values are
shown in Appendix E, with reference to the case study
proposed in Sect. 5.1. The reconstructed amplitude

modulation equations in the true time ¢ can be writ-
ten in the form:

Ap = €1 A + €2 Ar with k=1,2,3 (44)

where the terms 91 Ay and 0» Ax are given in Egs. (40)
and (43), respectively. Equation (44) is transformed in
a set of real equations, by introducing the following
definitions:

1 .
Ar = 5 (G +iy)e™ withk =1,2,3 %)
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where the phases are set to make the system autonomous
as:

1
v =5+t

Y2 =0t (46)

y3=vy1+ (0 +p2—p3)t.

Then, real and imaginary parts of the equations are
collected, giving rise to the following set of six first-
order differential equations in the variables xi, yx:

. p o
x|y = (7 + 5) V1 +d11f02x1 + da foxi

1
+5d8f0(xzm —y1y2)

1
+§d9fo(x2X1 + y2y1)
+d14f02X3 +d3 fox3 +d2éxy

1 1
+5d13 foxaxs + y2y3) + Zd6x1(x% +7)

1
+Zd10x1 (X% + y32)

1 1
+Zd7xl(x§ +y3) + Sd1(x1 +y1y2).

. 02 o) 1
= — | — — 7d
1 ( ;> ta)ats 8 foxay1

1 1 1
+5 9 foxayr + EdS.fOXI}Q - §d9fox1y2

1 .
+5d13f0(x3Y2 —x2y3) + dllfoz)’l —d fov

—d14f02y3 +d3 foy3

[ [
+Zd6x1yl + Zd7x2y1
1, 5, 1
+ZdloX3y1 + Edl (x1y2 — x2y1)
13 1. 5 1. 5
+di2¢y1 + Zdﬁyl + Zd7y2y1 + ZdIOJ’3y1s

. 1
%) = y20 +dap fEx2 + das fixo + Edléfo(x% +y7)
+§d20fo(xz +y5) + 7417 fox1x3 = y13)

1 1
+§d19fo(xg —y3) + Edzsfo(xg +3)
1
+§d4(x% -)
3 1 2,2
+2da6 fy + 2da7 fo + da3ixn + Zd15x2(x1 +7)
| 1
+Za’21(x2y§ —l—xzx%) + Zdlgxz(x% + y%),
. 1
Y2 = —x20 +dj9 foxay2 + §d17fo(X3y1 +x1y3)
+d22f02y2

X 1 1
—d24f02y2 + Zd15x12}’2 + Zd2l (X§Y2 + ygyz)
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d d L 7+ s
+daxiyn +dyr + 182 (x5 + ¥7)

1 2
+Zd15y1y2,

. 302 30 1
X3 = (7 - p3+ 7) 3+ d36f()2x3 + §d32fox2x3

1
+§d33fo(X2x3 +y2y3) + d30f02x1
+ds fox1 + d3s¢x3

1 1 2,2
—§d32f0y2y3 + Zd28x3 (7 +7)

1
+§d29fo(X1xz +y1y2)

1 1
+Zd31xg(x% + y%) + Zd34x3(y§ -l—x%),

. 30 30 1
3= <_T +p3 — 7) x3 + §d32f0(X2y3 +x3y2)

1 1
+5d33f0(xzy3 —x3y2) + §d29f0(X1y2 —x2)1)
2 2 1 2
+d36 f5y3 — d30.fy y1 +ds foy1 + Zd28x1)’3
1 1
+Zd31y3(xg +y3) + Zd34y3(xg +33) + d3s¢ys

1
231y @47

Equilibrium points of Eq. (47) are sought, and their
stability is analyzed by evaluating the eigenvalues of
the corresponding Jacobian matrix. The real amplitudes
are then evaluated as:

re=\Jx}+y} withk=1,2,3, (48)

whereas the motion of the system is reconstituted with
Egs. (36) and (41).

4.2 Case 2: 2 >~ w3

For the specified case, the differences with respect to
case 1 are highlighted. In particular, the following scal-
ing is adopted for the defined forcing terms:

Cfil =€c~‘f,1, Cf‘2=65f,2, Cf,3=635f,3. 49)
The external detuning here is defined so that:

Q2 = w3+ €0, (50)
while the internal detunings are those given in Eq. (31).
The perturbation equations are the same as in the pre-

vious case, namely Egs. (32)—(34), where the forcing
terms is now:

cri 0
Fi:= folcra|, Fz:= fo| 0 |. (51)
0 Cr3
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Linear-order problem

The solution of the linear-order problem is:

3
q1 _ Zi iwkto
<p1> = E Ai(t1, 1) <iwka> e

k=1

\ (52)
- Aj i 21
J if219
(A )
Jj=1 '
where the components of the vectors A ; are:
1_cni
2 w2792
Al = 10 , Ay = %wgc'_ﬂ_éz , Az =0
0 0
(53)

Quadratic-order problem

By substituting expressions (52) into Eq. (33), the
second-order amplitude modulation equations reduce
to:

01A] = idnfoz‘izei(_m"'m"“’)fz + idgAZAIeipzfz,
01A) = idleoglei(—ﬂz+ps+a)t2 + idle%e_i/’Z’Z’
01A3 =0,

(54)

and the particular solution of the quadratic-order prob-
lem Eq. (33) is:

<q2 =f0< .Wll Alei(ﬂ3+i0)tz+2itow1
P2 —lwaWi]

Wis T i ;
+ fo( ) >A2€ i(p2+p3+o)tatitow;
—lwIW]5
—_ W . .
+ ArA, . 7 eimttitow
—iw Wy

+ A3A1 ( wo

eip3t2+2itow1
—iwyWg

W . .
+ A1A2< ] 1 )elp2t2+3lt0w1
—lw3W]

+ NRT + cc.
(55)

Vectors w; appearing in Eq. (55) are not explicitly
written in this specific case for the sake of brevity.

Cubic-order problem

By substituting expressions (52) and (55) into Eq. (34),
the amplitude modulation equations at the third order
are derived, namely:
hA| = idg foATe™ P3O 4 ids Ay foAze'™
-HdlA%A] + idzAzAlAz + id3A3A1/i3
+id10A%fOe—ilz(—2/72+p3+o)
FidyA3A; foe 'O +ide A f + drC Ay,
DAy = idl4A1fogzeitz(*2pz+p3+cr)
+idi9As foAze’®” + idigA3 Ay
+idi3A1A2A| +id17A3A2A3
+idigA3As foe 7" + idaoAr f§ + dai L Aa,
A3 = ids) fi A3e® " +idp Ay foA1€'7"
+idysAs foAre ™ + idg Az fyAze'"
+id22A1A3/i1 + id24A2A3A_2
+idygA3 A3 + idyr A3 foe 'o"
+idyoAs f§ + d30Asl +ids fie'".
(56)

Reconstitution is made as in Eq. (44) and then, making
use of Eq. (45), with the following definition of phases:

1
Y1 =§(U + p3)t,

V2= <§0 —p2+ §,03> L, (57)
V3 =0ot,
the set of real ordinary differential equations is obtained:
X1 = ¢dix) + (% + %) Vi
+2ds foxi1y1 — da foxsy1 — ds fox3yi
—2d10 fox2y2 — da fox1y3 + ds fox1y3
—ds f3y1 + d11 foya — dixiy1 — daxiy
—d3x3y1 + doxay1 — dox1y, — diy}
—dry3y1 — d3y3y1,

. p3 O
yi=- (? + E) X1+ ¢dyyy + ds foxt + de fox1

+dy foxsx1 + ds foxsx1 + dio fox3 + dii foxa
—ds foyt — d10foys — da foy1y3 + ds foy1y3
+d1x1y} + dox1y3 + dzx1y3 + dixi
+d2x§x1 + d3x32x1 + doxox1 + doy1y2,
2(p3+0)

3 - Pz) v2 +disa fox1y2

X2 = ¢dyxp + (
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—d18 foxzy2 — di9 fox3y2 — dia foxay
—d3 fox2ys + d1o foxays — doo fo 2
+dys foy1 + dartxa — dizxiys
—di6x3y> — d17x3y2 — 2d1x1 Y1
—di6y; — di3yiy2 — di7yiya.

. 2(p3 +0)
V2= (sz - pz) X2+ Cdoryn

+da0 fx2 + dia fox1x2 + dis foxsxa
+di9 foxsxz + dis fox1 + dia foy1y2
—di3 foy2y3 + dio foyays + dizxay}
+di6x2y3 + di7x2y3 + diex3 + dizxix
+d17x§X2 + d12x12,
X3 = Cd3ox3 + 0y3 — 2do7 foxsys — do f5 3
+d31 fEys + dsolxs — doxiys — daax3ys
—dp6x3y3 — dagy3 — dnyiys — day3ys,
J3 = —ox3 + {dsoys + dao fx3 + da1 fix3
+do3 fox? + dos fox3 + dz7f0)c32 + d28f0x32
“+dos foyi + das foys — dor foy3 + dag foy3
+d32 f§ + dx3yi + daaxzyy
+daex3y3 + dasxs + danxixs 4+ dasx3xz. (58)
The numerical values of the coefficients appearing
in Eq. (58) are explicitly given in Appendix E for
the numerical application defined in the next section,
whereas their analytic expressions are omitted for the
sake of brevity.

Still, equilibrium points and relevant stability con-
ditions are evaluated, and the real amplitudes r, =

X2 + yi analyzed (k = 1,2, 3).

5 Numerical results

The following parameters are assumed for the pipe
under analysis: mean radius of the cross-section R =
0.1 m, thickness & = 4 mm, Young modulus £ =
1.65 - 108 Pa, modal damping factor ¢ = 1% for all the
modes, while the length is varied in the range / € [1, 3]
m. The first three natural frequencies, evaluated from
the eigenvalue problem Egs. (15)-(23), are shown in
solid lines in Fig. 4 as functions of / (and slenderness
ratio n = [/R). They are superimposed (and in good
agreement) to those (dots) obtained by a FEM model
implemented in a commercial software [26], where the
pipe is realized by a mesh of curved shells with four
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Fig. 4 Frequency vs length (or slenderness ratio n = [/R) of
the first global mode, wy, and the first two local modes, w,, w3.
Solid lines: analytical solution; dotted lines: FEM solution

nodes each. (Convergence analysis of the FEM model
is omitted for brevity.) The relevant modal shapes are
shown in Fig. 5, still in good agreement with those
obtained by the FE.M. model.

Accordingly, the two cases described in Section 4
are chosen to be numerically characterized by the fol-
lowing parameters:

— Case 1: I = 1.246 m in which w; = 54.0 rad/s,
wy) = 2601, w3 = 2.80)1, f() =60 N/m, 2 >~ w?.

— Case 2: | = 1.344 m in which w; = 46.6 rad/s,
wr = 2.3w1, w3 =~ 3wy, fo = 130 N/m, 2 ~ ws.

Therefore, for both the aforementioned cases, it
is chosen to have almost perfect internal resonance
between the global mode (frequency w1) and the local
one which is in 1:1 resonance with the external force,
namely w; for case 1 and w3 for case 2. Furthermore,
the next closest frequency (w4) is much larger than w3,
this justifying the choice of the reduced basis of three
modes in the Galerkin projection. Anyway, a conver-
gence analysis of the reduced system in terms of num-
ber o(Fig. 5)f involved modes is performed as well.
More specifically, numerical integration of the system
projected on the first ten modes, i.e., adding further four
global and three local modes, is carried out (details of
the formulation are omitted).

5.1 Case 1: £2 >~ w»

In this case, the external force produces a primary res-
onance on the second mode (the first local), the latter
being in internal resonance with the other two modes
(the first global and second local).
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Fig.6 Frequency response curves for/ = 1.246 m, w3 = 2.8w1,
2 = wy + €20 and wy = 2wy (dark blue lines), wr» = 2.01w;
(light blue lines), wy = 1.99w; (cyan lines): a ry vs £2/w1; b rp
vs £2/wy; € r3 vs §2 /w;. (Color figure online)
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The frequency response curves, shown in Fig. 6, are
directly expressed in terms of r¢, k = 1, 2, 3, and are
represented versus the external frequency, normalized
with respect to the first modal frequency: §2/w;; the
stable branches of the solution are represented by the
solid lines, while the unstable branches by dashed lines.
Moreover, they are reproduced for different values of
the internal detuning p;, in order to analyze in more
detail the effect of the internal resonance: wy = 2w;
(dark blue lines), wp = 2.0lw; (light blue lines),
w2 = 1.99w1 (cyan lines). For the three internal detun-
ing values, the second amplitude r; always exhibits
the typical behavior of a monomodal solution which
becomes unstable in between two bifurcation points
(82 /w1 =~ 1.97,2.02), where the parametric resonance
with the first mode takes place (see Fig. 6b). Accord-
ingly, the amplitudes r1, r3 are zero outside the range in
which the parametric resonance is activated, whereas
the solution becomes tri-modal inside (see Fig. 6a, c).
The effect of the internal detuning p» is to slightly dis-
tort the curves as well as slightly shift them toward
lower values of £2/w; as p, is increased; however, it
can be concluded that p, qualitatively leaves the phe-
nomena essentially unchanged.

To validate the results derived via the perturbation
solution, a comparison of the reconstituted solution in
terms of peak values of the modal amplitudes g1, g2, g3
is made with the outcomes of numerical integration of
Eq. (25) carried out via a Runge—Kutta routine in Math-
ematica [27]. The comparison between approaches is
conduced only in the case w; = 2w1, and itis illustrated
in Fig. 7, where the blue lines indicate the perturba-
tion solution, while the black dots denote the numerical
results. It can be observed that the stable branches of
the solution are very well captured for what concerns
q1 (see Fig. 7a) and g5 (see Fig. 7b). However, the accu-
racy reached for g3, which by the way assumes much
lower values than g; and ¢», is slightly inferior (see
Fig. 7c), perhaps due to the internal detuning p3 which
is quite large, although the behavior is still qualitatively
quite well-captured.

The results are also compared in terms of time histo-
ries of modal coordinates, evaluated at £2/w; = 1.99.
Those are reported in Fig. 8, where the blue lines denote
the perturbations solution, while the numerical results
are represented by the black lines. Specifically, as illus-
trated in Fig. 8a, g1 is very well captured by the pertur-
bation solution that completely overlaps the numerical
solution. Similarly, ¢> is very well captured by the per-
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Fig. 7 Frequency response curves for [ = 1.246 m, wy = 2wy,
w3 =28w1, 2 =wr + €20 a max(qy) vs £2/w;; b max(g2)
vs 2 /w1; ¢ max(g3) vs §2/wi. Solid line: perturbation method;
dotted line: numerical integration

turbation solution that overlaps the numerical solution
except for a negligible difference (less than 2%) in cor-
respondence of the peaks (see Fig. 8b). On the other
hand, as for the frequency plots, the time history for g3
highlights a slight loss of accuracy (see Fig. 8c). For
that, the fitting may be improved by considering higher-
order terms in the perturbation solution; however, as it
is deduced by Fig. 9, the error in g3 does not signifi-
cantly affect the response in terms of global (v, ) and
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Fig. 8 Time histories of the modal coordinates for/ = 1.246 m,
wy =2wi, w3 = 2.8w) and 2/w1 = 1.99:a gy vst; b g vs t;
¢ g3 vs t. Blue line: perturbation method; black line: numerical
integration. (Color figure online)

local (ap, ay,) displacement variables of the beam-like
structure. In particular, in Fig. 9, the peak response is
evaluated at the beam tip s = [ for the displacement
v (see Fig. 9a) and the cross-section rotation ¥ (see
Fig. 9b), and at s = [/4 for flattening a,, (see Fig. 9c)
and warping a, (see Fig. 9d) amplitudes. The numerical
response of v and ¥, strictly related to q; (see Eq. (24)),
exhibits a very good agreement with the perturbation
solution. Moreover, the response of the local variables
ap (see Fig. 9¢) and a,, (see Fig. 9d) is strongly influ-
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1.96 1.98 2.00 2.02 2.04

Q/UJI
(b)
0.008F
& 0006[
=
~
= 0004}
=
=
"
g 0002}
0.000L ‘ ‘ ‘ ]
196 198 200 202 204
Q/w1
(c)
0.0012 :
—. 0.0010] JOS
=B
= 00008}
~t
= 00006
S:;
& 00004
S
£ 00002
0.0000L_._, ‘ ‘ ‘ L]
196 198 200 202 204
Q/u.q
(d)

Fig. 9 Frequency response curves for / = 1.246 m, wp = 2wy,
@3 = 2.8w; and 2 = wy + €20: a max(v(l)) vs 2/w1; b
max (2 (1)) vs 22 /wy; ¢ max(a,(l/4)) vs £2/w1; d max(ay (1/4))
vs 2 /wi. Solid line: perturbation method; dotted line: numerical
integration of the 3-d.o.f. system; crosses: numerical integration
of the 10-d.o.f. system
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enced by ¢, and the agreement between the perturba-
tion solution and the numerical result is very good as
well. This reveals that the contribution of the third mode
is small, though not negligible since it turns out to have
a significant role in the determination of the position of
the bifurcation points. Furthermore, the grey crosses,
indicating the outcomes given by integration of the ten
d.o.f. system, provided for convergence analysis, show
good qualitative agreement, with a small quantitative
deviation in terms of amplitudes of limit cycles close to
the right bifurcation point. The latter aspect confirms
the validity of the three-mode reduction proposed here.
However, as a major result, Fig. 9 proves the energy
exchange from the directly excited local to the global
response of the pipe, due to the internal resonance.

5.2 Case 2: w3 >~ 3wy, 2 >~ w3

In this case, the external force produces a primary res-
onance on the third mode (the second local), the latter
being in internal resonance with the other two modes
(the first global and first local).

The frequency response curves are shown in Fig. 10,
directly expressed in terms of 7, k = 1, 2, 3. From this
figure, itis clear that only r3 is involved in the response,
being the contribution of ry, r» vanishing.

Therefore, in the considered case, even though inter-
nal resonances are present, the following two circum-
stances concurrently happen: (1) a de facto nonlinear
orthogonality among modes occurs [28] in the selected
range of frequencies, which induces the coefficients
responsible for the modal interaction in the amplitude
modulation equations (AMEs), even not zero, not to
provoke coupling; (2) the nonlinear terms are not able
to (independently) trigger the 1:3 and 2:3 subharmonic
resonances on modes 1 and 2, respectively. As a con-
sequence, the first global and local modes, besides the
contribute induced by the external force, only passively
participate to the motion.

This occurrence is confirmed by the frequency
response curves in terms of reconstructed modal coor-
dinates g1, g2, g3, shown in Fig. 11. There, the solu-
tion obtained by the perturbation method, shown in
blue solid lines, is superimposed to numerical solu-
tions (dots) obtained by numerical integration of the
Galerkin equations. On the one hand, as expected, the
response has prevailing component on the amplitude
q3, that is, directly activated by the external excitation.
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Fig. 10 Frequency response curves for [ = 1.344 m, wp =
2.3w1, w3 = 3w and 2 = w3 + 2o ar] vs 2/w1; b ryvs
2/wy;cr3 vs 2/w;

It exhibits a hardening behavior characterized by the
presence of multi-valued solutions and unstable branch
(see Fig. 11c). On the other hand, the response of g1, ¢»
(see Fig. 11a, b respectively) is mainly governed by
the non-resonant terms ensuing at the first and sec-
ond order (see Egs. (52) and (55)). It is observed that
though g1, g3 are very well captured, the perturbation
solution slightly loses accuracy in terms of ¢ around
2/w1 ~ 3.04 (see Fig. 11b).
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max(gz) vs £2/w1; ¢ max(q3) vs §2 /wy. Solid line: perturbation
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As done for case 1, the response is also compared in
terms of time histories of the modal coordinates eval-
uated at £2/w; = 3.04, and the result is illustrated in
Fig. 12. As expected, the time histories of g1, g3 pre-
dicted by the perturbation solution completely over-
lap the numerical curves (see Fig. 12a, c¢), while g3 is
affected by a slight loss of accuracy in correspondence
of the peaks (see Fig. 12b).

Finally, the global and local variables response
curves are reconstituted and compared to the numer-
ical solution. As done previously, the maximum value
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Fig. 12 Time histories of the modal coordinates for [ = 1.344
m, wy = 23w, w3 =3w; and 2/w; =3.04:a g vst; b g vs
t; ¢ g3 vst. Blue line: perturbation method; black line: numerical
integration. (Color figure online)

of the response of v and ¥ are evaluated at the beam
tip s = /, and the curves are represented in Fig. 13a, b,
respectively, whereas the response of a,, and a,, is eval-
uated at s = [ /4, and the curves are shown in Fig. 13c,
d, respectively. The response of the global variables is
led by g1, whereas the local variables mainly follow g3,
having g a lower contribution in qualitatively deter-
mining the overall response, though it has a significant
role in quantitative terms. It can be finally observed
that no exchange of energy from the local to the global
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modes of the pipe occurs in this case. This is also con-
firmed by the outcomes of the 10 d.o.f. system, indi-
cated by grey crosses; quantitative differences with the
3 d.o.f. system occur only on the passive mode ampli-
tudes, which actually give a very small contribution to
the overall response of the pipe, still confirming the
validity of the three-mode reduction.

6 Conclusions

The nonlinear dynamic response of a pipe under exter-
nal harmonic load is addressed in the paper. The pipe is
modeled as a beam-like structure, taking into account
the change in shape of the cross sections by means of the
introduction of specific (local) variables. Specifically,
the change in shape provides a further contribution to
the system, which is competing with those given by
elastic and inertial terms, which typically interact in
cantilevers. The load, acting on half cap of the pipe,
has nonzero direct component in the equation ruling
local variables, and it is assumed resonant with one of
the local modes. Moreover, 1:2 and 1:3 internal reso-
nances between global and local modes are considered
as well.

After a Galerkin projection, the response of the pipe
is addressed for two different load cases, respectively,
i.e., external resonance with the first or second local
mode, via perturbation methods. Specific scaling and
implementations of the MSM are carried out for the
two cases.

The obtained solutions, which are in general good
agreement with numerical integration, show possi-
ble exchange of energy from the local to the global
motions. On the one hand, if the external force is res-
onant with the first local mode, the nonlinear terms
are able to trigger the internal resonances and induce
tri-modal solutions. On the other hand, if the load is
resonant with the second local mode, the internal res-
onances are not activated due to a de facto nonlinear
orthogonality among modes, and the response mostly
remains bounded in the local behavior.
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A The nonlinear integral-partial differential
equations of motion

The nonlinear IPDEs of motion are:

/ 192 / 1 3 2.7
ci|v—v— 7—191) 15‘—}-6(19 —39°v)

1 "ot (v = 9)9? ,
—seiand | - [—2 - ﬂ(cl(v — )

[ [} (5 o) aoe)]
+ focos(£2t) —m v = 0,

1 /
[czﬁ + c3ap? + C4a[2,z9 — ¢ (v/ - 19)]
/ 192 /
+[c1<v 9 - (7 —ﬁv)z?
LYPEIE 3021/)) L 19]
6 2

T — u’)[cl(v’ — )9

1 & 192 .o
= fom [ (5 = 0v) aoe]
s 0 2
+c — (mzb' + m3ézpl9 + m3api§
+m4dpap19 + mmiﬁ) =0,
1 I
chap + croaw
/
+c12a§aw + cuai]

—[CSap + C4ap192 +ceB? + 08apawa;,]

4
—ﬁ cos(£2t)
37
5 . .
—<m4iip — gmﬁapﬂz + m7192) =0,

/
2 2
[cna;} + C9apaw] — [c13aw + cloa;, + cra,ay

1
2 7 2 7 2 3
+cpa,a, + cisaya, + zclawﬁ + ciaay,

—%cl(v/ — U+ Cléal,awa;}]

— Mgy — meayd> = 0. (59)
The essential boundary conditions at s = 0 are:
v==0=ap=ay, =0, (60)

and the natural boundary conditions at s = [ are:

/ 192 / 1 3 2.7
C][U—l?—(;—ﬁv)l?‘l‘g(l? —319 U)]
1 " 92
_ECI%M%:O,

1
¥ + cza,t + 04012,19 — Eclaw(v/ — ) =0,

1

cha; + cl0aw + cnajay + cria;, =0,
/ 2 _ 0

c17ay, + c9apa,, = 0.

(61)

B Nonlinear terms

The column vector N collects the quadratic and cubic
nonlinear terms as expressed in Eq. (27). Each term
appearing in the latter equation is explicitly defined by
the following nonlinear functions.
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The quadratic functions are:

N2 1 (x,y)
€4,5X1y2 + C4,7X1Y3
= | ¢5,11X3y3 + €53X1Y1 + C56X2)2 + €5,8X2)3
€6,11X3Y3 + C6,3X1Y1 + C6,6X2Y2 + C6,8X2)3
(62)
N22(x,y)
€4,18X1Y2 + €4,19X1Y3
= | ¢s.13x1)1 (63)
€6,13X1 )1
N2 3(x,y)
€4,13X2Y1 + €4,17X3)1
=10 (64)
0

The cubic functions are:

N3 1(x,y,2)

C4,1X1Y121 + €4,3X1Y222 + C4,4X1Y223
+ c4,6 X1Y323

€5,10X3Y323 + €5,1X1 Y122 + €5,2X1 Y123
+ €54 X2y222 + €55X2Y223
+ ¢5,7x2Y323

€6,10X3Y323 + C6,1X1Y122 + C6,2X1Y123
+ C6,4 X2Y222 + C6,5X2Y223
+ c6,7%X2Y323

(65)
N3 2(x,y,2)
C4,11X2Y122 + €4,12X2Y123
+ c4,15X3y1 22 + €4,16X3Y123
= + cagx10121 (66)
€5,12X3Y121 + €5,9X2Y121
€6,12X3Y121 + C6,9X2Y121
N3 3(x,y,2)
€4,10X2Y321 + €4,14X3Y321
+ C42X1)1 21 + €4,9X2)221
= (67)
0
0

where X,y,z are generic vectors with components
xj,yj,zj (j = 1,2,3), respectively, and the coeffi-
cients are defined as:
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2
= [ 303 (<S0n10 )+ 302, +203) s

1 K 5 2
= -2 ! )de| d
c4,2 ml/() |:/0 (¢79,1 ¢z9,l¢v,1) 5:| S

! 1
€43 :/ (C4¢,2,,2¢129,1 + §C1¢i,2¢§,1> ds

0
I
C44 = /0 (204¢p,2¢p,3¢§,1 + 61¢w,2¢w,3¢§,1) ds
!
w5 = [ (cxep20f )+ 1vuadyy (001 =4l1)) s
(68)
l 1
= /0 <C4¢,2,’3¢{9%1 + 501¢i’3¢§’1> ds
I
a7 =/0 (3093031 + 16,301 (¢0,1 - @), 1)) ds
2
4.8 = mlf |:/ ¢79’1 - 2¢0,1¢;,1) d$:| ds
! 2 2 2 2
49 = /0 <m5¢p,z¢0,1 + m6¢w,2¢ﬂ,1) ds
! ) 5
esro= | (2ms50p.26p.383, 1 + 2medu. 260,303, ) ds
(69)
!
C4,11 = /(; <M4¢p 2¢19 1+ m1¢11) 2¢19 1) ds
!
€412 /0 (m4¢p 20p, 3% 1+ midw 20w 3% 1)
I
= d.
4,13 /0 (m3¢p 2% 1) s
I
c4,14 =f0 (m $7.305,1 +medy, 3‘/’191)‘15
I
c4,15 = '/(; (m4¢p 2¢p 3¢19 1T mi1$y 20w 3(1’19 1)
(70)
I
c4,16 =/0 (m4¢p 3651 +midy, 395, 1)
I
2
= d
4,17 /0 <m3¢p,3¢0,1> s
!
= d
€4,18 /0 (m%d)p 205, 1) s
I
cato = /0 (m30p.363,1) ds (71)
l 1
= /(; <¢4¢12,,2¢1/72,1 + 561%,2@%1) ds
_ ! 2 1 2]
=y C4¢p20p,30y 1 + 26‘1¢w,2¢w,3¢§,1 ds
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es3 = /0 l (cad»pm,’%l + 5e1u29), (901 - ¢;,1)) ds * 0114‘f’w~2“"3n3)ds
c54= fol (Cll¢i,2¢;a,2 n 615453)’2%’2 cs5.12 = /01 (— ém6¢£,1(5¢17,2¢p,3 + 8¢>w,2¢w,3>)ds
+ c362 260,205 + 261202 1buw28) 5 c5.13 = fo (765,263, )ds (73)
2 / 2 /
+ ZC9¢;29,2¢;;,2¢W,2 +:16¢p,2¢w,2¢w,2 o1 = /1 <C4¢p’2¢p’3¢§’1 N %C]d)w,Qd)de}%’l)ds
55 = /Ol (68(%72%’3%’2%,2 +¢%’2¢w73¢;’2 62 = '/Ol <C4¢p,3¢19,1 + 501%,3%,1)‘”
n 4)12),2%’2%’3) n 012(4¢p,2¢p,3¢w,2¢;,2 6,3 = /0 (C6¢p,3¢{92,1 + %C1¢w,3 9.1 <¢19,1 - ¢;,1))ds
05 200302+ 95 200.29), 3) o= [ (12002 20038+ 62 20029,
+015(20 2003970+ 93,20),3) 50 p.2bp 30020, 2 + 1583 20030 2
+3c116y, 260,30, 5 + Cl6(¢p,2¢w,2¢w,3¢l/u,2 +co (¢p12¢3u,2¢;),3 + ¢,,,3¢§J,2¢{U’2)
+ ¢Py2¢5),2¢:v,3 + ¢P‘3¢5),2¢:u,2) +¢7 (¢p,2¢p,3¢i,2 + ¢,2,,2¢w,2¢w,3)
+c9 (4¢p,2¢w,2¢w,3¢:ﬂ,2 + ¢p,2¢>5,,2¢fu‘3 + C16¢p,2¢w,2¢w,3¢:ﬂ’2
+ 0,307 200,2) +¢1(30p.26.382 5 + N 28], 3+ C1adl 20u,3 ) ds (74)
+302 20w 20u3) + bl uds (72 5= /0 l (c8(62 30w.28) 2 + 0p.26p 30036, 2
cs.7 = fo l (12202 300,20}, 2 +28p 209,303}, + 0p.26p 3002} 3) + c12(26p 20p.300.30), 2
+20p,20p 360,20, 3) + 8 (#p,20p.300.30), 5 +26.20p.300.28) 3+ 207 200,38}, 3)
+ 0p.26p 300 28} 3 + 83 200,30, ) +e15(260.20% 38 2 + 05 260,39}, 3)
+cis (¢w,2¢5),3¢;,’2 + 2¢§,,2¢w,3¢;,3) + C16(¢’p,2¢5),3¢fu,2 +¢p.20w. 20w 30, 3
+ 3c11¢w,2¢3j’3¢;,2 + 016(¢p’2¢w’2¢w,3¢;},3 + ¢p,3¢w,2¢w,3¢,’u,2) +c9 (2¢p,2¢w,2¢w,3¢;)’3
+0p 30200300 2 + 6,305 28, 3) + 20 36026038} 2 + 209,303 28, 3)
+co (2¢p,2¢5),3¢:1),2 + 20 20w.20u,30,, 3 +e7 (4¢p,2¢p,3¢w’2¢’w‘3 + 65 0m 3+ ¢’,23,3¢i,2)
+26p 30w 2938 2) + 7 (40p 268 30w 2803 + 361165, 200,38, 3 + 3149y, 25, 3 )ds
+&p20n3+ ¢121,3¢L2u,2> + 3C14¢5;,2¢’3j,3)ds 6.7 = /01 (Cs (¢,2,,3¢w,3¢;,,2 +6p20p, 30w, 39, 3
cs5,9 = fo l (- %mwé,l(mig +8¢7,))ds + 02 30uw20),3) + c12(0F 300,30, 5

+40p26p 30w 30) 3 + 05 36028, 3)
+e15(93, 38,2 + 260,262 30}, 3)

+ 16(0p203 38}, 3 + Bp. 383 38, 2

+ bp3bu20.30),3) + €0 (#9202 30/, 3

+ 0p.30% 3812 + 40p, 300,200,390, 3)

¢s5,10 = /Ol (012(¢§,3¢w,3¢;,2 + ¢,27,3¢w,2¢;;,3)
+c110y, 300, 5 + 80 20p 36w 3¢, 3
+c9(0p.200, 3803 + 6,300 3002
+1(0p20p, 383 3+ 0% 360.260.3)

2
+ 150w 20y 38, 3+ C160p 30w, 20w, 30, 3
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+c7 (3¢p,2¢p,3¢120,3 + 3¢,2,,3¢w,2¢w,3) +N31 (21,21, 21) + N32 (21, iw121, —iw121)
+ N3 (z1,iw121, iw12

+3611¢w,2¢5),3¢;,3+3014¢w,2¢3j,3>d5 32 (@ _1 1_ ,1 v

+ N3 (z1, —iw1z1, iw121)

Lo
2
= | (= <med2 | (5bp26p.3 + 8buw 20w.3) )d:
€9 /0( 310701 00p20p.3 F 8.2 ‘”’3)) ' +N3,3<21,Z1, w1z1)+N33<Zl,Z1, w%m)

!
€6,10 =[0 (611¢5J,3¢;,,3 + 15t 3¢} 3 +N33 (Zl, 1, wm)] + Q0T
2 / 2 ’ 1 _ _
+e80p 30u.30) 3+ 20120, 30039 3 d7 = _XZIT [N3,1 (21,22, 22) + N3,1 (21, 22, 22)
1

+209¢.30% 300, 3 + C166p.30m 300 3

+ 207¢[2;,3¢3),3 + C14¢3),3>ds
! 1
_ 1 2 2 2
c6,12 = /0 ( 8m6¢’0,1<5¢p,3 +8 ¢w,3>>ds

! 2 5
= m (25 ds.
6,13 /0 ( 7 p,3¢79’1) s (; )

+ N33 (Zz, 22, —w%21>
+ N33 (Zz, 22, —w%a)] + Q00T

1 _
dg = —ﬁZ{[Nm (z1, 22, A3)
+ N3 (22, iw121, —i 2 A3)

+ N3 (Ag, w121, ia)zzz)

C Coefficients of the perturbation equations
+N3;3 (22, A3, o) | + 00T

C.1 Case 1 1 _
do = ——ZlT[N3,1 (21,22, A3)
2w
The coefficients appearing in the modulation equations +N32 (Z2,iw121, i 2 A3)

for the case 1 (Egs. (40) and (43)) are defined in what

Ne o (Ax.i L
follows. At the second order (Eq. (40)), they are: + N3 (A3, fonzy, —iwn22)

1 +Nz3<z2,A3, a)z1>]+Q0T
dy = —gzl [Nz 1(Z1,22) + No 2 (—iwiZ1, iw2o) | !
1
d :——zT[N .23.23) + N31 (21, Za,
n Nz,a(Zz,—w%iD] 10 o 3,1 (21,23, 23) 3,1 (21,23, 23)

1, B + N3 (23, iw121, —iw323)
d, = eyl [N2.1(Z1, A3) o _ _ 5
@1 + N3 (23, iw121, iw3z3) + N33 <Z3, 23, —w1z1)

Nao((—iw))Ey. i2A3) 4+ Na 3(A3, —’F ] i
22((—iw1)Z 3) + N2 3(A3, —07Z1) N34 <Z3,Z3, 60121>]+Q0T

1 _
dy = ——1] [No1(Ay, 1
’ 20, ! [N2.1(Ar2) dii 2—51{[@1] (77)
+N22(—iRA, iw323) + Ny 3(23, —92/_11)] 1 =
| d12=—2—11{[N3,1(Z1,A1,A1)
__ LT . .
dy = 2w222 [N2,1(z1,21) + Nop(ioiz1, iwz) +Nat (z1. A1, A1) +Nap (A1 21, 4y)
+ Nya(zy, —w%Z1)] +Ns, (A1, A1, 21) + N3 (A1, 21, A))
1 T +N3 1 ( Al Zl)
ds = —2—ng [N2.1(z1, A1) + No1(A1, 21) + N3 (21,i2A1, —iRA))
+ Nop(iwzy, ioAr) + Nop(ioA, ioz)], +Nip (21, —iR2A1,i24)
(76) + N3 (A1, iwiz1, —iR2A)
while those appearing in the cubic-order modulation + N3 (A1, —iRA), iwiz1)
equations (Eq. (43)) are: + N3 ( Liwiz1, iQAl)
1 +N32 (A1, iRA), iwi21)
de = _%ZIT[NM (z1,z1,21) + N3.1 (21, 215 21)
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+N33(Z1,A1,—~Q251)
+Nsj3(z1, A1, —£2 Al)

+ N33 (A1, A, —wiz

(
+N33<A 71, .QAl)

(4n
+N33(A1,Zl, -2 A1>
+N33<A1,A1,—a)lzl>]+Q0T (78)

1 _
diz = ——le[N3,1 (A1, 22,23)
2a)1

+ N3 (22,12 A1, —iw323)
+N32(23,i2A1, iwnz2)

+ N33 (zz, 23, —92/11)] + 00T
. _
diy = ——1 [N3,1 (A1, 73, A3)
20)1
+ N3.1 (A1, A3,23) + N32 (23,182 A1, 082 A3)
+N32(A3,i2A1, —iw3Z3)
+ N33 (53,/13, —QZAI)
+N33 (43,5, @20 ) |+ 00T (19)

1 N _
dis = ——er[Ns,l (z1,21,22) +N3.1 (21, 21, 22)
2wo

+ N3 (22, w121, —iw1Z1)

+ N3 2 (22, —iw121, iw1Z1)] + Q00T

1 _ _
die = ——ZQT[N3,1 (z1, 21, A3) + N31 (21, 21, A3)
2w)

+ N3 2 (A3, iw1z1, —iw1Z1)

+N32 (A3, —iwi 21, iwlZl)] + 00T

1 _ -
di7 = —Ezg[Ng,l (zl, A, Z3) + N3 g (Al, 21, Z3)
+ N3 (23, iwz1, i.Q/h)
+ N3 (23, iRQA], iwlzl)] + Q00T

1 _ _
dig = —~——1 [NS,I (22,22, 22) + N3.1 (22, 22, 22)
2wo

+N31 (G2, 22,22) |+ QOT

1 - _
dyy = —EZZT [N3,1 (22, 22, A3) + N31 (22, A3, 22)

+ N3,1 (A3, 22, zz)] + Q00T

1 _
dyo = ——12) [Ng,l (22, 22, A3)
2wy
+ N3.1 (22, 22, A3)] + Q0T (80)
1 _
d21 = —2—Z2 |:N3‘1 (Zz, 23, 23)
w2

+N3,1(zz,23,23)] + Q00T
1
ss=-pefc]
2 52 |C
1, _
do3 = T3y 2 [N3‘1 (A1, A1, 22)

+ N3 1 (/il, Al,Zz)
+N32(22,iR2A1, —iRA)

+ N3 (12, —iRA,, i.QA])] + 00T
1 T -
207
+ 00T

1 N _
dys = ——1) [NS,I (23,23, A3) + N3 1 (23, A3, 23)
207

N3.1 (23, 23, A3) + N3,1 (23, A3, 23)
+ Na3,1 (A3, 23, 23) + N3,1 (A3, 23, 23)]
+Q00T (81)
1 _
dre = —Z—wZZzT[N_M (A1, A1, A3)
+N3,1 (A1, Ay, 43)
+ N3,1 (A1, A1, A3) + N3 1 (A3, A3, A3)
+ N3, (A3, A3, A3) + N3 1 (A3, A3, A3)
+ N33 (A3,i241,i24)
+ N3 (A3,iR2A1, —iRA)
(4

+ N3» (43, uthQAQ]+QOT

DN

@7_———1 ———m]+QOT (82)

drg = ——Z [N3 1 (21,21, 23)
+N3,1 (z1,21,23) + N3 2 (23, iw121, —iw121)
+ N3 (23, —iw121, ia)1z1)] + 00T
1 _ _
dr = ——Z3T[N3,1 (z1, A1, 22) + N3,1 (A1, 21, 22)
2w3
+ N3 (22, —iw1Z1,i82 A1)
+N32 (22,0241, —iw151)] +00T
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1 _
dy = —_Z3T[N3,1 (z1, A1, A3)
2w3

+ N3, (A1, 21, A3)
+ Nao (A3, —iwiZ1, iR2A1)

+N32(A3,i2A44, —iw151)] + 00T

d3 = —ngT N31 (22,22, 23) + N3 1 (22, 22, 23)]
2(1)3 L
+ Q0T
dy = —LZ3T N3 (22, 23, A3)
23 "L 7 .

+ N3, (22, A3, 13)] + 00T

d3z = ——Z3T N3 1 (22, 23, A3)
2w3 L

+ N3,1 (22, A3z, Z3)] + Q0T
L - _
dzs = ——1;3 [N3,1 (23,23, 23) + N3.1 (23, 23, 23)
2w3
+ N31 (23, 23, 13)] + 00T

1
ds =~ 52} [ Cna)
35 2Z3 73

1 _
d :__ZT[N Ar Ay,
36 2072 31 (A1, Ar, z3)
+N3,1 , A1, 23

+ N3,1 (23, 43, A3

(41

( + N3,1 (23, A3, 43)
+N3,1 (A3, 23, 43

(43

T

+N3,1 (A3, A3, 23)

)
1)
)
)

+ N3,1 (A3, 23, 43) + N3 (43, A3,z3)]

+ Q0 (83)

being QOT the nonlinear terms deriving from the
quadratic-order operators, when combining the linear
solution with the second-order solution (see Eq. (33));
they are not reported here for sake of brevity.

D Terms of the particular solution
The column vectors appearing in the particular solution

at the second order (Eq. (41)) for the case 1 assume the
following expressions:
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1
wi = [N21(Zl 22) + Nop (—iwiZ1, iwrz))

4w

+Nz 3 (zz, w%h)]

@1

+Nz 3 <A3, —a)%f])]

42

+No23 (Z3, —Qzﬂl)]

— [N2.1 @1, A3) +No 2 (—iw1 21, 12 A3)

[N2,1 (A1, 23) + Noo (—i2Ay, iw3z3)

W4=?[Nz,l(21711)+N2,2(iw121,iw111)
2
2
+N23 (11, —w1Z1>]
ws = [N2,1 (31, 43) + No o (—iwZ1,iR243)

42

+Nz 3 <A3, —w%h)] .

(84)

E Numerical values of the coefficients of the AME

E.1 Case 1

The numerical values of the coefficients appearing in
the amplitude modulation equation for case 1 (Eq. (47))
are given as follows, with reference to the case study

of Sect. 5.1:

di = —46310, dy =0.054, d3 = 0.219,
dy=—11575, ds=0.079, dg = —153.600,
d7 = 62.955, dg = —0.076, do = —0.076,
dio =911.067,  dy; = 54.290, diz = —0.0006,
diz=—0285,  dys =0.0003, dis = 33.054,
dig = —0.040,  dy7 = —0.150, dig = 138.980,
dio = 0.119, dro = 0.238, dy1 = 1867.850,
dyy = 108.610,  da3 = 0.0002, dyy = 0.0002,
dys = 2.053, dae =2.037 x 1077, dy7 = 0.035,
drg = 303.689,  do = —0.096, dzo = 0.0001,
ds; = 1245230, d3 = 1.369, dzz = 1.369,
dss = 5608.680, dss = 150.160, dze = 0.002.

E.2 Case 2

(85)

The numerical values of the coefficients appearing in
the amplitude modulation equation for case 2 (Eq. (56))
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are given as follows, with reference to the case study

of Sect. 5.2:
dy = —123.535, dr =53.770, dz = 730.977,
ds = 0.546, ds = 0.546, de = —0.0004,
d7 = —46.849,  dgz = 0.376, dy = —38.139,
djp = —0.105, di; = 0.050, dip = —8.447,
di3 =27.977, diy = —0.101, dis = 0.019,
dig = 111.205,  dy7 = 1506.890, dig = —1.015,
dig = —1.0153,  dpp = 0.0008, dy; = —108.246,
dyy = 243.659, dy; = 0.182, dyy = 1004.590,
drs = —0.677, dye = 4563.160, dy7 = —2.947,
dyg = —5.894, dy9 = 0.004, dzp = —140.550,
dz; = 0.002, dzp; = —1.6848 x 1076, dz3 = 0.0003.
(86)
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