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Abstract: A simplified pushover method for rapidly assessing the seismic capacity of shear-type
frames is presented. The frame global force-displacement capacity is described as a trilinear curve
passing through three limit states (LS): Damage LS (DLS), Life safety LS (LLS), and Collapse LS
(CLS). The global LSs are obtained consequently to the attainment of story-level, element-level, and
section-level LSs. All LS capacities are described through closed-form equations. The validity of
the proposed method is verified by applying it on several reinforced concrete (RC) frames with a
varying number of stories. The results obtained with such an analytical procedure show a good
match with those obtained from pushover based on finite element method (FEM) analysis models,
in terms of both global force-displacement capacity curves and story displacements at various LSs.
The proposed method has the potential to be conveniently applied in large-scale vulnerability/risk
assessment studies, where the quality and quantity of the available data call for the use of simplified
yet accurate models. More refined models would in fact require significantly heavier computational
efforts, not justified by the quality of the results that are usually obtained. The simplicity of the
proposed method in such a context is demonstrated through the development of the fragility curves
of a five-story shear-type reinforced concrete frame, starting from a predefined set of mechanical and
geometrical features characterizing a building typology.

Keywords: analytical pushover analysis; seismic assessment; shear-type frames; seismic vulnerability;
fragility curves

1. Introduction

Seismic risk estimation and mitigation has become increasingly important due to the
losses sustained by infrastructure, buildings, and humans in the aftermath of earthquakes
around the world. Seismic risk is a composition of hazard, exposure, and vulnerability. The
latter is where the efforts of the structural engineering community are focused, since it can
be mitigated by retrofitting interventions applied on seismically deficient buildings. Two
nonlinear procedures are available for the seismic assessment of structures: (a) nonlinear
dynamic analysis (NDA) [1] and (b) nonlinear static analysis, also known as pushover
analysis [2,3]. NDA, which allows estimating the structural nonlinear behavior and its
evolution over time, is undoubtedly the most accurate and complete analysis procedure.
However, some issues limit its application in the professional practice: (a) the selection of
the analysis parameters is critical and can significantly influence the outcome; (b) numer-
ous analysis with different accelerograms have to be carried out to obtain a statistically
significant description of the structural seismic response; (c) the accuracy of the response
depends on the adopted convergence criterion; (d) the interpretation of the analysis results
is not straightforward, especially under a combined action in the two main directions;
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for example, in the Italian construction code [4]. Alternatively, pushover analysis aims
to describe the dynamic nonlinear response of a structure through the application of an
equivalent static system of forces or displacements. The method is relatively simple to
use, and the results obtained are easy to interpret, since the response can be depicted in
the form of a curve showing the variation of the total base-shear as a function of the dis-
placement of a certain control point. The profile of the forces distribution along the height
can be either fixed or adaptive. The fixed profile is effective in estimating the response of
low-to-mid-height structures where the contribution of higher modes is negligible, and
the plastic deformations are well distributed throughout the height [5–12]. The adaptive
profile is applied in assessment of taller irregular structures where the deformation and
inertial forces are not dominated by first mode [13–16].

Pushover analysis was originally formulated for single degree-of-freedom systems [17–19]
but is now extensively used for the assessment of regular and irregular multistory buildings
and bridge structures [20–22]. In the literature, there are currently different formulations
suggested for pushover analysis, with a detailed indication of the pros and cons of each
formulation presented in [23]. Pushover analysis is now recognized as a reliable assessment
procedure, with the capability of guiding towards the identification of critical components
in a structure [24]. It is therefore recommended as an effective assessment tool by a number
of codes around the world [4,23,25,26].

Despite the recognized advantages of the standard pushover analysis, its application
in performing large-scale analyses (for example, territorial risk/vulnerability assessments)
is limited because of its extensive computational load, due to the numerous calculation
steps needed to follow the entire structural response well into the nonlinear range. For
this reason, the development of a non-iterative simplified pushover procedure is essential
to provide an acceptable compromise between accuracy and computational effort. An
analytical simplified procedure for pushover analysis has already been proposed for the
case of existing masonry structures [27] and of masonry building clusters [28,29].

The objective of this study is to adopt an approach similar to those earlier studies and
to arrive at proposing a simplified non-iterative analytical model that can be used, both for
the preliminary structural assessment of shear-type frames and for performing large-scale
territorial studies.

2. Displacement Capacity of a 2D Frame
2.1. Simplified Analytical Model of a 2D Frame

The proposed analytical pushover method is thought to be applied to buildings that
can be represented through a 2D frame, which is often the case when studying the response
of large building stocks on a territory. A 2D frame is treated as a series system of stories,
which are in turn parallel systems of columns, which are in turn series systems of different
resisting mechanisms. A mechanical idealization of a two-story 2D frame is depicted
in Figure 1, where each column is shown as a series system of flexural (M) and shear
capacity, of both column (V) and end joint (Vj). Despite the simplified representation, this
(stick-)model provides a good compromise between accuracy and computational effort.
It is especially applicable to buildings designed for gravity loads exhibiting a shear-type
behavior, which implies that the damage is sustained by the columns only. The beams are
assumed to remain elastic, representing the strong-beam/weak-column situation typically
found in most existing buildings designed to obsolete codes.
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Figure 1. Mechanical idealization of an example two-story one-bay 2D frame with column-driven
failure, where in each column three resisting mechanisms are considered: bending (M), shear (V),
and joint shear (Vj).

The global capacity of the 2D frame is obtained in terms of total base-shear and
top-displacement. This is defined by a trilinear curve, where three objectively measured
limit states (LSs) are identified: Damage Limit State (DLS), Life safety Limit State (LLS),
and Collapse Limit State (CLS). These global LSs are determined at the attainment of the
corresponding LSs at the story levels, which are in turn defined by the attainment of the
corresponding LSs of the pertaining columns, which are in turn defined by the attainment
of the corresponding LSs of the resisting mechanisms. This implies that global LSs are a
direct consequence of local LSs attained at the sectional level. This criterion provides a
consistent relationship between local and global LSs, thus avoiding resorting to different
metrics for the latter, such as interstorey drifts.

The following sections show the sequential steps of the simplified pushover method,
from the definition of the sectional capacity to that of the columns, to that of the stories,
and, finally, to that of the entire frame.

2.2. Moment-Curvature Relationship for the Three LSs

The trilinear curve in Figure 2 describes the three limit states in a sectional moment-
curvature diagram. The criteria adopted for defining the sectional LSs are: DLS (Damage
Limit State), corresponds to tensile reinforcing bars yielding; LLS (Life safety Limit State),
corresponds to concrete cover crushing; and CLS (Collapse prevention Limit State), cor-
responds to concrete core crushing. The coordinates of these points are given in terms of
curvature φxLS and moment MxLS capacity, where x = D, L, C for DLS, LLS, and CLS.

The corresponding equations for rectangular sections with symmetrical reinforcement,
extended from [30], are shown in Table 1, with the notation in Figure 3, where d is the
section depth, b is the section base, dc = by is the section depth at collapse, As is the tension
steel area, Asw is the stirrup area, and s is the stirrup spacing. In addition, εy is the steel
yield strain, εcu is the ultimate concrete strain, and fc is the compressive concrete strength,
while ωs is the longitudinal reinforcement mechanical ratio and nS is the normalized axial
load, given as:

ωs =
As fy

bd fc
and nS =

NS
bd fc

(1)
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Figure 2. Moment-curvature relationship of a column section with the corresponding limit state criteria for Damage
limitation Limit State (DLS, tension steel yielding), Life safety Limit State (LLS, concrete cover crushing), and Collapse
prevention Limit State (CLS, concrete core crushing).

Table 1. Equations for moment and curvature capacity at three LSs for the case of rectangular sections
with symmetric rebars.

Damage Limitation Limit State (DLS)

Moment capacity MDLS =
ε2

y

ε2
cu
[0.45nS(0.8− nS) + 2.4 (ωs + 0.015)]bd2 fc

Curvature capacity φDLS =
εy
2d
(
3 +
√

nS
)

Life Safety Limit State (LLS)

Moment capacity MLLS =
[
ωs +

1
2 nS

(
1− nS

η f

)]
bd2 fc

Curvature capacity φLLS = εcu
d

0.8
nS

η f

Collapse Prevention Limit State (CLS)

Moment capacity MCLS =
[
ωs +

1
2 nS

(
1− nS

η f

)]
bd2

c fc

Curvature capacity φCLS = φLLS
d
dc

(
1 + 1

4
σ̃2
εcu

)

Moreover, σ̃2 is the confining stress normalized with respect to the characteristic
compressive concrete strength fck, which can be computed as follows:

σ̃2 = αn · αs ·
1
3

ωw (2)

where:

αn =

(
1− ∑ b2

i
6bxby

)
≈ 1− 1

3bxby

(
b2

x
nct,y + 1

+
b2

y

nct,x + 1

)
(3)

αs =

(
1− s

2bx

)(
1− s

2by

)
(4)

ωw =
Asw,xbx + Asw,yby

bxbys
·

fy

fc
(5)

where bi is the distance between consecutive engaged bars, bx and by are the sides of the
confined concrete core in the two directions, nct,x and nct,y are the number of cross-ties in
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the two directions, and Asw,x and Asw,y are the stirrup areas in the two directions (Figure 3).
Note that the approximation in Equation (3) applies if the rebars are evenly distributed
along the section sides; otherwise, the more general relationship should be used.
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Figure 3. Cross-section with geometric parameters: d is the section depth, b is the section width, bx is
the concrete core width, by = dc is the section depth at collapse, As is the tension steel area (equal to
that in compression), Asw is the stirrup area, and s is the stirrup spacing.

Finally, ηf is the compressive concrete strength increase due to confinement, given as:

η f =

1.000 + 5.0σ̃2 σ̃2 ≤ 0.05

1.125 + 2.5σ̃2 σ̃2 > 0.05
(6)

When needed, the sectional curvature ductility at CLS can be calculated as:

µφ,CLS =
φCLS
φDLS

≈ 1
2

η f

εy nS

(
εcu +

1
4

σ̃2

)
(7)

2.3. Element Capacity for the Three LSs

In those cases where a strong-beam/weak-column situation occurs, the global capacity
depends only on the columns. A column is considered as a series system of flexural plastic
hinges, column shear, and joints shear.

The force-displacement capacity of a column exhibiting a flexural behavior is deter-
mined by considering, both, the rotations of the plastic hinges at the ends, which follow
the above-described sectional moment-curvature diagram, and the elastic deformation of
the column. The flexural capacity of the column is compared to its shear capacity and to
the joint capacity to obtain the actual capacity of the column element.

The analytical expressions for the force capacity vxLS and the corresponding dis-
placement uxLS at the three limit states x = D, L, C are obtained from equilibrium and
compatibility conditions as:

vxLS = min
{

2MxLS−NuxLS
H VR VjR −

(
Ajt + κAjb

)
fy

}
(8)

uxLS = Q
[

2MxLS
KEH

+ φxLSLp
(

H − Lp
)]

(9)

where MxLS is the flexural capacity at xLS in Table 1; N is the axial load; H is the column
height; VR is the column shear capacity; VjR is the joint shear capacity; Ajt and Ajb are top
and bottom rebars area passing through the joint or anchored in it, respectively, with κ = 1
for internal joints and κ = 0 for external joints; fy is the steel yield tensile strength; and
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φxLS is the curvature capacity at xLS in Table 1. In the above equations, the p-delta factor
Q, the elastic stiffness KE, and the plastic hinge length Lp are given by:

Q =

(
1 +

N
KEH

)−1
(10)

KE =
12Ec I(

H − 2Lp
)3 (11)

Lp = 0.1H + 0.17
b + d

2
(12)

where Ec is the concrete elastic modulus and I is the gross section moment of inertia.
The column shear capacity VR is computed as:

VR = 0.9db fcωw

√
αcν

ωw
− 1 (13)

where the term under square root should be within the interval [1, 2.5] and ωw. is the
transverse reinforcement mechanical ratio:

ωw =
Asw

b s
fy

fc
(14)

with Asw the transverse reinforcement area, while ν = 0.5 is the concrete compressive
strength reduction factor and αc depends on the normalized axial load nS, as follows:

αc =

min(1 + nS, 1.25) 0.00 ≤ nS < 0.50

2.5(1− nS) 0.50 ≤ nS < 1.00
(15)

The joint shear capacity VjR is computed as:

VjR = ηdcbj fc

√
1− nS

η
(16)

where dc = by in Figure 3, bj is the joint effective width, and η = αj(1− fc/250) with fc in
MPa, with αj = 0.6 for internal joints and αj = 0.48 for external joints.

2.4. Story Capacity for the Three LSs

A story is considered as a parallel system of j = 1 . . . m columns elements. The i-th
interstory drift capacity dxLS,i and the resultant force VxLS,i at x = D, L, C are verified
when the first column reaches the corresponding limit state:

dxLS,i = min
j

uxLS,j (17)

VxLS,i =
m

∑
j=1

vj(dxLS,i) (18)

where uxLS,j is the j-th column displacement at xLS and vj(dxLS,i) is the j-th column force
at dxLS,i. The i-th interstory secant stiffness is:

kxLS,i =
VxLS,i

dxLS,i
(19)
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2.5. Frame Capacity for the Three LSs

The frame is characterized as a series system (so-called “stick model”) of i = 1 . . . n
stories, where individual story masses mi are located at height zi (Figure 4) and where
the connecting elements follow the respective trilinear story behavior, achieved from the
trilinear columns behavior, in turn determined from the trilinear sectional behavior, as
explained in the previous sections. In such a system, the horizontal forces are applied
along the frame height having a distribution of the shape ψi, which can be either height-
proportional or mass-proportional:

ψi =
mizi

∑ mizi
or ψi =

mi

∑ mi
(20)

where it should be observed that ∑ ψi = 1.

Appl. Sci. 2021, 11, x FOR PEER REVIEW 7 of 15 
 

𝜓
𝑖

=
𝑚𝑖𝑧𝑖

∑ 𝑚𝑖𝑧𝑖
          𝑜𝑟          𝜓

𝑖
=

𝑚𝑖

∑ 𝑚𝑖
 (20) 

where it should be observed that ∑ 𝜓𝑖 = 1. 

From the applied force shape 𝜓𝑖 , the interstorey shear shape 𝜏𝑖 is obtained as: 

𝜏𝑖 = ∑ 𝜓𝑗

𝑛

𝑗=𝑖

 (21) 

The elastic interstorey displacement shape 𝜑𝑖 can be found as: 

𝜑𝑖 =
𝜏𝑖

𝑘𝐷𝐿𝑆,𝑖
(∑

𝜏𝑗

𝑘𝐷𝐿𝑆,𝑗

𝑛

𝑗=1

)

−1

 (22) 

with 𝑘𝐷𝐿𝑆,𝑖 being the 𝑖-th story elastic stiffness at 𝐷𝐿𝑆. 

The frame displacement capacity 𝑑𝑥𝐿𝑆 and resulting base-shear 𝑉𝑥𝐿𝑆 at 𝑥 = 𝐷, 𝐿, 𝐶 

are defined when the first story reaches the corresponding limit state: 

𝑑𝑥𝐿𝑆 = min
𝑖

𝑑𝑥𝐿𝑆,𝑖

𝜑
𝑖

 (23) 

𝑉𝑥𝐿𝑆 = min
𝑖

𝑉𝑥𝐿𝑆,𝑖

𝜏𝑖
 (24) 

where 𝑑𝑥𝐿𝑆,𝑖 is the 𝑖-th interstorey drift in Equation (17) at 𝑥𝐿𝑆, normalized with respect 

to Equation (22), and 𝑉𝑥𝐿𝑆,𝑖  is the 𝑖-th interstorey shear in Equation (18), normalized with 

respect to Equation (21). Note that the two normalized minima always identify the same 

story. 

 

Figure 4. Frame as a stick-model series system. 

3. Determination of Displacement Demand on a 2D Frame 

3.1. Simplified Modal Analysis 

The first modal shape 𝜙 can be assumed equal to the displacement shape. In “stick 

models”, this is a reasonable approximation, because the error is negligible since it is lower 

than 3% for both the eigenvalue ratio and the eigenvector distance norm. Therefore: 

𝜙𝑖 = ∑ 𝜑𝑗

𝑖

𝑗=1

 (25) 

where it should be noted that, by replacing Equation (22), the maximum value at the top 

(𝑖 = 𝑛) is naturally equal to 1. 

The participation factor 𝛤 is: 

Figure 4. Frame as a stick-model series system.

From the applied force shape ψi, the interstorey shear shape τi is obtained as:

τi =
n

∑
j=i

ψj (21)

The elastic interstorey displacement shape ϕi can be found as:

ϕi =
τi

kDLS,i

(
n

∑
j=1

τj

kDLS,j

)−1

(22)

with kDLS,i being the i-th story elastic stiffness at DLS.
The frame displacement capacity dxLS and resulting base-shear VxLS at x = D, L, C

are defined when the first story reaches the corresponding limit state:

dxLS = min
i

dxLS,i

ϕi
(23)

VxLS = min
i

VxLS,i

τi
(24)

where dxLS,i is the i-th interstorey drift in Equation (17) at xLS, normalized with respect
to Equation (22), and VxLS,i is the i-th interstorey shear in Equation (18), normalized
with respect to Equation (21). Note that the two normalized minima always identify the
same story.
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3. Determination of Displacement Demand on a 2D Frame
3.1. Simplified Modal Analysis

The first modal shape φ can be assumed equal to the displacement shape. In “stick
models”, this is a reasonable approximation, because the error is negligible since it is lower
than 3% for both the eigenvalue ratio and the eigenvector distance norm. Therefore:

φi =
i

∑
j=1

ϕj (25)

where it should be noted that, by replacing Equation (22), the maximum value at the top
(i = n) is naturally equal to 1.

The participation factor Γ is:

Γ =
m∗

mmod
(26)

where m∗ = ∑ miφi is the effective mass and mmod = ∑ miφ
2
i is the modal mass.

3.2. Equivalent SDOF System

The “stick model” of the frame is then transformed into an equivalent single degree-
of-freedom (SDOF) system, whose top displacements (d∗) and base-shears (V∗) at the three
LSs x = D, L, C are determined from Equations (23) and (24), as follows:

d∗xLS =
dxLS

Γ
(27)

V∗xLS =
VxLS

Γ
(28)

From which the effective elastic stiffness can be computed as:

K∗DLS =
V∗DLS
d∗DLS

=
VDLS
dDLS

(29)

3.3. Bilinearization of the Interstorey Capacity Curve

The SDOF system capacity curve is calculated by the equality of the two areas (assum-
ing the same dissipated energy) between the bilinear equivalent curve and the trilinear
curve previously defined for the DLS, LLS, and CLS. The yield point and the base-shear for
the bilinear equivalent SDOF system is therefore found as:

d∗y =
V∗y

K∗DLS
(30)

V∗y = V∗DLS

 d∗CLS
d∗DLS

−

√(
d∗CLS
d∗DLS

)2

−
d∗LLS
d∗DLS

+
V∗CLS
V∗DLS

(
d∗LLS
d∗DLS

−
d∗CLS
d∗DLS

)
+

V∗LLS
V∗DLS

(
1−

d∗CLS
d∗DLS

) (31)

The elastic period of such a bilinearized system is:

T∗ = 2π

√
m∗

K∗DLS
= 2π

√
m∗

dDLS
VDLS

(32)

where m∗ = ∑ miφi and K∗DLS is in Equation (29).
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3.4. Displacement Demands for the Three LSs

The displacement demands on the frame system corresponding to x = D, L, C are
found from the elastic displacement spectral ordinates SDe,xLS(T∗) calculated at T∗ from
Equation (32) on the displacement spectra pertaining to x = D, L, C, as:

dxLS,D = Γ · SDe,xLS(T∗) ·

1 if T∗ ≥ TC,xLS

1
q∗

[
1 + (q∗ − 1) TC,xLS

T∗

]
if T∗ < TC,xLS

(33)

where TC,xLS is the period at the onset of the descending branch of the acceleration
spectrum and:

q∗ =
m∗ · Se,xLS(T∗)

V∗y
≥ 1 (34)

where m∗ = ∑ miφi, V∗y is in Equation (31), and Se,xLS(T∗) are the spectral ordinates
calculated at T∗ on the elastic acceleration spectra pertaining to x = D, L, C. It is important
to note that the spectral shape varies based on the soil class.

4. Validation of the Proposed Simplified Mechanical Model

The proposed simplified pushover analysis method is validated through its application
on three different RC frames shown in Figure 5 and subsequently comparing the results
with rigorous nonlinear static analysis.
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Application of the Proposed Model

Three reinforced concrete frames with a varying number of stories are considered for
the comparative application of the proposed method. The frames considered are designed
for gravity loads only, according to common practice in Italy in the pre-1980s, before the
introduction and enforcement of seismic codes and capacity design. A common failure
mechanism found in such gravity-load-designed structures is column-swaying, due to the
presence of strong beams and weak columns, which results in a shear-type overall behavior.

Figure 5 shows various details of the RC frames such as: frames geometry, element
cross sections, longitudinal, and shear reinforcement. The concrete and reinforcing steel
strength were 18 and 370 MPa, respectively, which were typically used in Italy in the 1970s.
Static nonlinear pushover analysis was conducted using SAP2000 software [31] and the
displacements at the attainment of three limit states DLS, LLS, and CLS were retrieved for



Appl. Sci. 2021, 11, 11711 10 of 15

each case, consistent with the criteria adopted for the simplified method. Figure 6 shows
the comparison of the displacement quantities at DLS, LLS, and CLS obtained through the
accurate pushover analyses and the proposed simplified analytical model. It is evident
from the displacement comparison at various limit states that the proposed model provides
a satisfactory match with the full pushover analysis. The error in terms of drift at various
limit states between the two methods for the three case studies is shown in Table 2, where
(+) and (−) signs stand for overestimation and underestimation, respectively. Based on
the results, the error is deemed to be acceptable. Moreover, it is observed that in case 1
the damage concentration occurs at the first story, while for cases 2 and 3 the damage is
concentrated at the third story. It should also be noted that the stiffness is generally higher
using the simplified method, except for LLS and CLS of case 3. The mechanical model
performs well to capture the deformed shape at the elastic limit (DLS) and subsequently
at the inelastic range (LLS and CLS) and the formation of soft stories. Furthermore, in
Figure 7, the pushover curves of the RC frames in terms of base shear–top displacement
obtained from the two methods are compared, showing a satisfactory correspondence.
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Table 2. Drift error between rigorous pushover and proposed method.

Story
Case 1 (Error %) Case 2 (Error %) Case 3 (Error %)

DLS LLS CLS DLS LLS CLS DLS LLS CLS

1 −16.7 −13.0 −5.3 −22.2 −16.7 −20.0 −20.0 −10.0 +12.5
2 −4.5 −14.3 −7.0 −13.3 −15.2 −3.2 −22.7 +5.3 +9.6
3 −6.1 −7.0 2.0 −7.7 −8.4 −4.8 −8.6 +7.1 +7.7
4 −6.3 −8.3 −2.2 −6.8 +3.4 +5.9
5 −7.7 −9.1 2.0 −8.6 +7.8 +5.3
6 −6.3 +5.3 +2.5

Average −9.1 −11.4 −3.4 −11.4 −11.5 −5.6 −10.4 +2.7 +6.2
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5. Vulnerability Analysis through the Proposed Simplified Method

The proposed analytical pushover analysis on the simplified (stick-)model of a build-
ing becomes very useful when studying the impacts of earthquakes and developing risk
assessment maps, in order to prioritize regions for structural retrofitting policies. In this
study, the aim is to divide the building stock considered into different typologies, based on
some macro-features (structure type, number of stories, age of construction, etc.) and then
correctly describe the vulnerability of each typology. This is performed through the so-
called fragility curves, which may be based on either an observational approach accounting
for the damages observed in previous earthquakes, or a mechanical approach based on
numerical models. As for the latter approach, in the literature, the fragility curves may
be obtained from either incremental dynamic analysis (IDA) or nonlinear static analysis.
Despite the accuracy of IDA, researchers are often discouraged to use it, since the computa-
tional effort it requires renders the analysis of large-building inventories an onerous task.
In this respect, static analyses may be preferred, especially if they make use of simplified
mechanical models. Having a small number of basic variables, the computational effort
becomes affordable. In that respect, the fully analytical approach proposed in this study
is even more effective, since fragility curves can be obtained very straightforwardly by
parametrizing the basic variables of interest and by running a large number of analyses on
different models in a very short time. It is a very efficient method, especially when dealing
with a large inventory of buildings at a territorial scale.
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Application of the Proposed Model in Vulnerability Assessment

The potential of the proposed simplified mechanical model is demonstrated by devel-
oping, through Monte Carlo analysis, the fragility curves of a five-story building typology,
whose geometry is shown in Figure 5. The proposed model allows conducting multiple
capacity assessment checks with minimal computational effort, by randomly extracting
the input data in each realization of a building sample. The variable data considered were
concrete strength, steel strength, and flexural and shear reinforcement amounts. They were
extracted from uniform distributions considering the ranges shown in Table 3. This results
in a data cloud that can be statistically treated to construct fragility curves at predefined
limit states.

Table 3. Ranges adopted for material strengths, and for shear and flexural reinforcement.

Concrete
Strength fym

(MPa)

Steel
Strength fym

(MPa)

Flexural
Reinforcement ρs

(%)

Stirrup
Diameter φst

(mm)

Stirrup
Spacing Sst

(mm)

16–28 300–500 0.75–1.25 8–10 150–250

Uniform
distribution type Continuous Continuous Continuous Discrete Discrete

The cumulative probability of exceedance of a limit state (xLS, with x = D, L, C)
is expressed as function of the horizontal peak ground acceleration, ag. For each LS
considered, for a given intensity measure ag,k, Nit Monte Carlo analyses are performed and

a set of displacement-based capacity/demand ratios ρ = dxLS/di

(
ag,k

)
is obtained and

subsequently statistically elaborated as:

PxSL

(
ag,k

)
= P

[
D
(

ag,k

)
≥ dxLS

∣∣∣PGA = ag,k

]
=

1
Nit

Nit

∑
i=1

dxLS

di

(
ag,k

) (35)

where PxLS is the exceedance probability of the xLS (with x = D, L, C) for the kth seismic
intensity ag,k, with Nit = 1000 and k = 1, . . . , 52, corresponding to ag = 0.01 g, . . . , 1.02 g.

Once the probability for each ag,k is obtained, LSE nonlinear regression [32–34] is
carried out to determine the parameters µ and V of the lognormal cumulative distribution
function expressed in terms of ag:

PxSL
(
ag
)
= Φ

(
1
V

ln
ag

µ

)
(36)

where Φ(·) is the standard normal cumulative distribution function, µ is the median of
the capacity, and V is the coefficient of variation, assumed as equal to the log-standard
deviation, which is generally accepted up to 0.6.

The numerical simulations were carried out using the @Risk software [35] on a simple
spreadsheet. Figure 8 shows multiple capacity curves for the five-story building typology
developed by randomly sampling the input data in Table 3 and performing 1000 iterations
for each simulation. Table 4 shows the log-normal fragility curve parameters (mean µ
and coefficient of variation V) of the PGA-based capacity for three limit states (DLS, LLS,
and CLS) of the five-story frame, with the resulting fragility curves at various limit states
shown in Figure 9. It should be noted that these fragility curves do not include the record-
to-record (R2R) variability, so their dispersion is only that pertaining to the capacity. This
is a feature of this analytical approach: to show how to account for the uncertainties in
the capacity by running simplified pushover analyses, as opposed to complex numerical
pushover analyses, whose computational effort may be significant within a Monte Carlo
approach. As for the additional uncertainty due to demand, according to FEMA 695 [36],
the R2R variability can be accounted for by SRSS-adding a forfeit log-standard deviation of
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0.2 and 0.4 for Serviceability and Ultimate Limit States, respectively. It should be noted
that such forfeit values are still the object of further calibrations, which are beyond the
scope of this study. In principle, one can obtain the fragility curves with the proposed
method and subsequently add the demand variability either through the above (possibly
recalibrated) forfeit values or through site-specific analyses. After including such demand
dispersion, the shape of the curves will change, and the associated exceedance probability
will increase.
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Table 4. Fragility curve parameters (mean µ and coefficient of variation V of the PGA-based capacity)
for three Damage/Limit States.

DLS LLS CLS

µ V µ V µ V

0.128 0.170 0.470 0.205 1.050 0.302
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6. Conclusions

An analytical method has been proposed to perform pushover analyses on reinforced
concrete frames in a simplified yet accurate manner. The method is extremely efficient
thanks to mechanics-based closed-form equations describing the capacity of the resisting
mechanism, from the local to the global level, and can be readily implemented in a spread-
sheet. Concise equations are provided, which are useful in performing rapid section and
element capacity assessment. Overall, the procedure is conceived to be applied to existing
buildings, under the assumption that their LS-exceedance is column-driven, as observed
after significant earthquakes in most buildings designed with obsolete codes.

One merit of the simplified model is that it allows identifying the global capacity, ex-
pressed in terms of top-story displacement, by directly deriving it from the local capacities
at the section and element level, for the three limit states (LS) of interest: Damage, Life
Safety, and Collapse. The advantage is that there is no need to resort to different metrics,
such as the largely (ab) used interstorey drift, to define the attainment of a LS.

The accuracy of the proposed analytical model has been validated by applying it to
three RC frames with different global geometry. The results have been compared with the
results obtained from full pushover analyses using 2D FEM models. The results showed
satisfactory accuracy in relation to the determination of the displacement profiles at various
LSs, the identification of the weak stories, and especially the pushover curves, which
showed a good match in terms of both total base-shear and top displacement. As an
additional example, to show the potential of the method, the fragility curves pertaining to
a five-story RC building typology have been built. This has been achieved by defining a set
of varying mechanical and reinforcement parameters and by performing a Monte Carlo
analysis with very limited computational effort.

The examples shown underline the computational effectiveness of the method, which
lends itself to be adopted in large-scale risk/vulnerability assessment studies.
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