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1. Introduction

Partial differential equations involving nonlinear diffusion in combination with local or nonlocal transport
are commonly used to model the macroscopic behaviour of a large number of agents or individuals in the
natural, life, and social sciences. Systems involving many species or types of agents have been used to
study multiple chemotactic populations in competition for nutrient [1,2], tumour growth [3-5], pedestrian
dynamics [6,7], and opinion formation [8]. Further applications can be found in population biology [9,10], in
neural networks [11], in semiconductor devices [12,13] and even in modelling rival gangs in a city [14].
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In this paper we study a class of drift—diffusion systems taking the following form:
Opu; = div [u;(Vu; + VL (t, 2, u;) + 0F;(t, ¢, u, Vu))], 1=1,..., M, (1)

where u = (uq,...,upr) is a vector of non-negative functions defined on a bounded domain Q7 = (0,T) x 2
describing the densities of M subpopulations. The transport term L; models the presence of external forces
and nonlocal self-interactions, L;(t, ,u;) = Vi(t,z) + (W; * u;(t,-)) (), while F; represents the interaction
with the other species. The latter is of particular importance since it includes the contribution of cross-
diffusion terms through the dependence on the vector Vu. Eq. (1) can be seen as a macroscopic description
of a particle-based model. As a particular example, consider an interacting particle system with M species,
each composed of N; identical particles at position X,i(t) € {2 and evolving according to

dX} = —VV(t, X})dt — ZZ VKi;j(X} — X])dt, (2)
j=1t=1
(€,5)# (k)
where K;; is the pairwise interacting potential on a particle of species i due to a particle of species j. As we
discuss in Section 3.1, the formal mean-field limit of (2) as N = Zf‘il N; going to infinity is given by (23)
with L; = V; and F;(t,z,u, Vu) = Zj 1 VU

One of the main features of (1) is that it can be used to describe cell sorting and the resulting pattern
formation. This is a reorganisation process in which cells of different species — which in principle react
differently to external forces such as a chemical signal or attraction/repulsion with the other species — have
the propensity to group in a delimited region [15—18]. This biological phenomenon can also be interpreted
as the inhibition or activation of growth whenever two populations occupy the same habitat, which can
be attributed to volume or size constraints of the individual cells forming the different populations. In the
seminal papers [19-23] it was shown that segregation is induced by the presence of cross-diffusion terms.
Nonlinear diffusion may also help in describing volume filling effects and in preventing blow-up in biological
aggregation models, see [24-28].

The main goal of the present paper is to provide a well-posedness result for (1), which can be seen as a
d-order perturbation of a set of M decoupled drift—diffusion equations with degenerate diffusion of porous-
media type and nonlocal interactions. One of the main difficulties for these systems is the lack of a suitable
maximum principle, meaning that Sobolev estimates must be obtained in an alternative fashion. Under a
smallness assumption on the perturbation parameter §, we can estimate each density in L?(0,T; H'(£2)), as
well as the relative time derivatives in a dual Sobolev space. Such estimates allow us to show convergence
to a weak solution for a proper regularised approximating sequence. The structure of the system and the
numerical simulations indicate that the expected critical value for the L?(0,T; H'(2))-framework is § = 1.
However, technical conditions impose a stricter bound on . The BV norm is the only norm expected to
remain bounded as § — 1. We highlight that the upper bound for § depends not on the initial datum but
on the final time. However, this dependence appears to be an effect of the technical steps in the proof. An
illustrative example in which the smallness condition on § is explicitly computed is provided in Section 3.2.
The value of § corresponding to the short final time can be considered an effective upper bound for 6.

The one-species counterpart of system (1) has been largely studied in the literature, see for example [29,30]
and references therein. Nevertheless, a complete well-posedness theory for cross-diffusion systems in the
presence of transport terms is not currently available. Indeed, the separation process between species
described at the beginning of this section may lead to discontinuities of the densities and their derivatives
at the interface between different species. These issues are also accentuated by the presence of degenerate
diffusion terms that, on the one hand, determine the finite speed of propagation in the supports of the
solutions and, on the other hand, cause a possible loss of regularity at their boundary.
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The main difficulty lies in providing a priori estimates for the single components u; and us and on their
space derivatives. Several attempts were made in this direction, even to extend the concepts of parabolicity,
see the classical Refs. [31-34]. In presence of reaction terms instead of the transport terms, an existence
theory was obtained in a one-dimensional BV-setting for the case § = 1 in [19,20,35]; see also [36] for a
multi-dimensional result. The BV -setting is somehow natural since the emergence of “segregated solutions”
is highlighted in several contexts [37-39], see also [40, Chap. 1, Sect. 4]. A general existence theory for
systems with arbitrary cross-diffusion terms and local/nonlocal transport is incomplete.

To achieve a satisfactory theory, many results in the literature have been inspired by the gradient flow
structure that can be associated with systems in the form of (3). These can be split into two categories: formal
gradient flow structure and a Wasserstein gradient flow theory. In the first group we mention the works [41—
45], where a formal gradient flow formulation provides the estimates needed to prove global existence. The
second approach concerns the many-species version of Wasserstein gradient flow theory of [29,46]. Such
an approach has been already successfully used in [47] for a system of nonlocal interaction equations with
two species and non-symmetric cross-interactions, and was first used in a system with cross-diffusion terms
but no transport terms in [48]. Other results, only apply to diagonal diffusion and in some cases only in
bounded domains [49,50], or with dominant diagonal parts,di2018nonlinear, see also [51-54]. In one space
dimension, [55] provides an existence result for cross-diffusion systems with ordered external potentials.

In order to show existence and Sobolev regularity of solutions to (1) we first regularise the original system
by adding an artificial diffusivity term and "freezing” the cross-diffusion terms. We prove existence of the
aforementioned regularised problems by employing a Schauder fixed-point approach, where the smallness
condition on § appears explicitly. Central to this method is the requirement that the regularised solution
operator be strongly compact, which we prove in two steps; first, by showing that any bounded sequence
to which the operator is applied converges weakly, and then by showing convergence to this weak limit in
norm. This last step is performed by using semicontinuity properties of the Fisher information in conjunction
and the div—curl Lemma. Crucial to this approach is the observation that the previously mentioned weak
limit itself satisfies an equation endowed with regularity properties. To exploit this fact, we prove an ad hoc
weak—strong uniqueness result to show the equivalence of different notions of solution; see Lemma 4.14. We
highlight that this latter result is of independent interest, as it extends the uniqueness theorems in [56] to
the case of a system of PDEs with nonlocal drifts. One of the main advantages of our approach is that it
does not rely on optimal transport nor on an underlying gradient flow structure of the PDE system under
consideration, as done for instance in [57,58]. A detailed summary of our strategy is found in Section 2.2.

In order to better explain the difficulties that cross-diffusion terms bring to the analysis, let us consider
the following special case of (1) for M = 2:

8tui = aw [uiaa:(ui + 5”]) - ’u,lVZ(I)] ) Z)J = 1a 27 .7 7é i. (3)

According to the classical theory in [59], the well-posedness of (3) is related to the positive definiteness of

D(us, us) = <“1 5“1).

5U2 U

the diffusion matrix

Since the matrix above is not symmetric, we must consider its symmetric part %(D + D7), which has
determinant

1 T 52 5 9
det §(D+D) = 1—5 U1U2—Z(U1+U2).

From the above, it is clear that cross-diffusion may induce a negative quadratic form. The lack of uniform
parabolicity (namely the failure of D(uy,us) > cl, for some ¢ > 0) is present in several applications such
as [60,61], and has attracted a lot of interest in recent years.
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The paper is organised as follows. In Section 2.1 we provide the general set of assumptions and the
statement of the main result, Theorem 1. We sketch the main steps in the strategy of the proof of the
main result in Section 2.2. In Section 3.1 we present a formal derivation of system (1) from a system of
interacting particles. Section 3.2 is devoted to the numerical investigation of a particular case of system (1),
which helps to highlight the influence of the parameter ¢ in the time evolution of solutions and its norms.
The remainder of the paper focuses on the proof of Theorem 1. In Section 4 we introduce a regularised
system, providing existence, uniqueness and uniform estimates for these regularised solutions. In Section 5
we present a fixed point argument and show compactness properties for the solution map of the regularised
system. Convergence of approximate solutions to weak solutions of system (1) is established in Section 6
through vanishing diffusivity. Appendix A collects some technical results used in the paper.

2. Main result
2.1. Assumptions and notion of solution

Let £2 ¢ R? be an open bounded domain of class C? with outward normal denoted by v, and let 7' > 0.
We denote the parabolic cylinder by Qr = (0,7T) x {2, the lateral boundary by X7 := (0,T) x 9£2, and the
closure by Q7 = [0,T] x £2. Consider also M functions

F;: Qr x RM x RXM _, Rd

such that the dependence on the last argument is affine, namely
Fi(t,z,2,p) = G(t,z,2) ZG (t,z, 2)p;j, forie{1,...,M}, (4)

where {G?}, are vector functions with values in R? and {G};}}/_, take values in the space of dxd matrices;
all of the functions above are assumed to be C2-regular and umformly bounded with respect their arguments.
The assumption of regularity is not optimal and can be relaxed, but it avoids unpleasant technicalities in
Section 4.1 (see also A.1). We emphasise that, in (4), for each j € {1,..., M}, the quantity p; is a column
vector in R¢, while p is a d x M matrix whose jth column is the column vector p;. We assume that there
exists a positive constant Cr = Cr (T, £2) such that

|Fi(t,z,2,p)| < Cp(1+|p|), Y(t,z,2,p) € Qr x RM x RI*M, (5)
For ¢ € {1,...,M} and § € R some small constant to be made precise, consider the following system of
equations:

Oy = div [u(Vu; + VL (¢, z,u;) + 0F; (¢, x, u, Vu))] in Qr,

0=v-[u(Vu; + VL;(t,z,u;) + §F;(t, z,u, Vu))] on Yp, (6)

u;(0,-) = uip on {2,

where u = (u;)}, is the unknown vector-valued function, and each u; ¢ is a given non-negative function in
LP(02) for p > 1. The transport terms {L;}, are prescribed by

Li(t,z,u;) = Vi(t, @) + (Wi i (t, ) (2), (7)

where we assume W; to be radially symmetric for each i € {1,..., M}, and the convolution to be only with
respect to the space variable, i.e.,

(W ug(t / Wiz — y)u;(t,y) dy a.e. (t,z) € Qr.
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Again, to avoid unpleasant technicalities in Section 4.1, we assume {V;, W;}M, to be C?-regular and
uniformly bounded in all of their respective arguments. In particular, there exists a positive constant Cp,
such that

e fhax 1Vill ez (ma+1y + o fhax Will2gay < CrL- (8)

Remark 2.1. We note that minor adaptations of our approach allow to treat additional cross-interaction
terms of the form div (uiV Z;-V[k:l W; * ug(t,-)(z)) in (6). However, in order to do this, cross-interaction
terms must be included as part of the term Fj, i.e., they must be premultiplied by the small parameter 0.

The definition of the function space that we use depends on the initial data as follows.

Definition 2.2 (Function Space). We define the following Banach space:
== {u :Qr — RM|u e (L2(0, T; H ()Y, dpu € (XYM, and, for i € {1,..., M},

u; > 0 a.e. in Qr, / wi(t,x)de = / u;0(x)de ae. t € [O,T]},
0 7
where
X = L0, ;W (), X' =L"(0,T;(W"(2))),
with 7 :=2(d+ 1) and 7' = (2d + 2)/(2d + 1).
Definition 2.3 (Weak Solution). Fix an arbitrary T > 0. Given the non-negative functions (u;0)M,

belonging to LP({2) for p > 1, we say that the vector-valued function u = (u;)M, € =, is a weak solution of

(6) if:
1. for any test function ¢ € C*(Qr) and, for each i € {1,..., M}, there holds

(Opui, d) x5 x + / u;(Vu; + VL;i(t, x,u;) + 0F;(t,x,u, Vu)) - Vo dae dt = 0; (9)
Qr
2. for each i € {1,..., M}, the function u; is non-negative a.e. in @1 and conserves its initial mass, i.e.,

/ ui(t,z)de = / u;0(z) de a.e. t € (0,T); (10)
2 Q

3. for each i € {1,..., M}, we have u; € C([0,T]; (W"(£2))’) (¢f. Remark 2.5) and the initial datum is
satisfied in the (W7 (£2))" sense, i.e., lim,_,q+ [[ui(t,-) = wiollwir oy = 0.

Remark 2.4. Observe that the second condition in Definition 2.3 implies that any weak solution u =
(u))M,, for i € {1,..., M}, belongs to L>(0,T; L*(£2)) and |ju;(t, MNero) = Joui(t,z)dz = [, uio(x)dz,
vt € [0,T].

Remark 2.5. Observe that = C (C([0,7]; (W (£2))"))™. Indeed, let u € = and ¢ € X with [|p|x <1
be arbitrary. Then, using the Holder inequality, for any ¢ € {1,..., M},

d
\ /Q ui@dxdt\ < Nusllz2i0m (1217 ol
T

Thus, ||u;l|xr < ||Ui||L2(QT)(|Q|T)%- Meanwhile, we also have d;u; € X’ by the definition of =, and it
therefore follows that u; belongs to W' (0, T; (WLT(£2))"). By [62, Theorem 2 of Section 5.9.2], it follows
that u; € C([0,T); (WLr(82))) for every i € {1,...,M}.

5
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We identify .
(Oruir ) x1xx = / Orualt, ), &t Vo dt, Yo e C' (D), (11)

where (-, ) is the duality product of W7 (£2). Moreover, given u = (u;)M, € =, the weak formulation (9)
is equivalent to

/ (—uiatqﬁ + ui(Vu; + VLi(t, x,u;) + 0F;(t, 2, u, Vu)) - V(JS) dx dt =0,
QT

fori € {1,..., M}, for any ¢ € C1(Qr) with ¢(0,-) = #(T,-) = 0 in 2; see Lemma 4.13.
Our main result is the following.

Theorem 1. Fiz T > 0 and let (u; 0)M, be non-negative functions belonging to LP(2) forp > 1, and § € R
be such that

9] < (12)

1
VaCoCr’
where Cg is specified in (5), a depends only on §2 and the smoothing operator (103), and Cg is given in (35).
Then there exists a weak solution u = (u;)M, of (6), in the sense of Definition 2.3. Moreover, there exists a
positive constant C = C(£2,T,d,d), prescribed by

1

C=Cq(1-3820%00) ", (13)
such that, forie{1,...,M},
”ui”%2(0,T;H1(Q)) S C<1 + ”ul,OHil(Q) + /Q U4,0 IOgULO dl‘), (14)
and there exists another positive constant C' = C'(2,T,d,d), such that, fori e {1,..., M},

[0vuil xr < C'<1 + lluiol 71 g +/ w0 loguio dﬂ?)- (15)
12

Remark 2.6 (How Small Does 6 Need to Be?). Notice that the smallness condition (12) is not particularly
restrictive since it does not depend on the initial datum, but only on L, F', and on the geometry of the
domain. In turn, to extend the solution beyond the final time T, it suffices to pose a new initial boundary
value problem with initial condition u(T,-). Some explicit examples are presented in Section 3.2.

2.2. Strategy

We summarise the strategy for the proof of Theorem 1 as follows:

o Weak solution for regularised frozen system [Section 4.1]: We consider a decoupled, regularised system
with unknown z instead of u to distinguish it from the solution of the original coupled system. The
decoupled system, namely (26), is obtained by “freezing” the cross-diffusion terms. In particular, we
replace the unknown vector-valued function z with a given function z and, eventually, we shall identify
z and Z via a fixed point argument. We study solutions z € (C*(Qr))™ according to Definition 4.3.
Existence, uniqueness, non-negativity and mass preservation of the solutions are shown in Lemma 4.8.

o Uniform estimates and uniqueness for reqularised frozen system [Sections 4.2 and 4.3]: In Lemmas 4.9
and 4.11, we derive uniform estimates with respect to the regularisation parameters for solutions of
the regularised system. We obtain H'-type bounds for z and bounds in a dual Sobolev space for 9;z.
Uniqueness in = is obtained by introducing a suitable dual problem; this is a weak—strong uniqueness
result.
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o Weak compactness of the solution map [Section 5.1]: We construct a solution operator S for the
regularised system (26) associating z to z as in (61). In Lemma 5.4, we show that the map S, composed
with a suitable regularising operator (62), is sequentially weakly compact in a suitable Sobolev space.

o Strong compactness of the solution map [Section 5.2]: In Lemma 5.9 we improve the compactness result
and show that the solution map is strongly compact in =. To do this, we exploit the lower semicontinuity
of the Fisher information and apply the div—curl Lemma.

o Vanishing diffusivity [Section 6]: Thanks to a variant of Schauder’s Fixed Point Theorem, in Proposi-
tion 5.10, we obtain existence of solutions of the coupled system (60), which corresponds to original
system (6) with artificial diffusivity. Finally, we let the diffusivity vanish and prove Theorem 1.

3. Formal model derivation and numerical investigation
3.1. Formal derivation

In this subsection we sketch a formal derivation of (1) starting from the interacting particle system with
M species, each composed of IV; identical particles, 7 = 1,..., M. To simplify the presentation, the derivation
is shown for the case for L;(t,x,u;) = V;(x), that is, we drop the nonlocal interactions W; and the time-
dependence, and a simple cross-diffusion term F;(¢,z,u, Vu) = Z;Vil ki Vu;. The addition of nonlocal
interactions and time is straightforward. We denote by N the total number of particles, N = . N;. We

consider the following model:

M N;

AXG(t) = =VVi(X})dt — > VK;(Xi— X}])dt, (16a)
R =1

Xp0)=¢&, k=1,...,.N, (16b)

where X} (t) is the position of the kth particle in the ith species at time ¢, evolving in a bounded domain
2 C R? such that |£2| = 1. Particles are initialised with &}, ... ,fjvi independent and identically distributed
random variables with the common probability density function wu; . Here K;; denotes the self-interaction
potential in species 7, and K;; denotes the cross-interaction potential between species ¢ and j. Note that K;;
and Kj; may be different to represent an asymmetric interaction between the two species. The potentials
are assumed to be obtained from some fixed function Ky by the scaling

Kis(o) = it (1), a7)

ij
where the parameters x;; and €;; represent the strength and the range of the interactions respectively, and
depend on Nj in a way that will be made specific later on. The scale-free potential K : R? — R is a radial,
nonnegative function whose gradient is locally Lipschitz outside the origin. Moreover, it is assumed that
IKo|l 1 < co. Without loss of generality, we set ||Ko|;1 = 1.

Depending on x and ¢, one expects different limit equations [63]. For example, when the interactions are
long-range (¢ ~ 1) and weak (x ~ N~1), then one particle interacts on average with an order N particles as
N — 0o one recovers a mean-field limit for weakly interacting particles. In contrast, the case of moderately
interacting particles corresponds to stronger but more localised interactions, so one particle interacts with
fewer particles. As a result, one expects interactions to emerge as local terms in the limit equation.

We define the total interaction potential of the ith species as

Z[ZKM DS R -, (18)

L>k j=1 /=1
J#i



L. Alasio, M. Bruna, S. Fagioli et al. Nonlinear Analysis 223 (2022) 113064

where ¥ = (2})k=1,....n;,i=1,..,m. Then the joint probability density Py (Z,t) = Prob(X(t) = &) of N
particles evolving according to (16) satisfies the following equation

8tPN_ZZV [VVi( :ck)PN—FVZK( 7)Py], Ze N t>0, (19a)
i=1 k=1

together with boundary conditions

v [VVi(}) Py + vxZKi(f)PN} =0, z), € 00,1 >0, (19b)
fork=1,...,N;and i = 1,..., M, where v is the outward normal on 92 and the other coordinates are in
0.

We consider the one-particle densities for each species as
ui(x,t) = Py (%, 1)0(x% — 2)d, (20)
N

where we note that the choice of % is unimportant (since within a subpopulation, particles are indistinguish-
able). To obtain the equation for u;(x), we integrate (19a) over all particle positions except one particle in
the first species and use the boundary conditions (19b):

Opur = div [VVi(2)ur + G1(z,t)], (21)
where

Gi(z,t) = / V1K, (Z)Pyo(zt — 2)dz
oN 1

MN

/QN {Zv Kz — )Py + Y > VaKij( x—xe)PN}dx

j=2/¢=1

= (N; —1) /v Kii(z —y) Pyt (z,y, t dy+ZN / VoK1 (z — y) Py (z,y, t)dy.
2

j=2

Here P21 7 j=1,..., M stands for the following two-particle density

Py (z,y,t) = N Pn(Z,t)0(x} — 2)0 (2, — y)dZ.
Q

Oelschlédger [64] proved propagation of chaos (meaning that any fixed number of particles remains
approximately independent in time despite the interaction) for the single-species cases similar to (16) under
quite restrictive initial conditions. These conditions were relaxed by Philipowski [65] using regularising
Brownian motions, that is, adding terms edB}, in (16a) and taking ¢ — 0 at a suitable rate depending
on N, e. So including such a term would make sense when considering a rigorous derivation. An alternative
approach taken by [66,67] in the multiple species case is to include the interactions between particles in
the diffusion term (note that, in their case, the mean-field limit model still contains linear diffusion terms).
Concerning Shigesada—Kawasaki—Teramoto cross-diffusion system, a rigorous derivation has been obtained
in the papers [68,69]. For our purposes, here, we simply assume that an analogous propagation of chaos for
Py exists. In particular, this means that the two-particle marginals may be approximated by

P (:L‘ Y, ) - ul(x,t)ul(y,t), lej(x7y,t) = u1<x7t)uj(yat)'

Using these expressions in G, it reduces to
M
Gl(.’IZ‘,t) = (Nl — 1)U1V(K11 * ul) + ZNJ‘U1V(K1J‘ * ’U,j).
j=2
8
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Finally, if we consider the scaling (17) with €11,€1; < 1, we can localise the convolution terms and arrive at

M
Gi(z,t) = (N7 — 1)edy x11u1 Vug + ZNja‘fjxlijuj, (22)

Jj=2

using that || Ko||;1 = 1. The analogous calculation can be done for any of the other species to obtain G;(z,t)
fori =1,..., M. Now we can determine the suitable scaling for interactions that lead to the structure in
(1). Namely, we set the strengths to be

1 )

Xij = d
Njei;

Xii = (Nl — 1)Ezdi’

with 6 < 1, and we let N; — 00, &;; — 0 in such a way that N; > 1/e;;. Using this and combining (21) and
(22), we arrive at

M
Opui = div[u;(Vu; + VVi(z) 40 Z Vu;)]. (23)
j=1,j#i

3.2. Numerical simulations

In this subsection we present numerical simulations of (1) with two species (M = 2) in one dimension
(d = 1). We consider the case with L;(¢,z,u;) = Vi(x) and F;(¢,z,u, Vu) = u;, leading to the following
system of equations:

Opur = div [u1 (Vug + VVi(z) + 6Vug)], (24a)
8tu2 = div ['U/Q (VUQ + v‘/g(l’) + 6Vu1)] . (24b)
Throughout this section we consider the domain 2 = [—1, 1] with no-flux boundary conditions, and initial

conditions u1(0,2) = wuyo(zr) and uz(0,2) = ugo(x) with unit mass. We solve (24) using the positivity-
preserving finite-volume scheme presented in [39], which is first order in space and time. We use J = 64 grid
points in space and a fixed timestep At = 1076.

We consider what the bound (12) on § is for our particular examples. For our choice of cross-term F;, we
have that Cp =1 (see (5)) and Cg in (35) simplifies to

Cp(T) = 2max {(1 + Cp), % + 4(1 + CP)(e_l + QTC%)} ,

with Poincaré constant Cp = (2/7)? and Cf, = max; ||V;|| ;2. For the purposes of the numerical simulation,
it is convenient to consider Cp(At). In the limit of At — 0, we have

Co(0) =8¢ (14 Cp) ~ 4.136,
independent of the external potentials L;. Therefore, the upper bound on § is given by

§ < Smax = 1/1/C(0) ~ 0.492.

Below we numerically investigate the behaviour beyond such value, and close to the critical value § = 1.

Example 1 (Left and Right Initial Conditions). In the first example we consider the initial conditions

ur,0(z) = C1[(x +0.5)(—0.9 — z)]+, ug,0(x) = Caf(x — 0.5)(0.9 — z)]4+,
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where C1,Cs are such that the initial densities are normalised to unit mass. We consider the external
potentials V; = 0 and Va(x) = 222, and four different values of § = 0.4,0.6,0.8,0.99. For this choice of
potentials, we have Cp = 6 and

Smax(T) = 0.0203,  Gmax(At) = 0.492,

where the upper bound on 0 is dmax(t) = 1/4/Ca(t).

In the left column of Fig. 1 we show the time evolution at ten equally spaced times t; between 0 and T' = 3
of u; and ugy (solid blue and red lines, respectively) as well as the corresponding steady states u1,00(z) and
U2 00 () (dashed green and purple lines respectively), which are computed as the minimisers of the energy

Blur,usl(t) = |

1 1
[U% + —u3 + Surus + Viug + Vaus | da. (25)
Q

2 2

As we increase ¢ closer to one (the value at which F stops being strictly convex), we observe the formation
of sharper interface between the two components. For the smallest value of §, § = 0.5, there is no “vacuum
region” for u; due to ug (that is, suppus = §2) and by ¢ = 3 the solution is very close to the steady state.
Increasing § changes this: for larger 4, the stationary solution w; has a vacuum region in the middle of the
domain in which u; = 0 to numerical precision (which grows closer to suppus as § approaches one). This
vacuum region implies that it takes much longer for half of the mass of u; to transfer from the left to the
right on the domain, implying that the equilibration to the stationary state is much slower (this can be seen
in the bottom row, where the final time solution w1 (T, x) is still very far from the steady-state minimiser
Ul,00)-

In the right column of Fig. 1 we plot the time evolution of the spatial L2 norms of u; and Vu,, as well
as the Total Variation (TV), all computed using the partition given by the spatial grid used in the finite-
volume scheme. The key point to note is that the effect of increasing § is noticed markedly by the semi-norm
IVu;|| 2, whereas the other two norms, ||u;||;2 and ||u;||ry, remain mostly unchanged by 4.

Example 2 (Uniform Initial Conditions). Here, we consider the same set-up as in the previous example,
except that now both components start with uniform initial conditions

uyo(z) = U2,0($) =1/|2].

Therefore, we expect the same stationary states (since for § < 1, E is strictly convex). We show the results
of this example in Fig. 2. Because of the symmetry in the initial conditions, in this case the convergence to
the steady state is much faster, as there is no mass that has to “cross” through the vacuum region as the
latter is formed.

Example 3 (Stronger External Potentials). We now consider the left and right initial conditions as in
Example 1 while changing the external potentials to V;(x) = 22/2 and V,(x) = 5022. For this choice, we
have that

Smax(T) = 0.00126,  Spmax(At) = 0.480,

that is, a ten-fold reduction in d,,ax (T') with respect to Example 1 but a barely noticeable change in a5 (At)
(as expected given that dp,ax is independent of L; in the small time limit). The stronger confinement potential
in the second species leads to a vacuum region in the first species for smaller values of ¢ than in the previous
examples, and the associated slower convergence (see Fig. 3).

10



L. Alasio, M. Bruna, S. Fagioli et al. Nonlinear Analysis 223 (2022) 113064
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Fig. 1. Time evolution with left and right initial conditions, Vi = 0 and V, = 222 and final time T = 3, for various values of &

(Example 1). The left column shows ten equally spaced timepoints in [0, T] in solid lines, and the stationary stated in dashed lines.
The right column shows the temporal evolution of three norms.
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Fig. 2. Time evolution with uniform initial conditions, V; = 0 and V5 = 222 and final time T = 3, for various values of § (Example 2).
The left column shows ten equally spaced timepoints in [0, 7] in solid lines, and the stationary stated in dashed lines. The right
column shows the temporal evolution of three norms.
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A /N
[T VAR

AR T | AR N T

Fig. 3. Time evolution with uniform initial conditions, Vi(z) = 2?/2 and V,(z) = 5022 and final time T = 3, for various values of §
(Example 3). There are ten equally spaced timepoints in [0, T] in solid lines, and stationary stated in dashed lines.

Example 4 (Evolution of Norms in Time and Space as a Function of §). In this final example, we look at
the evolution of the norms in § instead of time. To this end, we consider the following integrated-in-time

norms

1/2

T
lullz.r =S D7 [l (e )72 + lua(te, )72] :
t=0

1/2
T /

IVullzr =3 D IIVurte, )z + [Vuate, )l72] o

1/2
T /

lullzve =S > ua (b, v + lluz(te, )7y
tk:(l

We use uniform initial conditions, a final time T" = 5, and values for § = 0,0.1,...,0.9,0.95,0.99. We show
the evolution of the three norms in Fig. 4 for two cases: first, for the potentials used in Examples 1 and 2,
namely V; = 0 and V5 = 222; and second, for V; = 22/2 and V5 = 5022, In the latter, the combination of
external potentials makes the interface between the two components sharper (since the second component
has a very strong confining potential, but also the first component now wants to concentrate around the
origin). This fact is clearly visible in the trend of ||Vu||2,r for increasing . In contrast, the TV norm remains
unchanged. As mentioned in the introduction, this observation indicates that a smallness assumption on §
is necessary to keep to the functional framework of L2(0,T; H'(§2)) for the analysis. The plot also suggests
one can hope for a more general existence theory for solutions belonging to the space BV when § is close to
one.

13
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Fig. 4. Norms (rescaled by T'|[f|) in time and space as a function of § with uniform initial conditions and final time T = 3. (Left)
Vi =0 and V, = 222, (Right) Vi = 2?/2 and V, = 502°.

4. Regularised “frozen” system

We introduce below the regularised system with frozen cross-diffusion. Let z = (%)M, € (C*®(Qr))™ be
a given vector function. Throughout this section, we denote by z = (zz)f‘il the solution of the regularised
frozen system

Oz = div]z;(Vz; + VL;(t, 2, 2;) + 0F;(t,x,2,VZ)) + eV z] in Qr,
0=v-[2(Vzi+VL;(t,z,2) + 0F;(t,z,2,VZz)) + eVz] on Yr, (26)
ZZ(O, ) = Zi,0 on 2.

Remark 4.1. The constant € > 0 and the vector of non-negative functions zy = (2;0)M, € (C=(02))M
do not change throughout the present section and Section 5. The initial functions z; ¢ are chosen such that

Joziode = [,uiodx forie {1,..., M}.

In the following subsection, we introduce the definition of weak solution to the above regularised frozen
system, and show the mass conservation and non-negativity for such weak solutions. We then prove the
existence of these solutions and deduce from their regularity that they satisfy the system of equations in
the classical sense. Then we prove some Sobolev estimates independent of € and conclude with a uniqueness
result. Below we will use the shorthand F; to refer to the function

Fi(t,x) = Fi(t,,2(t,x),Vz(t,z))  Y(t,z) € Qr. (27)

Remark 4.2. In view of the condition that {G{}}X, and {G};},_, in (4) be C?-regular and uniformly

1=
bounded with respect to all arguments (see Section 2.1), for each z = ()M, € (C*°(Qr))M fixed, there
exists a positive constant Az, where

e = s (s, Dol oaary: 15, 1Pl g s )
such that, for all (t,2) € Q7 and every i € {1,..., M},
= = d
OF; OF;
t —(t
gt + [ 0]+ 3

j=1

0°F;
8tal'j

0*F;
8(Ek6£€j

(t,z)

S

=1j=1

d

Additionally, there exists a positive constant A depending only on (z; ), such that

l[zi0llc2(2) < Ao (29)
14
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4.1. Definition and existence of reqularised solutions

Per the definition of weak solution given in [59, Section 5.7], we provide the following notion of solution
to the regularised frozen problem.

Definition 4.3 (Weak Solution for Regularised Frozen System). We say that z € (C>1(Qr))M solves the
weak form of (26) if, for any test function ¢ € C*(Qr), for i € {1,..., M}, for t € [0,T],

t
/zi(t,x)qﬁ(t,x)dx—/ zivo(z)gb(O,z)dmf/ / z;Oypdx dt
2 .Qt 0 0 (30)
+ / /[zi(Vzi—&-VLi(t,x,zi)—l—éFi(t,x,Z, Vz)) +eVz] - Vodazdt = 0.
0o Ja

Correspondingly, we define S : Z — z to be the solution operator, whose image is the weak solution of (26).

Remark 4.4. Note that the following compatibility condition has been implicitly imposed in the previous
weak formulation,

0=v-[2,0(Vzio+ VLi(0,2,20) + 6F;(0,2,2(0,x), VZ(0,2))) + eVz ] on 912, (31)
which is manifestly satisfied for all choices of z € (C*(Q7))M, as the fixed initial data z; ¢ is identically

zero on the boundary 042 due to its compact support (see Remark 4.1).

Lemma 4.5 (Mass Conservation for Regularised Frozen System). Suppose there ezists a weak solution z of
the problem (26) in the sense of Definition 4.3. Then, fori € {1,...,M},

/ zi(t,x) dz :/ zio(z)dz vt € [0,T).
Q Q
Proof. The assertion is immediate from using the test function ¢ = 1 in Definition 4.3. O

Lemma 4.6 (Sign Preservation for Regularised Frozen System). Suppose there exists a weak solution z of
the problem (26) in the sense of Definition 4.3. Then, fori € {1,..., M},

zi(t,z) >0 for a.e. (t,x) € Qr.

Proof. Define the function (¢, z) := [z;(t,2)]— to be the negative part of the weak solution in question.
Noting that § = —z;1.,<o, we observe that this function is non-negative and supported in the set {(¢,z) €

Qr : zi(t,z) < 0}. Moreover, we find that
Vo = —Vzi]lzigm 8t9 = _atzi]lzigm

in the sense of distributions. It follows that § € L2(0,7;H'(£2)) N L>(0,T;L*(2)) and 8,0 € X' N
L2(0,T; (H'(£2))"). Using standard density arguments in Sobolev spaces, we may test against € in the weak
formulation of Definition 4.3. In turn, we obtain, for a.e. t € (0,7T),

1
% 592@,3:) da:+/ (0]V0)* +6V0 - VLi(t,a,2) +60V0 - Fy(t,x,2,V7) +¢[VO[ ) dz = 0.  (32)
2 (7

Given the form of the terms {L;}}, from (7), we have

‘/ OvVO-VL(t,z,z)dx
2

< (IVVilt Yoy + 9 % 2008 ) o) /Q 0v0) d,

15
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and

VWi % 2zi(t, )l Lo (@) < (IVWill oo may 12 (8 MLy ae. t €(0,T).

It therefore follows, using the fact that z; € L>(0,T; L(£2)) since z; € C>'(Qr) as per Definition 4.3, that

’/ OVO -VL;(t,z,z;)dx
7}

S CL(l + Hzi|‘L°O(0,T;L1(Q))) /99|V9| dx a.e. t € (O,T)

Meanwhile, using the boundedness of z and that of F in C? to control Fj(t,x,z,Vz) from (28) (see
Remark 4.2), we obtain

00Veo - Fi(t,x,z,Vz)dx

’ §|6|/12/ 6|V6|dz  ac.te(0,T).
2 2

Integrating (32) with respect to the time variable, and using the previous estimates, we find

t t t
/192(t7:r)dm+/ / 0|V0|2dxd7+5/ / IV6|? dz dr gA/ / 0|V dz,
2?2 0 Jo 0o Jo 0o Jo

where the positive constant

A= 16]4z +CL(1 + HZiHLOO(o,T;Ll(Q))),

is independent of time. An application of the Cauchy—Young inequality gives

1 2 t 2 & t 2 A2 t 1 2
—0%(t,x)dz + 0|VO|"dxdr + - IVO|" dedr < — —0“dxdr.
2?2 0 Ja 2Jo Jo e Jo Jo?2

Dropping the last two terms in the left-hand side of the inequality above, Gronwall’s Lemma yields
2
/ 02(t,x) dz < ( 62(0, ) dx)e/zt =0 forae. tc(0,7),
Q 2

where the final equality follows from the non-negativity of the initial data z; o (Remark 4.1). The result
follows. 0O

Remark 4.7. It is a priori not clear how to prove such a sign preservation result for the original system (6)
directly from Definition 2.3, due to the presence of cross-terms of the form [, Vu;(t, z)[u;(t, z)]— da with
i # j. The non-negativity of the solution of the original system (6) will therefore be deduced via a limiting
procedure from the non-negativity of the regularised solutions of (26).

In what follows, we apply the classical theory of Ladyzhenskaia, Solonnikov, and Ural’tseva [59, Chap. 5,
Sec. 7, Thm. 7.4] to deduce the existence and uniqueness of classical solutions to the regularised system (26).
The proof is given in Appendix A.1.

Lemma 4.8 (Ezistence and Uniqueness of Regularised Solutions). There exists a unique z = (2;)M, €
C*Y(Qr) solving (26) as a pointwise equality between continuous functions. Moreover, fori € {1,..., M},

zi(t,z) >0 for (t,x) € Qr, 2(0,x) =z o(z) forz € 2,
/ zi(t,x)de = / zio(x)dx  fort e [0,T].
Q Q

16
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4.2. Uniform estimates

In this subsection, we derive the uniform estimates of the solutions of the regularised frozen system by
testing the equation against the logarithm of the solution.

Lemma 4.9 (Energy Estimates). Let z = (z)M, € (C>Y(Q7))M be the solution of (26) provided by
Lemma 4.8. Then, for any t € [0,T], there holds the estimate

/zi(t)(logzi(t)) dz + = //|Vzl\ da:dr—i—a/ / WZZ' dzdr
2 ) . »
g(e*1|9|+2|9|:r0§)+/ zi0log 2, 0 dx + 2|2|TC3 </ zwdx) +/ 82|F;|” dzdr, (33)
2 2 0 2
forie{l,..., M}, along with the Sobolev estimate
sup [ 2i0)(log () dot 1| 2 a0

t€[0,T)
T
§Cg(1+|zi,0|i1(g)+/ zi,ologzi,odx—k/ /52Fi2dxdt),
Q 0o Jo

fori e {1,...,M}. The positive constant Co = Co(£2,T,d), which is independent of ¢ and zo = (zi0)M,, is
given by

(34)

Cp =2 - max {(1 +Cp), E +22|(1+Cp)(e™' + 2T0§)} , (35)

|£2]

where Cp = Cp(§2,d) is the Poincaré constant.

Proof. Begin by assuming that z; is strictly positive in Q7 and multiply (26) by log z;. By rewriting the
time derivative, we get

O (zilog z;) — Oyz; = (log 2;) div[zi(Vz; + VLi(t,x, z;) + 6 F;) + V) V(t,x) € Q.

Integrating in space and time then yields, for any t € [0, T7,

[ ([ amogamar)ar— [ ([ amar)ar -
-1,

where the no-flux boundary condition makes the boundary term vanish.

(Vs (36)

Zi

Vzi- (Vz; + VL (t, x, z;) + 5F1) dx dr,

When z; is merely non-negative, we multiply by log(8 + z;) for some 8 > 0 and get

0y (zilog(B + ;) — (0r2;) ——— = (log(B + 2;)) div[z;(Vz; + VLi(t,x, ;) + 0F;) + eVz], Y(t,x) € Qr.

2
B+ z
Integrating in time and space, and using that |9, z;| is integrable on Q7 since z; is C*'(Qr), the Dominated
Convergence Theorem implies

lim/ / 8tzl dxdT—/ / Orz;) dz dr.
B—0

All other terms may be treated similarly with the exception of the Fisher information, where one obtains

¢ 2
L
B—0 o B+zi 0o Jo “
17
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by the Monotone Convergence Theorem, since the sequence of integrands {\Vzl |2 /(B + zi) }B is pointwise
>0

increasing as § — 0 and non- negative by virtue of Lemma 4.8. In turn, we recover (36).
Recall from Lemma 4.8 that |, o %i(T) dz is constant. Eq. (36) therefore simplifies to

¢
/zi(t)logzi(t)dxz/ziﬁologzmdx—é//Vzi-Fida?dT—/ / |Vzi|2da:d7'
Q Q 0 Ja 0 Jo
¢ t 2
—//Vzi-VLi(t,x,zi)dxdT—E/ / Mdasz,
0o Jo 0o Jo %

for any ¢ € [0,T]. Observe also that zlogz = zlogzli.>1) + zlogzljp<.<1}, V2 € [0,00), and, since
x — xlogz is non-positive over the interval [0, 1] and achieves its minimum (with value —e~!) at the point
x = e~ 1, it follows that

zlogz > zlog 21,51y —e ! Vz € [0, 00). (38)

Also, using (7), (8), and an application of the triangle inequality followed by Hélder’s inequality yields

t
/O/QVZ,VLi(t,x,zi)dxdT < IVVill2gom V2l 20
: )
0 (7

1
< (eics (1+ [ s av) 193,

where we bounded the convolution term as follows

/Ot/Q|VWi*zi(T,) )| dxdr—// /VW zl(z ,y)dy 2 "
<CL//</ zi(T,y dy) d:ch:C%|Q|T (/inyo(y)dy> ,

where we used the boundedness of {VW;}} | inherited from (8), the non-negativity of z; due to Lemma 4.6,
and the fact that x — 22 is increasing on [0, 00) to obtain the inequality, and the mass conservation from
Lemma 4.5 to obtain the final equality. Using estimates (38) and (39), along with an apphcatlon of the
weighted Cauchy—Young inequality to the terms on the right-hand side of (39) and to fo /. o Vzi F;dzdt,
we deduce the estimate (33) from (37).

The Poincaré-—Wirtinger inequality

2
/(zzl/ zidx> dxﬁCp/ \sz-|2dx,
Q 2] Jo Q

where Cp = Cp(§2,d) is the Poincaré constant, implies

Cp |Vzi|2dx2/ (zl /zldx> dz
Q Q |~Q|
1 2
:/ zf—— i/zld + </ zidm’> dx
Q 1217 Jq |Q\ 2
—/z dx—1</z- dx>2
7] | 42| n0 ,

where we used the conservation of mass in the final equality. Substituting back into (33), we get
T 2
/ / =2 dl‘dt S 2‘Q| </ 24,0 dl’) + CP(671|Q| + 2|.Q|TO%) + CP/ 24,0 IOgZi,o dx
Q

2 T
+2Cp|R|TC3 (/ zi’odx> +Cp/ /52\Fi\2dxd7.
2 0 2

18
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Combining the above with (33), we obtain
Tra T ?
/ / L2 piva)dedt < (= 4201 + Cp)|QITC2 / 210 dz
0o Jo?2 2|92 o
b (14 Cp)(e V2] + 212/TC2) + (1 + Cp) / 2i0log 210 de
2
T _ 2
+ (1 +cp)/ / §%|Fy|” dz dt,
0o Jo
from which we recover (34) with the appropriate constant C; given by (35). O

Before proceeding to the next lemma, which covers the uniform estimate for the time derivative of the
regularised solutions, we recall the interpolation result of Di Benedetto.

Proposition 4.10 (Proposition 3.2 of [70]). Let m,p > 1 and assume that 012 is piecewise smooth. There
exists a constant v depending only on d, m,p and the structure of 82 such that, for any v € V™P  where

VP = L0, T; L™(2)) N LP(0, T; WhP(12)), (41)
we have
T d+m
[vllLa@m v |1+ W lollymp . where g =p—s. (42)

Lemma 4.11 (Time Derivative Estimate of the Regularised Solutions). Recall the space X introduced in
Definition 2.2. There holds the uniform estimate in the dual space

=112
||8tzi||X/ < CX’ <1 + HZ%QH%A(Q) + /Q 24,0 logzi,o dz + (52 ||FiHL2(QT)>’ (43)

where the positive constant Cxr = Cx/(£2,T,d), which is independent of ¢ and 2o = (z:0)M,, is given by

da
T

Cxr =2y (2+3Cq +2|2|TC3). (44)

T
|92]™4
Proof. Applying Proposition 4.10 with v = z;, m = 1, and p = 2 yields

T d+1
Il agr) < 7 (1 - lm) ey, a=2257, (45)

where the space V12 is defined in (41). Notice that ¢ > 2 for all choices of dimension d.
Fix n € C®(Qr). Going back to (26), writing (;z;,1) = fOT fQ Oyzim dx dt, and using the divergence
theorem in conjunction with the no-flux boundary condition, we find

T
0o Jo
from which we obtain, using the triangle inequality,

T T
[(Orzi,m)| S/ /Q|Vn\zi|Vzi+VLi(t,m,zi)+6Fi|dxdt+€/ /Q|V77||Vzi|dxdt.
0 0

19
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Then, using Holder’s inequality, we get

@1z < Uil gy [1V5 + VLo 20) + 65| ooy IVl gy + & 190220 1951 22y
(47)
where r satisfies % + % =1, and ¢ is as given in (45). Hence r = 2(d + 1) > 2 and, since Q7 = (0,7) x {2 is
a bounded domain, an application of the Holder inequality shows that

T ) 3
Vn = (/ / Vn dxdt)
VAl L2 ; Q| |
T 5@ [ [T SicEa ‘
< (/O /Q|vn|2<d+1>dxdt) (/0 /Qld:cdt) = (1) 7 V0l 1r oy

Combining the above with (45) and (47) shows that, with C, = C, (2, T, d) a positive constant given by

4
T

T
Cy=n <1+M> +(121T)7,
9274

which is independent of € € (0,1) and 2o = (2;,0)},, there holds
@izl < €. 19l ) (151520 mm

+ [zilly1.2 (”ZiHLZ(O,T;Hl(Q)) + [IVLi(, ‘in)||L2(QT) +6 ||FiHLQ(QT))>7

for any n € C™(Qr), where we also used Minkowski’s inequality. Using the Cauchy-Young inequality on
both of the terms inside the large brackets gives

(Buzism)]| < 207(1 il

(48)
2 =12
+ ||ziHL2(o,T;H1((z)) +IVLi(, '?zi)H%z(QT) +0° ||FiHL2(QT)> ”VnHLT(QT) )
for any n € C*=(Q7). Observe then that
v N\
IVLi(-s 5 2i)ll2(@p) < IVVillL2(@qpy + (/0 /Q VWi 2i(t, ) ()] dxdt) ;
where we estimate the second term on the right-hand side in the same way as in (40). It follows that
1
VL2l < (273 (14 [ sipde). (49)
Q

Note also that the mass conservation of Lemma 4.5 yields

[zilly1.2 < Hzi,OHLl(Q) + ||ziHL2(o,T;H1((z)) .

By combining the above with (48) along with (49), and with the estimate (34) of Lemma 4.9, we obtain
2 = 12
[(Orzi,m)| < Cxr <1 + llzi0ll 1 (o) + /Q ziolog z; 0 dzx + 62 HFZ'HL2(QT)> IVl Lr gy »

for any n € C°(Qr), with Cx, = 2C, (2 + 3Cq +2|2|TC}), i.e., as given in (44), which is independent of
e and zg = (2;,0)M,. Using the density of the smooth functions in the space L"(0,T; W"(2)), we take the
supremum over all test functions n € L"(0,T; W7 (£2)) in the previous estimate, and deduce the uniform
estimate (43). O
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We also note the following estimate on the second derivatives of the regularised solutions. For clarity
of exposition, we delay the proof to Appendix A.2, which relies on first proving a H? type estimate for a
nonlinear transformation of the regularised solution.

Lemma 4.12 (Second Derivative Estimate). For the regularised frozen system (26), there holds, for i €
{1,..., M}, the estimate

HAZZ||L2(QT) < 0(57 6) T7 “Qa CL7 ||Zi,0

lo1(ays 1 Fill oo o, mwoe (29 10:Fill 1 0, n2 (20 ) (50)

where the right-hand side is a positive quantity depending only on the parameters in its parentheses.

4.8. Uniqueness of weak solutions to the reqularised frozen problem

The following result provides a correspondence between equivalent weak formulations of the regularised
frozen problem (26). We omit the proof, as it is standard. We note in passing that, by the same method of
proof, the analogous equivalences also hold for the weak formulation of the original problem, as mentioned
in Remark 2.5.

Lemma 4.13 (Equivalence of Weak Formulations of (26)). Let z = (2)M, € Z and denote the fluz by
Fi=2{(Vz; + VL;(t,x, z;) + 0F;(t, 2,2,V Z)) + €Vz;. The following formulations are equivalent:
1 for eachi € {1,..., M}, for everyn € C (), for a.e. t €[0,T],

Ozt ) + / Fy - Vnpde =0, (51)
2

where (-,-) o is the duality product of W1 (12);
2 for eachi € {1,..., M}, for every ¢ € C1(Qr),
(Orzis @) xrxx + Fi-Vodadt = 0; (52)
Qr
3 for eachi € {1,..., M}, for every ¢ € C*(Qr) with ¢(0,-) = ¢(T,-) =0 on 2,

The following result is the focal point of this subsection and is concerned with the uniqueness of solutions
to the regularised frozen problem in the larger space =.

Lemma 4.14 (Uniqueness for Regularised Frozen Problem in Z). There exists a unique z = (z;)M, € £
such that, for everyi € {1,...,M}, [, z(t,z)dz = [, zi0(x)dz, 2(0,-) = 20 in (W' (2)) and, for every
n € CH(Qr),

(Orzi, M) xrxx + / [2:(Vz; + VL;(t,z,2z;) + §F;(t,x,2,VZ)) + eVz] - Vnpdxdt = 0. (54)
Qr

Proof. Step 1 (related dual problem): Let z and z* satisfy the hypotheses and let w := z; —z}. Problem (54)

is nonlinear. However, we can formally derive a dual equation through integration by parts and properties
of the convolution. Specifically, supposing that the convolution kernel H is radially symmetric and that the
functions below are sufficiently integrable, we note the following property:

/ F(@)(H % g)(z) d = / f(@)H(z - y)g(y) dy dz = / (H * F)(w)g(y) dy,
2 2%

0
21
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which follows directly from the Tonelli-Fubini Theorem. In the sequel we use the notation F; introduced in
(27), and we drop the arguments of F;, V; and W;. Define ¢ € L2(0,T; H?(2))NH'(0,T; L?(£2)) as a strong

solution of the following linear and strongly parabolic dual equation:

d
016 — (€ + ) Ap + (VVi + 6F; + VWi x 2) - Vo + 3 (00, Wi) # (2700 0) = —¢  in Qr,
k=1 (55)
Vo-v=20 on Xr,
¢(0,-)=0  on £,

where £ € C2°(Qr) is arbitrary and {ay }ren is a monotone sequence of bounded functions that approximate

zﬁ—zi
. zi + 27
4, = min — |,k .
2

5—; in particular, we choose
Note that a, > 0 belongs to L>(Qr) for every x € N.

Step 2 (estimates on time-shifted quantity): Consider now the equation for the time-shifted function

Y(t,x) = d(T —t, x):

U

O + (e + ap) Ap — (VVi + 0F, + VWi 5 2;) - Vo — 3 (00, Wi) # (2700 ¥)) =& in Qr,
k=1 (56)
Viy-vr=0 on Xp,
Y(T,) =0 on £,

and test against a bounded C! function 6 : [0, 7] — [1,00) such that 9,0 > 1. We have, for every t € [0, T],

/tT/Q&ﬂ/;@Az/;dxdr:—/tT/Qg@t (\VW) dadr

:_/Q%<9(T)|Vz/)(T,ac)|2—9(t)|Vw(t,a:)|2) d:c—i—/tT/Q|Vz/J|28t (Z) dzdr

1 T rq
z/ *|V¢(t7$)\2dx+/ /flwﬁdxdr,
.(22 t _02

where we used ¢(0,-) = 1(T,-) = 0 and the lower bound on §. On the other hand, we also have

T T .
/ / Opp 94 dudr = / / 9{— (e + an)| AV + (VVi + 0F; + VW, * 2;) - Vi Aip
t 2 t 0

d (57)
+ Z(8$kWi) * (2f mk¢)A¢ + fAl/J] dxdr.

k=1

Firstly, we estimate the drift terms: letting G :== VV; + 6 F; + VW, * z;,

T T T
/ /Gg.v¢AwdxdT:/ /Q‘VMQdivgdxdT—/ /QZarkwazlgkazlz/;dxdT
¢ Jo ¢ Jo2 t Jo 4

1
< (2 +d2> ||9||L°°([0,T])||VgLOO(QT)/Q V| dz dt,
T
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where we used that G and its space derivative are bounded, since the nonlocal drift is bounded by
VWi * zillLoo(@p) < [[Willorrayllzi0ll L1 (). Secondly, we estimate the nonlocal term:

’/ /Q )#(2] Oy 1) Atp dz dr

k=1

92 (VO Wi) % (2700,0) - Vb dadr
k=1

0
< 101 2 0.1 [ Will o / /Q |w<v,x)|( /Q IZ?(T,y)Vw(T,y)Idy> da dr
t

T
1 *
< dI Q1101 e o [ Wil e gy / 22 (r, M 2y IV, 22 g

where we integrated by parts to obtain the first equality and used the Holder inequality to obtain both
the second and the final lines. By integrating the term in (57) involving £ Ay by parts, and then using the
Cauchy—Schwarz integral inequality followed by the Young inequality, we have obtained

IV 12 // 190l + (e + a) | A6P) dedr
1
< 5||Vf||L2(QT) (58)
T
1
C(d, 2], 0] oo |G e [ Wi 2) / (1 + 12 Va2 5 IV, g

From the above we deduce, by first estimating the integrand in the right-hand side by its supremum over
[7,T] and then bounding the left-hand side similarly, that for every ¢ € [0, 7] there holds

1 ) 1 ) r 1
— sup ||[V(r,- <=V +C’/ 14|27 (7, ) 22 sup ||V (y, ydadr.
5 5 196 o) <1V€la 0 +C [ 0415 Maae)g s 199 Mo

where we used the shorthand C to denote the quantity with the same name appearing on the right-hand side
of (58). Applying the Gronwall Lemma (starting from the initial point ¢ = T, where ¢(T,-) = ¢(0,:) = 0)
to this latter inequality yields

T
sup [ V(t, )220y < IVEI2 20 0xD (o / (1+ ||z;‘<7,'>|Lz<m>dT> ,

t€[0,T]
Using the Holder inequality, the integral inside the exponential is bounded by T + T3 [Exali Q1) Hence,
returning to (58) and using the previous estimate, we obtain
/ (e + an)| AP da dt < Ct, (59)
Qr

where C¢ depends on d, [2[, T, [[V€||2(qps 10lzoe, VG L, [[Willcz, (12 L2(gy)» and not on k.

Step 3 (estimates on the difference of solutions w): The regularity of ¢ implies that ¢» € X. Recalling that
w(0,-) = (T, ) =0, by proceeding as in the proof of Lemma 4.13, we obtain

(Ovw, V) x15cx = —/

Qr
Qr

wop de dt = —/ [EVw + 2;Vz; — 2/ V2] - Vipda dt
Qr
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Testing against the solution of the dual problem (56), we have

/ U/|:at1/1+<€+zi—;zi>A’(/J_(VVi+5Fi+VWi*Zi)'vw
Qr

d
+ Z(@kaZ) * (Z;kﬁmk?/}):l dzdt = / w € dx dt.
Qr

k=1

It follows that

/ wﬁdxdt:/ w<zi+zi a,g)A@dedt
Qr Qr 2

1 1

2 2 X * 2 2

< / (e + a,)| Ap| dz dt / W (EEA L) dear] .
Qr QTE—i—aN 2

Thus, using the non-negativity of a, and the estimate (59), we have obtained

1
i U 2 3
/ wédrdt < 571052 / w? <Z — aK> dedt |
Qr Qr 2

and we recall that C¢ is independent of x. Even if the integral on the right-hand side above may be infinite,

. itz . . .
since a,, % a.e. monotonically as kK — oo, a direct application of the Monotone Convergence Theorem

leads to

/ wédxdt <0,
Qr

for any £ € C°(Qr). In particular, we can choose & to be strictly positive or strictly negative, so we must
have w =2; — 2 =0 a.e. in Qr. O

5. Fixed point with diffusivity

In this section, we use a fixed point argument in order to go from the regularised frozen system (26) to
the regularised coupled system

Ozi = div]z;(Vz; + VL;(t, 2, 2;) + 0F;(t,2,2,Vz)) + eV z] in Qr,
0=v-[2:(Vzi + VL;(t,x,2) + 0F;(t,z,2,Vz)) + eVz] on Yr, (60)
2i(0,-) = zi0 on 2.

We begin by recalling the Leray—Schauder—Schaefer Fixed Point Theorem and its simple corollary.

Theorem (Leray—Schauder—Schaefer). Let S be a compact map from a Banach space B into itself. Suppose
that the set {€ € B : £ = AS(§) for some A € [0, 1]} is bounded. Then S has a fixed point.

Corollary 5.1. Let S be a compact map from a Banach space B into itself. Suppose that there exist two
constants a € [0,1) and b > 0 such that [|S(§)|| g < alléllg + b for all € € B. Then S has a fized point.

We emphasise that, throughout this entire section, € > 0 and the initial data 2o = (2,0)M, € (C*(2))M
prescribed in Section 4 (¢f. Remark 4.1) are fixed.
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5.1. Weak compactness of the solution map

Recall the regularised frozen system (26) of Section 4, i.e.,

Opzi = div[z;(Vz; + VL;(t, 2, 2;) + 0F;(t,2,2,VZ)) + eVz] in Qr,
0=v-[z/(Vzi + VLi(t,z,2) + F;(t,x, 2, VZ)) + eVz] on Xr,
2i(0,-) = 20 on {2.

From Section 4 we know that the above admits a unique classical solution for each smooth vector function
z. We also recall the space = introduced in Definition 2.2, and note that, since it is a closed subspace of a
Banach space, it is itself Banach.
Consider the solution operator S, of Definition 4.3:
e+ (C=(@Qr)M — (C*HQr)M c =

_ (61)

Z 2z,
where z solves (26) and (C™(Qr))™ is equipped with the subspace topology of 5. Let us introduce, for
every p > 0, the following linear smoothing operator R, (which is defined by extension and mollification in
Appendix A 4): -

R, : 5 — (C™(Qr)M

(62)
w— R, (w),
with the property that R, (w) converges to w strongly in (L2(0,T; H*(£2)))™ as p — 0, along with
||Ru(w)H(L2(0,T;H1(Q)))M < Crey ||w||(L2(0,T;H1(Q)))M ) (63)
for some fixed constant C).., independent of 1, and
HRu(w)||(Loo(o,T;W2,oo(Q)))M + HatRu(w)||(Loo(o7T;W1,oo(Q)))M <Cu Hw||(L2(o,T;H1(Q)))M 5 (64)

for some positive constant C), depending on p (¢f. Lemma A.6 and Remark A.7). This constant explodes
in the limit as p — 0.

We will also repeatedly use the following two technical lemmas in later arguments. Their proofs are
elementary and are therefore omitted for concision.

Lemma 5.2. Let {¢("},en be a sequence in L?(Qr) such that:

1. {¢"}nen converges weakly to ¢ in L*(Q7);
2. (™ is non-negative a.e. in Qr for every n € N;
3. fQT ¢"(t,x)de = A a.e. t € (0,T) for some non-negative constant A.

Then ¢ € L>=(0,T; LY (£2)), ¢ > 0 a.e. in Qr, and/ C(t,z)dz = A.
2

Lemma 5.3. Let {¢"}nen be a sequence in L?(Q1) such that:

1. {¢"}nen converges weakly to ¢ in L*(Qr);
2. For everyn € N, ¢"(0,-) = (o in (WHT(R2)) for some fized (o € LP(R2);
3. {0:C™ tnen converges weakly-* to 0:¢ in X'.

Then, ¢ € C([0,T]; (WL (2))"), and there exists a positive constant A, independent of n such that, given any
¢ € WET(0), there holds

/Q C(t,2)p(x) dw — /Q ((s,2)6(x) dz

Moreover, [((t,-) = Coll w12y < t+ A for all0 <t < T, so that ¢(0,+) = ¢o in (WET(2)).

25
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Lemma 5.4 (Weak Compactness). The map Se o R, from = into itself is weakly sequentially compact with
respect to the subspace topology of (L*(0,T; H*(£2))M.
Proof. Step 1 (the bounded sequence): For i € {1,..., M}, let {Z]'},en be a uniformly bounded sequence
in £ i.e., there exists C; > 0, independent of n, i, €, such that
128 | 20,011 (2)) < Cis 10:27" | < Ci vn € N. (66)
Let us introduce
= RM(ETL), 2" = 56(2")7

and notice that by the estimate (64), up to the multiplicative constant C,.4, we have that z = (Ei)i]\il and

2 = (%)M, satisfy the same uniform bound (66). We also define

EM o= Fy(t,z, 2", V).

and notice that, due to (5) and (66), we have
”Fin”LQ(QT) < Cr(1+Cy) Vn € N,

where we omitted the C,.q4 factor, for clarity of presentation. By Lemmas 4.8, 4.9, and 4.11, there exist a
positive constants C! independent of n, u, e such that

”ZinHLQ(O,T;Hl(.Q)) < (i, 1027 15 < €, Vn € N.
Step 2 (the weakly convergent subsequence): It follows that all of {ZI'}nen, {2I'}nen, and {z!},en are

bounded sequences in =. An application of the theorems of Banach—Alaoglu and Aubin—Lions [71, Theorem
I1.5.16] implies that there exists a common subsequence (still indexed by n) such that

Bz, Bk oz weakly in L*(0,T; H'(£2)),
Fr— Fr weakly in L*(Qr),
Z o, o strongly in L*(Qr),
Bzl Sy weakly-* in X'

where Z;, 2;, z; € L2(0,T; H'(2)), F* € L*(Qr), and v; € X’. From the linearity and the continuity property
of the regularisation operator (¢f. Corollary A.8),

12" = Ruzillp2(@p) = 1R — RuZillp2(op) < ClZ — Zillp2(@p) 0 asn— oo,

for some positive constant C, which, incidentally, does not depend on u. Hence it follows that 2; = R, z;
as elements of L?(Qr), and that, additionally, 2% — 2; strongly in L?(Qr). Moreover, given any © €

3

(CHQ7))?, there holds, from the definition of weak derivative,
Qr Qr

from which we deduce that [|V(R,2Z; — 2)|12(g,) = 0, due to the density of C}(Qr) in L*(Qr). Thus,
2 = R,z; as elements of L*(0,T; H'(2)).
Additionally, we note that, in view of Lemma 5.2, we have z; > 0 a.e. in Q7 and

/ |zi(t7x)|dx:/ zi(t,x)dx:/ zi0de a.e. t € (0,T),
7 7 7

which fulfils the requirement for z; € L>°(0,T; L'(12)).
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Step 3 (convergence of cross-diffusion terms): Using the structure of ﬁZ" provided by (4), we know that
M
E} = Fi(t,2,2,V2) = GY(t,z,2) + > _ Gl(t,2,2)V3
Indeed, letting @ € (C1(Q7))? be arbitrary, the structure (4) implies that
/ 0. Erdzdt :/ 0-GVt,z, dxdt+2/ 0 - VG,(t,z, 2")Vz; dz dt.
Qr Qr

Then, the fundamental theorem of calculus and the strong convergence in L?(Q7) yield

IGY(-,-,2™) = GY (-, A2 < ||VZG?||L°°(QT><]RM) ie{llnaXM} 125" = Zill L2(0p) = Os (67)

and similarly

IG3(s2") = Gi(, - Dl 2(p) S I1VGijllpoe (@ xrr) e{llnaXM}Hf?*f?illw(QT) — 0, (68)

so that GY(-,-,2") — GY(-,-, 2) and G%j(~7 2" — ng(-, -, 2) strongly in L?(Qr). The weak convergence also
implies V27 — VZ; weakly in L?(Qr), so that, using the fact that the product of a strongly converging
sequence with a weakly converging sequence converges itself in the weak sense,

lim O-EFrdedt = O - F; dx dt.

Step 4 (convergence of drift terms): Similarly, with the term L;, we have
n 2

2

/ Wiz — ) (2P(ty) — z(t,y) dy| dedt
(9] (]

0
T
<tact | /( z?(ty)—zi(t,mﬁdy)dxdt
0 (93 (93

2
= QPO — 2l — 0.

where we applied Jensen’s inequality and used the boundedness (8) to obtain the third line, and the
Tonelli-Fubini theorem to obtain the final line. An identical strategy yields

T
L?(QT) o Jo
< 10PCT — wlag, 0.

so that we obtain the convergence L;(-,-,2") — L(-,-, ;) strongly in L?(0,T; H'(2)).

y Ty %4

Step 5 (sequence of time derivatives and conclusion): Furthermore, given any 8 € C}(Q7), an integration
by parts with respect to the time variable yields

002} dx dt = —/ zi' 00 dzx dt.
Qr Qr

By taking the weak limits on both sides, we get [, fuv;dxdt = — [, 20,0 dzdt and deduce v; = 9z;.
Qr Qr
Hence, since any weakly-* convergent sequence is bounded, we have that |0:z;||xs < oo, and the
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final requirement for z; belonging to = is fulfilled. We therefore have the following convergences for the
subsequence:

2Pz, AT Ruz, 2=z weakly in L?(0,T; H'(R2)),

zZ =z, = Ruz, 2z — oz strongly in L*(Q7),
Li(-, 2" = Li(+, -, ) strongly in L*(0,T; H'(R2)), (69)
EP ~ Fi(,-, Rz, VR,Z) weakly in L%(Qr),
i 2 5 0z weakly-* in X',

with z; € =, and the lemma is proved, since we have shown the weak convergence in = of a subsequence of
{S: 0 R,(2") }nen towards z = (2;)M for any bounded sequence {z, }nen in 5. O

Remark 5.5. We emphasise that, in order to obtain (69), the Aubin—Lions Lemma (c¢f. [71, Theorem
I1.5.16]) was used to ensure the strong convergences z' — z; and 2 — z; in L?(Qr). The application
of [71, Theorem I1.5.16] is justified due to the uniform bound in L2(0,T; H'(£2)) for the sequence of
functions {z, 2!} nen and the uniform bound in X’ = L™ (0,T; (W (£2))') for the corresponding sequence
of derivatives {0;2]',0;2] }nen. The strong convergence £ — R,Z; in L?(Q7) was not deduced directly
from the Aubin—Lions Lemma (though, alternatively, this can also be done) and was later obtained from
properties of the regularisation operator R, and the strong convergence z;' — z; in L?(Qr).

Remark 5.6. As a consequence of (69), for any ¢ € C'(Qr),

/ z2'Vz' - Vodx dt — 2;Vz; - Vo dxdt,
Qr

Qr
/ 2PV Li(tyx,2l') - Vodedt — ziVLi(t,x,z) - Vo dz dt,
Qr Qr
/ 2 Fi(t,z,R,z2", VR,Z") - Vo dz dt — ziFi(t,z, Rz, VR, Z) - Vo da dt.
Qr Qr

It is then clear that the limit function z; satisfies the following weak formulation:

(Opziy ) x5 x + / Vo - ([2:(Vzi + VLi(t,x, 2) + 6Fi(t,x, R, 2, VR, Z)] + eVz;) dedt = 0,
Qr

for every ¢ € C*(Qr). Note the similarity between the no-flux weak formulation above and the formulation
(52) in Lemma 4.13.

5.2. Strong compactness of the solution map

In this subsection, we improve the compactness result in Lemma 5.4 and show that the solution map

is actually strongly compact from = to itself. To begin with, we recall the following result concerning
semicontinuity properties of the Fisher information.

Lemma 5.7 ( Properties of Fisher Information, [72] Lemma 4.10). Let K be a closed subset of R%. The Fisher
information, i.e., the functional

2
Flw] = / [Vwl dz,
{zeK|w(z)>0} W

is convex and sequentially lower semicontinuous with respect to the weak topology of L*(K).

Consequently, we have the following lemma, the proof of which is contained in Appendix A.3.
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Lemma 5.8. Let {("}nen be a sequence of non-negative functions in L'(Qr), and suppose that (" — (
strongly in L' (Q1). Then there exists a subsequence of {¢"}nen, still indexed by n, for which there holds

/ \Vd dzdt < lim f/ V¢ | dz dt.
Qr ¢ nﬁoo QT ¢

Lemma 5.9 (Strong Compactness). The map S: o R, from = into itself is strongly sequentially compact.

Proof. Step 1 (difference of two “weak formulations”): We emphasise that ¢ and p are fixed throughout this

proof. For i € {1,..., M}, let {Z]'},en be a uniformly bounded sequence in =. Arguing as in Lemma 5.4, we
consider £" = R,2z" and 2" = 82" = 5. 0 R,(2"). Recalling (69), we have that, for a suitable subsequence
(still indexed by n),

Z =z, o Ruzm, 2 =z weakly in L?(0,T; H'(92)),
Z = %, Z = RuZi, 2z —z strongly in L*(Qr),
Li(, - 2") = Li(+, -, 2) strongly in L?(0,T; H'(R2)),
EM = Fy(-,-, R,z VRHE) weakly in L?(Qr),
Bzl = Brzi weakly-* in X',

for some non-negative z; € =, and we define 2 := R,z. By integrating the equality (36) from Lemma 4.9
over the time interval [to,t] C [0,7], we obtain

/Q [20(t) log 2](t) — 20'(to) log 27(to)] da

1.,

for a.e. t > ty > 0. By Remark 5.6, the uniqueness in the space = due to Lemma 4.14, and the added
regularity inherited from Lemma 4.8, we deduce that z; € C%!(Qr) satisfies (26) classically (with 2 = R, 2
featuring in the arguments of F;). Then, similarly to what we had in Section 4.2, we also obtain

SV - Fy(t,x, 2", VE") + V2l - VLi(t,z,2") + V2> + &

vz
V=T e ar,
zZ

%

/Q [2i(t) log 2 (t) — zi(to) log z;(to)] dz

I,

for a.e. t >ty > 0. Taking the difference of the two relations above we obtain

t e €
/ / {(1 + n) |Vzr|? — (1 + ) IVzi|2] dz dr
to J 02 Z; Zi

- /Q (24(to) 10g 2 (to) — =1"()log 2 (¢) — zi(to) log 2 (to) + 2 (1) log z4(¢)) da

|Vzi

7

Vzi- 6F(t, 2,2, V2) + V- VLi(t, @, z) + |Va|* + ¢ ] dz dr,

t (70)
- / / (V2] - VLi(t,@,2}) — V2 - VLi(t,x, 2)) dedr
to

75// Fi(t,x,2", V") = Vz; - Fi(t,z,2,V2)) dadr.
to

One can show, by following Step 1 of the proof of Lemma 5.8 (¢f. Appendix A.3), that the strong convergence
zj" = z; in L*(Qr) implies that, for a subsequence, for a.e. t € (0,T), we have |[27(t,-) — z(t, )| z2(2) — O.
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Then, defining f : # — z(logz)1 «)(2), we note that | f(z)| < C(1+?) globally for some universal constant
C. Using the Generalised Dominated Convergence Theorem, we deduce that f maps L?({2) continuously into
L'(£2), whence the entire first term on the right-hand side of (70) vanishes for this subsequence. The second
term on the right-hand side of (70) also vanishes, due to the strong convergence in L?(0,7; H'(2)) of the
terms involving VL;, ¢f. (69). On the other hand, the final term on the right-hand side of (70) requires
additional work.

Step 2 (div—curl Lemma to make right-hand side of (70) vanish): Recall that, due to the structure provided
by (4),
Fi(t,x,2,V2) = —|—ZG (t,x,2)VZj,

and we consider, in particular, the term

/t / MV Val = Gl(r,3,2)VE; - Vz;) da dr. (71)
0
For what follows we define the (d + 1)-dimensional vector fields

o7 (1, @) = (0, Gy, (7,2, 2" (7, 2))VE} (7, 2)), vl (T, ) = (0, V2 (T, x)).

Note that the strong convergence in L?(Qr) of the terms involving G}j, cf. (68), and the weak convergences
V2l = V2;,Vz — Vz; in L*(Qr) implies that both sequences {07 }nen, {0} }nen are weakly convergent
in (L2(Q7))%*!. In the next paragraph, we pass to the limit in (71) using the div—curl Lemma.

By Lemma 4.12, ||AZnHL2(QT) is bounded by ||Rﬂfn||Loo(0,T;W2,oo(Q)) + H@tRHE”HLoo(O’T;Wl,oc(Q)), WhiCh,
from the estimate (64), is bounded by [|2" | .2(o, 7, 1 (2)), and this is bounded independently of n. Therefore,
for every i € {1,..., M},

divy z vj' = Az} is bounded in L?*(Qr) independently of n,

and thus, by the Rellich Theorem, the sequence {div¢ , v }nen is confined to a compact subset of H~(Q7).
Additionally, an explicit computation using the chain rule shows that, for every j € {1,..., M},
|cur1t’mﬁ;-‘| < , El{rllax ||G HCl (Qp xRM) (|8tv,2”| + |V2 An‘ + |v2n| + |(c)t2n||v2n| + ‘an| )
i5€{1,

Recall that y > 0 is fixed. Hence, estimate (64) shows that |[2"|| oo (o, ryw2.00(2)) = IRz | oo (0,m5w2.00 (2))
is bounded independently of n and likewise for [|0;2] || oo (0, 7,w1.00 (2)) = 1062} [ Loo (0,710 (2)- In turn,
{curl; , 9 }nen is bounded in L>(Qr) independently of n, and therefore also uniformly bounded in L*(Qr),
whence the Rellich Theorem implies that this sequence is confined to a compact subset of H=(Qr). A direct
application of the div —curl Lemma (cf. [73, Theorem 1]) to the product {0} - v}'},en yields that

Gtz 2"V - V2l — Gt 2, 2)VE; - Vz;,  in D'(Qr).
We conclude that the term in (71) vanishes in the as n — oo. Note that the term
/ / (GY(t,@,2") - V2 — GY(t,x,2) - Vz;) dadr,
to
also vanishes in the limit as n — oo, since V2! — Vz; weakly in L?*(Qr) and GY(-,-,2") — GY(-,-,2)
strongly in L?(Qr), as per the estimate (67).

Step 3 (lower semicontinuity of Fisher information to deduce convergence of norms): Returning to (70) and
using the fact that 0 < ¢ty < t < T were arbitrary, it follows (by possibly taking a further subsequence to let
to — 0 and t — T) that

/ / [(1 + ) V2P| — (1 + Zi) |Vzi|2} dedr — 0 as n — oo. (72)
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Observe that the strong convergence z' — z; in L?(Qr) and the lower semicontinuity result Lemma 5.8
imply, after passing to a further subsequence if necessary,

n—oo

liminf/ /[ v —f|v21\ dzdr > 0,

which, combining with (72), implies
limsup (|| V227 — V2l <0.
. (H i ||L2(QT) || ||L2(QT))

Combining the above with [[Vzi[|p2(q,.) < lminfn oo [|Vz]"[| 12, Which holds true because of the weak
lower semicontinuity of the norm and Vz? — Vz; weakly in L?(Q7), we deduce

V2l L2 = IVZill L2y as n — 0o. (73)

The combination of weak convergence of {z},en in L%(0,T; H'(£2)) with the convergence of the norm
establishes strong convergence in L2(0,T; H(2)).

Step 4 (strong convergence of time derivatives in dual space): Finally, we verify the strong convergence in the
dual space X' for the sequence of time derivative {9;z!},,cn. Taking the difference of the weak formulations
we obtain, for any 6 € C1(Q7),

(Op(2] — 2),0) = f/ (eV(2] — 2) + 2!'V2! — 2V2;) - VOda dt
Qr
- / (2!'VLi(t,z,2]") — % VLi(t,z, %)) - VOdz dt
Qr
— / 5(Z?F¢(t,.’l,', 2N VEY) — ziFi(t,x, 2, Vﬁ)) -VOdzxdt,
Qr
and, as per the convergences identified in Remark 5.6, the right-hand side vanishes in the limit as n — oo.

However, we must study this limit quantitatively. To this end, observe from this previous equation that
[(0e(2] = 21),0)] < (ellV2] = Vzill L2y + 127 V2] = 2iV2ill 12y
+ HZHVL (, ) z) zVL; (7 721)”L2(QT)
+ |5|HZ:LFZ(’ - 2", vén) - Z’iFi('a 52, VZ)”L2(QT)) HVGHL2(QT)7
after which an application of the Holder inequality yields
|<8t(21" — Zi), 9>| < (EHVZ“ — VZi”LZ(QT) + ||va2n — ZiVZiHLQ(QT)
+ 12 VELi(, - 2') = 2V Li( - 20l L2 )
d
+ |6|||Z?FZ(’ *y 2n7 vén) - ZlFl(v 2, vg)HLQ(QT)) (“Q|T) 2(d+1) ||ve||LT(QT)'
Taking the supremum over all § € C(Qr) with ||0]|x < 1 and using the density of C}(Qr) in X, we get
d
18:(27 — 20) | xs < (1RIT) 2@ (e]| V2! = Vaill L2y + 127 V2! — 2V il 12(gp)
+ HZHVL (’ ) z) zVL; (7 vZZ)HLQ(QT
+ |6H|Zanl(v "2 An? vén) - ZiFi('7 2, VZ)||L2(QT))'

" — z, and VL;(+,,2") = VLi(, -, 2), we
immediately deduce that the first three terms on the right-hand side of the previous equation vanish in

Using the strong convergence in L?(Qr) of Vz!' — Vz;, 20

the limit as n — oo, since the product of two strongly convergent sequences in L?(Qr) is itself strongly
convergent in L?*(Qr). Finally, recall that {£"},cy is precisely the sequence {R,z"},en, and that the
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regularisation parameter p > 0 is fixed throughout this procedure. Thus, since ||Z1|] £2(0,7:H1(2)) 1s bounded
independently of n, the estimate (64) gives the uniform boundedness in L?(Qr) of the sequences of higher
derivatives {9;V2!'},en and {V22"},en. It then follows from the Aubin-Lions Lemma (cf. [71, Theorem
11.5.16]) that V2P — V3; strongly in L?(Qr), since we already knew from (69) that the sequence converged
weakly in L?(0,T; H'(£2)) to this same limit. Combining with the strong convergence 27" — %;, we get

2 — % strongly in L?(0,T; H*(12)).
It is then immediate from the structure of F; given in (4) that we have the strong convergence
1Fi( 5 2", VE") = Fi(+ 2, VE) | 29y — 0 as n — 0o,

whence [|0; (2] —z;)|| x+ vanishes in the limit as n — 00, again using the fact that the product of two sequences
converging strongly in L?(Qr) is itself strongly convergent in L?(Qr). The proof is complete. [J

We now arrive at the existence of solutions to the regularised coupled system (60).

Proposition 5.10 (Ezistence for reqularised coupled system). Fize > 0 and z; o € C2°(§2) to be non-negative
functions such that fQ ziode = fn u;odx fori € {1,..., M}. There exists = = (2;)M,, belonging to the space
E, which solves the reqularised coupled system (60), i.e.,

Ozi = div]z;(Vz; + VL;(t, 2, 2;) + 0F;(t, 2,2,Vz)) + eV z] in Qr,
0=v-[2(Vzi + VLi(t,x,2) + F;(t,x,2,Vz)) + eVz] on X,
2(0,-) = zip0 on {2,

in the weak sense: for any test function ¢ € C*(Qr), fori e {1,..., M},
<8tzia¢>X’><X +/ [ZZ(VZZ +VLi(t,’JJ,Zi) +6F¢(t,x,z,Vz)) +€VZ¢] -Vodxdt =0, (74)
Qr

with 2;(0,+) = z;0 in (WbHT(2)). Moreover, each z; is non-negative and conserves its initial mass, and there
exists a positive constant C = C(2,T,d, ), which is independent of € and zy = (zi0)M,, such that, for
ied{l,...,.M},

520 2 my + 1005 < C (14 Dasolla oy + [ ssologssads) (73)

Proof. Step 1 (solution with smoothing operator R, in the right-hand side): Begin by showing that for

each p > 0, there exists z = (2;)M,, belonging to the space C%'(Q7), which solves the system

Oz = div(z;(Vz; + Li(t, x, 2z;) + 0F;(t,z, Rz, VR, 2)) + eVz;] in Qr,
0=v-[2(Vz + Li(t,x,2;) + 0F;(t,x, Rz, VR, 2)) + eV z] on Y, (76)
Zi(ov ) = Zi,0 on 2,

in the classical sense, and that there exists a positive constant C' = C(£2,T,d, Cyq, ), independent of p, e,
and z; o, such that, for i € {1,..., M},

520 2y + 1005 < C (14 Dasolla oy + [ smologssads) (77)

To this end, recall that S. o R, maps the Banach space = into itself compactly (¢f. Lemmas 4.9 and
5.9, and (12) the smallness condition on 9). Subsequently, an application of Corollary 5.1 shows that there
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exists z € £ which is a fixed point of S. o R,,. Since S o R, maps = into (C* 1(QT))M the equality in &
z = S.(R,(z)) implies that there exists a representative of z belonging to (C*!(Qr))™ and, additionally,
such representative solves (76) in the classical sense. In view of the definition of =, we automatically obtain
that, for ¢ € {1,..., M}, z; is non-negative and conserves its initial mass.

By integrating (76) against any test function ¢ € C'(Qr), we get, for i € {1,..., M},

<8tzi7¢>X/XX +/ (zl(Vzl JrVLi(t,.’E,Zi) +5Fi(t,x,RHZ7VRHZ)) +EVzZ) . V¢d$dt = 0, (78)
Qr

and we also have z;(0,-) = z;0 in (W1"(£2))’, since we already know that this latter equality holds in the

pointwise sense.

Meanwhile, the estimate on ||z; in (77) follows from Lemma 4.9, using the smallness of ¢

2
HL2(07T;H1(9))
along with the bound

|Fi(t,z, Ry2(t, ), VR, 2(t, x))| < Cp(T, 2)(1 4+ |VR,2(t, 2)]),

due to (5), and the estimate (63) (¢f. Lemma A.6). Using this latter bound and the one for ||ZZ||L2 0TS H1(2))’
we then obtain the estimate on ||0;2;|| v, in (77) from Lemma 4.11.

Step 2 (taking the limit u — 0. Part I: drift terms): For each p > 0, define z# = (z#), to be the
solution of (76) provided by Step 1, and recall that (78) holds. Observe from the estimates (77) that
{z#},>0 is a bounded sequence in (L2(0,T; H'(£2)))™, and this bound is independent of x. Hence, as in
the proof of Lemma 5.4, an application of the theorem of Banach—Alaoglu for reflexive spaces and the
Aubin-Lions Lemma (cf. [71, Theorem II.5.16]) implies the existence of a subsequence, which we still label
as {z"},>0, converging weakly in (L?(0,T; H'(£2)))™ and strongly in (L?(Qr))™ to some z = ()M, €
(L%(0,T; H'(£2)))M, and such that ;2* = 8,z weakly-* in (X')™. This latter weak-* convergence in (X”)M
is manifestly enough to pass to the limit in the first term of the weak formulation (78), i.e., the duality
product, and for the final term, we have

= ‘/ [28(V2l' + VLi(t, 3, 2!') + 6F;(t, 2, Ry2", VR, 2")) + eVal'] - Vodazdt
Qr

- / [2i(Vzi + VLi(t,x,2) + 0F;(t,,2,V2)) + eVz] - Vo dr di|,
Qr

which can be expanded as I, < J, + Ky, + K>, where

= ’/ 2 (Ve + 0F;(t,x,Ry,2" , VR, 2")) - Vo da dt —/ 2:(Vzi + 0F;(t,x,2,Vz)) - Vo dx di|,
Qr Q

T

while

Ky, = ‘/ 6sz . ngdxdtf/ eVz; - Vodxdt|,
Qr Qr

and
‘/ 2NV Lt x, 2L') - ngdxdt—/ ziVLi(t,x,zi)-ngdxdt’.
QT Qr

Observe that
K Lp =

(Vzl' = Vz) - Voda dt‘ -0,
Qr

in view of the weak convergence z!' — z; in L?(0,T; H'(£2)), which naturally implies Vz! — Vz; weakly in
(L?(Q7))M. Additionally, observe that

K, = ‘/ (IVLi(t,z,2l") — 2;VL;i(t,x zl))~V¢dxdt’,
Qr
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and

IVLiC - 32) = Vil ) = //IVW* 1) = a(t,)(a) P de di

2

/ VWi(z —y) (2 (t,y) — 2zi(t,y)) dy| dzdt
2 2

0
T
<loici | /(/ |z:f‘<t,y>—zi<t,y>|2dy) dadt
0 2 2

= |QPC 2 = zill52 0, =0 asp—0,

where we used the boundedness from (8) and Jensen’s inequality to obtain the third line, and the Fubini—
Tonelli theorem to obtain the final equality, and the strong convergence z! — z; in L?(Qr) to show that
the limit vanishes. Thus,

||VL (a ) 7,) VL ( Zz)||L2(QT) —0 as U — O,

and hence, being the product of two strongly convergent sequences, we get z/'VL;(-,-, zt') — 2,V L;(-,-, z;)
strongly in L?*(Qr), whence the Cauchy-Schwarz integral inequality yields that K, — 0 in the limit as
w— 0.

Step 3 (taking the limit p — 0. Part II: cross-diffusion terms): We return to J,, which we write as
Jy < Jiu+16|J2,, where

Jip = ‘ / (22t — 2,V z) - Vo da dt|,
Qr

and
Jop = ’/ (2 Fi(t,z, Ry2", VR, 2") — 2 Fi(t,x,2,Vz)) - Vo da dt’.
Qr

Recall that since 2! — 2; strongly in L?(Qr) and Vz!' — Vz; weakly in (L?(Qr))*, the product 2/'V2!
converges weakly to z;Vz; in (L*(Qr)), whence J; , — 0 in the limit as g vanishes. It remains to control
Ja,,,. Observe that an application of the triangle inequality yields

Ja < ‘/ (2 — z;)Fi(t,z, R,2", VR, 2") - Vo da dt
Qr
’/ Fi(t,, Ry2",VR,2") — Fi(t,x,2,Vz)) - Védzdt| = Ly, + La .
Qr

Note that u
1 S VollLe(p) iefhax, 1E5(s s Rz, VR | 2o ll2d — 2ill 2o

< IVoll=i0Crl1 efnax, VE rin) 12 = 2l
where we used the usual bound (5) for F;, and from which it follows, using the estimate (63), that

Ly < IV@llLeo(@pCr(1+ Cregie{fflaXM} 28 120,71 con) 128 = 2ill L2(0p)-

Furthermore, due to the weak convergence z!' — z; in L?(0,T; H'(£2)) for each i € {1,..., M}, we know
that for each ¢ € {1,..., M} this sequence is bounded, i.e., there exists a positive constant Cs., (independent
of p) such that

ie{rf}_&_‘fM} 123 | 20,7511 (2)) < Cseq V> 0.

Thus, we obtain

Ll,,u < ||V¢HL°°(QT)CF(1 + Crengeq)sz’-‘ — ZiHLQ(QT) —0 as u — 0.
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The term Lo, is more delicate. To study it, we expand the terms in F;. Indeed, an application of the
triangle inequality yields

LZ,M <

/ 2 (GY(t,z, Ry2") — G (t,3,2)) - Vo da dt
QT

Ltz Ry )V R, 2K — GLi(t, 0, 2)Vz) - Vododt| = Ay, + Ay .

Observe then that, using Holder’s inequality along with the mean value inequality and the uniform
boundedness of the derivatives of (G9)M,, we control the first term by

A S IVlloe @ il 2@ IV =Gl Loe @ xrary oy 1 = zill 2o (79)

Then, for each fixed ¢ € {1,..., M}, we have

Rz — Zi||L2(QT) <||Ruzf — R#ZiHLQ(QT) + [ Ruzi — Zz‘||L2(QT) (80)
< Oreg”'z'; — Zi”LZ(QT) + ||RHZz — ZiHL2(QT) —0 as [ — 0,

by virtue of the strong convergence z!' — z; in L?(Qr) and Corollary A.8, where we also used the linearity of
the operator R,, to obtain the second inequality. Thus, by returning to (79), we conclude that A; , vanishes
in the limit as 4 — 0. For the term A, ,, observe that, for each fixed i, j € {1,..., M}, we have firstly that

HGzlj('vVRMZ#) - Gzlj( )HL2(QT) <[V GUHLOO (Qr xRM) . {max Ry 2 Zi”L?(QT)a

.....

where, as before, we used the mean value inequality and the uniform boundedness of the derivatives of
(G};)51, so that we deduce from (80) that

7,7=11
Gz]( ) ;R z ) - Gllj(v R Z) StI‘OIlgly in Lz(QT) (81)
Meanwhile, for the first term, we have the following claim, to be proved later.
Claim 5.11.
VR, 2 — Vz; weakly in (L*(Qr))™
Using the above, we then deduce from (81) that we have the weak convergence of the product, i.e.,
Gl Ru2")VR 2 — Gij(-,+, 2)Vz;  weakly in (L*(Qr))™. (82)

Thus, using the Holder inequality to verify that z;Ve € (L2(Qr))M, the weak convergence of (82) implies
that A5, — 0 in the limit as u — 0. The limit function z € L?(0,7; H'(£2)) thereby satisfies the weak
formulation (74), and the estimates (75) follow from the weak (and weak-* for the bound in X’) lower semi-
continuity of the norms considered in the estimate (77). The non-negativity and mass conservation follow
again directly from Lemma 5.2. The attainment of the initial data in the dual Sobolev space follows from a
direct application of Lemma 5.3. The proof is complete. [

Proof of Claim 5.11. Recall from (80) that we have
IRz — zill L2 — 0 as p—0.

It therefore follows that, given any test function ) € (C°(Qr))?, by definition of weak derivative, there
holds the integration by parts relation

V(R,2 —z) - dadt = —/ (Ryu2t" — z;) divep dz dt,
Qr

35

Qr



L. Alasio, M. Bruna, S. Fagioli et al. Nonlinear Analysis 223 (2022) 113064

where we note that there are no boundary terms due to the compact support of ¥. Thus, we get from the
above, and the Holder inequality, that

‘ . V(R,zt —z) -y dx dt’ <NRuz' = zill 2o IVl 2y — 0 as 4 — 0.
T

Finally, due to the density of C2°(Q7) in L%(Q7), it follows that given any 1 € (L?(Qr))?, there exists a
sequence {¥y, pmen of elements of C2°(Qr) such that ||¢m — ¥|lp2(g,.) vanishes as m — oo. Then, we get

’/ V(R,zt — z) 'wdxdt‘ < ‘ V(Ruz —z) - (¢ — ) dz dt‘ + ’/ V(R,zt = z) -y dzdt
Qr Qr Qr

<|NIVRuLz = Vil L2 1Y = Ymll L2040

+ 1Rz = zillL2(o ) IV¥mll L2(0 7
(83)

where, for the second term in the final line, we integrated by parts and then used the Holder inequality. Now
observe that, for the first term, the triangle inequality yields

IVR.2 = Vzill 200 < NIVRuZ N 2(0p) + 1V2ill L2(00)
<Rz 20,7501 (2)) F IV 2ill 1200711 (2))-

However, since 2! € L?*(0,T;H'(f2)) for each fixed u > 0, it follows from estimate (63) (c¢f. (104) of

i

Lemma A.6) that, for each fixed p > 0,

HRuzmm(o,T;Hl(m) < CregHZﬁL||L2(0,T;H1(Q))a

whence, since {z!'},~0 is a bounded sequence in L?*(0,T; H'(£2)) on account of being a weakly conver-
gent sequence therein, there exists a positive constant C., independent of m and p, but depending on
||vzi||L2(0,T;H1(Q))a such that

IVRuz' = Vzill12(p) < Cseq Y1 >0,

In turn, by first taking the limit as m — oo and then making p vanish, it follows that the right-hand side
of (83) tends to zero as u — 0. To summarise, given any ¥ € (L?(Qr))?,

/ V(R,zl' —z)-¢Ydedt =0  as u— 0,
Qr
ie., VR, 2!" = Vz; weakly in L?(Qr), as required. O
6. Vanishing diffusivity and proof of the main result
In this section, we take the vanishing diffusivity limit as € — 0 in the regularised coupled system (60).
Lemma 6.1 (Existence for the Degenerate System). Fix z; 0 € C2(12), fori € {1,..., M}, to be non-negative

functions such that fQ ziode = fn wodx fori € {1,...,M}. There exists z = (zi)f\il, belonging to the space
=, which solves the system

Oz = div[2;(Vz; + VL;i(t,x, 2;) + 0Fi(t, x, 2z, Vz))] n Qr,
0=v-[2(Vzi + VL;(t,x,2) + 0F;(t,z,2,V2))] on X, (84)
zi(0,+) = zi0 on {2,
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in the weak sense prescribed by Definition 2.3, with z;(0,-) = z;0 in (WHT(2))". Moreover, each z; is non-
negative and conserves its initial mass, and there exists a positive constant C = C(£2,T,d,0) such that, for
1e{l,...,M},

a2y + Wil < C(1+ Issolls i + [ solopsmods ). (55)

Proof. The proof is similar to that of Proposition 5.10. Recall the weak formulation prescribed by
Definition 2.3, i.e., for any test function ¢ € C*(Q7), for i € {1,..., M},

(Orzi, D) x7 5 x + / [2/(Vzi + VLi(t,, ;) + 0F(t,x,2,Vz))| - Védz dt = 0. (86)
Qr

For this proof, we define 2° = (2§)M, to be the weak solution of (74) for each ¢ > 0, provided by
Proposition 5.10.

Observe from the estimates (75) that {2°}.s¢ is a bounded sequence in (L2(0,7; H*(£2)))™, and this
bound is independent of . Hence, as in the proofs of Lemma 5.4 and Proposition 5.10, an application
of the theorem of Banach—Alaoglu for reflexive spaces and the Aubin-Lions Lemma (cf. [71, Theorem
I1.5.16]) implies the existence of a subsequence, which we still label as {z}.~0, converging weakly in
(L2(0,T; H*(£2)))™ and strongly in (L2(Qr))M to some z = (z;)M, € (L%(0,T; H(£2)))™, and such that
Op2° = 0,z weakly-* in (X")M: see Lemma 4.11 for the estimate independent of e. This latter weak-*
convergence in (X')M is manifestly enough to pass to the limit in the first term of the weak formulation

(74), i.e., the duality product. For the remaining term we have
I, = ‘ / [zf(sz + VL;(t,x, 25 ) + 6F;(t,x, 25, Vz°)) + 5sz] -Vodxdt
Qr

)

- / [2i(Vzi + VLi(t,z, ) + 0F;(t,x,2,V2))| - Voda dt
Qr

which can be expanded as I. < J. + K . + K2, where

)

Je = ‘ / 25 (V25 +0F(t,x,25,Vz%)) - Voda dt —/ 2i(Vz; + 0F;(t,x,2,Vz)) - Voda dt
Qr Qr

while

)

KLE =&

/ Vz; - Vodrdt
Qr

and

Ky, = ‘/ ZEVLi(t,z,2z;) - Vodrdt f/ 2V Li(t,x,z) - ngdmdt‘.
Qr

Qr
Observe that, using Hoélder’s inequality,

Kie < 5||Vzis||L2(QT)HV¢||L2(QT)7

and note that ||Vz{ || 129, < 125 | L2(0,7;m1 (2)), Which is uniformly bounded independently of & on account
of {2f}.50 being weakly convergent in the space L?(0,T; H'({2)). It follows that there exists a positive
constant C independent of € such that

K1 <eClIVoll 29 — 0 as € — 0.
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As for K., we estimate

T
IVL;(-, -, 25) — VL (-, -, Zi)”iZ(QT) = /o /!2 [VW; * (25 (¢, -) — 2i(t, ))(J:)|2 dx dt
T
- ),

T
<leict [ /( |zf<t,y>—zi<t7y>|2dy)dxdt
0 (] (]

= |QPCR 2 — 222,y 0 ase—0,

2
dz dt

/Q VWix — ) (25 (t,y) — z:(t,y)) dy

where we used the boundedness from (8) and Jensen’s inequality to obtain the third line, and the Fubini-
Tonelli theorem to obtain the final equality, and the strong convergence 2§ — z; in L?(Q) to show that the
limit vanishes. Thus,

||VLi(-,-,zf)—VLZ-(~7~722-)HL2(QT) —0 as e — 0,

and hence, being the product of two strongly convergent sequences, we get 25V L;(+,+,25) — z,VL;(-, -, 2)
strongly in L?(Qr), whence the Cauchy-Schwarz integral inequality yields that K;. — 0 in the limit as
e —0.

We return to J., which we write as J. < Ji o + |§]J2.-, where

b

J1e = ’/ (25V2z; — 2 Vz;) - Voda dt
Qr

and
Joe = ‘/ (szi(t,x,zE,st) - ziFi(t,m,z,Vz)) -V(édxdt‘.
Qr

Recall that since 2§ — z; strongly in L?(Qr) and Vzf — Vz; weakly in (L*(Q7))M, the product 2fVzf
converges weakly to z;Vz; in (L?(Qr))™, whence J; . — 0 in the limit as e vanishes. It remains to control
Jo.c. We already remarked that z; — z; strongly in L? (Qr). It therefore suffices to show that

Fi('a'azs7vzs) AFi(',',Z,VZ) Weakly in LZ(QT) (87)

To verify this, we expand the above terms in F;. Observe that

M
Fit,x,25,V2) = Gt 2, 2%) + Y Gli(t,2,25)V25

VRl
J=1

and so, using the mean value theorem and the uniform boundedness of the derivatives of (G;)M,, we see
that
G2 2) = G2, Dz < IV G lgmqpeinny _max, 25 = 2l 2 (5%)

and the right-hand side vanishes due to the strong convergence z{ — z; in L?(Q7). For the other term, we
have the following claim, to be proved later.
Claim 6.2.

M M

Z ng(-, 5 25) V25 — Z G%j(-, -, 2)Vz; weakly in L*(Qr).

j=1 j=1

It then follows immediately from the previous claim and (88) that we obtain the desired weak convergence
(87). Now, due to the strong convergence zf — z; strongly in L?(Qr), it follows that we have weak
convergence of the product, i.e.,

zZEFi(r,, 25, V2") = 2, Fi(+,,2,Vz) weakly in L*(Qr),
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whence it follows that Jy. — 0 as & — 0. The limit function z € L?(0,T; H!(£2)) thereby satisfies the
weak formulation (86), and the estimates (85) follow from the weak (and weak-* for the bound in X’) lower
semicontinuity of the norms considered in the estimate (75). The non-negativity and mass conservation follow
again directly from Lemma 5.2, while the attainment of the initial data in the dual Sobolev space follows
from a direct application of Lemma 5.3. O

Proof of Claim 6.2. Fix j € {1,..., M} in the sum, and by testing against any 1 € (C°(Qr))¢, we obtain
‘/ (Gt 2, 2°)Vas — Gli(t, x,2)Vz) - wdmdt‘ ‘/ (Gt 2, 2°) — G;(t,x,2))Vz5 - dadt

Qr Qr
G%j(t, z,2)(Vzj = Vz;) - dedt],

' Qr
and the right-hand side of the above is bounded by

T

where (G};)" is the transpose of the matrix G};. The first term on the right-hand side of the above vanishes
as € — 0 using the strong convergence z§ — 2; strongly in L?(Qr) and an estimate analogous to the one in
(88) and the uniform boundedness of ||V25|| 2 (g, independently of €, on account of the weak convergence
2§ — z; in L?(0,T; H*(2)). The second term on the right-hand side of the above also vanishes, on account
of (G};)"¢ € L>*(Qr) C L*(Qr) and the weak convergence z5 — z; in L*(0,T; H'(12)).

We have therefore shown that, given any ¢ € (C2°(Qr))?, we have

‘ /Q (G}j(t,x, 2°)Vz5 — Gyt 2, 2)Vz;) - da dt‘ -0 as e — 0. (89)
T
Now fix any ¢ € (L?(Q7))¢. By density of C>(Qr) in L?(Qr), there exists a sequence (¥ )men Of

clements of (C°(Qr))* converging strongly to ¥ in the sense of (L*(Qr))?. Then, by splitting the term
|fQT( (@, 2 )VZ_;: - G}j(tvifaz)vzj) - da dt| as

’/ G1 (t,x,2°)Vz; — G%j(t,z,z)sz) (¢ —wm)dmdt‘
Qr

’/ (2, 27) V25 —G1 (t,z,2)Vz;) ~1/)mdxdt',
Qr
which is itself bounded by

1G5l oo (@ ey (V25 L2 (@) + 1V 25 2@ 1Y = Yl 220
+ ‘/ (G}j(t,x,za)v,zj- - G}j(t,x,z)v,zj) “Pm dxdt‘.
Qr

Using the weak convergence in L2?(0,T; H*(£2)) to deduce the boundedness of V25l L2(q,), independently
of £, we now use an argument identical to the one in the proof of Claim 5.11 to deduce that

‘/ 5t )V — Gi(t,x,2)Vz;) - dadt| - 0 ase — 0,
Qr
for any v € (L?(Qr))?, as required. [

This completes the vanishing diffusivity procedure. It remains to relax the assumption on the initial data,
which we also do by a limiting strategy. This is contained below, which is the proof of the main result.
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Proof of Theorem 1. Begin by assuming p € (1,00). In view of the density of C2°(§2) in LP(£2), given
u; 0 € LP({2) as in the statement of the theorem, there exists a sequence {z]"y }men of elements of C2°(£2), all
of which are non-negative and satisfy the initial mass assumption [ o %iode = /. o Wio dz as per Remark 4.1,
such that

luio — 20/l Lr(2) = 0 as m — 0o,
for each i € {1,..., M}. An explicit construction for such an approximating sequence is to set
[uioll L1 (o)

20(x) = ((ui,01Q) * pm(2)) Mo (m) () I Va € £,

Ui 01 2) * Pm) No(m) 212
where p,, is the usual Friedrichs mollifier, n,, is a smooth non-negative cutoff function chosen such that
n=1lon{r e R:d(z,002)>1/m}and n =0 outside {z € 2:d(x,00) > 1/2 m}, and o is an appropriate
scaling function depending on p,d (i.e. o(m) = m? for some exponent g = ¢(p, d) suitably chosen).

For the rest of this proof, for each m € N, we define z™ = (2")M, to be the weak solution of (86)
with initial data 2%, for i € {1,..., M}, provided by Lemma 6.1. Observe from the estimates (85) that
{z™}men is a bounded sequence in (L2(0,7; H'(£2))), and this bound is independent of m. Hence, as
in the proofs of Lemma 5.4, Proposition 5.10, and Lemma 6.1, an application of the theorem of Banach—
Alaoglu for reflexive spaces and the Aubin—Lions Lemma (¢f. [71, Theorem I1.5.16]) implies the existence of
a subsequence, which we still label as {2 },,en, converging weakly in (L?(0,T; H'(£2)))™ and strongly in
(L2(Q7 )™ to some u = (u;)M, € (L*(0,T; H*(£2)))™, and such that 9;2™ = dyu weakly-* in (X')M. This

M

latter weak-* convergence in (X’)* is manifestly enough to pass to the limit in the first term of the weak

formulation (86), i.e., the duality product, and for the final term, we have
I, = ‘/ [27(V2" + VLi(t,z,2]") + 0F;(t, ,2",Vz"))] - Voda dt
Qr
- / [ui(Vu; + VLi(t,x, 2;) + 6F;(t,z,u, Vu))| - Vo dz dt|,
Qr

Following a procedure identical to that of the proof of Lemma 6.1, we deduce that I,, — 0 as m — oo. It
follows that the limit function z € (L2(0,T; H'(£2))) thereby satisfies the weak formulation (86).

The estimates (14)—(15) follow from the weak (and weak-* for the bound in X’) lower semicontinuity of
the norms considered in the estimate (85). Indeed, note that we chose 27, at the start of the proof such that

27621 (@) = lluiollL1(e) for all m € N. Meanwhile, the function f : 2+ (2logx)1{p o) () is continuous
and satisfies the global bound |f(z)] < C(1 + |z|”) for some positive constant C' depending only on p. As a
result, by a consequence of the Generalised Dominated Convergence Theorem, f maps LP({2) continuously
into L'(£2). It therefore follows that, since 2]y — u; o strongly in LP(£2),

o1
2o log [’y — w; 0 log ui g in L*(02),

and hence lim, o0 [ 2774 log 27y dz = [, ui 0 logu; o dz, as required.

The non-negativity and mass conservation follow again from Lemma 5.2. The convergence to the initial
data in the sense of the third point of Definition 2.3 follows from a direct application of Lemma 5.3.

In the case p = oo, we have u; o € L(2) for any finite ¢ € (1,00), and we can follow the same argument
as before, approximating the initial data in L?({2)—as opposed to in L>({2), which (in general) cannot be

done using smooth compactly supported functions. The proof is complete. [
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Appendix A

A.1. Proof of Lemma 4.8 : Existence of solutions to the reqularised frozen system

Proof of Lemma 4.8. We recast the problem as one with homogeneous initial condition defining v; (¢, x) :=

zi(t,x) — zio(x) for each i € {1,..., M}. Problem (26) may be rewritten in diagonal non-divergence form:

Owv; + Lv; =0 in Qr,

O=v- [(vl +zio+e)Vui + (Vzio+ VLi(t,z,v; + 2z 0) + 51@)1&] on X, (90)

v;(0,-) =0 on {2,
with

d .
Lv=-— Z a]k(v)afkv +b(t, z, v, Vv),
k=1

a?®(v) =(v + 20 + €)67*,
b(t, ,v,p) = — |p|” = (2Vzi0 + VLi(t, v+ 2i0) + 6F) - p
— div[Vzio + VLi(t, 2,0 + 2i0) + 6F;Jv — div([z; o VL (¢, 2,v + 2i0)]
— div[zi,0(Vzio + 0F;) +eVz o).
Thanks to (28)—-(29) and (8), conditions (a), (b), and (c) of [59, Theorem 7.4 in Section 7 of Chapter 5]

(which rely on estimates (7.4)—(7.6), (7.15), (7.34), and (7.36) therein) are satisfied by the scalar equation
for each 4 in question (since the system is diagonal) in the form with homogeneous initial condition.

(91)

Subsequently there exists a unique weak solution (in the sense of Definition 4.3) of the no-flux problem
with homogeneous initial condition (90) in the space of functions with continuous derivatives of the type
8?15';‘32 for 2n; + ny < 3; denoted by H3%(QT) in [59]. Note in particular that this class of functions is
contained in C*!(Qr) and that uniqueness in such space can be proved by standard methods.

Notice that the requirement that F; be C? in each argument is clear from the previous estimates on the
derivatives of b, since, for instance, one needs to bound 9; div (FZ (t,z, z(t,x), VZ(t, :c))) O

A.2. Proof of Lemma 4.12 Quantitative second derivative estimate for the regularised frozen system

Throughout this section, it will be used that the regularised frozen system (26) is diagonal. We therefore
consider the single equation

dyw = div [w(Vw + VL + 6F) + V| in Qr,
0=v[w(Vw+ VL+6§F)+eVuw] on X, (92)
w(0,-) = wo on {2,

where we omitted the i subscripts for clarity of presentation, and use the notation established in (27). Recall
that (as per Remark 4.2) F is bounded in C?-norm and (as per Remark 4.1) wy € C2°(£2). We already know
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from Lemmas 4.8 that there exists a non-negative w € CQ’I(QT) solving the above equation in the classical
sense, which satisfies the estimates of Lemma 4.9.
To begin with, we prove a quantitative L°°-bound on the solution of the regularised frozen system (26).

Lemma A.1 (L°°-bound). Suppose that z = (2;)M, is a C*(Qr) solution of the regularised frozen system
(26). Then, there holds, for eachi € {1,..., M},

2l oo (@p) < C(e,0,T, 2,CL, ||zi0llLoo(2): | Fill Loo (@) ) (93)

where the right-hand side is a positive quantity depending only on the parameters in its parentheses.

Proof. We only write the proof for d > 2. By multiplying (92) by the continuously differentiable function
qui~* (for any finite ¢ > 2) and by closely following the argument in [56, Proof of Theorem 3.1], we obtain,
for every ¢ € [0, 17,

4 wquJre/ IV (w2)] do < M/ wI(|VL + 82|FP) de
dt Jo Q € Q (94)

S 0(57(5, CL, ||w0HL1(.Q)7 ||F||LOO(QT)> (q2 /qu dx)7

where we used |[VL(-,-,w)| < [[V|[c1gasty + [(VW xw(t, )| < V|1 gatr) + [[Wlcr ey llwoll 1 (o), using
Hoélder’s inequality for the convolution, to get the bound [|[VL||zec (@) < CL(1 + [Jwollp1(g)). We now use
the Gagliardo—Nirenberg inequality to write

2(1—
w2 + w234 ),

/Q wde = (w25 ) < CEO)(IV (@)%

for d > 3, where v = d/(d 4+ 2). The case d = 2 can be dealt with analogously using Ladyzhenskaia’s
inequality. Then, using the above and the weighted Young inequality, the right-hand side of (94) is bounded
by )

€ _ 27

IV @2y + (e, 2,d, O ol gy, |l @)a ™ 02 B g

Using the Gagliardo-Nirenberg and weighted Young inequalities again to bound ||V (w9/?)]| £2(s) from below

by Cy(£2, d)qu/2||2LQ(Q) — (42, d)|\wq/2||2L1(Q) and returning to (94), we obtain, for every t € [0, T,

d _ 2 2
% w? d$+/ wldz < C((‘.‘,(S,Q,d, CLa|w0LI(Q)7||F||L°°(QT))(Q2+1’Y’Y </ wQ/Q dl‘) +q2>a
2 0 (o}

and the above holds for every ¢ € [2,00). We now conclude using the iterative result [56, Lemma 3.2], as
per [56, Proof of Theorem 3.1]. O

With the previous estimate in hand, we proceed to the bound on the second derivative.

Proof of Lemma 4.12. We neglect the drift terms for the time being, for clarity of presentation, though
we show how to treat them at the end of the proof. Hence, we restrict our focus to the higher regularity of
the single equation

dyw = div [w(Vw + 6F) + eVu| in Qr,
0= [w(Vw+6F) +eVuw] on Xr,
w(0,-) = wo on (2,

Recall that, by Lemma 4.9, there holds

”w”iZ(O,T;Hl(Q)) < 0(57 57 Ta |“Q‘7 ”wO“LC’C(Q)v ”F”LDO(QT))v (95)
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where we bound the right-hand side of (34) using HF‘HiQ(QT) < T|Q|HF‘||%OO(QT), lwoll 12y < [2[lwoll oo (),
and [, wologwo dz < [, wo(logwp)4 dx < C12|(1 + ||w0||2LOQ(Q)) for some universal constant C.

Step 1 (H? estimate via a nonlinear transformation): Define the new (non-negative) function

1 _
Vit 2) = gw(t,e)* +ew(t,z)  Y(tz) € Qr, (96)
from which it follows that we may write, since w is non-negative itself,
’LU(t,(E) =—c+ 52+2¢(t7$) V(t,l‘) € QT7

and we note the formula

dw = % in Qr. (97)

Ver+ 2y

The evolution equation for w may be rewritten as

O = (2 + 2¢)Y2 div [V + swF] in Qr,
0=v-[Vi+éwF] on Yr, (98)
¥(0,) = %w% + ewp on (2.

We now test the above against div[Ve + dwF]. An integration by parts on the left-hand side (with no
boundary terms because of the no-flux condition) yields

(€2 + 26)2( Ay + 6 div(wF))? dz > g/ (A% + 6 div(wF))? da,
7

—/Qatw-[vwwwﬁ}dm:/

i)

where the final inequality follows from the non-negativity of . Thus,

2dt/ IV + SwF| d:cha/(Aq/erédlv(wF)) dz < 5/ O(wF) - [Vob + dwFldz.  (99)

The right-hand side may be expanded as
7(5/9((%10)15 [V + dwF)dz — 6 /Q w(0;F) - [V + swF] dz, (100)
and, by the Cauchy—Schwarz integral inequality, the second term of the above is bounded above by
21wl oo @ 100 F | L2 | Fll oo (@) + Sllwll oo () 10 F [ 2y VIl 22
The first term in (100) may be rewritten, using the formula (97) and Eq. (98), as

—6 [ div[Vy + 0wF|F - [V¢ + SwF]|dx = —5/ (Atp 4 6 div(wF))F - [V4) + dwEF] da.
2

Using the Cauchy—Schwarz integral inequality and the Young inequality, the right-hand side of the above is
bounded above by

£ _ 82 - _ o
— | (MY +ddiv(wF))*dz + —||F||% /v SwF|” da.
5 | (A0 -+ 3 wR)ds+ T Pleigy [ [V0+ sl ds
Returning to (99), we therefore have
2dt/ V4 + §wF| dx—!—2/Q(Aw+5div(wﬁ'))2dxS52|.Q|1/2||w||%oo(QT)||(9tF||L2(Q)||F||Loo(QT)

_ 8 =2
+ llwllzoo (@ 10 F | L2 () IVl 22y + ?SHFH%OO(QT) /!2 IV + dwk|” dz.
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Integrating in time and using the Hoélder inequality in the second term on the right-hand side, we get, for
every t € [0,T7,
1

t
=V + owF [ da + 5/ /(Az/)+6div(wF))2 de dt
2 /g 2)o Ja

1 - 2 _ _
§5/9|w(o,z)+5w0(z)F(o,x)| dz + 02|21 w3 00 (@ 10eF Il 11 0,122 ) 1F | 220 (0

+ Sllwll oo (@ 10 Fll L1 (0. 7:22(2)) Sl[lopt] VYT, ) 220
T7€|0,

82 =y ¢ _ 2

By the triangle inequality, [[Vi(7, )| L2(0) < [[V(7, ) +0w(r, (T, M 20+ | 6wE (T, M £2(0), and using
the Young inequality as well, we get, for every t € [0,T7,

1 _ ¢ _ 1 _
f/ Ve + SwF | de + f/ / (A + 5 div(wF))2 dedt < = [ [Veb(0, 2) + dwo (@) F(0, )| de
2 2 2 0 2 2 2

1/2 — -
+ 82122 w13 00 (o 10:Fll 110,752 1 F Nl oo ()

1 _
3 V() + Bl ) F ) g
T€[0,¢]

+ 52||w\|%oo(QT)||atF||2L1(o,T;L2(Q)) + 52|Q|T|\w||ioo(QT)HatF”Ll(o,T;L?(Q))||FHL°°(QT)

8% - ¢ — 2

As a result, we write

1 _ t .
— sup [|V(r,-) + dw(r,-)F(T,") ||iz(9) Jrg/ / (AY + §div(wF))*dz dt <
4 refo, 2Jo Ja

1 _ 2 _ _
3 /Q IV (0,2) + dwo(2) F(0,2)|" do + 52|m1/2||w||2Loo(QT)||3tF||L1(0,T;L2(Q))||F||L°°(QT)

_ _ 52 _
+ 52"Q|T||w||%°°(QT)HatF”Ll(O,T;LQ(Q))||F||L°°(QT) + EH’LUH%OO(QT)||atF||2L1(O,T;L2(Q))
0% = ' - 2
+ g2l Flmiary [ st 1960 )+ 0w )0, oy o
Using a combination of (93), the formula (96), and (95), we deduce from the previous inequality that, for
every t € [0,T],

t
Sl[lop] | Voo(r, ) + dw(r, ) F(T,-) ||2LQ(Q) +5/ /Q(A?/) + § div(wF))? dz dt
T€|0,t 0
< C(e,6,T, 2, |lwol| Lo (), IVwoll oo (@), | Fll oo (@) 10:F | L1 0,7 02(2)) )
t
(14 [ sup 90009 + G0 F 0 )y 7).
0

y€[0,7]
(101)
where C' on the right-hand side denotes a quantity depending only the parameters inside its brackets. Then,
an application of Gronwall’s Lemma yields

S I Va(t, ) + dw(t, ) F(t, ) 7200y < Cle; 6, T, 2, |wollor @y, 1F | oo (@) 10:Fll 1.0 122 02)))-
€10,

Hence, returning to (101) and using (93), we have

o EN2 = -
. /Q (A + 8div(wF))* drdt < O(e,6,T, 2, |wollor o), | F v p): 10 F |0 mzzy)- (102)
T
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Using fQT (div(wF))?dzdt < C(|F| zoo(@yp)s ”VFHL‘X’(QT))HU)HQLQ(O,T;HI(Q)) along with the estimate (95),
and using the triangle inequality, we obtain

/Q (Ap)? dzdt < C(e,8,T, 2, [wollcr (@) 1F | oo (@) 10:F I 110 mi22(02))s IV Flloe @7))-
T

Note that Ay = (¢ + w)Aw + |Vw|® and that w is non-negative, whence the previous estimate and (95)
yield the desired estimate (50).

Step 2 (control of drift terms): We emphasise that the addition of drift terms changes nothing to this
argument — and one would still define ¢ as per (96) — since, by (7), they can be bounded in L> as follows

IVL(, - w)lle@r) < Vllerwarry + IIVW s w(t, )l oo @r)
< Vllorgasry + [2[IWller gayllwl Lo @r)

in conjunction with (93), where we omitted the ¢ subscripts. Similarly, any additional space derivatives fall
directly on V and W, not on w, and so

IV2L(C, - )l @py < IV o2 @ay + 121IW |2 pay 1wl oo @q)-
For an additional time derivative, we have

1/2
H@tVL(-, ) )||L1(0TL2(Q)) < W| / THVHC? Rd+1) + ||VW *8,511)( )”Ll(OTLQ(Q))v

and the second term on the right-hand side of the above is controlled — using (97), (98), the Cauchy—Schwarz
integral inequality, and the Young inequality — as

T
/0 VW % Buaut, ) 2y A < W |t ey T211000] 20

< 5/ (A¢+5div(wﬁ))2dxdt+1||W||201(Rd)T
4 Qr <

and the first term on the right-hand side can be absorbed into the left-hand side of (102). Thus, we have
shown that the term of the form wVL can be handled in exactly the same way as dwF — notice that we
never make use of the ¢ smallness assumption. [

A.8. Proof of Lemma 5.8 : Lower semicontinuity of Fisher information

Proof of Lemma 5.8.

Step 1 (convergence in x for fived t): To begin with, observe that since (" — ( strongly in L*(Q7), there
exists a subsequence (still indexed by n) such that >y [I¢" —(ll.1(g,,) < +00. From here until the end of
this proof, we only consider this particular subsequence, and we never pass to further subsequences. In what
follows we use the identification L'(Q7) = L*(0,T; L*(2)) and write ¢"(t) = ¢"(t,-) and {(t) = ((t,-). We
consider, for a.e. t € (0,T), the convergence of {"(t) towards ¢(t) in the norm of L!(§2). In particular, the
Minkowski inequality for infinite sums in L*((0,7')) yields

D 1E" ) = €Oy

neN

< Z 1€" = Cllprgq) < o0,

LY((0T))  peN

and hence the infinite series >y [I¢"() — C(*)[IL1() is well-defined as an element of LY((0,T)). Since
any integrable function is finite almost everywhere, it follows that > [I€"(t) — C(¥)|p1 (o) < +o0
a.e. t € (0,7). It immediately follows from the summability of this latter series that, for a.e. t € (0,7,
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we have [|¢"(¢) — C(¥)l[L1(0) — 0 as n — oo. Rewriting in terms of the original functions, we have shown
that, for a.e. t € (0,7), limy o0 [[C" (¢, +) — C(t, ) 1(2) = 0.

Step 2 (conclusion via Fatou’s Lemma): Note that  is also non-negative from the assumption that (™ — ¢ in

L'(Q7). The convergence obtained at the end of Step 1 is sufficient to satisfy the hypothesis of Lemma 5.7.
icati ; ; [V¢(t.2)| i V¢ (ta)?

An application of this latter result gives, for a.e. t € (0,T), [, S dz < liminf, o [, St dx.

By integrating the previous inequality with respect to time and then applying the Fatou Lemma, we obtain

2 T n 2 n|2
/ Vel d;z:dtg/ hminf( de) dtghminf/ VT g ar,
or o N0 19 Cn(t,l') n—=oo Jo Cn

as required. [

A.4. Smoothing operator

The purpose of this appendix is to verify the properties of the smoothing operator R, in (62) stated in
Section 5.1. To this end, we make the following definitions, and we note that, throughout this section only,
¢ refers to the Friedrichs bump function (see below) and not to a generic test function.

_ 1
Definition A.2. Define ¢ € C°(R) to be the standard Friedrichs bump function ¢(y) =e 1-Iv* 1y, <13,

and define, for > 0, u(t,x) = cou™ D G(u=11/12 + |z|?) for all (t,z) € R, where the positive
constant cg is chosen such that [pq.1 ¢1(y)dy = 1.

Note that [|@|| @) = 1 and
supp ¢, = B(0, ),
where the latter is the closed ball of radius u, and fle""l ¢, (y)dy =1 for every p > 0.

Definition A.3. We define the operator 4, : L*(R; HY(R?) — C*°(Qr) to be the restriction of the
mollification to the parabolic cylinder, i.e., A u = [; [oa op(- — 7, — y)u(r,y)dy dT’QT.

Lemma A.4 (Preliminary Spatial Extension). There exists a bounded linear operator E' : L*(0,T; H*(£2)) —
L%(0,T; HY(R?)) such that E'f(t,z) = f(t,z) a.e. (t,r) € Qr, and, with & = {z € R? : d(z,2) < 1}, in
which 2 is compactly contained, supp E'f(t,-) C 4 a.e. t € (0,T). Moreover, there exists a constant C > 0,
depending only on 2, such that ||E' f|| 2 (0. ryxrd)y < Cllfllr2(gqp for all f € L*(0,T; H(2)).

Proof. By definition of L?(0,T; H(£2)) > f, we have that for a.e. t € (0,T), the element f(t,-) belongs to
H (). The result follows at once from repeating the argument of the proof Theorem 1 of [62, Section 5.4]
on the function f(t,-), with the time coordinate kept fixed. O

The next result follows easily by considering Ef(t,z) := E' f(t,z)1(t)jo,7) for a.e. (t,x) € R, where E’
is the bounded linear operator of Lemma A 4.

Lemma A.5 (Sobolev Extension for Spaces Involving Time). There exists a bounded linear operator E :
L2(0,T; HY(2)) — L?>(R; H*(RY)) such that Ef(t,xz) = f(t,z) a.e. (t,z) € Qr, and, with £, = {x € R?:
d(z, 2) < 1}, in which 2 is compactly contained, supp Ef C [0,T] x (1. Moreover, there exists a constant
C > 0, depending only on 2, such that || Eul| 2 ga+1y < Cllull 2, for allu € L*(0,T; H'(2)).

We finally arrive at the smoothing operator in question. The proof is a standard exercise in real analysis,
which we omit for clarity of presentation.
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Lemma A.6 (Smoothing Operator). Fiz 1 > 0. The smoothing operator R,,, defined explicitly by
R, =A,0E:L*0,T; H(2)) — C>®(Qr), (103)
admits, for some positive constant Cyeq independent of u, the estimate
IRl 20,001 (2)) < Cregllullp2ommicayy — Yu € L2(0,T; H (12)). (104)

As such, it is a bounded linear operator from L*(0,T; H'(R2)) to C®(Qr) equipped with the subspace
):

norm-topology of L*(0,T; H'(£2)). Moreover, given any u € L?(0,T; H*(12)), we have the strong convergence

| Ruu —ull 20,711 (2)) = 0 as p— 0. (105)
Also, for some positive constant C, depending on p, ¢, 2,T,

||RMUHL°°(O,T;W200(Q)) < Cu||“||L2(0,T;H1(Q)) Vu € L*(0,T; H'(12)). (106)

Remark A.7. Note |0, R u(t, )| = | [p [a 0edu(t — 7,2 — y)Bu(r,y) dy d7| < |0:bp | p2a+1) | Eull p2gasry
by the Holder inequality, and from which it follows from Lemma A.5 that [|0; R, ull Lo (qr) < Cpullull 2oy
where the finiteness of the constant C,, follows from the smoothness and compact support of ¢,. Similarly,
[0: VR ull Lo (Qry < 10:Voullp2@as+ | Eullp2(q - In view of this, relabelling C), as the relevant positive
constant depending on p, 2, T, (which, incidentally, will blow up in the limit as 4 — 0), we have shown that
there holds

196 Byull e o raw e o) < Cullulaggpy  Yu € L2(0.T: HY(12). (107)

The following result is a direct corollary of the proof of Lemma A.6.

Corollary A.8. Fiz p> 0. The smoothing operator R,, of Lemma A.6, defined explicitly by
R,=A,0E:L*0,T; H(2)) » C®(Q7), (108)
admits, for some positive constant C independent of u, the estimate
| Byl i) < Clullizgny  Yu € L0,T: HY(2). (109)

As such, it is a bounded linear operator from L*(Qr) to C®(Qr) equipped with the subspace norm-topology
of L*(Qr). Moreover, given any u € L*(0,T; H'(£2)), we have the strong convergence || R, u—ul| 12,y — 0.
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