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a b s t r a c t

We prove the existence and Sobolev regularity of solutions of a nonlinear system
of degenerate-parabolic PDEs with self- and cross-diffusion, transport/confinement
and nonlocal interaction terms. The macroscopic system of PDEs models the evolu-
tion of an arbitrary number of species with quadratic porous-medium interactions
in a bounded domain Ω in any spatial dimension and originates from a many-
particle system. The cross interactions between different species are scaled by a
parameter δ < 1, with the δ = 0 case corresponding to no interactions across
species. A smallness condition on δ ensures existence of solutions up to an arbitrary
time T > 0 in a subspace of L2(0, T ; H1(Ω)). This is shown via a Schauder
fixed point argument for a regularised system followed by a vanishing diffusivity
approach. The proof uses the lower semicontinuity of the Fisher information in
combination with the div–curl Lemma. An ad hoc weak–strong uniqueness result
ensures equivalence between weak formulations of the regularised problem; this is
proved by studying a related dual problem. We provide numerical evidence showing
blow-up of the Sobolev norm for δ → 1.
© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under

the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Partial differential equations involving nonlinear diffusion in combination with local or nonlocal transport
are commonly used to model the macroscopic behaviour of a large number of agents or individuals in the
natural, life, and social sciences. Systems involving many species or types of agents have been used to
study multiple chemotactic populations in competition for nutrient [1,2], tumour growth [3–5], pedestrian
dynamics [6,7], and opinion formation [8]. Further applications can be found in population biology [9,10], in
neural networks [11], in semiconductor devices [12,13] and even in modelling rival gangs in a city [14].
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In this paper we study a class of drift–diffusion systems taking the following form:

∂tui = div [ui(∇ui + ∇Li(t, x, ui) + δFi(t, x, u,∇u))] , i = 1, . . . ,M, (1)

here u = (u1, . . . , uM ) is a vector of non-negative functions defined on a bounded domain QT = (0, T ) ×Ω

describing the densities of M subpopulations. The transport term Li models the presence of external forces
and nonlocal self-interactions, Li(t, x, ui) = Vi(t, x) +

(
Wi ∗ ui(t, ·)

)
(x), while Fi represents the interaction

ith the other species. The latter is of particular importance since it includes the contribution of cross-
iffusion terms through the dependence on the vector ∇u. Eq. (1) can be seen as a macroscopic description
f a particle-based model. As a particular example, consider an interacting particle system with M species,
ach composed of Ni identical particles at position Xi

k(t) ∈ Ω and evolving according to

dXi
k = −∇Vi(t,Xi

k)dt−
M∑

j=1

Ni∑
ℓ=1

(ℓ,j) ̸=(k,i)

∇Kij(Xi
k −Xj

ℓ )dt, (2)

here Kij is the pairwise interacting potential on a particle of species i due to a particle of species j. As we
iscuss in Section 3.1, the formal mean-field limit of (2) as N =

∑M
i=1 Ni going to infinity is given by (23)

ith Li = Vi and Fi(t, x, u,∇u) =
∑M

j=1,j ̸=i ∇uj .
One of the main features of (1) is that it can be used to describe cell sorting and the resulting pattern

formation. This is a reorganisation process in which cells of different species – which in principle react
differently to external forces such as a chemical signal or attraction/repulsion with the other species – have
the propensity to group in a delimited region [15–18]. This biological phenomenon can also be interpreted
as the inhibition or activation of growth whenever two populations occupy the same habitat, which can
be attributed to volume or size constraints of the individual cells forming the different populations. In the
seminal papers [19–23] it was shown that segregation is induced by the presence of cross-diffusion terms.
Nonlinear diffusion may also help in describing volume filling effects and in preventing blow-up in biological
aggregation models, see [24–28].

The main goal of the present paper is to provide a well-posedness result for (1), which can be seen as a
δ-order perturbation of a set of M decoupled drift–diffusion equations with degenerate diffusion of porous-
media type and nonlocal interactions. One of the main difficulties for these systems is the lack of a suitable
maximum principle, meaning that Sobolev estimates must be obtained in an alternative fashion. Under a
smallness assumption on the perturbation parameter δ, we can estimate each density in L2(0, T ;H1(Ω)), as

ell as the relative time derivatives in a dual Sobolev space. Such estimates allow us to show convergence
o a weak solution for a proper regularised approximating sequence. The structure of the system and the
umerical simulations indicate that the expected critical value for the L2(0, T ;H1(Ω))-framework is δ = 1.
owever, technical conditions impose a stricter bound on δ. The BV norm is the only norm expected to

emain bounded as δ → 1. We highlight that the upper bound for δ depends not on the initial datum but
n the final time. However, this dependence appears to be an effect of the technical steps in the proof. An
llustrative example in which the smallness condition on δ is explicitly computed is provided in Section 3.2.
he value of δ corresponding to the short final time can be considered an effective upper bound for δ.
The one-species counterpart of system (1) has been largely studied in the literature, see for example [29,30]

nd references therein. Nevertheless, a complete well-posedness theory for cross-diffusion systems in the
resence of transport terms is not currently available. Indeed, the separation process between species
escribed at the beginning of this section may lead to discontinuities of the densities and their derivatives
t the interface between different species. These issues are also accentuated by the presence of degenerate
iffusion terms that, on the one hand, determine the finite speed of propagation in the supports of the
olutions and, on the other hand, cause a possible loss of regularity at their boundary.
2
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The main difficulty lies in providing a priori estimates for the single components u1 and u2 and on their
pace derivatives. Several attempts were made in this direction, even to extend the concepts of parabolicity,
ee the classical Refs. [31–34]. In presence of reaction terms instead of the transport terms, an existence
heory was obtained in a one-dimensional BV -setting for the case δ = 1 in [19,20,35]; see also [36] for a
ulti-dimensional result. The BV -setting is somehow natural since the emergence of “segregated solutions”

s highlighted in several contexts [37–39], see also [40, Chap. 1, Sect. 4]. A general existence theory for
ystems with arbitrary cross-diffusion terms and local/nonlocal transport is incomplete.

To achieve a satisfactory theory, many results in the literature have been inspired by the gradient flow
tructure that can be associated with systems in the form of (3). These can be split into two categories: formal
radient flow structure and a Wasserstein gradient flow theory. In the first group we mention the works [41–
5], where a formal gradient flow formulation provides the estimates needed to prove global existence. The
econd approach concerns the many-species version of Wasserstein gradient flow theory of [29,46]. Such
n approach has been already successfully used in [47] for a system of nonlocal interaction equations with
wo species and non-symmetric cross-interactions, and was first used in a system with cross-diffusion terms
ut no transport terms in [48]. Other results, only apply to diagonal diffusion and in some cases only in
ounded domains [49,50], or with dominant diagonal parts,di2018nonlinear, see also [51–54]. In one space
imension, [55] provides an existence result for cross-diffusion systems with ordered external potentials.

In order to show existence and Sobolev regularity of solutions to (1) we first regularise the original system
y adding an artificial diffusivity term and ”freezing” the cross-diffusion terms. We prove existence of the
forementioned regularised problems by employing a Schauder fixed-point approach, where the smallness
ondition on δ appears explicitly. Central to this method is the requirement that the regularised solution
perator be strongly compact, which we prove in two steps; first, by showing that any bounded sequence
o which the operator is applied converges weakly, and then by showing convergence to this weak limit in
orm. This last step is performed by using semicontinuity properties of the Fisher information in conjunction
nd the div–curl Lemma. Crucial to this approach is the observation that the previously mentioned weak
imit itself satisfies an equation endowed with regularity properties. To exploit this fact, we prove an ad hoc
eak–strong uniqueness result to show the equivalence of different notions of solution; see Lemma 4.14. We
ighlight that this latter result is of independent interest, as it extends the uniqueness theorems in [56] to
he case of a system of PDEs with nonlocal drifts. One of the main advantages of our approach is that it
oes not rely on optimal transport nor on an underlying gradient flow structure of the PDE system under
onsideration, as done for instance in [57,58]. A detailed summary of our strategy is found in Section 2.2.

In order to better explain the difficulties that cross-diffusion terms bring to the analysis, let us consider
he following special case of (1) for M = 2:

∂tui = ∂x [ui∂x(ui + δuj) − uiV
′

i (x)] , i, j = 1, 2, j ̸= i. (3)

ccording to the classical theory in [59], the well-posedness of (3) is related to the positive definiteness of
he diffusion matrix

D(u1, u2) =
(
u1 δu1
δu2 u2

)
.

ince the matrix above is not symmetric, we must consider its symmetric part 1
2 (D + DT ), which has

eterminant
det
(

1
2(D +DT )

)
=
(

1 − δ2

2

)
u1u2 − δ2

4 (u2
1 + u2

2).

rom the above, it is clear that cross-diffusion may induce a negative quadratic form. The lack of uniform
arabolicity (namely the failure of D(u1, u2) ≥ cI, for some c > 0) is present in several applications such

s [60,61], and has attracted a lot of interest in recent years.

3
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The paper is organised as follows. In Section 2.1 we provide the general set of assumptions and the
statement of the main result, Theorem 1. We sketch the main steps in the strategy of the proof of the
main result in Section 2.2. In Section 3.1 we present a formal derivation of system (1) from a system of
interacting particles. Section 3.2 is devoted to the numerical investigation of a particular case of system (1),
which helps to highlight the influence of the parameter δ in the time evolution of solutions and its norms.

he remainder of the paper focuses on the proof of Theorem 1. In Section 4 we introduce a regularised
ystem, providing existence, uniqueness and uniform estimates for these regularised solutions. In Section 5
e present a fixed point argument and show compactness properties for the solution map of the regularised

ystem. Convergence of approximate solutions to weak solutions of system (1) is established in Section 6
hrough vanishing diffusivity. Appendix A collects some technical results used in the paper.

. Main result

.1. Assumptions and notion of solution

Let Ω ⊂ Rd be an open bounded domain of class C2 with outward normal denoted by ν, and let T > 0.
e denote the parabolic cylinder by QT := (0, T ) × Ω , the lateral boundary by ΣT := (0, T ) × ∂Ω , and the

losure by Q̄T := [0, T ] × Ω̄ . Consider also M functions

Fi : Q̄T × RM × Rd×M → Rd

such that the dependence on the last argument is affine, namely

Fi(t, x, z, p) = G0
i (t, x, z) +

M∑
j=1

G1
ij(t, x, z)pj , for i ∈ {1, . . . ,M}, (4)

here {G0
i }M

i=1 are vector functions with values in Rd and {G1
ij}M

i,j=1 take values in the space of d×d matrices;
all of the functions above are assumed to be C2-regular and uniformly bounded with respect their arguments.
The assumption of regularity is not optimal and can be relaxed, but it avoids unpleasant technicalities in
Section 4.1 (see also A.1). We emphasise that, in (4), for each j ∈ {1, . . . ,M}, the quantity pj is a column
vector in Rd, while p is a d × M matrix whose jth column is the column vector pj . We assume that there
exists a positive constant CF = CF (T,Ω) such that

|Fi(t, x, z, p)| ≤ CF (1 + |p|), ∀(t, x, z, p) ∈ Q̄T × RM × Rd×M . (5)

For i ∈ {1, . . . ,M} and δ ∈ R some small constant to be made precise, consider the following system of
equations: ⎧⎪⎨⎪⎩

∂tui = div [ui(∇ui + ∇Li(t, x, ui) + δFi(t, x, u,∇u))] in QT ,

0 = ν · [ui(∇ui + ∇Li(t, x, ui) + δFi(t, x, u,∇u))] on ΣT ,

ui(0, ·) = ui,0 on Ω ,

(6)

here u = (ui)M
i=1 is the unknown vector-valued function, and each ui,0 is a given non-negative function in

p(Ω) for p > 1. The transport terms {Li}M
i=1 are prescribed by

Li(t, x, ui) = Vi(t, x) +
(
Wi ∗ ui(t, ·)

)
(x), (7)

here we assume Wi to be radially symmetric for each i ∈ {1, . . . ,M}, and the convolution to be only with
espect to the space variable, i.e.,(

Wi ∗ ui(t, ·)
)
(x) =

∫
Wi(x− y)ui(t, y) dy a.e. (t, x) ∈ QT .
Ω

4
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Again, to avoid unpleasant technicalities in Section 4.1, we assume {Vi,Wi}M
i=1 to be C2-regular and

niformly bounded in all of their respective arguments. In particular, there exists a positive constant CL

uch that
max

i∈{1,...,M}
∥Vi∥C2(Rd+1) + max

i∈{1,...,M}
∥Wi∥C2(Rd) ≤ CL. (8)

emark 2.1. We note that minor adaptations of our approach allow to treat additional cross-interaction
erms of the form div

(
ui∇

∑M
j,k=1 Wj ∗ uk(t, ·)(x)

)
in (6). However, in order to do this, cross-interaction

erms must be included as part of the term Fi, i.e., they must be premultiplied by the small parameter δ.

The definition of the function space that we use depends on the initial data as follows.

efinition 2.2 (Function Space). We define the following Banach space:

Ξ :=
{
u : QT → RM

⏐⏐u ∈ (L2(0, T ;H1(Ω)))M , ∂tu ∈ (X ′)M , and, for i ∈ {1, . . . ,M},

ui ≥ 0 a.e. in QT ,

∫
Ω

ui(t, x) dx =
∫
Ω

ui,0(x) dx a.e. t ∈ [0, T ]
}
,

here
X := Lr(0, T ;W 1,r(Ω)), X ′ = Lr′

(0, T ; (W 1,r(Ω))′),

ith r := 2(d+ 1) and r′ = (2d+ 2)/(2d+ 1).

efinition 2.3 (Weak Solution). Fix an arbitrary T > 0. Given the non-negative functions (ui,0)M
i=1

elonging to Lp(Ω) for p > 1, we say that the vector-valued function u = (ui)M
i=1 ∈ Ξ , is a weak solution of

6) if:

1. for any test function ϕ ∈ C1(Q̄T ) and, for each i ∈ {1, . . . ,M}, there holds

⟨∂tui, ϕ⟩X′×X +
∫

QT

ui(∇ui + ∇Li(t, x, ui) + δFi(t, x, u,∇u)) · ∇ϕ dxdt = 0; (9)

2. for each i ∈ {1, . . . ,M}, the function ui is non-negative a.e. in QT and conserves its initial mass, i.e.,∫
Ω

ui(t, x) dx =
∫
Ω

ui,0(x) dx a.e. t ∈ (0, T ); (10)

3. for each i ∈ {1, . . . ,M}, we have ui ∈ C([0, T ]; (W 1,r(Ω))′) (cf. Remark 2.5) and the initial datum is
satisfied in the (W 1,r(Ω))′ sense, i.e., limt→0+ ∥ui(t, ·) − ui,0∥(W 1,r(Ω))′ = 0.

emark 2.4. Observe that the second condition in Definition 2.3 implies that any weak solution u =
ui)M

i=1, for i ∈ {1, . . . ,M}, belongs to L∞(0, T ;L1(Ω)) and ∥ui(t, ·)∥L1(Ω) =
∫
Ω
ui(t, x) dx =

∫
Ω
ui,0(x) dx,

t ∈ [0, T ].

emark 2.5. Observe that Ξ ⊂ (C([0, T ]; (W 1,r(Ω))′))M . Indeed, let u ∈ Ξ and φ ∈ X with ∥φ∥X ≤ 1
e arbitrary. Then, using the Hölder inequality, for any i ∈ {1, . . . ,M},⏐⏐⏐⏐∫

QT

uiφdxdt
⏐⏐⏐⏐ ≤ ∥ui∥L2(QT )(|Ω |T ) d

r ∥φ∥X .

hus, ∥ui∥X′ ≤ ∥ui∥L2(QT )(|Ω |T ) d
r . Meanwhile, we also have ∂tui ∈ X ′ by the definition of Ξ , and it

therefore follows that ui belongs to W 1,r′(0, T ; (W 1,r(Ω))′). By [62, Theorem 2 of Section 5.9.2], it follows
that u ∈ C([0, T ]; (W 1,r(Ω))′) for every i ∈ {1, . . . ,M}.
i

5
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We identify

⟨∂tui, ϕ⟩X′×X =
∫ T

0
⟨∂tui(t, ·), ϕ(t, ·)⟩Ω dt, ∀ϕ ∈ C1(Q̄T ), (11)

here ⟨·, ·⟩Ω is the duality product of W 1,r(Ω). Moreover, given u = (ui)M
i=1 ∈ Ξ , the weak formulation (9)

s equivalent to ∫
QT

(
−ui∂tϕ+ ui(∇ui + ∇Li(t, x, ui) + δFi(t, x, u,∇u)) · ∇ϕ

)
dxdt = 0,

or i ∈ {1, . . . ,M}, for any ϕ ∈ C1(Q̄T ) with ϕ(0, ·) = ϕ(T, ·) = 0 in Ω̄ ; see Lemma 4.13.

Our main result is the following.

Theorem 1. Fix T > 0 and let (ui,0)M
i=1 be non-negative functions belonging to Lp(Ω) for p > 1, and δ ∈ R

e such that
|δ| < 1√

αCΩCF

, (12)

here CF is specified in (5), α depends only on Ω and the smoothing operator (103), and CΩ is given in (35).
hen there exists a weak solution u = (ui)M

i=1 of (6), in the sense of Definition 2.3. Moreover, there exists a
ositive constant C = C(Ω , T, d, δ), prescribed by

C = CΩ

(
1 − δ2C2

FCΩ

)−1
, (13)

uch that, for i ∈ {1, . . . ,M},

∥ui∥2
L2(0,T ;H1(Ω)) ≤ C

(
1 + ∥ui,0∥2

L1(Ω) +
∫
Ω

ui,0 log ui,0 dx
)
, (14)

nd there exists another positive constant C ′ = C ′(Ω , T, d, δ), such that, for i ∈ {1, . . . ,M},

∥∂tui∥X′ ≤ C ′
(

1 + ∥ui,0∥2
L1(Ω) +

∫
Ω

ui,0 log ui,0 dx
)
. (15)

emark 2.6 (How Small Does δ Need to Be?). Notice that the smallness condition (12) is not particularly
estrictive since it does not depend on the initial datum, but only on L, F , and on the geometry of the
omain. In turn, to extend the solution beyond the final time T , it suffices to pose a new initial boundary
alue problem with initial condition u(T, ·). Some explicit examples are presented in Section 3.2.

.2. Strategy

We summarise the strategy for the proof of Theorem 1 as follows:

• Weak solution for regularised frozen system [Section 4.1]: We consider a decoupled, regularised system
with unknown z instead of u to distinguish it from the solution of the original coupled system. The
decoupled system, namely (26), is obtained by “freezing” the cross-diffusion terms. In particular, we
replace the unknown vector-valued function z with a given function z̄ and, eventually, we shall identify
z and z̄ via a fixed point argument. We study solutions z ∈ (C2,1(Q̄T ))M according to Definition 4.3.
Existence, uniqueness, non-negativity and mass preservation of the solutions are shown in Lemma 4.8.

• Uniform estimates and uniqueness for regularised frozen system [Sections 4.2 and 4.3]: In Lemmas 4.9
and 4.11, we derive uniform estimates with respect to the regularisation parameters for solutions of
the regularised system. We obtain H1-type bounds for z and bounds in a dual Sobolev space for ∂tz.
Uniqueness in Ξ is obtained by introducing a suitable dual problem; this is a weak–strong uniqueness

result.

6
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• Weak compactness of the solution map [Section 5.1]: We construct a solution operator S for the
regularised system (26) associating z to z̄ as in (61). In Lemma 5.4, we show that the map S, composed
with a suitable regularising operator (62), is sequentially weakly compact in a suitable Sobolev space.

• Strong compactness of the solution map [Section 5.2]: In Lemma 5.9 we improve the compactness result
and show that the solution map is strongly compact in Ξ . To do this, we exploit the lower semicontinuity
of the Fisher information and apply the div–curl Lemma.

• Vanishing diffusivity [Section 6]: Thanks to a variant of Schauder’s Fixed Point Theorem, in Proposi-
tion 5.10, we obtain existence of solutions of the coupled system (60), which corresponds to original
system (6) with artificial diffusivity. Finally, we let the diffusivity vanish and prove Theorem 1.

3. Formal model derivation and numerical investigation

3.1. Formal derivation

In this subsection we sketch a formal derivation of (1) starting from the interacting particle system with
M species, each composed of Ni identical particles, i = 1, . . . ,M . To simplify the presentation, the derivation
is shown for the case for Li(t, x, ui) ≡ Vi(x), that is, we drop the nonlocal interactions Wi and the time-
dependence, and a simple cross-diffusion term Fi(t, x, u,∇u) ≡

∑M
j=1,j ̸=i ∇uj . The addition of nonlocal

interactions and time is straightforward. We denote by N the total number of particles, N =
∑

i Ni. We
consider the following model:

dXi
k(t) = −∇Vi(Xi

k)dt−
M∑

j=1

Ni∑
ℓ=1

(ℓ,j)̸=(k,i)

∇Kij(Xi
k −Xj

ℓ )dt, (16a)

Xi
k(0) = ξi

k, k = 1, . . . , Ni, (16b)

here Xi
k(t) is the position of the kth particle in the ith species at time t, evolving in a bounded domain

⊂ Rd such that |Ω | = 1. Particles are initialised with ξi
1, . . . , ξ

i
Ni

independent and identically distributed
andom variables with the common probability density function ui,0. Here Kii denotes the self-interaction
otential in species i, and Kij denotes the cross-interaction potential between species i and j. Note that Kij

nd Kji may be different to represent an asymmetric interaction between the two species. The potentials
re assumed to be obtained from some fixed function K0 by the scaling

Kij(x) = χijK0

(
|x|
εij

)
, (17)

here the parameters χij and εij represent the strength and the range of the interactions respectively, and
epend on Nj in a way that will be made specific later on. The scale-free potential K0 : Rd → R is a radial,

nonnegative function whose gradient is locally Lipschitz outside the origin. Moreover, it is assumed that
∥K0∥L1 < ∞. Without loss of generality, we set ∥K0∥L1 = 1.

Depending on χ and ε, one expects different limit equations [63]. For example, when the interactions are
long-range (ε ∼ 1) and weak (χ ∼ N−1), then one particle interacts on average with an order N particles as
N → ∞ one recovers a mean-field limit for weakly interacting particles. In contrast, the case of moderately
interacting particles corresponds to stronger but more localised interactions, so one particle interacts with
fewer particles. As a result, one expects interactions to emerge as local terms in the limit equation.

We define the total interaction potential of the ith species as

Ki(x⃗) =
Ni∑

k=1

[ Ni∑
ℓ>k

Kii(xi
k − xi

ℓ) +
M∑

j=1

Nj∑
ℓ=1

Kij(xi
k − xj

ℓ)
]
, (18)
j ̸=i

7
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w

where x⃗ = (xi
k)k=1,...,Ni,i=1,...,M . Then the joint probability density PN (x⃗, t) = Prob(X(t) = x⃗) of N

particles evolving according to (16) satisfies the following equation

∂tPN =
M∑

i=1

Ni∑
k=1

∇xi
k

·
[
∇Vi(xi

k)PN + ∇xi
k
Ki(x⃗)PN

]
, x⃗ ∈ ΩN , t > 0, (19a)

together with boundary conditions

ν ·
[
∇Vi(xi

k)PN + ∇xi
k
Ki(x⃗)PN

]
= 0, xi

k ∈ ∂Ω , t > 0, (19b)

for k = 1, . . . , Ni and i = 1, . . . ,M , where ν is the outward normal on ∂Ω and the other coordinates are in
Ω .

We consider the one-particle densities for each species as

ui(x, t) =
∫
ΩN

PN (x⃗, t)δ(xi
1 − x)dx⃗, (20)

here we note that the choice of xi
1 is unimportant (since within a subpopulation, particles are indistinguish-

able). To obtain the equation for u1(x), we integrate (19a) over all particle positions except one particle in
the first species and use the boundary conditions (19b):

∂tu1 = div [∇V1(x)u1 +G1(x, t)] , (21)

where

G1(x, t) =
∫
ΩN

∇x1
1
K1(x⃗)PNδ(xi

1 − x)dx⃗

=
∫
ΩN

[ N1∑
ℓ=2

∇xK11(x− x1
ℓ)PN +

M∑
j=2

Nj∑
ℓ=1

∇xK1j(x− xj
ℓ)PN

]
dx⃗

= (N1 − 1)
∫
Ω

∇xK11(x− y)P 11
2 (x, y, t)dy +

M∑
j=2

Nj

∫
Ω

∇xK1j(x− y)P 1j
2 (x, y, t)dy.

Here P 1j
2 , j = 1, . . . ,M stands for the following two-particle density

P 1j
2 (x, y, t) =

∫
ΩN

PN (x⃗, t)δ(x1
1 − x)δ(xj

2 − y)dx⃗.

Oelschläger [64] proved propagation of chaos (meaning that any fixed number of particles remains
approximately independent in time despite the interaction) for the single-species cases similar to (16) under
quite restrictive initial conditions. These conditions were relaxed by Philipowski [65] using regularising
Brownian motions, that is, adding terms ϵdBi

k in (16a) and taking ϵ → 0 at a suitable rate depending
on N, ε. So including such a term would make sense when considering a rigorous derivation. An alternative
approach taken by [66,67] in the multiple species case is to include the interactions between particles in
the diffusion term (note that, in their case, the mean-field limit model still contains linear diffusion terms).
Concerning Shigesada–Kawasaki–Teramoto cross-diffusion system, a rigorous derivation has been obtained
in the papers [68,69]. For our purposes, here, we simply assume that an analogous propagation of chaos for
PN exists. In particular, this means that the two-particle marginals may be approximated by

P 11
2 (x, y, t) = u1(x, t)u1(y, t), P 1j

2 (x, y, t) = u1(x, t)uj(y, t).

Using these expressions in G1, it reduces to

G1(x, t) = (N1 − 1)u1∇(K11 ∗ u1) +
M∑

Nju1∇(K1j ∗ uj).

j=2

8
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Finally, if we consider the scaling (17) with ε11, ε1j ≪ 1, we can localise the convolution terms and arrive at

G1(x, t) = (N1 − 1)εd
11χ11u1∇u1 +

M∑
j=2

Njε
d
1jχ1ju1∇uj , (22)

using that ∥K0∥L1 = 1. The analogous calculation can be done for any of the other species to obtain Gi(x, t)
for i = 1, . . . ,M . Now we can determine the suitable scaling for interactions that lead to the structure in
(1). Namely, we set the strengths to be

χii = 1
(Ni − 1)εd

ii

, χij = δ

Njεd
ij

,

ith δ ≪ 1, and we let Ni → ∞, εij → 0 in such a way that Nj ≫ 1/εij . Using this and combining (21) and
22), we arrive at

∂tui = div
[
ui

(
∇ui + ∇Vi(x) + δ

M∑
j=1,j ̸=i

∇uj

)]
. (23)

3.2. Numerical simulations

In this subsection we present numerical simulations of (1) with two species (M = 2) in one dimension
d = 1). We consider the case with Li(t, x, ui) = Vi(x) and Fi(t, x, u,∇u) ≡ uj , leading to the following

system of equations:

∂tu1 = div [u1 (∇u1 + ∇V1(x) + δ∇u2)] , (24a)
∂tu2 = div [u2 (∇u2 + ∇V2(x) + δ∇u1)] . (24b)

Throughout this section we consider the domain Ω = [−1, 1] with no-flux boundary conditions, and initial
conditions u1(0, x) = u1,0(x) and u2(0, x) = u2,0(x) with unit mass. We solve (24) using the positivity-
preserving finite-volume scheme presented in [39], which is first order in space and time. We use J = 64 grid
points in space and a fixed timestep ∆t = 10−6.

We consider what the bound (12) on δ is for our particular examples. For our choice of cross-term Fi, we
have that CF = 1 (see (5)) and CΩ in (35) simplifies to

CΩ (T ) = 2 max
{

(1 + CP ), T2 + 4(1 + CP )
(
e−1 + 2TC2

L

)}
,

with Poincaré constant CP = (2/π)2 and CL = maxi ∥Vi∥L2 . For the purposes of the numerical simulation,
t is convenient to consider CΩ (∆t). In the limit of ∆t → 0, we have

CΩ (0) = 8e−1(1 + CP ) ≈ 4.136,

ndependent of the external potentials Li. Therefore, the upper bound on δ is given by

δ < δmax = 1/
√
CΩ (0) ≈ 0.492.

elow we numerically investigate the behaviour beyond such value, and close to the critical value δ = 1.

xample 1 (Left and Right Initial Conditions). In the first example we consider the initial conditions

u (x) = C [(x+ 0.5)(−0.9 − x)] , u (x) = C [(x− 0.5)(0.9 − x)] ,
1,0 1 + 2,0 2 +

9
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where C1, C2 are such that the initial densities are normalised to unit mass. We consider the external
potentials V1 = 0 and V2(x) = 2x2, and four different values of δ = 0.4, 0.6, 0.8, 0.99. For this choice of

otentials, we have CL = 6 and

δmax(T ) = 0.0203, δmax(∆t) = 0.492,

here the upper bound on δ is δmax(t) = 1/
√
CΩ (t).

In the left column of Fig. 1 we show the time evolution at ten equally spaced times tk between 0 and T = 3
f u1 and u2 (solid blue and red lines, respectively) as well as the corresponding steady states u1,∞(x) and
2,∞(x) (dashed green and purple lines respectively), which are computed as the minimisers of the energy

E[u1, u2](t) =
∫
Ω

[
1
2u

2
1 + 1

2u
2
2 + δu1u2 + V1u1 + V2u2

]
dx. (25)

As we increase δ closer to one (the value at which E stops being strictly convex), we observe the formation
of sharper interface between the two components. For the smallest value of δ, δ = 0.5, there is no “vacuum
region” for u1 due to u2 (that is, suppu1 = Ω) and by t = 3 the solution is very close to the steady state.
Increasing δ changes this: for larger δ, the stationary solution u1 has a vacuum region in the middle of the
domain in which u1 = 0 to numerical precision (which grows closer to suppu2 as δ approaches one). This
vacuum region implies that it takes much longer for half of the mass of u1 to transfer from the left to the
right on the domain, implying that the equilibration to the stationary state is much slower (this can be seen
in the bottom row, where the final time solution u1(T, x) is still very far from the steady-state minimiser
u1,∞).

In the right column of Fig. 1 we plot the time evolution of the spatial L2 norms of ui and ∇ui, as well
as the Total Variation (TV), all computed using the partition given by the spatial grid used in the finite-
volume scheme. The key point to note is that the effect of increasing δ is noticed markedly by the semi-norm
∥∇ui∥L2 , whereas the other two norms, ∥ui∥L2 and ∥ui∥T V , remain mostly unchanged by δ.

Example 2 (Uniform Initial Conditions). Here, we consider the same set-up as in the previous example,
except that now both components start with uniform initial conditions

u1,0(x) = u2,0(x) = 1/|Ω |.

Therefore, we expect the same stationary states (since for δ < 1, E is strictly convex). We show the results
of this example in Fig. 2. Because of the symmetry in the initial conditions, in this case the convergence to
the steady state is much faster, as there is no mass that has to “cross” through the vacuum region as the
latter is formed.

Example 3 (Stronger External Potentials). We now consider the left and right initial conditions as in
Example 1 while changing the external potentials to V1(x) = x2/2 and V2(x) = 50x2. For this choice, we
have that

δmax(T ) = 0.00126, δmax(∆t) = 0.480,

that is, a ten-fold reduction in δmax(T ) with respect to Example 1 but a barely noticeable change in δmax(∆t)
(as expected given that δmax is independent of Li in the small time limit). The stronger confinement potential
in the second species leads to a vacuum region in the first species for smaller values of δ than in the previous
xamples, and the associated slower convergence (see Fig. 3).
10
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(
T

Fig. 1. Time evolution with left and right initial conditions, V1 = 0 and V2 = 2x2 and final time T = 3, for various values of δ

Example 1). The left column shows ten equally spaced timepoints in [0, T ] in solid lines, and the stationary stated in dashed lines.
he right column shows the temporal evolution of three norms.
11
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Fig. 2. Time evolution with uniform initial conditions, V1 = 0 and V2 = 2x2 and final time T = 3, for various values of δ (Example 2).
The left column shows ten equally spaced timepoints in [0, T ] in solid lines, and the stationary stated in dashed lines. The right
column shows the temporal evolution of three norms.
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Fig. 3. Time evolution with uniform initial conditions, V1(x) = x2/2 and V2(x) = 50x2 and final time T = 3, for various values of δ

(Example 3). There are ten equally spaced timepoints in [0, T ] in solid lines, and stationary stated in dashed lines.

Example 4 (Evolution of Norms in Time and Space as a Function of δ). In this final example, we look at
he evolution of the norms in δ instead of time. To this end, we consider the following integrated-in-time
orms

∥u∥2,T =

⎧⎨⎩
T∑

tk=0

[
∥u1(tk, ·)∥2

L2 + ∥u2(tk, ·)∥2
L2
]⎫⎬⎭

1/2

,

∥∇u∥2,T =

⎧⎨⎩
T∑

tk=0

[
∥∇u1(tk, ·)∥2

L2 + ∥∇u2(tk, ·)∥2
L2
]⎫⎬⎭

1/2

,

∥u∥T V,T =

⎧⎨⎩
T∑

tk=0
[∥u1(tk, ·)∥T V + ∥u2(tk, ·)∥T V ]

⎫⎬⎭
1/2

.

We use uniform initial conditions, a final time T = 5, and values for δ = 0, 0.1, . . . , 0.9, 0.95, 0.99. We show
he evolution of the three norms in Fig. 4 for two cases: first, for the potentials used in Examples 1 and 2,
amely V1 = 0 and V2 = 2x2; and second, for V1 = x2/2 and V2 = 50x2. In the latter, the combination of
xternal potentials makes the interface between the two components sharper (since the second component
as a very strong confining potential, but also the first component now wants to concentrate around the
rigin). This fact is clearly visible in the trend of ∥∇u∥2,T for increasing δ. In contrast, the TV norm remains
nchanged. As mentioned in the introduction, this observation indicates that a smallness assumption on δ

s necessary to keep to the functional framework of L2(0, T ;H1(Ω)) for the analysis. The plot also suggests
ne can hope for a more general existence theory for solutions belonging to the space BV when δ is close to
ne.
13
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a
f

Fig. 4. Norms (rescaled by T |Ω|) in time and space as a function of δ with uniform initial conditions and final time T = 3. (Left)
V1 = 0 and V2 = 2x2. (Right) V1 = x2/2 and V2 = 50x2.

4. Regularised “frozen” system

We introduce below the regularised system with frozen cross-diffusion. Let z̄ = (z̄i)M
i=1 ∈ (C∞(Q̄T ))M be

given vector function. Throughout this section, we denote by z = (zi)M
i=1 the solution of the regularised

rozen system ⎧⎪⎨⎪⎩
∂tzi = div[zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z̄,∇z̄)) + ε∇zi] in QT ,

0 = ν · [zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z̄,∇z̄)) + ε∇zi] on ΣT ,

zi(0, ·) = zi,0 on Ω .

(26)

Remark 4.1. The constant ε > 0 and the vector of non-negative functions z0 = (zi,0)M
i=1 ∈ (C∞

c (Ω))M

do not change throughout the present section and Section 5. The initial functions zi,0 are chosen such that∫
Ω
zi,0 dx =

∫
Ω
ui,0 dx for i ∈ {1, . . . ,M}.

In the following subsection, we introduce the definition of weak solution to the above regularised frozen
system, and show the mass conservation and non-negativity for such weak solutions. We then prove the
existence of these solutions and deduce from their regularity that they satisfy the system of equations in
the classical sense. Then we prove some Sobolev estimates independent of ε and conclude with a uniqueness
result. Below we will use the shorthand F̄i to refer to the function

F̄i(t, x) := Fi(t, x, z̄(t, x),∇z̄(t, x)) ∀(t, x) ∈ Q̄T . (27)

Remark 4.2. In view of the condition that {G0
i }M

i=1 and {G1
ij}M

i,j=1 in (4) be C2-regular and uniformly
bounded with respect to all arguments (see Section 2.1), for each z̄ = (z̄i)M

i=1 ∈ (C∞(Q̄T ))M fixed, there
exists a positive constant Λz̄, where

Λz̄ = Λz̄

(
max

1≤i≤M
∥z̄i∥C2(Q̄T ), max

1≤i≤M
∥Fi∥C2(Q̄T ×RM ×RMd)

)
,

such that, for all (t, x) ∈ Q̄T and every i ∈ {1, . . . ,M},

|F̄i(t, x)| +
d∑

j=1

⏐⏐⏐⏐∂F̄i

∂xj
(t, x)

⏐⏐⏐⏐+
⏐⏐⏐⏐∂F̄i

∂t
(t, x)

⏐⏐⏐⏐+
d∑

j=1

⏐⏐⏐⏐ ∂2F̄i

∂t∂xj
(t, x)

⏐⏐⏐⏐+
d∑

k=1

d∑
j=1

⏐⏐⏐⏐ ∂2F̄i

∂xk∂xj
(t, x)

⏐⏐⏐⏐ ≤ Λz̄. (28)

Additionally, there exists a positive constant Λ0 depending only on (zi,0)M
i=1 such that

∥z ∥ ≤ Λ . (29)
i,0 C2(Ω̄) 0

14
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4.1. Definition and existence of regularised solutions

Per the definition of weak solution given in [59, Section 5.7], we provide the following notion of solution
to the regularised frozen problem.

Definition 4.3 (Weak Solution for Regularised Frozen System). We say that z ∈ (C2,1(Q̄T ))M solves the
eak form of (26) if, for any test function ϕ ∈ C1(Q̄T ), for i ∈ {1, . . . ,M}, for t ∈ [0, T ],∫

Ω

zi(t, x)ϕ(t, x) dx−
∫
Ω

zi,0(x)ϕ(0, x) dx−
∫ t

0

∫
Ω

zi∂tϕ dx dt

+
∫ t

0

∫
Ω

[
zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z̄,∇z̄)) + ε∇zi

]
· ∇ϕ dx dt = 0.

(30)

orrespondingly, we define Sε : z̄ → z to be the solution operator, whose image is the weak solution of (26).

emark 4.4. Note that the following compatibility condition has been implicitly imposed in the previous
eak formulation,

0 = ν ·
[
zi,0(∇zi,0 + ∇Li(0, x, zi,0) + δFi(0, x, z̄(0, x),∇z̄(0, x))) + ε∇zi,0

]
on ∂Ω , (31)

hich is manifestly satisfied for all choices of z̄ ∈ (C∞(Q̄T ))M , as the fixed initial data zi,0 is identically
ero on the boundary ∂Ω due to its compact support (see Remark 4.1).

emma 4.5 (Mass Conservation for Regularised Frozen System). Suppose there exists a weak solution z of
he problem (26) in the sense of Definition 4.3. Then, for i ∈ {1, . . . ,M},∫

Ω

zi(t, x) dx =
∫
Ω

zi,0(x) dx ∀t ∈ [0, T ].

roof. The assertion is immediate from using the test function ϕ = 1 in Definition 4.3. □

emma 4.6 (Sign Preservation for Regularised Frozen System). Suppose there exists a weak solution z of
he problem (26) in the sense of Definition 4.3. Then, for i ∈ {1, . . . ,M},

zi(t, x) ≥ 0 for a.e. (t, x) ∈ Q̄T .

roof. Define the function θ(t, x) := [zi(t, x)]− to be the negative part of the weak solution in question.
oting that θ = −zi1zi≤0, we observe that this function is non-negative and supported in the set {(t, x) ∈

¯
T : zi(t, x) ≤ 0}. Moreover, we find that

∇θ = −∇zi1zi≤0, ∂tθ = −∂tzi1zi≤0,

n the sense of distributions. It follows that θ ∈ L2(0, T ;H1(Ω)) ∩ L∞(0, T ;L1(Ω)) and ∂tθ ∈ X ′ ∩
2(0, T ; (H1(Ω))′). Using standard density arguments in Sobolev spaces, we may test against θ in the weak

ormulation of Definition 4.3. In turn, we obtain, for a.e. t ∈ (0, T ),

d

dt

∫
Ω

1
2θ

2(t, x) dx+
∫
Ω

(
θ|∇θ|2 + θ∇θ · ∇Li(t, x, zi) + δθ∇θ · Fi(t, x, z̄,∇z̄) + ε|∇θ|2

)
dx = 0. (32)

Given the form of the terms {Li}M
i=1 from (7), we have⏐⏐⏐⏐ ∫ θ∇θ · ∇Li(t, x, zi) dx
⏐⏐⏐⏐ ≤

(
∥∇Vi(t, ·)∥L∞(Ω) + ∥∇Wi ∗ zi(t, ·)∥L∞(Ω)

) ∫
θ|∇θ| dx,
Ω Ω

15
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and

∥∇Wi ∗ zi(t, ·)∥L∞(Ω) ≤ ∥∇Wi∥L∞(Rd)∥zi(t, ·)∥L1(Ω) a.e. t ∈ (0, T ).

t therefore follows, using the fact that zi ∈ L∞(0, T ;L1(Ω)) since zi ∈ C2,1(Q̄T ) as per Definition 4.3, that⏐⏐⏐⏐ ∫
Ω

θ∇θ · ∇Li(t, x, zi) dx
⏐⏐⏐⏐ ≤ CL

(
1 + ∥zi∥L∞(0,T ;L1(Ω))

) ∫
Ω

θ|∇θ| dx a.e. t ∈ (0, T ).

eanwhile, using the boundedness of z̄ and that of F in C2 to control Fi(t, x, z̄,∇z̄) from (28) (see
emark 4.2), we obtain⏐⏐⏐⏐ ∫

Ω

δθ∇θ · Fi(t, x, z̄,∇z̄) dx
⏐⏐⏐⏐ ≤ |δ|Λz̄

∫
Ω

θ|∇θ| dx a.e. t ∈ (0, T ).

Integrating (32) with respect to the time variable, and using the previous estimates, we find∫
Ω

1
2θ

2(t, x) dx+
∫ t

0

∫
Ω

θ|∇θ|2 dxdτ + ε

∫ t

0

∫
Ω

|∇θ|2 dxdτ ≤Λ

∫ t

0

∫
Ω

θ|∇θ| dx,

where the positive constant

Λ := |δ|Λz̄ + CL

(
1 + ∥zi∥L∞(0,T ;L1(Ω))

)
,

is independent of time. An application of the Cauchy–Young inequality gives∫
Ω

1
2θ

2(t, x) dx+
∫ t

0

∫
Ω

θ|∇θ|2 dxdτ + ε

2

∫ t

0

∫
Ω

|∇θ|2 dxdτ ≤ Λ2

ε

∫ t

0

∫
Ω

1
2θ

2 dxdτ.

Dropping the last two terms in the left-hand side of the inequality above, Grönwall’s Lemma yields∫
Ω

θ2(t, x) dx ≤
(∫

Ω

θ2(0, x) dx
)
e
Λ2
ε t = 0 for a.e. t ∈ (0, T ),

here the final equality follows from the non-negativity of the initial data zi,0 (Remark 4.1). The result
ollows. □

emark 4.7. It is a priori not clear how to prove such a sign preservation result for the original system (6)
irectly from Definition 2.3, due to the presence of cross-terms of the form

∫
Ω

∇uj(t, x)[ui(t, x)]− dx with
̸= j. The non-negativity of the solution of the original system (6) will therefore be deduced via a limiting
rocedure from the non-negativity of the regularised solutions of (26).

In what follows, we apply the classical theory of Ladyzhenskaia, Solonnikov, and Ural’tseva [59, Chap. 5,
ec. 7, Thm. 7.4] to deduce the existence and uniqueness of classical solutions to the regularised system (26).
he proof is given in Appendix A.1.

emma 4.8 (Existence and Uniqueness of Regularised Solutions). There exists a unique z = (zi)M
i=1 ∈

C2,1(Q̄T ) solving (26) as a pointwise equality between continuous functions. Moreover, for i ∈ {1, . . . ,M},

zi(t, x) ≥ 0 for (t, x) ∈ Q̄T , zi(0, x) = zi,0(x) for x ∈ Ω̄ ,∫
zi(t, x) dx =

∫
zi,0(x) dx for t ∈ [0, T ].
Ω Ω
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4.2. Uniform estimates

In this subsection, we derive the uniform estimates of the solutions of the regularised frozen system by
testing the equation against the logarithm of the solution.

Lemma 4.9 (Energy Estimates). Let z = (zi)M
i=1 ∈ (C2,1(Q̄T ))M be the solution of (26) provided by

Lemma 4.8. Then, for any t ∈ [0, T ], there holds the estimate∫
Ω

zi(t)(log zi(t))+ dx+ 1
2

∫ t

0

∫
Ω

|∇zi|2 dx dτ + ε

∫ t

0

∫
Ω

|∇zi|2

zi
dx dτ

≤ (e−1|Ω | + 2|Ω |TC2
L) +

∫
Ω

zi,0 log zi,0 dx+ 2|Ω |TC2
L

(∫
Ω

zi,0 dx
)2

+
∫ T

0

∫
Ω

δ2|F̄i|
2 dx dτ, (33)

for i ∈ {1, . . . ,M}, along with the Sobolev estimate

sup
t∈[0,T ]

∫
Ω

zi(t)(log zi(t))+ dx+ ∥ zi ∥2
L2(0,T ;H1(Ω))

≤ CΩ

(
1 + ∥zi,0∥2

L1(Ω) +
∫
Ω

zi,0 log zi,0 dx+
∫ T

0

∫
Ω

δ2|F̄i|
2 dxdt

)
,

(34)

for i ∈ {1, . . . ,M}. The positive constant CΩ = CΩ (Ω , T, d), which is independent of ε and z0 = (zi,0)M
i=1, is

iven by
CΩ = 2 · max

{
(1 + CP ), T

|Ω |
+ 2|Ω |(1 + CP )

(
e−1 + 2TC2

L

)}
, (35)

here CP = CP (Ω , d) is the Poincaré constant.

roof. Begin by assuming that zi is strictly positive in QT and multiply (26) by log zi. By rewriting the
ime derivative, we get

∂t(zi log zi) − ∂tzi = (log zi) div[zi(∇zi + ∇Li(t, x, zi) + δF̄i) + ε∇zi] ∀(t, x) ∈ QT .

ntegrating in space and time then yields, for any t ∈ [0, T ],∫ t

0

d

dτ

(∫
Ω

zi(τ) log zi(τ) dx
)

dτ −
∫ t

0

d

dτ

(∫
Ω

zi(τ) dx
)

dτ =

−
∫ t

0

∫
Ω

[
∇zi · (∇zi + ∇Li(t, x, zi) + δF̄i) + ε

|∇zi|2

zi

]
dxdτ,

(36)

here the no-flux boundary condition makes the boundary term vanish.
When zi is merely non-negative, we multiply by log(β + zi) for some β > 0 and get

∂t(zi log(β + zi)) − (∂tzi)
zi

β + zi
= (log(β + zi)) div[zi(∇zi + ∇Li(t, x, zi) + δF̄i) + ε∇zi], ∀(t, x) ∈ QT .

ntegrating in time and space, and using that |∂tzi| is integrable on QT since zi is C2,1(Q̄T ), the Dominated
onvergence Theorem implies

lim
β→0

∫ t

0

∫
Ω

(∂tzi)
zi

β + zi
dx dτ =

∫ t

0

∫
Ω

(∂tzi) dx dτ.

All other terms may be treated similarly with the exception of the Fisher information, where one obtains

lim
∫ t ∫ |∇zi|2 dxdτ =

∫ t ∫ |∇zi|2 dx dτ,

β→0 0 Ω β + zi 0 Ω zi

17
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by the Monotone Convergence Theorem, since the sequence of integrands
{

|∇zi|2/(β + zi)
}

β>0
is pointwise

ncreasing as β → 0 and non-negative by virtue of Lemma 4.8. In turn, we recover (36).
Recall from Lemma 4.8 that

∫
Ω
zi(τ) dx is constant. Eq. (36) therefore simplifies to∫

Ω

zi(t) log zi(t) dx =
∫
Ω

zi,0 log zi,0 dx− δ

∫ t

0

∫
Ω

∇zi · F̄i dxdτ −
∫ t

0

∫
Ω

|∇zi|2 dx dτ

−
∫ t

0

∫
Ω

∇zi · ∇Li(t, x, zi) dxdτ − ε

∫ t

0

∫
Ω

|∇zi|2

zi
dxdτ,

(37)

or any t ∈ [0, T ]. Observe also that z log z = z log z1{z≥1} + z log z1{0≤z<1}, ∀z ∈ [0,∞), and, since
x ↦→ x log x is non-positive over the interval [0, 1] and achieves its minimum (with value −e−1) at the point

= e−1, it follows that
z log z ≥ z log z1{z≥1} − e−1 ∀z ∈ [0,∞). (38)

Also, using (7), (8), and an application of the triangle inequality followed by Hölder’s inequality yields⏐⏐⏐⏐ ∫ t

0

∫
Ω

∇zi · ∇Li(t, x, zi) dx dτ
⏐⏐⏐⏐ ≤ ∥∇Vi∥L2(QT )∥∇zi∥L2(QT )

+ ∥∇zi∥L2(QT )

(∫ t

0

∫
Ω

|∇Wi ∗ zi(τ, ·)(x)|2 dxdτ
) 1

2

≤ (|Ω |T ) 1
2CL

(
1 +

∫
Ω

zi,0(y) dy
)

∥∇zi∥L2(QT ),

(39)

here we bounded the convolution term as follows∫ t

0

∫
Ω

|∇Wi ∗ zi(τ, ·)(x)|2 dxdτ =
∫ t

0

∫
Ω

⏐⏐⏐⏐ ∫
Ω

∇Wi(x− y)zi(τ, y) dy
⏐⏐⏐⏐2 dx dτ

≤ C2
L

∫ t

0

∫
Ω

(∫
Ω

zi(τ, y) dy
)2

dxdτ = C2
L|Ω |T

(∫
Ω

zi,0(y) dy
)2

,

(40)

here we used the boundedness of {∇Wi}M
i=1 inherited from (8), the non-negativity of zi due to Lemma 4.6,

nd the fact that x ↦→ x2 is increasing on [0,∞) to obtain the inequality, and the mass conservation from
emma 4.5 to obtain the final equality. Using estimates (38) and (39), along with an application of the
eighted Cauchy–Young inequality to the terms on the right-hand side of (39) and to

∫ t

0
∫
Ω

∇zi · F̄i dxdt,
e deduce the estimate (33) from (37).
The Poincaré–Wirtinger inequality∫

Ω

(
zi − 1

|Ω |

∫
Ω

zi dx
)2

dx ≤ CP

∫
Ω

|∇zi|2 dx,

here CP = CP (Ω , d) is the Poincaré constant, implies

CP

∫
Ω

|∇zi|2 dx ≥
∫
Ω

(
zi − 1

|Ω |

∫
Ω

zi dx′
)2

dx

=
∫
Ω

[
z2

i − 2
|Ω |

zi

∫
Ω

zi dx′ + 1
|Ω |2

(∫
Ω

zi dx′
)2
]

dx

=
∫
Ω

z2
i dx− 1

|Ω |

(∫
Ω

zi,0 dx
)2

,

here we used the conservation of mass in the final equality. Substituting back into (33), we get∫ T

0

∫
Ω

1
2z

2
i dxdt ≤ T

2|Ω |

(∫
Ω

zi,0 dx
)2

+ CP (e−1|Ω | + 2|Ω |TC2
L) + CP

∫
Ω

zi,0 log zi,0 dx

+2CP |Ω |TC2
L

(∫
Ω

zi,0 dx
)2

+ CP

∫ T

0

∫
Ω

δ2|F̄i|
2 dx dτ.
18
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Combining the above with (33), we obtain∫ T

0

∫
Ω

1
2(z2

i + |∇zi|2) dx dt ≤
(

T

2|Ω |
+ 2(1 + CP )|Ω |TC2

L

)(∫
Ω

zi,0 dx
)2

+ (1 + CP )(e−1|Ω | + 2|Ω |TC2
L) + (1 + CP )

∫
Ω

zi,0 log zi,0 dx

+ (1 + CP )
∫ T

0

∫
Ω

δ2|F̄i|
2 dx dt,

from which we recover (34) with the appropriate constant CΩ given by (35). □

Before proceeding to the next lemma, which covers the uniform estimate for the time derivative of the
regularised solutions, we recall the interpolation result of Di Benedetto.

Proposition 4.10 (Proposition 3.2 of [70]). Let m, p ≥ 1 and assume that ∂Ω is piecewise smooth. There
exists a constant γ depending only on d,m, p and the structure of ∂Ω such that, for any v ∈ V m.p, where

V m.p := L∞(0, T ;Lm(Ω)) ∩ Lp(0, T ;W 1,p(Ω)), (41)

e have

∥v∥Lq(QT ) ≤ γ

⎛⎝1 + T

|Ω |
d(p−m)+pm

dm

⎞⎠ ∥v∥V m.p , where q = p
d+m

d
. (42)

emma 4.11 (Time Derivative Estimate of the Regularised Solutions). Recall the space X introduced in
efinition 2.2. There holds the uniform estimate in the dual space

∥∂tzi∥X′ ≤ CX′

(
1 + ∥zi,0∥2

L1(Ω) +
∫
Ω

zi,0 log zi,0 dx+ δ2 F̄i

2
L2(QT )

)
, (43)

here the positive constant CX′ = CX′(Ω , T, d), which is independent of ε and z0 = (zi,0)M
i=1, is given by

CX′ = 2γ
[(

1 + T

|Ω |
d+2

d

)
+ (|Ω |T ) d

r

] (
2 + 3CΩ + 2|Ω |TC2

L

)
. (44)

roof. Applying Proposition 4.10 with v = zi, m = 1, and p = 2 yields

∥zi∥Lq(QT ) ≤ γ

(
1 + T

|Ω |
d+2

d

)
∥zi∥V 1.2 , q = 2d+ 1

d
, (45)

here the space V 1,2 is defined in (41). Notice that q > 2 for all choices of dimension d.
Fix η ∈ C∞(Q̄T ). Going back to (26), writing ⟨∂tzi, η⟩ =

∫ T

0
∫
Ω
∂tziη dx dt, and using the divergence

heorem in conjunction with the no-flux boundary condition, we find

|⟨∂tzi, η⟩| =
⏐⏐⏐⏐ ∫ T

0

∫
Ω

∇η · [zi(∇zi + ∇Li(t, x, zi) + δF̄i) + ε∇zi] dxdt
⏐⏐⏐⏐, (46)

rom which we obtain, using the triangle inequality,

|⟨∂tzi, η⟩| ≤
∫ T ∫

|∇η|zi|∇zi + ∇Li(t, x, zi) + δF̄i| dx dt+ ε

∫ T ∫
|∇η||∇zi| dx dt.
0 Ω 0 Ω

19
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Then, using Hölder’s inequality, we get

|⟨∂tzi, η⟩| ≤ ∥zi∥Lq(QT )
∇zi + ∇Li(·, ·, zi) + δF̄i


L2(QT ) ∥∇η∥Lr(QT ) + ε ∥∇η∥L2(QT ) ∥∇zi∥L2(QT ) ,

(47)
here r satisfies 1

q + 1
r = 1

2 , and q is as given in (45). Hence r = 2(d+ 1) > 2 and, since QT = (0, T ) × Ω is
a bounded domain, an application of the Hölder inequality shows that

∥∇η∥L2(QT ) =
(∫ T

0

∫
Ω

|∇η|2 dx dt
) 1

2

≤
(∫ T

0

∫
Ω

|∇η|2(d+1) dx dt
) 1

2(d+1)
(∫ T

0

∫
Ω

1 dxdt
) d

2(d+1)
= (|Ω |T ) d

r ∥∇η∥Lr(QT ) .

ombining the above with (45) and (47) shows that, with Cγ = Cγ(Ω , T, d) a positive constant given by

Cγ = γ

(
1 + T

|Ω |
d+2

d

)
+ (|Ω |T ) d

r ,

which is independent of ε ∈ (0, 1) and z0 = (zi,0)M
i=1, there holds

|⟨∂tzi, η⟩| ≤ Cγ ∥∇η∥Lr(QT )

(
∥zi∥L2(0,T ;H1(Ω))

+ ∥zi∥V 1,2
(
∥zi∥L2(0,T ;H1(Ω)) + ∥∇Li(·, ·, zi)∥L2(QT ) + δ

F̄i


L2(QT )

))
,

for any η ∈ C∞(Q̄T ), where we also used Minkowski’s inequality. Using the Cauchy–Young inequality on
both of the terms inside the large brackets gives

|⟨∂tzi, η⟩| ≤ 2Cγ

(
1 + ∥zi∥2

V 1,2

+ ∥zi∥2
L2(0,T ;H1(Ω)) + ∥∇Li(·, ·, zi)∥2

L2(QT ) + δ2 F̄i

2
L2(QT )

)
∥∇η∥Lr(QT ) ,

(48)

for any η ∈ C∞(Q̄T ). Observe then that

∥∇Li(·, ·, zi)∥L2(QT ) ≤ ∥∇Vi∥L2(QT ) +
(∫ T

0

∫
Ω

|∇Wi ∗ zi(t, ·)(x)|2 dx dt
) 1

2
,

here we estimate the second term on the right-hand side in the same way as in (40). It follows that

∥∇Li(·, ·, zi)∥L2(QT ) ≤ (|Ω |T ) 1
2CL

(
1 +

∫
Ω

zi,0 dx
)
. (49)

ote also that the mass conservation of Lemma 4.5 yields

∥zi∥V 1,2 ≤ ∥zi,0∥L1(Ω) + ∥zi∥L2(0,T ;H1(Ω)) .

y combining the above with (48) along with (49), and with the estimate (34) of Lemma 4.9, we obtain

|⟨∂tzi, η⟩| ≤ CX′

(
1 + ∥zi,0∥2

L1(Ω) +
∫
Ω

zi,0 log zi,0 dx+ δ2 F̄i

2
L2(QT )

)
∥∇η∥Lr(QT ) ,

or any η ∈ C∞(Q̄T ), with CX′ = 2Cγ

(
2 + 3CΩ + 2|Ω |TC2

L

)
, i.e., as given in (44), which is independent of

and z0 = (zi,0)M
i=1. Using the density of the smooth functions in the space Lr(0, T ;W 1,r(Ω)), we take the

upremum over all test functions η ∈ Lr(0, T ;W 1,r(Ω)) in the previous estimate, and deduce the uniform
stimate (43). □
20
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We also note the following estimate on the second derivatives of the regularised solutions. For clarity
of exposition, we delay the proof to Appendix A.2, which relies on first proving a H2 type estimate for a
onlinear transformation of the regularised solution.

emma 4.12 (Second Derivative Estimate). For the regularised frozen system (26), there holds, for i ∈
1, . . . ,M}, the estimate

∥∆zi∥L2(QT ) ≤ C(ε, δ, T,Ω , CL, ∥zi,0∥C1(Ω̄), ∥F̄i∥L∞(0,T ;W 1,∞(Ω)), ∥∂tF̄i∥L1(0,T ;L2(Ω))), (50)

where the right-hand side is a positive quantity depending only on the parameters in its parentheses.

4.3. Uniqueness of weak solutions to the regularised frozen problem

The following result provides a correspondence between equivalent weak formulations of the regularised
frozen problem (26). We omit the proof, as it is standard. We note in passing that, by the same method of
proof, the analogous equivalences also hold for the weak formulation of the original problem, as mentioned
in Remark 2.5.

Lemma 4.13 (Equivalence of Weak Formulations of (26)). Let z = (zi)M
i=1 ∈ Ξ and denote the flux by

Fi := zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z̄,∇z̄)) + ε∇zi. The following formulations are equivalent:

1 for each i ∈ {1, . . . ,M}, for every η ∈ C1(Ω̄), for a.e. t ∈ [0, T ],

⟨∂tzi(t, ·), η⟩Ω +
∫
Ω

Fi · ∇η dx = 0, (51)

where ⟨·, ·⟩Ω is the duality product of W 1,r(Ω);
2 for each i ∈ {1, . . . ,M}, for every ϕ ∈ C1(Q̄T ),

⟨∂tzi, ϕ⟩X′×X +
∫

QT

Fi · ∇ϕdxdt = 0; (52)

3 for each i ∈ {1, . . . ,M}, for every ϕ ∈ C1(Q̄T ) with ϕ(0, ·) = ϕ(T, ·) = 0 on Ω̄ ,∫
QT

(
−zi∂tϕ+ Fi · ∇ϕ

)
dxdt = 0. (53)

The following result is the focal point of this subsection and is concerned with the uniqueness of solutions
to the regularised frozen problem in the larger space Ξ .

Lemma 4.14 (Uniqueness for Regularised Frozen Problem in Ξ ). There exists a unique z = (zi)M
i=1 ∈ Ξ

such that, for every i ∈ {1, . . . ,M},
∫
Ω
zi(t, x) dx =

∫
Ω
zi,0(x) dx, zi(0, ·) = zi,0 in (W 1,r(Ω))′ and, for every

∈ C1(Q̄T ),

⟨∂tzi, η⟩X′×X +
∫

QT

[zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z̄,∇z̄)) + ε∇zi] · ∇η dxdt = 0. (54)

roof. Step 1 (related dual problem): Let z and z∗ satisfy the hypotheses and let w := zi −z∗
i . Problem (54)

s nonlinear. However, we can formally derive a dual equation through integration by parts and properties
f the convolution. Specifically, supposing that the convolution kernel H is radially symmetric and that the
unctions below are sufficiently integrable, we note the following property:∫

f(x)(H ∗ g)(x) dx =
∫

f(x)H(x− y)g(y) dy dx =
∫

(H ∗ f)(y)g(y) dy,

Ω Ω×Ω Ω
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which follows directly from the Tonelli–Fubini Theorem. In the sequel we use the notation F̄i introduced in
27), and we drop the arguments of F̄i, Vi and Wi. Define ϕ ∈ L2(0, T ;H2(Ω))∩H1(0, T ;L2(Ω)) as a strong
olution of the following linear and strongly parabolic dual equation:

∂tϕ− (ε+ aκ)∆ϕ+ (∇Vi + δF̄i + ∇Wi ∗ zi) · ∇ϕ+
d∑

k=1
(∂xk

Wi) ∗ (z∗
i ∂xk

ϕ) = −ξ in QT ,

∇ϕ · ν = 0 on ΣT ,

ϕ(0, ·) = 0 on Ω ,

(55)

here ξ ∈ C∞
c (QT ) is arbitrary and {aκ}κ∈N is a monotone sequence of bounded functions that approximate

zi+z∗
i

2 ; in particular, we choose

aκ := min
{(

zi + z∗
i

2

)
, κ

}
.

ote that aκ ≥ 0 belongs to L∞(QT ) for every κ ∈ N.

tep 2 (estimates on time-shifted quantity): Consider now the equation for the time-shifted function
(t, x) = ϕ(T − t, x):

∂tψ + (ε+ aκ)∆ψ − (∇Vi + δF̄i + ∇Wi ∗ zi) · ∇ψ −
d∑

k=1
(∂xk

Wi) ∗ (z∗
i ∂xk

ψ) = ξ in QT ,

∇ψ · ν = 0 on ΣT ,

ψ(T, ·) = 0 on Ω ,

(56)

nd test against a bounded C1 function θ : [0, T ] → [1,∞) such that ∂tθ ≥ 1. We have, for every t ∈ [0, T ],

∫ T

t

∫
Ω

∂tψ θ∆ψ dx dτ = −
∫ T

t

∫
Ω

θ

2∂t

(
|∇ψ|2

)
dx dτ

= −
∫
Ω

1
2

(
θ(T )|∇ψ(T, x)|2 − θ(t)|∇ψ(t, x)|2

)
dx+

∫ T

t

∫
Ω

|∇ψ|2∂t

(
θ

2

)
dxdτ

≥
∫
Ω

1
2 |∇ψ(t, x)|2 dx+

∫ T

t

∫
Ω

1
2 |∇ψ|2 dxdτ,

here we used ϕ(0, ·) = ψ(T, ·) = 0 and the lower bound on θ. On the other hand, we also have

∫ T

t

∫
Ω

∂tψ θ∆ψ dxdτ =
∫ T

t

∫
Ω

θ

[
− (ε+ aκ)|∆ψ|2 + (∇Vi + δF̄i + ∇Wi ∗ zi) · ∇ψ∆ψ

+
d∑

k=1
(∂xk

Wi) ∗ (z∗
i ∂xk

ψ)∆ψ + ξ∆ψ

]
dxdτ.

(57)

Firstly, we estimate the drift terms: letting G := ∇Vi + δF̄i + ∇Wi ∗ zi,∫ T

t

∫
Ω

θG · ∇ψ∆ψ dx dτ =
∫ T

t

∫
Ω

θ

2 |∇ψ|2 div G dxdτ −
∫ T

t

∫
Ω

θ
∑
k,l

∂xk
ψ ∂xl

Gk ∂xl
ψ dxdτ

≤
(

1 + d2
)

∥θ∥L∞([0,T ])∥∇G∥L∞(QT )

∫
|∇ψ|2 dxdt,
2 QT
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where we used that G and its space derivative are bounded, since the nonlocal drift is bounded by
∥∇Wi ∗ zi∥L∞(QT ) ≤ ∥Wi∥C1(Rd)∥zi,0∥L1(Ω). Secondly, we estimate the nonlocal term:⏐⏐⏐⏐ ∫ T

t

∫
Ω

θ

d∑
k=1

(∂xk
Wi)∗(z∗

i ∂xk
ψ)∆ψ dxdτ

⏐⏐⏐⏐
=
⏐⏐⏐⏐ ∫ T

t

∫
Ω

θ

d∑
k=1

(∇∂xk
Wi) ∗ (z∗

i ∂xk
ψ) · ∇ψ dx dτ

⏐⏐⏐⏐
≤ d∥θ∥L∞([0,T ])∥Wi∥C2(Rd)

∫ T

t

∫
Ω

|∇ψ(τ, x)|
(∫

Ω

|z∗
i (τ, y)∇ψ(τ, y)| dy

)
dxdτ

≤ d|Ω |
1
2 ∥θ∥L∞([0,T ])∥Wi∥C2(Rd)

∫ T

t

∥z∗
i (τ, ·)∥L2(Ω)∥∇ψ(τ, ·)∥2

L2(Ω) dτ,

here we integrated by parts to obtain the first equality and used the Hölder inequality to obtain both
he second and the final lines. By integrating the term in (57) involving ξ∆ψ by parts, and then using the
auchy–Schwarz integral inequality followed by the Young inequality, we have obtained

1
2 ∥∇ψ(t, ·) ∥2

L2(Ω) +
∫ T

t

∫
Ω

(1
2 |∇ψ|2 + (ε+ aκ)|∆ψ|2

)
dxdτ

≤ 1
2∥∇ξ∥2

L2(QT )

+ C(d, |Ω |, ∥θ∥L∞ , ∥∇G∥L∞ , ∥Wi∥C2)
∫ T

t

(1 + ∥z∗
i (τ, ·)∥L2(Ω))

1
2∥∇ψ(τ, ·)∥2

L2(Ω) dxdτ.

(58)

rom the above we deduce, by first estimating the integrand in the right-hand side by its supremum over
τ, T ] and then bounding the left-hand side similarly, that for every t ∈ [0, T ] there holds

1
2 sup

τ∈[t,T ]
∥∇ψ(τ, ·)∥2

L2(Ω) ≤1
2∥∇ξ∥2

L2(QT ) + C

∫ T

t

(1 + ∥z∗
i (τ, ·)∥L2(Ω))

1
2 sup

y∈[τ,T ]
∥∇ψ(y, ·)∥2

L2(Ω) dxdτ.

here we used the shorthand C to denote the quantity with the same name appearing on the right-hand side
f (58). Applying the Grönwall Lemma (starting from the initial point t = T , where ψ(T, ·) = ϕ(0, ·) = 0)
o this latter inequality yields

sup
t∈[0,T ]

∥∇ψ(t, ·)∥2
L2(Ω) ≤ ∥∇ξ∥2

L2(QT ) exp
(
C

∫ T

0
(1 + ∥z∗

i (τ, ·)∥L2(Ω)) dτ
)
,

sing the Hölder inequality, the integral inside the exponential is bounded by T + T
1
2 ∥z∗

i ∥2
L2(QT ). Hence,

returning to (58) and using the previous estimate, we obtain∫
QT

(ε+ aκ)|∆ψ|2 dx dt ≤ Cξ, (59)

here Cξ depends on d, |Ω |, T , ∥∇ξ∥L2(QT ), ∥θ∥L∞ , ∥∇G∥L∞ , ∥Wi∥C2 , ∥z∗
i ∥L2(QT ), and not on κ.

tep 3 (estimates on the difference of solutions w): The regularity of ϕ implies that ψ ∈ X. Recalling that
(0, ·) = ψ(T, ·) = 0, by proceeding as in the proof of Lemma 4.13, we obtain

⟨∂tw,ψ⟩X′×X = −
∫

QT

w∂tψ dxdt = −
∫

QT

[ε∇w + zi∇zi − z∗
i ∇z∗

i ] · ∇ψ dxdt

−
∫ [

w(∇Vi + δF̄i) · ∇ψ + (zi∇Wi ∗ zi − z∗
i ∇Wi ∗ z∗

i ) · ∇ψ
]

dxdt.

QT
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Testing against the solution of the dual problem (56), we have∫
QT

w

[
∂tψ +

(
ε+ zi + z∗

i

2

)
∆ψ − (∇Vi + δF̄i + ∇Wi ∗ zi) · ∇ψ

+
d∑

k=1
(∂xk

Wi) ∗ (z∗
i ∂xk

ψ)
]

dxdt =
∫

QT

w ξ dxdt.

It follows that∫
QT

w ξ dxdt =
∫

QT

w

(
zi + z∗

i

2 − aκ

)
∆ψ dxdt

≤
(∫

QT

(ε+ aκ)|∆ψ|2 dxdt
) 1

2
(∫

QT

w2

ε+ aκ

(
zi + z∗

i

2 − aκ

)2
dx dt

) 1
2

.

hus, using the non-negativity of aκ and the estimate (59), we have obtained

∫
QT

w ξ dx dt ≤ ε−1C
1
2
ξ

(∫
QT

w2
(
zi + z∗

i

2 − aκ

)2
dxdt

) 1
2

,

nd we recall that Cξ is independent of κ. Even if the integral on the right-hand side above may be infinite,
ince aκ ↗ zi+z∗

i
2 a.e. monotonically as κ → ∞, a direct application of the Monotone Convergence Theorem

leads to ∫
QT

w ξ dx dt ≤ 0,

or any ξ ∈ C∞
c (QT ). In particular, we can choose ξ to be strictly positive or strictly negative, so we must

have w = zi − z∗
i = 0 a.e. in QT . □

. Fixed point with diffusivity

In this section, we use a fixed point argument in order to go from the regularised frozen system (26) to
he regularised coupled system⎧⎪⎨⎪⎩

∂tzi = div[zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z)) + ε∇zi] in QT ,

0 = ν · [zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z)) + ε∇zi] on ΣT ,

zi(0, ·) = zi,0 on Ω .

(60)

We begin by recalling the Leray–Schauder–Schaefer Fixed Point Theorem and its simple corollary.

Theorem (Leray–Schauder–Schaefer). Let S be a compact map from a Banach space B into itself. Suppose
that the set {ξ ∈ B : ξ = λS(ξ) for some λ ∈ [0, 1]} is bounded. Then S has a fixed point.

Corollary 5.1. Let S be a compact map from a Banach space B into itself. Suppose that there exist two
constants a ∈ [0, 1) and b > 0 such that ∥S(ξ)∥B ≤ a ∥ξ∥B + b for all ξ ∈ B. Then S has a fixed point.

We emphasise that, throughout this entire section, ε > 0 and the initial data z0 = (zi,0)M
i=1 ∈ (C∞

c (Ω))M

prescribed in Section 4 (cf. Remark 4.1) are fixed.
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5.1. Weak compactness of the solution map

Recall the regularised frozen system (26) of Section 4, i.e.,⎧⎪⎨⎪⎩
∂tzi = div[zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z̄,∇z̄)) + ε∇zi] in QT ,

0 = ν · [zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z̄,∇z̄)) + ε∇zi] on ΣT ,

zi(0, ·) = zi,0 on Ω .

rom Section 4 we know that the above admits a unique classical solution for each smooth vector function
.̄ We also recall the space Ξ introduced in Definition 2.2, and note that, since it is a closed subspace of a
anach space, it is itself Banach.
Consider the solution operator Sε of Definition 4.3:

Sε : (C∞(Q̄T ))M → (C2,1(Q̄T ))M ⊂ Ξ

z̄ ↦→ z,
(61)

here z solves (26) and (C∞(Q̄T ))M is equipped with the subspace topology of Ξ . Let us introduce, for
very µ > 0, the following linear smoothing operator Rµ (which is defined by extension and mollification in
ppendix A.4):

Rµ : Ξ → (C∞(Q̄T ))M

w ↦→ Rµ(w),
(62)

ith the property that Rµ(w) converges to w strongly in (L2(0, T ;H1(Ω)))M as µ → 0, along with

∥Rµ(w)∥(L2(0,T ;H1(Ω)))M ≤ Creg ∥w∥(L2(0,T ;H1(Ω)))M , (63)

or some fixed constant Creg independent of µ, and

∥Rµ(w)∥(L∞(0,T ;W 2,∞(Ω)))M + ∥∂tRµ(w)∥(L∞(0,T ;W 1,∞(Ω)))M ≤ Cµ ∥w∥(L2(0,T ;H1(Ω)))M , (64)

or some positive constant Cµ depending on µ (cf. Lemma A.6 and Remark A.7). This constant explodes
n the limit as µ → 0.

We will also repeatedly use the following two technical lemmas in later arguments. Their proofs are
lementary and are therefore omitted for concision.

emma 5.2. Let {ζn}n∈N be a sequence in L2(QT ) such that:

1. {ζn}n∈N converges weakly to ζ in L2(QT );
2. ζn is non-negative a.e. in QT for every n ∈ N;
3.
∫

QT
ζn(t, x) dx = Λ a.e. t ∈ (0, T ) for some non-negative constant Λ.

hen ζ ∈ L∞(0, T ;L1(Ω)), ζ ≥ 0 a.e. in QT , and
∫
Ω

ζ(t, x) dx = Λ.

emma 5.3. Let {ζn}n∈N be a sequence in L2(QT ) such that:

1. {ζn}n∈N converges weakly to ζ in L2(QT );
2. For every n ∈ N, ζn(0, ·) = ζ0 in (W 1,r(Ω))′ for some fixed ζ0 ∈ Lp(Ω);
3. {∂tζ

n}n∈N converges weakly-* to ∂tζ in X ′.

hen, ζ ∈ C([0, T ]; (W 1,r(Ω))′), and there exists a positive constant Λ, independent of n such that, given any
∈ W 1,r(Ω), there holds⏐⏐⏐⏐ ∫

Ω

ζ(t, x)ϕ(x) dx−
∫
Ω

ζ(s, x)ϕ(x) dx
⏐⏐⏐⏐ ≤ (t− s) 1

r Λ∥ϕ∥W 1,r(Ω) ∀0 < s ≤ t ≤ T. (65)

oreover, ∥ζ(t, ·) − ζ ∥ ≤ t
1
r Λ for all 0 ≤ t ≤ T , so that ζ(0, ·) = ζ in (W 1,r(Ω))′.
0 (W 1,r(Ω))′ 0
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Lemma 5.4 (Weak Compactness). The map Sε ◦ Rµ from Ξ into itself is weakly sequentially compact with
respect to the subspace topology of (L2(0, T ;H1(Ω))M .

roof. Step 1 (the bounded sequence): For i ∈ {1, . . . ,M}, let {z̄n
i }n∈N be a uniformly bounded sequence

n Ξ , i.e., there exists Ci > 0, independent of n, µ, ε, such that

∥z̄n
i ∥L2(0,T ;H1(Ω)) ≤ Ci, ∥∂tz̄

n
i ∥X′ ≤ Ci ∀n ∈ N. (66)

et us introduce
ẑn := Rµ(z̄n), zn := Sε(ẑn),

nd notice that by the estimate (64), up to the multiplicative constant Creg, we have that z̄ = (z̄i)M
i=1 and

ˆ = (ẑi)M
i=1 satisfy the same uniform bound (66). We also define

F̂n
i := Fi(t, x, ẑn,∇ẑn).

nd notice that, due to (5) and (66), we have

∥F̂n
i ∥L2(QT ) ≤ CF (1 + Ci) ∀n ∈ N,

here we omitted the Creg factor, for clarity of presentation. By Lemmas 4.8, 4.9, and 4.11, there exist a
ositive constants C ′

i independent of n, µ, ε such that

∥zn
i ∥L2(0,T ;H1(Ω)) ≤ C ′

i, ∥∂tz
n
i ∥X′ ≤ C ′

i, ∀n ∈ N.

tep 2 (the weakly convergent subsequence): It follows that all of {z̄n
i }n∈N, {ẑn

i }n∈N, and {zn
i }n∈N are

ounded sequences in Ξ . An application of the theorems of Banach–Alaoglu and Aubin–Lions [71, Theorem
II.5.16] implies that there exists a common subsequence (still indexed by n) such that

z̄n
i ⇀ z̄i, ẑn

i ⇀ ẑi, zn
i ⇀ zi weakly in L2(0, T ;H1(Ω)),
F̂n

i ⇀ F̂ ∗
i weakly in L2(QT ),

z̄n
i → z̄i, zn

i → zi strongly in L2(QT ),
∂tz

n
i

∗
⇀ vi weakly-* in X ′,

where z̄i, ẑi, zi ∈ L2(0, T ;H1(Ω)), F̂ ∗
i ∈ L2(QT ), and vi ∈ X ′. From the linearity and the continuity property

of the regularisation operator (cf. Corollary A.8),

∥ẑn
i −Rµz̄i∥L2(QT ) = ∥Rµz̄

n
i −Rµz̄i∥L2(QT ) ≤ C∥z̄n

i − z̄i∥L2(QT ) → 0 as n → ∞,

for some positive constant C, which, incidentally, does not depend on µ. Hence it follows that ẑi = Rµz̄i

as elements of L2(QT ), and that, additionally, ẑn
i → ẑi strongly in L2(QT ). Moreover, given any Θ ∈

(C1
c (QT ))d, there holds, from the definition of weak derivative,⏐⏐⏐⏐ ∫

QT

Θ · ∇(Rµz̄i − ẑi) dxdt
⏐⏐⏐⏐ =

⏐⏐⏐⏐ ∫
QT

divΘ(Rµz̄i − ẑi) dx dt
⏐⏐⏐⏐ ≤ ∥ divΘ∥L2(QT )∥Rµz̄i − ẑi∥L2(QT ),

from which we deduce that ∥∇(Rµz̄i − ẑi)∥L2(QT ) = 0, due to the density of C1
c (QT ) in L2(QT ). Thus,

ẑi = Rµz̄i as elements of L2(0, T ;H1(Ω)).
Additionally, we note that, in view of Lemma 5.2, we have zi ≥ 0 a.e. in QT and∫

Ω

|zi(t, x)| dx =
∫
Ω

zi(t, x) dx =
∫
Ω

zi,0 dx a.e. t ∈ (0, T ),

∞ 1
hich fulfils the requirement for zi ∈ L (0, T ;L (Ω)).
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Step 3 (convergence of cross-diffusion terms): Using the structure of F̂n
i provided by (4), we know that

F̂ ∗
i = Fi(t, x, ẑ,∇ẑ) = G0

i (t, x, ẑ) +
M∑

j=1
G1

ij(t, x, ẑ)∇ẑj .

Indeed, letting Θ ∈ (C1
c (QT ))d be arbitrary, the structure (4) implies that∫

QT

Θ · F̂n
i dx dt =

∫
QT

Θ ·G0
i (t, x, ẑn) dxdt+

M∑
j=1

∫
QT

Θ · ∇G1
ij(t, x, ẑn)∇ẑj dx dt.

hen, the fundamental theorem of calculus and the strong convergence in L2(QT ) yield

∥G0
i (·, ·, ẑn) −G0

i (·, ·, ẑ)∥L2(QT ) ≤ ∥∇zG
0
i ∥L∞(QT ×RM ) max

i∈{1,...,M}
∥ẑn

i − ẑi∥L2(QT ) → 0, (67)

nd similarly

∥G1
ij(·, ·, ẑn) −G1

ij(·, ·, ẑ)∥L2(QT ) ≤ ∥∇zG
1
ij∥L∞(QT ×RM ) max

i∈{1,...,M}
∥ẑn

i − ẑi∥L2(QT ) → 0, (68)

o that G0
i (·, ·, ẑn) → G0

i (·, ·, ẑ) and G1
ij(·, ·, ẑn) → G1

ij(·, ·, ẑ) strongly in L2(QT ). The weak convergence also
mplies ∇ẑn

j ⇀ ∇ẑj weakly in L2(QT ), so that, using the fact that the product of a strongly converging
equence with a weakly converging sequence converges itself in the weak sense,

lim
n→∞

∫
QT

Θ · F̂n
i dxdt =

∫
QT

Θ · F̂i dxdt.

tep 4 (convergence of drift terms): Similarly, with the term Li, we have

∥Li(t, x, zn
i ) − Li(t, x, zi)∥2

L2(QT ) =
∫ T

0

∫
Ω

⏐⏐(Wi ∗ (zn
i (t, ·) − zi(t, ·)))(x)

⏐⏐2 dxdt

=
∫ T

0

∫
Ω

⏐⏐⏐⏐ ∫
Ω

Wi(x− y)(zn
i (t, y) − zi(t, y)) dy

⏐⏐⏐⏐2 dxdt

≤ |Ω |C2
L

∫ T

0

∫
Ω

(∫
Ω

|zn
i (t, y) − zi(t, y)|2 dy

)
dxdt

= |Ω |2C2
L∥zn

i − zi∥2
L2(QT ) → 0,

here we applied Jensen’s inequality and used the boundedness (8) to obtain the third line, and the
onelli–Fubini theorem to obtain the final line. An identical strategy yields

∥∇Li(t, x, zn
i ) − ∇Li(t, x, zi)∥2

L2(QT ) =
∫ T

0

∫
Ω

⏐⏐(∇Wi ∗ (zn
i (t, ·) − zi(t, ·)))(x)

⏐⏐2 dxdt

≤ |Ω |2C2
L∥zn

i − zi∥2
L2(QT ) → 0,

o that we obtain the convergence Li(·, ·, zn
i ) → L(·, ·, zi) strongly in L2(0, T ;H1(Ω)).

tep 5 (sequence of time derivatives and conclusion): Furthermore, given any θ ∈ C1
c (QT ), an integration

y parts with respect to the time variable yields∫
QT

θ∂tz
n
i dxdt = −

∫
QT

zn
i ∂tθ dxdt.

By taking the weak limits on both sides, we get
∫

QT
θvi dx dt = −

∫
QT

zi∂tθ dx dt and deduce vi = ∂tzi.
′
Hence, since any weakly-* convergent sequence is bounded, we have that ∥∂tzi∥X < +∞, and the
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final requirement for zi belonging to Ξ is fulfilled. We therefore have the following convergences for the
ubsequence:

z̄n
i ⇀ z̄i, ẑn

i ⇀ Rµz̄i, zn
i ⇀ zi weakly in L2(0, T ;H1(Ω)),

z̄n
i → z̄i, ẑn

i → Rµz̄i, zn
i → zi strongly in L2(QT ),
Li(·, ·, zn

i ) → Li(·, ·, zi) strongly in L2(0, T ;H1(Ω)),
F̂n

i ⇀ Fi(·, ·, Rµz̄,∇Rµz̄) weakly in L2(QT ),
∂tz

n
i

∗
⇀ ∂tzi weakly-* in X ′,

(69)

ith zi ∈ Ξ , and the lemma is proved, since we have shown the weak convergence in Ξ of a subsequence of
Sε ◦Rµ(z̄n)}n∈N towards z = (zi)M

i=1 for any bounded sequence {z̄n}n∈N in Ξ . □

emark 5.5. We emphasise that, in order to obtain (69), the Aubin–Lions Lemma (cf. [71, Theorem
I.5.16]) was used to ensure the strong convergences z̄n

i → z̄i and zn
i → zi in L2(QT ). The application

f [71, Theorem II.5.16] is justified due to the uniform bound in L2(0, T ;H1(Ω)) for the sequence of
unctions {z̄n

i , z
n
i }n∈N and the uniform bound in X ′ = Lr′(0, T ; (W 1,r(Ω))′) for the corresponding sequence

of derivatives {∂tz̄
n
i , ∂tz

n
i }n∈N. The strong convergence ẑn

i → Rµz̄i in L2(QT ) was not deduced directly
from the Aubin–Lions Lemma (though, alternatively, this can also be done) and was later obtained from
properties of the regularisation operator Rµ and the strong convergence z̄n

i → z̄i in L2(QT ).

Remark 5.6. As a consequence of (69), for any ϕ ∈ C1(Q̄T ),∫
QT

zn
i ∇zn

i · ∇ϕ dx dt →
∫

QT

zi∇zi · ∇ϕ dxdt,∫
QT

zn
i ∇Li(t, x, zn

i ) · ∇ϕ dx dt →
∫

QT

zi∇Li(t, x, zi) · ∇ϕdxdt,∫
QT

zn
i Fi(t, x,Rµz̄

n,∇Rµz̄
n) · ∇ϕ dx dt →

∫
QT

ziFi(t, x,Rµz̄,∇Rµz̄) · ∇ϕdx dt.

t is then clear that the limit function zi satisfies the following weak formulation:

⟨∂tzi, ϕ⟩X′×X +
∫

QT

∇ϕ ·
(
[zi(∇zi + ∇Li(t, x, zi) + δFi(t, x,Rµz̄,∇Rµz̄)] + ε∇zi

)
dxdt = 0,

or every ϕ ∈ C1(Q̄T ). Note the similarity between the no-flux weak formulation above and the formulation
52) in Lemma 4.13.

.2. Strong compactness of the solution map

In this subsection, we improve the compactness result in Lemma 5.4 and show that the solution map
s actually strongly compact from Ξ to itself. To begin with, we recall the following result concerning
emicontinuity properties of the Fisher information.

emma 5.7 (Properties of Fisher Information, [72] Lemma 4.10). Let K be a closed subset of Rd. The Fisher
nformation, i.e., the functional

F [w] :=
∫

{x∈K|w(x)>0}

|∇w|2

w
dx,

s convex and sequentially lower semicontinuous with respect to the weak topology of L1(K).

Consequently, we have the following lemma, the proof of which is contained in Appendix A.3.
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Lemma 5.8. Let {ζn}n∈N be a sequence of non-negative functions in L1(QT ), and suppose that ζn → ζ

strongly in L1(QT ). Then there exists a subsequence of {ζn}n∈N, still indexed by n, for which there holds∫
QT

|∇ζ|2

ζ
dxdt ≤ lim inf

n→∞

∫
QT

|∇ζn|2

ζn
dxdt.

Lemma 5.9 (Strong Compactness). The map Sε ◦Rµ from Ξ into itself is strongly sequentially compact.

Proof. Step 1 (difference of two “weak formulations”): We emphasise that ε and µ are fixed throughout this

proof. For i ∈ {1, . . . ,M}, let {z̄n
i }n∈N be a uniformly bounded sequence in Ξ . Arguing as in Lemma 5.4, we

consider ẑn = Rµz̄
n and zn = Sεẑ

n = Sε ◦Rµ(z̄n). Recalling (69), we have that, for a suitable subsequence
(still indexed by n),

z̄n
i ⇀ z̄i, ẑn

i ⇀ Rµz̄i, zn
i ⇀ zi weakly in L2(0, T ;H1(Ω)),

z̄n
i → z̄i, ẑn

i → Rµz̄i, zn
i → zi strongly in L2(QT ),
Li(·, ·, zn

i ) → Li(·, ·, zi) strongly in L2(0, T ;H1(Ω)),
F̂n

i ⇀ Fi(·, ·, Rµz̄,∇Rµz̄) weakly in L2(QT ),
∂tz

n
i

∗
⇀ ∂tzi weakly-* in X ′,

for some non-negative zi ∈ Ξ , and we define ẑ := Rµz̄. By integrating the equality (36) from Lemma 4.9
ver the time interval [t0, t] ⊊ [0, T ], we obtain∫

Ω

[
zn

i (t) log zn
i (t) − zn

i (t0) log zn
i (t0)

]
dx

= −
∫ t

t0

∫
Ω

[
δ∇zn

i · Fi(t, x, ẑn,∇ẑn) + ∇zn
i · ∇Li(t, x, zn

i ) + |∇zn
i |2 + ε

|∇zn
i |2

zn
i

]
dxdτ,

for a.e. t > t0 > 0. By Remark 5.6, the uniqueness in the space Ξ due to Lemma 4.14, and the added
regularity inherited from Lemma 4.8, we deduce that zi ∈ C2,1(Q̄T ) satisfies (26) classically (with ẑ = Rµz̄

featuring in the arguments of Fi). Then, similarly to what we had in Section 4.2, we also obtain∫
Ω

[
zi(t) log zi(t) − zi(t0) log zi(t0)

]
dx

= −
∫ t

t0

∫
Ω

[
∇zi · δFi(t, x, ẑ,∇ẑ) + ∇zi · ∇Li(t, x, zi) + |∇zi|2 + ε

|∇zi|2

zi

]
dxdτ,

or a.e. t > t0 > 0. Taking the difference of the two relations above we obtain∫ t

t0

∫
Ω

[(
1 + ε

zn
i

)
|∇zn

i |2 −
(

1 + ε

zi

)
|∇zi|2

]
dxdτ

=
∫
Ω

(
zi(t0) log zi(t0) − zn

i (t) log zn
i (t) − zi(t0) log zi(t0) + zi(t) log zi(t)

)
dx

−
∫ t

t0

∫
Ω

(
∇zn

i · ∇Li(t, x, zn
i ) − ∇zi · ∇Li(t, x, zi)

)
dx dτ

− δ

∫ t

t0

∫
Ω

(
∇zn

i · Fi(t, x, ẑn,∇ẑn) − ∇zi · Fi(t, x, ẑ,∇ẑ)
)

dxdτ.

(70)

ne can show, by following Step 1 of the proof of Lemma 5.8 (cf. Appendix A.3), that the strong convergence
n → z in L2(Q ) implies that, for a subsequence, for a.e. t ∈ (0, T ), we have ∥zn(t, ·) − z (t, ·)∥ → 0.
i i T i i L2(Ω)
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Then, defining f : x ↦→ x(log x)1[0,∞)(x), we note that |f(x)| ≤ C(1+x2) globally for some universal constant
. Using the Generalised Dominated Convergence Theorem, we deduce that f maps L2(Ω) continuously into
1(Ω), whence the entire first term on the right-hand side of (70) vanishes for this subsequence. The second

erm on the right-hand side of (70) also vanishes, due to the strong convergence in L2(0, T ;H1(Ω)) of the
erms involving ∇Li, cf. (69). On the other hand, the final term on the right-hand side of (70) requires
dditional work.

tep 2 (div–curl Lemma to make right-hand side of (70) vanish): Recall that, due to the structure provided
y (4),

Fi(t, x, ẑ,∇ẑ) = G0
i (t, x, ẑ) +

M∑
j=1

G1
ij(t, x, ẑ)∇ẑj ,

nd we consider, in particular, the term∫ t

t0

∫
Ω

(
G1

ij(τ, x, ẑn)∇ẑn
j · ∇zn

i −G1
ij(τ, x, ẑ)∇ẑj · ∇zi

)
dx dτ. (71)

or what follows we define the (d+ 1)-dimensional vector fields

v̂n
j (τ, x) := (0, G1

ij(τ, x, ẑn(τ, x))∇ẑn
j (τ, x)), vn

i (τ, x) := (0,∇zn
i (τ, x)).

Note that the strong convergence in L2(QT ) of the terms involving G1
ij , cf. (68), and the weak convergences

∇ẑn
j ⇀ ∇ẑj ,∇zn

i ⇀ ∇zi in L2(QT ) implies that both sequences {v̂n
j }n∈N, {vn

i }n∈N are weakly convergent
n (L2(QT ))d+1. In the next paragraph, we pass to the limit in (71) using the div–curl Lemma.

By Lemma 4.12, ∥∆zn∥L2(QT ) is bounded by ∥Rµz̄
n∥L∞(0,T ;W 2,∞(Ω)) +∥∂tRµz̄

n∥L∞(0,T ;W 1,∞(Ω)), which,
from the estimate (64), is bounded by ∥z̄n∥L2(0,T ;H1(Ω)), and this is bounded independently of n. Therefore,
for every i ∈ {1, . . . ,M},

divt,x v
n
i = ∆zn

i is bounded in L2(QT ) independently of n,

and thus, by the Rellich Theorem, the sequence {divt,x v
n
i }n∈N is confined to a compact subset of H−1(QT ).

Additionally, an explicit computation using the chain rule shows that, for every j ∈ {1, . . . ,M},

|curlt,xv̂
n
j | ≤ max

i,j∈{1,...,M}
∥G1

ij∥C1(Q̄T ×RM )
(
|∂t∇ẑn| + |∇2ẑn| + |∇ẑn| + |∂tẑ

n||∇ẑn| + |∇ẑn|2
)
.

Recall that µ > 0 is fixed. Hence, estimate (64) shows that ∥ẑn
i ∥L∞(0,T ;W 2,∞(Ω)) = ∥Rµz̄

n
i ∥L∞(0,T ;W 2,∞(Ω))

is bounded independently of n and likewise for ∥∂tẑ
n
i ∥L∞(0,T ;W 1,∞(Ω)) = ∥∂tRµz̄

n
i ∥L∞(0,T ;W 1,∞(Ω)). In turn,

{curlt,xv̂
n
j }n∈N is bounded in L∞(QT ) independently of n, and therefore also uniformly bounded in L2(QT ),

whence the Rellich Theorem implies that this sequence is confined to a compact subset of H−1(QT ). A direct
application of the div −curl Lemma (cf. [73, Theorem 1]) to the product {v̂n

j · vn
i }n∈N yields that

G1
ij(t, x, ẑn)∇ẑn

j · ∇zn
i → G1

ij(t, x, ẑ)∇ẑj · ∇zi in D′(QT ).

We conclude that the term in (71) vanishes in the as n → ∞. Note that the term∫ t

t0

∫
Ω

(
G0

i (t, x, ẑn) · ∇zn
i −G0

i (t, x, ẑ) · ∇zi

)
dx dτ,

also vanishes in the limit as n → ∞, since ∇zn
i ⇀ ∇zi weakly in L2(QT ) and G0

i (·, ·, ẑn) → G0
i (·, ·, ẑ)

strongly in L2(QT ), as per the estimate (67).

Step 3 (lower semicontinuity of Fisher information to deduce convergence of norms): Returning to (70) and
using the fact that 0 < t0 < t < T were arbitrary, it follows (by possibly taking a further subsequence to let
t0 → 0 and t → T ) that∫ T ∫ [(

1 + ε
n

)
|∇zn

i |2 −
(

1 + ε
)

|∇zi|2
]

dxdτ → 0 as n → ∞. (72)

0 Ω zi zi
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Observe that the strong convergence zn
i → zi in L2(QT ) and the lower semicontinuity result Lemma 5.8

mply, after passing to a further subsequence if necessary,

lim inf
n→∞

∫ T

0

∫
Ω

[
1
zn

i

|∇zn
i |2 − 1

zi
|∇zi|2

]
dxdτ ≥ 0,

hich, combining with (72), implies

lim sup
n→∞

(
∥∇zn

i ∥2
L2(QT ) − ∥∇zi∥2

L2(QT )
)

≤ 0.

ombining the above with ∥∇zi∥L2(QT ) ≤ lim infn→∞ ∥∇zn
i ∥L2(QT ), which holds true because of the weak

ower semicontinuity of the norm and ∇zn
i ⇀ ∇zi weakly in L2(QT ), we deduce

∥∇zn
i ∥L2(QT ) → ∥∇zi∥L2(QT ) as n → ∞. (73)

he combination of weak convergence of {zn
i }n∈N in L2(0, T ;H1(Ω)) with the convergence of the norm

stablishes strong convergence in L2(0, T ;H1(Ω)).

tep 4 (strong convergence of time derivatives in dual space): Finally, we verify the strong convergence in the
ual space X ′ for the sequence of time derivative {∂tz

n
i }n∈N. Taking the difference of the weak formulations

e obtain, for any θ ∈ C1
c (QT ),

⟨∂t(zn
i − zi), θ⟩ = −

∫
QT

(
ε∇(zn

i − zi) + zn
i ∇zn

i − zi∇zi

)
· ∇θ dxdt

−
∫

QT

(
zn

i ∇Li(t, x, zn
i ) − zi∇Li(t, x, zi)

)
· ∇θ dxdt

−
∫

QT

δ
(
zn

i Fi(t, x, ẑn,∇ẑn) − ziFi(t, x, ẑ,∇ẑ)
)

· ∇θ dx dt,

nd, as per the convergences identified in Remark 5.6, the right-hand side vanishes in the limit as n → ∞.
owever, we must study this limit quantitatively. To this end, observe from this previous equation that

|⟨∂t(zn
i − zi), θ⟩| ≤

(
ε∥∇zn

i − ∇zi∥L2(QT ) + ∥zn
i ∇zn

i − zi∇zi∥L2(QT )

+ ∥zn
i ∇Li(·, ·, zn

i ) − zi∇Li(·, ·, zi)∥L2(QT )

+ |δ|∥zn
i Fi(·, ·, ẑn,∇ẑn) − ziFi(·, ·, ẑ,∇ẑ)∥L2(QT )

)
∥∇θ∥L2(QT ),

fter which an application of the Hölder inequality yields

|⟨∂t(zn
i − zi), θ⟩| ≤

(
ε∥∇zn

i − ∇zi∥L2(QT ) + ∥zn
i ∇zn

i − zi∇zi∥L2(QT )

+ ∥zn
i ∇Li(·, ·, zn

i ) − zi∇Li(·, ·, zi)∥L2(QT )

+ |δ|∥zn
i Fi(·, ·, ẑn,∇ẑn) − ziFi(·, ·, ẑ,∇ẑ)∥L2(QT )

)
(|Ω |T )

d
2(d+1) ∥∇θ∥Lr(QT ).

aking the supremum over all θ ∈ C1
c (QT ) with ∥θ∥X ≤ 1 and using the density of C1

c (QT ) in X, we get

∥∂t(zn
i − zi)∥X′ ≤ (|Ω |T )

d
2(d+1)

(
ε∥∇zn

i − ∇zi∥L2(QT ) + ∥zn
i ∇zn

i − zi∇zi∥L2(QT )

+ ∥zn
i ∇Li(·, ·, zn

i ) − zi∇Li(·, ·, zi)∥L2(QT )

+ |δ|∥zn
i Fi(·, ·, ẑn,∇ẑn) − ziFi(·, ·, ẑ,∇ẑ)∥L2(QT )

)
.

Using the strong convergence in L2(QT ) of ∇zn
i → ∇zi, zn

i → zi, and ∇Li(·, ·, zn
i ) → ∇Li(·, ·, zi), we

immediately deduce that the first three terms on the right-hand side of the previous equation vanish in
the limit as n → ∞, since the product of two strongly convergent sequences in L2(QT ) is itself strongly
convergent in L2(Q ). Finally, recall that {ẑn} is precisely the sequence {R z̄n} , and that the
T n∈N µ n∈N
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regularisation parameter µ > 0 is fixed throughout this procedure. Thus, since ∥z̄n
i ∥L2(0,T ;H1(Ω)) is bounded

independently of n, the estimate (64) gives the uniform boundedness in L2(QT ) of the sequences of higher
derivatives {∂t∇ẑn

i }n∈N and {∇2ẑn
i }n∈N. It then follows from the Aubin–Lions Lemma (cf. [71, Theorem

II.5.16]) that ∇ẑn
i → ∇ẑi strongly in L2(QT ), since we already knew from (69) that the sequence converged

weakly in L2(0, T ;H1(Ω)) to this same limit. Combining with the strong convergence ẑn
i → ẑi, we get

ẑn
i → ẑi strongly in L2(0, T ;H1(Ω)).

t is then immediate from the structure of Fi given in (4) that we have the strong convergence

∥Fi(·, ·, ẑn,∇ẑn) − Fi(·, ·, ẑ,∇ẑ)∥L2(QT ) → 0 as n → ∞,

hence ∥∂t(zn
i −zi)∥X′ vanishes in the limit as n → ∞, again using the fact that the product of two sequences

onverging strongly in L2(QT ) is itself strongly convergent in L2(QT ). The proof is complete. □

We now arrive at the existence of solutions to the regularised coupled system (60).

roposition 5.10 (Existence for regularised coupled system). Fix ε > 0 and zi,0 ∈ C∞
c (Ω) to be non-negative

unctions such that
∫
Ω
zi,0 dx =

∫
Ω
ui,0 dx for i ∈ {1, . . . ,M}. There exists z = (zi)M

i=1, belonging to the space
, which solves the regularised coupled system (60), i.e.,⎧⎪⎨⎪⎩

∂tzi = div[zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z)) + ε∇zi] in QT ,

0 = ν · [zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z)) + ε∇zi] on ΣT ,

zi(0, ·) = zi,0 on Ω ,

n the weak sense: for any test function ϕ ∈ C1(Q̄T ), for i ∈ {1, . . . ,M},

⟨∂tzi, ϕ⟩X′×X +
∫

QT

[
zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z)) + ε∇zi

]
· ∇ϕdxdt = 0, (74)

ith zi(0, ·) = zi,0 in (W 1,r(Ω))′. Moreover, each zi is non-negative and conserves its initial mass, and there
xists a positive constant C = C(Ω , T, d, δ), which is independent of ε and z0 = (zi,0)M

i=1, such that, for
∈ {1, . . . ,M},

∥zi∥2
L2(0,T ;H1(Ω)) + ∥∂tzi∥X′ ≤ C

(
1 + ∥zi,0∥2

L1(Ω) +
∫
Ω

zi,0 log zi,0 dx
)
. (75)

roof. Step 1 (solution with smoothing operator Rµ in the right-hand side): Begin by showing that for

ach µ > 0, there exists z = (zi)M
i=1, belonging to the space C2,1(Q̄T ), which solves the system⎧⎪⎨⎪⎩

∂tzi = div[zi(∇zi + Li(t, x, zi) + δFi(t, x,Rµz,∇Rµz)) + ε∇zi] in QT ,

0 = ν · [zi(∇zi + Li(t, x, zi) + δFi(t, x,Rµz,∇Rµz)) + ε∇zi] on ΣT ,

zi(0, ·) = zi,0 on Ω ,

(76)

n the classical sense, and that there exists a positive constant C = C(Ω , T, d, Creg, δ), independent of µ, ε,
nd zi,0, such that, for i ∈ {1, . . . ,M},

∥zi∥2
L2(0,T ;H1(Ω)) + ∥∂tzi∥X′ ≤ C

(
1 + ∥zi,0∥2

L1(Ω) +
∫
Ω

zi,0 log zi,0 dx
)
. (77)

o this end, recall that Sε ◦ Rµ maps the Banach space Ξ into itself compactly (cf. Lemmas 4.9 and

.9, and (12) the smallness condition on δ). Subsequently, an application of Corollary 5.1 shows that there
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exists z ∈ Ξ which is a fixed point of Sε ◦ Rµ. Since Sε ◦ Rµ maps Ξ into (C2,1(Q̄T ))M , the equality in Ξ

= Sε(Rµ(z)) implies that there exists a representative of z belonging to (C2,1(Q̄T ))M and, additionally,
uch representative solves (76) in the classical sense. In view of the definition of Ξ , we automatically obtain
hat, for i ∈ {1, . . . ,M}, zi is non-negative and conserves its initial mass.

By integrating (76) against any test function ϕ ∈ C1(Q̄T ), we get, for i ∈ {1, . . . ,M},

⟨∂tzi, ϕ⟩X′×X +
∫

QT

(
zi(∇zi + ∇Li(t, x, zi) + δFi(t, x,Rµz,∇Rµz)) + ε∇zi

)
· ∇ϕ dxdt = 0, (78)

nd we also have zi(0, ·) = zi,0 in (W 1,r(Ω))′, since we already know that this latter equality holds in the
ointwise sense.

Meanwhile, the estimate on ∥zi∥2
L2(0,T ;H1(Ω)) in (77) follows from Lemma 4.9, using the smallness of δ

long with the bound

|Fi(t, x,Rµz(t, x),∇Rµz(t, x))| ≤ CF (T,Ω)(1 + |∇Rµz(t, x)|),

ue to (5), and the estimate (63) (cf. Lemma A.6). Using this latter bound and the one for ∥zi∥2
L2(0,T ;H1(Ω)),

e then obtain the estimate on ∥∂tzi∥X′ in (77) from Lemma 4.11.

tep 2 (taking the limit µ → 0. Part I: drift terms): For each µ > 0, define zµ = (zµ
i )M

i=1 to be the
olution of (76) provided by Step 1, and recall that (78) holds. Observe from the estimates (77) that
zµ}µ>0 is a bounded sequence in (L2(0, T ;H1(Ω)))M , and this bound is independent of µ. Hence, as in
he proof of Lemma 5.4, an application of the theorem of Banach–Alaoglu for reflexive spaces and the
ubin–Lions Lemma (cf. [71, Theorem II.5.16]) implies the existence of a subsequence, which we still label
s {zµ}µ>0, converging weakly in (L2(0, T ;H1(Ω)))M and strongly in (L2(QT ))M to some z = (zi)M

i=1 ∈
L2(0, T ;H1(Ω)))M , and such that ∂tz

µ ∗
⇀ ∂tz weakly-* in (X ′)M . This latter weak-* convergence in (X ′)M

s manifestly enough to pass to the limit in the first term of the weak formulation (78), i.e., the duality
roduct, and for the final term, we have

Iµ :=
⏐⏐⏐⏐ ∫

QT

[
zµ

i (∇zµ
i + ∇Li(t, x, zµ

i ) + δFi(t, x,Rµz
µ,∇Rµz

µ)) + ε∇zµ
i

]
· ∇ϕ dx dt

−
∫

QT

[
zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z)) + ε∇zi

]
· ∇ϕdxdt

⏐⏐⏐⏐,
hich can be expanded as Iµ ≤ Jµ +K1,µ +K2,µ, where

Jµ :=
⏐⏐⏐⏐ ∫

QT

zµ
i (∇zµ

i + δFi(t, x,Rµz
µ,∇Rµz

µ)) · ∇ϕdxdt−
∫

QT

zi(∇zi + δFi(t, x, z,∇z)) · ∇ϕdxdt
⏐⏐⏐⏐,

hile
K1,µ :=

⏐⏐⏐⏐ ∫
QT

ε∇zµ
i · ∇ϕdxdt−

∫
QT

ε∇zi · ∇ϕ dx dt
⏐⏐⏐⏐,

nd
K2,µ :=

⏐⏐⏐⏐ ∫
QT

zµ
i ∇Li(t, x, zµ

i ) · ∇ϕdxdt−
∫

QT

zi∇Li(t, x, zi) · ∇ϕ dxdt
⏐⏐⏐⏐.

bserve that
K1,µ = ε

⏐⏐⏐⏐ ∫
QT

(∇zµ
i − ∇zi) · ∇ϕ dxdt

⏐⏐⏐⏐ → 0,

n view of the weak convergence zµ
i ⇀ zi in L2(0, T ;H1(Ω)), which naturally implies ∇zµ

i ⇀ ∇zi weakly in
L2(QT ))M . Additionally, observe that

K2,µ =
⏐⏐⏐⏐ ∫ (zµ

i ∇Li(t, x, zµ
i ) − zi∇Li(t, x, zi)) · ∇ϕdxdt

⏐⏐⏐⏐,

QT
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and
∥∇Li(·, ·, zµ

i ) − ∇Li(·, ·, zi)∥2
L2(QT ) =

∫ T

0

∫
Ω

|∇Wi ∗ (zµ
i (t, ·) − zi(t, ·))(x)|2 dxdt

=
∫ T

0

∫
Ω

⏐⏐⏐⏐ ∫
Ω

∇Wi(x− y)(zµ
i (t, y) − zi(t, y)) dy

⏐⏐⏐⏐2 dxdt

≤ |Ω |C2
L

∫ T

0

∫
Ω

(∫
Ω

|zµ
i (t, y) − zi(t, y)|2 dy

)
dxdt

= |Ω |2C2
L∥zµ

i − zi∥2
L2(QT ) → 0 as µ → 0,

where we used the boundedness from (8) and Jensen’s inequality to obtain the third line, and the Fubini–
Tonelli theorem to obtain the final equality, and the strong convergence zµ

i → zi in L2(QT ) to show that
the limit vanishes. Thus,

∥∇Li(·, ·, zµ
i ) − ∇Li(·, ·, zi)∥L2(QT ) → 0 as µ → 0,

and hence, being the product of two strongly convergent sequences, we get zµ
i ∇Li(·, ·, zµ

i ) → zi∇Li(·, ·, zi)
strongly in L2(QT ), whence the Cauchy–Schwarz integral inequality yields that K2,µ → 0 in the limit as
µ → 0.

Step 3 (taking the limit µ → 0. Part II: cross-diffusion terms): We return to Jµ, which we write as
Jµ ≤ J1,µ + |δ|J2,µ, where

J1,µ :=
⏐⏐⏐⏐ ∫

QT

(zµ
i ∇zµ

i − zi∇zi) · ∇ϕdxdt
⏐⏐⏐⏐,

and
J2,µ :=

⏐⏐⏐⏐ ∫
QT

(
zµ

i Fi(t, x,Rµz
µ,∇Rµz

µ) − ziFi(t, x, z,∇z)
)

· ∇ϕ dxdt
⏐⏐⏐⏐.

Recall that since zµ
i → zi strongly in L2(QT ) and ∇zµ

i ⇀ ∇zi weakly in (L2(QT ))M , the product zµ
i ∇zµ

i

converges weakly to zi∇zi in (L2(QT ))M , whence J1,µ → 0 in the limit as µ vanishes. It remains to control
J2,µ. Observe that an application of the triangle inequality yields

J2,µ ≤
⏐⏐⏐⏐ ∫

QT

(zµ
i − zi)Fi(t, x,Rµz

µ,∇Rµz
µ) · ∇ϕ dx dt

⏐⏐⏐⏐
+
⏐⏐⏐⏐ ∫

QT

zi

(
Fi(t, x,Rµz

µ,∇Rµz
µ) − Fi(t, x, z,∇z)

)
· ∇ϕ dx dt

⏐⏐⏐⏐ =: L1,µ + L2,µ.

Note that
L1,µ ≤ ∥∇ϕ∥L∞(QT ) max

i∈{1,...,M}
∥Fi(·, ·, Rµz

µ,∇Rµz
µ)∥L2(QT )∥z

µ
i − zi∥L2(QT )

≤ ∥∇ϕ∥L∞(QT )CF

(
1 + max

i∈{1,...,M}
∥∇Rµz

µ∥L2(QT )
)
∥zµ

i − zi∥L2(QT ),

where we used the usual bound (5) for Fi, and from which it follows, using the estimate (63), that

L1,µ ≤ ∥∇ϕ∥L∞(QT )CF

(
1 + Creg max

i∈{1,...,M}
∥zµ

i ∥L2(0,T ;H1(Ω))
)
∥zµ

i − zi∥L2(QT ).

Furthermore, due to the weak convergence zµ
i ⇀ zi in L2(0, T ;H1(Ω)) for each i ∈ {1, . . . ,M}, we know

that for each i ∈ {1, . . . ,M} this sequence is bounded, i.e., there exists a positive constant Cseq (independent
of µ) such that

max
i∈{1,...,M}

∥zµ
i ∥L2(0,T ;H1(Ω)) ≤ Cseq ∀µ > 0.

Thus, we obtain

L ≤ ∥∇ϕ∥ ∞ C (1 + C C )∥zµ − z ∥ → 0 as µ → 0.
1,µ L (QT ) F reg seq i i L2(QT )
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The term L2,µ is more delicate. To study it, we expand the terms in Fi. Indeed, an application of the
riangle inequality yields

L2,µ ≤
⏐⏐⏐⏐ ∫

QT

zi

(
G0

i (t, x,Rµz
µ) −G0

i (t, x, z)
)

· ∇ϕdx dt
⏐⏐⏐⏐

+
M∑

j=1

⏐⏐⏐⏐ ∫
QT

zi

(
G1

ij(t, x,Rµz
µ)∇Rµz

µ
j −G1

ij(t, x, z)∇zj

)
· ∇ϕdxdt

⏐⏐⏐⏐ =: Λ1,µ + Λ2,µ.

bserve then that, using Hölder’s inequality along with the mean value inequality and the uniform
oundedness of the derivatives of (G0

i )M
i=1, we control the first term by

Λ1,µ ≤ ∥∇ϕ∥L∞(QT )∥zi∥L2(QT )∥∇zG
0
i ∥L∞(QT ×RM ) max

i∈{1,...,M}
∥Rµz

µ
i − zi∥L2(QT ). (79)

hen, for each fixed i ∈ {1, . . . ,M}, we have

∥Rµz
µ
i − zi∥L2(QT ) ≤ ∥Rµz

µ
i −Rµzi∥L2(QT ) + ∥Rµzi − zi∥L2(QT )

≤ Creg∥zµ
i − zi∥L2(QT ) + ∥Rµzi − zi∥L2(QT ) → 0 as µ → 0,

(80)

y virtue of the strong convergence zµ
i → zi in L2(QT ) and Corollary A.8, where we also used the linearity of

he operator Rµ to obtain the second inequality. Thus, by returning to (79), we conclude that Λ1,µ vanishes
n the limit as µ → 0. For the term Λ2,µ, observe that, for each fixed i, j ∈ {1, . . . ,M}, we have firstly that

∥G1
ij(·, ·, Rµz

µ) −G1
ij(·, ·, z)∥L2(QT ) ≤ ∥∇zG

1
ij∥L∞(QT ×RM ) max

i∈{1,...,M}
∥Rµz

µ
i − zi∥L2(QT ),

here, as before, we used the mean value inequality and the uniform boundedness of the derivatives of
G1

ij)M
i,j=1, so that we deduce from (80) that

G1
ij(·, ·, Rµz

µ) → G1
ij(·, ·, z) strongly in L2(QT ). (81)

eanwhile, for the first term, we have the following claim, to be proved later.

laim 5.11.
∇Rµz

µ
j ⇀ ∇zj weakly in (L2(QT ))M .

Using the above, we then deduce from (81) that we have the weak convergence of the product, i.e.,

G1
ij(·, ·, Rµz

µ)∇Rµz
µ
j ⇀ G1

ij(·, ·, z)∇zj weakly in (L2(QT ))M . (82)

hus, using the Hölder inequality to verify that zi∇ϕ ∈ (L2(QT ))M , the weak convergence of (82) implies
hat Λ2,µ → 0 in the limit as µ → 0. The limit function z ∈ L2(0, T ;H1(Ω)) thereby satisfies the weak
ormulation (74), and the estimates (75) follow from the weak (and weak-* for the bound in X ′) lower semi-
ontinuity of the norms considered in the estimate (77). The non-negativity and mass conservation follow
gain directly from Lemma 5.2. The attainment of the initial data in the dual Sobolev space follows from a
irect application of Lemma 5.3. The proof is complete. □

roof of Claim 5.11. Recall from (80) that we have

∥Rµz
µ
i − zi∥L2(QT ) → 0 as µ → 0.

t therefore follows that, given any test function ψ ∈ (C∞
c (QT ))d, by definition of weak derivative, there

olds the integration by parts relation∫
∇(Rµz

µ
i − zi) · ψ dx dt = −

∫
(Rµz

µ
i − zi) divψ dxdt,
QT QT
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where we note that there are no boundary terms due to the compact support of ψ. Thus, we get from the
bove, and the Hölder inequality, that⏐⏐⏐⏐ ∫

QT

∇(Rµz
µ
i − zi) · ψ dxdt

⏐⏐⏐⏐ ≤ ∥Rµz
µ
i − zi∥L2(QT )∥∇ψ∥L2(QT ) → 0 as µ → 0.

inally, due to the density of C∞
c (QT ) in L2(QT ), it follows that given any ψ ∈ (L2(QT ))d, there exists a

equence {ψm}m∈N of elements of C∞
c (QT ) such that ∥ψm − ψ∥L2(QT ) vanishes as m → ∞. Then, we get⏐⏐⏐⏐ ∫

QT

∇(Rµz
µ
i − zi) · ψ dx dt

⏐⏐⏐⏐ ≤
⏐⏐⏐⏐ ∫

QT

∇(Rµz
µ
i − zi) · (ψ − ψm) dx dt

⏐⏐⏐⏐+
⏐⏐⏐⏐ ∫

QT

∇(Rµz
µ
i − zi) · ψm dxdt

⏐⏐⏐⏐
≤ ∥∇Rµz

µ
i − ∇zi∥L2(QT )∥ψ − ψm∥L2(QT )

+ ∥Rµz
µ
i − zi∥L2(QT )∥∇ψm∥L2(QT ),

(83)
here, for the second term in the final line, we integrated by parts and then used the Hölder inequality. Now
bserve that, for the first term, the triangle inequality yields

∥∇Rµz
µ
i − ∇zi∥L2(QT ) ≤ ∥∇Rµz

µ
i ∥L2(QT ) + ∥∇zi∥L2(QT )

≤ ∥Rµz
µ
i ∥L2(0,T ;H1(Ω)) + ∥∇zi∥L2(0,T ;H1(Ω)).

However, since zµ
i ∈ L2(0, T ;H1(Ω)) for each fixed µ > 0, it follows from estimate (63) (cf. (104) of

Lemma A.6) that, for each fixed µ > 0,

∥Rµz
µ
i ∥L2(0,T ;H1(Ω)) ≤ Creg∥zµ

i ∥L2(0,T ;H1(Ω)),

whence, since {zµ
i }µ>0 is a bounded sequence in L2(0, T ;H1(Ω)) on account of being a weakly conver-

gent sequence therein, there exists a positive constant Cseq independent of m and µ, but depending on
∥∇zi∥L2(0,T ;H1(Ω)), such that

∥∇Rµz
µ
i − ∇zi∥L2(QT ) ≤ Cseq ∀µ > 0.

In turn, by first taking the limit as m → ∞ and then making µ vanish, it follows that the right-hand side
of (83) tends to zero as µ → 0. To summarise, given any ψ ∈ (L2(QT ))d,∫

QT

∇(Rµz
µ
i − zi) · ψ dxdt → 0 as µ → 0,

i.e., ∇Rµz
µ
i ⇀ ∇zi weakly in L2(QT ), as required. □

6. Vanishing diffusivity and proof of the main result

In this section, we take the vanishing diffusivity limit as ε → 0 in the regularised coupled system (60).

Lemma 6.1 (Existence for the Degenerate System). Fix zi,0 ∈ C∞
c (Ω), for i ∈ {1, . . . ,M}, to be non-negative

functions such that
∫
Ω
zi,0 dx =

∫
Ω
ui,0 dx for i ∈ {1, . . . ,M}. There exists z = (zi)M

i=1, belonging to the space
Ξ , which solves the system⎧⎪⎨⎪⎩

∂tzi = div[zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z))] in QT ,

0 = ν · [zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z))] on ΣT , (84)

zi(0, ·) = zi,0 on Ω ,
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in the weak sense prescribed by Definition 2.3, with zi(0, ·) = zi,0 in (W 1,r(Ω))′. Moreover, each zi is non-
egative and conserves its initial mass, and there exists a positive constant C = C(Ω , T, d, δ) such that, for
∈ {1, . . . ,M},

∥zi∥2
L2(0,T ;H1(Ω)) + ∥∂tzi∥X′ ≤ C

(
1 + ∥zi,0∥2

L1(Ω) +
∫
Ω

zi,0 log zi,0 dx
)
. (85)

roof. The proof is similar to that of Proposition 5.10. Recall the weak formulation prescribed by
efinition 2.3, i.e., for any test function ϕ ∈ C1(Q̄T ), for i ∈ {1, . . . ,M},

⟨∂tzi, ϕ⟩X′×X +
∫

QT

[
zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z))

]
· ∇ϕ dxdt = 0. (86)

or this proof, we define zε = (zε
i )M

i=1 to be the weak solution of (74) for each ε > 0, provided by
roposition 5.10.
Observe from the estimates (75) that {zε}ε>0 is a bounded sequence in (L2(0, T ;H1(Ω)))M , and this

ound is independent of ε. Hence, as in the proofs of Lemma 5.4 and Proposition 5.10, an application
f the theorem of Banach–Alaoglu for reflexive spaces and the Aubin–Lions Lemma (cf. [71, Theorem
I.5.16]) implies the existence of a subsequence, which we still label as {zε}ε>0, converging weakly in
L2(0, T ;H1(Ω)))M and strongly in (L2(QT ))M to some z = (zi)M

i=1 ∈ (L2(0, T ;H1(Ω)))M , and such that
tz

ε ∗
⇀ ∂tz weakly-* in (X ′)M ; see Lemma 4.11 for the estimate independent of ε. This latter weak-*

onvergence in (X ′)M is manifestly enough to pass to the limit in the first term of the weak formulation
74), i.e., the duality product. For the remaining term we have

Iε :=
⏐⏐⏐⏐ ∫

QT

[
zε

i (∇zε
i + ∇Li(t, x, zε

i ) + δFi(t, x, zε,∇zε)) + ε∇zε
i

]
· ∇ϕ dx dt

−
∫

QT

[
zi(∇zi + ∇Li(t, x, zi) + δFi(t, x, z,∇z))

]
· ∇ϕ dxdt

⏐⏐⏐⏐,
hich can be expanded as Iε ≤ Jε +K1,ε +K2,ε, where

Jε :=
⏐⏐⏐⏐ ∫

QT

zε
i (∇zε

i + δFi(t, x, zε,∇zε)) · ∇ϕdxdt−
∫

QT

zi(∇zi + δFi(t, x, z,∇z)) · ∇ϕdxdt
⏐⏐⏐⏐,

hile
K1,ε := ε

⏐⏐⏐⏐ ∫
QT

∇zε
i · ∇ϕdxdt

⏐⏐⏐⏐,
nd

K2,ε :=
⏐⏐⏐⏐ ∫

QT

zε
i ∇Li(t, x, zε

i ) · ∇ϕ dxdt−
∫

QT

zi∇Li(t, x, zi) · ∇ϕ dx dt
⏐⏐⏐⏐.

bserve that, using Hölder’s inequality,

K1,ε ≤ ε∥∇zε
i ∥L2(QT )∥∇ϕ∥L2(QT ),

nd note that ∥∇zε
i ∥L2(QT ) ≤ ∥zε

i ∥L2(0,T ;H1(Ω)), which is uniformly bounded independently of ε on account
f {zε

i }ε>0 being weakly convergent in the space L2(0, T ;H1(Ω)). It follows that there exists a positive
onstant C independent of ε such that
K1,ε ≤ εC∥∇ϕ∥L2(QT ) → 0 as ε → 0.
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As for K2,ε, we estimate

∥∇Li(·, ·, zε
i ) − ∇Li(·, ·, zi)∥2

L2(QT ) =
∫ T

0

∫
Ω

|∇Wi ∗ (zε
i (t, ·) − zi(t, ·))(x)|2 dxdt

=
∫ T

0

∫
Ω

⏐⏐⏐⏐ ∫
Ω

∇Wi(x− y)(zε
i (t, y) − zi(t, y)) dy

⏐⏐⏐⏐2 dx dt

≤ |Ω |C2
L

∫ T

0

∫
Ω

(∫
Ω

|zε
i (t, y) − zi(t, y)|2 dy

)
dx dt

= |Ω |2C2
L∥zε

i − zi∥2
L2(QT ) → 0 as ε → 0,

here we used the boundedness from (8) and Jensen’s inequality to obtain the third line, and the Fubini–
onelli theorem to obtain the final equality, and the strong convergence zε

i → zi in L2(QT ) to show that the
limit vanishes. Thus,

∥∇Li(·, ·, zε
i ) − ∇Li(·, ·, zi)∥L2(QT ) → 0 as ε → 0,

nd hence, being the product of two strongly convergent sequences, we get zε
i ∇Li(·, ·, zε

i ) → zi∇Li(·, ·, zi)
strongly in L2(QT ), whence the Cauchy–Schwarz integral inequality yields that K2,ε → 0 in the limit as
ε → 0.

We return to Jε, which we write as Jε ≤ J1,ε + |δ|J2,ε, where

J1,ε :=
⏐⏐⏐⏐ ∫

QT

(zε
i ∇zε

i − zi∇zi) · ∇ϕdx dt
⏐⏐⏐⏐,

and
J2,ε :=

⏐⏐⏐⏐ ∫
QT

(
zε

iFi(t, x, zε,∇zε) − ziFi(t, x, z,∇z)
)

· ∇ϕdx dt
⏐⏐⏐⏐.

ecall that since zε
i → zi strongly in L2(QT ) and ∇zε

i ⇀ ∇zi weakly in (L2(QT ))M , the product zε
i ∇zε

i

converges weakly to zi∇zi in (L2(QT ))M , whence J1,ε → 0 in the limit as ε vanishes. It remains to control
2,ε. We already remarked that zε

i → zi strongly in L2(QT ). It therefore suffices to show that

Fi(·, ·, zε,∇zε) ⇀ Fi(·, ·, z,∇z) weakly in L2(QT ). (87)

o verify this, we expand the above terms in Fi. Observe that

Fi(t, x, zε,∇zε) = G0
i (t, x, zε) +

M∑
j=1

G1
ij(t, x, zε)∇zε

j ,

nd so, using the mean value theorem and the uniform boundedness of the derivatives of (Gi)M
i=1, we see

hat
∥G0

i (·, ·, zε) −G0
i (·, ·, z)∥L2(QT ) ≤ ∥∇zG

0
i ∥L∞(QT ×RM ) max

i∈{1,...,M}
∥zε

i − zi∥L2(QT ), (88)

nd the right-hand side vanishes due to the strong convergence zε
i → zi in L2(QT ). For the other term, we

ave the following claim, to be proved later.

laim 6.2.
M∑

j=1
G1

ij(·, ·, zε)∇zε
j ⇀

M∑
j=1

G1
ij(·, ·, z)∇zj weakly in L2(QT ).

It then follows immediately from the previous claim and (88) that we obtain the desired weak convergence
87). Now, due to the strong convergence zε

i → zi strongly in L2(QT ), it follows that we have weak
onvergence of the product, i.e.,

ε ε ε 2
ziFi(·, ·, z ,∇z ) ⇀ ziFi(·, ·, z,∇z) weakly in L (QT ),
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whence it follows that J2,ε → 0 as ε → 0. The limit function z ∈ L2(0, T ;H1(Ω)) thereby satisfies the
eak formulation (86), and the estimates (85) follow from the weak (and weak-* for the bound in X ′) lower

emicontinuity of the norms considered in the estimate (75). The non-negativity and mass conservation follow
gain directly from Lemma 5.2, while the attainment of the initial data in the dual Sobolev space follows
rom a direct application of Lemma 5.3. □

roof of Claim 6.2. Fix j ∈ {1, . . . ,M} in the sum, and by testing against any ψ ∈ (C∞
c (QT ))d, we obtain⏐⏐⏐⏐ ∫

QT

(
G1

ij(t, x, zε)∇zε
j −G1

ij(t, x, z)∇zj

)
· ψ dxdt

⏐⏐⏐⏐ ≤
⏐⏐⏐⏐ ∫

QT

(
G1

ij(t, x, zε) −G1
ij(t, x, z)

)
∇zε

j · ψ dx dt
⏐⏐⏐⏐

+
⏐⏐⏐⏐ ∫

QT

G1
ij(t, x, z)(∇zε

j − ∇zj) · ψ dx dt
⏐⏐⏐⏐,

nd the right-hand side of the above is bounded by

∥G0
i (·, ·, zε) −G0

i (·, ·, z)∥L2(QT )∥∇zε
j ∥L2(QT )∥ψ∥L∞(QT ) +

⏐⏐⏐⏐ ∫
QT

(∇zε
j − ∇zj) · (G1

ij)T (t, x, z)ψ dxdt
⏐⏐⏐⏐,

here (G1
ij)T is the transpose of the matrix G1

ij . The first term on the right-hand side of the above vanishes
s ε → 0 using the strong convergence zε

i → zi strongly in L2(QT ) and an estimate analogous to the one in
88) and the uniform boundedness of ∥∇zε

j ∥L2(QT ) independently of ε, on account of the weak convergence
ε
i ⇀ zi in L2(0, T ;H1(Ω)). The second term on the right-hand side of the above also vanishes, on account
f (G1

ij)Tψ ∈ L∞(QT ) ⊂ L2(QT ) and the weak convergence zε
j ⇀ zj in L2(0, T ;H1(Ω)).

We have therefore shown that, given any ψ ∈ (C∞
c (QT ))d, we have⏐⏐⏐⏐ ∫

QT

(
G1

ij(t, x, zε)∇zε
j −G1

ij(t, x, z)∇zj

)
· ψ dxdt

⏐⏐⏐⏐ → 0 as ε → 0. (89)

ow fix any ψ ∈ (L2(QT ))d. By density of C∞
c (QT ) in L2(QT ), there exists a sequence (ψm)m∈N of

lements of (C∞
c (QT ))d converging strongly to ψ in the sense of (L2(QT ))d. Then, by splitting the term∫

QT

(
G1

ij(t, x, zε)∇zε
j −G1

ij(t, x, z)∇zj

)
· ψ dxdt| as⏐⏐⏐⏐ ∫

QT

(
G1

ij(t, x, zε)∇zε
j −G1

ij(t, x, z)∇zj

)
· (ψ − ψm) dxdt

⏐⏐⏐⏐
+
⏐⏐⏐⏐ ∫

QT

(
G1

ij(t, x, zε)∇zε
j −G1

ij(t, x, z)∇zj

)
· ψm dxdt

⏐⏐⏐⏐,
hich is itself bounded by

∥G1
ij∥L∞(QT ×RM )(∥∇zε

j ∥L2(QT ) + ∥∇zj∥L2(QT ))∥ψ − ψm∥L2(QT )

+
⏐⏐⏐⏐ ∫

QT

(
G1

ij(t, x, zε)∇zε
j −G1

ij(t, x, z)∇zj

)
· ψm dx dt

⏐⏐⏐⏐.
sing the weak convergence in L2(0, T ;H1(Ω)) to deduce the boundedness of ∥∇zε

j ∥L2(QT ), independently
f ε, we now use an argument identical to the one in the proof of Claim 5.11 to deduce that⏐⏐⏐⏐ ∫

QT

(
G1

ij(t, x, zε)∇zε
j −G1

ij(t, x, z)∇zj

)
· ψ dxdt

⏐⏐⏐⏐ → 0 as ε → 0,

or any ψ ∈ (L2(QT ))d, as required. □

This completes the vanishing diffusivity procedure. It remains to relax the assumption on the initial data,

hich we also do by a limiting strategy. This is contained below, which is the proof of the main result.
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Proof of Theorem 1. Begin by assuming p ∈ (1,∞). In view of the density of C∞
c (Ω) in Lp(Ω), given

ui,0 ∈ Lp(Ω) as in the statement of the theorem, there exists a sequence {zm
i,0}m∈N of elements of C∞

c (Ω), all
f which are non-negative and satisfy the initial mass assumption

∫
Ω
zm

i,0 dx =
∫
Ω
ui,0 dx as per Remark 4.1,

such that
∥ui,0 − zm

i,0∥Lp(Ω) → 0 as m → ∞,

for each i ∈ {1, . . . ,M}. An explicit construction for such an approximating sequence is to set

zm
i,0(x) :=

(
(ui,01Ω ) ∗ ρm(x)

)
ησ(m)(x)

∥ui,0∥L1(Ω)

∥
(
(ui,01Ω ) ∗ ρm

)
ησ(m)∥L1(Ω)

∀x ∈ Ω ,

where ρm is the usual Friedrichs mollifier, ηm is a smooth non-negative cutoff function chosen such that
η ≡ 1 on {x ∈ Ω : d(x, ∂Ω) ≥ 1/m} and η ≡ 0 outside {x ∈ Ω : d(x, ∂Ω) ≥ 1/2 m}, and σ is an appropriate
scaling function depending on p, d (i.e. σ(m) = mq for some exponent q = q(p, d) suitably chosen).

For the rest of this proof, for each m ∈ N, we define zm = (zm
i )M

i=1 to be the weak solution of (86)
with initial data zm

i,0, for i ∈ {1, . . . ,M}, provided by Lemma 6.1. Observe from the estimates (85) that
{zm}m∈N is a bounded sequence in (L2(0, T ;H1(Ω)))M , and this bound is independent of m. Hence, as
n the proofs of Lemma 5.4, Proposition 5.10, and Lemma 6.1, an application of the theorem of Banach–
laoglu for reflexive spaces and the Aubin–Lions Lemma (cf. [71, Theorem II.5.16]) implies the existence of
subsequence, which we still label as {zm}m∈N, converging weakly in (L2(0, T ;H1(Ω)))M and strongly in
L2(QT ))M to some u = (ui)M

i=1 ∈ (L2(0, T ;H1(Ω)))M , and such that ∂tz
m ∗
⇀ ∂tu weakly-* in (X ′)M . This

atter weak-* convergence in (X ′)M is manifestly enough to pass to the limit in the first term of the weak
ormulation (86), i.e., the duality product, and for the final term, we have

Im :=
⏐⏐⏐⏐ ∫

QT

[
zm

i (∇zm
i + ∇Li(t, x, zm

i ) + δFi(t, x, zm,∇zm))
]

· ∇ϕ dxdt

−
∫

QT

[
ui(∇ui + ∇Li(t, x, zi) + δFi(t, x, u,∇u))

]
· ∇ϕdxdt

⏐⏐⏐⏐,
ollowing a procedure identical to that of the proof of Lemma 6.1, we deduce that Im → 0 as m → ∞. It
ollows that the limit function z ∈ (L2(0, T ;H1(Ω)))M thereby satisfies the weak formulation (86).

The estimates (14)–(15) follow from the weak (and weak-* for the bound in X ′) lower semicontinuity of
he norms considered in the estimate (85). Indeed, note that we chose zm

i,0 at the start of the proof such that
zm

i,0∥L1(Ω) = ∥ui,0∥L1(Ω) for all m ∈ N. Meanwhile, the function f : x ↦→ (x log x)1[0,∞)(x) is continuous
nd satisfies the global bound |f(x)| ≤ C(1 + |x|p) for some positive constant C depending only on p. As a
esult, by a consequence of the Generalised Dominated Convergence Theorem, f maps Lp(Ω) continuously
nto L1(Ω). It therefore follows that, since zm

i,0 → ui,0 strongly in Lp(Ω),

zm
i,0 log zm

i,0 → ui,0 log ui,0 in L1(Ω),

nd hence limm→∞
∫
Ω
zm

i,0 log zm
i,0 dx =

∫
Ω
ui,0 log ui,0 dx, as required.

The non-negativity and mass conservation follow again from Lemma 5.2. The convergence to the initial
ata in the sense of the third point of Definition 2.3 follows from a direct application of Lemma 5.3.

In the case p = ∞, we have ui,0 ∈ Lq(Ω) for any finite q ∈ (1,∞), and we can follow the same argument
s before, approximating the initial data in Lq(Ω)—as opposed to in L∞(Ω), which (in general) cannot be
one using smooth compactly supported functions. The proof is complete. □
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Appendix A

A.1. Proof of Lemma 4.8 : Existence of solutions to the regularised frozen system

roof of Lemma 4.8. We recast the problem as one with homogeneous initial condition defining vi(t, x) :=
i(t, x) − zi,0(x) for each i ∈ {1, . . . ,M}. Problem (26) may be rewritten in diagonal non-divergence form:⎧⎪⎨⎪⎩

∂tvi + Lvi = 0 in QT ,

0 = ν ·
[
(vi + zi,0 + ε)∇vi + (∇zi,0 + ∇Li(t, x, vi + zi,0) + δF̄i)vi

]
on ΣT ,

vi(0, ·) = 0 on Ω ,

(90)

ith ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lv = −
d∑

j,k=1
ajk(v)∂2

jkv + b(t, x, v,∇v),

ajk(v) =(v + zi,0 + ε)δjk,

b(t, x, v, p) = − |p|2 − (2∇zi,0 + ∇Li(t, x, v + zi,0) + δF̄i) · p
− div[∇zi,0 + ∇Li(t, x, v + zi,0) + δF̄i]v − div[zi,0∇Li(t, x, v + zi,0)]
− div[zi,0(∇zi,0 + δF̄i) + ε∇zi,0].

(91)

hanks to (28)–(29) and (8), conditions (a), (b), and (c) of [59, Theorem 7.4 in Section 7 of Chapter 5]
which rely on estimates (7.4)–(7.6), (7.15), (7.34), and (7.36) therein) are satisfied by the scalar equation
or each i in question (since the system is diagonal) in the form with homogeneous initial condition.

Subsequently there exists a unique weak solution (in the sense of Definition 4.3) of the no-flux problem
ith homogeneous initial condition (90) in the space of functions with continuous derivatives of the type
n1
t ∂n2

xj
for 2n1 + n2 < 3; denoted by H3, 3

2 (Q̄T ) in [59]. Note in particular that this class of functions is
ontained in C2,1(Q̄T ) and that uniqueness in such space can be proved by standard methods.

Notice that the requirement that Fi be C2 in each argument is clear from the previous estimates on the
erivatives of b, since, for instance, one needs to bound ∂t div

(
Fi(t, x, z̄(t, x),∇z̄(t, x))

)
. □

.2. Proof of Lemma 4.12 Quantitative second derivative estimate for the regularised frozen system

Throughout this section, it will be used that the regularised frozen system (26) is diagonal. We therefore
onsider the single equation⎧⎪⎨⎪⎩

∂tw = div
[
w(∇w + ∇L+ δF̄ ) + ε∇w

]
in QT ,

0 = ν ·
[
w(∇w + ∇L+ δF̄ ) + ε∇w

]
on ΣT ,

w(0, ·) = w0 on Ω ,

(92)

here we omitted the i subscripts for clarity of presentation, and use the notation established in (27). Recall
hat (as per Remark 4.2) F̄ is bounded in C2-norm and (as per Remark 4.1) w ∈ C∞(Ω). We already know
0 c
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from Lemmas 4.8 that there exists a non-negative w ∈ C2,1(Q̄T ) solving the above equation in the classical
sense, which satisfies the estimates of Lemma 4.9.

To begin with, we prove a quantitative L∞-bound on the solution of the regularised frozen system (26).

Lemma A.1 (L∞-bound). Suppose that z = (zi)M
i=1 is a C2,1(Q̄T ) solution of the regularised frozen system

26). Then, there holds, for each i ∈ {1, . . . ,M},

∥zi∥L∞(QT ) ≤ C(ε, δ, T,Ω , CL, ∥zi,0∥L∞(Ω), ∥F̄i∥L∞(QT )), (93)

here the right-hand side is a positive quantity depending only on the parameters in its parentheses.

roof. We only write the proof for d ≥ 2. By multiplying (92) by the continuously differentiable function
wq−1 (for any finite q ≥ 2) and by closely following the argument in [56, Proof of Theorem 3.1], we obtain,
or every t ∈ [0, T ],

d

dt

∫
Ω

wq dx+ ε

∫
Ω

|∇(wq/2)|
2

dx ≤ q(q − 1)
ε

∫
Ω

wq(|∇L|2 + δ2|F̄ |2) dx

≤ C(ε, δ, CL, ∥w0∥L1(Ω), ∥F̄∥L∞(QT ))
(
q2
∫
Ω

wq dx
)
,

(94)

here we used |∇L(·, ·, w)| ≤ ∥V ∥C1(Rd+1) + |(∇W ∗ w(t, ·))| ≤ ∥V ∥C1(Rd+1) + ∥W∥C1(Rd)∥w0∥L1(Ω), using
ölder’s inequality for the convolution, to get the bound ∥∇L∥L∞(QT ) ≤ CL(1 + ∥w0∥L1(Ω)). We now use

he Gagliardo–Nirenberg inequality to write∫
Ω

wq dx = ∥wq/2∥2
L2(Ω) ≤ C(Ω)

(
∥∇(wq/2)∥2γ

L2(Ω)∥w
q/2∥2(1−γ)

L1(Ω) + ∥wq/2∥2
L1(Ω)

)
,

or d ≥ 3, where γ = d/(d + 2). The case d = 2 can be dealt with analogously using Ladyzhenskaia’s
nequality. Then, using the above and the weighted Young inequality, the right-hand side of (94) is bounded
y

ε

2∥∇(wq/2)∥2
L2(Ω) + C(ε, δ,Ω , d, CL, ∥w0∥L1(Ω), ∥F̄∥L∞(QT ))q

2γ
1−γ ∥wq/2∥2

L1(Ω).

sing the Gagliardo–Nirenberg and weighted Young inequalities again to bound ∥∇(wq/2)∥L2(Ω) from below
y C1(Ω , d)∥wq/2∥2

L2(Ω) − C2(Ω , d)∥wq/2∥2
L1(Ω) and returning to (94), we obtain, for every t ∈ [0, T ],

d

dt

∫
Ω

wq dx+
∫
Ω

wq dx ≤ C(ε, δ,Ω , d, CL, ∥w0∥L1(Ω), ∥F̄∥L∞(QT ))
(
q2+ 2γ

1−γ

(∫
Ω

wq/2 dx
)2

+ q2
)
,

and the above holds for every q ∈ [2,∞). We now conclude using the iterative result [56, Lemma 3.2], as
per [56, Proof of Theorem 3.1]. □

With the previous estimate in hand, we proceed to the bound on the second derivative.

Proof of Lemma 4.12. We neglect the drift terms for the time being, for clarity of presentation, though
we show how to treat them at the end of the proof. Hence, we restrict our focus to the higher regularity of
the single equation ⎧⎪⎨⎪⎩

∂tw = div
[
w(∇w + δF̄ ) + ε∇w

]
in QT ,

0 = ν ·
[
w(∇w + δF̄ ) + ε∇w

]
on ΣT ,

w(0, ·) = w0 on Ω ,

Recall that, by Lemma 4.9, there holds

∥w∥2 ≤ C(ε, δ, T, |Ω |, ∥w ∥ ∞ , ∥F̄∥ ∞ ), (95)
L2(0,T ;H1(Ω)) 0 L (Ω) L (QT )
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where we bound the right-hand side of (34) using ∥F̄∥2
L2(QT ) ≤ T |Ω |∥F̄∥2

L∞(QT ), ∥w0∥L1(Ω) ≤ |Ω |∥w0∥L∞(Ω),
nd
∫
Ω
w0 logw0 dx ≤

∫
Ω
w0(logw0)+ dx ≤ C|Ω |(1 + ∥w0∥2

L∞(Ω)) for some universal constant C.

tep 1 (H2 estimate via a nonlinear transformation): Define the new (non-negative) function

ψ(t, x) := 1
2w(t, x)2 + εw(t, x) ∀(t, x) ∈ Q̄T , (96)

rom which it follows that we may write, since w is non-negative itself,

w(t, x) = −ε+
√
ε2 + 2ψ(t, x) ∀(t, x) ∈ Q̄T ,

and we note the formula
∂tw = ∂tψ√

ε2 + 2ψ
in Q̄T . (97)

he evolution equation for w may be rewritten as⎧⎪⎪⎨⎪⎪⎩
∂tψ = (ε2 + 2ψ)1/2 div

[
∇ψ + δwF̄

]
in QT ,

0 = ν ·
[
∇ψ + δwF̄

]
on ΣT ,

ψ(0, ·) = 1
2w

2
0 + εw0 on Ω .

(98)

e now test the above against div[∇ψ + δwF̄ ]. An integration by parts on the left-hand side (with no
oundary terms because of the no-flux condition) yields

−
∫
Ω

∂t∇ψ · [∇ψ + δwF̄ ] dx =
∫
Ω

(ε2 + 2ψ)1/2(∆ψ + δ div(wF̄ ))2 dx ≥ ε

∫
Ω

(∆ψ + δ div(wF̄ ))2 dx,

where the final inequality follows from the non-negativity of ψ. Thus,

1
2
d

dt

∫
Ω

|∇ψ + δwF̄ |2 dx+ ε

∫
Ω

(∆ψ + δ div(wF̄ ))2 dx ≤ −δ
∫
Ω

∂t(wF̄ ) · [∇ψ + δwF̄ ] dx. (99)

he right-hand side may be expanded as

−δ
∫
Ω

(∂tw)F̄ · [∇ψ + δwF̄ ] dx− δ

∫
Ω

w(∂tF̄ ) · [∇ψ + δwF̄ ] dx, (100)

nd, by the Cauchy–Schwarz integral inequality, the second term of the above is bounded above by

δ2|Ω |1/2∥w∥2
L∞(QT )∥∂tF̄∥L2(Ω)∥F̄∥L∞(QT ) + δ∥w∥L∞(Ω)∥∂tF̄∥L2(Ω)∥∇ψ∥L2(Ω).

he first term in (100) may be rewritten, using the formula (97) and Eq. (98), as

−δ
∫
Ω

div[∇ψ + δwF̄ ]F̄ · [∇ψ + δwF̄ ] dx = −δ
∫
Ω

(∆ψ + δ div(wF̄ ))F̄ · [∇ψ + δwF̄ ] dx.

Using the Cauchy–Schwarz integral inequality and the Young inequality, the right-hand side of the above is
bounded above by

ε

2

∫
Ω

(∆ψ + δ div(wF̄ ))2 dx+ δ2

2ε∥F̄∥2
L∞(QT )

∫
Ω

|∇ψ + δwF̄ |2 dx.

eturning to (99), we therefore have

1
2
d

dt

∫
Ω

|∇ψ + δwF̄ |2 dx+ ε

2

∫
Ω

(∆ψ + δ div(wF̄ ))2 dx ≤ δ2|Ω |1/2∥w∥2
L∞(QT )∥∂tF̄∥L2(Ω)∥F̄∥L∞(QT )

+ δ∥w∥L∞(QT )∥∂tF̄∥L2(Ω)∥∇ψ∥L2(Ω) + δ2
∥F̄∥2

L∞(Q )

∫
|∇ψ + δwF̄ |2 dx.
2ε T

Ω
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t

Integrating in time and using the Hölder inequality in the second term on the right-hand side, we get, for
every t ∈ [0, T ],

1
2

∫
Ω

|∇ψ + δwF̄ |2 dx+ ε

2

∫ t

0

∫
Ω

(∆ψ + δ div(wF̄ ))2 dxdt

≤1
2

∫
Ω

|∇ψ(0, x) + δw0(x)F̄ (0, x)|2 dx+ δ2|Ω |1/2∥w∥2
L∞(QT )∥∂tF̄∥L1(0,T ;L2(Ω))∥F̄∥L∞(QT )

+ δ∥w∥L∞(QT )∥∂tF̄∥L1(0,T ;L2(Ω)) sup
τ∈[0,t]

∥∇ψ(τ, ·)∥L2(Ω)

+ δ2

2ε∥F̄∥2
L∞(QT )

∫ t

0

∫
Ω

|∇ψ + δwF̄ |2 dx.

By the triangle inequality, ∥∇ψ(τ, ·)∥L2(Ω) ≤ ∥∇ψ(τ, ·)+ δw(τ, ·)F̄ (τ, ·)∥L2(Ω) + ∥δwF̄ (τ, ·)∥L2(Ω), and using
he Young inequality as well, we get, for every t ∈ [0, T ],

1
2

∫
Ω

|∇ψ + δwF̄ |2 dx+ ε

2

∫ t

0

∫
Ω

(∆ψ + δ div(wF̄ ))2 dxdt ≤ 1
2

∫
Ω

|∇ψ(0, x) + δw0(x)F̄ (0, x)|2 dx

+ δ2|Ω |1/2∥w∥2
L∞(QT )∥∂tF̄∥L1(0,T ;L2(Ω))∥F̄∥L∞(QT )

+ 1
4 sup

τ∈[0,t]
∥∇ψ(τ, ·) + δw(τ, ·)F̄ (τ, ·)∥2

L2(Ω)

+ δ2∥w∥2
L∞(QT )∥∂tF̄∥2

L1(0,T ;L2(Ω)) + δ2|Ω |T∥w∥2
L∞(QT )∥∂tF̄∥L1(0,T ;L2(Ω))∥F̄∥L∞(QT )

+ δ2

2ε∥F̄∥2
L∞(QT )

∫ t

0

∫
Ω

|∇ψ + δwF̄ |2 dx.

As a result, we write

1
4 sup

τ∈[0,t]
∥∇ψ(τ, ·) + δw(τ, ·)F̄ (τ, ·) ∥2

L2(Ω) +ε

2

∫ t

0

∫
Ω

(∆ψ + δ div(wF̄ ))2 dxdt ≤

1
2

∫
Ω

|∇ψ(0, x) + δw0(x)F̄ (0, x)|2 dx+ δ2|Ω |1/2∥w∥2
L∞(QT )∥∂tF̄∥L1(0,T ;L2(Ω))∥F̄∥L∞(QT )

+ δ2|Ω |T∥w∥2
L∞(QT )∥∂tF̄∥L1(0,T ;L2(Ω))∥F̄∥L∞(QT ) + δ2

2 ∥w∥2
L∞(QT )∥∂tF̄∥2

L1(0,T ;L2(Ω))

+ δ2

2ε∥F̄∥2
L∞(QT )

∫ t

0
sup

y∈[0,τ ]
∥∇ψ(y, ·) + δw(y, ·)F̄ (y, ·)∥2

L2(Ω) dτ.

Using a combination of (93), the formula (96), and (95), we deduce from the previous inequality that, for
every t ∈ [0, T ],

sup
τ∈[0,t]

∥ ∇ψ(τ, ·) + δw(τ, ·)F̄ (τ, ·) ∥2
L2(Ω) +ε

∫ t

0

∫
Ω

(∆ψ + δ div(wF̄ ))2 dxdt

≤ C(ε, δ, T,Ω , ∥w0∥L∞(Ω), ∥∇w0∥L∞(Ω), ∥F̄∥L∞(QT ), ∥∂tF̄∥L1(0,T ;L2(Ω)))·(
1 +

∫ t

0
sup

y∈[0,τ ]
∥∇ψ(y, ·) + δw(y, ·)F̄ (y, ·)∥2

L2(Ω) dτ
)
,

(101)
where C on the right-hand side denotes a quantity depending only the parameters inside its brackets. Then,
an application of Grönwall’s Lemma yields

sup
t∈[0,T ]

∥ ∇ψ(t, ·) + δw(t, ·)F̄ (t, ·) ∥2
L2(Ω)≤ C(ε, δ, T,Ω , ∥w0∥C1(Ω̄), ∥F̄∥L∞(QT ), ∥∂tF̄∥L1(0,T ;L2(Ω))).

Hence, returning to (101) and using (93), we have

ε

∫
(∆ψ + δdiv(wF̄ ))2 dxdt ≤ C(ε, δ, T,Ω , ∥w0∥C1(Ω̄), ∥F̄∥L∞(QT ), ∥∂tF̄∥L1(0,T ;L2(Ω))). (102)
QT
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Using
∫

QT
(div(wF̄ ))2 dx dt ≤ C(∥F̄∥L∞(QT ), ∥∇F̄∥L∞(QT ))∥w∥2

L2(0,T ;H1(Ω)) along with the estimate (95),
nd using the triangle inequality, we obtain∫

QT

(∆ψ)2 dxdt ≤ C(ε, δ, T,Ω , ∥w0∥C1(Ω̄), ∥F̄∥L∞(QT ), ∥∂tF̄∥L1(0,T ;L2(Ω)), ∥∇F̄∥L∞(QT )).

Note that ∆ψ = (ε + w)∆w + |∇w|2 and that w is non-negative, whence the previous estimate and (95)
yield the desired estimate (50).

Step 2 (control of drift terms): We emphasise that the addition of drift terms changes nothing to this
argument – and one would still define ψ as per (96) – since, by (7), they can be bounded in L∞ as follows

∥∇L(·, ·, w)∥L∞(QT ) ≤ ∥V ∥C1(Rd+1) + ∥∇W ∗ w(t, ·)∥L∞(QT )

≤ ∥V ∥C1(Rd+1) + |Ω |∥W∥C1(Rd)∥w∥L∞(QT ),

n conjunction with (93), where we omitted the i subscripts. Similarly, any additional space derivatives fall
irectly on V and W , not on w, and so

∥∇2L(·, ·, w)∥L∞(QT ) ≤ ∥V ∥C2(Rd) + |Ω |∥W∥C2(Rd)∥w∥L∞(QT ).

or an additional time derivative, we have

∥∂t∇L(·, ·, w)∥L1(0,T ;L2(Ω)) ≤ |Ω |1/2
T∥V ∥C2(Rd+1) + ∥∇W ∗ ∂tw(t, ·)∥L1(0,T ;L2(Ω)),

nd the second term on the right-hand side of the above is controlled – using (97), (98), the Cauchy–Schwarz
ntegral inequality, and the Young inequality – as∫ T

0
∥∇W ∗ ∂tw(t, ·)∥L2(Ω) dt ≤ ∥W∥C1(Rd)T

1/2∥∂tw∥L2(QT )

≤ ε

4

∫
QT

(∆ψ + δ div(wF̄ ))2 dxdt+ 1
ε

∥W∥2
C1(Rd)T,

nd the first term on the right-hand side can be absorbed into the left-hand side of (102). Thus, we have
hown that the term of the form w∇L can be handled in exactly the same way as δwF̄ — notice that we

never make use of the δ smallness assumption. □

A.3. Proof of Lemma 5.8 : Lower semicontinuity of Fisher information

Proof of Lemma 5.8.

Step 1 (convergence in x for fixed t): To begin with, observe that since ζn → ζ strongly in L1(QT ), there
exists a subsequence (still indexed by n) such that

∑
n∈N ∥ζn − ζ∥L1(QT ) < +∞. From here until the end of

his proof, we only consider this particular subsequence, and we never pass to further subsequences. In what
ollows we use the identification L1(QT ) = L1(0, T ;L1(Ω)) and write ζn(t) = ζn(t, ·) and ζ(t) = ζ(t, ·). We
onsider, for a.e. t ∈ (0, T ), the convergence of ζn(t) towards ζ(t) in the norm of L1(Ω). In particular, the
inkowski inequality for infinite sums in L1((0, T )) yields∑

n∈N
∥ζn(·) − ζ(·)∥L1(Ω)


L1((0,T ))

≤
∑
n∈N

∥ζn − ζ∥L1(QT ) < +∞,

nd hence the infinite series
∑

n∈N ∥ζn(·) − ζ(·)∥L1(Ω) is well-defined as an element of L1((0, T )). Since
ny integrable function is finite almost everywhere, it follows that

∑
n∈N ∥ζn(t) − ζ(t)∥L1(Ω) < +∞
.e. t ∈ (0, T ). It immediately follows from the summability of this latter series that, for a.e. t ∈ (0, T ),
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we have ∥ζn(t) − ζ(t)∥L1(Ω) → 0 as n → ∞. Rewriting in terms of the original functions, we have shown
that, for a.e. t ∈ (0, T ), limn→∞ ∥ζn(t, ·) − ζ(t, ·)∥L1(Ω) = 0.

tep 2 (conclusion via Fatou’s Lemma): Note that ζ is also non-negative from the assumption that ζn → ζ in
1(QT ). The convergence obtained at the end of Step 1 is sufficient to satisfy the hypothesis of Lemma 5.7.
n application of this latter result gives, for a.e. t ∈ (0, T ),

∫
Ω

|∇ζ(t,x)|2
ζ(t,x) dx ≤ lim infn→∞

∫
Ω

|∇ζn(t,x)|2
ζn(t,x) dx.

y integrating the previous inequality with respect to time and then applying the Fatou Lemma, we obtain∫
QT

|∇ζ|2

ζ
dxdt ≤

∫ T

0
lim inf
n→∞

(∫
Ω

|∇ζn(t, x)|2

ζn(t, x) dx
)

dt ≤ lim inf
n→∞

∫
QT

|∇ζn|2

ζn
dx dt,

s required. □

.4. Smoothing operator

The purpose of this appendix is to verify the properties of the smoothing operator Rµ in (62) stated in
ection 5.1. To this end, we make the following definitions, and we note that, throughout this section only,
refers to the Friedrichs bump function (see below) and not to a generic test function.

efinition A.2. Define ϕ ∈ C∞
c (R) to be the standard Friedrichs bump function ϕ(y) = e

− 1
1−|y|2 1{|y|<1},

nd define, for µ > 0, ϕµ(t, x) := cϕµ
−(d+1)ϕ(µ−1

√
t2 + |x|2) for all (t, x) ∈ Rd+1, where the positive

constant cϕ is chosen such that
∫
Rd+1 ϕ1(y) dy = 1.

Note that ∥ϕ∥L∞(R) = 1 and
suppϕµ = B̄(0, µ),

here the latter is the closed ball of radius µ, and
∫
Rd+1 ϕµ(y) dy = 1 for every µ > 0.

efinition A.3. We define the operator Aµ : L2(R;H1(Rd)) → C∞(Q̄T ) to be the restriction of the
mollification to the parabolic cylinder, i.e., Aµu :=

∫
R
∫
Rd ϕµ(· − τ, · − y)u(τ, y) dy dτ

⏐⏐
Q̄T

.

emma A.4 (Preliminary Spatial Extension). There exists a bounded linear operator E′ : L2(0, T ;H1(Ω)) →
2(0, T ;H1(Rd)) such that E′f(t, x) = f(t, x) a.e. (t, x) ∈ QT , and, with Ω1 := {x ∈ Rd : d(x,Ω) ≤ 1}, in
hich Ω is compactly contained, suppE′f(t, ·) ⊂ Ω1 a.e. t ∈ (0, T ). Moreover, there exists a constant C > 0,
epending only on Ω , such that ∥E′f∥L2((0,T )×Rd) ≤ C∥f∥L2(QT ) for all f ∈ L2(0, T ;H1(Ω)).

roof. By definition of L2(0, T ;H1(Ω)) ∋ f , we have that for a.e. t ∈ (0, T ), the element f(t, ·) belongs to
1(Ω). The result follows at once from repeating the argument of the proof Theorem 1 of [62, Section 5.4]

n the function f(t, ·), with the time coordinate kept fixed. □

The next result follows easily by considering Ef(t, x) := E′f(t, x)1(t)[0,T ] for a.e. (t, x) ∈ Rd+1, where E′

is the bounded linear operator of Lemma A.4.

Lemma A.5 (Sobolev Extension for Spaces Involving Time). There exists a bounded linear operator E :
L2(0, T ;H1(Ω)) → L2(R;H1(Rd)) such that Ef(t, x) = f(t, x) a.e. (t, x) ∈ QT , and, with Ω1 := {x ∈ Rd :
d(x,Ω) ≤ 1}, in which Ω is compactly contained, suppEf ⊂ [0, T ] × Ω1. Moreover, there exists a constant
C > 0, depending only on Ω , such that ∥Eu∥L2(Rd+1) ≤ C∥u∥L2(QT ) for all u ∈ L2(0, T ;H1(Ω)).

We finally arrive at the smoothing operator in question. The proof is a standard exercise in real analysis,
which we omit for clarity of presentation.
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Lemma A.6 (Smoothing Operator). Fix µ > 0. The smoothing operator Rµ, defined explicitly by

Rµ := Aµ ◦ E : L2(0, T ;H1(Ω)) → C∞(Q̄T ), (103)

admits, for some positive constant Creg independent of µ, the estimate

∥Rµu∥L2(0,T ;H1(Ω)) ≤ Creg∥u∥L2(0,T ;H1(Ω)) ∀u ∈ L2(0, T ;H1(Ω)). (104)

As such, it is a bounded linear operator from L2(0, T ;H1(Ω)) to C∞(Q̄T ) equipped with the subspace
norm-topology of L2(0, T ;H1(Ω)). Moreover, given any u ∈ L2(0, T ;H1(Ω)), we have the strong convergence

∥Rµu− u∥L2(0,T ;H1(Ω)) → 0 as µ → 0. (105)

Also, for some positive constant Cµ depending on µ, ϕ,Ω , T ,

∥Rµu∥L∞(0,T ;W 2,∞(Ω)) ≤ Cµ∥u∥L2(0,T ;H1(Ω)) ∀u ∈ L2(0, T ;H1(Ω)). (106)

Remark A.7. Note |∂tRµu(t, x)| = |
∫
R
∫
Rd ∂tϕµ(t− τ, x− y)Eu(τ, y) dy dτ | ≤ ∥∂tϕµ∥L2(Rd+1)∥Eu∥L2(Rd+1

by the Hölder inequality, and from which it follows from Lemma A.5 that ∥∂tRµu∥L∞(QT ) ≤ Cµ∥u∥L2(QT ),
here the finiteness of the constant Cµ follows from the smoothness and compact support of ϕµ. Similarly,
∂t∇Rµu∥L∞(QT ) ≤ ∥∂t∇ϕµ∥L2(Rd+1)∥Eu∥L2(QT ). In view of this, relabelling Cµ as the relevant positive
onstant depending on µ,Ω , T , (which, incidentally, will blow up in the limit as µ → 0), we have shown that
here holds

∥∂tRµu∥L∞(0,T ;W 1,∞(Ω)) ≤ Cµ∥u∥2
L2(QT ) ∀u ∈ L2(0, T ;H1(Ω)). (107)

The following result is a direct corollary of the proof of Lemma A.6.

orollary A.8. Fix µ > 0. The smoothing operator Rµ of Lemma A.6, defined explicitly by

Rµ := Aµ ◦ E : L2(0, T ;H1(Ω)) → C∞(Q̄T ), (108)

dmits, for some positive constant C independent of µ, the estimate

∥Rµu∥L2(QT ) ≤ C∥u∥L2(QT ) ∀u ∈ L2(0, T ;H1(Ω)). (109)

s such, it is a bounded linear operator from L2(QT ) to C∞(Q̄T ) equipped with the subspace norm-topology
f L2(QT ). Moreover, given any u ∈ L2(0, T ;H1(Ω)), we have the strong convergence ∥Rµu−u∥L2(QT ) → 0.
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