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LONG-TERM ANALYSIS OF STOCHASTIC HAMILTONIAN
SYSTEMS UNDER TIME DISCRETIZATIONS*
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Abstract. In this paper, we focus our investigation on providing long-term estimates of the
Hamiltonian deviation computed along numerical approximations to the solutions of stochastic
Hamiltonian systems, of both It6 and Stratonovich types. It is well known that the expected Hamil-
tonian of an Ité6 Hamiltonian system with additive noise exhibits a linear drift in time [C. Chen et al.,
Adv. Comput. Math., 46 (2020), 27], while the Hamiltonian function is conserved along the exact
flow of a Stratonovich Hamiltonian system [T. Misawa, Japan J. Indust. Appl. Math., 17 (2000), pp.
119-128; T. Misawa, Math. Probl. Eng., 2010 (2010), 384937]. Here, we focus our attention on pro-
viding modified differential equations associated to suitable discretizations for the above problems,
by means of weak backward error analysis arguments [K. C. Zygalakis, STAM J. Sci. Comput., 33
(2011), pp. 102-130]. Then, long-term estimates are provided for both Itd and Stratonovich Hamil-
tonian systems, revealing the presence of parasitic terms affecting the overall conservation accuracy.
Finally, selected numerical experiments are provided to confirm the theoretical analysis.
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1. Introduction and background. Stochastic geometric numerical integration
is attracting wide interest in the current research on numerics for stochastic differential
equations (SDEs), in both the It6 and Stratonovich settings [2, 7, 8, 9, 11, 12, 13,
14, 16, 25, 27, 28, 29, 30, 31, 33]. Specifically, we focus our attention on stochastic
Hamiltonian problems [8, 9, 11, 14, 25, 27, 28, 29, 30, 33], which are used to provide a
suitable stochastic generalization of classical mechanics that reconciles its Hamiltonian
nature (strictly related to the canonical character of evolution equations) with the
nondifferentiability of the Wiener process (describing stochastic effects visible, for
instance, in the statistical independence of the future from the past and irreversibility
of the time arrow, as well as in the intrinsically random effects exhibited by quantum
mechanics in the context of the theory of diffusions) [5, 6, 24, 32].

For a given positive integer m, let ¢,p € R™ be the generalized coordinates of
a physical system to which we associate a sufficiently smooth general Hamiltonian
function H : R?*™ — R. Moreover, for a fixed T'> 0 and a fixed positive integer d, we
consider a probability space (€2, F,[P) with normal filtration (F);c[o,r], and denote by
W:[0,7T] x Q— R? a standard (F#)tejo,r)-Brownian motion, with continuous sample
paths on (Q, F,P).

*Submitted to the journal’s Methods and Algorithms for Scientific Computing section November
10, 2021; accepted for publication (in revised form) July 19, 2022; published electronically March 15,
2023.

https://doi.org/10.1137/21M1458612

Funding: The authors are members of the INAAM Research group GNCS. This work was
supported by the GNCS-INDAM project and by PRIN2017-MIUR project 2017JYCLSF “Structure
Preserving Approximation of Evolutionary Problems.”

Department of Information Engineering and Computer Science and Mathematics, Univer-
sity of L’Aquila, L’Aquila, 67100, Italy (raffaele.dambrosio@univaq.it, stefano.digiovacchino@
graduate.univaq.it).

A257

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license


https://doi.org/10.1137/21M1458612
mailto:raffaele.dambrosio@univaq.it
mailto:stefano.digiovacchino@graduate.univaq.it
mailto:stefano.digiovacchino@graduate.univaq.it

Downloaded 02/27/25 to 193.204.141.38 . Redistribution subject to CCBY license

A258 RAFFAELE D’AMBROSIO AND STEFANO DI GIOVACCHINO

1.1. Stochastic Hamiltonian systems of Itd6 type. Given a nonseparable
general Hamiltonian function, we consider the stochastic Hamiltonian system of It6

type [11]:
dq(t) =V, H(q(t),p(t))dt,

(1.1)
dp(t) = =V H(q(t),p(t))dt + XdW (¢),

where ¥ € R™*4 whose generic element is denoted by o3 for i = 1,2,...,m and
j=1,2,...,d. Moreover, we assume that the initial datum (go,po) of the system
(1.1) provides an initial Hamiltonian of finite expectation, i.e., E[H (qo,p0)] < co. We
note that if the matrix ¥ is the zero matrix, the stochastic Hamiltonian system (1.1)
recasts the deterministic Hamiltonian system whose Hamiltonian is conserved along
its exact flow.

It is well known that the It6 stochastic version (1.4) of a deterministic Hamiltonian
system does not preserve the Hamiltonian function, nor its expected value. Indeed,
using It6’s lemma, the following trace equation for the expectation of the Hamiltonian
at time ¢ € [0,7] is established [9]:

(12)  EIH().p(0)] = E[H(q.m) Z : [ RV Hats) 0] s

where we have denoted by &; the diagonal element on the ith row of the matrix
YTy, i=1,...,d, and by V“ H the element in position (i,4) of the Hessian matrix
associated to the function H Wlth respect to p.

Equation (1.2) reveals that one cannot expect a conservative structure for an Ito
stochastic Hamiltonian system. In the case of separable Hamiltonian functions of type

(1.3) H(q,p)=%zpf+‘/(q),
=1

depending on a suitable smooth potential V : R™ — R, the corresponding stochastic
Hamiltonian system of It6 type (1.1) reads

dq(t) = p(t)dt,

(1.4)
dp(t) = =V, V(q(t))dt + SAW ().

Correspondingly, (1.2) assumes a more compact form [9, 11],

(15) E [H(q(), p(6)] = E[H (a0, p0)] + 3T (5T5)1,

and reveals that, for the Hamiltonian system (1.4), the expectation of the Hamilton-
ian function (1.3) grows linearly in time and the growth rate depends on the trace
of the matrix XTY. In the remainder of this paper, for the It6 case, we focus on the
separable version (1.4), where the Hamiltonian (1.3) can be physically interpreted as
the sum of kinetic and potential energy terms and its expectation obeys the compact
trace equation (1.5).

Several contributions regarding the numerics for stochastic Hamiltonian systems
are detectable in the existing literature, for instance, [2, 8, 9, 11, 14, 28, 32, 33] and
references therein. Some of these contributions aimed to construct numerical methods
able to retain the trace equation (1.5) along the discretized dynamics and, for specific
numerical schemes, they showed that

(L6) E [H (0, po)] = E[H{go,0)] + 3T (575) 1,
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where t, =nAt,n=1,2,...,N,At =T/N, and N is a positive integer and where we
have denoted by ¢, and p,, the approximations of ¢(t,) and p(t,), respectively.

For example, in [8, 9], the authors proved that (1.6) holds true for the midpoint
stochastic Runge-Kutta method for quadratic Hamiltonian functions. In [11], the
authors provided an implicit drift-preserving numerical scheme capable of reproducing
the behavior described by (1.6) for any smooth Hamiltonian function.

1.2. Stochastic Hamiltonian systems of Stratonovich type. In the exist-
ing literature, many authors considered an alternative form of stochastic Hamiltonian
problems to get a conservative structure similarly to the deterministic setting. Then,
we consider the following Hamiltonian system [25, 27, 28, 29, 30]:

dq(t) =V, H(a(t), p(®)) (dt + ST oW (1)),

(1.7) ~
dp(t) = =V H(g(t),p(t)) (dt +ET 0 dW (1))

with ¥ € R? and where we have denoted by o the stochastic integral in the

Stratonovich sense [20, 23]. For the specific case of separable Hamiltonian functions

of type (1.3), problem (1.7) assumes the form

dq(t) = p(t) (dt +35To dW(t)) :

(1.8) ~
dp(t) = =V, V(q(t)) (dt 1370 dW(t)) .

Using the chain rule for SDEs of Stratonovich type [4], one can prove that the Hamil-
tonian is conserved along exact flow of (1.7). In fact,

dH (q(t),p(t)) = 9, H (q(t), p(t))dq(t) + OpH (q(t), p(t)))dp(t) = 0.

Several papers (see, for instance, [3, 17, 21, 22, 25, 27, 28, 29, 30] and references
threin) are focused on providing numerical numerical methods preserving the Hamil-
tonian along numerical paths, i.e., they constructed numerical methods satisfiying

(1.9) H(qn+1,Pn41) = H(qn,pn), n=0,1,....

For example, symplectic stochastic Runge-Kutta methods are provided in [25, 27,
28], while in [29], the author gives a conservative numerical scheme arising from
the stochastic version of Greenspan’s scheme that preserves the Hamiltonian of
deterministic Hamiltonian problems.

1.3. Motivation, purposes, and plan of this paper. In this work, we focus
our attention on providing a rigorous long-term analysis of numerical methods for sto-
chastic Hamiltonian systems (1.4) and (1.7), in terms of drift-preservation for systems
(1.4) and Hamiltonian conservation for (1.7). We aim to investigate the long-term
behavior of methods analyzed in [25, 27, 28, 29, 30] and of other methods arising in
the deterministic scenario (such as the energy preserving numerical schemes [10, 18])
properly adapted to the stochastic case.

Our analysis is focused on understanding the validity of (1.6)—(1.9) for large time
windows and for large values of the entries of X, in the direction of providing a
stochastic counterpart of the well-known Benettin—Giorgilli theorem (see [18, Chapter
IX, Theorem 8.1]) explaining the long-term behavior of symplectic schemes for the
deterministic Hamiltonian problems, in the spirit of a backward error analysis (see,
for instance, [2, 15, 16, 18, 31, 33] and references therein).
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The key ingredient for a weak backward error analysis is given by modified differ-
ential equations developed, in the stochastic case, in [1, 2, 16, 31, 33] and references
therein. To the best of our knowledge, the use of such modified differential equations
in the direction of providing long-term estimates of the Hamiltonian deviation over
numerical solutions has not yet been addressed in the stochastic case. We also observe
that other approaches are possible in order to compute modified differential equations
in the stochastic case, for instance, by looking at Kolmogorov equations associated to
an SDE, as in [16, 33]. However, such an approach is not considered in this paper, as
we mostly move in the direction of [31] for the computation of modified SDEs given
in terms of power series of the stepsize.

This paper is organized as follows: in section 2, we prove that time discretiza-
tions to (1.8) suffer from the existence of a secular term that corrupts the long-time
conservation of the Hamiltonian function; in sections 3 and 4, we construct modified
SDEs in both It6 and Stratonovich cases, useful to provide the long-term analysis pre-
sented in sections 5 and 6. Both sections are also equipped with selected numerical
experiments confirming the effectiveness of the given analysis. Some conclusions are
addressed in section 7. Finally, an example of extension to the above arguments in
the multidimensional case is provided in Appendix A, and further computations on
nonseparable Hamiltonians are provided in Appendix B.

2. o-expansion for Stratonovich systems. In this section, we aim to show
how a general discretization of solution to Stratonovich Hamiltonian systems (1.8) may
fail in preserving the expectation of the Hamiltonian function along the corresponding
numerical dynamics, due to the presence of a secular term destroying the overall
accuracy. The following analysis is inspired by the idea of o-expansions [19], extended
in [14] to the case of Itd6 Hamiltonian problems. The analysis has been performed with
respect to the linear test problem, i.e., (1.8) with quadratic Hamiltonian. This allows
us to also gain insights on the more complex general system (1.7). In correspondence
to the potential function V(q) = ¢*/2, we consider the following linear scalar test
problem of Stratonovich Hamiltonian type (1.8):

(2.1) dX (t)=JX(t)dt + oJX (t) odW (L), t>0,

q(t) 0 1
X(t) = 5 J= )
p(t) -10
equipped with the deterministic initial conditions X (0) = [go,po]T. Let us assume, as

crucial ansatz, that the solution X (¢) to (2.1) can be written as power series of the
diffusion parameter o, i.e.,

(2.2) X(t)=Y_ X(t)o".

i>0

where

Replacing (2.2) in (2.1) yields

(2.3) D odXi(t)o' =) IXi(t)otdt+ > TX(t)o" T o dW ().

i>0 i>0 i>0
For ¢ =0, we have

(2.4) dXo(t) = JXo(t)dt, Xo(0) = X(0),

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license
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whose solution is given by

(2.5) Xo(t) = exp(Jt) X (0).

For ¢ =1, we get

(2.6) dX, () =JX 1 (t)dt + J Xo(t) odW (t), X1(0)=0.

As visible in (2.5), the term X(¢) does not depend on X (¢) and, as a consequence,
the Stratonovich equation (2.6) coincides with the Ité equation

(27) Xm(t):JXl(t)dt—f—JXo(t)dW(t), Xl(O) =0,

whose solution is given by [23]
¢
X1(t) = / exp (J(t — 5))J Xo(s)dW(s).
0

Denoting

X(t):= [Q(ﬂ = Xo(t) + o X1 (),

p(?)
we obtain the following first order o-expansion of the solution to (2.1):
¢
(2.8) X(t) =exp(Jt)X(0) + O’/ exp(J(t — s))J Xo(s)dW (s).
0
Equation (2.8) is useful in finding an amenable expression for the expected Hamil-

tonian function H(q(t),p(t)) as follows. Denoting by ||-|| the vector 2-norm, we obtain
from (2.8) the following form for the mean-square of X (¢):
2]

‘/0 exp(J(t —s))J Xo(s)dW (s)
=& [l X O] +0* [ fexpl(e ~ )T exp) X0 .

E[IIX0)]] =E [lexe (70 X O] + 0B

—E {||exp(Jt>X(0) HQ} +0 / llexp(J(t — ))JXo(s)|* ds

Since the matrices exp(Jt) and J are orthogonal, assuming X (0) deterministic, we
have

B[] = 1XO +o* [ 1XO)7 ds= X O +0* IXO)

Finally,

E[H (3(0),5(0) = 5 E [ X0
yields
(2.9) E[H (7(t),p(t)] = H(q0.po) (1 + o”t) .
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Equation (2.9) reveals the presence of a linear growth in time of the averaged
Hamiltonian, also influenced by the diffusion parameter o. The term o2t, denoted as
secular term, gives us an alert on the potential inefficacy of numerical methods in the
long-term conservation of the expected Hamiltonian. The presence of a secular term
is also visible in the case of It6 Hamiltonian problems, as observed in [14]. A rigorous
investigation, based on weak backward error analysis arguments, is then necessary in
order to understand the long-term behavior of stochastic numerical methods when
applied to stochastic Hamiltonian problems.

3. Construction of modified equations for It6 Hamiltonian systems. In
this section we aim to derive modified equations for stochastic Hamiltonian systems
(1.4), making use of the so-called It6—Taylor expansions [20, 23, 31]. We observe that
an alternative procedure is also possible, based on Kolmogorov equations, as described
in [33].

In what follows, given a stochastic numerical method for (1.4), we assume that
the following equality holds true:

(3.1) E[H(gn,pn)] =E[H(q(tn), p(tn))] + O (A7),

where 7 is a positive number, (g,,p,) approximates the exact solution [q(¢),p(t)]T
to (1.4), and t, = nAt. This assumption certainly covers both the case of methods
tailored to numerically recover the trace equality (1.5) (in this case, the value of r
is large and, as a direct consequence, the remainder in (3.1) is negligible) and the
general case of any existing numerical method, not specifically designed to exhibit
(1.5) over the numerical dynamics (in this case, a smaller value of r, eventually equal
to the weak order of the methods, is expected, at least for smooth enough Hamiltonian
functions).

For It6 Hamiltonian systems (1.4), taking into account the trace equation (1.5),
condition (3.1) is equivalent to requiring that r has to be the integer such that

(3.2) E [H(n,pn)] = H (0,p0) + 5 Tr (S75) £ + O (AF").

It is convenient to look at the expectation computed after one single time step and,
hence, the expression (3.2) reveals that r satisfies the following condition [23, 26]:

(33) E[H(q1,p1)] = H (g0,p0) + %T&r (ETE) At+0O (At

We now aim to find other two processes ¢(t) and p(t) such that

(34) E[H (gn, pn)] = E[H(q(tn), 5(tn))] + O (A7) ;

that is, we require

(3.5) E[H(q1,p1)] = E[H(q(AL), p(A))] + O (At™?).

In other terms, we look for g(t) and p(t) such that the expected Hamiltonian in these

values coincides with that in the numerical solution, up to order O(A¢" 1),
Taking into account (3.3), let us assume that

1 .
(3.6) E[H(q1,p1)] = H(q0,p0) + 5 Tr (STE) At + B A1 4+ O (A7),

(© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 02/27/25 to 193.204.141.38 . Redistribution subject to CCBY license

LONG-TERM DISCRETIZED STOCHASTIC HAMILTONIANS A263

with 81 € R. Moreover, we also assume that

- ~ 1
(3.7)  E[H(G(At),p(At))] = H(qo,p0) + 5T (ET8) At + o At + O (AE2)
with a7 € R. Hence, condition (3.5) is satisfied by imposing the condition

(38) (6%} :ﬁl-

3.1. Expansions. We now aim to focus on the expression (3.7) for the modified
stochastic It6 Hamiltonian systems (1.4), i.e., our goal is to give a form of the coeffi-
cient c; when ¢(t) and p(t) are solution to the modified 1t6 Hamiltonian system (1.4)
assuming the following formulation:

59) dg= (p+ At f,(q,p)) dt,
' dp=(=V,V(@) + AU £,(G,5)) dt + X dW (1),

where fq, f, € R™ are denoted as modified terms and r is the number satisfying (3.6).
By denoting

)

. ﬁJrAtqu(CY,ff) ‘| G_lomxd Omxd
—V, V(@) + At f,(3,P)] Omxd O

the stochastic It6—Taylor expansion applied to the Hamiltonian function H(q,p) yields

(3.10) dH (q(t),p(t)) = LoH (q(t),p(t))dt + M,
where M, is a martingale and
LoH=F - Hy+ T (GCTH,,)

where H, denotes the gradient of the Hamiltonian function H and H,, the Hessian
matrix of H. Passing to the expectation in (3.10), we get

At
(3.11)  E[H(GAL), FAL)] = H(go,po) + / E [LoH ((t), 5(t))] dt.

By applying the same procedure to the last integrand, we have

E (Lo H(@(t), (1)) = LoH (d0,p0) + / E[£2H(3(s). 7(s))] ds.

hence

At t
E[H(G(A1), FAL)] = H(go, po) + AtLoH (g0, po) + / / E [C2H((s).7(s))] dsdt.

Then, we have obtained the expansion

r+1
(312)  E[H@EA),HAN)] = Hgo.po) + 3 11 L5H a0, po)At* + O(AI+2),
k=1

Note that the expression in (3.12) coincides with that in [33] derived via Kolmogorov
equations.
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We now aim to specialize the expansion (3.12) to the case of Hamiltonian functions
(1.3). For H(q,p) in (1.3), we have

VqVi(q)
p

H, = quV(Q) Omxm

)

Omxm Im><m

with Opxm and Zp,xm equal to the zero and the identity m-dimensional matrices,
respectively. We now look at the first term of the summation in (3.12). Taking into
account the modified equations (3.9), we have

LoH=F -H,+ %Tr (GG THy) = At (fy - VoV + fp D) + 1Tr (GGTH,y) ,

2
where
Omxm Ome
GG'H,, =
Omxm  E8T
Hence
1
(3.13) LoH=At"(f,-V,V+f,p)+ 5Tr (=Ty).

Substituting (3.13) into (3.12), we get

E [H(3(A1), 5(A0)] = Hgo, po) + 5 Tr (ST5) A

(3.14) + At fo(g0,0) - VoV (90) + fp(q0:p0) - Po | + O(ALT2).

Comparing the expression (3.14) with the general expansion (3.7), we find that

(3.15) a1 = fq(qo,p0) - V4V (q0) + fp(q0,p0) - Po-

Let us observe that, for scalar It6 Hamiltonian systems (1.4), equation (3.14)
reads

E [H((A), 5(AN)] = Hqo, po) + 50° At + O(A1?)

(3.16) + At fo(g0,0) - V' (q0) + fo(g0,p0) - o |-

3.2. Euler—Maruyama. We now compute the modified terms for the Euler—
Maruyama method applied to (1.4) in the scalar case. Let us consider a single step
of the method, i.e.,

q1 = qo + Atpo, p1=po — AtV (qo) + c AW,

where AW, is distributed as normal random variable of 0 mean and variance At. We
aim to expand E[q;,p;1] in powers of At and to compare this expansion with (3.16).
By Taylor series arguments, we have

H(q1,p1) = H(qo,p0) + AtV (qo)po — po(AtV'(qo) — c AWy)

1 1
+ §At2p(2)vl/(qO) - a(AtV/(qO) - O'AW())2 + O(At?’)
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Hence, passing to the expectation yields
1 1
(317) E[H(q1,p1)] = H(go,po) + 50 At + 5 (PV"(q0) +V'(q0)?) At* + O(AL?).

Comparing the expansion (3.17) with (3.6) reveals that, for the Euler-Maruyama
method, we have r = 1. This is not surprising since it is well known that the Euler—
Maruyama method has weak error equal to 1 [20]. Moreover, for such method,

Br= 5 (V" (a0) + V' (00)?).

Hence, due to (3.15), the choice

(3.18) fola,p) = %V’(q), fola,p) = %PV”(Q)

results in
E[H (q(At), p(At))] — E[H (g1,p1)] = O(AF?),

as required.
The choice (3.18) leads to the following modified system:

- At
dg= <p+ 2V’@> dt,

(3.19)
dp=— (v'@ - %1’5 V”(E[)> dt + odW (t).

It can be verified that the modified system (3.19) does not admit any Hamiltonian
function.

3.3. Symplectic Euler. A single step of the symplectic Euler method applied
to the scalar version of problem (1.4) reads

@1 =qo+Atp1,  p1=po— AtV'(qo) + s AWy,
that is,
(3.20)  q1 =qo + Atpy — A2V (qo) + o AtAWY, p1 =po — AtV (qo) + c AW,
Hence, by using Taylor expansion, we have

E[H (q1,p1)] = H(q0,p0) + V' (q0)E [Atpo — AtQV'(QO)] —poV'(qo) At

+ %V”(QO)E |:|Atp0 - AtQV'(qO) + O'AtAWQ|2:|

1
+3E [02AWE + APV (q0)%] + O(AL?),
that is,
1 1
E [H(q1,p1)] =H(g0,po) + 50° At + 5 (V" (q0)pG — V'(90)*) At + O(AE).

Hence, for the symplectic Euler method, we have r =1 and

pr1= % (V"(q0)pg — V'(q0)?) -
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Therefore, with

(3.21) fulan)=—3V'@. folar)=5V" (@,

the equality
E[H(q1,p1)] = E[H(G(AL), p(AL)] + O (AL)

is achieved.
Finally, the following modified system is obtained:

i1=(5-5v@)a.
(3.22) N
dp = <—V’(?D + 25‘/”((})) dt + odW (1),

that is, an It6 Hamiltonian system (1.4) with modified Hamiltonian

- 1 At
H(g,p)==p"+V(q) — =

5 5 V'(ap=H(q,p) +O(AL).

It is worth noting that the modified terms in (3.21) coincide with those computed,
for example, in [18] for the deterministic symplectic Euler method.

3.4. Stochastic midpoint Runge—Kutta methods. Let us now focus on the
stochastic midpoint Runge-Kutta method [8, 9] applied to the scalar version of (1.4)
that, over a single step, reads as follows:

At At 1
¢=q0+ 5P, pP=po— 7V’(q)+ﬁAW10,
(3.23) .

q1 = qo + Atp, p1=po — AtV'(q) + (AW, + AW,) o,

V2

where AW; and AW, are normal independent random variables of 0 mean and vari-
ance At. Then, we have

L (01.01)] = oo, o)+ V/(@)AE | = 5V (@) - AtmE V(o)

1 At 1 2
+ §V//(QQ)A?52E Po — 7‘//((]) + ﬁAWlU ]
(3.24)
+11E —AtV/( )+L(AW + AWs) :
B q \/5 1 2)0
1 )
+ gv'"(qomﬁpg +O(AtY).
Since

E(V/(6)) = V" (a0) + 5 507" (ao)po
1

1
+lap (QVW(QO)P(Q) - w'(qo)w(qo)) +o(ar),
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At 1 ? 1
E | |po — 7V’(q) + EAWW ] =pg+ §Aw2 — po AtV (qo) + O(At?)
and
1 2
E ‘—AtV’(q) + 7 (AW, + AWs)a| | = Ato? + At*V/(qo) + O (At?)

1
+ At? (V/(QO)V”((]O)pO - 202‘/"((10)) .

Equation (3.24) reduces to

At

E[H (q1,p1)] = H(q0,p0) + R

3.25
(3.25) A
4

We observe that (3.25) leads to

(370 v + 77 (@) - 05 ) 40 (1),

fala,p) = ﬁ(q) (V"(q) —=1)0®,  folg,p) = ;14192 V'"(q),

and r = 2. Finally, the modified stochastic system is then given by
At?
dj=(p+ = (V"(@ —1)o* | dt
i= (4 g V@ -D?)at,
2

(3.26)
dp = (V’@ + é—ifo’z V”’(Zf)) dt + odW(t).

We also observe that, for quadratic potentials V(q) = %qTq, the coefficient of

the cubic term in At appearing in (3.25) vanishes. High order terms also annihilate
(since they depend on high order derivatives), and, as a consequence, the method
exactly preserves the trace equality when the potential is quadratic, coherently with
the analysis provided in [8, 9] for the stochastic midpoint Runge-Kutta method (3.23).

4. Modified equations for Stratonovich Hamiltonian systems. Let us
now focus our attention on the computation of modified terms for Stratonovich Hamil-
tonian systems (1.7). To this purpose, we recast a Stratonovich Hamiltonian system
(1.7) in its equivalent It6 form [20, 23], i.e.,

(4.1)

da= |, 0.0) + G (Tup a0, H00) - V0Vt an) ) |

+ V,H(q,p)STdW (¢),

g

(T @DV ) = Vo)V H ) )

dp=— {VqH(q,p)

— Vo H(q,p)ZTdW (2),

where & = XTY. Also in the Stratonovich case, given a stochastic numerical method
for (4.1), in what follows we assume that

(4.2) E[H (gn,pn)] = H(qo,p0) + O (AL")
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for positive r and, focusing on a single step, condition (4.2) requires
(4.3) E[H(q1,p1)] = H(q0,p0) + ’71Atr+1 +0 (Atr+2) .

Our attention is now addressed to providing a modified system for (4.1); i.e., we
look for g(t) and p(t) solutions to

4= |V H @) + A £,(E)
+ 3 (Va @RV H D) - H @D, H@5) )

+ va(aa ﬁ)deW(t)a

(4.4)
4= | A 45 - V. H@5)

+ 2 (Vi @RIV HG D) - Vo @D, @) ) |a
— VY H(Gp)ETdW (1),

such that

(4.5) E [H(q(At),q(At))] = H(qo,po) + 51 A" + O(AL?).

Comparing (4.3) and (4.5), condition

(4.6) M =01

provides

(4.7) E[H (gn,pn)] = E[H(q(t), p(tn))] = O(AL"HY),

where (¢n,pn) is the numerical solution at the time t,,n = 1,2,...N. Applying to
(4.4) similar arguments as those given for Itd problems in the previous section yields

(4.8) 1= fq(q0,10) Vo H (g0, o) + f5(q0,20) "V H (g0, po)-

A proof of (4.8) is provided in Appendix B.
It is worth specializing the analysis to the case of Hamiltonian functions of type
(1.3). For this choice of H, problem (4.1) reads

dg= (p - quV(q)> dt + pXTdW (1),
(4.9) K
do= (Va0 + 5 VaVi@p) dt- T,y @STaw ),

and its modified counterpart assumes the form

dg= <ﬁ— quV@ + A (G ;3)) dt +pETAw (t),
(4.10) N
t5=— (VaV@+ JVuV @5 A 5,0 ) dt =,V @S ().

Correspondingly, for system (4.10), we have
(4.11) 81 = a1 = f4(40,10) V4V (q0) + f»(90,P0) "Po-
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4.1. Examples. We now provide selected examples of computation of modified
differential equations for Stratonovich Hamiltonian systems. It is worth noting here
that, in the scalar case and with Hamiltonian function given by (1.3), the knowl-
edge of the modified terms f,(g,p) and f,(g,p) allows us to recover the Stratonovich
formulation

dZ]V:ﬁ(dt +o0o dW(t)) +At" f(g,p)dt,

(4.12)
dp=—V'(q)(dt+oodW(t)) + At" f,(q,p))dt

equivalent to the modified system (4.10).

4.1.1. Euler—-Maruyama. The application of a single step of the Euler—
Maruyama method to the system (4.9) reads as follows:

1
q1=qo+ At {po - 202V’(q0)] + opo AWy,

1
p1=Dpo + At [ —V'(q) — 202‘/”((]0)]90} — o V'(qo) AW.

Then, by Taylor series arguments, we have

1
H(q1,p1) = H(q0,p0) + V' (qo0) {At <po - 202V’(qo)> + UPOAWO]

+ po {At (—V/(QO) - ;UzV//(CIO)Pt)) - JV/(CIO)AWO]

1 2
+ §V”(QO)

1
At <P0 - 202‘//((10)) + opo AWy

1 1 ?
+JA4&%M+2£VW%WQ+UW@MN%

1 1 3
+ EV”/(QO) [At (po - 202‘//((10)) + UpOAW0:|

4
Ly (40) L0 (AR,

t o

1
At (po - 202V/(QO)) + opo AWy

Taking the expectation, we get

2

E[H(q1,p1)] =H (g0, po) + ATt [V”(QO) (po - ;‘72‘//((]0))

(Vi) + 3oV taom) |

1 1 3
+ V" (qo)E (At (po - 202V’(qO)> + opoAWo> 1

6

1 4
+ —=V®(g0)E + O(AH?).

1
2 ‘At <P0 - 202‘/'(&]0)) + opo AWy
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Since

L o0 ’ 2 2 I o0y 2 3
E At Po — 50 V (qO) +O’p0AWO :30' pO Po — 50’ V (qO) At -+ O(At )
and

1 4

(4.13) E 'At (po — 202V’(q0)> +opoAWy| | = 3a'paAt* + O(AL?),
we end up with
(4.14) E[H(q1,p1)] = H(qo,po) + AL + O(AL?),

where
2

1 1 2 1
Y1 = B [VN((]O) (Po - 202V/(QO)> + (V’((Io) + 202V”((I0)P0)

1 1
+V"(%) (PO - QUQV’(qo)> 02p8} + §V(4>(q0>g4pg.

From (4.14), we recognize r =1, and if

1 1 1 1 1
fala:p) = 5V'(9) + §04V’(q)V”(q) = 5PV (@) + 50V (g)p = 7oV (@),

1 1 1 1
fp(q,p) — §V”(q)p+ §04V”(q)p+ 50'2‘/”/((])})2 + gV(4)04p3,
then condition (4.6) is fulfilled.

4.1.2. A symplectic Runge—Kutta method. Let us consider the stochastic
symplectic Runge-Kutta method introduced in [25], applied to (1.8) in the scalar
case, obtaining

(4.15) G1=q+&%p,  p1=po—& V'(9),
where £y = At + c AW, and

1 1
(4.16) g=aq+z8p  p=po— 56 V@)

Let us first compute expansions for ¢ and p, leading to

1
q=110+§€0p

=q + %50 (po - %ﬁo V’(Q))

1 1 1 1
=qo+ 550 Do — zfgvl(%) - gV”(QO)fg p— 3*2‘//”((]0)53 p°+ O(&).

Replacing the expression for p gives the following expansion of ¢ in terms of powers
of fo:

1 1 1
q= o+ 5Podo — ZV’(qo)é“S — gV”(QO)fSPO

(4.17) ,

16

(V”(QO)V/(QO> - ;VW(QO)pO> &+ 0(&).
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Proceeding in a similar way for the expansion of p yields

1

2 (V”(qo)V’(qo) - ;V”’(qo)pﬁ) &

P=po— %V/((Jo)fo - iV”(quoﬁg +
(4.18) 1 1
+ 15 (Va0 — Vo — £Vl ) €+ 06D

Therefore, using (4.17) and (4.18), we can compute an expansion for H(gi,p1), as
follows:

H(q1,p1) = H(qo + &op:po — &V’ (q))

1 1
= H(qo,po) + 1 {V’(q())po —V"(q0)poV'(q0) + 6V’”(qo)p8} &

1 1
+ {V”(QO)V/(QO)Q — V" (q0)V'(q0)P§ + 5V”(qO)p3

25V e~ V(@) = 3V (@) k 6+ O
Since
E[] =30%At + O(AF?), E[&] =30"A + O(A), E[&] =0(A),
we can argue that
(4.19) E[H(q1,p1)] = H(qo, po) + 11 A1 + O(AL3),

where

3 1
m= 102 V'(q0)po — V" (90)po V' (q0) + 6V”’(q0)pg}

3 1
+ 104 V" (q0)V"(q0)* = V""" (q0) V" (q0)p§ + 5V”(qO)p3

1 1
+ 15V O alsh = Vi@ - V"3

Here, as in the previous example, r = 1. Finally, in order to achieve (4.6), it is enough
to take

(4.20) fala,p) = %02 (p—=V"(Qp+*V"(q)V'(q) — o>V (q)p")
and

1 2y 7111 2 3 4 11 2 1 (4) 3 1
a2) s =gotv@n - 5ot (Vi - V0@ - Vo).

We also observe that, for quadratic potentials V(q) = %qTq, the value of 1 is zero
and the remainder term in (4.19) vanishes. Then, the method exactly preserves the
Hamiltonian when the potential is quadratic, coherently with the analysis provided
in [25] for (4.15).
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4.1.3. Perturbation of a deterministic energy-preserving method. Let
us now consider the stochastic perturbation of a well-known deterministic energy-
preserving numerical scheme, introduced and analyzed in [10]. Over a single step, it
reads as

So |1 1 §
quQ0+§0 5p0+(po+p1)+*p1 ZQO+£(p0+p1),

2 2

(4.22)
1 1
é;; [QV/(QO) + 2V’ (qO —; q1) + QV/((II):| ;

P1=Do — &

where £y = At + cAWy. As shown in the aforementioned paper, the deterministic
version of method (4.22) (i.e., (4.22) with o = 0) is capable of conserving quartic
Hamiltonian functions.

Since

+ 1 1
v’ (q() 5 Lh) =V'(q0) + §VH(QO) (@1 —qo) + éV”/(QO) lgr — o> + O(€3),
expanding ¢; and p; in power series of £ and iteratively applying (4.22) yields

3
g1 =qo + &po — io V'(qo) — éOV/'(QO)PO

€o

+ 8| V@V ) = 3V @] + O(E).

Replacing the last equation into the expression for p; leads to

==&V (an) = LoV a0)+ 5 [ 10 a0V a) - 31 ]
+%0 [ V' (q0)*po + 5 V ""(q0)V"(g0)Po0 — 112‘/4(6]0)103] +0(£)-

Then, previous relations lead to the following expansion of H(g1,p1):

4

€t 1
H(q1,p1) = H(qo,po) + ZO §V”(CI0)2P3 - ivu((Io)Qp%

1
=V @)V a)? = 5V @)V s | + O€D)
and passing to side-by-side expectation gives

B (an,01)] = Hlan, o) + 3052 37" (098 - 51"}

Vo)V (a0)? ;v"%qo)V'(qo)pa} romr),

where we recognize r =1 and, with reference to (4.2),

3 4l

Y1 = 4

1 1
V”( ) - §V”(CI0)2P3 - VH(QO)V/(QO)Q - 3VW(CI0)V/((10)P3} .

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 02/27/25 to 193.204.141.38 . Redistribution subject to CCBY license

LONG-TERM DISCRETIZED STOCHASTIC HAMILTONIANS A273

Hence, assuming

(42) fala.) =~ 30* BV @)V (@) + V" (0)p?)
and
(4.24) fola,p) = —%o‘*V”(q)Qp (p—1)

specializes (4.6) to the setting described for (4.22), leading to
E[H(q(At), p(AY)] = E[H (q1,p1)] = O(AL?),

as required.

4.1.4. A stochastic energy-preserving scheme. Let us consider the follow-
ing stochastic energy-preserving scheme introduced in [29, 30]:

o
2(p1 — po)

o
2(q1 — qo)

By means of Taylor series arguments, we get

q1=qo+ [H(q1,p1) + H(qo,p1) — H(q1,p0) — H(q0,p0)],

(4.25)

P1=Dpo— [H(q1,p1) + H(q1,p0) — H(qo,p1) — H(qo0,po)]-

o 1 2
= —_—— H - - -
q1=4qo+ 2(pr — po) (90,P0) + po(p1 — po) + 2(]91 Po)
< ) (g
+ Z %(% —q0)* + H(q0,p0) + po(p1 — po)
k=1 ’
1 > (k)
+ 5(191 *P0)2 — H(go,po) — ]; %((ﬁ - QO)k — H(qo,po) |,
ie.,
_ €o
(4.26) a1 =qo + &opo + 5(171 — Po)-
Since
> (k) q B
(4.27) P1="0 —é‘oZT(())(ql — o)1,
k=1
we obtain
2 X k) B
(4.28) q1 = qo + &opo — %0 %(m —q0)" "
k=1 ’

Applying again Taylor series arguments yields

1 2 o V¥ (o) k
H(q1,p1) — H(q0,p0) =po(p1 — po) + 5(171 —po)”+ ZT(‘B — )",
i=1 ’
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which, under (4.27), reads

> (k)
H(q1,p1) = H(go,po) — opo Y VT(QO)(Ql —q)"!

i=1

2 [ k) )
* %0 (Z - k!(qu) (@1 — qo)’“) + ; : k!(QO) (a1 = q0)"

=1

o0

Vv (k)
= H(qo,po) + Z %(% — )" (a1 = 90 — €opo)
i=1 ’

2 [ 20 (k) ?
Jr%o <Z = k;!(qO) (@1 — lJo)k1> .

=1

By replacing (4.28), the last equation reduces to H(q1,p1) = H(qo,po). In summary,
method (4.25) satisfies E[H (q1,p1)] = H(qo,po), i.e., (4.25) provides a method pre-
serving the expected Hamiltonian, as highlighted in [29, 30].

4.2. Extension to higher dimensions. In this section, we discuss the con-
struction of modified equations for Stratonovich system (1.8) in the multidimensional
case. Let us consider a single step of the following numerical method for (4.9):

(4.29) ' =q¢"+Aq, p'=p’+Ap,

with ¢',p', Ag, Ap € R™ and ¢° = qo, p° = pg. Then, some computations yield

1
H(g",p") = H(",p°) + p° Ap+ V,V (") TAg + iAPTAP
(4.30)
1
+ iAqTquV(qO)Aq + D3(q°) + Da(q®) + Z(q"),

where D3(q%) and D4(g") contain all the terms arising from the computation of the
third and fourth derivatives of the potential, respectively, and Z(q°) contains higher
weak order terms (i.e., E[Z(q")] = O(A#"+2)). Passing to side-by-side expectation in
(4.30), after some computations, we achieve

(4.31) E[H(q",p")] = H(qo,po) + AT + O(AL"H?),

with v; depending on the method. As an example, in Appendix A we discuss the case
of the Euler-Maruyama method applied to (4.9) with m =2.

5. Long-term analysis in the It6 Hamiltonian case. In this section, we
make use of modified Ité equations (3.9) to provide long-term estimates of time dis-
cretizations to Itd6 Hamiltonian systems (1.4), revealing the attitude of such schemes
in reproducing the trace equation (1.5) along the numerical dynamics. We give the
following theorem.

THEOREM 5.1. Let us consider the stochastic Hamiltonian system of Ito type
(1.4), where the Hamiltonian function H(q(t),p(t)) is defined as in (1.3), and let
(gny,pn)sn=1,2,...,N, be any suitable numerical solution to system (1.4) with fized
stepsize At =T /N, such that (3.1) holds. Then, by denoting

(5'1) e(tn):E[H(QTvan)] _E[H(Q(tn)7p(tn))]v n=1,2,...,N,
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if there exists a positive integer 2 < k < oo such that E[LEH(G,p)] is uniformly
bounded, then the following estimate holds true:

(5.2) e(tn) = a1 At" t, + O(At"tF),

where ay is defined in (3.15). Otherwise, if such an index k does not exist and we
have oy = H(q,p), then the error e(t,) admits the following exponential growth:

(5.3) e(ty) = O(eAt i),

Proof. First, we recall that the key point is given by looking at the modified
system (3.9), whose solution (g(t),p(t)) satisfies

(5.4) E[H (qn,pn)] = E[H(q(t,), p(ta))] + O(AEH).
As a consequence, (5.4) allows us to achieve an estimate for E[H (¢,,,p»)] by analyzing
E[H (q(t),p(t))].

The proof is given proceeding as follows. The iterated application of the stochastic
It6-Taylor expansion, applied to E[H (q(t),p(t))] and passing to expectation, yields

E(H(3(t), 5(£))] = H(go, o) + / E[LoH (d(s),3(s))] ds
= Hlanp) + | [£0H<qo,po>+ | (3@, 5] aul s
(55) — Hlao.o) + Lot + [ [ B [€38 (0. 5] duds

k=1 :
tJ
= H(qo,po) +Z/3 H( QO,pO)?

// / E [£5H (q(w),p(u))] du...ds;.

1
,CoH = §TT (ETE) + OélAtr,

Since

by evaluating (5.5) for t = ¢,, n = 1,2,..., N, and under the assumption on the
boundedness of E[LyH], we get

E [H(@(t). 5(ta))] = H(qo,p0) + 5 Tr (STS) 0+ n A" 1,

(5.6)

C
+ Z E%H Q()»po k'tﬁ‘

Equation (5.2) holds true since

E (H(g(ta): p(tn))) = Hldo,p0) + 3T (575) 1
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Finally, let us assume that such an index k does not exist and that ay = H(q,p).
Then, we have

(5.7) E[H(q(tn), p(tn))] = E[H(q(tn), p(tn))] + Atr/o E[H(q(s),p(s))] ds.

The estimate in (5.3) holds true under the application of standard Gronwall arguments
for (5.7). d

Remark 1. Tt is worth remarking that in case of nonexistence of an index k
such that E[£5H (g, p)] remains bounded, Theorem 5.1 covers the case a; = H(q,p).
Similar arguments can be applied to the case oy # H(q, p), by writing the Hamiltonian
deviation E[H (¢(t,,),p(tn))] — H(qo,po) as in (5.5) and, supposing that there exists an
index s such that £ H(q,p) = H(q,p), the thesis holds true by applying the Gronwall
lemma for multiple integrals. Finally, if such an index s does not exist, repeatedly
applying It6-Taylor expansions in (5.5) for arbitrarily large values of the summation
index leads to an exponential growth for the Hamiltonian deviation.

Remark 2. The estimate given in (5.2) does not take into account the term
O(At™+1) arising from (5.4), since usual local error arguments show that it behaves
as O(t, At""1) and, hence, it is negligible in estimating e(t,) in (5.2).

Remark 3. Tt is worth mentioning that, for a drift-preserving method solving (1.4),
we have oy = 0 and, hence, L1H = Tr(XTX)/2 and LJH =0, p > 2. This also holds
true in the case of symplectic methods applied to quadratic Hamiltonians. Moreover,
from Theorem 5.1, we realize that in the absence of a drift-preserving character in the
numerical solution of (1.4), at best, such a method is able to exhibit a linear growth of
the averaged Hamiltonian but with a coefficient that appears to be O(At") far from
the exact one, i.e., Tr(XTX)/2. This is the case of a method such that a; # 0 and
E[£3H] =0.

In order to confirm this result, let us consider the following numerical experiment
arising from the application of the symplectic Euler method (3.20) to the scalar linear
It6 Hamiltonian problem (1.4), thus corresponding to the potential V(q) = ¢%/2.
Then, the method reads as follows:

(5'8) Gn+1=Gqn + Atpn+1» Pn+1=Pn — Atg, + o AW,

and according to the computations provided in section 3.3, its modified terms are
given by (3.21), i.e.,

fala,p) = —%q, fo(q,p) = %p.

Hence, the corresponding value of «; in (3.15) is given by

o=~ (45— pf)-

Figure 1 displays and confirms the error growth provided in (5.2) for increasing values
of T'. Clearly, this growth is more visible as the length of the time windows is increased.
In addition, Figure 2 compares the patterns of exact and numerical Hamiltonians,
when the stochastic midpoint method (3.23) is applied to the Hamiltonian system
(1.4) with quartic potential V(q) = ¢*/4 — ¢*/2 for selected values of the stepsizes.
We can observe that for At ~ 0.3, the size of the time window in which the numerical
Hamiltonian remains close to the exact one is larger than that obtained for At~ 0.6.
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o 00 20 S0 40 s a0 70 s

t

(c) T = 800

Fi1G. 1. Linear error growth of the error (5.2) for the symplectic Euler method (5.8) applied to
(1.4) with potential V = q2/2 averaging on M = 5000 paths for selected values of T. The simulation
has been performed in a fixed stepsize environment with At =0.7812.
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t t
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Fiac. 2. Comparison between exact and numerical Hamiltonian averaged paths for the stochastic
midpoint Runge—Kutta method (3.23) applied to (1.4) with quartic potential V = q*/4 — ¢*/2 for
T =5000. The simulation has been performed with selected stepsizes.

6. Long-term analysis for Stratonovich Hamiltonian systems. We now
aim to perform an analogous long-term analysis of time discretizations to Stratonovich
Hamiltonian systems (1.7). Let us also recall that, in what follows, we assume

(6.1) E[H (gn,pn)] = H(qo,p0) + O (At").

In order to analyze the long-term behavior of E[H (g, p,)], let us consider the modified
Stratonovich system
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4G =V, H(@p) (at+ ST odW (1)) + At (G P,

(6.2) _
dp =~V H(Gp) (At + ST o dW () + A £, (3, P)dt,

where the functions f,(¢,p) and f,(¢,p) are the modified terms depending on the
specific employed numerical method, satisfying

(6.3) E[H (q(tn), p(tn))] = E[H (gn, pa)] + O (A7),

We are now ready to state the following theorem, representing the main novelty
of this paper.

THEOREM 6.1. Let us consider the stochastic Stratonovich Hamiltonian system
(1.8), and let (qn,pn), n=1,2,...,N, be any numerical approximation to (1.7), com-
puted with the fized stepsize At = T/N, such that (6.1) holds true. Then, for any
n=1,2,...,N, the expected numerical Hamiltonian E[H (qn,pn)] satisfies the follow-
g estimate:

E [H (g, pn)] = H(q0,p0) + O (Atrec(")Mt“) +O (A 4 O (C (o)t AL)
(6.4)
+0 (At’”tn e¢ ("W”n) +0 (C(a) (At7t,)%eC <<’)M’fn) )

Furthermore, the exponential term in (6.4) remains bounded on intervals of length

O(AL™).

Proof. As previously observed for the It6 case, (6.3) suggests working directly on
the continuous object E[H (q(t,),P(tx))]. To this purpose and according to (6.2), the
application of the stochastic chain rule for Stratonovich systems (see, for instance,
[20, 23]), leads to

(6.5) dH (q(t),p(t)) = n(q(t),p(t)) At"dt,

where 7(q(t),p(t)) is such that n(qo,po) = 01, with §; defined in (4.8).

We now assume that there exist a o-dependent constant C(c) > 0 and a func-
tion £(q, p), both depending on the chosen numerical method, such that the function
7(q(t),p(t)) can be written in the following form (this is, in general, possible after
computations):

(6.6) n(q(t),p(t)) = C(o)H(q(t),p(t)) + £(q(t), p(1))-

Taking the integral form of (6.5), under (6.6), and passing to side-by-side expectation,
we achieve the result

E[H(q(t),p(t))] = H (g0, po) + At"

(6.7) t b
(e [ pelas+ [ E[de) 560 as)
Let us first estimate the term E[¢(q(¢),p(¢))]. From (6.3) and (6.6), we get
E[e(q(t),p(t)] = E[n(q(t), p(t))] — C(o)E[H(q(t), p(t))]
E[n(q(t),p(t))] = C(0) (E[H(gn, pn)] + O (A1) .
Moreover, according to (6.1), we obtain
(6.9) E[¢(q(t),p(t)] = E[n(q(t),p(t))] — C(o) (H(q0,p0) + O (AL")).
Since the left-hand side of (6.5) is O(At"), we can argue from (6.9) that
(6.10) E[¢(q(t),p(t)] =0 (1) + O (At").
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As a consequence, (6.7) leads to

t
(6.11)  E[H(G(1), 5(t)] < H(qo,po) + C(o) A / E[H(G(s), 5(s))] ds + O (tAL").
0
The application of the Gronwall lemma to inequality (6.11) yields

E[H(q(t),p(t))] < H(qo, po) + O (tAt")

t
+ C(0)AtmeC ALt / (H(qo,po) + O (sAt") ) e ClOALs g5,
0

and integrating by parts, we obtain
E[H(q(t),p(t))] < H(qo,po) + O (tAL")

+ o)At {H(QOJ)O) - efc(U)AtTt(H(QOvpo) + O (tAt"))

t
+0O (At / e Clo)Al"s ds]
0

_ H(qO,pU)eC(U)Atrt +0 (tAtr)

t
+0O (Atr) eC(o)Atrt/ e—C(o’)Atrs ds.
0

Computing the last integral in the above inequality, we can write the last term in the

form
1 __—C(o)At"t]| C(o)At"t
9] <C(O’)) [1 e } e ,

which, using Taylor series arguments, reads
1 2 r
O =) |Clo)At"t+0O[ (C(o)At"t Clo)atme
(ctay) [cmeo( ewmry?)]eccsr
that is,
) (Atrt e¢ (")A”) +0 (C(a) (Atrt)Qec <">A“) .
Then, we finally obtain

E[H(q(t),p(t))] < H(qo,p0) + H(q0,p0) (eC“’)A” — 1) + O (tAt")

+0 (At’”t ec“’)“”) +0 (C(a) (A1) <">A”t) .
Since eC(At 1 = O(C(0)At"t) + O(At"eC (DAY we end up with

E[H(q(t),p(t))] < H(qo0,p0) + O (Atrec(")m”) +0(C(o)At"t)
(6.12)
+0 (At’“t eC(a)At"t) +0 (C(a) (Atrt)QeC(a)At"'t) )

Equation (6.4) arises from the evaluation of (6.12) in ¢,, and taking into account (6.3).
The boundedness of the exponential term in (6.4) on intervals of length O(At™")
straightforwardly derives from (6.4) itself, taking into account that C(o) is indepen-
dent of At. |

© 2023 SIAM. Published by SIAM under the terms of the Creative Commons 4.0 license



Downloaded 02/27/25 to 193.204.141.38 . Redistribution subject to CCBY license

A280 RAFFAELE D’AMBROSIO AND STEFANO DI GIOVACCHINO

It is worth observing that, for several numerical methods, it is always possible
to compute (6.6) in terms of algebraic computations, as discussed in an example
reported in the conclusion of this paper. Moreover, although we may not have unicity
in the determination of the o-dependent coefficient C' and, hence, in the definition
of the function /¢, its choice does not affect the qualitative trend of the numerical
discretization.

Theorem 6.1 gives information on the long-term behavior of a given numerical
solution (gy,,p,) to Stratonovich Hamiltonian systems (1.8) and, to some extent, this
result can be seen as a stochastic analogue of the well-known Benettin—Giorgilli theo-
rem for deterministic Hamiltonians (see [18], section IX, Theorem 8.1). Equation (6.4)
reveals the presence of an exponential growth in the numerical Hamiltonian, whose
exponent depends on the values of r and C'(o) > 0. Moreover, it is worth observing
that the length of the interval where such an exponential term remains bounded also
depends on the parameter o dictating the amplitude of the stochastic term in (1.8).

6.1. Numerical experiments. In order to confirm the results arising from the
previous section, let us provide the numerical evidence arising from the application
of selected numerical methods to the double-well potential Stratonovich problem [8,
9, 11], i.e., (1.8) with quartic potential given by

1 1
6.13 1% =—q'— ¢
(6.13) (@:p)= 74" — 54"
leading to the Hamiltonian function (1.3)
1 1 1 1
6.14 H B B ORI S B
(6.14) (@p)= 50" +V(g)= 50" + 74" — 54

and the corresponding Stratonovich Hamiltonian system (1.8)
dg=p(dt+ocodW(t)),

(6.15)
dp=—(¢* — q) (At + o o dW(t)).

6.1.1. Energy-preserving method. We first consider the stochastic energy-
preserving method (4.22), recalling that, for o = 0, it is capable of preserving the
quartic Hamiltonian function (6.14) (see [10]). The modified terms, given by (4.23)—
(4.24), are

1 3
fala:p) = =50" (33¢* = 1)(¢* — @) +6ap®),  fy(a,p) = —50"(3¢” = 1)*p(p — ).
We now specialize (6.6) to this case. By definition, we have

n(g,p) = fo(a,p)V' (@) + fp(a:0)p = fo(a:P)(¢* — @) + fo(a,p)p

= —304@3 —9)[33¢> = 1)(¢* — q) + 6qp*] — 204(193 —p°)(3¢° —1)°

3 3
=A(q,p) + §04p2 — 10461(613 —q),

where

3
Ag,p) = —ga“ P’(3¢° —1)* = p*¢*(5¢° — 2) + 2¢* (¢* — 1)(3¢° — 4) |.
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Moreover, we have

3 4 2 3 4 3 3 4 3 4 2 5 2
2 2 —q)="c'H 2 3—2¢%).
0P 0 q(q° —q) Yid (¢,p) + il X
Thus, we end up with
3 3 5
n(q,p) = ZU4H(q,p) + A(q,p) + §U4q2 (3 - 2(12)-

Therefore, method (4.22) applied to the Stratonovich system (6.15) satisfies (6.6) with

3 3 5
(6.16) Clo)= 104, U(q,p) = A(q,p) + §04q2 (3 - 2612)-

The pattern depicted in Figure 3 shows the time evolution of the absolute value
of the Hamiltonian error given by e(t,) = H(gn,pn) — H(qo,po) for selected values

10710 1070

1072 1072

logle(t
logle(t

107 1074

107 107
0

1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
t
(a) At = 0.07 (b) At =0.15
1070 10°
10—11
-5
=102 = 0
T T
=] =]
251 =l
10 10
10—14
107 107°
1000 2000 3000 4000 5000 0 200 400 600 800 1000
t t
(c) At =0.305 (d) At =0.61
10° 10°
10° _10®
s s
g g
1070 10710
1078 10715
0 200 400 600 800 1000 0 20 40 60 80 100
t t
(e) At =1.22 (f) At =2.44

Fic. 3. Time evolution of the Hamiltonian deviation |e(t)| associated to (4.22) applied to the
double-well potential problem (6.15) for selected values of the stepsize At. Here, 0 =1,q0 =2, and
po =1. The y-azes are displayed in logarithmic scale.
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1070 10°

10712 10°

logle(t)|
logle(t)

14 10710

-16
1o 0 200 400 600 800 1000 0 20 40 60 80 100

(a) At =0.12 (b) At =0.24

10° 10° K’,r

10° 10°

logle(t)|
logle(t)|

-10

10715 10715
0 20 40 60 80 100 0 20 40 60 80 100

t t

(c) At =0.48 (d) At =0.96

Fi1G. 4. FEzpected error |E[H (qn,pn)]—H(qo,p0)| associated to (4.22), applied to the double-well
potential problem (6.15) for selected values of At. Here, o =1,q0 = 2, and po = 1. The y-azes are
displayed in logarithmic scale. The average has been computed over M = 1000 paths.

of At, confirming the exponential error growth provided in Theorem 6.1 and the
boundedness over intervals of length O(At~!). Indeed, halving the stepsize makes
the interval where the error bounded twice as big. Similarly, Figure 4 shows the
growth of the expected error in time for selected values of the stepsize.

6.1.2. Symplectic Runge—Kutta method. Regarding the symplectic Runge—
Kutta method (4.15)—(4.16) applied to (6.15), the modified terms (4.20)—(4.21) are
given by

fala,p) = 202 [p— (3¢ —1)p+0°(3¢° — 1)(¢* — q) — 60%qp”]

and
3 2 2 3 4 2 2 3 2
fola,p)=10%qp” = 0o | (3¢” = 1)"p —p” — (3¢ — 1)p|.
Furthermore,
(6.17) C(0) =60

The numerical evidence is shown in Figures 5-6. Specifically, in Figure 5, a single
realization has been provided, while in Figure 6 the average over M = 1000 paths
has been displayed. Figure 5 confirms the analysis provided in Theorem 6.1 and the
sharpness of the O(At~!) estimate. Moreover, the factor C(o) in (6.17) is larger than
that defined in (6.16) and, as a consequence, the growth of the Hamiltonian error for
the symplectic Runge-Kutta method (4.15)—(4.16) is faster than that for (4.22).
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FiG. 5. Time evolution of the Hamiltonian deviation |e(t)| =|H (gn,pn)— H(qo0,p0)| associated
to the symplectic Runge—Kutta method (4.15)—(4.16) applied to the double-well potential problem
(6.15) for selected values of the stepsize. Here, 0 =1, qo =2, and po =1. The y-azes are shown in

logarithmic scale.
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F1G. 6. Ezpected error |e(t)| = |E[H (gn,pn)] — H(qo0,p0)| associated to the symplectic Runge—
Kutta method (4.15)—(4.16) applied to the double-well potential problem (6.15). Here, o =1,q0 =2,
and po = 1. The y-azxes are displayed in logarithmic scale. The average has been computed over

M = 1000 paths.
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7. Conclusions. In this work, we provided long-term estimates characteriz-
ing the numerical preservation of the Hamiltionian function for both Ité (1.4) and
Stratonovich Hamiltonian systems (1.7). In particular, in the case of It6 Hamilton-
ian systems, the analysis has been performed with reference to the preservation of
invariance trace law (1.5) while, for Stratonovich Hamiltonian problems, the long-
term numerical conservation of the Hamiltonian function (1.3) is analyzed. A key
ingredient in our analysis is given by the computation of the modified terms in both
scenarios and for several selected numerical schemes. Subsequently, the analysis has
led to long-term estimates for the error growth in time: for It6 Hamiltonian problems,
(5.2) shows a linear error growth in time; in the Stratonovich case, (6.4) reveals the
presence of an exponential term that remains bounded only on intervals of length
O(At™"). Finally, selected numerical experiments confirm the effectiveness of our
analysis.

Appendix A. Modified differential equations for the Euler—Maruyama
method in the two-dimensional case. As an example arising from the arguments
contained in section 4.2, we compute the coefficient &7 in the case of the Euler—
Maruyama method applied to (4.9) with m =2. The method reads as follows:

ql — qO + At |:p0 — ;qu(qO):| -l-pOiTAWm
(A1)

0' ~
P = = ATV + VY | - T V)R AW,

It is possible to show that the Euler—-Maruyama method (A.1) satisfies (4.30) with
=2

1 T 0% oT 2
=5 [PV @)+ T (T @)

3| F @ V@) + @] )

~ 2 o3 0 S 0 ~ 03 0
7 V(") o aX)oV() , g3 V(") 0
—pt ——Lrp) + =L L2 (pY — = (0 4+ 2907,
TP T T T e ! B+ 3 5ag @i T
ey [10V(d°) ( 0v3 0, 10'V(d°) o/ 0\2 S i
-2 M T (€ ), 22 " \1 ), ) _ —1)tt?

where

~ d d
g 9V (q°) S
Tk:pgfg 90 a(E):?)ZJ?Jr Z 0?0,3.
j=1 J,k=1
itk

In case of quadratic potential, i.e., if V(¢,p) =q"q/2, then ~; reduces to

1 1. T T 1_
(A.2) n=3 (1 - 402> [po P’ +q° qo} = (1 + 402> H(q",p°).
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Comparing the expression in (A.2) with (4.11), we get the modified terms for the
Euler-Maruyama method (A.1), in case of quadratic Hamiltonians, given by f,(¢,p) =
Mg, fp(q,p) = Ap, where A = % [iEQ + 1]. For general separable Hamiltonians (1.3),
the following choice fulfills (4.7):

[\~

Fo(ap) =2 ( 7Y,V (g >+I> V.V (a),

f ( O 1"'22 82 ( )
n (@) a%an "1 8(11861] dq;0qx
LV o aE)0V(@) (o3 1aV<q°>
2 g Pt or T agr k) 3% g, Prn 20

L 0\2, 0 134‘/(&70) 0\2 0
3 8q28q1 (pk) pl 2 8(],%3%2 (pl) pk )

1 = [10%V(gY)

where k=1,2 and [ =k + (—1)k*1.
Appendix B. Proof of (4.8). Let us write the modified system (4.4) as

dX (t) = F(X(t))dt + G(X(t)) o AW (t),

where X (t) = L%} €R?™, while F and G are given by

VoH + 2 [VyWHV,H —V,,HV H
(B.1) F=| 7 2[~ we Vo H] + At fa cR2™
Vol + 5 [VpHV H = V4V, H] P
and
V,H 3T
(B.2) G=| "7 | er¥xd
~V,H T
all evaluated at X. Then, we have
FTVH=15 [(v HV,H)"V, H — (V,,HV,H)" V,H
2 qp q q pp q q
(B-3) + (Vo HV )TV, H — (Vo HY, H)T V, H]|
+ AL (fTVH + f]V,H)
and
I V,HV,HT —V,HV,HT ag_ Vol VopH |
~V,HV,HT V,HV,HT |’ Vgl Vo H
Moreover,
Tt (GG'V*H) =5 [Tr (V,HV,H"VoH — V,HV ,H"V ,,H)
(B.4)

+Tr (VHV,H 'V, H =V HV IV, H)] .
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Taking into account (B.3) and (B.4), we need to show that

1 T
(B.5) FTVH + ST (GGTV2H) = At [fVH + f]V, H] .
We have

Tr (VyHV,H'VH) =Y (V,HV,H "V H)..

-

Il
N

(VoHV,HT) | VaqHy

@
=

I
NE

IS
Il

N

B

OH OH 0*H
p; Opx 0q;Oqy,

—

I
Ms

}r

i,k=1

and

.
(VygHV ,H)' V,H = Z (VogHV ,H), (V,H),
=1

m m

(B.7) =3 Vg HirVpHpV pH;

i=1k=1
N i 0*H OH OH
0q;0qy, Op; apk'

i,k=1

Then, by (B.6) and (B.7), we have
(B.8) Tt (V,HV,H "V H) = (VyeHV,H)" V,H.

In a similar manner,

NE

Tr (V,HV H 'V, H) =Y (V,HVH 'V, H) .

1

.
Il

Z (VpHV HT),, VopHri

=
L

I
NE

N
—

HOH O0%*H
pi Oqk 0qiOp;

= (VyHV H) V,H.

k=

I
H‘Msl

i 1

Then, (B.5) holds true thanks to (B.8)—(B.9) and applying similar computations to
all terms in (B.5), taking (B.3) and (B.4) into account.
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