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Abstract—We discuss the use of the fiber channel transfer ma-
trix extracted from a digital coherent receiver for environmental
sensing. We show that the polarization rotation vector describing
the unitary part of the matrix is highly sensitive to perturbations
affecting the optical fiber link. This vector can be readily extracted
from the time-dependent transfer matrix reconstructed by the
coherent receiver during system operation and may serve as an
effective observable to monitor environmental changes.

Index Terms—Polarization sensing.

I. INTRODUCTION

THE cable of fiber optic coherent transmission systems is
exposed to environmental perturbations, and the compen-

sation of their effect requires that the receiver reconstructs the
full transfer matrix of the link in real time. It has been recently
shown [1], [2] that the analysis of the temporal evolution of the
state of polarization obtained by applying the fiber transmission
matrix to a fixed input state may reveal the nature of the pertur-
bations that affect the cable, turning the latter into a distributed
sensor. However, by looking only at the evolution of a fixed input
state, as was done in [1], [2], some of the information contained
in the fiber transfer matrix is lost.

In this work we discuss the use of various quantities that can
be extracted from the measured transfer matrix, and compare
their sensitivity to environmental perturbations. In particular, the
matrix common phase is the most sensitive to time-dependent
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perturbations when the line-widths of the transmit and local
oscillator lasers are sub-hertz. With telecommunication grade
lasers, of line-width in the kilohertz or tens of kilohertz range,
we find the rotation vector that characterizes the unitary part of
the transfer matrix to be the most sensitive. This vector can be
readily extracted from the transfer matrix reconstructed in real
time by the digital coherent receiver during system operation
and can be used as an effective observable to monitor environ-
mental perturbations affecting the fiber link. Our observations
are based on real-time data measured on cabled multi-core-fibers
(MCF) with nominally uncoupled cores deployed in the city of
L’Aquila, Italy [3]. The data were collected during a field trial
in which a FPGA-based real-time transceiver has been operated
continuously for approximately two months and the receiver
readout stored for offline processing. Since we treated the DSP
implemented by the transceiver as a black box, the data analysis
imposed various practical challenges whose resolutions are also
discussed in what follows.

The manuscripts covers and extends substantially the material
presented in [4] and is organized as follows. Section II introduces
the formalism and presents the analysis of the rotation vector
(also supplemented with further detailed derivations in the ap-
pendix). Section III describes the procedure that allows to filter
out slowly-varying changes in the rotation vector that are not
induced by the perturbations of interest. Section IV is devoted
to the analysis of the experimental data. Some conclusions are
drawn in Section V.

II. ANALYSIS

We start by considering the polar decomposition of the ma-
trix describing a single-mode fiber-optic link, which gives the
channel matrix as the product of a unitary matrix and a positive
semi-definite matrix, that is T = UA, where U is unitary, and
A can be expressed as

A =

(
g0

1 + γ2

)1/2

(I+ �γ · �σ) . (1)

Here g0 is the polarization-averaged intensity gain, �γ is a three-
dimensional real-valued vector with γ = |�γ|, and �σ = σ1ê1 +
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σ2ê2 + σ3ê3 is the Pauli matrix vector [5], with

σ1 =

(
1 0
0 −1

)
, σ2 =

(
0 1
1 0

)
, σ3 =

(
0 −i
i 0

)
. (2)

The intensity transmission matrix T†T = A†A can be written
as

T†T = g0(I+ �Γ · �σ), (3)

where �Γ = 2�γ/(1 + γ2), is also a three-dimensional real-valued
vector, known as the PDL vector [6]. The direction of�Γ identifies
the least and most attenuated polarization states in the Stokes
space. It is customary to quantify the fiber-link PDL by means
of the power ratio in dB between these states, which can be
seen to be ρ = 10 log[(1− Γ)/(1 + Γ)], with Γ = |�Γ| [6]. The
unitary matrix U can be expressed as [5]

U = exp

(
−i

ϕ0

2
I− i

�ϕ

2
· �σ

)
, (4)

with �ϕ = ϕϕ̂, where ϕ̂ is the three-dimensional unit vector that
defines the polarization rotation axes in Stokes space and ϕ is
the rotation angle of the field polarization from the input to the
output. By ϕ0 we denote the polarization-independent phase
introduced by propagation. It should be noted that not only ϕ0

is defined up to multiples of 2π, but also the expansion (4) is
not unique, because of the identityU = (−1)m+n exp[−i(ϕ0 +
2mπ) I/2− i(ϕ+ 2nπ) ϕ̂ · �σ/2], which holds for any pair of
integers m and n. A change of sign of the Jones matrix does
not affect the polarization state, so that besides the polarization
averaged phase ϕ0, also ϕ is defined up to multiples of 2π. The
values of ϕ0 and �ϕ can be extracted from U through

ϕ0 = i trace [log(U)] = i log [det(U)] , (5)

ϕk = i trace [log(U)σk] , k = 1, 2, 3, (6)

where −2π < ϕk < 2π if one uses the principal value of the
logarithm matrix, that is, the logarithm with imaginary parts
of the eigenvalues between −π and π. This ensures that the
length of �ϕ is always less than 2π. Being �ϕ equivalent to �ϕ (1−
2π/|�ϕ|), one may always restrict the length of the rotation vector
between 0 toπ by flipping its direction when its modulus exceeds
π. Therefore in what follows we assume that this is always the
case, namely 0 ≤ ϕ ≤ π.

The coherent receiver provides an estimate of the inverse
channel transmission matrix by attempting to equalize the
received signal. We assume that the transmitted signal is
polarization-multiplexed (PM), so that information is encoded
in two independent signals transmitted over a pair of orthogonal
polarization, say the x and y linear polarizations. After de-skew,
orthonormalization, matched filtering, and dispersion compen-
sation, the digitized samples are processed by the constant
modulus algorithm (CMA). As is known, the CMA seeks a
matrix C that, when applied to the received field, produces a
constant-modulus output with a PM phase-modulated signal at
the input [7] (QPSK in this work), or an output with a finite
number of values of its modulus with a PM QAM-modulated

signal at the input. This matrix is such that

CT =

(
eiφ1 0
0 eiφ2

)
, (7)

where the phases φ1 and φ2 add to the actual phases of the input
constellationsφ(0)

1 andφ(0)
2 on thex and y polarization channels.

With no loss of generality, in what follows we assume that the
two constellations are synchronized so that the φ(0)

1 = φ
(0)
2 = 0.

Ideal channel reconstruction requires that also φ1 = φ2 = 0, so
that C−1 = T. Rotations of the reconstructed constellations by
φ1 and φ2, however, are unavoidable, as they are arise from a
frequency mismatch between the transmit laser and the local os-
cillator, and do not affect the constant-modulus algorithm. They
are extracted at a later stage, in the process of frequency estima-
tion and phase estimation of the two polarization-multiplexed
signals. The estimated transmission matrix T′ is the inverse of
the equalization matrix, T′ = C−1, and, using (7), it can be
expressed as

T′ = T exp

(
−i

φ1 + φ2

2
I− i

φ1 − φ2

2
σ1

)
. (8)

In the absence of phase slips, we may assume that the error in
the phase estimation is small and therefore that |φ1 − φ2| is also
small.

Defining the polar decomposition of the two transmission
matrices as T = UA and T′ = U′A′, it is possible to show that
the unitary part U′ of the polar decomposition of T′ is related
to the unitary part U of T via

U′ = U exp

(
−i

φ1 + φ2

2
I− i

φ1 − φ2

2
σ1

)
. (9)

This follows from noting that, denoting withV the second matrix
on the right-hand side of (8), we have T′ = TV = (UA)V =
(UV)(V†AV), so that U′ = UV and A′ = V†AV. In Stokes
space the unitary matrices can be mapped into the link Mueller
matrix R and its estimate matrices R′, respectively, with

R = exp (�ϕ×) , (10)

R′ = R exp [(φ1 − φ2)ê1×] , (11)

where by �ϕ× we denote a matrix that, when applied to a vector
�s, yields the vector product �ϕ× �s.

Equations (10) and (11) have an interesting geometrical in-
terpretation in Stokes space, where the effect of a nonzero phase
difference φ1 − φ2 is to add an undetermined rotation of the
input polarization state around the axis ê1. This rotation leaves
the first component of the input signal Stokes vector unchanged,
and therefore it does not affect the power in the x and y signal
polarizations (the first component of the signal Stokes vector is
defined as the power difference between thex and y signal polar-
izations, normalized to the total signal power). This fact has the
obvious consequence that the CMA algorithm leaves φ1 − φ2

undetermined, and that only the x-polarized input state (ŝ = ê1)
and the y-polarized input state (ŝ = −ê1) are not affected by the
phase difference φ1 − φ2, being R′ŝ = R ŝ.
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Expressing the matrix U′ as

U′ = exp

(
−i

ϕ′
0

2
I− i

�ϕ′

2
· �σ

)
, (12)

one can readily obtain the following simple relation between the
actual and estimated phases

ϕ′
0 = ϕ0 + φ1 + φ2, (13)

whereas a more cumbersome relation between the actual and
estimated rotation vectors can be derived, as detailed in the
Appendix. For small values of φ1 − φ2, as appropriate in the
absence of phase slips, to first order in φ1 − φ2 the result is

�ϕ′ = �ϕ+ �κ(�ϕ)(φ1 − φ2), 0 � ϕ � π, (14)

where we defined the coupling term

�κ(�ϕ) = �κ1(ϕ̂) +
(ϕ
2

)
�κ2(ϕ̂) +

(ϕ
2

)
cot

(ϕ
2

)
�κ3(ϕ̂), (15)

with the mutually orthogonal set of vectors

�κ1(ϕ̂) = (ϕ̂ · ê1) ϕ̂, (16)

�κ2(ϕ̂) = ϕ̂× ê1, (17)

�κ3(ϕ̂) = ϕ̂× (ê1 × ϕ̂) = ê1 − (ϕ̂ · ê1) ϕ̂. (18)

Equation (14) shows that the estimated rotation vector depends
on the knowledge of the phase difference between the two
constellations φ1 − φ2. Since we assumed that the two constel-
lations are synchronized, ideally this difference would vanish,
however this is not the case in practice, as the knowledge of φ1

and φ2 is affected by estimation errors due to the phase recovery
algorithm. The length of the coupling vector κ(�ϕ) quantifies the
strength of the dependence of the estimated rotation vector on
the phase difference φ1 − φ2, is given by

|�κ(�ϕ)|2 = (ϕ̂ · ê1)2 +
[
1− (ϕ̂ · ê1)2

] (ϕ
2

)2

csc2
(ϕ
2

)
, (19)

and can be shown to range between 1 and π/2. The minimum
length of 1 is attained either for ϕ = 0 and for any orientation of
ϕ̂, or for ϕ̂ = ±ê1 and for any value of ϕ. For a fixed orientation
of ϕ̂, the maximum length of the coupling vector is attained for
ϕ = π, with an absolute maximum of π/2 for ϕ̂ orthogonal to
ê1.

It is interesting to note that a non-zero coupling term converts
a phase-mismatch between two constallations in the x and y
polarizations into a polarization rotation, thereby enabling the
receiver to phase-lock the two polarizations by the inversion
of the channel’s Jones matrix. In contrast, this effect may be
detrimental for the purpose of monitoring the temporal changes
of the rotation vector �ϕ, as is discussed in what follows.

We denote the fluctuations of the rotation vector by Δ�ϕ. If
these are small, to first order in φ1 − φ2 and Δ�ϕ the fluctuations
of the estimated rotation vector can be expressed as

Δ�ϕ′ = Δ�ϕ+ �κ(�ϕ)(φ1 − φ2). (20)

This equation shows that only the component of Δ�ϕ′ parallel to
�κ(�ϕ) is affected by φ1 − φ2, whereas the component orthogonal
to �κ(�ϕ) is not. If the time scale of the fluctuations of φ1 − φ2

is faster than the time scale of the fluctuations of Δ�ϕ, and the

compensation is wide-band, the phase recovery acts to lock this
component to a constant value, thus canceling the fluctuations of
the component of Δ�ϕ parallel to�κ(�ϕ) as well. If the fluctuations
of φ1 − φ2 are slower than the fluctuations of Δ�ϕ, and the
compensation is narrow-band, then φ1 − φ2 can be considered
as constant and Δ�ϕ′ reproduces the fluctuations of Δ�ϕ. Since
the bandwidth of interest of the fluctuations of Δ�ϕ is in the hertz
range, this is the case if φ1 − φ2 fluctuates over a similar time
scale or more slowly. This requirements is of course fulfilled if
the linewidths of the transmit laser and local oscillator are in the
hertz or millihertz range.

It should be noted that the second term in (20) disappears
altogether if phase recovery is performed jointly in the the two
polarization channels. In this case the same phase fluctuations
introduced by the transmit laser and the local oscillator affect the
two polarization channels. Joint phase recovery, however, may
require more advanced receiver schemes, of the kind used for
high-dimensional modulation [8], with the result of decoupling
the estimate of the channel’s Jones matrix (and not only part of
it) from the lasers’ phase and frequency noise.

The considerations discussed above become more transparent
in the relevant case of smallϕ andφ1 − φ2, where (20) becomes1

Δ�ϕ′ � Δ�ϕ+ (φ1 − φ2) ê1, ϕ � π. (21)

In this case, only the first component of �ϕ′ couples with φ1 −
φ2, whereas the orthogonal components parallel to the second
and third coordinate axes are uncoupled. The limit of small ϕ
describes the case where the average polarization rotation is
removed by numerical post compensation, as is discussed in
what follows.

III. COMPENSATED MUELLER MATRIX AND OUTPUT

STOKES VECTORS

In this section we relate the fluctuations of the rotation vector
with those of the field Stokes vector. To this end we start by
removing the average polarization rotation. This can be done by
numerically post-compensating for the average rotation vector
〈�ϕ′〉. Post-compensation is described by left multiplication of
the Mueller matrix by exp(−〈�ϕ′〉×),

R′ = exp (−〈�ϕ′〉×) exp (�ϕ×) exp [(φ1 − φ2)ê1×] (22)

The effect of this operation is to rotate the output Stokes vectors
so that their center of mass on the Poincaré sphere coincides with
the input Stokes vector. Note that, to avoid overburdening of the
notation, we use the same symbols for the compensated Mueller
matrix R′ and rotation vector �ϕ′, and for the uncompensated
quantities.

If the deviation of the output Stokes vectors from their average
position is small, we may assume that the compensated rotation
vector is also small, and expanding the exponential matrix to

1The same expression holds also for ϕ̂ = ±ê1, with no restrictions on the
magnitude of φ.
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first order therefore yields

R′ � I+ �ϕ′× =

⎛
⎜⎝

1 −ϕ′
3 ϕ′

2

ϕ′
3 1 −ϕ′

1

−ϕ′
2 ϕ′

1 1

⎞
⎟⎠ , (23)

which shows that the three components of the rotation vector
equal the off-diagonal terms Ri,j of the compensated Mueller
matrix R′.

The fact that the components of the rotation vector of the
compensated Mueller matrix are approximately equal to the
non-diagonal matrix elements of R′ gives a special meaning
to this particular form of the rotation matrix. Indeed the matrix
element Ri,j represents the j-th component the output Stokes
vector when the input is the i-th basis vector of Stokes space. In
particular, for an x-polarized input state ŝ = ê1, (23) yields

R′ê1 � ê1 + �ϕ′ × ê1 = ê1 + ϕ′
3ê2 − ϕ′

2ê3. (24)

On the other hand, (22) shows that for an x-polarized input, the
output Stokes vector R′ê1 = exp(〈�ϕ′〉×) exp(�ϕ×)ê1 is inde-
pendent of the phases φ1 and φ2, and hence (24) shows that the
two components ϕ′

2 and ϕ′
3 of the rotation vector orthogonal

to ê1 are not affected by the relative orientations of the two
constellations. This confirms the conclusion drawn from (21).

Note that the quantities ϕ′
2 and ϕ′

3 describe the cloud formed
by the output Stokes vectors’ tips around their distribution’s
center of mass with an x-polarized input. The instantaneous
deviations of the output Stokes vectors from the center of mass
corresponding to anx-polarized input were exactly the quantities
measured in [1] and [2]. Therefore, the quantities measured
in those papers were the components of the compensated ro-
tation vectors independent of the relative orientations of the
two constellations. This explains the high sensitivity of the
measurements presented in [1], which were indeed obtained
with a system in which transmit and local oscillator lasers had
typical telecom-grade line-widths, in the tens of kilohertz range.
The only component of the rotation vector left undetermined by
a measurement of the output corresponding to an x-polarized
input is that parallel to ê1, namely ϕ′

1, which is the only one
sensitive on the relative orientations of the two constellations.

We conclude this section by noting that the characterization
of environmental perturbations through the analysis of time
changes of the channel transfer matrix is most effective when
these depend linearly on the perturbations by which they are
generated. This is because in this case the spectrum of the time-
dependent fiber transfer matrix replicates the spectral features of
the perturbations affecting the fiber, which allows to identify the
nature of the perturbations by means of their spectral signature.
In the presence of strong perturbations on which time changes
of the fiber channel matrix depend nonlinearly, our analysis may
still be useful, provided that the strong perturbations are charac-
terized by a different timescale than the small perturbations and
therefore they can be filtered out, e.g. by using moving-average
techniques [1], [2]. This may be the case of aerial fiber cables,
which are sometimes exposed to severe atmospheric conditions.
In all cases, even in the presence of strong perturbations, polar-
ization changes are expected to be always much slower than the

Fig. 1. Plot of the polarization-averaged phase ϕ′
0/(2π) and of the three

components of �ϕ′/(2π) vs. time.

update clock rate of the digital signal processing of the receiver
(typically in the range of 100 MHz to 1 GHz).

IV. EXPERIMENTAL RESULTS

The experimental values of T′ were measured in a recent
real-time field trial [9] by concatenating the cores of a 6.3-
km-long uncoupled-core 4-core fiber deployed in the city of
L’Aquila, Italy [3], so as to form a link of 25.2 km. The DSP
of the receiver was based on a mean-square error estimation
scheme, and was operating at a frequency f0 = 125 MHz, with
a baud rate R = 1 GBd (see [9] for a detailed description of the
experimental setup). The transmit and LO oscillator lasers were
external cavity lasers with a line-width of 30 kHz. The parame-
ters of T′ were extracted with a downsampling factor (including
low-pass filtering) of216 and hence the effective sampling period
was 216/f0 � 524μs. After extracting the unitary part U′ by
singular value decomposition, we have used (5) and (6) to obtain
the polarization-averaged phase ϕ′

0 and the components of the
rotation vector �ϕ′.

Fig. 1 shows the three components of �ϕ′ and the phase ϕ′
0

versus time during a two-hour data acquisition. Like in all the
subsequent figures, the sampling rate has been reduced by a
factor 1000 from the original value by filtering and decimation.
First of all, by inspection of the three components of �ϕ it can
be seen that in the selected time window the modulus of the
rotation vector is small, in the range of validity of (21). The figure
also shows a similarity between ϕ′

1 and ϕ′
0, which indicates

that they are contributed mainly by φ1 and φ2, consistently
with (13) and (21), thereby preventing the extraction of ϕ0 and
ϕ1. This implies that only two (out of four) parameters that
are necessary to extract U are immune to the fluctuations of
φ1 and φ2. The second and third components of �ϕ′ in Fig. 1
show temporal fluctuations with a period of approximately 20
minute reflecting the time dynamics of the air conditioning
system in the laboratory. The most interesting features of these
curves are however small perturbations that most likely are
caused by events related to construction works taking place
in the downtown area of l’Aquila, along the fiber route. These
perturbations are absent in the first component of �ϕ′ and in the
polarization-averaged phase ϕ′

0, which are indeed much more
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Fig. 2. Spectrograms of the polarization-averaged phase ϕ′
0 and of the three

components of �ϕ′.

stable. These features are confirmed by the spectrograms shown
in Figs. 2. The vertical stripes in the spectrograms of ϕ′

2 and ϕ′
3

correspond to the perturbations that appear in the corresponding
temporal traces, and are absent in the spectrograms of ϕ′

0 and
ϕ′
1.
The fact that both ϕ′

0 and ϕ′
1 are not sensitive to the per-

turbations occurring along the fiber route can be explained by
noting that these perturbations produce time-dependent changes
in ϕ′

0 and �ϕ′ of (13) and (21). However, the frequency and phase
estimation algorithms have no way to discriminate between the
frequency and phase fluctuations caused byϕ0 and �ϕ from those
arising from the frequency mismatch and the phase diffusion of
the two lasers. Therefore, the fluctuations due to environmental
disturbances are compensated too, and this explains why the time
traces ofϕ′

0 andϕ′
1 do not record these fluctuations, but rather the

result of the frequency and phase recovery algorithm trying to
keep the phase of the two channels locked. The components ϕ′

2

and ϕ′
3 are not affected by the frequency and phase recovery

algorithm and therefore they are sensitive to environmental
perturbations.

Fig. 1 shows also horizontal lines at frequencies that are
multiples of f = 117.5 mHz. These are determined by the
periodicity of the pseudo-random bit sequences (PRBSs) used
in the measurement and the DSP readout frequency. In this
experiment, a PRBS with (223 − 1) bits was used for the load
and an independent PRBS with (27 − 1) bits was used for the
header. With the baud rate R = 1 GBd used in the field trial, the
modulated signal was periodic with period TR = Np/R with
Np = (223 − 1)(27 − 1) (independent of the number of bits per
symbol of the transmitted QAM constellations, as a result of the

Fig. 3. Left panel, spectrogram of the polarization averaged gain. Right panel,
spectrogram of the PDL in dB.

Fig. 4. The top panels show the temporal traces ofϕ2 and−R′
3,1 (left), and of

ϕ3 andR′
2,1 (right). The elements ofR′ are plotted in red, while the components

of �ϕ′ are plotted in blue. The lower panels show a plot of the same quantities,
after compensation of the average rotation (as discussed in Section III).

fact that Np is an odd number hence not a multiple of any power
of 2). The DSP readout frequency f0 = 125 MHz was 8 times
smaller than R, and therefore, being Np not a multiple of 8,
the sampled received signal was periodic with a period 8 times
larger, Ts = Np/f0. This is consistent with the appearance of
resonances at f ′ = f0/Np = 117.3 mHz. Being the observation
window T � 7148 s, f ′ � f within the temporal resolution of
the measurement, 1/T � 0.14 mHz.

Vertical stripes and horizontal lines appear also in the spec-
trograms of the polarization-averaged gain and of the PDL
in dB shown in Fig. 3. This is because in a fiber with ran-
dom birefringence the polarization-averaged gain and PDL are
coupled to polarization if the PDL is distributed along the
line [10], and hence gain and PDL are expected to show similar
spectral features as polarization. In Fig. 4 we test the accuracy
of the approximated relation between R′ and �ϕ′ in (23). The top
panels show traces of R′

2,1 and ϕ′
3 (left), and of R′

1,3 and ϕ′
2

(right), in the same time interval as in Fig. 1. The elements of R′

are plotted in red, while the components of �ϕ′ are plotted in blue.
The good agreement between the two quantities is an indication
of the accuracy of (23). The lower panels show the same traces,
after compensation of the average rotation (as discussed in Sec-
tion III). In this case the difference between the matrix elements
and the components of the rotation vector practically disappears.
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Fig. 5. Plot of the three components of the vector �ϕ′/(2π) and of its modulus
ϕ′/(2π)versus time. The sampling rate has been reduced by a factor 1000 from
the original value by filtering and decimation. The modulus of the rotation vector
here is of the order of π, in contrast to the case of Fig. 1, where is was much
smaller.

We note that the rotation vector analyzed in this section was
small per se, as no post-compensation was implemented. This is
not the case in other data sets, as is illustrated in the remainder
of this section.

Fig. 5 shows a plot of the three components of �ϕ′/(2π) and
of its modulus ϕ/(2π) versus time in a two-hour time interval
where the modulus of the rotation vector is never small. In
this case, (20) dictates that the noise of φ1 − φ2 couples to
all the components of the rotation vector �ϕ. This is confirmed
by the spectrograms of the three components of the rotation
vector, which are plotted together with the spectrogram of the
polarization-averaged phase in Fig. 6. The first manifestation
of the mixing is that all three components are sensitive to two
events, characterized by a wide-band excitation, that occurred
during the two-hour time interval and are absent in the spectro-
gram of the phase. In this particular data set, ϕ′ � ϕ � π and
hence (20) becomes

Δ�ϕ′ � Δ�ϕ+ [(ϕ̂ · ê1) ϕ̂+ (�ϕ/2)× ê1] (φ1 − φ2), ϕ � π.
(25)

This equation shows that all components are directly affected
by the laser phase noise, and that their coupling to phase noise
is mediated by ϕ̂, which is also a fluctuating quantity. Since the
bandwidth of the product of two fluctuating quantities equals
the sum of the bandwidths of each term, and the fluctuations
are larger for the second and third components, this explains the
broadband noise observed in the spectrograms ofϕ′

2 andϕ′
3. The

coupling disappears when the mean rotation vector is removed
by post-compensation. This can be seen in the spectrograms
shown in Fig. 7. Interestingly, the broad-band noise in the
two components ϕ′

2 and ϕ′
3 that that is present in Fig. 6 also

disappears, which is the consequence of the decoupling of these
two components from the phase and frequency noise of the
transmit and local oscillator implied by (21). This result shows
that, after post-compensation, the component of the measured
rotation vector �ϕ′ parallel to ê1 is always insensitive to envi-
ronmental perturbations affecting the same component of actual
rotation vector �ϕ. Finally, Fig. 8 shows a scatter plot of the

Fig. 6. Spectrograms of the polarization-averaged phase ϕ′
0 and of the three

components of �ϕ′.

Fig. 7. Same as in Fig. 6, after post-compensation by removal of the average
rotation.
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Fig. 8. Scatter plot of the post-compensated output Stokes vector on the
Poincaré sphere for an x-polarized input.

post-compensated output Stokes vector on the Poincaré sphere
for the data used in Fig. 5. The elongated shape of the data
points is a consequence of the 20-minute temporal period of the
air conditioning system in the laboratory. Otherwise the scatter
plot indicates that the field polarization is stable in the two-hour
time interval.

V. CONCLUSION

We have discussed the sensitivity to environmental perturba-
tions of various quantities that can be extracted from measured
transfer matrix. Although the matrix common phase is the most
sensitive to time-dependent perturbations when transmit and
local-oscillator lasers with sub-hertz line-width are used, we find
that the rotation vector that characterizes the unitary part of the
transfer matrix is the most sensitive when telecommunication-
grade lasers are used, with a line-width in the kilohertz or tens
of kilohertz range. Our conclusions our drawn on the basis of
real-time data measured on cabled multi-core-fibers (MCF) with
nominally uncoupled cores deployed in the city of L’Aquila,
Italy, during a field trial in which a FPGA-based real-time
transceiver has been operated continuously for approximately
two months [3].

APPENDIX

EXPRESSION OF THE ESTIMATED ROTATION VECTOR �ϕ′

Combining (4), (9) and (12) of the main text we obtain

exp

(
−i

ϕ′
0

2
I− i

�ϕ′

2
· �σ

)

= exp

(
−i

ϕ0

2
I− i

�ϕ

2
· �σ

)

exp

(
−i

φ1 + φ2

2
I− i

φ1 − φ2

2
σ1

)
, (26)

which is satisfied if (13) holds and

exp

(
−i

�ϕ′

2
· �σ

)
= exp

(
−i

�ϕ

2
· �σ

)
exp

(
−i

φ

2
ê1 · �σ

)
,

(27)
where we used φ = φ1 − φ2 to simplify the notation. Our aim
is to find an expression for �ϕ′. Using the expansion

exp (−i�ϕ/2 · �σ) = cos(ϕ/2)I− i sin(ϕ/2)(ϕ̂ · �σ), (28)

and the similar one for the second and third exponentials, the
identity [5] (�a · �σ)(�b · �σ) = (�a ·�b) I+ i(�a×�b) · �σ and expand-
ing, we obtain

cos(ϕ′/2)I− i sin(ϕ′/2)(ϕ̂′ · �σ)
=
[
cos(ϕ/2) cos(φ/2)

− sin(ϕ/2) sin(φ/2)(ϕ̂ · ê1)
]
I

− i
[
sin(ϕ/2) cos(φ/2)ϕ̂

+ cos(ϕ/2) sin(φ/2)ê1

+ sin(ϕ/2) sin(φ/2)(ϕ̂× ê1)
] · �σ. (29)

The identity of the projections over �σ gives

ϕ̂′ sin(ϕ′/2) = sin(ϕ/2) cos(φ/2)ϕ̂

+ cos(ϕ/2) sin(φ/2)ê1

+ 2 sin(ϕ/2) sin(φ/2)(ϕ̂× ê1) (30)

Taking the modulus of both sides of (30) we obtain

sin2(ϕ′/2) = sin2(ϕ/2) cos2(φ/2)

+ cos2(ϕ/2) sin2(φ/2)

+ sin2(ϕ/2) sin2(φ/2)[1− (ϕ̂ · ê1)2]
+ 2 sin(ϕ/2) cos(φ/2)

cos(ϕ/2) sin(φ/2)ϕ̂ · ê1. (31)

Equation (31) can be readily solved for ϕ′ and its result, entered
into (30), gives an explicit expression of ϕ̂′, thus completing the
determination of �ϕ′ = ϕ′ϕ̂′. A more transparent expression can
however be obtained assumingφ small, and using the expansions

ϕ′ = ϕ′(0) + ϕ′(1)φ+ . . . , (32)

ϕ̂′ = ϕ̂′(0) + ϕ̂′(1)φ+ . . . , (33)

Inserting (32) into (31) and retaining only the terms to first order
in φ we obtain

sin2(ϕ′(0)/2) + sin(ϕ′(0)/2) cos(ϕ′(0)/2)ϕ′(1)φ

= sin2(ϕ/2) + sin(ϕ/2) cos(ϕ/2)(ϕ̂ · ê1)φ, (34)

which gives, for 0 � ϕ � π,

ϕ′(0) = ϕ, (35)

ϕ′(1) = ϕ̂ · ê1, (36)

so that

ϕ′ = ϕ+ (ϕ̂ · ê1)φ. (37)
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Inserting then (32) into (31) and again retaining only the terms
of first order in φ we obtain

(ϕ̂′(0) + ϕ̂′(1)φ) sin(ϕ′(0)/2) + ϕ̂′(0) cos(ϕ′(0)/2)ϕ′(1)φ/2

=sin(ϕ/2)ϕ̂+[(1/2) cos(ϕ/2) ê1+(1/2) sin(ϕ/2) (ϕ̂×ê1)]φ.
(38)

so that

ϕ̂′(0) = ϕ̂, (39)

and using (35) and (36) we obtain

sin(ϕ/2)ϕ̂′(1) = − ϕ̂ cos(ϕ/2)ϕ̂ · ê1/2
+ (1/2) cos(ϕ/2)ê1

+ (1/2) sin(ϕ/2)(ϕ̂× ê1). (40)

that is

ϕ̂′(1) = − ϕ̂ cot(ϕ/2)ϕ̂ · ê1/2 + (1/2) cos(ϕ/2)ê1

+ (1/2)(ϕ̂× ê1), (41)

and consequently

ϕ̂′ = ϕ̂+
[
(1/2)(ê1 − ϕ̂ · ê1 ϕ̂) cot(ϕ/2)ê1

+ (1/2)(ϕ̂× ê1)
]
φ. (42)

Using now that �ϕ′ = ϕ′ϕ̂′, retaining in the product only the first
order terms in φ so that

�ϕ � ϕ(0)ϕ̂′(0) +
(
ϕ(0)ϕ̂′(1) + ϕ(1)ϕ̂′(0)

)
φ, (43)

and using (35), (36), (39) and (41), we obtain

�ϕ′ = �ϕ+
{
(ϕ̂ · ê1) ϕ̂+ [ê1 − (ϕ̂ · ê1) ϕ̂] (ϕ/2) cot(ϕ/2)

+ (1/2)(�ϕ× ê1)
}
φ. (44)

Inserting back the definition φ = φ1 − φ2, this equation be-
comes (14)–(18) of the main text.
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