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1. Introduction

In this paper, we consider the incompressible a-Euler equations on the two-dimensional torus,
which, given a > 0, read as

OV +u - Vv + 3 v Vu = =Vp,  on  (0,T) x T?

v = u® — aAu®, on (0,7)x T? 0
divu® = divv® =0, on (0,7)x T?

u®(0,) = ug, on T?

and our primary objective is the rigorous study of the limit as a— 0 of solutions of (1).
Formally, if we substitute « = 0 in (1), we obtain that v* = u®, and then, employing the identity

oo o VU
Z%'WJZT

J

and defining 7 :=p+ |[u®|*/2, we obtain the two-dimensional incompressible Euler
equations:

Ou+w-Vyu=-Vr, on (0,7)xT?
divu =0, on (0,7)x T? 2)
u(0,-) = up, on T2

The a-Euler equations are part of a larger class of approximation schemes called large
Eddies simulations (LES), which have been first introduced in [25] by Smagorinsky and later
generalised by Leonard [18]. LES approximations are relevant for numerical simulations of
fluids in turbulent regime. Indeed, due to the high number of scales needed in turbulent dynam-
ics, direct numerical simulation (DNS) of fluid equations are computationally very demanding.
The idea of LES models is based on the fact that the whole range of flow scales may not be
necessary in order to have an accurate approximation. Therefore, a filter cutting the small
scales is applied to the velocity. Since the operation of filtering does not commute with the
nonlinear convective term, one needs to estimate the commutator between the filter and the
convective term and this procedure gives rise to an approximation. We refer to [1, 16] for
more details on the derivation and the motivations of LES models. In particular, we refer to
[14, 22] for the derivation of the a-Euler equations.

Concerning the system (1), the filter is given by the so-called Helmholtz filter, which is
exactly the second equation in (1), namely

u® = (I—aA) v, (3)

The action of the filter (3) can be written in Fourier variables as

— ve (k) )
(k)= —~ 2 72 4
u® (k) 1 e Vk € 4)

The denominator of the right hand side of (4) diverges as the frequency grows, cutting the high
frequencies as a consequence.
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The analysis of the limit as o — 0 for solutions of the a-Euler equations has been widely
studied in literature. In particular, we mention the important result in [20], where the authors
analyse the convergence in L? for the velocity fields in two dimensions for smooth solutions
of the (1) equations on a bounded domain with Dirichlet boundary conditions towards smooth
solutions of the Euler equations. The importance relies on the fact that in the limit of « — 0 no
boundary layers are created for the velocity. The result in [20] has been extended in [2] where
the convergence of the velocity for the problem posed on bounded domains with Dirichlet
boundary conditions has been proved for less regular solutions. We also recall the paper [3],
where the convergence as o — 0 is studied for initial vorticity in the space of positive Radon
measures. Finally, we refer to [17, 24] where the relationship between the a-Euler equations
and the vortex blob method (another commonly used numerical approximation of the Euler
equations) has been investigated.

An important feature of the system (1) is that the vorticity structure of the 2D Euler
equations is preserved in the approximation. Indeed, thanks to the presence of the term
Zj vj‘-" Vujq in the momentum equations of (1), if we consider g® = curlv®, we obtain the fol-
lowing vorticity formulation of (1)

0q* +u*-Vqg*=0, on (0,7)xT?

q(0,) = g3, on T? 5)
divu® = divv® =0, on (0,7)x T?
curlv® = g%, on (0,7)x T=.

The vorticity formulation (5) is particularly important for the purpose of this paper, since
we are primarily interested in the analysis of the convergence of the vorticity g* towards the
vorticity of the 2D Euler equations in strong norms. This is reminiscent of the analogous results
for the vanishing viscosity limit. In two-dimensional turbulence, the transport-structure for
the vorticity and the appearance of an inverse cascade (from small to large scales) entail that
vanishing viscosity solutions enjoy better properties compared to general weak solutions. In
this paper, we show that the same principle holds for solutions that are the limit of the a-Euler
equations.

In our first result, we show the strong convergence in L” of the vorticity to a solution of
the Euler equations which conserves the energy and is Lagrangian, namely the vorticity is
transported by the flow of the associated velocity, see definition 2.3. We refer to section 2 for
the relevant notations and definitions. In particular, k is the Biot—Savart kernel on the torus

(cf (18)).

Theorem 1.1. Let T > 0 arbitrary and finite, p € (1,00) and wy € LP(T?) with [, wo = 0. Let
{48} be a sequence of functions uniformly bounded with respect to cin L (T?) with [, g§ =0
such that

q5 —wo  strongly in IP (Tz) .

Let (u®,q®) be the solution of the a-Euler equations with initial datum q§. Then, up to sub-
sequences, there holds,

u® —u  strongly in C ([0,7] L2 (']I‘z))
and
q* —w strongly inC ([0,T];1” ('H‘z)) ,

3
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and (u,w) is a Lagrangian solution of the Euler equations. Moreover, for any 6 > 0, there
exists K(0,wy) such that for o small enough it holds

o K 5, wo o

sup lg” (1)~ () iy <6+ — AL gl ©
<l j1og (1w~ 11|

Finally, the solution u conserves the kinetic energy, namely
le () |2 = lluollz, VE€ (0,T), where ug=kxuwp. @)

The novelty of our approach consists in the application of techniques related to the
Lagrangian perspective, introduced in the non-smooth settings in [11] and employed for a
vanishing viscosity scheme in [8]. We first prove the convergence of the velocity adapting the
proof of [2] to this setting. Then, by using Lagrangian techniques, we show strong conver-
gence of the vorticity providing a certain quantification of the convergence. Nonetheless, the
rate of convergence is not fully quantitative since it depends (logarithmically) on the rate of
convergence of the velocities.

Weak solutions of the Euler equations with vorticity in L” with p > 3/2 conserve the kinetic
energy, but this is not known for p < 3/2 (see [6]). In theorem 1.1, we also prove that limit
solutions are energy conserving, for every p € (1,00], as previously done for the vanishing
viscosity in [6] and for the vortex blob in [7].

The second main result of this paper concerns the study of the rate of convergence in the
case of solutions belonging to the Yudovich class. In particular, the next theorem shows that
if we consider bounded initial vorticity, we can obtain a rate of convergence independent on
[Ju® — MHL,‘LXI'

Theorem 1.2. Let wy € L>°(T?) with fw wo = 0. Let g§ uniformly bounded with respect to
o in L*°(T?) with [, q§ = 0 such that g§ — wo in LP(T?), for every p < co. Let u§ := (I —
al) " kx g8 and ug := k* wy, then

a—0

6 = lug — uollz + of|Auf ||z —— 0 andlet a@>0 best ~<=, Va<a.

| —

@®)

Let (u®,q®) be the solution to the a-Euler equations with initial datum qf and let (u,w) be
its limit, which is the unique Yudovich solution to the Euler equations. Then, there exist two
constants C; and C; (depending on M := ||wy|| L ) such that, if o € (0,a] and T > 0 satisfy

_exp {2(2—=2exp(C1)} =
S (C] T)Z

; €)

then for every t < T, it holds,

lu (6) = u® (1) |2 < exp{2 — 2exp (~Can)} (C1vaT+46) ™ 4 Cva:= K (a,0).

Moreover, there exists a value ay = a(T,M,wy) and a continuous function ¥, p p RT —
R vanishing at zero, such that for every o < v there holds

exp (—CT)
v < O max (i (K (e,0) K (0,0) 5 } (10)

sup [lg* (1) —w (1)
t€[0,7]

where C depends on M = ||wy|| o
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One can check that thanks to (8), it is always possible to find a small enough such that (9)
holds for a fixed time 7 and vice versa a positive time T such that (9) holds for « € (0,@].
Finally, assuming additional regularity on the initial datum, it is possible provide an explicit
expression for the function 1, p u-

Corollary 1.3. Under the same assumptions of theorem 1.2, let s € (0, 1), if wg belongs to the
Besov space B}, (T?), then the function 1., » u(-) is controlled, yielding

exp (—CT)
sup [lg* (1) —w (1) < CM' P max {K (@)’ K (@)™ 5} aD
t€(0,T)

where C depends on M.

Theorem 1.2 is the analogous of the results obtained in [8, 9, 23] for the vanishing viscosity
limit and corollary 1.3 corresponds to [9], corollary 2, for the vanishing viscosity limit. In par-
ticular, the interest in considering initial vorticity in B, ., relies on the fact that some classes
of vortex patch are in those spaces. Indeed, in [10] it has been proved that if xq, is the char-
acteristic function of @ C R? whose boundary 9¢ has box-counting dimension dimz({2) < 2,
then

2—dimp (£2) )
X0 €Bp”  (T9), Vpe|[l,o0).
Finally, we mention that in the case of the a-Euler equations, when considering a vortex
. . 3
patch of boundary C!+7, in [19] the authors obtained a rate of convergence of order o accord-

ing to our notation. The proof of [19] is built upon the observations that the C!+” regularity of
the boundary of a vortex patch is preserved in time and the vortex patches under this assump-

tion belong to the space L (0, T; Bz%’oo(’ﬂ‘z)).

1.1. Organisation of the paper

In section 2, we introduce the notations used throughout the paper and we recall some standard
results on the Euler equations and the known results on the well-posedness of the a-Euler
equations. Section 3 is devoted to the proof of theorem 1.1. In particular, the proof is split
between proposition 3.2 where we prove strong convergence of the velocity and proposition
3.7 where we prove strong convergence of the vorticity. Finally, in section 4 we prove theorem
1.2 and corollary 1.3 where we estimate the rate of convergence under the additional hypothesis
of bounded initial datum.

2. Notations and preliminary results

2.1. Notations

Throughout this work, we always consider as a domain the two-dimensional flat torus T? =
R?/Z? and we denote the Lebesgue measure on it by £2. The distance on the torus is defined
as

d(x,y) =min{|x—y—k| : k € Z*|[k| < 2}

and it is immediate to check that d(x,y) < |x —y|.
We use the standard definitions of functional spaces I = [P (T?), H® = H*(T?) and W =
WP (T?), in which we avoid writing explicitly the dependence on T? for the norms. To simplify

5
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the notation, we use L'X, for the Bochner spaces L”(0, T; X(T?)). The space C>°([0,T) x T?)
denotes the space of smooth functions with compact support in time and periodic in space.

Finally, we introduce an ad-hoc norm for the solution of the a-Euler equations, namely the
a-norm defined by

111 =1 12+l V () 12 (12)

In this exposition, we use multiple times a generic constant C. This constant does not depend
on « unless the dependence is specified and even if the constant C appears more than one time
in the same computation, its value may change from one line to the next.

2.2. The a-Euler equations
For the sake of completeness, we derive the vorticity formulation of (1). Let us define
g :=curlv® and w® :=curlu®.

We recall that in dimension two the curl is a scalar and we employ the standard identities
UVt = V|u®|?/2 and curl(u® - Vu®) = u® - Vw®. Taking the curl of (1), we get

0g® +u” - Vw® — acurl (u® - V (Au®)) — acurl Z AuVu | =0. (13)
J

We compute the two curls and obtain

curl (u® - V (Au®)) = 0ou 0y (AuS) + uS 0,0y (AuS) + 0ous 0y (AuS) + us'05 (Auf')

— 010y (AuS) — uS o7 (Aus) — 01us D (Aus') — usd,0 (Aus)
14

and
curl ZAuj?‘Vuf‘ = 0y (Auf’) Ouf + Auf 0,01uf + Au§ 0,01u5 + Aus 0,01us

j
— 01 (Auf) Oouf — Auf010:uf — 01 (Au) us — AuS 010,uf .

5)
Therefore, by (14) and (15), simplifying the opposite terms, identity (13) becomes
0g® +u” - Vw® —a(u® - V) Aw® — divu®curl (Au®) = 0.
Employing the incompressibility constraint, we obtain that g% = curlv® satisfies
0q®+u*-Vg*=0, on (0,7)xT? (16)
Q(O?):qgv on Tzv
where v is related to the vorticity g“ as
divv® =0, on (0,7) x Ti (7
curlv® = g%, on (0,T)xT=.
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The system (17) yields the existence of a stream function ¢ : [0, T) x T? — R such that v* =
V49 and ¢* = — A on [0,T) x T?. The solution of this Poisson equation is given in terms
of the Green function on the torus, under the condition fw q®dx = 0, which is preserved in time
by the equation at least formally. The Green function on the torus reads

Z log|x—y—2mk|

G'JTZ ('xvy) = 21

kEZ2 k£0

and the corresponding Biot-Savart kernel, which can be used to represent the solution, reads

v = | VGr (x,y)g® (x)dx =k*q", (18)
’]1‘2

This relation implies that the Calderon—Zygmund estimates hold, see [21], namely

Vvl <

vp e (1,00), 19)

where C, ~ p for p > 2.
We state the well-posedeness of the a-Euler equations whose proof can be adapted from
[2, 3] to the two-dimensional torus.

Theorem 2.1 (Well-posedeness of a-Euler equations). Let g5 € L7(T?) with p € (1,00)
and [, q5 =0. Then uf = (I— aA) "'k q§ € W3P(T?) and there exists a unique solution
u® € L>(0,T;W3P(T?)) of (1). Moreover, the solution u® conserves the c-norm, namely

[u® (@) la = luglla;  VO<I<T. (20)

The conservation of the a-norm can be shown formally by considering (1) and testing it
against 4, integrating over the torus, which yields

O (u® — alAu®) - uadx—&—/ u® -V u® —alAu®) u“dx
T2

-|-/Tzzj:(ua —aAu®), Vi - u*dx = — - Vp - u®dx

T2

Exploiting divu® = 0 and integrating by part, removing the trivially zero terms, we obtain

d””a”z /Za (Auf) uf ufdx — /Z U0 (Au®) udx = 0
) -

Jii=l1 Jii=l1

where the two terms simplified by swapping the indices in the sum.

2.3. The two-dimensional Euler equations
Let T > 0 be arbitrary and finite, the two-dimensional Euler equations on the torus are
Ou+u-Vu=—Vp, on (0,7)x T?

divu =0, on (0,7)x T? 20
M(O,) = Uo, on Tzv
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which in vorticity formulation reads

Ow+u-Vw=0, on (0,7)xT? 22)
w(0,-) = wo, on T2,

where
divu =0, on (0,7) x T? 23)
u=kxw, on (0,7)x T

We introduce the Lagrangian description of (22). Let X : [0,7) x [0,T) x T? — T2 be such that

X, (x) =u(s, X, (x)), Vse€[0,7], VxeT? 4
X (x)=x, VxeT?

for any given ¢ € [0, 7]. By the theory of characteristics, if u is smooth, we know that the unique
solution of the two-dimensional Euler equations with initial datum wy satisfies

u(t,x) = (kxw)(t,x), and w(tx):=wy (X o(x)). (25)

In order to extend the definition to the non-smooth case, we need to introduce the following
definition.

Definition 2.2 (Regular Lagrangian flow). A map X € L>°((0,7) x (0,T) x T?) is called a
Lagrangian flow for the vector field u € L'(0,T; L' (T?)) if

e the map s — X, ;(x) is an absolutely continuous solution of (24) for almost every x € T? and
any t € [0,7);

e the map x — X ;(x) is measure preserving with respect to the Lebesgue measure on the torus
for any 5,7 € [0,7).

The definition of Lagrangian solution in the non-smooth setting is the following.

Definition 2.3 (Lagrangian solution to the Euler equations). Let p € (1,00) and wp €
L7(T?). The couple (u,w) € LWi? x LXL? is called Lagrangian solution to the two-
dimensional Euler equations if there exists a regular Lagrangian flow in the sense of definition
2.2 and the couple (u,w) satisfies (25) for almost every (¢,x) € (0,7) x T2.

3. Quantitative strong convergence of the vorticity

In this section, we present the proof of theorem 1.1 which is split between proposition 3.2 and
proposition 3.7. We recall and adapt some lemmas introduced in [2]. In the first proposition,
we prove the convergence in velocity and we show it implies conservation of energy. In the
second proposition, we introduce the proof of convergence in vorticity through Lagrangian
techniques.
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3.1. Preliminaries

In this paragraph, we show some bounds which are needed to prove the convergences in the-
orem 1.1. We know that the solution u#“ is regular enough so that the L norms of ¢g* are pre-
served in time, thanks to theorem 2.1. Hence, using standard elliptic estimate and the Calderon-
Zygmund inequality (19), we get

[u[lwr.r < Clv*[lwrr < Clig®

U’:CHqg s VpG(l,oo). (26)

Moreover, the elliptic equation v* = u®* — aAu® yields the additional regularity
[ [lws < Ca™ [V [lwir < Ca™ g |lr = Ca™|lgg |, V€ (1,00). 27

This elliptic estimate can be adapted on the torus from [15], theorem 8.10. The inequality (27)
is not uniform with respect to «; nevertheless, it is used in lemma 3.1 to produce an improve-
ment of (26) to control the L> norm of the gradient and the Laplacian of u®, even for p < 2.
The proof is an adaptation of proposition 3.1 in [2]. This bound refines the proof for the con-
vergence in velocities with respect to [19]. Moreover, the energy conservation for the limit
solution is proven as a direct consequence of this estimate.

Lemma 3.1. Let ¢ € I7(T?) and let u® := (I— aA)~'k*q®. Then, for every t € [0,T), it
holds

Va0l < Ca? 7 g (1), VP e (1,2],
_1
[Au® (D)2 < Ca™ 7|l O,  Vpe(1,2],
<C

1A (D)2 < Ca gD,  Yp=2.

Proof. For p € (1,2], we interpolate (26) and (27) using Gagliardo—Nirenberg inequality. In
particular to bound Vu®, we consider the following case

3_1

T wpe(1,2). 28)

1_1
Va2 < CID w7, * [V

Owing to (26) and (27), we obtain

IVu®[|2 < Ca

We proceed in analogous way to control ||Au®||;> and we infer

1 1—1
1Au?|2 < €D || VUl " < Cas

9%\ Vp € (1,2].
Let us define v* = k x g%, thus

v =u® — aAu®.

We test this identity against —Au® to infer

7 < Vv, 29)

1
VUl + Al = (Y, V) o = S|V |z + of| Au®
by Young inequality. Lastly, employing (26), we deduce

valAu®|z < Cllg”

which concludes the proof. O

Ly VP?L
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3.2. Strong convergence of the velocity and energy conservation
At this point, we have all the tools to show the strong convergence of the velocity.

Proposition 3.2. Let T> 0 arbitrary and finite, let qff and wg under the assumptions of the-
orem 1.1 and let the couple (u™,q*) be the corresponding global solution to the «-Euler
equations. Then, there exists a couple (u,w) such that, up to subsequences, it holds

u® —u  strongly in C ([0,7] L? (Tz)) , (30)
q“ =" w weakly-*in L™ (O,T;LP (']I‘z)) (3D

and u is a distributional solution of the Euler equations with initial datum uy = k * wy. Finally,
u conserves the kinetic energy, namely

lu(@) Iz = lluollz, Ve (0,7).

Proof. Step 1: weak convergences. We know that the sequence ¢g“ is bounded uniformly in
L>(0,T;LP(T?)) by theorem 2.1. By a standard compactness argument, we have that up to
(non relabelled) subsequences

g =" w weakly-* inL> (0,T;L” (Tz)) . (32)

By (26), the corresponding velocities u® are bounded uniformly in o with respect to the
L W,lC’P -norm, hence, up to a (sub)subsequence, we have

u® —*u  weakly-* inL> (0,T; W'” (T?)) (33)
which implies

u® —*u  weakly-* inL> (0,7;L* (T?)). (34)
Step 2: strong convergence of the velocity. We rewrite (1) as

O (u® — aAu®) = —div(u* @u®) + azaj& (B u™)
i

—a) 0 (0l Ou®) +ay 0 (O Vi) — Va®, (35)
ij iy

thanks to standard tensor identities and 7 = p + [u®|?/2.

Now, we want to control the time derivative of the velocity and use Aubin-Lions Lemma,
in order to show the strong convergence of u®. Let ¢ € C°°(T?), then there exists p® :=
(1—aA)~lpand p* € C°°(T?). Multiplying (35) by ¢ and integrating over T2, after some
integrations by parts, we infer

O (U — alAu®) - pdx = (u*@u®) : Vetdr+ « E / w Ou® - 9;0; p“dx
T2 T2 — /12
Joi

+ o E a,»u;*a[ua <0jp%dx — E /2 8,<us14]‘»" - Oipdx
— J12 — JT
ok J»

- Vﬂ“-gpadx:T1+T2—|—T3+T4— Vﬂ(’gpo‘dx
T2 T2
(36)
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On the left hand side of (36), we get
O (u® —alAu®) - pdx= [ Ju® (I—alA)p*dx= / u® - pdx. (37)
T2 T2 ™

Hence, we need to bound every term on the right hand side of (36) to control {Ou“}. The
control on the first term in the right hand side of (36) is straightforward

= | [ o) Vo < Clu Ve e < IR e GO

For the other terms, we employ the bound on the a-norm given by (20). In particular, for the
second term of the right hand side of (36), we obtain

T,| := COu™ - 0;0; p“dx
|T2| O‘;/Tzuj u--oj0ip

1
< Callu® || [[Vu||2lle® lwe.e < Ca2 [lug[fallo® e (39)

Finally, the third and fourth term are respectively bounded in the following way

T3] :=|a) Tzaiuf‘aiua'ajwadx < Ca| Vi ||| V| < C g 3119 [, (40)
J

|Ta] := QZAzaiusMf-aiwa@ < Col[Vu |2V | < C lugllallo [l (41)
i

Lastly, we need to estimate the pressure term. Let us consider (35) and take its divergence.
Owing to the incompressibility constraint, we get

0;0; (ulo‘ u]a) — a0, (8j8,~ (uf‘@i ulo‘) -0 (6,~ uf‘@i ula) + 0; (& u]aalu;*)) = —An®.
Here, we consider the pressure as the sum of two contributions 7¢ = 7{* 4+ 7§' such that
Anl = —0,0; (uf" u]a) ,  AnS =, (8]-6,- (uj’@i ulo‘) -0, (Oi ui0; u?) + 0; ((’9,- uf@luf)) .

For the term 7{*, we notice that it can be bounded analogously to (38), which is

[t e =| [ ouap) epad < i < ot @2
T T2

The control on the term 75 is exactly equivalent to the ones in (39)—(41), indeed

/ Vs odx| < |Taf + T3]+ |Tal < C([u®[12) 1 |- (43)
T

Now, the estimates for the non-linear terms (38)—(41) and the ones for the pressure (42)
and (43) complete the control of the right hand side of (36). Indeed, employing the elliptic
estimate ||o% ||z < Cll¢ ||+, we infer

(O, 0) < Cllp® |y < Cllo || g (12) - (44)

1
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Thus, du® is uniformly bounded with respect to v in L**H,*. The immersion of L*(T?) is
continuous in H~*(T?) and by (33) the velocity converges weakly-* in L°°(0, T; W (T?))
with W (T?) compactly embedded in L?(T?). Hence, we use Aubin-Lions lemma to infer
that up to a new (sub)subsequence

u® —u strongly in C ([O, T];L? (']I‘z)) . (45)

Step 3: equation for the velocity. We want to show that the limit « is a solution to the Euler
equation with initial datum u. First, we recover strong convergence of u§' to ug in L>(T?). We
recall that the initial data are defined as

Ve i=kxgd, uli=0—al)TVE, upi=k%wp.
Owing to (19) and g§ — wo in L”(T?) by hypothesis, we have that

Vo (46)
Then, we consider lemma 3.1 and if p > 2, we deduce

ol Aug [l = Vo (Va Aug | z) “=o. @47)
Whereas, if p € (1,2), we obtain

al| gz = o'~ (| Aug 1z ) <= 0. (48)
By (47) and (48), we infer from (46) that

lug =5 llz2 = allAug |2 = 0 = [Jug |2 = [Juoll- 49)

Now, we are left to show that the limit « is a distributional solution to the velocity formulation
of the Euler equations. Thus, we need to pass to the limit into (35). The term 9, (u® — aAu®) —
Ou in the sense of distribution thanks to (34). Indeed, for any ¢ € C>°((0,T) x T?), it holds

(0 (u® — aAu®) / / (—=0yp + aAd,p) dxds

—>/ / —0yp) dxds = (O, ).
’]TZ

Let p € (1,2), considering the right hand side of (35), thanks to lemma 3.1, we obtain

llonaf 9|11 < Carllu®[|2 | V12 < Ca® ™7 &l — 0,
| d; B || 1 < Carl|Vu®|2. < C Ca® 7 )1g5 |5 — 0, (50)
laduf Vul || < Cal|Vu®|2 < Ca®77 g8 |12, — 0.
Analogously for p € [2,00), we use (26) to deduce
|owOiu® || < Cal|u®|| 2| Vu®|| 2 < Callug ||allgs ]l — 0,
| uf Ou®||p < Co|| Vu®||7. < Callgy |z, — O, (51)
| uf Vi || < Cal|[ Vu® |7 < Callgg |17, — 0.

12
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After integration by parts, for any p € (1,00) inequalities (51) and (50) imply the following
convergences in the sense of distribution

a 00 (urou®) =0, a> 9(durdu) -0 and o) 0 (duiVul) — 0.
ij i,j ij

Hence, in the right hand side of (35), we are left to pass to the limit for div(u® ® u®). However,
this is implied by strong convergence of the velocity in (45).

Step 4: Energy conservation. By theorem 2.1, we know that the a-norm of the solution is
conserved, namely

|l (1) IZ2 + @l Ve (1) 72 = [l 17 + ol Vi |72 (52)

and we want to pass to the limit as o — 0. Considering lemma 3.1, we obtain
a| Vu |l = a? i <04,lf% ||VuaHLz)2 <a? 50, as a—0, Vpe(1,2). (53)

Moreover, by (26) we get

al|Vu®||% < allg*|7 — 0, asa—0, Vpe[2,00]. (54)
We proceed in analogous way to control Vug and we infer

al|Vug |z =0, asa—0, Vpe(l,00]. (55)
Employing (53)—(55), we pass to the limit into (52) to obtain the thesis

()22 = lluollz2,  Vp € (1,00, (56)
where we have used the strong convergence of the velocity in L?(T?) expressed by (45)—(49).

O

3.3. Strong convergence of the vorticities

We proceed to prove that the limit solution of the a-Euler equations is a Lagrangian solution
of the Euler equations. This proof is analogous to the one in [12] for the vanishing viscosity
scheme. Let us introduce the transport equation as

Op+b-Vp=0, on (0,7) x T? 57)
p(ov) = Po, on Tzv
with divb = 0. We define in the following way a renormalised solution.

Definition 3.3. A measurable function p is a renormalised solution of (57), if it solves in the
sense of distribution

OB (,0) +b-Vp (p) =0, on (OvT) x T?
B(p)(0,:) = B(po), on T2

for any 3 € C'(R) NL>®(R).
We first recall the following lemma, given by theorem II.6, [13].

13



Nonlinearity 37 (2024) 035012 S Abbate et al

Lemma 3.4. Let b be a vector field such that
b(t,x) L' (0,T;W'? (T?)), divb=0

and p € L= (0,T;17(T?)) be a renormalised solution of the transport equation according to
definition 3.3. Let £ € L>(0,T;L4(T?)), where g = p%l, be a renormalised solution of the
Sollowing backward transport problem

-0 —div(b§) = x, in [0,T) x T?
§(Ta ) = 577 in T27
where x € L'(0,T;L(T?)) and &7 € LY(T?). Then, it holds

/ / xpdxds = / £(00) po@)dr— [ &r(x) p(x, T)dx. (58)
0 2 T2 T2

With the introduction of this setting, we are able to prove that the limit w is a Lagrangian
solution of the Euler equations.

Proposition 3.5. Ler (u,w) be the limit of (u®,q®) according to proposition 3.2. Then, (u,w)
is a Lagrangian solution of the Euler equations according to definition 2.3.

Proof. Step 1: consistent limit. We begin the proof by showing that u = k* w. The starting
point is the equation

u® —alAu® =kxq*, aatre(0,7).

Given a scalar test function ¢ € C>°((0,T) x T?), we have that

T T
/o /Tz (u“—aAua)godxds:/o /T2 (k*q™) pdxds.

Considering the left hand side, we obtain

T
lim/ / (u® — aAu®) pdxds
a—0 0 ™

T T T
= lim/ / u“pdxds — lim a/ / uO‘AgoddeZ/ / updxds,
a—=0 /o JT2 a—0 0 JT2 0 2

where we exploited the smoothness of ¢ and (45). Instead, for the right hand side we have

/OT/TZ (k*qa)‘/’d"‘h:/OT/Tz (/Tqurz (x=y)4q" (xas))sﬁ(x,S)dxds
_/oT/zqa (,5) (/Tzkﬂrz (x—y)v(xvs)> dxds—/OT/Tzqa (k* ) dxds.

Here, being ¢ € C2°((0,T) x T?), by Young inequality we have

[t @lle < [IKllellpllee < C. (59)

Employing (32), taking the limit as o — 0 and switching back the convolution, we infer

T T T
//ugpddeZ//w(k*cp)dxds:/ / (k* w) @ dxds,
0 JT? 0 JT12 o J12
1

4
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for any o € C>°((0,T) x T?). This implies u = k * w for almost every (t,x) € (0,T) x T? as
wanted.

Step 2: Lagrangian solution. We show that (u,w) is a Lagrangian solution. We only need to
prove it for p € (1,2), because for p > 2 it follows directly from uniqueness of the solution of
the transport equation (see [13], theorem I1.3). Let us consider (16), let x € C*°((0,T) x 'JI‘Z)
and let us define the backward transport problem for u® of the form

—OE —div(ee) =x, i O1)xT ©0)
£(T,) =0, in T

and the limit backward problem
—0,& —div (u€) = x, in (0,7) x T? 61
&(T,) =0, in T2

Thanks to the stability theorem in DiPerna-Lions, [13] theorem II.4, it holds that £* — £ in
C([0,T];L4(T?)), for every g € [1,00]. Since u® is smooth, g* satisfies

T
|| xarasas= [ e oy (62

where £, solves (60). We recall that ¢* —* w in L>(0,T;L7(T?)) and g5 — wp in L7(T?),
therefore passing to the limit in (62), we obtain

/T 2 / s = / €(50)wp (3)d, (63)

where ¢ is the unique solution in C([0,7];L9(T?)) of (61). Using lemma 3.4 on the limit back-
ward problem, we infer

T
[ xetsas = [ ex0)anan (64)
T2 JO T2

where wy, is the unique renormalised solution, thus Lagrangian of the transport equation (57)
with velocity field u and initial datum uq (see [13] theorem II.3). Subtracting (63) and (64) we
get

T
/ / X (W —w)dxds =0, Vx €C>((0,7) x ']1‘2) ,
T Jo
which implies that w = wy. O

We notice that for the a-Euler equations, we can introduce the flow map X using the
classical theory of characteristic (cf (24) and (25)), since the velocity field u™ Lipschitz due
to the embedding W — W!°_ Knowing that the limit solution is Lagrangian for any p €
(1,00), we want to study the convergence of the flows as it has been done in [11].

Lemma 3.6. Let T > 0 arbitrary and finite and let (u§,qy ) be under the assumptions of the-
orem 1.1 and let (u®,q%) be the sequence of unique solutions of a-Euler equations according

15



Nonlinearity 37 (2024) 035012 S Abbate et al

to theorem 2.1. Let (u,w) be the limit of (u®,q®) obtained in proposition 3.2 and let X7, and
X, s be the corresponding Lagrangian flows according to (24) and definition 2.2. Then, it holds

C
JRECACE RS , (65)
™ og (Jlu= = ully )|
where the constant C depends on ||Vul| i and on T.
Proof. Let d = |[u® —ul|;11. Let us define the quantity
X7 (x) —Xis (x
g,;(s):z/log(l ”()5 t7()|+1>dx. (66)
T2

Let us consider x > log (1 + %), increasing in [0,00). We use Chebyshev inequality to infer

a 1 ‘X;),ls (.X) _Xf’S ('x) |
L? ({xe’]I‘2|d(Xl,S(x),Xt7_v(x)) >e}) < log(f;—l—l)/qyzlog< 3 +1> dx,

(67)

for every £ > 0. We have used that on the torus it holds d(X7 (x), X; s (x)) < [X7(x) — X (x)].
We split the integral over the torus in two complementary sets as

/ d (Xffs (%), X1.s (x)) dx < / d (X,o‘Y (%), X1.5 (x)) dx
’H‘Z

{xem2|d(X2 (x).X: s (x) ) <e }

+ / A (X7, () X, (1) d.
{xem2|d(Xp (x).X: s (x)) > }

We use (67) to infer

< [ X7 () = Xis (%) |

5 + 1) dx. (68)

. _ L
[ 4050 X ) de <o s | os

The inequality (68) holds true for any £ > 0, thus we can choose £ = /3. We recall that & goes
to zero as a — 0, by definition. Therefore, we can take a value « for which § < 1, which yields

1 L
log(ﬁ—i—l) llog\/g‘ llogJ|

Substituting into (68) with (66), we infer

N 2
/11‘2 d (X7 (x) X (x) de < VO + Tlogs]®® (s)



Nonlinearity 37 (2024) 035012 S Abbate et al

By definition 2.2 and (66), we know gs(¢) = 0 and

gs(s)= /38' (1)dr < /s i ()~ s ()| dxdr
o0 S X () = Xor () |+ 6

s u® (1,X3.) —u (7, X7 S u(r, Xy ) —u(r,X -
o R TP T 3 R ST

t JT? |Xz,'-r (x) - Xz,r (x) | +6 r JT2 ‘Xt,'r (x) - Xt,r (x) | +6
(69)

where we have summed +u® (7, X}", ) in the numerator and we have used the triangular inequal-
ity. The first term in the right hand side of (69) is controlled as

/S |u® (Taxtof‘r) o (TvXtOfT) ‘dxdT
t JT2 |Xtof'r (x) = Xir (x) ‘ +0
<[ [ M) i) I
t JT? 0 ’

thanks to (69). We are left to bound the second term in the right hand side of (69). Let M be
the maximal function operator defined on L' functions as

I 1 x 2
M )-—fggiﬁz(&) o f(§)]dE, Vxe T

We recall that for any f € L7 with p € (1,00, it holds

M/

r < Clflw-

Moreover, for any f € Wh!, there exists a set V' C T? such that £2(A') = 0 and
f(x) —f(y)| < Cd (x,y) (MDf(x) + MDf(y)), Vx,y€T\N. (71)

This allows us to deduce

/S |M(T;X;)j‘l') _M(Taxt,‘r)|dxd7_ < C/\S |Mvu (7_ Xa )|dxd7’
t JT? |Xtof‘r (x) = Xir (X) [ +6 h r JT2 T

+C/ IMVu(r,X, ;) |dxdr
t JT?

< CVully < Cl[Vull, (72)

thanks to the measure preserving property of the flows X7\ and X; ;. Substituting (70) and (72)
into (69), we obtain

2 C
A (X3, (3) X () dr < VB4 ——C<
a0 0. X @) dr< Vit e < o

exploiting that v/§ < m, for § < 1. Recalling that 6 = |[u® — ul| 11, we have the thesis. [

Lemma 3.6 allows to prove a result on the strong convergence of the vorticities.

17
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Proposition 3.7. Let T> 0 arbitrary and finite and let (u§,qf) be under the assumptions
of theorem 1.1. Let the couple (u®,q%) be the corresponding global solution to the a-Euler
equations. Let (u,w) be the limit of (u®,q™) obtained in proposition 3.2, then for any 6 > 0,
there exists K(,wo) such that for a small enough it holds

K(0,w o
sup g™ ()~ (0l <6+ gt . (73)
<0 og (Jlu = ullyy )|
which implies
g —w strongly inC ([0,T];L" (Tz)) . (74)

Proof. We recall that Lipschitz function are dense in L/ (TZ), for every p < oo. Thus, we take
a sequence of Lipschitz function {w}};en, such that w)) — w as j — oo in L (T?). We notice

I 0= Ol = 145 (850) ~n (,0) Patx)

< ([ ) = () )+ [ 1 00— 050) P

1

+ (/T2 e (X70) = (Xz0) \”dx) "y (/Tz 1§ (XCo) —wo (X20) |de)

P

1
P

Knowing that w{) are Lipschitz and using the estimate on the flows (65), we deduce

K((S,OJ())

lg® (1) = w (1) | < 2] (1) = wo (1)

v+ + llgo (1) = wo (1) |-
‘log (H“a - “HL}L;) ‘

(75)

If we send first « — 0 and then j — oo, by employing the strong convergence of u in L°L2,
thus in L!L!, we get that ¢® — w strongly in C,L%. Given § >0, we can take the sequence

. t X .
{wh}jen such that § > 2||w)(f) — wo(t)||z», for any j € N, and infer (73) from (75).
The convergence (74) follows from |[u® — ul[1;1 — 0 as o — 0. O

This result completes the proof of theorem 1.1.

4. Rate of convergence for bounded vorticity

In this section, we analyse the rate of convergence for the initial vorticity in L°°(T?). The
main tool we employ is a standard generalisation of Gronwall inequality, known as Osgood’s
lemma. We recall here the statement as it has been proven in [5].

Lemma 4.1 (Osgood lemma). Let p be a positive Borelian function, v a locally integrable

positive function, p a continuous increasing function and M (x) = fx Md(:’ -

Let us assume that,
for a strictly positive number 0, the function p satisfies

(1) <n+/tv(S)u(p(S))dS-

1o

18
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Then, we have

M) - M(p) < [ 4(6)

fo

4.1 Rate of convergence for the velocities

As afirst step to prove theorem 1.2, we use a technique introduced by Chemin in [4] to control
the convergence of the velocities, employing lemma 4.1.

Proposition 4.2. Let gf and wy be under the assumptions of theorem 1.2. Let u§ = (I —
al) "k x q8 and ug := k* wy, then
1
Yo = |lug — uol|r2 + || Aug|| 12 22%0 andlet @>0 bes.t. 7 < X Va <a.
Let (u®,q%) be the solution to the a-Euler equations with initial datum g and let (u,w)

be its limit, which is the unique Yudovich solution to the Euler equations. Then, there exist two
constants C; and C; (depending on M := ||wy|| L ) such that, if « € (0,@] and T > 0 satisfy

o< exp{2(2—2exp(CT))} — ¢
B (CIT)Z

)

then for every t < T, it holds

exp(—Car) +CyVa:=K(a,t).

lee (2) = (1) |2 < exp{2 = 2exp (—Cat) } (C1V/aT +1§)
Proof. We observe that considering the assumptions of theorem 1.2, we have that theorem 1.1
holds true for every p < oo. Therefore, we know that g converges to w in C([0,7]; L7 (T?)),
for every p < oo and it is uniformly bounded in L>°((0,T) x T?). Hence, we deduce that w €
L>°((0,T) x T?), which implies that u is the unique Yudovich solution to the Euler equations
(see [26]). Now, set

(03

y* i=v*—u and () =y () |2 (76)

Let us take the difference between the Euler equations and the a-Euler equations and test it
against y*. Summing the terms + sz v Vu-y*dx, we obtain

1d

3= [ 67 Ppuytas—

T =12

,/Tz(va.v)u.yadpr/ (u-V)u-y“dx.

T2
Using the definitions of v* and y®, after some computations, we infer

1d
sl == [ @ puyrars [ @w)yta
T2 T2

7/2 3 uf‘@iuj‘?‘y?dxqta/ S Awrauyide— [ (0% V)uydr
T . T

=12 T 212
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Owing to the incompressibility constrains, we cancel out some terms and we obtain

ld (o7 « (e} « o o (e}
sl ||2=—a/ (Au-V)u-y dx+a/ D Autduyide— | (0" V)u-y“dr.
v ™57 v

(77)

We first control the last term in the right hand side of (77) with a technique analogous to the
one used in [4]. Using Holder inequality and (19), we get

p—1

p—1
2p P 2 P
[0 9 tar< [Vuly (/ |ya|wdx) <c;a</ yavldx) . @
T2 T2 T2

We observe that y* = —k % (w — ¢%). By Calderon—Zygmund inequality, for ¢ > 2, we have

¥l < Clly*lwra < Cllw = ¢%[[z0 < Cllwo]lze < C. (79)

The right hand side of (78) is controlled as
p—1

|ap2%ldx v _ |a|2|a
sz = sz y

We are left to control the first two terms in the right hand side of (77). By lemma 3.1, we deduce
Vol Au®||2 < C|lg§ |12 Exploiting this fact, we control the first two terms in the right hand
side of (77) with some applications of Holder inequality and we deduce

1

2 o1
e SCIYH[l" - (80)

p—1

—1
£ FT (07 2 P (03
7—Tdx <" Ny

/TZ (Aua.v)u.yadx’ +a /]1‘2 Z AuOpusyirdx

«
j=12
< Vo (Val| Autllz) (IVullz + Ve [l2) [yl < CVar, 81

where we have used (79). Finally, we substitute back into (77) the estimates (78)—(81) and by
definition (76), we obtain the ordinary differential inequality

20 <)) reva, vpz2 (82)

Thanks to (47)—(49), we deduce (8), namely

Yo' = lug — uol|r2 + ]| Aug|| — 0, as o —0.

Thus, let @ be such that 4§ < 1/2, for every a < @. Hereafter until the end of the proof, we
consider « € (0,@] and an application of triangular inequality yields

(83)

N —

22(0) < g <

We want to apply a substitution for which we need z%(¢) € (0,1]. We know that z*(0) < 1/2
by (83) and we define a ‘modified’ z* as

1
Z5(t):==z(t)+8 whered € (0, 2] such that z§(0) <1 and Z§(¢) >0,Ve>0.

20
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From this definition, it is easy to check that (82) still holds for z§, namely

20 <cp ) +cva, w2 (84)

We notice that (84) holds for any p > 2, therefore we consider p =2 —log(z§ (¢)), which is
well defined thanks to z§(r) € (0, 1]. We infer with some simple computations

(z5)' < C(2—log(z5)) 25 + CVa,

1
thanks to (z§) ™) = ¢~!. Integrating over time, we obtain

t
50 -0 <CVaT+ [ GER-logE W) (s, Vre 0.1
0
We apply lemma 4.1 with p(x):=x(2—log(x)), M(x):=1log(2 —log(x)) —log2, n:=
Civ/aT +z3(0) and (s) := C,, yielding
—log(2 —log(z§ (1)) +log(2 — log(C1va+z§5(0))) < Cat,
which implies

25 (1) <exp{2— 2exp (—Can)} (Crv/aT + 25 (0)) P (85)

We recall that we required to start with an initial datum such that z§'(0) < 1 and the inequal-
ity (85) holds as long as z§ (f) < 1. This statement holds true as long as we consider

o < XPI2(2 = 2exp (GT))} — ¢
(1)
We can pass to the limit as § — 0 and deduce that (85) still holds if we take z(¢) in place of

z§ (1). We complete the proof of the theorem through an application of triangular inequality,
yielding

[l = w2 < e = vl + [ =0l < 2% + o Au® 2
< exp{2 —2exp(—Cat)} (C1v/aT+ yg“)“p(‘cﬂ) +Cv/a,

where we have used (85) and lemma 3.1. O

4.2. Rate of convergence for the vorticities

In this paragraph, we conclude the proof of theorem 1.2. We use the ‘Chemin-type’ estimate
given by proposition 4.2 to control the rate of convergence of the flows. This allows us to
bound the rate of convergence of the vorticities using the definition of Lagrangian solution.

Proposition 4.3. Let wy and qff be under the assumptions of theorem 1.2, let (u®,q*) be the
solution to the a-Euler equations with initial datum qff and let (u,w) be its limit, which is the
unique Yudovich solution to the Euler equations.

Then, there exists a value g = (T, M, wy) and a continuous function Yasop.M - Rt - RT
vanishing at zero, such that for every a < a holds

1 exp (—CT)
sup g () = (1) < M~ max {th s (K e0,0) K ) 5
t€(0,T)

where C depends on M.

21



Nonlinearity 37 (2024) 035012 S Abbate et al

Proof. Step 1: quantitative estimate for the flows. Let X7 and X; ; be the two Lagrangian flows
relative to u® and u. Subtracting the two respective definitions of the flows, multiplying them
by X7'; — X, s and integrating over time, we obtain

B Xl /(S(ua(f,ng)-u<n;gﬁ>)(x¢;-_x;7)df. (36)
We proceed by summing to the right hand side u(7, X2, ) and we infer
/ |(u® (7, X)) —u(m. X 7)) (X2, — Xor) | d7
< [l ) (7)) (5, X, far

/| (r.X%) —u(m, X)) (X7, — X.,r) | dr.

Integrating over the torus, we bound the first term owing to the measure preserving property of
X7 and using Young inequality. The second term is bounded thanks to (71), hence we infer

S
/Tz/ |(ua(T,X,°fT) — M(T,Xm-)) (XffT —Xm.) ‘ drdx
t

Xﬂ
TP g S

_XtT 2
+/ J*LTJ{MWMAWQ+MWMJMAHMM @7
T2 Jt

By substituting (86) into (87) and employing Holder inequality on the last term, we get

X — X, 2
)

s |Xe X 2
dx<f||u —uHLooLz|t—s|+/ Mdex

T2 Jt 2

' |Xla7' A, ?
HIval [ [ (FE
t JT?

where we have used that XffT and X, ; take values in T2.

Let y(t,s) = fw <M) dx, then the equation (88) can be written as

) dsdx, (88)

y(t,s) < K(at —l—f ( t,7)+ Cpy(t,7) ;l)dT
y(t,r) =0.

Noticing the similarity with (82), we can proceed in analogous way because y € (0,1). We
define p =2 —log(y(#,7)) and applying lemma 4.1, we obtain

—log(2 —log(y(z,s)) +1og(2 —log(K(a,1)) < C(t— ),

which implies
/ X7, — X, P < 2exp {2 —2ec(1=9) } K(a,f)eCT. (89)
T
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Step 2: quantitative estimate for the vorticities. Since wy € L°°(T?) and therefore in L' (T?),
there exists a modulus of continuity in L', that is a continuous function 1),,,(+) vanishing at
zero, such that

llewo (- +12) =wo () |1 (12) < Yy (|]),  forany heT?
Therefore for any € > 0, we get
llg* (1) = w (1) les(m2) = llg6 (X7o) — wo (X10) [l (r2)
</ e (32 () — 0 (Koo ()] d
d(X (), X, 0(x))<e

+/ |wo (X (x)) — wo (Xi0 (x))| dx
d(X% (), X, 0(x))>e
+llgo (X;lo) wo (X7 7,0 )l
2||WOHLoo T2)
< () + = [ i x, P
+ g6 (X7o) — 0( Xro)llzr-

Exploiting the fact that X7'; is measure preserving and using inequality (89), we infer
2l|lwol|zoe (12 —e(t— _
llg® (1) —w(t) 1 (1) < Py (e) + T() {2 — el s)}K(a,t)e T llg6 — wollp: -
(90)

Finally, we take ¢ = K(a, t)e*%r and interpolate L” between L' and L* to obtain the thesis.
O

Combining proposition 4.2 with proposition 4.3 completes the proof of theorem 1.2. Lastly,
the proof of corollary 1.3 follows directly from the definition of Besov spaces.

Proof of corollary 1.3. We prove a control on the modulus of continuity under the additional
hypothes1s wo € B . (T?). A well known characterisation of the Besov spaces B}, , (T?), for
€ (0,1), is given by

B} . (T?) =< f(x) €LP (T?*)s.t. sup WG +h) —FC) e <oog. (91
heT?\ {0} |h|*

Hence, the characterisation (91) implies
llwo (- +h) = wo () |l

thus, we can take ), (|4|) > |h|* into (10) and therefore (11) follows. O

< Claf,
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