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ARTICLE INFO ABSTRACT

Keywords: The aim of this paper is to discuss existence and uniqueness of random periodic solutions to
Random periodic solutions stochastic differential equations (SDEs) with multiplicative noise under a one-sided Lipschitz
¢-Maruyama methods condition, as well as on their numerical approximation via two classes of stochastic §-methods,

§-Milstein methods i.e., -Maruyama methods with 6 € [1/2,1] and #-Milstein ones with 9 € [0, 1]. The existence
Infinite horizon

. of the random periodic solutions as the limit of the pull-back flows of the discretized SDEs
Accuracy analysis d th f the af ioned method: Iso i igated. Selected
Pull-back flow and t e strong convergence .ratt.a of the al oremlentlone n}et ods are also investigated. Selecte
numerical experiments confirming the theoretical analysis are also given.

1. Introduction

When faced with uncertainties or random effects, random dynamical systems are extensively discussed, used and analyzed in a
vast number of problems discussing natural phenomena in fields such as Physics, Biology, Climatology, Finance and so on. The study
of random dynamical systems was first proposed by Ulam and Neumann [1] and then extensively analyzed, for instance, in [2-7]
and references therein.

A key aspect in these dynamical systems is the so-called random periodicity visible, for instance, in the oscillations characterizing
economical and financial systems. For long time, the study of periodic motion has attracted the attention of authors interested in
studying deterministic nonlinear dynamical systems and related features. However, since real problems are usually affected by
noise, it is worth studying pathwise random periodic solutions. In [8], the definition of random periodic solutions was provided for
a C'-cocycle and later their existence for semi-flows obtained by non-autonomous SDEs and stochastic partial differential equations
(SPDEs) with additive noise was studied in [9,10], which used an approach raised for coupled infinite horizon forward-backward
integral equations. Let Q be a Banach space and (2, .%,P, (v,),cr) @ metric dynamical system, where v, : 2 — 2 is supposed to be
invertible for all s € R. Consider a stochastic periodic semi-flow u : 4x 2 x Q — Q of period r and with 4 := {(t,s5) € R, 5 < 1}
satisfying the following semi-flow relation

u(t, r,®) = u(t, s, w)ou(s, r,w), 1.1)
for all r < s <. First, we give the definition of the random periodic solution.
Definition 1. A random periodic solution of period z of a semi-flow u : AX 2 X Q — Q is an .%-measurable map Y : Rx Q2 - Q
such that

u(t+ 7,5+ 7,0) = u(t,s,0,0), (1.2)
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forany r € R and w € Q.

SDEs with time-dependent coefficients which are periodic in time generate periodic semi-flows satisfying (1.1) and (1.2). A definition
of random periodic path can be given as follows [9,10].

Definition 2. A random periodic path of period z of the semi-flow u : AX 2x Q — Q is an .#-measurable map Y : Rx Q2 - Q
such that

u(t,s,Y(s,w),w) =Y, w), Y(s+r71,0)=y(s,v,m), V(5)€EA

As a follow-up to this research area, a great deal of interest has raised on understanding random periodicity of coupled stochastic
systems (see, for instance, [11-15] and references therein). In general, random periodic solutions, cannot be explicitly computed,
so numerical approximations play an important role in this fields. Feng at el. in [16] used classical numerical methods (including
Euler-Maruyama method and a modified Milstein method) to obtain random periodic solutions of a dissipative system with global
Lipschitz condition. Wu studied in [17] random periodic solutions of SDEs with weaker conditions on the drift term and obtained
their solutions using backward Euler-Maruyama method. In this paper, we study the random periodic solutions of SDEs with
multiplicative noise and with weaker conditions on the drift term compared to [16]. We simulate random periodic solutions via two
classes of theta methods: §-Maruyama and §-Milstein methods. For these schemes, drift coefficients are handled implicitly while the
diffusion terms always appear explicitly, see for instance [18-31].

Consider the following m-dimensional SDE

{ dx = [-AX,’U +f@, X,’U)] dr +g(t. X,")dB,, for 1€ (1,.T], L.3)

1
X0 =¢,

where ¢ is a .#"-measurable, and B, is a standard Wiener process on the probability space (£2,.%,P), with the filtration defined by
Fi=0{B,—B,:s<v<u<t}and F' = F =\, F. The solution of (1.3) can be determined by the variation of constants
formula

t t

X0 =0 [ M o x4 [ A, X108, (1.4)
To To

Denoting the standard ergodic Wiener shift by v : Rx Q2 — w, v,(s,®) := B(t + 5s) — B(t), t, s € R, we will indicate that the pull-back

solution X, k(&) starting from —kz has a limit X in L%(R2)as k > o and X * is the random periodic solution of SDE (1.3), satisfying

the infinite horizon stochastic integral equation

r r
Xr= / e A f(s, X)ds + / e AIg(s, X*)dB,,
—o0 —0

which is obtained by separating the linear term AX from the nonlinear term in (1.3) [9,10].

The paper is organized as follows. In Section 2, useful mathematical tools for later use and required assumptions on the matrix A
and the coefficients f, g and ¢ are given. Section 3 is dedicated to the existence and uniqueness of the random periodic solutions to
the SDE (1.3) under the one-sided Lipschitz condition on the drift coefficient. In Section 4, we study the §-Maruyama method when
0 € [1/2,1], while in Section 5 §-Milstein method when 6 € [0, 1] is considered to obtain random periodic solutions of SDE (1.3) in
infinite horizon. Some numerical simulations to sample paths of random periodic solutions are presented in Section 6. Conclusions
and open problems are object of Section 7.

2. Assumptions and preliminaries

Some useful mathematical tools for our later analysis are presented in this section. Throughout this work, | - | stands for the
Euclidean norm, and the notations a v b and a A b indicate the maximum and minimum between a and b, respectively. We consider
the following assumptions on 4, f and g in (1.3).

Assumption 1. A is a symmetric and positive definite m X m matrix whose spectrum {4;,j = 1,2,...,m}, satisfies 0 < 4; < 4, <
e < Ay

Assumption 2. The function f : RxR” — R" is continuous and z-periodic in time. Also, assume that there exist constants y < 0
and a > 0 such that

(uy =y, f(towy) = f(tun)) < pluy =y, (u, f(w) < plul® +a,

for any w,u;,u, € R™ and t € [0, 7).

Assumption 3. Concerning Assumption 2, we suppose that u < 4.
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Assumption 4. The diffusion coefficient g : R — R is continuous and z-periodic in time. Moreover, for all u € R and ¢ € [0, 1)
there exist constants ¢ > 0 and b > 0 such that

gt wl* < olul® +b,
with

2(u—A)+0<0.

Assumption 5. There exists a constant C; such that E[¢| < C;.

Assumption 6. Assume that for any u,u;,u, € R" and ¢ € [0, 7) there exists a positive constant K, such that

|f(tou) = [t u)|* V gltouy) — g(t,up)|* V | Lg(t,uy) — Lg(t,up)|* < Ky luy — uy)?,
where

og(t,u)
ou!

Lg(t,u) 1= g(t,u) , I=12,...,m
and

2u—A)+ K, <0.

Assumption 7. For any #,,t, € [0,7) and u;,u, € R™, there exists a positive constant L such that

|7 tr) = Ft2)| V [s(01. 1) = gli2,0)| < LA+ iy + oty = 1.

Assumption 8. Assume that there exists a positive constant y such that for any u e R”, t € [0,7) and / = 1,2,...,m,

ag(t,u) <y
ou!

The following useful results are given (see [32]), giving a continuous and a discrete Gronwall inequality.

Lemma 1. Let a, b and u be real-valued functions defined on I = [0,t]. Suppose that a and b are continuous and that the negative part
of a is integrable on every closed and bounded subinterval of I. Then if b is non-negative and if u satisfies the following inequality

u(t) < a(t) + /b(s)u(s)ds,
I

then

u(t) < a(t) + /a(s)b(s) exp </ b(r)dr) ds. (2.5)
In addition, if the funlction ais non-delcreasing we have

u(t) < a(t)exp < /l b(r)dr) . (2.6)

We state a simple version of the discrete-type Gronwall inequality in the next Lemma (see, for example, [33]).

Lemma 2. Letuy, N = nk for some n €N, and D, D, be nonnegative. Assume that
N-1
D,
uy <D +— u;,
N 1 n Z i

i=1

holds true. Then
uy < Djexp(kD,).

Following the ideas in [34], to prove our theoretical results in the following sections we will use the two next lemmas from [35].

Lemma 3. Let Assumption 2 hold true, then for any p;, p, € R

1—
u=pif@wf +26a < ”ﬁ‘ (ju= st .0 + 250,

1 —up,

with g, > p; > 0.

Lemma 4. Let Assumption 2 hold true, then the inequality

1=
1- ”Zl |“1 —uy =y (f(u) = f(tuy)) )

holds true for any a, a, € R with a, > a; > 0.

uy =ty =@y (f(w) = [) | <
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3. Existence and uniqueness of the random periodic solution

We now aim to prove the existence and uniqueness of a random periodic solution to SDEs (1.3). It is worth observing that existing
results on the same topic (as highlighted in Section 1) rely on the assumption of global Lipschitz continuity of the drift. Here, we
make of a weaker hypothesis, i.e., on its one-sided Lipschitz continuity (see Assumption 2). We also observe that the hypothesis of
one-sided Lipschitz continuity of the drift is at the basis of the theory of stochastic dissipativity (see, for instance, [26,29,36-38]).

We first analyze the boundedness of the second moment of its solution under above required assumptions.

Lemma 5. Assume that Assumptions 1-5 are given. Then we have
L,(24, +0)

sup sup E|X7*7(&) 2ty 2L 7 (3.7)
up sup BXTOP <G v g T

2a+b
where L, := .

22,
Proof. Using Ito formula for 241 |Xt‘ k’(c‘f)‘z and taking expectation result in
t
ezllf]E|X;kT(§)‘2 —p~2hikTg §|2 +2/1]/ S Xs—kr 24s
—kt
t
-2 / HE(X TR, AX T Vds (3.8)
—kt

t
12 / (X 15, X740 ds
—KT

'
+/ eulsE‘g(s,XS_k’) 2ds.
—kt

Using this fact that 2(4, I — A) is non-positive definite and considering Assumptions 2 and 4 we have

t
ezale|Xt—kr(5)‘2 <e 2k §|2+(2”+6)/ A X;kr 245
—kt

t
+ (2a+b)/ H15ds
—kt

<o~k §|2 p2ath (e — =2hakr)
22,
1
+Qu+ a)/ B X 5T |2ds.
—kt

and L; :=2u + o. By the Gronwall inequality we deduce

Set L, := e 2hkr <IE)§‘2 _ 2“+b>’ )= 2a+b

2, 2,
t
FHE[XTH @[ <Ly + Lyt +/ (Ly + Lye?h1°) Lyt ds
—kt

L,L
<L elstketn 4 o2t 4 253 (2t _ =24kt
! 2 22 — L3( )

L,L
<(L;e2Mke [ yo2ht 4 2753 2kt
h 2 24— Ly

By Assumptions 3 and 5 and since L;e?*1%" 4+ L, = ]E|§)2 we have

E|x ) <IE|§‘2+ LyL, <C4 L,24, +0)
! - 2i =Ly = ¢ 2h-p -0

Next lemma shows the continuous dependence of the solution on initial conditions.

Lemma 6. Let Assumptions 1-3 and 6 hold and X k7 and Yr“” are two solutions of SDE (1.3) with different initial values ¢ and 1,
respectively. Then

—k —k
EX[ ’l.'_Yr T

2 < 6(2(;4—/11)+K])(r+k1)]E|§ _ ”)2.

Proof. Denote by D;** := X** — Y77 1t follows from (1.4) that
t
Dy =e A0 g — ) + / A (£, X7 = £, YD) ds
—kt

t
+ / e A (g(s, X757) — g(5,Y7*%)) dB,.
—kt
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. A~ 2 . . . .
Imposing It0 lemma to ¢4/|D7**|", taking expectation and making use of Assumptions 2 and 6, we have

t
eule|Dt—kf 2 o 2hkr 5_’1‘2 +2/ eZZIS]E<D;kT’f(S’X§kT)_f(s’ Ys—kr)>ds
—kt

t
+ / B g(s, X747) — g5, ¥R,
—kt

<e ZhkTR 2ds.

t
g-nf+@u+ K1>/ E[D]
—kt
Applying the Gronwall inequality (2.6) leads to the desired result. []

Theorem 1. Let Assumptions 1-6 hold, then there is a unique random periodic solution X} (-) € L?(8) such that the solution of SDE (1.3)
satisfies

lim E|X74¢) - x| = 0. 3.9)

Proof. By Assumption 3 and Lemma 6, it is easy to verify that for every e¢ > 0 there is a r > —kz such that

IEI|X7"" - Y;’" 2<e, fori>t.

Making use of this and Lemma 5 and following the same argument in the proof of Theorem 2.4 in [16], the main result can be
obtained. []J

To estimate the error of the numerical approximation obtained by §-Maruyama method in Section 4, we will need a bound on
the E| X " ke _ x " ’"k for any fixed time ¢, and #,. This bound can be easily obtained following a similar discussion as in Propositions
5.4 and 5.5 in [39].

Proposition 1. Let Assumptions 1-7 hold, then for all t,,1, > —kz there exists a positive constant C such that

—k —k
E|x; k- Xk

<C <1+sup sup E Xt_kf|2> ‘tz —1,]'/2
keNt>—kt

Also for all t5,t, € [t;,1,]

5]
/ B| = A (X757 = XK ) 4+ £ X0 = £la3, X0 4 05 X4 = g0, X0 ds
1

2) ’12—11’3/2.

<C <1 + sup sup ]E|Xr””
keN>—kr

4. Random periodic #-Maruyama solutions

The aim of this section is to introduce the §-Maruyama method to approximate the solution on infinite horizon. To do this,
consider an equidistant partition .# := {jAr, j € Z} with sufficiently small stepsize Arz. To simulate the periodic solution of SDEs
(1.3) starting at —kz, the #-Maruyama method on .# is determined by the recursion

v—k _yv—k v—k : y—k
X—k;+(j+1)At _X—k;+jAt +(1-0) (_AX—k:HAt +f (]At’ X—k;jAt)) At
-k : ok
0 (=ART, o £ (G+ D8R ) ) A (4.10)

. -k
+g (JA” X—k11‘+jAt> AB_joijar
for 6 € [0, 1]. Here, j € N, ¢ is the initial value )?:,’(‘TT and AB_; ;4 = B_jryiinya — Boerjmre
4.1. Existence of random periodic solution

We aim to prove that the §-Maruyama method (4.10) for 6 € [1/2,1] generates a pathwise unique discretized random periodic
solution. With the aim of proving the convergence of the considered #-method, we first need some similar estimates as in Lemmas 5
and 6. The following further lemma shows the boundedness of second moment of the numerical solution obtained by #-Maruyama
method (4.10) under some of the aforementioned assumptions.

Lemma 7. Let Assumptions 1 to 3 be satisfied, then for At € (0, At*) the numerical solution generated by 6-Maruyama method (4.10)
obeys
X, [ < (4.11)

where C, is a constant that does not rely on ;.
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Proof. Setp :=1+ 2(” A (26 — 1). By Assumptions 1-3 we have

2

|(I + AIAG)X — A0 f ((1 + DA, X + 2aAt0(1 + At4,0) <

kr+(/+1)At —kT+(_[+|)AZ)

2

‘(I +AAQ = )R, - 4= 0f (jan R )

+ 2a8t(1 = 0)(1 + AtA;(1 — 0)) + [44r(1 — O)(u — A )+a]|x_kr+/m|2

+ (2a((1 - )1 — A A1) + At4,0) + b) At + G,
where

+A4t(1 - 0)(— AX K

=2 < X kr+/At —kt+jAt

C—k . k
+ 104 X—k:JrjAr)) s(j4r, X—k:ﬂAr)AB*kﬁjdt )

+ eGan Rtz )P AB2 - 4D,

—kz+jAt —kt+jAt

Using Lemma 3 with g, = % and g, = ﬁ results in
=

2aAt0

C—kr At0
14+ AtA,60 —

2
; k
—kr+(+Dar T ] +At119f ((J + DAt X—k:+/At) ' +
(14411 = 6)A)(1 — Ar(1 — oo At6 -
l —llc(:+ jAr f (JAt X k1+ AZ)
(1 + AtA,60)(1 — AtOp) J 14 AtA,0 J
2aAt0 441(1 = 0)(u — Ay) + oAt ‘ S ke )2

2

1+ 414,06 (1 + Ar4,6) —kr+idt
[2a((1 — 0)(1 — Ay A1) + AA10) + b] At G,
+ .
(14 Ar4,6)? (14 4A12,0)?
We next denote
2
F;=E X_Ilcc:ﬂm bt (jAt X_llcc:ﬂAr) +2ap,,

and
L+ A1 = 0)4))(1 — At(1 — O)p)
ar = (14 4t2,0)(1 — At0y)
(2a((1 = )(1 — 4, A1) + AA10) + b) At
(1 + 4A1A,6)?
Taking expectation on both sides and using this fact that EG; = 0, lead to
441(1 — 0)(u — Ay) + oAt
(1 + 4A14,6)?

Then, we obtain by iteration that

A=

Fip1 < Ny F; +

) IE))?"" . |2+CA,.

—kt+jAt

Fjo < NJVF +2020 -1~ p)yE‘X_kr

J
2]+¢p(9)AtZNj IE‘X—kH—jAt) +Cy Y N,
i=0

where
441(1 = O)(u = A4y) + o4t
0= —-220-1- N,.
o (1+ At1,0)2 ( PN,
For 6 € (*,1] where 6* = 1 + m’ we have ¢,(6) < 0. Moreover, since E‘X_k +14,‘2 < F;and Ny, € (0,1) for 4 < 4r* :=
0200040 .
2200, —m V€ obtain
: v C
& I —k7 |2 At
B[R ul < N [Fo+ 200 - 1 a2 P + 1= < €
where
C = [FO +2020-1- p)qu]E‘)?—kr 2 Cu_
—kt 1— NAI

For 0 € [1/2,0*], choosing p’ < p sufficiently small such that ¢, (0) <0 for any At > 0, and following the similar arguments as above
give the desired result. []

Next lemma indicates that numerical solutions under various initial conditions are capable of being close after enough iterations.
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Lemma 8. Suppose that Assumptions 1-6 are given. Let us respectively denote by X :,’c‘: ©jar and )A’_‘k";j 4 0-Maruyama numerical solutions
with initial values ¢ and 5. Then, there exists a constant C,ﬁ > 0 such that

v —kt v —kt 2

E X—kr+jAr - Y—kr+jAt <G,

: J —
where lim;_,,, C; = 0.
Proof. Following a similar argument as in the proof of Lemma 7, set

_ Ky _ ._ Y-kt _ U—kr P K1 : . _ M(1-6)
p= 1+A2(HM_AI) A (20 —1). Denote D; := X rin — Yo jar When 6* :=1+ T < 0 <1, using Lemma 3 with a; = T a4, (1= and
— 1
@ = Tag We have
2

A0 , N ' o
D=1 a0 [f ((J + D, X—k;+</+1)m) - ((1 +Dar, Y-kf+<,-+1>m)]
1+4,(1-0)\° A1 - 0) [ o .
\———) - ——= (‘At,X - )— ('At,Y . )]
_( 1+ 4140 > T 1+ At (1 - 0) S X sjan ) = T ALY S
4411 - 0) e .
+ (1+ At2,0) (D;.f (/A” X—k:+jAt) -7 (JA” Y—kTT+jAt)>
M;
(1 + At2,6)?

2

+ arlgGan X, ) - sGAL Y 2+

<(1 + Ar(1 - 0)(4, —;4)>2 2

S\ 1+ 4604, - p)

401 - 0)(u — 1) + K,
(14 Ar,6)?

At6 . T—k . -k
D=5 a0 [f (JA” X—k‘zT-+jAt> -f (14"’ Yfkfﬂm)]
_ M
(1+ 412,62’

a1|D, [ +
where
M; =2 (1= a2, (1 =)D, + 41 = 00 (jan K42, ) = £ (746 ¥, L)

. Sk . S—k
(g(JA” X*k;JrjAt) —g(jar, YfkTTJrij)) AB_jrijar >

+ )g(jAt, X:II::HAr) —sg(jar, Y:kkrijAt)lz(Aszr+jAt - 4n),
Denote
. Ai(1 - 9) ok sk :
W=D - aaase [f (JA’s Rt u) — £ (i Y_kfﬂ-mﬂ ;
and

Lo (LA -G —p) :
ar = 1+ At0(4, — ) ’

Since EM; = 0, taking expectation on both sides we have

41 -0)(u—A4) + K,

Wit <LyW, +
H=Tar (1 + 4A14,6)?

J

a|p, P
<L/ [WO +2020 - 1 - puarE|e - r,|2] +,0)41 Y L E[D,|?,
i=0
where

41 -0)(u— )+ K,
(1 + At4,6)?

¢,(0) = —2(20 — 1 = p)uLy,.

For 0 € (6*, 1], we have $,(0) <0. Since E‘Dj‘z <W; and L, €(0,1), we get
Tk Sk 2 J
]E|X—k:+jAt - Y—k;—jAt) =G
where

. P 2
c) =1L} [WO +20260-1- p)MAtE|§ - 'I| ] .

Regarding the case 6 € [1/2,60*], we can choose a small enough p’ < p such that ¢ »(0) <0 for any At > 0, and the desired result can
be proved using the similar arguments as above. []

In the following theorem, we explore the random periodicity of numerical solutions obtained by #-Maruyama method.
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Theorem 2. Let Assumptions 1-3 hold. Then, for any At € (0, 1) with t = n4t, n € N, the §-Maruyama method (4.10) generates a random
periodic solution on .7, ie., there exists X' € L*(Q) such that

Jim EX74(©) - X7 = 0. (4.12)

Proof. Taking Lemma 8 into account, the proof can be easily shown by following a similar arguments as in the proof of Theorem
8in[17]. O

4.2. Error analysis

In the previous subsection, we presented the existence of random periodic solutions of SDEs (1.3) obtained by the §-Maruyama
method (4.10) as the limit of semi-flows when the starting times were pushed to —co. To conclude this section, we need to provide
an error analysis associated to this scheme. To do this, consider the exact solution at time —kz + N 4t, as follows

—k —kt —k
X eena =X2 —kr+(N— 1)At+At(1 _€)< AX k:+(N l)At+f<(N_ Dt X7 kr+(N 1)At)>
—kt —kt —k
+ 410 (~AX T T+ F(NALXTT L)) +8 ((N - DAL X7 v 1)At>
X AB_jry(N-nar + R (4.13)

where

—kt+N At
Ry =9/ [_A (Xs_kT X_If;NAx) +f (S’Xs_kf) -f (NA’X—kr+NAt)] ds
—kr+H(N=1)At

—kz+N At . .

T T

ra-o [ [ (X =X )
kr+(N—=1)4t

(X7 = S (V= DAXTE )|

—kz+N At
+ / [g (s, X7%) - g ((N - DAXT I)A,)] dB;.
—kr+(N—1)At

The following result holds true.

Theorem 3. Let Assumptions 1 to 7 be satisfied. Then, there exists a constant C; which depends on 6, A, f, g and m such that, for any

At < 240 ith + = ndt, n € N, and initial conditions X=X = X7 = &, we have
(1-0)(4§+1<,> —kt —kt

-k 1/2
o E|X T N ar X—k:+NAt’ < Gar'l2, (4.14)

. kt kt
Proof. Setey, :=X7;7 \ .~ X—kr+NAt We have

Eley [P =E(en-; +41(1 - 6) (—Ae,\,,l +f (X_f;(N M) f (Xj;(N mr)) cen)
+ A0E( = Aey + f (X5 na) =/ (X_/I:HNAI) cen)
+ E(g (X:IZHN—I)A:) & ()/(\:::+(N—I)Ar) sen )AB i n-na + E(en: Ry )
<30+ 2400(ul = AVEJen]? + SE|en_,
+ 4 _9)< Aey— 1+f( ZkeH(N— 1)41) _f()?:f;uv—])m)) ‘2

kt+N At
+E( 9/ [-A (X7 —x7F o 0)

—kt+N At
—kr+(N—=1)At
+f (8 X77) = (NA XD v g)] ds.en )
—kt+N At X .
+E((1—9)/ A (X = X )
kr+(N—=1)At

f (s X7k~ f ((N - DAXTE, ,)A,ﬂ ds.ey )
kt+N At .
+ E</ [g (. X7*) — g ((N - DA X, I)A,)] dBg.ey ).
—ke+(N-1)4t
Using Young inequality yields

2
2ab < €*a® + b—z, Va,b >0
€
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and Assumptions 2 and 6 allow us to choose eg 1= At(A; — u)/2, thereby

E|eN|2 S%(l +2400(ul — A))E(eN|2

I +24t(1 = 0)(ul - A) + 421 — 0)*(A%* + K1) )
+ ]EleN—l‘
—kT+N At B B
E‘ezv| + ]E|/ (Xs T_X—k:+(N—1)At)
kt+(N—1)At
)
) —kz+N At . .
E‘eN‘ + = E‘/ _A (Xs_ i X:k;+1vm)

kt+(N— ])Ar
1 (2 2
)+ (e

—kt+N At .
/ [g (s, X7°7) = ((N_ DA, X7 kN~ l)At)] dB;
—kr+(N—1)At

+f (s, X7*) = f ((N ~DAXTT v I)At)] ds

+f (s, Xs_kr) - f(Na, X_:;+N4x)] ds

+1lg
%

2>
By Proposition 1, there exists a constant C depend on A, f and g such that

—kt+N At X
(1—9)E'/ [ A(X‘ 4 X‘kH(N ])A,)
—kt+(N—1)At

+f (X))~ f ((N - D4, X:II:;+(N 1)At>] ds 2

—kt+N At . " . . 2
+ o8] [ A (X = X ) 4 (5 X0) = (NAXCE, )] ds
kr+(N— 1)41
kt+N At
+IE'/ sx—kr)_ ((N—l)A X‘kﬁ(N l)Ar)]st2
kt+(N—1)4t

<ca’ <1+supJE)X toval ) 1= AP,

By Assumption 1 and the above mentioned estimate we have
~ At‘
(1+ 4126 — 1)(4, — M))]E|eN|2 < CIE‘ | + A
where C := 1 +24t(1 — )(u — 4;) + A%(1 — 0)*(A2 + K,). Since C < 1 we have

2ﬂAt2
A -

(1+ At20 — 1)(4, — M))lE|eN |2 < E‘eN_l|

2pAt
Q@6-D(y -2’

(1 + 4126 — 1)(4, — ) (E(eN|2 - a) <Eley [ -

By iteration and using e, = 0, we get

Choosing @ := above inequality can be rearranged as follows

e |2<<1_ ! ) 24
M= (1+ 4120 — 1)(4, — )N ) 26 = D(Ay — w?’
204t

and finally by Assumption 3 one can conclude that ‘e N‘ S T
1

, which the desired result follows. []

Corollary 1. Let Assumptions 1 to 7 be satisfied, then for any At < 1 and t = nAt, n € N, there exists a constant C depending on A, f
and g such that the exact solution given in Theorem 1 and the numerical random periodic solutions of (4.10) given in Theorem 2 satisfy

sup E|X; - X7| < car'l2, (4.15)

te S

Proof. The result simply follows from

v [2
E|x; - X;

< limsup [E|Xt* - )?;‘"
k

2,4 ]E|Xt—kr _ Yt_kf

24 IE|)?,‘“ -Xr

2] O
5. The random periodic solution of the 6-Milstein method

In this section we are going to study the #-Milstein methods to approximate the solutions of SDEs (1.3) on the infinite horizon.
As in the previous section, we consider the equidistant partition .# = {jAt, j € Z} with sufficiently small stepsize Ar. The -Milstein
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method applied to (1.3) starting at —kz is given by the recursion

ook — k . k
X—krf+(j+1)Az X—k:+/At +d - 0)( X—k:+/At +f (JAI X k:+in>) A4t
—kz
0 (ARt ot £ (G DMK L)) A (5.16)

1 - 2
tg (-]At X kr+jAt) AB—kT+JAf + 2Lg (jAt X kr+/At) [AB—k1+/At At] ’

for 6 € [0, 1]. Here, j € N, ¢ is the initial value )/(\:,’(‘:, AB_prjne = B_jrr(rnyar — Bogrrja @nd

Lg (jAt X—kr+/At) =& (-/At X—kr+/At) (jAt X—kT+_[AI)
5.1. Existence of random periodic

In this subsection we prove that the #-Milstein method (5.16) with 6 € [0, 1] generates a unique discretized random periodic
solution. For didactic purpose, we divide this section in two parts: in the first part, we discuss the case in which 6 € [1/2, 1]; then,
considering some additional assumptions on the drift coefficient, we discuss the case 6 € [0,1/2). Using the results of the next two
parts, the convergence of the discretized semi-flow to a random periodic solution is then proved in Section 5.2.

5.1.1. Case 0 € [1/2,1]

For 0 € [1/2, 1] the proofs of the following results can be obtained by a similar arguments as in Section 4.1. Then, we omit their
proofs for the sake of brevity.

Next lemma is related to the boundedness of the solution obtained by (5.16).

Lemma 9. Under Assumptions 1 to 3 and 8, for any At € (0,4t* A At**) where Ar* is determined in Lemma 7 and Ar** :=
—2(4(1 — 6)(u — Ay) + 6)/oy?, the numerical solution generated by 6-Milstein method (5.16) satisfies
i ) =
E|X—k:+jm‘ <G,

where C, is a constant that does not rely on j.

The following lemma is focused on the difference of the two solutions with different initial values.

vkt

Lemma 10. Suppose that X :]‘(‘: Lt and Y7 ” \jar are numerical solutions of 6-Milstein method with initial values & and n, respectively.

Under Assumptions 1, 2, and 3 to 8, for any At < =2(4(1 — 0)(u — A,) + K,)/K 1, there exists a constant 55 > 0 such that

vkt vkt 2 0l
E X—kT+jAI Y—kT+jAt < CZ’

where lim;_, C2 =0.

5.1.2. Case 6 €10,1/2)
We start the analysis of the case 6 € [0, 1/2) by assuming a linear growth condition on the drift coefficient.
Assumption 9. There exist positive constants ¢ and ¢ such that
If G < ¢lxl? +e

for any x € R™.

Lemma 11. Under Assumptions 1-9, there exists a constant C; > 0 such that the solution generated by the 6-Milstein (5.16) satisfies
Sk y =
E|X—k:+jm‘ < C3’
—Qu=4))+0)
or any At < .
f Y (=02(A2+24  u+0)+ 1120

Proof. By considered Assumptions we have

-k 2 1 -k 2
|X—k:+u+1>m‘ Sg(l _A’9)|X k:+(;+1>m‘
k : k
+ A’9<X k:+(J+I)At’f <(/ + DA X k:+<,+1)m)>

[(1 —24(1 - 9)A)‘X_kf+m‘2

+2At(l - 0)<X kr+/At’f (JAt X—II::+/AI) >

2 2

2 2 Y-kt
+ 4P - 07| - AR+ 1 (4 R, 4t

+le (a2, )

10
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2]

2
. oo 2
n ‘g (,At,x_g;jm)‘ (4B rssuf - 20

1 Dok 2
+Z ‘Lg (JAI’ X—k‘:+jA[) (AB—kr+jAt =4

Sk Sk " e Rk
+2( X raj T A1 =0) [_Ax—k:JrjAt +f (JA” X*k:+jAt)] 8 (JA” X*k:+jAt>

1 Pk 2
X AB jryjm t+ ELg (/A” ka:ﬂ'm) (4B ja — 4D )
. -k . vk 2
+ (g (JA” X—k:+jAt> AB_iryjarr Lg (/At’ X—k:+jAt) (ABZ ja— an).
Using this fact that E(4B_j,;4) = 0 and E‘AB,,(TH.A,‘Z = At, we can see

E( X7k +A(1-0) [—A)?—’" ny (jAt, Xk )] g (jAt, Xk )

—kt+jAt —kt+jAt —kt+jAt —kt+jAt
1 Dk 2
X AB_yeja+ 5 Le (JALRTT, ) (AB2 = 4 )= 0,
A ok A ok 2 —
1E<g (JAI’ X—krT+jAz) AB—kT+jAY’ Lg (Jm’ X—k;+jAt> (AB—kHjAt - AI)> =0

and

2(‘AB,,¢,+M,|2 - At)) =0.

. o—k
E <‘g (JAI’ X—k:JrjAt)

By Assumptions 4, 6 and 8 it can be seen that

2
ok 2 - 2.2 £k 2
]E|Lg (jan R4 ) 4B Le (480 X7, ) At‘ <24 («;E Xk P+ b) :
Then, side-by-side expectation yields
£ —k 2 -k 2
]E|X—k;+(j+l)m‘ < A1E|X—k:+jm‘ + 4
where

Al : !

T T+ 24004, - p) 2

2
<1+2Az<1—0)(,4—,11)+Az2(1—9)2(/1f—2/11,4+§)+am+ A—’ay2>
and

1
Ayi=————
2T 1 42M0(0, — )

Since A, € (0, 1) by iteration we get

2
<2aAt(1 —0) + A%(1 — 0)*(c — 2A,a) + bAt + %byz + 2aAt€> .

A ~

2 2 .
=G,
Y174 3

Tk J T—k
E[R7F7, .| < AlE| X

j
244, Al < E‘)?:,’::
i=0

leading to the thesis. [J

Next lemma is concerned with the estimate of the difference of two solutions obtained by §-Milstein method with distinct initial
values.
Lemma 12. Suppose that )?:,’C‘T’ jar and }A’_‘k"fﬂ 4, are numerical solutions computed by 0-Milstein method with initial values ¢ and n,
respectively. Under Assumptions 1-3 and 6-8, for any At < —(2(u — 4) + K})/((1 — H)Z(Af + K}) + K, /2), there exists a constant 5‘{ >0
such that

vkt _Vy—kt 2 ~J
E X—k‘r+jAt Y—kr+jAt = C4’

where lim;_, , 51 =0.

Proof. Denoting H; := b's :,’z: T ?:,("TTH 4, and following similar arguments as in the proof of Lemma 11, we have

1 , o
|Hyr [P <51 = 4000+ 00 (o, f (G+0a R )
. . |
~ (G DATE ) )+ [ 24 - 0|
+241(1 - 9)<Hj’ f (jAt’ )?:l]c(:+jm) = (jAI, §—_kkrf+j47> >

2
2 2 ; v —k : vk
+ A1 - 02| - AH, + f (,Az, X_k:ﬂ.m) -f (_]AI, Y_k:ﬁm) |

2
1 A Dokr ae Pk 2
+ Z‘ <Lg (jAt’X—kr+jAr) —Lg (/At, Y—kr+jAt)) (AB—kr+jAr Ar)

11
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2
ok Pk
+At|g (/A” X—k;-jm) -8 (]At’ Y—kTT+jAI> + Qj] ’

where
-k Dk .
9, ::'g (jAt, X—k;+ij> -& (jAt’ Y—krlez) ' (AB—kr+jAr =4
. C—k . S—k
+ 2 (H a1 -0) (£ (jan R ) - £ (74T L))
(g (jan X7t 0 ) — 8 (AT ) ) ABLkcssan
1 . Okt L D—kt 2
+ 2 [Lg (JAI’ X—kr+jAt) —Lg (jAt’ Y—kr+jAt)] <AB—kr+jAt - AI) > :
Since E(Q;) = 0, by taking expectation and making use of Assumptions 1, 2, 6 and 8, we obtain

sl <]

where
142400 = 0)(u — Ay) + Ky At + 421 = 0)° (G2 + K ) + SLar?
3= 1424104, — ) '
-2u-A)+K
For any 4r < @ = 4 D , we have A; € (0,1) and so by iteration

(1-602(4F +K)) + K, /2
v—k v—k 2 J 2 ._
E\ X tija — Y—k;—jAt) = AaE‘5 - ’7‘ =q.- 0

The random periodicity of the numerical solutions obtained by ¢-Milstein method (5.16) is shown in the following theorem.

Theorem 4. Let Assumptions 1-3 hold. Then for any At € (0, 1) with © = n4t, n € N, the 6-Milstein method (5.16) generates a random
periodic solution on .#, i.e., there exists X € L%(Q) such that

lim EIX %7 (&) - X¥| = 0. (5.17)

Proof. By Lemma 10 when 6 € [1/2,1] and Lemma 12 when 6 € [0, 1/2), the proof is straightforward by following a similar
argument in the proof of Theorem 8 in [17]. [

5.2. Error analysis

The aim of this part is to provide a strong convergence result for the 9-Milstein method (5.16). To this end, we first consider

the local error of the numerical approximation (5.16). Replacing X :;{‘:H N1yt and X :,i‘: +na I (5.16) by exact solution X :I’::+( N—1)ar
and X :]’g +~ar Tespectively, we define the local error term R as
Ry ::X:II:;—NAt - X:llz;uv—l)m
— M(1-0) [—AX:,’(‘;(N%)A, +f ((N —Dar, X:,’(‘:+(N71)A7)]
= 400 [~AXT g+ f (NALXTT )] (5.18)
~ AB v (N = DALX T )
— IanLlig ((N —1)ar, X:,’;HN_])A,) X
where [ |, = %(ABEkT +v_nya — 4D and L, = g(x)%. Using Ito-Taylor expansion, we obtain
X:II:;-NAx = - AtA)X:llc(;HN—l)At +4tf <(N - D4, X:/Ic(:+(1v—1)m>
+ AB i (N-1)ar8 ((N - 1)»X:,]§:+(N,1)A,) (5.19)
T Lig (N = DAXTT )+ R,
I (NaLXTE ) =f ((N - Dar, X:II:::HN—I)At)
+ arLof ((N = DALXTEE ) (5.20)
+ AB_ern-na LS (N = DALXTE )+ Ra,

where the operator L, is given by
0 1, 0%
L, = — 4+ = —_
0= 5+ 5820

12
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and the reminder terms R, and R, satisfy ER; = O(4t?), i = 1,2. Then, inserting (5.19) and (5.20) in (5.18) gives the local error
term by

Ry =40 (Lof (N = DA x 7, 1)

—k -
_A[ AX k:+(N l)At+f((N_1)At X kr+(N 1)At>]>

+ Ry + At0(AR| — Ry) + AtOAB_, (n_1ya (A8 (N = DAL X oy n—iyar)

—f (N = DALX oy v—iyar) LoS (N = DALX_onv—nar))
+ At01( yLig (N = DAL X oy (v_yar) -

Since El(, ;, = 0, it is easy to obtain that ERy = O(4r?).

Theorem 5. Let Assumptions 1, 2 and 6 be satisfied. Then, there exists a constant 55 such that for any At = t/n for some n € N, with
N = kn, and initial conditions X7 = X {7 = & we have

sup E|X hr a— XK < Csan (5.21)
Proof. Subtracting (5.16) from (5.18), we derive
—k _k — —
X v~ X cina kapr(N Dat X—k:ﬂN DAt
- gk
+ 4l _9)[ A(X kr+(N At ka;(zvfl)m)
- okt
+f ((N_ D, X7 kr+(N l)At) f((N_ Da, X —kr+(N— I)At)]
—k -k
+ 46 [_A(X k:+NAt X—k:+NAt)
—k ok
+f(NAt ka;rNAr) f(NAt X k:+NAt)]
+ AB_ i (N—1)ar [g <(N - Dar, X_llc€:+(N I)At)
—& ((N_ DA X7 Tkrt (v ])At)]
[ 1g<(N— DAL X7 kr+(N l)At)
~Lig (V= Da R, )] T + Ry
Denoting ey = X ‘1’(‘7 v X :I’:; N_a W have the following recursive relation
N-1 N-1 N-1
ey =ey_i +AtAFy_ |+ Aly_, + Ry = ey + 4t ) AF,+ Y A+ Y R, (5.22)
i=0 i=0 =0
where
AFy_, i=(1 - 0) [—AeN_1 1 (N = DA X ) = £ (N = DAL R m,)]
k k
+0 [‘AeN +f(NALXT ) = f (NA’ Xz k;—NAt)]
and
ATy_y =8B o |8 (N = DAL X ) =g (N = DA X7 )]
+ [t (W =vanxt, ) = L (V= Dan R )] o
Taking expectation from both sides of (5.22) yields
N-1 N-1 N-1
IE|eN|2 <4 [E‘eo‘z +4°E| Y 4F|? +E‘ > ar? +IEJ‘ YR 2] ‘ (5.23)
i=0 i=0 i=0
The expectation of the second term in (5.23) is estimated as
N-1 N-1
4°E| Y AF,? < nka? Y JE(AFN_I(Z
i=0 i=0
N-1 N-1
< UM (A2 ) Y [(1 - 9)2E‘e,._1 |2 +02 Y IEle,-|2] (5.24)
i=0 i=0
N-1

<2krAt(A2 + p) [92

N-1
‘91‘2 +Co Z E)ei—l ‘2] ,
i=0

13
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2.0
— X;5%w,0.5)

--- X;i*%(w, —0.5)
—— Deterministic

1.5 1

1.0 A

0.5 1

0.0+

—0.5 1

—1.0 1

_1'5 -

-50 -40 -30 -20 -10 0
Time

Fig. 6.1. Two paths generated by §-Maruyama method when 6 = 0.6 from various initial values together with the periodic solution of deterministic ODE with
o =0 for Eq. (6.28).

where Cy : 200 v a1 - 9. Since EAB_;,y(N_ar = 0 and

E ;) = 0 and since we know that the expectation of products of terms in IE‘ Zfi 61 AF,-‘2 vanishes, we obtain

N-1 -1 N-1
1E| An? < IE'AF,- 2 <2M03 + Kp) ), Ele, (5.25)
i=0 i=0 i=0
and similarly
N-1 N-1
IEJ‘ Y R <nk E‘E,. 2 < 0(4). (5.26)
i=0 i=0

Substituting (5.24) and (5.25) into (5.23) and choosing 4r* such that 4D, 4r < % lead to

N-1 N-1
<3 [+ 20 B el o 4| 3 ]
i=0 i=0

where D, :=2kt(4] + )62 and D, := 2kt(A3 + u)Cy + 2(A3 + K ). Using (5.26) and Lemma 2 we get

max E‘eN‘z < 8exp(87D,) [E)eo‘z + O(Atz)] ,
which taking the square root of both sides of the above-mentioned inequality results in the desired assertion. []
Corollary 2. Let Assumptions 1-9 be satisfied, then for any At € (0,1) with = = nAt, n € N, there exists a constant depending on A, f
and g such that the exact solution given in Theorem 1 and the numerical random periodic solutions of (5.16) given in Theorem 4 satisfy

sup E|X; - X;| < Car. (5.27)

e S

Proof. The result follows from

E|x; - X;

2 < limsup [IE|Xt* - )?I"k’
k

2 + ]E|Xt—k1 _ Xt—kr

2+ E[X7F - X

2] .0
6. Numerical experiments

In this section, some numerical examples are presented to support our theoretical results and show that the considered methods
have random periodic solutions. To accomplish this, we consider two examples of SDEs with multiplicative noise and time periodic
solutions.

6.1. Periodicity test

To indicate that the §-Maruyama method generates random periodic solutions, consider the following equation

ax" = [_X:o +cos(n)| dt + o X!°dB,. (6.28)

14
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1.00 A ! --- X;%°(6_6w, 0.5)

0.75 1 [ — X;?°(w,0.5)

0.50 1
0.25 A
0.00 1
—0.25 1
—0.50 1

—0.75 1

—1.00 1

~175 -15.0 -12.5 -10.0 —-7.5 -50 -25 0.0
Time

Fig. 6.2. Two paths generated by §-Maruyama method for Eq. (6.28) when 6 = 0.6 on different realizations.

0.6 1

0.4 1

0.2 1

0.0 1

_02 -

—0.41

—0.6 1

T T T T

0 10 20 30 40 50 60
Time

Fig. 6.3. The pull-back path X (t,v_,w) generated by §-Maruyama method for Ex. (6.28).

It can be easily verified the Assumptions 1 to 6 are fulfilled with 4, =a=5b=K, =1, u = -1, and ¢ = 0.05, and so that (6.28) has
a random periodic solution according to Theorem 1 and its targeted 0 simulations also admit a random periodic path. Let us first
show that the mentioned schemes converge to random periodic paths despite various initial values and how the random periodic
solutions oscillate around the deterministic periodic solution of the noiseless ODE when ¢ = 0. For this problem, we simulate two
processes starting from 7, = —50 to T = 0 with the stepsize 47 = 0.05 and two initial values 0.5 and —0.5. These two simulated paths
are plotted in Fig. 6.1 by applying the §-Maruyama method, when 6 = 0.6 and ¢ = 1, with the given initial values and with a shared
Brownian realization. As displayed in Fig. 6.1, two paths match after a very short time.

Following the ideas in [16,17], to show the periodicity of the solutions we can use two approaches. In a first approach, we
simulate the processes )?,*(co) = )?fzo(w, 0.6) for —18 <t < —6 and )?,*(u_6co) = X;2(v_g,0.6) for —12 < ¢ < 0, with the same w and
stepsize Ar = 0.05. From Fig. 6.2 one can observe that the two simulated trajectories repeat each other with a time shift of period
Six.

As a second approach, in Fig. 6.3 we simulate X J(v_,w) starting from #, = 0 to T = 50 for the same  and stepsize as previous
test. Indeed, one can see that X t"(u,,w) is periodic with period r which shows a periodic pull-back path as expected.

Now, we aim to show that 6-Milstein method generates random periodic solution. To do this, we consider the following problem

dX;" = —zX,°dt + sin(z1)dt + 6 X, dB,. (6.29)

Following a similar way as for Eq. (6.28), we first show that the §-Milstein method converges to its random periodic path despite
various initial values and how the random periodic solutions oscillate around the deterministic periodic solution of the noiseless
ODE when ¢ = 0. As before, we simulate two trajectories starting from 7, = —6 to T = 0 with the stepsize Ar = 0.05 and two initial
values 0.15 and —0.15. These two simulated paths are plotted in Fig. 6.4 by applying the §-Milstein method, when 6 = 0.6 and
o = 1, with given initial values and shared Brownian realization. As shown in Fig. 6.4, two trajectories match after a short time.

15
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0.3 — X;%(w,0.15)

--- X;%(w, —0.15)

0.2 1 —— Deterministic

0.1 A
0.01
—0.14
—0.21

_03 .

Time

Fig. 6.4. Two paths generated by ¢-Milstein method when 6 = 0.6 from various initial values together with the periodic solution of deterministic ODE with
o =0 for Eq. (6.29).

--- X71%(6_;w,0.15)
— X;1%w,0.15)

—0.1 1

-0.2 A

—0.3 1

Time

Fig. 6.5. Two paths generated by 6-Milstein method when 6 = 0.6 on different realizations for Eq. (6.29).

To show the periodicity of generated solutions obtained by ¢-Milstein method, we first simulate two paths X () = X . 10(,0.15)
for -5 <t < -1 and )?t*(v_zw) = X,"O(u_zw, 0.15) for -3 <t < 0, with the same w and stepsize At = 0.05. The results are plotted
in Fig. 6.5 which show that the two simulated trajectories repeat each other with a time shift of period two. As the final test, in
Fig. 6.6 we simulate X F(v_,w) starting from 7, = 0 to T = 6 for the same w and stepsize as previous test. From this figure, we can
observe that X f’(v_,co) is periodic with period = which shows a periodic pull-back path as expected.

6.2. Convergence study

We conclude our selected experiments by testing the order of convergence of the considered schemes and comparing their
performance with those of the backward Euler-Maruyama method. To attain this, we first choose the stepsize At = 2~ to obtained
a reference solution and then compare the numerical solutions generated by the mentioned §-methods with larger stepsizes.

After simulating the random periodic solutions of Egs. (6.28) and (6.29) over 500 different trajectories by both #-Maruyama
and ¢-Milstein methods, we compute Monte Carlo estimates of the root-mean-squared errors between the reference solution and the
individual methods with 5 different stepsizes At = 27/, i = 4,5,6,7,8. The results are presented in Figs. 6.7 and 6.8. In these figures
we have also plotted the errors corresponding to the backward Euler-Maruyama and Implicit Milstein methods (when 6 = 1) with
the same stepsizes. As we can see for both examples, the §-Milstein method with 6 = 0.6 attains the expected order of convergence
and, for Eq. (6.29), the order of convergence for )-Maruyama methods looks even greater than 1/2, which is beyond the theoretical
order of convergence.
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Fig. 6.6. The pull-back path X~3(t,v_,w) generated by 0-Milstein method for Eq. (6.29).
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Fig. 6.7. Root-mean-square error vs. stepsize 4t as log-log plot for Eq. (6.28).

When approximating the random periodic solutions of SDEs, different choices of method parameters, denoted as 6, can have
impacts on the accuracy and efficiency of the approximation. It has been proved that the step size or time increment used in the
numerical integration scheme is influenced by the choice of §. Consequently, the choice of 6 can significantly impact the accuracy of
the approximation. When 6 = 1, the scheme becomes fully implicit, requiring the solution of a system of equations at each time step.
Implicit schemes tend to be more stable and accurate but may impose stricter constraints on the time increment. For intermediate
values of 6 (e.g. 0 < 6 < 1), the scheme becomes semi-implicit or partially implicit. These schemes strike a balance between accuracy
and stability by blending explicit and implicit components. The choice of § determines the weight given to the explicit and implicit
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Fig. 7.10. Two paths generated by §-Maruyama method when 6 = 0.6 from various initial values together with the periodic solution of deterministic ODE with
o =0 for Eq. (7.30).

parts of the scheme, which influences the allowable time increment. To illustrate this impact, we examined the effect of different
choices of 6 on the Monte Carlo estimates of the root-mean-squared errors, as shown in Fig. 6.9, for problem (6.28).

7. Conclusions and open problems

In this paper, we have studied the existence and uniqueness of random periodic solutions to SDEs having the following form
1 1 1 1
aX = [~AX + £ X)) di + g0 X[,

under a one-sided Lipschitz condition, and approximated their solutions via two classes of stochastic #-methods. While SDEs with
random periodic solutions have been studied for many years, there exists just a few effort in literature to approximate their
solutions via numerical methods, by accurately retaining the periodic character. At the best of our knowledge, in the case of
periodic phenomena described by second order problems, such as those described by Duffing equation, the numerical analysis of
random periodicity remains an open problem. For example, consider a scalar periodic stochastic Duffing equation, that reduces to
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Fig. 7.11. Two paths generated by §-Maruyama method when 6 = 0.6 on different realization.

the following system of first order SDEs

1

d( Xto >=(
1
}/IO

Al 0
o dr + ( dB,. (7.30)
—2X,° —Y,° —cost 1

The existence of random periodic solutions is studied in [40]. From Figs. 7.10 and 7.11, we can guess that numerical solutions of
(7.30) also admit periodic solutions in distribution and show a periodic pull-back path. However, our theoretical analysis does not
cover this case. The existence and uniqueness of numerical solutions for this type of problem remains open.
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