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Abstract: The stick-slip phenomenon is a jerking motion that can occur while two objects slide over
each other with friction. There are several situations in which this phenomenon can be observed:
between the slabs of the friction dampers used to mitigate vibrations in buildings, as well as between
the components of the base isolation systems used for seismic protection. The systems of this kind
are usually designed to work in a smooth and flawless manner, but under particular conditions
undesired jerking motions may develop, yielding complex dynamic behavior even when only a
few degrees of freedom are involved. A simplified approach to the problems of this kind leads to
the mechanical model of a rigid block connected elastically to a rigid support and at the same time
with friction to a second rigid support, both the supports having a prescribed motion. Despite the
apparent simplicity of this model, it is very useful for studying important features of the non-linear
dynamics of many physical systems. In this work, after a suitable formulation of the problem, the
equations of motion are solved analytically in the sticking and sliding phases, and the influence of
the main parameters of the system on its dynamics and limit cycles is investigated and discussed.
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1. Introduction

Elastic elements undergoing stick—slip motion in the presence of friction can be found
in many physics and engineering systems in a range of length scales from micrometers [1]
to kilometers [2]. In the civil engineering field, for instance, various solutions proposed
for protecting buildings from earthquakes, e.g., devices for controlling the amplitude
of oscillations or isolating buildings from the ground [3-8], undergo stick-slip motions.
Among the damping devices, a common solution exploits the friction force that develops
between elements forced to slide with friction over each other, as in the slotted bolted
connection (SBC) [4] represented in Figure 1. As for isolation systems, a typical solution
is based on interposing sliding elements between the foundation and the base of the
superstructure [5,6]. Figure 2 reports, by way of example, the case of a structure fitted
with a friction pendulum system (FPS). The shear force transmitted to the superstructure
via the isolation system is usually limited by keeping the coefficient of friction as low as
practical to cope with strong winds and minor earthquakes without associated sliding,
while sliding displacements due to significant seismic events are controlled by either high-
tension springs, or laminated rubber bearings, or by the means of curved sliding surfaces,
which provide the restoring force to return the structure to its equilibrium position [9].
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Figure 1. Example of structure fitted with a slotted bolted connection (SBC) with steel-brass sliding
surfaces.

Figure 2. Example of structure fitted with a friction pendulum system (FPS adapted from [6]).

Seismic protection devices for buildings are a particular example of the systems
containing components forced to slide with friction over other components. The systems
of this sort can also be found in industrial engineering applications (e.g., wiper blades,
brakes, or drill bits [10]) and may exhibit complex dynamic behavior even when only a
small number of degrees of freedom are involved.

In addition to examples from the civil and industrial engineering sectors, other exam-
ples of dynamic responses in which the stick-slip phenomenon may play an important role
can be drawn from the physics of earthquakes. The Burridge-Knop, off fault model [1]
clearly highlights stick—slip dynamics during the fault movement that gives rise to seismic
waves (Figure 3). The instability of such motion can be triggered in simple models like this
by assuming velocity-decreasing friction forces [11,12].
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Figure 3. Schematic representation of the Burridge-Knopoff model (figure drawn from [1]).

Over the years many studies have been conducted to better understand the dynamics
of systems in which components are forced to slide with friction over other components,
the ultimate objective being to identify the conditions that may disrupt their smooth,
efficient functioning. The body of literature on the topic may be subdivided into two main
categories. The first is represented by numerical methods, usually based on finite element
models [13]. The second (which includes the present work) is represented by analytical
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approaches [7,14], in which simplified models based on a small number of degrees of
freedom are employed to describe the behavior of the system, whose equations of motion
are solved analytically or semi-analytically with reduced computational effort.

The paradigmatic case of the single-degree-of-freedom system subjected to elastic
and friction forces has been studied extensively over the last century. After Den Hartog’s
study [15], many researchers have addressed similar problems. Among the various contri-
butions, some works addressing the forced oscillations of the mass-spring system are worth
recalling. In 1984, Parnes [16] and Marui and Kato [17] studied a single-degree-of-freedom
system subjected to ground motion or external forces and analyzed the influence of impor-
tant parameters on the system dynamics. In 1986, Shaw [18] discussed the stability of the
long-term response of a damped system. Numerical analysis dealing with discontinuity
between static and kinematic friction forces is illustrated by Leine [19], and Hong and
Liu [20]. The chaotic response that friction can cause is outlined in the works of Popp
and Stelter [21], and is further investigated by Andreaus and Casini [22], and Licské and
Cserndk [23]. More recent works addressed the evolution of the stick and slip phases in the
system limit cycles as a function of the system parameters (see, e.g., the works of Csernak
and Stépan [24], and Butikov [25]), or performed bifurcation analyses [26].

This paper presents a mathematical model that enables providing a simplified descrip-
tion of the dynamics of the systems like those mentioned in the foregoing. By virtue of
its simplicity, the model may be used to study the dynamics of many physical systems
undergoing a stick-slip motion in the presence of friction, such as structures fitted with
seismic protection systems subjected to a ground motion or faults undergoing relative slip.
We begin by considering the simple scheme depicted in Figure 4, in which a rigid block (G)
is connected elastically to a first rigid support (A) and is in frictional contact with a second
rigid support (B). Preliminary results concerning this one degree-of-freedom model have
been presented by the authors in [11,27,28].

Figure 4. Scheme of a single-degree-of-freedom system that is connected elastically to a first rigid
support (A) and can slide with friction over a second rigid support (B): m is the mass of the rigid
block; k and ¢ are the elastic constant of the spring and the constant coefficient of the linear dashpot
between rigid block and rigid support A; ps and p,; are the static and dynamic friction coefficients
that model the tangential interaction between rigid block and rigid support B; N is the normal contact
force between rigid block and rigid support B.

The analytical description of the system’s stick and slip phases is outlined in Section 2
for Coulomb-like friction forces between the rigid block and moving support B. An event-
driven solution scheme is adopted, consisting of identifying the transition times (if any)
between the stick and slip phases and assembling the analytical expressions that hold in
such phases. A description of the different types of long-term motions that such systems
may undergo is provided in Section 3. We investigate the role played by three dimensionless
parameters: the ratio between the oscillation frequency of the moving support B and the



CivilEng 2024, 5

423

natural frequency of the mass—spring system; the ratio between the kinematic and static
friction forces; and finally, the ratio between the amplitude of oscillations of the moving
support B and a reference length. Once such parameters are known, it is possible to foresee
some features of the system’s long-term dynamic response. In this regard, reference maps
are presented to provide indications of the main characteristics of the possible long-term
dynamic responses of the system. Finally, in Section 4, we illustrate numerical results that
confirm the analytical findings of the present study.

2. The Mechanical Model

Finding the exact solution to non-linear dynamic problems like those mentioned in
the foregoing is not a simple matter. For example, an actual building, fitted with various
energy dissipation mechanisms and subjected to external actions such as those due to an
earthquake may be considered as an elastic structure with an infinite number of degrees of
freedom. Viscous—elastic and friction-based mechanisms are two relevant examples and
make the dynamic problem non-linear and difficult to solve analytically.

In this work, we investigate some features of the non-linear dynamic response of a
single-degree-of-freedom system that is connected elastically to a rigid support A and can
slide with friction over a rigid support B, as represented in Figure 3.

The system is formed by a rigid block of mass m attached to a spring with elastic
constant k. The other end of the spring is connected to point A of a rigid support, whose
position with respect to a suitable inertial reference frame is x4(t). The rigid block is free to
slide with friction over a second rigid support, whose reference point B moves according to
a prescribed law, xp(t). The friction force between this second rigid support and the rigid
block is F,;. The position of the block’s center of gravity (G) with respect to the inertial
reference frame is x(t). The following equation of motion holds

mx+c(x —x4) +k(x —x4) = F,. (1)

The condition of null relative motion between the rigid block and rigid support moving
with point B is expressed as x,,; = x — xg = 0.

In the following, we focus attention on the case in which ¢ = 0, point A is fixed with
respect to the inertial reference frame, and point B moves with respect to it. Moreover, we
set the origin of the inertial reference frame at a point O, between point A and point G, in
such a way that the distance between O and A is the length of the unstrained spring. In
such case, the equation of motion takes the form

mx +kx =F,, )

where x(t) represents the position of the block’s center of gravity G with respect to O.

A simple harmonic motion is assumed for point B, such that xg = Asin(wyt), where
A and wy, are the positive amplitude and angular frequency that define the motion of the
point B. Note that B is at the origin O at time f = 0.

2.1. The Friction Law: A Modified Version of the Coulomb’s Formulation

When dealing with a specific application, the friction law depends heavily on the
physical properties of the materials involved, as well as on the conditions of the contact
surfaces, which can vary widely. Consequently, different laws have been proposed in the
literature to describe the experimental evidence via state-dependent and rate-dependent
approaches (Sampson [29], Rabinowicz [30], Pennestri [31]). Our aim is to investigate some
features of the non-linear dynamic response of the elastic system described in the foregoing
without focusing on a specific material or timescale. To this end, we assume a simple
friction law which is a modified version of Coulomb’s formulation.

Let us denote by F; and Fi the static and kinematic friction forces, respectively. In
order to account in a simplified way for the short time the system needs to return to the
sticking condition at the end of a sliding phase, we assume that a sticking phase following
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a sliding phase can only begin if the friction force does not exceed F; at the first instant the
relative velocity vanishes, x,,; = 0. In other terms, we assume following:

|Fa(t)] < Fs = usN,  if x,,; = 0 on finite time interval [, t), 3)
Fﬂ(t) = _Sgn(xrel)Fk = _Sgn(jcrel).ukN/ if J.Crel 7é 0, (4)
|F2(t)| < Fr = ugN, otherwise. 5)

Hence, a sticking phase may begin only if a friction force no greater than F; is required
at the first instant the relative velocity vanishes, otherwise the sliding phase will continue, as
also discussed in [27,28]. According to the rule introduced here, a sticking phase following
a sliding phase may begin at any time ¢* at which the relative velocity vanishes only if the
following condition holds:

|miy () + kx(t*)| < F. (6)

2.2. Event-Driven Solution of the Equation of Motion

In the following, we assume the observation of the block motion begins at an initial
time #. The block’s initial position and velocity are x(tp) = xo and x(ty) = X, respectively.
In the general case, the system’s motion may involve both sticking phases, during which
the block follows the motion of the moving support B, and sliding phases, during which
the block moves with respect to it. In each phase, the equation of motion may be formally
written as (2), where F, is the non-smooth friction force (3-5).

Any sticking phase following a sliding phase will begin at a time t* if both the block
and the moving support have the same velocity and if the magnitude of the friction force
required to start sticking at ¢t = t* does not exceed F;. Depending on the values of the
system parameters, the sticking phase may last indefinitely. In such a case, the modulus of
the friction force F, remains lower than F; for t > t*. Vice versa, any sliding phase following
a sticking phase may begin at a time t** if and only if the magnitude of the friction force on
the block reaches the static value F; and a friction force greater than F; would be required
to extend sticking to t > t**. Under appropriate conditions, the sliding phase may also
last indefinitely. In the next sections, both the sticking and sliding phases are discussed in
detail. Here, as in [27,28], we only recall that during any sticking phase, the velocity of the
rigid block coincides with that of the moving support B, while during any sliding phase,
the explicit expression of the block’s motion is the following;:

x(t) = cycos(wt) +cosin(wt) £ xy, )

where constants c; and c; depend on the conditions holding at the beginning of the sliding
phase and x; = F/k.

2.3. End Time of Sticking Phases

Let us assume that the rigid block is going through a sticking phase, and let C denote
the block position at the beginning of this phase. Let us also introduce the dimensionless
initial position A = C/x,, with x; = F;/k. Simple calculations, omitted here for brevity,
show that the end time t; is a solution of one of the two following equations:

sin(wt) = —(14+A)/a, 8)
sin(wt) = (1—A)/a, )

where ¢ = a(l — Qz), Q= wp/w, w = vk/m, and a = A/x;, this latter denoting the
dimensionless amplitude of the oscillations of the moving support B.

Equations (8) and (9) can be obtained by determining the time instant #; (if any) at
which the dimensionless form of the sticking condition, i.e., |asin(wt) + A| < 1, may no
longer be satisfied.
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With reference to Figure 5, the time instant ¢; is determined according to Equation (8)
in regions Al and A1/, by Equation (9) in regions A3 and A3/, and is the lower of the
two solutions to (8) and (9) in regions A2 and A2'.

Figure 5. Sticking phase duration and corresponding reference map in the a-A plane.

As is apparent, the duration of any sticking phase can be inferred by checking the
dimensionless initial position, A, of the rigid block and the dimensionless amplitude and
frequency of the oscillations, a and (), of the moving support B. A sticking condition
will last up to a certain time if the corresponding point (A, «) in Figure 5 belongs to the
yellow-shaded regions A1, A2, and A3 (or Al’, A2/, and A3’). On the contrary, sticking
will last indefinitely if the point falls within the central diamond-shaped region. Lastly, the
lateral unshaded regions are incompatible with sticking conditions.

2.4. End Time of Sliding Phases

Let us assume that the block is sliding. The necessary conditions for the sliding phase
to stop at a certain time f, require that the relative velocity between the block and the
moving support B become zero and the additional condition (6) be fulfilled, which can be
expressed by the following:

—ansin(wbtz) + x(f2) /x5

<n <1, (10)

where 17 = F;/ F; is the kinematic—static friction ratio.

Condition (10) ensures that the magnitude of the friction force on the block needed
to start a sticking phase is not greater than Fy. If condition (10) is not satisfied, then the
friction force on the block remains greater than F, a sticking phase cannot begin, and the
block continues sliding with respect to the moving support.

3. Remarks on the System Limit Cycles

Limit cycles are periodic solutions to the equation of motion characterized by a net
balance between the amount of energy dissipated by and supplied to the mass—spring
system over each period. Different types of limit cycles may be observed for systems like
those considered here [17,24,25]. By following the evolution of the system, starting with
different initial conditions and considering different values of its characteristic parameters,
a, (), and 7, it can be observed that the system trajectories may tend towards periodic
motion. Specifically, after an initial transient phase, the system may approach limit cycles
during which the block keeps sliding indefinitely, other limit cycles where it keeps sticking
indefinitely, and yet others where it passes from sliding to sticking in a periodic way. In
this section, we consider these three types of motion.
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3.1. Sticking Limit Cycles

Once a sticking phase has begun, the motion of the block is expressed as x = xp + C,
where C is a constant. The block will go on sticking if the friction force transmitted from
the moving support does not exceed the maximum static value, F;. Hence, endless sticking
is possible if the following necessary condition is fulfilled

a)1—02‘ <1. (11)

Moreover, it is straightforward to conclude that the stability of endless sticking will be
assured if the following more stringent condition is fulfilled

aft-?| <y, (12)

where 1 = F;/F; is the kinematic—static friction ratio. In this regard, let it suffice to recall
that if small perturbations start the block sliding, its oscillatory motion will be described by
(7). Inequality (12) ensures that as soon as the relative velocity between the block and the
moving support B returns to zero, the friction force needed to restore sticking will surely
be lower than Fy, and sticking will take place again.

3.2. Sliding Limit Cycles

This section takes up a particular set of sliding limit cycles discussed in a preliminary
investigation by the authors of [27,28]. More precisely, we consider a block that is under-
going periodic motion and assume the block slides over the moving support B without
ever sticking to it. We consider a generic time interval [0, T},] and, counting the time from
the beginning of the period, we restrict our attention to periodic motions satisfying the
following constraints:

x(0) = x(Tp/2) = x(Tp) =0, (13)

Xrel(o) = jcrel(Tb/2) = Xrel(Tb) =0, (14)

accordingly rewriting the law of motion of the moving support as
xp = Asin(wpt + @), (15)

where angle ¢ accounts for the phase shift between the oscillations of the block and those
of the moving support.

During each period two conditions are assumed: (i) first, the component of the friction
force along the x-axis has a prescribed sign (e.g., it is positive) over one-half of the period
and the opposite sign over the other half of the period (this is referred to here as relative
velocity sign condition); (ii) in addition, at the beginning of any half-period, when the
relative velocity is zero, the sticking condition (10) must not be fulfilled.

In order for this kind of sliding motion to take place the phase angle ¢ must satisfy
the condition 1

cos(¢) = ——thm(zn) (16)

in which the reciprocal of () cannot be an odd integer number. It is worth noting that
critical values of O = 1/3,1/5, ... have previously been cited for other systems analogous
to the one considered here (e.g., [24,25]).

Simple calculations enable concluding that the conditions imposed on the periodic
sliding motion can be summarized through the single inequality

a>1g(Q), (17)

where

ML o1 s
g2(Q) = o + Q—tun (20) (18)
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Mqp = max{l;supze(orl)|hQ(z)|}, (19)
ha(z) = szn((:rz) [tan(%) (cos(%) —cos(nz)) —sin(%)}. (20)

The stability of the periodic sliding motion considered here can be evaluated by
considering the superposition of small perturbances, x,(t), to the sliding motion. From
Equation (2), we observe that x,(t) is the solution to the homogeneous equation

mxp + kx, = 0. (21)

In other terms, small perturbances can cause the small oscillations of the system to
appear around the periodic sliding motion, which may not be unconditionally stable.

3.3. The Influence of the System Parameters on Its Long-Term Response

The motion of systems like those considered in this study can be determined if the
values of their characteristic parameters, such as a, (), and 7, are known, together with
the system’s initial conditions. Conversely, it appears reasonable to assume that given the
values of such parameters, it should be possible to determine some features of the system’s
long-term response. In other words, given 4, (), and ¥, it should be possible to predict the
evolution of the system and the existence of the limit cycles to which it may tend.

In this paper, we have demonstrated that conditions (11) and (17) enable making
predictions about characteristic solutions, e.g., continuous sticking or continuous sliding,
that may be observed. Therefore, if the system parameters 4, ), and 7 are assigned, it
is possible to forecast some features of the system’s long-term response. For instance, if
such parameters do not satisfy inequality (11), then the system cannot undergo continuous
sticking and a sliding phase will ensue. Moreover, if condition (17) is not verified, the
system cannot undergo the sliding motion defined in Section 3.2. Instead, if the system
verifies the conditions introduced in Section 3.2 and its parameters are compliant with (17),
then it may undergo the periodic sliding motion discussed in Section 3.2.

Figure 6 shows a partition of the a-() plane in terms of long-term system responses, for
three cases, namely, 7 =1/3, # =2/3, 7 = 1. The partition is based on conditions (11) and (17).
Indefinite sliding motions are allowed in the pink regions. Indefinite sticking may take
place in the blue regions. Regions not colored allow for stick-slip motions.

The dashed green line bounds from below, albeit approximately, the set of indefinite
sliding motions for (3 < 1 in the logarithmic plots (Figure 6). The analytical expression for
this lower bound locus, for the three cases considered here (7 =1/3,2/3, 1), is

aQ? = c(1) (22)

where ¢(#) is a coefficient depending on #, which for the three cases 4 =1/3,2/3, 1 can
be approximated as c(7) = 97/8 — 1/8. It is worth observing that Equation (22) fory =1
is similar to a condition found in Shaw [18] for the forced sliding oscillations of a system
analogous to the one studied here.

It should be cautioned that the present investigation is not conclusive. Further studies
are needed which will be conducted in subsequent works to carry out an exhaustive or, at
least, a wider examination of the possible limit cycles and the relevant existence conditions
for systems such as those considered here. However, the results obtained, and the reference
maps introduced within this work, already provide some important information.
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Figure 6. Partition of the a-() plane showing possible long-term system responses for the three cases
corresponding ton =1/3,7=2/3,and = 1.

3.4. Bifurcation Diagrams

Figures 7-10 show bifurcation diagrams for the system at hand. The motion of the
system is examined for the prescribed values of 4, (2, and . Homogeneous initial conditions
are assumed, i.e., x(0) = 0, £(0) = 0. The diagrams report the positions, X, at which the
relative velocity between the block and the moving support B vanishes, divided by the
characteristic length xs = F;/k. If a sticking phase starts, the corresponding points on the
diagram are colored in blue, otherwise, if the block keeps on sliding, they are red.

Figures 7 and 8 focus on the systems having the same dimensionless amplitude as
the imposed oscillation, 2 = 10. The diagrams show the change in the system response
produced by the variations in the parameter () (the ratio between the frequency of the
moving support B and that of the mass—spring system). In the case of # = 1/3, a chaotic
response is observed for (2 < 1/5. The critical values for ) separating smooth slip motions
from irregular stick—slip responses are in close agreement with the predictions that can be
made using the corresponding reference map in Figure 6. When 77 = 1 the system highlights
a smoother response. Once again, the critical values for () are in close agreement with the
predictions based on the relevant reference map in Figure 6. Chaos in stick-slip systems
analogous to the system considered here is discussed in [21,23], amongst other works. As
was expected, the lower values of () promote chaotic motion. Nevertheless, it is worth
observing that for # = 1, irregular stick—slip motions are observed close to () = 1, where
regions of indefinite sticking and indefinite sliding overlap.
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Figure 7. Bifurcation diagrams in the domain Q2 — x /x5 for a = 10 and 5 = 1/3. Blue points on the
diagram correspond to sticking phase, red points are associated with sliding phase.

Figure 8. Bifurcation diagrams in the domain () — X/ xs for a = 10 and n = 1. Blue points on the
diagram correspond to sticking phase, red points are associated with sliding phase.

Figure 9. Bifurcation diagrams in the domain a — x/xs for O =1/3 and 7 =1/3. Blue points on the
diagram correspond to sticking phase, red points are associated with sliding phase.
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Figure 10. Bifurcation diagrams in the domain a — x /x5 for Q = 1/3 and 7 = 1. Blue points on the
diagram correspond to sticking phase, red points are associated with sliding phase.

The bifurcation diagrams shown in Figures 9 and 10 highlight the effects produced by
the parameter a (dimensionless oscillation amplitude). In both cases, the frequency ratio
) is set equal to 1/3. The stick-slip response predicted by using the reference maps in
Figure 6 for a > 1 is confirmed. In addition, a transition from smooth to chaotic motion
is observed when the dimensionless oscillation amplitude a exceeds the threshold value
which depends on #. In this regard, it is worth recalling that the chosen value for ()
(€2 = 1/3) is a critical value that separates the two regions where indefinite sliding is
allowed. The distance between the two regions narrows for the increasing amplitude of
oscillations (Figure 6) and this could trigger a chaotic system response.

4. Numerical Examples

In this section, we report the results of the numerical simulations that confirm the
analytical findings of the previous sections. Many simulations have been performed,
starting with different initial conditions and for different values of the system parameters,
a, (), and 5. By way of example, three paradigmatic cases are shown in Figures 11-16.

Figures 11 and 12 illustrate the steady state of a system whose parameters are a = 10,
n =1/3,and Q) = 0.09. Specifically, Figure 11 reports the last 60 s of the time history of the
system position and velocity, while Figure 12 shows the phase portrait of the system, i.e.,
its two-dimensional representation from the beginning (t = 0) to the end (¢ = 1000 s) of the
simulation, along with a three-dimensional view of the last 60 s. As expected, the system’s
steady state is characterized by sticking and sliding phases. Figures 13 and 14 illustrate
similar results for a system with parameters a = 10, # = 1/3, and Q) = 0.6, whose steady
state coincides with a sliding limit cycle. Finally, Figures 15 and 16 show the numerical
results obtained for a system whose parameters are a = 10, 7 =1/3, and ) = 0.99. In this
case, the system’s steady state coincides with a sticking limit cycle.

Figure 11. Time history of position and velocity for a = 10, 7 = 1/3, Q) = 0.09 (stick-slip limit cycle).



CivilEng 2024, 5 431

Figure 12. Phase portrait of the system for a = 10, # = 1/3, Q) = 0.09 (stick-slip limit cycle).

Figure 13. Time history of position and velocity for a = 10, 7 =1/3, Q) = 0.60 (sliding limit cycle).

Figure 14. Phase portrait of the system for a = 10, # = 1/3, Q) = 0.60 (sliding limit cycle).

Figure 15. Time history of position and velocity for a =10, 7 =1/3, (0 = 0.99 (sticking limit cycle).
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Figure 16. Phase portrait of the system for a = 10, # = 1/3, Q2 = 0.99 (sticking limit cycle).

To sum up, the motion of the systems examined numerically agrees fully with the
predictions that can be made via the reference maps shown in Figure 6. Specifically,
Figures 11 and 12 confirm the stick—slip long-term response for () = 0.09, Figures 13 and 14
confirm the continuous sliding long-term response for (2 = 0.6, and Figures 15 and 16
confirm the continuous sticking long-term response for () = 0.99.

5. Conclusions

This paper has addressed the dynamics of an elastic system that can slide with friction
over a moving support. In particular, it has investigated the case of a rigid block connected
elastically to a fixed support and with friction to another support which is moving according
to a sinusoidal law. The contact between the block and the moving support is described by
a modified version of Coulomb’s law to account for the short time needed to restore the
sticking contact condition after a sliding phase. Although the system dynamics is highly
non-linear due to the non-linear friction law, the system equation of motion can be solved
analytically in each phase of sticking and sliding. The exact sequence of the sticking and
sliding phases given the initial conditions can be predicted by the means of two simple
criteria that allow for identifying the transition time (if any) between the two phases.

A simulation campaign has been carried out to verify the outcomes of the event-
driven analytical approach presented in the paper and to highlight the effects of the main
system parameters on its long-term dynamic response. The influence on the solution of
three dimensionless parameters has been discussed. They are the ratio () between the
frequency of the oscillations of the moving support and the system’s natural frequency, the
ratio 77 between the kinetic and static friction forces, and finally, the ratio a between the
maximum amplitude of the oscillations of the moving support and a reference length.

Some limit cycles corresponding to continuous sliding or continuous sticking have
been analyzed. The conditions ensuring their existence have also been discussed. In this
regard, we have introduced reference maps showing the partition of the a-Q) plane for the
given values of 7 into regions corresponding to different expected or possible long-term
system responses. According to the results obtained, it is possible to conclude that once the
system parameters, a, (), and #, are known, some characteristics of the system’s long-term
dynamic are foreseeable. The regions in the a-() plane for which a continuous sticking
motion or a particular periodic sliding motion can be excluded or may be possible have
been determined. The numerical results have confirmed the analytical predictions.

The analysis of the non-linear dynamics of the elastic systems undergoing frictional
stick—slip motions via reference maps and the event-driven analytical solution presented
in the paper makes it possible to achieve a better understanding of some features of the
long-term dynamic response of such systems. The outcomes obtained may also be useful
for applications, such as those requiring the definition of design criteria to avoid undesired
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jerking motions between components of important safety systems (e.g., seismic protection
systems), with the objective of optimizing their performance.

Future investigations will address the more general case in which forced oscillations
are imposed on both the base and the elastic spring. The influence of a linear dashpot
on the stick—slip dynamics of the considered system will also be investigated. Moreover,
hysteretic models will be considered to study the evolution of the stick—slip phenomenon
in more complex non-linear systems. In addition, future analytical studies will address the
existence of limit cycles other than those considered in this work, as well as the conditions
under which other limit cycles may become possible.

Author Contributions: Conceptualization, methodology, writing—review and editing, G.M., R.B.
and S.B. All authors have read and agreed to the published version of the manuscript.
Funding: This research received no external funding.

Data Availability Statement: The original contributions presented in the study are included in the
article, further inquiries can be directed to the corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.

References

1.  Gibert, ].M.; Fadel, G.; Daqaq, M.F. On the stick-slip dynamics in ultrasonic additive manufacturing. J. Sound Vib. 2013, 332,
4680-4695. [CrossRef]

2. Burridge, R.; Knopov, L. Model and theoretical seismicity. BSSA 1967, 57, 341-371. [CrossRef]

3. Chopra, A. Dynamics of Structures: Theory and Applications to Earthquake Engineering, 2nd ed.; Prentice Hall, Inc.: Upper Saddle
River, NJ, USA, 2003.

4.  Grigorian, C.; Popov, E. Energy Dissipation with Slotted Bolted Connections, UCB/EERC-94/02; California University, Earthquake
Engineering Research Center: Richmond, CA, USA, 1994.

5. Castaldo, P,; Palazzo, B.; Della Vecchia, P. Seismic reliability of base-isolated structures with friction pendulum bearings. Eng.
Struct. 2015, 95, 80-93. [CrossRef]

6. Avinash, A.R.; Krishnamoorthy, A.; Kamath, K.; Chaithra, M. Sliding isolation systems: Historical review, modeling techniques,
and the contemporary trends. Buildings 2022, 12, 1997. [CrossRef]

7. Bhaskararao, A.V,; Jangid, R.S. Seismic analysis of structures connected with friction dampers. Eng. Struct. 2006, 28, 690-703.
[CrossRef]

8.  Ozbulut, O,; Bitaraf, M.; Hurlebaus, S. Adaptive control of base-isolated structures against near-field earthquakes using variable
friction dampers. Eng. Struct. 2011, 33, 3143-3154. [CrossRef]

9. Yang, T.Y;; Zuo, X.; Rodgers, G.W.; Bagatini-Cachugo, F. Mechanism development and experimental validation of self-centering
nonlinear friction damper. Eng. Struct. 2023, 287, 116093. [CrossRef]

10. Barsotti, R.; Bennati, S.; Quattrone, F. A simple mechanical model for a wiper blade sliding and sticking over a windscreen. Open
Mech. Eng. ]. 2016, 10, 51-65. [CrossRef]

11.  Ferguson, C.D.; Klein, W.; Rundle, ].B. Long-range earthquake fault models. Comput. Phys. 1998, 12, 34—40. [CrossRef]

12. Dieterich, J.H. Modeling of rock friction: 1. Experimental results and constitutive equations. J. Geophys. 1979, 84, 2161-2168.
[CrossRef]

13. Kavvadias, I.; Vasiliadis, L. Finite Element Modeling of Single and Multi-Spherical Friction Pendulum Bearings. In Proceedings
of the 6th Thematic Conference on Computational Methods in Structural Dynamics and Earthquake Engineering, Rhodes Island,
Greece, 15-17 June 2017.

14. Lancioni, G.; Lenci, S.; Galvanetto, U. Non-linear dynamics of a mechanical system with a frictional unilateral constraint. Int. |.
Non-Linear Mech. 2009, 44, 658-674. [CrossRef]

15. Den Hartog, J. Forced Vibrations with Combined Coulomb and Viscous Friction. Trans. ASME 1931, 53, 107-115. [CrossRef]

16. Parnes, R. Response of an Oscillator to a Ground Motion with Coulomb Friction Slippage. J. Sound Vib. 1984, 94, 469-482.

17.  Marui, E; Kato, S. Forced Vibration of Base-Excited Single-Degree-of-Freedom System with Coulomb Friction. J. Dyn. Sys Meas.
Control 1984, 106, 280-285. [CrossRef]

18. Shaw, S.W. On the dynamic response of a system with dry friction. J. Sound Vib. 1986, 108, 305-325. [CrossRef]

19. Leine, R.I; Van Campen, D.H.; De Kraker, A. Stick-slip vibrations induced by alternate friction models. Nonlinear Dyn. 1998, 16,
41-54. [CrossRef]

20. Hong, HK; Liu, C.S. Non-Sticking Oscillation Formulae for Coulomb Friction Under Harmonic Loading. J. Sound Vib. 2001, 244,
883-898. [CrossRef]

21.  Popp, K,; Stelter, P. Stick-Slip Vibrations and Chaos. Philos. Trans. 1990, 332, 89-105.

22.  Andreaus, V.; Casini, P. Dynamics of Friction Oscillators Excited by a Moving Base and/or Driving Force. |. Sound Vib. 2001, 245,

685-699. [CrossRef]


https://doi.org/10.1016/j.jsv.2013.04.007
https://doi.org/10.1785/BSSA0570030341
https://doi.org/10.1016/j.engstruct.2015.03.053
https://doi.org/10.3390/buildings12111997
https://doi.org/10.1016/j.engstruct.2005.09.020
https://doi.org/10.1016/j.engstruct.2011.08.022
https://doi.org/10.1016/j.engstruct.2023.116093
https://doi.org/10.2174/1874155X01610010051
https://doi.org/10.1063/1.168681
https://doi.org/10.1029/JB084iB05p02161
https://doi.org/10.1016/j.ijnonlinmec.2009.02.012
https://doi.org/10.1115/1.4022656
https://doi.org/10.1115/1.3140686
https://doi.org/10.1016/S0022-460X(86)80058-X
https://doi.org/10.1023/A:1008289604683
https://doi.org/10.1006/jsvi.2001.3519
https://doi.org/10.1006/jsvi.2000.3555

CivilEng 2024, 5 434

23.

24.

25.
26.

27.

28.

29.

30.
31.

Licsko, G.; Csernak, G. On the chaotic behaviour of a simple dry-friction oscillator. Math. Comput. Simulat. 2014, 95, 55-62.
[CrossRef]

Csernak, G.; Stépan, G. On the periodic response of a harmonically excited dry friction oscillator. J. Sound Vib. 2006, 295, 649-658.
[CrossRef]

Butikov, E.I. Spring pendulum with dry and viscous damping. Commun. Nonlinear Sci. 2015, 20, 298-315. [CrossRef]

Wang, X.; Long, X.; Yue, H.; Dai, S. Atluri. Bifurcation analysis of stick-slip vibration in a 2-DOF nonlinear dynamical system
with dry friction. Commun. Nonlinear Sci. 2022, 111, 106475. [CrossRef]

Bennati, S.; Barsotti, R.; Migliaccio, G. A simple model for predicting the nonlinear dynamic behavior of elastic systems subjected
to friction. In Proceedings of the XXIV AIMETA Conference 2019, Rome, Italy, 5 May 2020; Lecture Notes in Mechanical
Engineering. Carcaterra, A., Paolone, A., Graziani, G., Eds.; Springer: Cham, Switzerland, 2020.

Bennati, S.; Barsotti, R.; Migliaccio, G. A simple model for investigating the non-linear dynamic behavior of elastic systems
subjected to stick-slip motion. In Proceedings of the 7th International Conference on Computational Methods in Structural
Dynamics and Earthquake Engineering (COMPDYN 2019), Crete, Greece, 24-26 June 2019; Volume 3, pp. 4483-4492.

Sampson, J.; Morgan, E; Reed, D.W.; Muskat, M. Friction behavior during the slip portion of the stick-slip process. J. Appl. Phys.
1943, 14, 689-700. [CrossRef]

Rabinowicz, E. The Intrinsic Variables affecting the Stick-Slip Process. Proc. Phys. Soc. 1958, 71, 668-675. [CrossRef]

Pennestri, E.; Rossi, V.; Salvini, P.; Valentini, P.P. Review and comparison of dry friction force models. Nonlinear Dyn. 2016, 83,
1785-1801. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.1016/j.matcom.2013.03.002
https://doi.org/10.1016/j.jsv.2006.01.030
https://doi.org/10.1016/j.cnsns.2014.04.026
https://doi.org/10.1016/j.cnsns.2022.106475
https://doi.org/10.1063/1.1714948
https://doi.org/10.1088/0370-1328/71/4/316
https://doi.org/10.1007/s11071-015-2485-3

	Introduction 
	The Mechanical Model 
	The Friction Law: A Modified Version of the Coulomb’s Formulation 
	Event-Driven Solution of the Equation of Motion 
	End Time of Sticking Phases 
	End Time of Sliding Phases 

	Remarks on the System Limit Cycles 
	Sticking Limit Cycles 
	Sliding Limit Cycles 
	The Influence of the System Parameters on Its Long-Term Response 
	Bifurcation Diagrams 

	Numerical Examples 
	Conclusions 
	References

