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1. Introduction

In 1900 Dudeney, famous for his mathematical puzzles, posed the following question [1]: what is the largest number
of pawns that can be placed on an n x n chessboard such that no three pawns are on a straight line? This problem was
generalised to the setting of graph theory independently at least three times in [2-4] as follows: a set of vertices S in a
graph G is in general position if no shortest path of G contains more than two vertices of S. The problem then consists
of finding the largest set of vertices in general position for a given graph G. This has been shown to be an NP-complete
problem [4]. The general position problem has been the subject of intensive research; for some recent developments
see [5-10].

Some interesting variants of the general position problem have been considered in the literature. In [11] the authors
consider the general position problem using the Steiner distance instead of the normal graph distance. In [12] the authors
set a limit on the length of the shortest paths considered. For a fixed integer d, they define a set S of vertices of a graph
G to be a general d-position set if for any three vertices u, v, w € S that lie on a common geodesic P, the length of P is
greater than d; the number of vertices in a largest general d-position set is the general d-position number gp,(G) of G. The
paper [13] discusses the largest general position sets that are also independent sets. A further recent variant of the general
position problem can be found in [14], which discusses mutual visibility sets; a set M of vertices of a graph G is mutually
visible if for any u, v € M there exists at least one shortest u, v-path in G that intersects M only in the vertices u, v. In this
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paper, we consider a variation of the general position problem, which we call the monophonic position problem, obtained
by replacing ‘shortest path’ by ‘induced path’.

We now define the terminology that will be used in this paper. By a graph G = (V, E) we mean a finite, undirected
simple graph. The set of neighbours of a vertex u will be written N(u). The distance d(u, v) between two vertices u and v
in a connected graph G is the length of a shortest u, v-path in G; any such shortest u, v-path is a geodesic. A path P in G
is induced or monophonic if G contains no chords between non-adjacent vertices of P.

We will denote the subgraph of G induced by a subset S C V(G) by G[S]. A vertex is simplicial if its neighbourhood
induces a clique; in particular every leaf is simplicial. We denote the number of simplicial vertices and leaves of a graph
G by s(G) and ¢(G) respectively. The clique number w(G) of G is the number of vertices in a maximum clique in G and the
independence number «(G) is the number of vertices of a maximum independent set. A subset S C V(G) is an independent
union of cliques of G if G[S] is a disjoint union of cliques; the number of vertices in a maximum independent union of
cliques will be written as «®(G). A graph G is a block graph if every maximal 2-connected component of G is a clique.

The path of order ¢ and length ¢ — 1 will be written as P, and the cycle of length ¢ as C,. The join GV H of two graphs
is the graph formed from the disjoint union of G and H by joining every vertex of G to every vertex of H by an edge. Let
G and H be graphs where V(G) = {vq, ..., vy}; then the corona product G ® H is obtained from the disjoint union of G
and n disjoint copies of H, say Hy, ..., Hy,, by making the vertex v; adjacent to every vertex in H; for 1 < i < n. Finally,
the Cartesian product GOH, is the graph with vertex set V(GOH) = V(G) x V(H) such that two vertices (u1, v1), (U, v2)
are adjacent in GOH if and only if either u; = u, and v ~ v, in H, or else v = v, and u; ~ u; in G.

For two distinct vertices u, v of a graph G, the monophonic interval K[u, v] is the set of all vertices lying on at least one
monophonic path connecting u and v. The monophonic closure of a set M C V(G) is K[M] = Uu e Klu, v]. If K[M] = M,
then M is monophonically convex or m-convex. A smallest m-convex set containing M is an m-convex hull of M and is
denoted by [M],. It is possible to construct the monophonic convex hull [M],, from the sequence {Ky[M]}, k > 0, where
Ko[M] = M, K{[M] = K[M] and K[M] = K[Ky_1[M]] for k > 2. From some term onwards, the sequence must be constant;
if r is the smallest number such that K.[M] = K;{[M], then K.[M] = [M],. A set M C V(G) is a monophonic hull set if
[M], = V(G). The monophonic hull number hp,(G) of G is the number of vertices in a smallest monophonic hull set of G.
A vertex u in M is said to be an m-interior vertex of M if u € K[M \ {u}] and the set of all m-interior vertices of M is
denoted by M. For any other graph-theoretical terminology we refer to [15].

The plan of this paper is as follows. In Section 2 we introduce the monophonic position number of a graph, determine
some simple bounds and discuss the behaviour of the monophonic position number under some graph operations. In
Section 3 we give a sharp bound for the mp-number of triangle-free graphs and determine the mp-numbers of unicyclic
graphs and the join and corona products of graphs. In Section 4 we find the mp-numbers of split graphs and complements
of bipartite graphs. Section 5 provides realisation results for the gp-number, mp-number and monophonic hull number.
Finally in Section 6 we consider the computational complexity of the monophonic position problem.

2. Monophonic position sets in graphs

Recall that a set S of vertices in a graph G is a general position set if no shortest path in G contains more than two
vertices of S; by convention a gp-set is a largest general position set of G. The number of vertices in a largest general
position set of G is called the general position number or gp-number of G and is denoted by gp(G). We have the following
result for the general position number of graphs with diameter two.

Theorem 2.1 ([16]). If diam(G) = 2, then gp(G) = max{w(G), n(G)}, where n(G) is the maximum order of an induced complete
multipartite subgraph of the complement of G.

We now introduce the following variant of the gp-number.

Definition 2.2. A set M C V(G) is a monophonic position set or mp-set of G if no three vertices of M lie on a common
monophonic path in G. The monophonic position number or mp-number mp(G) of G is the number of vertices in a largest
mp-set of G.

For an example of these concepts see Fig. 1. Observe that every monophonic position set S of a graph G is also in
general position; it follows that mp(G) < gp(G). Any pair of vertices is in monophonic position, so for graphs with order
n > 2 we have 2 < mp(G) < n. It is easily seen that a connected graph satisfies mp(G) = n if and only if G = K, and
the only connected graphs G with mp(G) = n — 1 are (a) the joins of K; with a disjoint union of cliques and (b) graphs
formed from a clique by deleting between one and n — 2 edges incident to a given vertex. Also the mp-number of the
cycle G, is given by mp(C,) = 2 for n > 4.

We begin by noting that for a wide class of graphs the monophonic position number coincides with the general position
number. A graph G is distance-hereditary if for any connected induced subgraph H of G and vertices u, v € H we have
dy(u, v) = dg(u, v), where dg(u, v) is the distance between u and v in G and dy(u, v) is the distance between u and v in
the subgraph H. Distance-hereditary graphs have been characterised by Howorka [17] and many works in the literature
are dedicated to them as well as to their generalisations or specialisations (see e.g. [18-21]). In a distance-hereditary
graph a path is a geodesic if and only if it is induced; hence the definitions of general position and monophonic position
coincide for such graphs.
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Fig. 1. The Petersen graph with a maximum gp-set (left) and a maximum mp-set (right).

Observation 2.3. For any distance-hereditary graph G, mp(G) = gp(G).

Distance-hereditary graphs G are not characterised by the relation mp(G) = gp(G); for example, we have mp(Cs ©K;) =
gp(Cs ©Ky) = 5, but this graph is not distance-hereditary. Since the class of distance-hereditary graphs includes other well
studied classes of graphs such as cographs, block graphs, trees and Ptolemaic graphs, results provided for these classes
can be seen as a consequence of Observation 2.3. Hence by Theorem 2.1 and the result of [4] we immediately have the
following corollaries.

Corollary 2.4. For any block graph G with s(G) simplicial vertices, mp(G) = s(G). In particular, if T is a tree with £(T) leaves,
then mp(T) = £(T).

Corollary 2.5. For integers ry > r, > --- > r; the mp-number and gp-number of the complete multipartite graph K., r, .. r,
are given by

gp(1<1‘1,r2,...,1‘[) = mp(1<r1,1’2,...,r[) = max{r17 t}

We now provide some bounds on the monophonic position number of a graph. It was shown in [2] that the gp-number
of a graph with diameter D is bounded above by n — D + 1; there is an analogous upper bound for the mp-number of a
graph in terms of the length of its longest induced path.

Proposition 2.6. If G is a graph with order n and the longest induced path in G has length L, then mp(G) < n — L + 1. This
bound is sharp.

Proof. Let P be a longest monophonic path in G with length L and let M be a maximum mp-set. The path P can contain
at most two vertices of M, so that at least L — 1 vertices of G do not lie in M. The bound is sharp for cliques and paths. O

In [4] the authors bound the gp-number of a graph G using the isometric-path number, which is the smallest number of
geodesics in G such that each vertex of G is contained in exactly one of the geodesics. There is a similar upper bound for
the mp-number in terms of the induced path number p(G), which is defined to be the smallest number of induced paths
in G such that each vertex of G is contained in exactly one of the paths. This parameter was introduced in [22].

Lemma 2.7. The mp-number of a graph G is bounded above by mp(G) < 2p(G).

Proof. Consider a partition of V(G) into p(G) induced paths and let M be a largest mp-set. M can intersect each path in
the partition in at most two vertices, so that |M| < 2p(G). O

It is shown in [23] that the induced path number of any connected cubic graph G with order n > 7 is at most
p(G) < % Thus Lemma 2.7 has the following interesting corollary.
Corollary 2.8. For any connected cubic graph with order n > 7, the monophonic position number is at most mp(G) < [@J
Corollary 2.8 is tight; for example the cube has order eight and mp-number four. However, the authors conjecture that

the coefficient % is not best possible asymptotically.

Conjecture 2.9. The largest possible monophonic position number of a cubic graph with order n is § + O(n).
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We can also bound mp(G) above in terms of the number of cut-vertices in G.

Lemma 2.10. Let G be any connected graph of order n and c(G) cut-vertices. Then G has a maximum monophonic position
set that does not contain any cut-vertices. Thus mp(G) < n — c(G).

Proof. Let M be a maximum mp-set of G that contains as few cut-vertices of G as possible. Suppose for a contradiction
that M contains a cut-vertex v of G. Let Wy, W5, ..., Wy, k > 2, be the components of G \ {v}. Then M intersects at most
one component, say Wy, or else there will be a monophonic path between vertices of M lying in different components
that must pass through v. Let W be the subgraph of G induced by W, U {v} and P be a longest path in W with initial
vertex v. It is easily seen that the terminal vertex u of P is not a cut-vertex of G. The set M’ = (M \ {v}) U {u} is also a
maximum mp-set of G, but contains fewer cut-vertices of G than M, contradicting the definition of M. O

Lemma 2.10 is sharp for block graphs. We now give a lower bound for mp(G) in terms of the number of simplicial
vertices in G.

Lemma 2.11. For any graph G, mp(G) > s(G).

Proof. Let S be the set of simplicial vertices of G. Suppose that u, v, w € S and that P is a monophonic u, v-path containing
w (in particular, this requires s(G) > 3). The vertex w has two neighbours w’ and w” on P; however, by definition, we
must have w’ ~ w”, so that P is not induced, a contradiction. O

Corollary 2.4 shows that the lower bound in Lemma 2.11 is also sharp for block graphs. Finally we present two results
that show the effect on monophonic position sets of adding a leaf to a graph. Recall that for any set M C V(G) a vertex u
of G is in the interior M° of M if and only if there are vertices x,y € M \ {u} such that u lies on a monophonic x, y-path.

Lemma 2.12. Let G’ be a graph obtained from a graph G by adding a pendant edge uv at a vertex v of G. Then mp(G) <
mp(G') < mp(G) + 1. Moreover, mp(G') = mp(G) + 1 if and only if there exists a maximum mp-set M of G with v € M such
that (M U {v})° = {v}.

Proof. Since every mp-set of G is also an mp-set of G, it follows that mp(G) < mp(G’); conversely, if M’ is a maximum
mp-set of G, then M’ \ {u} is an mp-set of G, so that [M’ \ {u}| < mp(G) and hence mp(G') = [M’| < mp(G) + 1.

Suppose that mp(G') = mp(G)+ 1 with a largest mp-set M’; then mp(G’) > 3 and u € M'. Since [M’| > 3, it follows that
v ¢ M’, for otherwise v would lie on a monophonic path from u to another member of M" in G'. Let M = (M’ U {v}) \ {u}.
M is too large to be an mp-set of G, so there must exist three vertices x, y, z of M that lie on a common monophonic path
in G. Since M" \ {u} = M \ {v} is an mp-set of G, one of these vertices, say x, must be v. If y € K[v, z] in G, then we would
have y € K[u, z] in G/, contradicting the fact that M’ is an mp-set of G'. Therefore v € K[y, z] and so v is the only vertex
in M such that v € M°. Thus M \ {v} is the required set.

Conversely, assume that there exists a maximum mp-set M of G with v ¢ M and (M U {v})0 = {v}. We claim that
M’ = M U {u} is an mp-set of G'. Suppose that there exist x,y,z € M’ such that x € K[y, z] in G'. As u is a leaf, x # u,
so we can set z = u. Then x € K[y, v] and hence x € (M U {v})o, which is impossible. Thus M’ is an mp-set in G’ with
M| =mp(G)+ 1. O

Proposition 2.13. If G' is a graph obtained from G by adding a pendant vertex u to a simplicial vertex v in G, then
mp(G) = mp(G’).

Proof. By Lemma 2.12 mp(G) < mp(G') < mp(G) + 1 and if mp(G’) = mp(G) + 1, then there exists an mp-set M of G

with |M| = mp(G) such that v ¢ M and (M @) {v}) = {v}. However, as a simplicial vertex v cannot be an interior vertex
of any monophonic path in G, we have mp(G) = mp(G’). O

3. Monophonic position in graph families

In this section we discuss the monophonic position numbers of some common graph families. In Theorem 3.2 we give a
sharp bound for the mp-numbers of triangle-free graphs. We then give exact expressions for the mp-numbers of unicyclic
graphs and graphs formed as the join or corona product of two graphs.

Lemma 3.1. Let G be a connected graph and M C V(G) be an mp-set. Then G[M] is a disjoint union of k cliques
GIM] = Uf‘zl Wi If k > 2, then for 1 < i < k any two vertices of W; have a common neighbour in G \ M.

Proof. Let Wy, W5, ..., W, be the components of G[M]. If some W; is not a clique, then it would contain an induced path
of length two, which is impossible; hence M is an independent union of cliques. Let k > 2 and suppose for a contradiction
that there is a component, say Wy, with u, v € V(W) such that u and v have no common neighbour in G \ M. Let w be
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any vertex in W, and let P be a u, w-monophonic path u, uq, ts, ..., u, = w in G. Then £ > 2. Since M is an mp-set, it
follows that P together with the edge uv is not a monophonic path in G. This shows that v must be adjacent to u; for
some j with 1 < j < £ — 1. It follows from the choice of u and v that j > 2; let j be the largest suffix for which v is
adjacent to u;. Then the u;, w-subpath of P together with the 2-path u;, v, u forms a monophonic path containing three
points of M; hence u and v must have a common neighbour in G\ M. O

Theorem 3.2. The mp-number of a connected triangle-free graph G with order n > 3 satisfies mp(G) < «(G). Moreover, if
the length of any monophonic path is at most three, then mp(G) = «(G).

Proof. Let M be a maximum mp-set in a triangle-free graph G. By Lemma 3.1 M is an independent union of cliques
Wi, Wy, ..., W, If k = 1, then G[M] is a clique and so mp(G) = |[M| < w(G) = 2 < «(G), so assume that k > 2. If any
component W; of G[M] contains distinct vertices u, v, then by Lemma 3.1 u and v have a common neighbour in G \ M,
so that G would contain a triangle. It follows that each component of G[M] consists of a single vertex, so that M is an
independent set of G and mp(G) < «(G).

Let T be a maximum independent set of G. If three vertices of T lie on a common monophonic path P, then the length
of P must be at least four. Therefore if the longest monophonic path of G has length at most three, then we have equality
in the bound and any maximum independent set of G will be a maximum mp-set. O

The bound in Theorem 3.2 is sharp; it is met by the caterpillar formed by adjoining one leaf to every internal vertex
of a path, complete bipartite graphs K; , and the corona product C, ® K; for n > 4. Hence this bound can be achieved by
graphs with arbitrarily large diameter, minimum degree and girth.

Theorem 3.2 can be used to find the monophonic position numbers of some graphs with large girth. This problem is
particularly interesting for the cage graphs. The unique cubic cages with girths five, six and seven are the Petersen graph,
the Heawood graph and the McGee graph respectively. We omit the lengthy case argument used to prove the following
result, which was checked computationally by Erskine [24].

Theorem 3.3. The monophonic position numbers of the Petersen graph, the Heawood graph and the McGee graph are three,
three and two respectively.

This motivates the following conjecture.

Conjecture 3.4. For sufficiently large g, the monophonic position number of a (d, g)-cage G satisfies mp(G) < d.

We now determine the mp-numbers of unicyclic graphs; as we have seen, such graphs can meet the upper bound in
Theorem 3.2. We will identify the vertex set of the unique cycle C of a unicyclic graph G with Z, where the length of the
cycleiss > 3, wherei~i+1for0 <i <s—1 (mod s). We denote by R the set of vertices of C that have degree at least
three in G and we set r = |R|. We will call any vertex in R a root and if i € R we write T; for the tree in G\ {i— 1, i+ 1} that
contains i. The leaf number of the tree T; is £(T;) and we write £/(T;) for the number of leaves of T; that are also leaves of G.
We have already dealt with the case that G is a cycle (mp(Cs3) = 3, mp(C;) = 2 for s > 4), so we assume that r = |R| > 0.

Theorem 3.5. Let G be a unicyclic graph that is not a cycle. Then
UG)+2, ifr=1,

mp(G) = LG)+ 1, ifr =2,R=/{i,j} and either T; or T; is a path,
P = UG)+1, ifr=2andR={i,i+ 1} forsome0 <i<s—1,
{(G), otherwise.

Proof. Let M be a maximum mp-set of G; by Lemma 2.10 we can assume that M contains no cut-vertices, so that M N T;
consists of leaves for any tree T; (in particular M N C N R = @). It follows from Corollary 2.4 and the mp-numbers of the
cycles that ¢(G) < mp(G) < £(G) + 2. If |R| = 1, then the leaves of the unique tree T; and the vertices {i — 1, i+ 1} form
an mp-set, so that the upper bound is achieved, so we can take |R| > 2.

Suppose that mp(G) = £(G) + 2. Then M must contain £'(T;) vertices in each tree T; for i € R, as well as two vertices
of C \ R. As we are assuming that |R| > 2, this is not possible, for either there is a monophonic path from a vertex of M
in a tree T; through a section of C containing two vertices of M, or else a monophonic path from a vertex of M in a tree
T; to a vertex of M in a tree Tj, i # j, through a vertex of M on C. Thus for |R| > 2 we have mp(G) < £(G) + 1.

Suppose that mp(G) = £(G) + 1. Then either M N(C\ R)] = 1 and |[M N T;| = ¢'(T;) for each i € R, or else |C \ R| =2
and there is one tree T; with |[M N T;| = £/(T;) — 1. If [M N (C \ R)| = 2, then there is a unique tree T; that contains a vertex
of M and the vertices of M N (C \ R) are {i — 1, i+ 1}, so that, since no other tree contains a vertex of M, we must have
[R| = 2 and the other tree T; is a path, in which case equality holds in mp(G) = ¢(G) + 1. Hence assume that every tree
T; has IM N Tj| = £/(T;) and [M N (C \ R)| = 1. If there are two trees T;, T; such that i % j on C, then there would be a
monophonic path from M N T; to M N T; through the vertex of M on C \ R, so either [R| = 2 or s = |R| = 3; in the latter
case trivially mp(G) = £(G). If R = {i, i + 1}, then the leaves of T; and T;;; together with the vertex i — 1 of C constitute
an mp-set of G, so that we have mp(G) = ¢(G) + 1 in this case; otherwise mp(G) = £(G). O
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In [5] the authors determined the gp-number of the join and corona product of graphs.

Theorem 3.6 ([5]). For graphs G and H the general position number of the join GV H and the corona product GO H are given
by

gp(G v H) = max{w(G) + w(H), «“(G), a”(H)}
and if G is connected and has order n(G), then
gp(G O H) = n(G)a“(H).

We now determine the corresponding relation for the monophonic position numbers.
Proposition 3.7. Let G be a connected graph with order n(G) and let H be any graph. Then mp(G ® H) = n(G)mp(H).

Proof. Let V(G) = {v1,..., v} and let Hy, ..., H, be the corresponding copies of H in G ® H. Let M be a maximum
mp-set of G ® H. By Lemma 2.10 we can assume that M does not contain any cut-vertices of G ® H. Observe that every
vertex of G is a cut-vertex in G ® H, so that we can take M to lie entirely in Hy UH, U - - - U Hp,. It is easily seen that each
set M N V(H;) must be in monophonic position; it follows that |M| < n(G)mp(H). Conversely, if S is a maximum mp-set
of H and for 1 < i < n the corresponding set in H; is S;, then S; U S, U --- U S, is in monophonic position. Therefore
mp(G ®© H) = n(G)mp(H). O

Proposition 3.8. The monophonic position number of the join GV H of graphs G and H is related to the monophonic position
numbers of G and H by

mp(G Vv H) = max{w(G) + w(H), mp(G), mp(H)}.

Proof. It is evident that an mp-set in G is an mp-set in GV H, so that mp(GVH) > mp(G) and likewise mp(GVH) > mp(H).
Also the union of a clique in G and a clique in H is a clique in G v H and is hence an mp-set in G V H, so it follows that
mp(G Vv H) > max{w(G) + w(H), mp(G), mp(H)}. For the opposite direction, let M be a maximum mp-set in GV H and set
M; =MNV(G)and My = M NV(H). If M; = @ or My = @, then trivially mp(G v H) < max{mp(G), mp(H)}, so suppose
that M; and M, are both non-empty. Suppose that there exist distinct xq, X, € M; such that x; % x,; in this case ify € M5,
then x1, y, X, would be a monophonic path in GV H, a contradiction. Therefore M; and M, must both induce cliques in G
and H respectively, so that mp(G Vv H) < w(G) + w(H). O

4. Complements of bipartite graphs and split graphs

Cographs are induced P4-free graphs. As cographs are distance-hereditary, the mp- and gp-numbers of these graphs
are equal by Observation 2.3. It is therefore of interest to study the mp-numbers of induced Ps-free graphs; in this class
equality between the gp- and mp-numbers does not hold in general, as shown by the cycle Cs, for which mp(Cs) =
2 < 3 = gp(Cs). We therefore consider two well-known classes of induced Ps-free graphs, namely the complement of
connected bipartite graphs and split graphs. Since the complement of the complete bipartite graph K, , is disconnected,
clearly mp(Kp ) = m+n.

Let G be a connected bipartite graph with bipartition (A, B) and let S € V(G). Fix S4 = SN A and Sy = S N B. A set
X C A (or B) is uniform in G if N(u) = N(v) for all u, v € X; we call S C V(G) a uniform set if both S, and Sz are uniform
in G. Let ¥/(G) denote the number of vertices in a largest uniform set in G.

Theorem 4.1. If G is a connected bipartite graph with bipartition (A, B), then mp(G) = max{«(G), ¥(G)}.

Proof. Let S be a maximum mp-set in G. Then both S, and S are cliques in G. If S, = @ or Sg = {J, then it is clear that
IS| < w(G) = a(G), so assume that Sy # @ and Sg # @. If there is an edge between S, and S in G, then each vertex of
Sa must be adjacent to all vertices of Sg, so that S induces a clique in G and again |S| < «(G). Hence we can assume that
there is no edge between S, and Sp in G; thus S induces a complete bipartite subgraph in G.

Next we claim that S is uniform. Assume to the contrary that there exist vertices u,v € Sy and w € B such that w
is adjacent to v but not to u in G. Then w ¢ Sg. Choose x € Sp arbitrarily. Then the path v, u, w, x is a v, x-monophonic
path in G containing the vertex u, a contradiction to the fact that S is an mp-set of G. Thus S must be uniform in G and
so |S| < ¥(G). Therefore we have mp(G) < max{a(G), ¥(G)}.

On the other hand, it is clear that mp(G) > w(G) = «(G). We now show that every maximum uniform set S C V(G)
gives an mp-set in G. Both S, and S are cliques in G. If there is no edge between S, and S in G, then S induces a clique
in G, so that S is an mp-set and mp(G) > |S| = ¥/(G). Hence we can assume that there is an edge between S, and S in
G; as S is uniform, G contains all edges between S, and Sg, so that there are no edges between S, and Sp in G. Also by
uniformity, there are sets X € A\ Sq and Y C B\ Sg such that N(x) = Y for each x € S5 and N(y) = X for each y € Sp;
from this it is simple to see that S is in monophonic position in G, so that mp(G) > |S| = ¥(G), concluding the proof. O

77



EJ. Thomas, U. Chandran S.V., J. Tuite et al. Discrete Applied Mathematics 354 (2024) 72-82

Let T be a tree with order n > 2 and suppose that S is a uniform set of T with |S| > «(T). Suppose that |S4| > 2; then
each vertex in S, is a leaf, for if d(u) > 2 for some u € Sy, then for any v € S\ {u} the vertices u and v would have at least
two common neighbours, which is impossible. As the same reasoning applies to Sg and «(T) > ¢(T), we conclude that S4
is a set of leaves and |Sg| = 1, say Sp = {w}. If S4 U Sg = V(T), then T is a star, V(T) is a uniform set and mp(T) = n(T);
otherwise, considering the endpoint of a longest path to a vertex of V(T) \ S, we see that T contains a leaf that does not
belong to S, so that after all |S| < «(T). This proves the following corollary.

Corollary 4.2. IfT is a tree with order n > 2, then

— n, if T is a star,
T =
mp(T) {a(T), otherwise.

A similar argument yields the following results.
Corollary 4.3. Ifn,m > 2, then

— 4, l.fn =m=2,
mp(P,0Py) = {O[(PnDPm) =[21727+ [2](%], otherwise.

Corollary 4.4. If k > 3, then mp(Qy) = 2¥~, where Qy is the hypercube with order 2*.

A graph is a split graph if the vertex set can be partitioned into a clique C and an independent set I. If there is a vertex
v that is adjacent to every vertex of C \ {v} and non-adjacent with every vertex of I \ {v} we will say that v is divided.
Obviously there cannot be divided vertices in both C and I. If there are no divided vertices, then w(G) = |C| and «(G) = |I|.
If G contains a divided vertex v, then by moving v from C into I if necessary, we can assume that any divided vertices lie
in I and w(G) = |C| + 1 and «(G) = |I|. We define a separated subgraph (C’, I') of the split graph G = (C, I) as follows.

Definition 4.5. Let (' C C and I’ C I. Then G’ = (C’, I') is a separated subgraph of the split graph G = (C, I) if and only if
either

o (Type A) there is no edge from C’ to I’ in G, or
e (Type B) there is a vertex v € I’ that is adjacent to every vertex of C’, there are no edges from I’ \ {v} to C' and for
any w € I’ \ {v} we have N(w) C N(v).

Let ¢(G) denote the order of a largest separated subgraph of G.

Trivially the clique induced by C is separated, as is the independent set induced by I. If there is a divided vertex v in
I, then (C, {v}) is separated. This shows that we always have ¢(G) > max{w(G), «(G)}.

Theorem 4.6. Let G = (C,I) be a connected split graph. Then mp(G) = ¢(G).

Proof. Let (C’,I’) be a separated subgraph of G. Suppose for a contradiction that P is a monophonic path with endpoints
w1, w3 € C' U that passes through a vertex w, € (C’ UT')\ {wy, w3}. We cannot have wq, w3 € C’, as wy ~ ws.
Also w; cannot lie in I’, as the neighbours of w, on P would both be in C and so would be adjacent. Suppose that
w1, w3 € I',wy € C'.If (C', I) is a separated subgraph of Type A, then the monophonic path P would have to include at
least three vertices from C, which is impossible. Hence (C’, I') is a separated subgraph of Type B. Now, if wy = v, then P
cannot be monophonic, as we would have N(w3) C N(wy), but w3 % w,. Hence wy, w, € I\ {v}; however, in this case P
would contain at least three vertices from C, which is again impossible. Finally suppose that wy, w, € C’, w3 € I'. Since
P has exactly two vertices from C, it follows that (C’, I’) is Type B and w3 = v; this is a contradiction, as we would have
v ~ wy. Hence we conclude that any separated subgraph is in monophonic position.

Conversely, we now show that any subgraph (C’, I’) that is in monophonic position must be separated. If (C’, I’) is not
Type A, then there is a vertex v € I’ with an edge to a vertex u € C'. Suppose that there is a vertex v’ € C' \ N(v); then
v, u, u’ would be a monophonic path in (C’, I’), a contradiction. Hence v is adjacent to every vertex of C'. If there is a
vertex v/ € I’ \ {v} that is adjacent to a vertex x in C’, then v, x, v would be an induced path in (C’, I’), so there are no
edges from C’ to I’ \ {v}. Finally suppose that there is an edge u’ ~ v/, where u’ € C\ C’, v’ € I’ \ {v}, such that v #* u’;
in this case v, u, v/, v would be an induced path containing three vertices of (C’, I'); we conclude that N(v') C N(v) for
any v’ € I’ \ {v}. Hence (C’, I) is a separated subgraph. O

We noted before that for any split graph G we have mp(G) = ¢(G) > max{w(G), «(G)}. We now characterise the cases
in which equality holds. For X € V(C) write N;(X) = I N (| N(x)). By a matching between C and I in G, we will mean
a matching such that no edge of the matching has both endpoints in C.

Theorem 4.7. IfG = (C, I) is a connected split graph that contains no divided vertices, then mp(G) = ¢(G) = max{w(G), a(G)}
if and only if there exists a matching in G between C and I that saturates either C or I. The same conclusion holds if G has
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a divided vertex, unless G is formed from a clique A of order r + 2 and an independent set B of order > r by adding a
set E’ of edges between A’ and I, where A C A, |A’| = r, such that E' contains a matching saturating A’, in which case
mp(G) = «(G) + 1 > w(G).

Proof. First suppose that there is no matching between C and I that saturates C or I; we will show that ¢(G) >
max{w(G), «(G)}. By Hall's Theorem [25], as there is no matching between C and I that saturates C, there is a subset
K € C such that |N;(K)| < |K]. Then (K, I \ N;(K)) is a separated subgraph with order > |I| = «(G). Similarly, considering
matchings from I, we see that there is subset ] C I such that |[N(J)| < J, implying that (C\ N(J),J) is a separated subgraph
with order |(C \ N(J),J)| > |C|. If G has no divided vertices, then |C| = »(G) and we are done, so suppose that v is a
divided vertex in I. If v € J, then N(J) = C, so we have |C| = |[N(J)| < |J] < |I| < «(G) and hence w(G) = |C| + 1 < «(G).
However, the separated set (K, I \ N;(K)) constructed in the previous discussion has order > «(G) and hence suffices.
Otherwise, we can move v from I \ J to J to obtain a separated subset of Type B with order > |C| + 2 > w(G).

Now suppose that there is a matching M between C and I that saturates C or I. If ' U I’ induces a clique or an
independent set, then the result follows immediately, so we assume that both C" and I’ are non-empty. If (C’, I') is Type
A, then either the vertices of I’ are matched to a subset of C \ C’ by M, in which case |(C’, I')] < |C| < (G), or else the
vertices of C’ are matched with a subset of I \ I, in which case |(C’, I')] < «(G).

Thus assume that (C’, I’) is Type B. Firstly consider the case that M saturates I. Then by the previous argument M
must contain an edge from v € I’ to C’ and the remaining vertices of I \ {v} are matched with a subset of C \ C'. If
C\(CCUN \ {v})) # @, then |C'UTI'| < |C] < w(G), so we can assume that N(I' \ {v}) = C \ C’. By definition of a
separated set, v must then be adjacent to every vertex of C, so that v is a divided vertex and |C' UI'| < |C| + 1 = »(G).

Now suppose that M saturates C; similarly to the previous case, we can assume that M includes an edge from a vertex
u € C’ to the unique vertex v € I’ that is adjacent to every vertex of C, and that M contains a perfect matching between
C’\ {u} and I\ I, from which it follows that mp(G) < «(G) + 1. But now it follows that each vertex of C \ C’ is matched
by M to a vertex of I’ \ {v}, so that C\ C’ = N(I"\ {v}) and, by definition of separated set, v is adjacent to every vertex of
C\ C’" and v is divided. Hence if there are no divided vertices we have equality in the lower bound.

Let H be any bipartite graph with bipartition (A, B) such that (a) |B| > |A| 4+ 1 and (b) there is a matching in H that
saturates A. Form a split graph H' = (C, I) as follows: add two new vertices x, y and add every edge between vertices in
{x, y} UA, then set C = AU {x}, I = BU {y}. The original matching from A to B in H plus the edge x ~ y gives the required
matching. Also the set BU {x, y} is a largest mp-set, so that mp(H') = «(H’) + 1 > w(H’); in fact the previous discussion
shows that a split graph G has mp(G) = «(G) + 1 > w(G) if and only if it belongs to this family. O

5. Realisation results

In this paper we have presented some properties of the monophonic position number of graphs. In some respects this
graph parameter behaves like the more widely studied general position number. It is therefore of interest to ask whether
there is a relation between the two numbers other than the trivial inequality mp(G) < gp(G)? We will show that these
two parameters are independent by proving the following realisation result: for any pair a,b € Nsuch that2 <a <b
there exists a graph G with mp(G) = a and gp(G) = b. Firstly observe that if a = b, then trivially the complete graph K,
has the required properties, so in the following we will assume that a < b.

Theorem 5.1. For any 2 < a < b there exists a graph G with mp(G) = a and gp(G) = b.

Proof. We begin with the case a = 2. We have mp(Cs) = 2, gp(Cs) = 3, so we can assume that b > 4. We define the
half-wheel graph H, for r > 2 as follows. Take a cycle C,, of length 2r and label the vertices by the elements of Z,, in the
natural manner. Add an extra vertex x and join x to all vertices in C,, with even labels. An example is shown in Fig. 2.

We will show that for r > 4 the half-wheel has mp(H,) = 2 and gp(G) = r. First let M be an mp-set in H.. M can
contain at most two vertices of the induced cycle C,,, so mp(H,) < 3 and equality holds only if M contains x and two
vertices i,j € V(Cy, ). If i and j are both even, then i, x, j is a monophonic path passing through three vertices of M, so we
can take j to be odd. Suppose that i is even and j odd; if i ~ j, then j, i, x is a monophonic path containing three vertices
of M, whereas if i * j, then i, x, j — 1,j is the required path. Finally if i and j are both odd, then i,i — 1, x,j + 1,j is the
required induced path, where we assume that j = i + 2 if d(i, j) = 2. Thus mp(H,) = 2.

The set of all even integers on C,, is a general position set, so gp(H;) > r. Suppose that there is a general position set
K in H, with r + 1 elements. Suppose that x ¢ K. Then K contains two vertices that are neighbours on G, without loss
of generality i,i+ 1 € K, where i is even. Then the distance from i + 1 to any even vertex j of C,, apart from i and i + 2
is three and i + 1,1, x, j is a geodesic. Also i+ 2 ¢ K, asi,i+ 1,i+ 2 is a geodesic. Therefore K must consist of the set of
odd vertices of Cy; together with {i}. However i — 1, i, i+ 1 would then be a geodesic containing three vertices of K.

Hence we can assume that x € K. Suppose that K contains an even vertex i of C,.. Between any two even vertices of
Gy, there is a geodesic passing through x, so K can contain no other even vertex of C,. Also K cannot contain i + 1 or
i—1,asiis contained in (i — 1), x- and (i + 1), x-geodesics. Therefore K would contain at most 2 + (r — 2) = r vertices,
a contradiction. Hence K consists of x and the odd vertices of C,,; however, 1, 2, x, 4,5 is a geodesic containing three
vertices of K. It follows that for r > 4 we have gp(H;) =r.
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Fig. 2. H, with a maximum gp-set.

We now turn to the case of larger a; let 3 < a < b. Consider the graph Hp, formed by attaching a — 2 leaves
to the central vertex of the half-wheel Hy_,.,. The half-wheel is an isometric subgraph of Hj g4, so it follows from the
previous discussion that if b —a + 2 > 4 (i.e. if b > a + 2) any largest monophonic and general position sets of H 4
can contain at most two or b — a + 2 vertices of H,_,, vertices respectively, so that mp(Hp,) < (a — 2)+ 2 = a and
gp(Hp.q) < (b—a+2)+(a—2) = b.If Lis the set of a—2 leaves of Hj, 4, then the sets {2, 4}UL and {2, 4,6, ..., 2(b—a+2)}UL
are in monophonic and general position respectively, implying that mp(Hp ) = a and gp(H, 4) = b. This leaves only the
case b = a+1 to examine. It follows as above that for b = a+1 we have mp(Hp_q+2) = mp(H3) = 2, so that mp(Hg+1,4) = a.
It is easily seen that gp(H3;) = 4, but the only gp-sets of H3 contain the central vertex x. By Lemma 2.10 we can assume
that a gp-set of Hyy1 4 does not contain x, so that gp(Hy+1,4) < (a—2)+ 3 = a+ 1 and the set {2, 4, 6} UL shows that we
have equality. O

Theorem 5.1 suggests the following problem for further research.

Problem 5.2. For given 2 < a < b, for which values of n does there exist a graph G with order n, mp(G) = a and
gp(G) = b?

The independent position number of a graph G, which we will denote by igp(G), is the number of vertices in a largest
set S C V(G) that is both independent and in general position. This parameter was studied in [13]. If we define the
independent monophonic position number imp(G) to be the number of vertices in a maximum subset S C V(G) such that S
is independent and in monophonic position, then we have both imp(G) < mp(G) < gp(G) and imp(G) < igp(G) < gp(G).
This raises the question of whether there is a relationship between mp(G) and igp(G). We can easily answer this in the
negative.

Theorem 5.3. There exists a graph G with igp(G) = a and mp(G) = b ifand onlyif 1 =a <bor2 <a,b.

Proof. The only graph with mp-number one is K;, which implies the necessity of the conditions. For n > 1 we have
igp(K,;,) = 1 and mp(K;;) = n, so we can assume that 2 < a, b. For the case a < b, for r > 0 and s > 1, define R(r, s)
to be the graph formed by attaching r leaves to one vertex of a copy of K;,; then we have mp(R(r,s)) = r + s and
igp(R(r, s)) = r + 1, so that the graph R(a — 1, b — a + 1) has the required properties.

Consider now the case a > b. Let the graph K be the complete bipartite graph K; s with a perfect matching deleted.
Form the graph P(r, s) by adding an extra vertex x to K and joining x by an edge to each vertex of one of the partite
sets of K, then adding r leaves to x. This graph satisfies mp(P(r, s)) = r + 2 and igp(P(r, s)) = r + s. Hence the graph

s,S?

P(b — 2,a — b + 2) has the necessary parameters. O

The graph R(r, s) from the proof of Theorem 5.3 can also be used to answer Question 2 from [12]. The dissociation
number diss(G) of a graph G is the number of vertices in a largest subset S C V(G) such that G[S] has maximum degree
at most one. Recall also that the 2-position-number gp,(G) is the number of vertices in a largest set K C V(G) such
that no shortest path in G of length two contains three vertices of K [12]. It is easily seen that any dissociation set is
in 2-general position, so that diss(G) < gp,(G). Furthermore for 2 < a < b we have diss(R(a — 2, b — a + 2)) = a and
gp,(R(a—2,b—a+2))=bif a > 3, whilst if a = 2 the clique K}, has the required parameters.

For two vertices u, v of a graph G the set I[u, v] consists of all vertices that lie on a u, v-geodesic; for a subgraph

S C V(G) we have I[S] = Uu,ves I[u, v]. If I[S] = S, then S is convex. A smallest convex set containing a given subset S
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is the convex hull I[S] of S; if I[S] = V(G), then S is a hull-set and the number of vertices in a smallest hull set is the
hull number h(G) of G. The hull number has been widely studied, for example in [26-28]. In [2] it was shown that for
any a,b € N such that 2 < a < b there exists a graph G with h(G) = a and gp(G) = b. The corresponding parameter
for monophonic paths, the monophonic hull number h;;,(G) (discussed in Section 1), has been studied in [29-32]. We now
prove a realisation theorem for the monophonic hull number and the monophonic position number. We will use the
following two results in our analysis.

Lemma 5.4 ([32]). Every monophonic hull set of a graph G contains all of its simplicial vertices.

Observation 5.5. Let M be a minimum monophonic hull set of a connected graph G and let a,b € M. If a vertex ¢ # a, b
lies on an a, b-monophonic path, then ¢ ¢ M.

It follows from Observation 5.5 that every minimum monophonic hull set of a connected graph G is an mp-set in G.
Consequently, for any graph with order n > 2 we have 2 < h,;(G) < mp(G) < n. In view of this inequality, we have the
following realisation result.

Theorem 5.6. For all n,a,b > 1 there exists a connected graph G with h,(G) = a, mp(G) = b and order n if and only if
a=b=nor2<a<b<n-1

Proof. The only graph with h,,(G) = 1 or mp(G) = 1 is Kj, so assume that a > 2. If b = n, then G must be a clique,
so that a = b = n. It remains only to prove the existence of a graph G with order n, h,;,(G) = a and mp(G) = b for all
2<a<b=<n-1.

Let W be a clique of order b and P, be a path of order £ > 1 with vertices x1, ..., X, such thatx; ~ x;, 1 for 1 <i < £—1.
For 2 < a < b let G(a, b, £) be the graph formed from W and P; by joining x; to b — a + 1 vertices of W by edges. Write
X = V(W)\ N(xg) and Y = V(W) N N(xp), so that [X| = a— 1and |Y| = b — a + 1. The order of G(a, b, £) is b + £.
By Lemma 5.4, any monophonic hull set of G(a, b, n) must contain X U {x;}; conversely, this subset is a monophonic hull
set, so hy(G(a, b, £)) = a. As the clique number of G(a, b, £) is b, we have mp(G(a, b, £)) > b. For the converse, let M be
a maximum mp-set of G(a, b, £). M contains at most two vertices of P, and if [M NV(P;)] = 2, then M N W = @ and
IM| < b.If M NV(P;)| = 1, then M cannot contain vertices of both X and Y, so that [M| < max{a, b — a + 2} < b. Thus
IM| = b and mp(G(a, b, £)) = b. Therefore the graph G(a, b, n — b) has the required properties. O

6. Computational complexity

In this section, we study the computational complexity of the problem of finding the monophonic position number of
a general graph. To this end, we formally define the decision version of the problem:

Definition 6.1. MONOPHONIC POSITION SET
INSTANCE: A graph G, a positive integer k < |V(G)|.
QUESTION: Is there a monophonic position set S for G such that |S| > k?

The NP-hardness of this problem is shown by Theorem 6.2. However, it is not clear whether MONOPHONIC POSITION
SET is NP-complete for general graphs, since to this end we would also have to prove that a solution can be verified in
polynomial time. For restricted classes of graphs this test can be performed in polynomial time and for them we can show
the NP-completeness of the problem.

Theorem 6.2. The MONOPHONIC POSITION SET problem is NP-hard.

Proof.

We prove that the CLIQUE problem polynomially reduces to MONOPHONIC POSITION SET. An instance of CLIQUE is given
by a graph G and a positive integer k < |V|. The CLIQUE problem asks whether G contains a clique K C V(G) of order k or
more.

The NP-completeness of CLIQUE is well known, as it is one of the original list of 21 NP-complete problems presented
in [33]. We polynomially transform an instance (G, k) of CLIQUE to an instance (G', k') of MONOPHONIC POSITION SET so that
G has a clique of order k or more if and only if G’ has a monophonic position set of order k' or more.

Given an instance (G, k), the graph G’ is built as follows: it contains a subgraph H isomorphic to G and a clique graph
H’ of order n = |V(G)| such that G' = H v H’. Formally:

V(G)={,v" | v eV(G)
E(G)={uv |uw e G} UV |u,veV(G)}U{Wv |uveV(G)

Clearly, the construction of G’ can be achieved in polynomial time. As for k', we set k' = n + k.
As a preliminary result, note that w(G') = w(G) + n, since the vertices in a maximum clique of H and the vertices in
H’ induce a maximum clique in G'.
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By Proposition 3.8, mp(G’) = mp(H vV H') = max{w(H)+ w(H’), mp(H), mp(H’)}. We have that w(H') = mp(H') = n for
H’ is a clique; mp(H) = mp(G) and w(H) = »(G) < n for H is isomorphic to G. Then mp(G') = max{w(H)+n, mp(H), n} =
w(H)+ n, as mp(H) < n.

Now assume that an instance (G, k) of CLIQUE has a positive answer, i.e. ®(G) = w(H) > k. Then mp(G') = w(H)+n >
k+n = k', and hence MONOPHONIC POSITION SET has a positive answer. On the other hand, if the instance (G, k) of CLIQUE
has a negative answer, then w(G) = w(H) < k, which in turn implies that MONOPHONIC POSITION SET has a negative
answer, since mp(G') = w(H)+n <k+n. O

If we restrict the problem to instances (G, k) with k > |V(G)|/2 and G = H Vv K, where H is a generic graph and K
is a clique graph having the same order as H, the problem is NP-complete. Indeed, given a solution, it can be tested in
polynomial time if it is a clique and if its order is larger than k.
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