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Abstract

This paper proposes a surrogate based, global-search derivative free algorithm which
is specifically designed for computationally expensive black-box (simulation-based)
optimization problems with constraints. The algorithm, called SCR (Surrogate-
CMAES-RQLIF), uses kriging to generate surrogate models of the black-box objective
function and black-box constraints. These surrogate models are optimized using the
global-search algorithm CMA-ES with the quadratic penalty approach for the con-
straints. The quality of the kriging surrogates is checked, and the surrogates are updated
at each iteration by adding the point found by CMA-ES and additional training points.
Once the region of the global optimum has been approximately defined, local search is
performed using the hybrid direct-search/model based algorithm RQLIF. After each
iteration the points sampled by RQOLIF and some additional points found within the
optimal region are used to update the surrogate model. Tests on 25 unconstrained and
21 constrained literature test problems show that SCR outperforms benchmark opti-
mization algorithms. The outstanding performance of SCR is also confirmed on two
real-world black-box problems arising in process engineering with computationally
expensive simulations: the techno-economic optimization of a CO; Purification Unit
(CPU) and a Vacuum Pressure Swing Adsorption Unit (VPSA).

Keywords Derivative-free optimization - Surrogate-based optimization - Global
optimization - Kriging - Process optimization

B4 Emanuele Martelli
emanuele.martelli@polimi.it

Department of Energy, Politecnico Di Milano, Via Lambruschini 4, 20156 Milano, Italy

Department of Information Engineering, Computer Science and Mathematics, University of
L’ Aquila, Via Vetoio, 67100 L’ Aquila, Italy

Published online: 13 March 2025 @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11081-024-09943-y&domain=pdf
http://orcid.org/0000-0001-6989-0580

S. A. Zaryab et al.

1 Introduction

There are several optimization problems arising in engineering and economics in
which the objective function and the problem constraints are computed by simula-
tion codes (e.g., flow sheeting software, Computational Fluid Dynamics code, etc.).
For such problems, the simulation code can be considered as a black box (Audet and
Kokkolaras 2016) called by the optimization algorithm. Generally, simulation codes
solve complex models using very specific algorithms. Some examples include finite
element models in mechanical engineering (Besnerais et al. 2011; Meo and Zumpano
2008), Computational Fluid Dynamics (CFD) models in fluid dynamics (Madsen and
Langthjem 2001; Olivero 2014); flowsheet models in process engineering (Martelli
and Amaldi 2014; Zaryab et al. 2020), and systems of DAEs in control engineer-
ing (Peeters et al. 2018). These simulation-based functions are generally noisy (i.e.,
affected by the numerical noise) and lack gradient information. We are referring to
the numerical noise generated by the internal numerical algorithms of the simulation
code, i.e., variations of the output returned by the function not due to the variation of
the input optimization variables but due to numerical issues of the simulation routines.
For example, codes for process simulation (chemical and energy engineering) have
iterative numerical algorithms (e.g., direct substitution) to guarantee convergence of
the tearing variables to solve a fixed point problem (Biegler et al. 1997), to solve
implicit systems of nonlinear equations within the process units, and to compute the
properties of the streams (e.g., flash calculation Boston and Britt (1978)). Given the
nonzero convergence tolerance of these numerical algorithms (e.g., 10 E-3), for fixed
input optimization variables, there might be small variations of the simulation solution
within such convergence tolerance. Additionally, there is the effect of the rounding
errors which might propagate within the iterations, specially for ill-conditioned prob-
lems.

Moreover, simulation-based optimization problems are often computationally
expensive. Thus, to tackle such black-box functions an efficient derivative-free algo-
rithm is required which can find an (approximate) optimum within a limited number
of function evaluations. This can be done by generating surrogate models of the black
box functions.

In this paper we propose a novel derivative-free, surrogate-based global optimiza-
tion algorithm called SCR which is well suited for black-box problems with general
nonlinear constraints. SCR is designed to solve the following general constrained
optimization problem.

min f(x)
xeR"
st.:lb<x<ub
hix)=0
gx) <0,
here f : R" — R is the objective function, x € R" is the vector of decision vari-
ables, Ib, ub € R" are the lower and upper bounds on x, g : R” — R” represents the

inequality constraints, and & : R" — R™ represents the equality constraints. It must be
noted here that the functions involved in the problem statement may be nonlinear and
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nonconvex, either black-box functions (e.g., computed by simulation codes) or alge-
braic. Moreover, the black-box functions might be non-smooth and computationally
expensive.

The novelty of SCR lies in the following two main features:

(1) TIts search procedure combines the use of kriging surrogate (Lophaven et al. 2002),
the global search algorithm CMA-ES (Hansen and Kern 2004) and the novel
local search algorithm RQLIF (Manno et al. 2020) within an effective adaptive
algorithm, as detailed in Sect. 3.

(2) SCR creates separate surrogate models for the black box objective function and
each black-box constraint. As shown in Sect. 4, using separate surrogate models
for the objective function and the black-box constraints improves appreciably the
performance of the optimizer.

Although the SCR algorithm is heuristic and its convergence to a local or global
optimum is not investigated, in the extensive tests reported in this paper it shows to be
competitive compared to some other state-of-the-art derivative free algorithms. The
paper is organized as follows. Section 2 reviews the available derivative-free algorithms
while Sect. 3 presents the SCR algorithm. Section 4 shows the results of the tests
performed to benchmark SCR against well-known derivative free global algorithms,
namely the hybrid algorithm implemented in the latest NOMAD software (Audet and
Dennis 2006), CMA-ES (Hansen and Kern 2004) and RBFOPT (Costa and Nannicini
2018). Sections 5 and 6 concern the application of SCR to two real-world process
engineering problems: (i) the techno-economic optimization of a CO; purification
unit (CPU), and (ii) the techno-economic optimization of a Vacuum Pressure Swing
Adsorption system (VPSA).

2 Overview of derivative free algorithms

Derivative free optimization (DFO) algorithms have been widely used to solve many
scientific (Abramson et al. 2008; Deming et al. 1974; Gray et al. 2004), medical
(Marsden et al. 2008; Oeuvray 2005) and engineering design problems (Audet et al.
2008a; Bartholomew-Biggs et al. 2002; Fowler et al. 2008), where the derivative
information is unavailable, unreliable or hard to obtain (computationally expensive).
The development of DFO algorithms started with Spendley et al. (Spendley et al.
1962) along with Nelder and Mead (Nelder and Mead 1965) who introduced simplex
based algorithms, and continued over time with the design of many DFO algorithms.

All these DFO algorithms can be divided into two categories: (i) direct search and
(i1) model based. The direct search methods explore the search domain by evaluating
the objective function at points determined along a set of search directions (Hooke and
Jeeves 1961; Kolda et al. 2003; Audet and Hare 2017; Conn et al. 2009). Model-based
algorithms create a surrogate model of the objective function which is used to help in
the search process (Audet and Hare 2017; Conn et al. 2009). Algorithms can also be
classified as stochastic and deterministic according to the potential adoption of random
search strategies, however in the section we will focus on the direct search/model-based
categorization.
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2.1 Direct search algorithms

One of the first DFO algorithms was the Nelder-Mead simplex algorithm which is
a direct local search method. This algorithm (Nelder and Mead 1965), starting from
a set of starting points generating a simplex, iteratively generate new candidates to
improve the best current solution by replacing the simplex point with lowest objective
function value with a new one determined on the line from such point to the centroid of
the simplex. Over the years many variants of the Nelder-mead simplex algorithm have
been proposed in the literature (e.g., Kelley (1999); Tseng (1999); Conn et al. (2009)).
A software implementation of the DFO algorithms called DFO Software package
(Conn et al. 1997; Conn 1998) is available online. This software package works well
with relatively small-scale optimization problems with a number of variables smaller
than 50. DFO builds a quadratic model around the current best solution, and the model
is then optimized with a trust region approach.

Kolda et al. (2003) coined the term generating set search (GSS) for a large portion
of the local direct search algorithms. These algorithms can be distinguished by their
two main steps: a search step and a poll step. The search step evaluates points on
a finite number of search direction starting from the current iterate with the goal of
improving it. If the search step fails, the poll step is performed. By evaluating points
on a set of generating directions which positively span R". Assuming smoothness of
the objective function, this process guarantees that the set of generating directions
includes at least one decent direction at a non-stationary point. One of the most well
known GSS is the Hooke and Jeeves method (Hooke and Jeeves 1961), in which a
search step is used to exploit the promising directions of improvement of a successful
poll step.

In the Mesh Adaptive Direct Search (MADS) method (Audet and Dennis 2006) the
poll step of the GSS algorithm is further modified so that it can consider a variable
set of poll directions whose union across all iterations is asymptotically dense in
R™. In MADS poll points are generated using the poll size parameter and the mesh
size parameter. The poll size parameter defines a region in which the points can be
selected while the mesh size parameter creates a grid inside this region. MADS adopts
dynamic ordering, i.e. precedence is given to previously successful poll directions.
Many MADS variants are available according to the type of poll directions: LTMADS
(Audet and Dennis 2006) considers randomly generated poll directions, whereas in
ORTHOMADS (Abramson et al. 2009) orthogonal poll directions are generated in a
deterministic way. MADS is also equipped with a variable neighborhood search (VNS)
metaheuristic strategy (Audet et al. 2008b), which helps to escape from local optima.
In MADS constraint handling can be done with the extreme barrier or progressive
approaches (Audet and Dennis 2006). In the former, trial points are rejected from
consideration, while in the latter the infeasible trial points are allowed but with an
infeasibility threshold. MADS is shown in Audet and Dennis (2006) to be one of the
best performing GSS algorithms as for a number of problems where other GSS methods
stagnates, MADS is able converges to an optimal solution, furthermore it is particularly
able to escape from saddle points (see Abramson and Audet (2006)). The MADS,
LTMADS and ORTHOMADS methods are implemented in the NOMAD (Abramson
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et al. 2024) software package (available in Matlab through the OPTI toolbox Currie,
(2020)). The NOMAD software also offers a quadratic surrogate model that serves two
purposes: guiding the search process and prioritizing search directions. Additionally,
NOMAD can be equipped with a global search strategy by enabling the VNS (Variable
Neighborhood Search) option. In this work NOMAD will be used in the experimental
comparison to assess the performance of the SCR algorithm.

Other direct search methods can be divided into dividing rectangles, population-
based (e.g., evolutionary algorithms), random search and hybrid algorithms. The
DIRECT algorithm (Jones et al. 1993) is a global direct search algorithm, created
as an extension of the Lipschitzian-based method for bound constrained problems.
The major drawback of DIRECT, like for other branch and bound type approaches, is
the large number of function evaluations resulting in large computational time.

A different approach concerns stochastic algorithms. There are many variants of
stochastic algorithms, as their implementation is often straightforward compared to
deterministic ones. Hit and run algorithms are a very simple type of stochastic algo-
rithms proposed by Boneh and Golan (Failed 1979) and (Smith 1984), where at each
iteration a candidate is generated based on a direction and a step. This candidate is
then compared with the current iterate. If the new candidate is better, then the current
iterate is updated.

Genetic algorithms or evolutionary algorithms, introduced by Holland (Holland
1975), are based on the principle of natural selection and survival of the fittest. These
algorithms have a fitness function based on which the individuals of the population
adapt and mutate in each iteration. Several techniques have been proposed to adapt
the covariance matrix which is used to sample new points in genetic algorithms, one
of these techniques is called the Covariance Matrix Adaptation (CMA-ES) proposed
by Hansen (Hansen and Kern 2004). In this method the covariance matrix is adapted
deterministically from the last move of the algorithm. In SCR, CMA-ES (Hansen and
Kern 2004) is used to find the global minimum of the surrogate model which has been
created using DACE toolbox (Lophaven et al. 2002).

Finally, in particle swarm algorithms, pioneered by Kennedy and Eberhart
(Caballero and Grossmann 2008; Boukouvala and Floudas 2016), a swarm of particles
each with a velocity vector are produced at each iteration by using rules considering
some parameters like inertia, cognition, and social, and by assigning to particles some
randomly generated weights.

2.2 Model based algorithms

In the model-based approach, the algorithms create and optimize a high-fidelity sur-
rogate model to guide the optimization process of the real functions. Local-search
algorithms, like NEWUOA (Powell 2006; Lucidi and Sciandrone 2002), typically
use quadratic models of the black-box function while global-search algorithms, like
RBFOPT (Costa and Nannicini 2018) and EGO (Jones et al. 1998) use more com-
plex models capable of approximating the function over the whole search space. In
case of response surface methods (RSMs) the objective function f is approximated
by a response surface f/ (Barton 1994). There are two types of response surfaces: (i)
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non-interpolating and (ii) interpolation (Jones 2001). The non-interpolation response
surfaces are generally low order polynomials which are created by minimizing the sum
of square deviation between f and f’. While the interpolating response models are
functions which pass through the sampled responses of the objective function. Krig-
ing and radial basis functions (RBF's) are both examples of the interpolating response
models. Since engineering simulation models might be highly nonlinear and cannot
be replicated by a low order polynomial function, we will only consider interpolating
response models.

Kriging methods (Matheron 1967) are generally used in geostatistics, these meth-
ods model deterministic response as the realization of a stochastic process by means of
a kriging basis function. Whereas RBF's can approximate a function by creating inter-
polating models based on radial functions. Powell (1987) introduced the use of RBFs
for unconstrainted derivative free optimization. Through the years, numerous RBF
strategies have been proposed for unconstrained and bound-constrained optimization
problems, such as the ARBF algorithm (Holmstrom et al. 2008), the Gutmann-RBF
(Gutmann 2001) and their improvements, like the CG-RBF algorithm (Regis and
Shoemaker 2007). On the other hand, only a limited number of algorithms have been
proposed for problems with nonlinear constraints. Regis and Shoemaker (Regis and
Shoemaker 2005) extended their RBF algorithm for problems with known constraints
(notblack-box). The algorithm, called CORS-RBF , proceeds by selecting the next sam-
pling point as the one that minimizes the current response surface model subject to the
given constraints and to additional constraints that the point be of some distance from
previously evaluated points. Caballero and Grossmann (Caballero and Grossmann
2008) developed a kriging-based algorithm specifically for optimizing modular pro-
cesses. The black-box modules of the process (which return the objective function and
a set of constraints) are approximated using kriging functions and then the optimiza-
tion problem is solved as a nonlinear program using SNOPT . Boukouvala and Floudas
proposed ARGONAUT (Boukouvala and Floudas 2016), a general-purpose surrogate-
based global optimization algorithm for problems with both algebraic and black-box
constraints. For the black box functions and each of the black-box constraints the
model selects the best surrogate function from a set of predefined functions (linear,
quadratic, Kriging, etc.). The algorithm uses also variable selection, bound tightening
and constrained sampling techniques.

2.3 Hybrid algorithms

Many hybrid direct search/model based algorithms are available in the literature. One
of them is RQLIF proposed by Manno et al. (Manno et al. 2020). RQLIF is a local
search derivative free algorithm exploiting regularized quadratic and linear implicit
filtering models to cope with the possible noise in the black box function and to
obtain good quality solutions within relatively few function evaluations. The quadratic
and linear models used to accelerate convergence are constructed with the objective
function local information collected during the iterations.

Multilevel coordinate search (MCS) (Huyer and Neumaier 1999) is a hybrid direct
search algorithm which, similarly to DIRECT, divides the search space into boxes but,
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differently from DIRECT, the base evaluation point can be located anywhere in the
corresponding box (not necessarily in the center). To accelerate convergence, at each
iteration MCS uses a local search algorithm which creates a quadratic model of the
system using base points. This model is then minimized on a suitable box to find a
promising search direction.

PGSCOM (Martelli and Amaldi 2014) is another example of hybrid algorithm
which combines the positive features of Constrained Particle Swarm, Generating
Set Search and Complex. This algorithm is designed for non-differentiable and dis-
continuous black-box problems with linear and nonlinear relaxable and unrelaxable
constraints.

Another example of effective hybrid algorithm is the latest version of the NOMAD
software package (Digabel et al. 2021) which, by default, integrates the orthoMADS
polling step with both VNS for global search and quadratic models. The quadratic
models are used as ordering criterion for the search directions and as search strategy.

3 SCR algorithm

The SCR algorithm has been devised to solve black box optimization problems where
involved functions are generally noisy, lack gradient information, and contain black-
box and algebraic nonlinear inequality constraints. The block flow diagram of SCR
is provided in Fig. 1. During the initialization phase of the SCR algorithm, Latin

LHS to select Ny
design points and
add the set S

Add RQLIF sampled
pointsto S

Create surrogate
using the sampled
design pointsin S

”x;:;i.m =
xkun” =
7
Optimize surrogate

using CMA-ES

LHS to selects N,
points and add to S

Evaluate black-box
on CMA-ES optimum

and add itto set S Stf_mr{ing
criterion

ismet

Optimize black-box
using RQLIF (N; max
calls)

Fig. 1 Block flow diagram of SCR algorithm
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hypercube sampling is used to generate Ng random input points (notice that Ny must be
greater or equal than the minimum number of test sites required by the DACE toolbox
to create the surrogate model, (n + 1) * (n+2) /2, where n is the number of optimization
variables). The black box involved functions are sampled at these set of input points
and the samples are stored. By using these samples, SCR creates separate Kriging
based surrogate models of the objective function and both its nonlinear and linear
constraints using the DACE toolbox (Lophaven et al. 2002). SCR then calls CMA-
ES to find the global minimum of the constrained surrogate model. The surrogate
models of the constraints and objective function are combined in CMA-ES using
the quadratic penalty approach. If the optima found by CMA-ES in two consecutive
iterations are close to each other then it raises a need of performing a local search
in that region. Then the local search algorithm RQLIF is called with a limit of Ny
black-box function evaluations. According to our computational tests (reported in
Sect. 4), good performance can be achieved by setting N1 = 3n. After the RQLIF
run is terminated, the surrogate models for the constraints and the objective function
are updated by adding the points tested by RQLIF. If the new best point found by
ROLIF ( x;’g 1.7 ) 1s distant from the one found in the previous iteration (i.e., RQLIF

is exploring a new zone of the feasible region, indicating that the global search is still
ongoing), N, additional points are generated by the Latin hypercube and sampled.
Our tests (shown in Sect. 4) show good results with Ny = 3n. The SCR algorithm
stops whenever one of the following stopping criteria is met (i) RQLIF reaches the
convergence tolerance on the search step length, (ii) the maximum number of black-
box evaluations is reached. If the stopping criteria is not met the algorithm begins a
new iteration by calling CMA-ES again to find the global minimum of the constrained
surrogate model.

3.1 Latin hypercube sampling

Latin hypercube sampling (LHS) is a statistical sampling method which is used to
produce a random sample of parameter values from a multidimensional dataset. LHS
is generally used for Monte Carlo Simulations. A Latin square is a square grid where
there is only one sample that is selected for each row and each column. Whereas a cube
which has more than three dimensions is called a Hypercube. Thus, if we generalize
the concept of a Latin square on a hypercube we get a Latin Hypercube Sampling
where there exists only one sample in each axis-aligned hyperplane containing it.

3.2 Kriging surrogate model

Kriging is a widely used method for creating deterministic computer models. It is
a form of Gaussian process regression which originated in the area of geostatistics.
This method is used to interpolate data based on Gaussian process governed by prior
covariances. In short Kriging is a generalized linear regression model which is able to
provide a Best Linear Unbiased Prediction at unsampled points by taking into account
the relation between the residuals of the regression model and the known data. The
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unique characteristic of Kriging is its ability to combine both global and local modeling
to provide results.
The Kriging model can be expressed as follows:

P
)= Bifix) +zx) =17 (x)B +2(x)

J=1

This equation can be divided into two parts. The first part is a regression model
which is a combination of p chosen functions f = [f, f2,..., f]. This helps to model
the drift of the process mean. Here the coefficients 8 are the regression parameters.
The second part of the equation z(x) is a random process (stochastic process) which
is assumed to have zero mean and the following covariance:

Cov[z(x:), z(x ;)] = o*R(xi, x )

where o2 is the process variance and R is the spatial correlation function. The spatial
correlation function is responsible for the smoothness of the model based on the nearby
points. The Gaussian function is generally used as the spatial correlation function for
most cases.

Consider a black box function y = b(x) where for n design sites X = (xy,
X2,..X,) the output of the function are known, thus y = (v;,y2,¥3...90) = [
b(x1),b(x2),b(x3)..b(x,)]. Here x is a vector which contains the input parameters
for the black box function. The best linear unbiased predictor of this black box func-
tion at an unknown input location x* is provided by the following equation:

P(x*) = fT(x*)ﬁ +rT(x*)R_1(y—Fﬁ)
where f (x*) is a vector of all the linear regression functions computed at x*
f) = [/, L&), fae9]T
r(x*) is the correlation of x* with the design sites X
r(x*) = [R(x* x1), R(x*, x2), ..., R(x¥, x,,)]T
R is the correlation matrix of design sites X

R(x1,x1) R(x1,x2) -+ R(x1, Xn)
R(x2,x1) R(x2,x2) ... R(x2, xn)

R(xn, x1) R(xy,Xx2) - R(Xn, Xn)
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F is the matrix with the set of regression function that have been calculated at n
design sites

filx) falxy) -+ fp(xD)
fi(x2) fa(x2) ... fp(x2)

filxn) filxn) -+ fp(xn)

And ﬁ is the least square estimate of 8
3 T -1\ T p-1
B = (F R F) FTR 1y

The surrogate models of SCR are created using DACE kriging toolbox (Lophaven
et al. 2002). This toolbox constructs a kriging approximation surrogate for a given set
of design sites (inputs) and respective responses (outputs) of a model. These kriging
models are deterministic therefore for each repeated run with the same input parameters
these models would provide the same results. The pseudo codes for creating a kriging
surrogate model and prediction of unknown point are given below:

The Kriging Surrogate Model Algorithm

1: Input: Design site X = (x 1, x3,.. x,) and their responses by the black
box function y =(y7,¥2,Y3...,¥n)
2: Initialize R, F, £, r,y
R(x1, x1) R(Xvarvect, X2) -+ - R(x1, xy)
R(x2,x1) R(x2,x2) ... R(x2,%n)
3: Evaluate:R = ) ] . )
_R(xn’xl) R(xu, x2) < R(xp, Xn)

_fl(xl) fx)) - fr(xp)

4: Evaluate: F = fl(.xZ) f2(.xZ) fp(.xZ)

_fl(xn) Ji(xn) -+ fp(xn)
5: Output: A struct called dmodel with R and F as elements
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The Kriging Predictor Algorithm

1: Input: Unknown design site location x* and the surrogate model
struct dmodel

Evaluate: f(x*) = [f;(x™), f2(x™) ,...,fp(x*)]T
Evaluate:r (x*) = [R(x*, x1), R(x*, x3), ..., R(x*, x,,)]T
Evaluate:y(x*) = fT(x*)ﬁ+ rT(x*)R~(y — Fﬁ)

Output: y(x*) the kriging prediction at unknown point x*

These two algorithms are separated as the first one requires a lot of computing
power. Thus, it is wise to just evaluate the R and F of the black box function once and
then just use these values when a prediction of an unknown design point is required.

3.3 CMA-ES

CMA-ES is aderivative free numerical optimization strategy for non-linear non-convex
black-box optimization which is based on gaussian mutation (Hansen and Kern 2004).
Inevolution strategies (ES) new candidates are generated after the mutation of previous
generation. In CMA-ES the new candidates for the next generation (g + 1) are sampled
as:

x](<g+1> ~m+ U(g)'/\[((), C(é’))k =1,...A

where N is a multivariate normal distribution, meR" is the mean, o is the step-size
and CeR™" is the covariance matrix which is symmetric and positive definite. In
the ES m, C and o are very important parameters as the mean is the center of the
distribution, the covariance matrix dictates the direction in which the sampling should
take place while the step size controls the sampling radius of the algorithm. CMA-
ES ranks \ candidates in ascending order based on their fitness and then selects a
best candidates. Here the mean m is updated based on weighted recombination of the
selected candidates as shown below:

"

+1

mED = 3 &
i=1

(g+
i
g + 1. It must be noted that all the weight are positive, and their combined sum is 1 as
shown below:

where x (& represents the i ranked individual of the X candidates of the generation

%
Za)izl,a)lzwzz...za)MEO

i=1
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Furthermore,

= log<)L —— l) — log(i)

The step size o is updates with the following formula:

(g+1)
Co

-0 _ (g+1)
d, \ ENIN GO, D |~V

here d, is the damping factor of the step size update, ¢, is the cumulation factor,
E[||N(0, I)||] is the expected norm of the n-variate standard normal distribution, p,
is the evolution path for the step size adaptation and y, is the normalizing factor for
the step size evolution path. An extensive discussion on all these factors can be found
in Hansen (2007).

The equation of the covariance matrix for the next generation (g + 1) is shown
below, where both the rank-one and rank-j. update are combined.

o) = 5 ® exp

C, T
c+h — (1 = ceov) Cc® 4 pgg*'])pgg”)
Mcov

1 1
+ Ccov < ) Zw,y(g+ ) ( (g+ )>
Mcov

i=1

The equation above is the sum of three parts. The first part is the update of old
covariance matrix with the learning rate c.,, of the covariance matrix update (where
ccov € [0, 1]). The second part is the rank-one update which used the evolution path
P, to compute the change of the mean overtime. The last part is the rank-p update
which focuses on the good variations of the last generation. The pseudo code for the
CMA-ES algorithm used in SCR is given below:

The CMA-ES Algorithm

1: Input: Objective function e, maximum evaluations Ev
2: Initialize m, o, A, W, C=1,ps =0, pc =0
3: While total surrogate function evaluations < Ev
4: Updating the population:xy = m+oN(0,C), k=1,... A
5: Evaluating objective function: e (x),k = 1,... A
6: Mean update:m = i WXy
i=1
7 Step size update:o < o exp(fifr ([TW}(O“I—)ID \/y_g>
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The CMA-ES Algorithm

8: Covariance matrix update:
"
C < (1 = ceo)C+ = pepf + ccov<l - M30V> > wiyiayrk,
i=1
9: Select best candidate x ¢y, 4 g aMoONgst x
10: End While
11: Output: Best found solution X, , ps and € (x4, 4 ps)
3.4 RQLIF

RQOLIF (Manno et al. 2020) is a hybrid direct search model-based method, which
exploits a regularized quadratic model and an implicit filtering linear model to accel-
erate convergence and to cope with possible noise. RQLIF consists of the alternation
of three main steps:

1. A direct step based on multiple local samples of the objective function f in a
neighborhood of the current iterate xk,
2. A quadratic step in which the function evaluation is performed at the minimizer
of an appropriate quadratic model of f,
3. Alinear step in which f is evaluated at points located on an approximated steepest
descent direction.
The RQOLIF Algorithm
1: Input: starting point x%Q 11 p» Maximum evaluations E, tolerance on
minimum size of step length €, black box function f
2: Initialize: Fio, p =(X%op15)
While total black-box function evaluations < E and of > ¢
4: Stepl: Perform direct search along set of directions and return the
best solution found x£ orrp and F Ié)Q LIF
and the step length o
5: Step2: Optimize a quadratic model of f created from sampled
points and return xnguF and FngLIF
6: Update: F;QLIF :min(F;;QLIF, FII?QLIF, F]?QL[F) and update
x’}}Q 1 and a k
7 If Stepl and Step2 fail to improve Fj OLIF
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The RQOLIF Algorithm

8: Step3: Perform black box function evaluation along approximated
steepest descent direction and return x1Le OLIF and F I%Q LIF

9: Update: Fg o, =min(Fp o pFRop )

10: End If

11: End While

12: Output: Best solution found x’}}QuF and F;;QL[F

All evaluated sampled points Sgqpir and their responses (obj.
function and constraints) Rrorir

ROQLIF is designed to be as parsimonious as possible. Indeed, the quadratic step,
which is the most effective one in accelerating convergence towards the solution,
requires no further function evaluation to build the model. Moreover, in such step the
regularization is exploited not only to cope with noise, but also to allow the construction
of the quadratic model when the number of sampled points is much lower than the
number of free parameters. Even if not specified in the pseudocode for simplicity, only
sampled points located in a neighborhood of the current solution are considered when
building the quadratic model. The radius of such neighborhood is adaptively updated
based on the value of the current step length o*. Notice that also the linear step requires
no further function evaluations to construct the model, and it is performed only in case
of quadratic step failure.

3.5 Pseudo code of SCR

The Pseudo Code of SCR is given below:

The SCR Algorithm

1: Input: Black box function f, black-box and algebraic constraints & and g,
maximum evaluations £, number of variables n, tolerance 7, N4 initial
number of sites to be sampled, Maximum RQLIF evaluations N,
Additional points to be sampled N>

Initialize: eval = 0,k = 0
Call: LHS with Ng > (n + 1) * (n + 2) / 2 and number of variables = n
Return: LHS matrix S
For each point x; of S
Call: black box function f

Store: Values of objective function and constraints

A U ol
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The SCR Algorithm

Increment: eval by 1
9: End For
Initialize objective function surrogate model e and Constraints models 8
10: While eval < E

11: Increment: & by 1

12: Call: Kriging Surrogate Model Algorithm with design sites = S and
response = R

13: Store: objective function surrogate model o

14: Call: Kriging Surrogate Model Algorithm with design sites = S and
response = C

15: Store: Constraints models £

16: Call: CMA-ES with black box function being the penalized surrogate
model

17: Return: Optimized solution xzjlf,] AES

18: Compute: black box function f and the constraints k(x) and g(x) at
XCMAES

19: Increment: eval by 1

20: Add: x (., 4 g in the set of surrogate design points S

21: Call: RQLIF with starting point xz]]f,[ AEs» Maximum evaluations =

N/, black box function
22: Return: Optimized solution x};’g 1 pand F ;5 11 all sites that

RQLIF sampled X ];e OLIF" number of sampled sites R_eval and the

values of the black-box function and its constraints at sampled sites

23: Add: X%, to the set S

24: Increment: eval by R_eval

25: L I TLEL s

28: Call: LHS with Sampling Size = N, and number of variables = n
29: Return: LHS selected points Spew

30: For each row x; of Spew

31 Add: x; to the set of design points S

e Call: black box function f

33: Store: Values of Objective function and constraints

34: Increment: eval by 1
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The SCR Algorithm
35: End For
36: End If
37: End While
38: Output: Best found solution x*I}QuF and F;QLIF and all points sampled
by SCR

4 SCR benchmarking

In this section the performances of SCR are compared with other well-known derivative
free algorithms. A similar short version of this benchmarking procedure for SCR has
been reported in Zaryab et al. (2022) but in this paper not only we will go through the
benchmarking procedure in greater depth, but we have also added an extra algorithm to
compare with SCR. For the benchmarking, we selected three global-search algorithms
belonging to different classes: CMA-ES (Hansen and Kern 2004) (the MATLAB imple-
mentation (Heris 2021)) which is one of the most effective evolutionary algorithms
on nonconvex problems (including non-smooth functions) (Rios and Sahinidis 2013),
RBFOPT (Costa and Nannicini 2018) (RBFOPT V4.2.0 software (Nannicini 2021))
which is a well-known global surrogate based algorithm, and NOMAD (Digabel 2011)
(NOMAD V3.9.1 software (Digabel et al. 2021)), which implements a very efficient
hybrid algorithm (NOMAD uses, in addition to orthoMADS, a quadratic surrogate
model both as search strategy and as ordering criterion for the search directions). For
all algorithms we used the default options, except for NOMAD for which we activated
the VNS option (Variable Neighborhood Search) to improve its global search strategy.
As for SCR, after preliminary tests, the parameters adopted the SCR algorithm are:

e Ng=06n
e Ny=N>=3n
e 7T = 1073 (distance measured in the normalized variable space)

Firstly, SCR was compared with the other algorithms on 25 nonlinear unconstrained
test problems taken from ref. (Jamil and Yang 2013). A list of these test problems
along with their domain is given in Table 1. Then these algorithms were tested on
21 constrained test problems which have 2—13 real variables and up to 17 constraints
taken from (GLOBALLIb 2020). A list of these test problems along with their variables
and constraints are shown in Table 2.

The results of these tests are shown in Figs. 2 and 3 where the performance parameter
shows the fraction of problems solved within a certain tolerance “t”(as defined by
Dolan and J. Moré, (2002)) and is calculated as follows:

_ L : . k * 0 _ %
PerformanceParameter = |N|s1ze neN:fix")<f +r(f f )
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Table 1 List of bound-constrained test functions along with their variables and domain

Name Variables Domain Name Variables Domain
Booth 2 [—10,10] Price 3 2 [—5,5]
Camel Six Hump 2 [—3,2] Price 4 2 [—5,5]
Camel Three Hump 2 [—5,5] Quadratic 2 [—10,10]
Chung Reynolds 4 [—10,10] Rosenbrock 4 [—5,10]
Colville 4 [—10,10] Rotated Ellipse 2 [—5,5]
Cube 2 [—10,10] Rotated Ellipse 2 [—50,50]
2
Deckkers-Aarts 2 [—20,20] Schumer 4 [—10,10]
El-Attar-Vidyasagar-Dutta 2 [—5,5] Schwefel 4 [—10,10]
Goldstien Price 2 [—2,2] Schwefel 236 2 [0,100]
Himmelblau 2 [—5,5] Sphere function 4 [—5.12,5.12]
Hosaki 2 [0,10] Styblinski-Tang 4 [—5,5]
Leon 2 [—1.2,1.2] Trid 4 [—16,16]
Powell Singular 2 4 [—4,5]
Table 2 List of constrained test functions along with their variables and constraints
Name Variable Constraints Name Variable Constraints
Chance 4 3 Ex9 2 8 6
Chem 11 4 Ex14_1_1 3
Circle 10 Ex14_1_2 6
Ex2_1_1 5 1 Ex14_1_6 9 15
Ex2_1.3 13 9 Ex14_1_7 10 17
Ex3_1_1 8 6 Ex14_2_3 6 9
Ex5_4_2 8 6 House 8 8
Ex6_1_1 8 6 Nemhaus 5 5
Ex6_2_7 9 3 Sample 4 2
Ex7_2_3 8 6 Wall 6 6
Ex8_1_8 6 5

where N is the set of all test functions n, f° is the value of the objective function
found at the starting point, f* is the optimum value of the function (or the best value
obtained by any algorithm) and f{x¥) is the optimum value of the objective function
found by the algorithm at iteration k. Each algorithm was used to optimize each test
function ten times and the average results of the ten runs were then used to create the
performance profiles. For each run the same starting point was given to the algorithms
using Latin Hypercube sampling.
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Unconstrained Test Functions at z=10°
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Fig. 2 Performance profiles of SCR and benchmark algorithms for unconstrained test problems

The performance profiles of SCR along with other benchmark algorithms for uncon-
strained test problems are shown in Fig. 2. In the figure the results are reported for
three different accuracy levels which are expressed by the values of “t”, namely, 1072,
1073, 107, The figure shows that SCR is the best performing algorithm compared to
the rest. SCR also performs quite well at low function evaluations (< 300) in terms of
fraction of problems solved and solution quality. Amongst the rest of the algorithms
which were tested, RBFOPT has the second-best performance profile and in the case
where the tolerance “t” is large (1072) its performance profile matches that of SCR.
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Constrained test functions at 7=10°
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Fig. 3 Performance profiles of SCR and benchmark algorithms for constrained test problems

For the case where “t” is low (107%) RBFOPT shows good results up to 75 function
evaluations but after that it fails to reach a high-performance parameter as compared
to SCR.

The performance profiles of the benchmark algorithms for constrained test problems
are shown in Fig. 3. For the three different tolerance cases SCR outperforms all other
benchmarking algorithms. In Fig. 3 the performance profile of a modified version of
SCR called SCR-pen is also shown. Instead of generating separate surrogate models
for the black box function (f{x)) and the constraints (g and k), SCR-pen generates a
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single surrogate model of the penalized black box function. The black box function
is penalized by adding a penalty term to the objective function, this penalty term is
proportional to the quadratic violation of constraints. In the benchmarking activity
carried out for the constrained test problems SCR-pen is the second-best performing
algorithm before SCR. In our opinion, the reason why SCR performs better than SCR-
pen is because creating surrogates for a black box function with quadratic penalty
terms added to it can result in ill conditioning problems generating steep valleys and
high curvatures.

Apart from SCR and its modified version SCR-pen there are two algorithms which
give good results at high tolerance these are NOMAD and RBFOPT. NOMAD performs
abitbetter than RBFOPT asitis able to provide a higher performance profile parameter
at lower functional evaluations. Both NOMAD and RBFOPT have been selected for
testing and comparison with SCR in the optimization of the two considered practical
case-studies reported in the next sections, i.e. CPU and VPSA. Tables 6 and 7 in the
Appendix report the list of test functions which were not optimized with the high level
of accuracy, T = 107°.

To assess the influence of the number of sampling points used to build and update
the surrogate (Ng, N1 and N3). A comparative analysis was also conducted. First, Ng
was varied considering the minimum value required by the DACE toolbox, Ng = (n
+ D)*(n + 2)/2 and Ng = 6n (which leads to a larger number of points for n < 8).
The computational results on the above described test functions showed only a minor
change of performance. As for N and N, three values were considered:

e SCR2n: Ny =N, =2n
e SCR 3n: N; = N, = 3n (Base case)
e SCR4n: Ny =Ny =4n

The results, presented in Fig. 4, demonstrate that the three cases have similar per-
formance and SCR 3#n performs (on average) better than SCR 2n and SCR 4n.

5 Optimization of a CO, purification unit

In this section we apply SCR to a very challenging optimization problem, concerning
a techno-economic optimization of a CO, Purification Unit (CPU) which is used to
purify the CO, captured from a cement plant (Voldsund et al. 2019). The results
obtained by SCR were compared with those obtained NOMAD and RBFOPT. The
CO;, Purification Unit used for this optimization is based on a patent by Air Products
(White and Allam 2008) and its scheme is provided in Fig. 5. The CPU was modeled
in Aspen Plus. It is assumed that the CPU takes a medium purity captured CO, coming
from a VPSA cycle which is capturing 95% of the CO, coming from the flue gas of a
cement plant (as in Voldsund et al. (2019)) and provides a high purity CO, gas.

This simulation code takes about 10-20 s to converge based on the input conditions.
However, for some input conditions, the simulation has convergence issues: it runs for
several minutes and then it crashes without returning a solution. The issue is caused
by the failure of convergence of the flash calculation for some streams.
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The goal of the optimization is to minimize the total annual cost. The process
variables that are optimized for the CPU are (1) the compressor outlet pressure (Poyc),
(2) the heat absorbed by the liquid stream coming from the separator and going to the
stripper (Qsep), and (3) the exit temperature of the stream entering the heat exchanger
from the reboiler and going to separator (Ty,). There are 4 inequality constraints for
the optimization: (i) the recovery of CO; should be greater than 95%, (ii) the purity
of CO; should be greater than 98%, (iii) the oxygen in the outlet stream should be
less than 75 ppm, and (iv) the mole fraction of nitrogen and argon in the outlet stream
should be less than 3%.

Figure 6 shows the value of the objective function found by each optimizer as a
function of number of black box function evaluations. It must be noted that unlike
(Zaryab et al. 2022) in this paper a total of ten optimization runs were carried out
for each optimizer and the average result from these runs are shown in the Fig. 6.
Here SCR was able to find a good solution in only a limited number of black box
function evaluations (50), which was further improved until the optimum was found
at 200 function calls. Both NOMAD and RBFOPT were able to find the optimum of
the simulation code but it took twice the number of function evaluation (400 calls) as
compared to SCR. The comparison between the optimum found at different function
evaluation of the three algorithms is provided in Table 3.

The main challenges of the CPU optimization problem are due to the highly non-
linear and non-convex black-box constraints and the high prevalence of convergence
failures of the flowsheet simulation. The Fig. 7 shows that 53.2% of the simulations
failed to reach convergence (those denoted by an objective function value of zero in the
figure). Thus, even though the required simulation time is not excessive, we reported
such a test case because it demonstrates the algorithm’s robustness to convergence
failures and nonlinear-nonconvex black-box constraints.
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Fig. 6 Comparison of SCR with RBFOPT and NOMAD for the CPU case study
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Table 3 Comparison of the

results of SCR with that of Function calls SCR NOMAD RBFOPT
NOMAD and RBFOPT for CPU
optimization 1 15,406.67 15,406.67 15,406.67
25 13,748.74 14,137.93 14,806.76
50 13,422.39 13,617.11 14,227.18
100 13,377.41 13,463.54 13,480.76
200 13,377.41 13,387.77 13,395.69
300 13,377.40 13,385.15 13,390.99
400 13,377.38 13,377.77 13,390.59
500 13,377.38 13,377.40 13,377.51
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Fig. 7 Functional Evaluations versus Annual Plant Cost of SCR algorithm for CPU where 0 specific cost
means that the simulation code failed to converge and provide results

6 Optimization of a vacuum pressure swing adsorption cycle (VPSA)

In this section SCR is used to optimize the specific cost (k€/tonco,) of a 6 step 3 bed
VPSA. This VPSA will also be optimized using NOMAD and RBFOPT and the results
of the three optimization algorithms would then be compared. The VPSA has been
modeled in Aspen Adsorption, the simulation code of the VPSA takes from 30 min
to 2 h to converge based on the input conditions. We are assuming that the flue gas
coming to the VPSA has 15% CO; and 85% N;. The 6 stages of the VPSA cycle are
provided below:

Adsorption: The flue gas (CO,/N; mixture) is fed into the column to adsorb the
CO;. A N rich stream is obtained at the outlet of the column.

Rinse: A part of the CO; retrieved from the capture process is reused to rinse the
bed at the end of the adsorption step. The rinse step aims to increase the purity of the
CO, recovered by flushing the nitrogen out of the column.
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Light blowdown: The pressure of the bed is decreased to a middle pressure, the
stream recovered during this step is not collected and sent to the atmosphere. The
purpose of this step is to remove the nitrogen from the column without desorbing the
COa.

Blowdown: The pressure is decreased to a lower value to desorb the CO, and retrieve
it.

Purge: A fraction of the N rich stream collected during the adsorption step is used
to flush the bed during the blowdown to push the desorbed CO, allowing to increase
the recovery.

Pressurization: The pressure of the bed is increased to the adsorption pressure by
a part of the nitrogen stream from the adsorption step.

The goal of the optimization is to minimize the specific cost of CO, captured
(k€/toncoy). The process variables are adsorption time, purge time, Light blowdown
time, Middle pressure, Feed flowrate, Purge flowrate and the Adsorption pressure.
There are 2 inequality constraints for the optimization: (i) the recovery of CO; should
be greater than 95% and, (ii) the purity of CO; should be greater than 85%.

Since the simulation model of the VPSA is very noisy and within the upper bound
and the lower bound of the optimization variables there are many regions where no
solution exists. In such a case where there is no solution (non-feasible point) the VPSA
model gives a very high value of the objective function f (10°). If a non-feasible starting
point is given to an optimization algorithm, it can happen that for many iterations the
optimization algorithm is not able to find any good solution.

Figure 8 shows the value of the objective function obtained by each optimizer
as a function of number of black box function evaluations for the VPSA when a

15
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Fig. 8 Comparison of SCR and NOMAD for the VPSA optimization case where a non-feasible starting point
is given to the optimizer
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Table 4 Comparison of the

results of SCR with NOMAD for ~ Function Calls SCR NOMAD
VPSA optimization where a
non-feasible starting point was 10 1.00E + 09 1.00E + 09
given to the algorithms 100 1.00E + 09 1.00E + 09
200 1.270 1.00E + 09
300 0.826 1.115
400 0.636 0.887
500 0.636 0.760
600 0.492 0.589
700 0.449 0.578
800 0.435 0.578
900 0.435 0.537
1000 0.435 0.485

non-feasible starting point is chosen. The value of the optimum found at each iteration
by the algorithms is shown in Table 4.

For the case where non-feasible starting point was given to the algorithms SCR was
able to optimize the system within a limited number of function calls (around 600).
While NOMAD took 900 iterations to reach the close to optimum value. RBFOPT was
also used to optimize the VPSA model, but it was unable to find any solution at all.
The optimizer kept trying to find solutions in the region of the optimization variables
where no solution existed, therefore in figure RBFOPT results are not shown.

Another optimization run was carried out for all three optimizers where a feasible
solution was given as a starting point. The optimum obtained by each optimizer as a
function of number of black box function evaluations for this case is shown in Fig. 9. It
can be seen that in 300 iteration both SCR and NOMAD were able to reach the optimum
while RBFOPT was unable to reach it. Furthermore, at each iteration SCR provides
a lower value of optimum compared to NOMAD. The results of this comparison are
shown in Table 5.

7 Conclusions

SCR is a surrogate based derivative free algorithm which has been developed specif-
ically for black-box optimization problems with expensive function evaluations and
general constraints (including black-box constraints). SCR creates separate surrogate
models of the black-box objective function and black-box constraints. The search pro-
cedure combines the use and update of Kriging as surrogate model, CMA-ES as global
search algorithm and RQLIF for local search.

Performance profiles of SCR compared with three well-known optimization algo-
rithms (CMA-ES, RBFOPT & NOMAD) indicate that SCR provides good quality
solutions in limited number of black box function evaluations on a large set of bench-
marking test problems. Furthermore, when applied to real engineering black-box
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Fig. 9 Comparison of SCR with the results of RBFOPT and NOMAD for the VPSA optimization case where
a feasible starting point is given to the optimizers

Table 5 Comparison of the

results of SCR with NOMAD Function Calls SCR NOMAD RBFOPT
and RBFOPT for VPSA
optimization where a feasible 0 1.270 1.270 1.270
starting point was given to the 10 1.050 1.105 1.208
optimizer
50 0.874 0.933 0.957
100 0.537 0.690 0.874
150 0.507 0.557 0.668
200 0.455 0.470 0.627
300 0.435 0.445 0.527

optimization problem, the optimization of a CO; purification process and the opti-
mization of a VPSA process, SCR needs about half simulation runs compared to
NOMAD & RBFOPT to find the same optimal solution. Tests indicate also that gen-
erating separate surrogates for the black-box constraints improves the convergence of
the algorithm compared to generating surrogates directly for the penalized objective
function.

In conclusion, SCR looks as a promising algorithm to tackle the global optimization
of computationally expensive black-box problems subject to black-box constraints.
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Appendix

See Tables 6 and 7.

Table 6 List of unconstrained

test problems which are not SCR NOMAD CMA-ES RBFOPT
optimized within the high level
of accuracy T = 10-6 Camel Camel 6 Camel 6 Camel 6
Goldstien Deck Deck Deck
Hosaki Himmel Himmel Styblinski
Leon Leon
Schwefel 236 Schwefel 236
Colville Colville
Rosenback Rosenback
Styblinski Styblinski
Attar
Goldstien
Hosaki
Price 3
Table 7 List of constrained test
problems which are not SCR NOMAD CMA-ES RBFOPT
optimized within the high level
of accuracy t = 10-6 Chem Chem Chance Chance
Wall Ex6-1-1 Chem Chem
Ex2-1-3 Wall Ex6-1-1 Ex6-1-1
Ex6-2-7 Ex2-1-3 Wall Wall
Ex8-1-8 Ex6-2-7 Ex2-1-3 Ex2-1-3
Ex9-2-8 Ex8-1-8 Ex6-2-7 Ex8-1-8
Ex14-1-6 Ex14-1-6 Ex7-2-3 Ex9-2-8
Ex14-2-3 Ex14-2-3 Ex8-1-8 Ex14-1-6
Ex9-2-8 Ex14-2-3
Ex14-1-6
Ex14-1-7
Ex14-2-3
nemhaus
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