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 a b s t r a c t

Control loops closed over wireless links greatly benefit from accurate estimates of the communication 
channel condition. To this end, the finite-state Markov channel model allows for reliable channel state 
estimation. This paper develops a Markov jump linear system representation for wireless networked 
control with persistent channel state observation, stochastic message losses, and generalized packet 
dropout compensation. With this model, we solve the finite- and infinite-horizon linear quadratic 
regulation problems and introduce an easy-to-test stability condition for any given infinite-horizon 
control law. We also thoroughly analyze the impact of a scalar general dropout compensation factor on 
the stability and closed-loop performance of a rotary inverted pendulum controlled remotely through 
a wireless link. Finally, we validate the results numerically via extensive Monte Carlo simulations, 
showing the benefits of the proposed control strategy.

© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Wireless networked control systems receive considerable
attention from industry and academia thanks to their mission-
critical applications in industrial automation, intelligent trans-
portation, telesurgery, and smart grids. See, e.g., Park, Ergen, 
Fischione, Lu, and Johansson (2018), Eisen, Rashid, Gatsis, Cav-
alcanti, Himayat, and Ribeiro (2019), Pezzutto, Tramarin, Dey, 
and Schenato (2020), and Liu, Nair, Li, Nesic, Vucetic, and Poor 
(2021) as an overview of significant recent advances in the 
wireless networked control system research. One of the central 
topics in this research area is estimation and control over fad-
ing channels, explored, e.g., in Schenato, Sinopoli, Franceschetti, 
Poolla, and Sastry (2007), Gupta, Dana, Hespanha, Murray, and 
Hassibi (2009), Heemels, Teel, van de Wouw, and Nesic (2010), 
Gonçalves, Fioravanti, and Geromel (2010), Ding (2011), Pajic, 
Sundaram, Pappas, and Mangharam (2011), Minero, Coviello, and 
Franceschetti (2013), Quevedo, Østergaard, and Ahlén (2014), 
Yu and Fu (2015), Zacchia Lun and D’Innocenzo (2019), Liu, 
Quevedo, Li, Johansson, and Vucetic (2022), Impicciatore, Tsiamis, 
Zacchia Lun, D’Innocenzo, and Pappas (2022), and Impicciatore, 
Zacchia Lun, Pepe, and D’Innocenzo (2024).

I The material in this paper was not presented at any conference. This paper 
was recommended for publication in revised form by Associate Editor Luca 
Schenato under the direction of Editor Christos G. Cassandras.
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The performance of systems having their control loops closed 
over wireless links is strongly affected by the communication 
channels’ stochastic behavior since wireless links are subject to 
path loss, shadowing, and fading when mobility is involved: this 
gives rise to time-varying message dropouts, message delays, and 
jitter (Goldsmith, 2005). Consequently, an accurate estimate of 
the channel condition for correctly modeling the stochastic prop-
erties of a wireless networked control system can significantly 
increase the control performance.

The finite-state Markov channel (FSMC; see, e.g., Sadeghi, 
Kennedy, Rapajic, & Shams, 2008) is a simple yet powerful an-
alytical model that captures the dynamics of the wireless link. 
It is widely used for analyzing and designing telecommunica-
tions systems. Despite the availability of the FSMC model, when 
dealing with the application level, packet dropouts dynamics are 
often modeled as realizations of a Bernoulli process (Hu, Shi, 
Zhang, & Deng, 2021; Schenato et al., 2007), which may result in 
an oversimplification of the complex communication subsystem 
dynamics and, thus, in an incorrect analysis of the control sub-
system properties, for instance in terms of stability (Zacchia Lun 
& D’Innocenzo, 2019).

1.1. Study motivation and technical challenges

Recently, Impicciatore et al. (2024) introduced FSMC mod-
els into a wireless networked control framework for optimal 
output-feedback control, proving the validity of the separation 
principle, which allows for designing the optimal remote system 
state estimator and controller separately. It showed that due 
rticle under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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to the one-time-step delayed channel state observation by the 
remote controller, the optimal control over FSMC links prob-
lem represents the main challenge in wireless output-feedback 
control since for the same FSMC link characteristics, the remote 
system may be detectable but not controllable. One significant 
limitation of Impicciatore et al. (2024) addressed in this paper 
is considering only the zero-input packet dropout compensation 
at the actuator end, which results in sub-optimal performance. 
To fill this gap, this paper exploits an FSMC wireless link ab-
straction to model packet dropouts, as in Zacchia Lun, Rinaldi, 
Alrish, D’Innocenzo, and Santucci (2020). Similarly to Impicciatore 
et al. (2024) and Zacchia Lun, Rinaldi, D’Innocenzo, and San-
tucci (2024), it considers a persistent channel state observation, 
providing a controller with the outcome of each control packet 
transmission and observed state channel state in a positive or 
negative acknowledgment message. However, this paper intro-
duces a generalized control packet dropout compensator to the 
closed-loop system architecture. Specifically, the actuators apply 
an appropriately scaled last available control input when the 
communication link corrupts a transmitted control message. This 
approach encompasses both zero-input and hold-input packet 
dropout compensations as notable cases, and it is particularly 
suitable for less performant actuators incapable of immediately 
zeroing the control inputs. Markedly, this article differs from 
previous works on generalized control packet dropout compen-
sation, such as Moayedi, Foo, and Soh (2013), Yu and Fu (2015), 
and Lu, Zhong, and Qu (2018), in considering the FSMC to govern 
the packet dropout dynamics instead of the Bernoulli process, 
resulting in a much more general and complex problem setup 
presented in Section 2. The generalized control packet dropout 
compensation strategy is straightforward, intuitive, and struc-
turally simple, making it appealing from the implementation and 
cost perspectives (Yu & Fu, 2015). Other compensators can, in 
principle, be constructed based on a static or dynamic, linear 
or nonlinear combination of several past controls at different 
previous time instants. Still, such compensators would be more 
costly, complex, and energy-consuming.

Considering the generalized control packet dropout compen-
sation within the wireless networked control framework
under the FSMC link model presents several major technical chal-
lenges and offers a significant increase in control performance, 
as demonstrated in Sections 7.6 and 7.7. The first challenge 
lies within the controller specification and the resulting closed-
loop system model. It requires answering whether the control 
gain should depend only on the last observed channel state or 
whether some additional information, such as the current packet 
dropout interval, is necessary. This paper shows in Section 3.2 
that the channel state information is sufficient for selecting the 
optimal control gain at run time, thus limiting the complex-
ity and the related processing delay. However, the closed-loop 
system model must consider the FSMC-state-dependent packet 
dropout interval process, requiring different novel perspectives 
for control design and stability analysis, as detailed in Sections 3.2
and 5.1. An additional challenge of the finite-horizon optimal 
controller design also comes from the stochastic nature of the 
packet dropout interval, which requires the controller to balance 
the time horizon and the possible number of consecutive control 
message dropouts at each time step, as detailed in Section 4. 
For the infinite-horizon case, establishing the ergodicity of the 
closed-loop system’s discrete dynamics is another significant 
technical challenge addressed in this paper in Proposition  15. 
None of these challenges were tackled in the current wireless 
networked control system literature. Only successfully addressing 
them allows us to cast and solve optimally the discrete-time 
linear stochastic systems with information between sensors, con-
trollers, and actuators carried by FSMCs in a Markovian jump 
linear system (MJLS) framework and to rely on its fundamental 
principles.
2

1.2. Related works

The MJLS theory has been extensively used to investigate 
feedback control problems over lossy links.

Several works used a simplified Gilbert channel modeled by a 
Markov chain with two states. Specifically, Seiler and Sengupta 
(2005) derived necessary and sufficient linear matrix inequal-
ity (LMI) conditions for synthesizing the optimal H∞ controller, 
assuming the controller is collocated with the actuator so that 
only the sensor measurements may be lost. Kawka and Alleyne 
(2006) analyzed the stability and performance of a channel-state-
independent (CSI) controller with N-step packet loss compen-
sation under one step of actuation delay, where transmitting 
packets containing multiple control inputs increases actuation 
delay and packet error probability due to larger packet size. 
Xie and Xie (2009) investigated stability properties of sampled-
data networked linear systems under CSI control. You and Xie 
(2010) derived the minimum data rate for mean square (MS) 
stabilizability under an arbitrary CSI quantized state-feedback 
(SF) control policy. Minero et al. (2013) extended this result 
to a time-varying data rate modeled by a finite-state Markov 
chain. Mo, Garone, and Sinopoli (2013) solved finite- and infinite-
horizon CSI linear–quadratic–Gaussian (LQG) control problems 
and proved the validity of the separation principle. Battilotti, 
Cacace, d’Angelo, Germani, and Sinopoli (2019) extended the 
finite-horizon CSI result to a non-Gaussian setting, assuming that 
the moments of the noise sequences up to the fourth order 
are known. Okano and Ishii (2017) derived conditions for MS 
stability of uncertain autoregressive systems whose state and 
input parameters vary within given intervals and characterized 
limitations on data rate, packet loss probabilities, and magni-
tudes of parametric uncertainty under CSI control. Finally, Li, Han, 
Zhang, Xie (2021) and Li, Li, Zhang (2021) solved the finite- and 
infinite-horizon linear–quadratic regulation (LQR) problems for 
discrete-time systems with a known constant input delay for the 
zero-input and hold-input control packet dropout compensation, 
respectively. However, the two-state Markov chain model used in 
all the works above cannot represent a nontrivial FSMC (Impic-
ciatore et al., 2024). Moreover, disregarding the Markov channel 
state in the control design leads to simpler but more conservative 
solutions that apply only to a subset of plants stabilizable with 
channel-state-dependent controllers (Impicciatore et al., 2024).

Some works used a finite-state Markov chain to describe the 
evolution of a packet error burst length without considering the 
observed communication channel state. In particular, Wu and 
Chen (2007) derived sufficient LMI conditions and corresponding 
control laws for the stochastic stability of noiseless systems with 
hold-input packet dropout compensation at the controller and 
actuator end. Wang, Wang, and Wang (2013) presented an H∞ SF 
control method and sufficient conditions for controllers ensuring 
stochastic stability with a specific disturbance attenuation level. 
Other works relied on a finite-state Markov chain description of 
all possible packet arrival sequences of a certain length. These 
models also did not consider the Markov channel state infor-
mation. A notable example is Peters, Marelli, Quevedo, and Fu 
(2019), which addressed the predictive control design problem 
for networked systems subject to packet loss in the controller-
to-actuator link. Additional noteworthy works characterized the 
packet losses in combination with other significant concerns, such 
as jamming attacks on communication links (Cetinkaya, Ishii, & 
Hayakawa, 2017) and random delays (Xu, Gu, Tang, & Qian, 2022). 
Still, the Markov channel state information was neglected.
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1.3. Contribution statement

The main contributions of this paper are the following.

(1) We present a practical Markov jump linear system model 
of discrete-time linear stochastic systems with a gener-
alized control message dropout compensation over lossy 
actuation links modeled by FSMCs (see Section 3).

(2) We solve finite- and infinite-horizon LQR problems, provid-
ing the SF gains that depend on the FSMC state observed 
with one time-step delay (Sections 4 and 6 and Remark  7).

(3) We introduce a necessary and sufficient stability condition 
for any given infinite-horizon SF control law that requires 
computing the spectral radius of a stability verification 
matrix and, thus, is easy to check (see Section 5).

(4) We validate all theoretical results numerically via exten-
sive Monte Carlo simulations of a rotary inverted pendu-
lum controlled remotely over a wireless link, where the 
link model relies on an accurate representation of a re-
alistic wireless communication protocol. Furthermore, we 
provide a comparative analysis of proposed and existing 
LQR strategies and illustrate the impact of a scalar general 
dropout compensation factor on stability and closed-loop 
performance (see Section 7).

2. Model and problem formulation

Consider a discrete-time linear stochastic system with in-
termittent control messages due to lossy communication and 
generalized dropout compensation: {
xk+1 = Axk + Buk + wk,

uk = δkuc
k + (1 − δk)Φuk−1.

(1)

We use a standard notation, where xk ∈ Rnx  and uk ∈ Rnu

are a system state and a control input to actuators, while A and 
B are state and input matrices of appropriate size, respectively; 
wk ∈ Rnx  is a white Gaussian process noise having zero mean 
and covariance matrix Σw . 

Assumption 1.  The process noise wk is independent of the initial 
state x0 and the binary stochastic variable δk.

In the expression of uk, δk models the packet loss between 
the controller and the actuators, and uc

k ∈ Rnu  is the desired 
control input computed by the remote controller. If the control 
message is correctly delivered, uk = uc

k; otherwise, if lost, the 
actuators apply the last available control input multiplied by a 
matrix Φ =

⨁nu
i=1 φi, where ⊕ indicates the direct sum that 

produces a diagonal matrix with the elements φi ∈ [0, 1] on the 
main diagonal. This generalized approach covers both the zero-
input (with all φi = 0) and hold-input (with all φi = 1) control 
message dropout compensations as its particular cases.

We capture the dynamics of the control packet loss process 
{δk} in wireless links via an FSMC (Sadeghi et al., 2008) abstrac-
tion.1 The wireless channel state is the output of a discrete-time 
Markov chain (DTMC) taking values in a finite set S ≜ {si}Ni=1. This 
state conditions the probability of successful packet delivery and 
packet loss: 

P(δk = 1 | θk = si) = δ̂i,

P(δk = 0 | θk = si) = 1 − δ̂i.
(2)

1 See, e.g., Zacchia Lun et al. (2020) for a procedure producing a consistent 
and accurate FSMC model suitable for a wireless industrial automation scenario.
3

Fig. 1. Closed-loop system architecture. A wireless link delivers SF control inputs 
to actuators. The receiver measures the link state θk and communicates it 
with the transmission outcome δk to the controller. The actuators apply the 
generalized packet dropout compensation.

In other words, we relate each state si of the FSMC to a binary 
symmetric channel with error probability 1− δ̂i. The probabilities 
of transitions between FSMC states 

pij ≜ P(θk = sj | θk−1 = si) ≥ 0,
N∑
j=1

pij = 1. (3)

We gather them into the channel transition probability matrix 
(TPM) 

Pc ≜
[
pij
]N
i,j=1 . (4)

Assumption 2.  The DTMC {θk} is ergodic.

Assumption 3.  The process noise {wk} and the DTMC {θk} are 
independent.

In many practical wireless communication scenarios, for in-
stance, when networks rely on IEEE 802.15.4-compatible hard-
ware,2 the FSMC state is available to receivers (Zacchia Lun et al., 
2020). So, as in Zacchia Lun and D’Innocenzo (2019), we assume 
that a controller may observe Markov channel states via posi-
tive and negative acknowledgments (ACKs and N-ACKs), which 
become available only after the current decision on the control 
gain to apply has been made and sent through the wireless link 
since the actual transmission outcome is unknown in advance. 
Formally, the information set available to the controller is 
Ik =

{
(xt)kt=0 , (δt−1)

k
t=1 , (θt−1)

k
t=1

}
. (5)

It relies on an idealistic assumption of accessing all system state 
variables over an error free link made only to streamline the 
presentation. We have already shown in Impicciatore et al. (2024) 
how to design the optimal output-feedback controller by solving 
the optimal SF control and optimal filtering problems separately 
for a networked control scenario with the zero-input compensa-
tion strategy for the packet losses in the wireless links conveying 
sensing and actuation data. Since the acknowledgment messages 
transporting the related transmission outcome and channel state 
information are short and unlikely to be corrupted, we also make 
an idealistic assumption that all the ACKs are always successfully 
delivered.3 Fig.  1 shows the closed-loop system architecture, and 
Fig.  2 provides the related timing diagram. This paper solves the 
following design problem.

Problem statement: Design a finite- or infinite-horizon con-
troller for the system (1) that fully exploits its information set 

2 The typical networking protocols for wireless industrial automation, such 
as WirelessHART, ISA100.11a, and Zigbee PRO 2015, use IEEE 802.15.4.
3 One can readily relax it by introducing an additional binary stochastic 

variable to model the successful delivery of the ACK that would evolve according 
to an FSMC describing the corresponding wireless link.
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Fig. 2. A timing diagram for a closed-loop system with a wireless actuation link. 
In this example, the transmission corrupts the control packet containing uc

k−1 , as 
indicated by a dotted line. The receiver detects an error, discards the message, 
and sends the N-ACK containing the channel state θk−1 . Actuators compensate 
by applying a scaled version of the previous input signal, i.e. uk−1 = Φuk−2
depicted by a dotted rectangular. The solid line in a cloud indicates successful 
wireless transmission of the control message uc

k to be applied by actuators so 
that uk = uc

k . Thus, the receiver sends the ACK also containing the channel state, 
i.e., θk .

(5). Thus, the SF gain should depend on the Markov channel state 
observed with one time-step delay4: 

uc
k = K(k,θk−1)xk. (6)

Specifically, consider a time horizon T ∈ Z>∪{∞} and denote by 
UT  a set of all control inputs satisfying (6). In the following, Z>
and Z≥ will indicate the sets of all positive and nonnegative inte-
gers, respectively. Given a positive semi-definite state-weighting 
matrix Q ∈ Rnx  and a positive-definite input-weighting matrix 
R ∈ Rnu , the optimal linear quadratic regulator minimizes the 
following costs. Denote by E the expectation. For T < ∞, 

JT (x0,UT ) = E

(
T−1∑
k=0

(
x⊤

k Qxk + u⊤

k Ruk
)
+ x⊤

T QxT | I0

)
, (7)

where ⊤ indicates the transpose. Notice that the cost (7) weights 
the inputs to actuators and, thus, accounts for both the dropout 
compensation gain Φ and the desired control inputs uc

k ∈ UT , 
depending on the realizations of the stochastic process {δk}. So, 
the following optimization problem defines the finite-horizon 
LQR paradigm: 

ǔc
T = argmin

ucT∈UT

JT (x0,UT ), (8)

where uc
T ≜

(
uc
t

)T−1
t=0  is a sequence of control inputs. For T = ∞, 

consider the long-run average cost 

J
∞
(x0,U∞) = lim sup

T→∞

1
T
JT (x0,UT ). (9)

Then, the solution of the following optimization problem defines 
the infinite-horizon LQR paradigm: 

ǔc
∞

= argmin
uc∞∈U∞

J
∞
(x0,U∞). (10)

To analytically solve problems (8) and (10) in the FSMC set-
ting, we first represent system (1) in the Markovian jump linear 
system (MJLS) framework, as detailed next.

4 See Remark  6 for the technical motivation for the control gain dependence 
on the channel state but not the observed values of the packet loss process. 
Intuitively, the system state xk contains the transmission outcome information 
encoded in δ k .
( t−1)t=1

4

3. Markovian jump system model for control

This section derives an MJLS model that accounts for a gener-
alized control message dropout compensation over a lossy actu-
ation link modeled as an FSMC. After characterizing the system 
states in opportune time instances in Section 3.1, it defines the 
system’s discrete states and the related transition probabilities for 
the LQR in Section 3.2.

3.1. System states in packet delivery time instances

The intuition behind the MJLS derivation is that system (1) has 
a unique and convenient representation in the time instances in 
which actuators successfully receive messages from controllers. 
These time instances differ by a nonnegative number of con-
secutive control message dropouts governed by an FSMC. Thus, 
we count the number of consecutive control message dropouts 
observable by a controller at a given time step k in a stochastic 
variable ∆k. The value of ∆k increments by one when the recep-
tion of a control message is not acknowledged and resets to zero 
otherwise. Formally, 
∆k = (1 − δk−1)(∆k−1 + 1). (11)

By iterating (11) over multiple time steps, we have that 
∆k = ℓ ⇔ δk−1−ℓ = 1 ∧ δk−t = 0 ∀t ∈ Z> : t ≤ ℓ. (12)

Notice that if ℓ = 0, then {t}0t=1 = ∅, meaning that (12) becomes 
∆k = 0 ⇔ δk−1 = 1.

Let T  be a set of time instances in which actuators successfully 
receive the controller’s messages, i.e., 
T ≜ {k : δk = 1}k∈Z≥ =

{
τ(m)

}
m∈Z≥ . (13a)

From (11), (12), and (13a), for all m ∈ Z≥, 
τ(m) ∈ T ⇒ δτ(m) = 1 ⇒ ∆τ(m)+1 = 0, (13b)

τ(m+1) = τ(m) + 1 +∆τ(m+1) . (13c)

For notational convenience, for any k, n ∈ Z≥, let 

Ψ(n) ≜

n∑
j=0

AjBΦn−j, (14)

Γ(k,n) ≜

n∑
j=0

An−jwk+j. (15)

Then, the following proposition provides the foundation for the 
technical results of the paper. 

Proposition 4.  The system (1) with control packet loss process {δk}
governed by an FSMC described by (2)–(4) and an arbitrary control 
strategy satisfying (6) is trace-equivalent to the following system, 
where the components and time instances are defined by (11)–(15). ⎧⎪⎨⎪⎩
∆τ(m+1) = n ∈ Z≥

⇒ ∀h ∈ Z≥
: h ≤ n,

xτ(m)+1+h = Ah+1xτ(m)
+ Ψ(h)uτ(m)

+ Γ(τ(m),h),

uτ(m)+h = ΦhK(τ(m),θτ(m)−1)xτ(m)
.

(16)

Proof.  By construction, (11)–(16) describe the dynamics of the 
system (1)–(4) constrained by (6).

Remark 5. Proposition  4 does not address transition probabilities 
between τ(m) and τ(m+1), and the trace equivalence means that for 
any given initial system state x0, control law satisfying (6), and 
realization of δ τm+n and w τm+n, the states x  and x
( t)t=0 ( t)t=0 τ(m) τ(m)+1+h
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obtained from (1) and (16) will be the same ∀h ∈ Z≥ such 
that h ≤ n. Taken alone, (16) presents all possible effects of 
packet error bursts and a control command satisfying (6) under 
the generalized packet dropout compensation on the system state 
dynamics when considered for arbitrary values n ∈ Z≥ of ∆τ(m+1)
in the controller’s perspective. On the contrary, for any observed 
sequence of time instances in T , (16) reproduces the dynamics 
of (1) in these time instances from the actuators’ and plant’s 
perspective. Notice from (13) that time instances in T  must obey 
(2)–(3).

System (16) formalizes that all the system states that precede 
a state with successful reception of a controller’s message depend 
on the previously received control command, the duration of a 
packet error burst following the last successful control message 
reception, the packet dropout compensation strategy, and the 
evolution of the process noise. Besides, (5), (11), and (13) make 
clear that the number of consecutive control message dropouts 
following a successful reception of a control command is un-
known to a controller beforehand. However, the current number 
of consecutive control message dropouts ∆τ(m)  and the previous 
FSMC state θτ(m)−1 are part of the controller’s information set 
Iτ(m) . To find the expression of the control gain, define the oper-
ational modes of a system (16) from the controller’s perspective 
as follows.

3.2. System model for the LQR

Group together the current duration of a packet error burst 
and the last known wireless channel state in one augmented 
discrete state: ηk ≜ (∆k, θk−1). From (13), 

ητ(m)
= (∆τ(m) , θτ(m)−1), (17a)

ητ(m+1)
= (∆τ(m+1) , θτ(m)+∆τ(m+1)

), (17b)

where ∆τ(m+1)  indicates the time interval the transmitted control 
input may remain active. From the controller’s perspective, ητ(m)
is known, while ητ(m+1)

 is a random variable. In what follows, we 
derive the conditional probability of ητ(m+1)

 with respect to ητ(m)
.

Denote by ei the column vector of the standard basis of RN : 
all its components are zero except the ith, which equals one. 
Furthermore, store the probability of successful control packet 
delivery (or, conversely, of packet dropout) in a state of FSMC 
starting from a particular previous state in the matrix P1 (or, 
respectively, P0): 

P1 ≜ [pijδ̂j]Ni,j=1, P0 ≜ [pij(1 − δ̂j)]Ni,j=1 = Pc − P1. (18)

Then, from (2)–(4), (11)–(13), (17), and (18), the chain rule of 
the probability and independence of both δk and θk of δk−t for 
all t ∈ Z>,

P(ητ(m+1)
= (n, sj) | ητ(m)

= (ℓ, si)) = (19)

P(δτ(m)+t = 0 ∀t ∈ Z> : t ≤ n, δτ(m)+n+1 = 1, θτ(m)+n = sj

| θτ(m)−1 = si, δτ(m) = 1) =
e⊤

i P1P
n
0 eje

⊤

j P11
e⊤

i P11
≜ ζ(i,n,j).

In (19), 1 indicates the column vector of appropriate size with all 
components equal to one. 

Remark 6.  The transition probabilities in (19) are independent of 
∆τ(m) . Thus, all augmented-discrete-state-dependent control gains 
with the same last known FSMC state θτ(m)−1 have identical proba-
bilities of being received successfully and remaining active during 
a packet error burst. Hence, the optimal mode-dependent control 
gains should be the same for any given value of θ  regardless 
τ(m)−1

5

of the current duration of a packet error burst5: designing an 
optimal mode-dependent controller would produce an optimal 
FSMC-state-dependent controller, and substituting θτ(m)−1 with 
ητ(m)  in (16) would not alter the system’s behavior under an 
optimal control law.

For the notational convenience, let 

qin ≜

N∑
j=1

ζ(i,n,j), ς(n,j) ≜ Pn
0 eje

⊤

j P11, (20a)

i.e., the vector of probabilities of an n-length packet error burst 
that ends with the FSMC being in state sj, and 

ζ(i,n,j) =
e⊤

i P1ς(n,j)
e⊤

i P11
, (20b)

a compact form of the transition probability (19).
Notice from (2)–(4) and (18) that all the parameters in (20) are 

nonnegative and 
∑

n∈Z≥

∑N
j=1 ς(n,j) = 1. For big enough values n̂

of a packet error burst ∆τ(m+1) , the probability ς(n̂,j) becomes neg-
ligible and does not contribute to the summation above, i.e., there 
is a maximal number of consecutive control message dropouts 
L ∈ Z> such that 

∑L
n=0

∑N
j=1 ς(n,j) ≥ (1 − ϵ)1, where ϵ is arbi-

trarily small. In the numerical case studies using floating-point 
arithmetic, ϵ typically corresponds to the machine epsilon. Thus, 
the maximal number of consecutive control message dropouts, L, 
results from the following optimization: 

L ≜ argmin
n̂∈Z>

n̂∑
n=0

N∑
j=1

ς(n,j) ≥ (1 − ϵ)1, (21)

easily solvable by, e.g., the bisection method. 

Remark 7.  The system matrices from the MJLS model (16), 
(17), and (19)–(21) depend on the future, not present, opera-
tional mode ητ(m+1)  forecast by the controller based on transition 
probabilities (20b). Thus, the optimal mode-dependent SF con-
trol problem differs from the existing formulations presented, 
e.g., in Costa, Fragoso, and Marques (2005) and Matei, Martins, 
and Baras (2008) and provides a different, more complex solution 
averaging the effect of the control action through all possible 
packet error bursts.

Lemma 8.  The system (1)–(3) constrained by (5) and (6) is a MJLS 
described by (11)–(20).

Proof.  It follows from Proposition  4 and Remark  6.

4. Optimal finite-horizon LQR

This section provides the finite-horizon solution to the prob-
lem (8), one of the main contributions of this paper. In the 
finite-horizon setting, the control commands must balance the 
time horizon and possible number of consecutive control mes-
sage dropouts at each time step. Specifically, on the one hand, 
a transmitted control command may remain active for a long 
time, up to the maximal number of consecutive control message 
dropouts L defined by (21). Thus, the control command should 
average its effects over the L + 1 discrete states of the system. 
On the other hand, near the time horizon end, the most recent 
control commands may never reach the actuators if the number 
of consecutive control message dropouts becomes greater than 

5 Otherwise, applying different control gains would produce the same cost, 
and the solution to the optimization problem would not be unique, which is 
not the case in our setting.



Y. Zacchia Lun, F. Smarra and A. D’Innocenzo Automatica 176 (2025) 112240
the remaining time horizon. Thus, at the end of the time horizon, 
the control commands average the effects over fewer states. The 
following theorem formalizes this concept. 

Theorem 9.  The finite-horizon LQR solving the problem (8) for the 
system (1)–(3) is given by 
ǔc
k = K(k,θk−1)xk, (22)

where, ∀k ∈ Z≥
: k < T  and any value si ∈ S of θk−1, 

K(k,si) = −B−1
(k,si)

C(k,si), (23)

C(k,si) =

L−ξk∑
h=0

qih
h∑

r=1

Ψ ⊤

(r−1)QA
r
+ (24a)

L−ξk∑
h=0

N∑
j=1

ζ(i,h,j)Ψ
⊤

(h)X(k+1+h,sj)A
h+1,

B(k,si) = R +

L−ξk∑
h=0

qih
h∑

r=1

Φr⊤RΦr
+ (24b)

L−ξk∑
h=0

qih
h∑

r=1

Ψ ⊤

(r−1)QΨ(r−1) +

L−ξk∑
h=0

N∑
j=1

ζ(i,h,j)Ψ
⊤

(h)X(k+1+h,sj)Ψ(h),

X(k,si) = A(k,si) − C⊤

(k,si)B
−1
(k,si)

C(k,si), (24c)

X(T ,si) = Q , (24d)

A(k,si) = Q +

L−ξk∑
h=0

qih
h∑

r=1

Ar⊤QAr
+ (24e)

L−ξk∑
h=0

N∑
j=1

ζ(i,h,j)(Ah+1)⊤X(k+1+h,sj)A
h+1,

ξk ≜ max{0, k + 1 + L − T } (24f)

so that ξT−1 = L, and ξk = 0 for all k < T − L.
The optimal cost is 

J⋆T (x0) = x⊤

0

(
N∑
i=1

ϑi X(0,si)

)
x0 +

N∑
i=1

ϑi g(0,si), (25)

where {ϑi} indicates the initial probability distribution of the FSMC’s 
states, and, by convention, θ−1 = θ0, so that 
ϑi ≜ E

(
1{θ0=si}

)
= E

(
1{θ−1=si}

)
, (26)

g(k,si) =

L−ξk∑
h=0

N∑
j=1

e⊤

i ς(h,j)

( h∑
r=1

r−1∑
ν=0

tr(Aν⊤QAνΣW ) +

h∑
ν=0

tr(Aν⊤X(k+1+h,sj)A
νΣW )+

g(k+1+h,sj)

)
, g(T ,si) = 0. (27)

Proof.  See the Appendix.

5. Closed-loop system stability analysis

An infinite-horizon control strategy aims at guaranteeing the 
convergence of the system’s state to an equilibrium point. This 
goal is achievable only for the stabilizable systems, formally de-
fined as follows. 
6

Definition 10 (Stabilizability). A system (1)–(3) is stabilizable with 
one time-step delayed actuation link state observation if, for any 
initial condition (x0, θ0), and each link state sℓ ∈ S , there exists 
a link state-dependent gain K(∞,sℓ), such that uc

k = K(∞,θk−1)xk is 
the stabilizing SF control input for (1).

Remark 11.  The FSMC link model yields an MJLS model based 
on (16), and for MJLSs, the notions of MS stability, exponential 
MS stability, and stochastic stability are equivalent (Costa et al., 
2005; Zacchia Lun, D’Innocenzo, & Di Benedetto, 2019). Thus, we 
recall only the definition of the MS stability.

Definition 12 (Mean square stability). The system (1)–(3) is mean-
square stable if there exist equilibrium points xe and Xe, indepen-
dent from the initial condition (x0, θ0), such that the following 
holds ∀(x0, θ0): 
lim
k→∞

∥E(xk) − xe∥ = 0, lim
k→∞

∥E(xkx⊤

k ) − Xe∥ = 0. (28)

In (28), ∥ · ∥ indicates an arbitrary matrix norm.

5.1. MJLS model for stability analysis

The system (11)–(20) describes the behavior of the system 
(1)–(3) from the (remote) controller perspective. Stability anal-
ysis, however, requires a different perspective, considering each 
control message transmission outcome as the actuators see it. So, 
to apply Definition  12 to the system (11)–(16) from Proposition  4, 
couch the system in a Markovian framework by considering the 
augmented state (xτ(m+1) , ϕτ(m+1) ), with 

ϕτ(m+1) ≜ (θτ(m+1) ,∆τ(m+1) , θτ(m+1)−∆τ(m+1)−2). (29a)

Notice from (13) that 
θτ(m+1)−∆τ(m+1)−2 = θτ(m)−1. (29b)

The following augmented state is (xτ(m+2) , ϕτ(m+2) ), with 

ϕτ(m+2) ≜ (θτ(m+2) ,∆τ(m+2) , θτ(m+2)−∆τ(m+2)−2), (29c)

θτ(m+2)−∆τ(m+2)−2 = θτ(m+1)−1. (29d)

Fig.  3 emphasizes the components of the augmented system’s 
discrete states in black and the relevant transition probabilities 
for the time instances τ(m+1) and τ(m+2).

From the Markov property, chain rule of the probability, con-
ditioned version of Bayes’ theorem, and (29),
P(ϕτ(m+2) = (sj1 , n, sj0 ) | ϕτ(m+1) = (si1 , ℓ, si0 )) = (30)

e⊤

i0
P1Pℓ0ej0e

⊤

j0
P1ei1

e⊤

i0
P1Pℓ0P1ei1

e⊤

i1P
n
0P1ej1 ≜ µ((i1,ℓ,i0),(j1,n,j0)).

Notice from (20), (21), and (30) that for any (si1 , ℓ, si0 ),∑N
j1=1

∑
n∈Z≥

∑N
j0=1 µ((i1,ℓ,i0),(j1,n,j0)) = 1, i.e., the system (16) 

driven by (30) is an MJLS.

Lemma 13.  The system (1)–(3) under an arbitrary actuation link-
state-dependent control uc

k = K(∞,θk−1)xk is an MJLS described by 
(11)–(16), (29), and (30).

Proof.  It follows from Proposition  4, (29), (30), and noticing that 
both xτ(m+2)  and ϕτ(m+2)  belong to the actuators’ information set in 
τ(m+2), which allows us to adopt a posteriori view of the MJLS and 
compute expectations backward in time.

The following section uses this MJLS to derive the easy-to-
test condition of the closed-loop system stability for any given 
infinite-horizon control law.
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Fig. 3. The components of the augmented MJLS’s discrete states for stability 
analysis. The solid rectangular boxes group the states of the FSMC (represented 
by circles) in specified time instances; the solid square boxes indicate the 
transmission outcomes, and the dashed rectangular boxes group the sequences 
of consecutive message dropouts. The thin arrows pinpoint the probabilities of 
specific events, while the thick arrows enclose the probabilities of all possible 
relevant events. The asterisks mark arbitrary values within their admissible sets.

5.2. Closed-loop system stability condition

We follow the standard MJLS approach tailored here for the 
problem at hand to derive the necessary and sufficient conditions 
for the closed-loop system stability. We highlight the technical 
details specific to the considered scenario and omit the presenta-
tion of the typical steps thoroughly explained in Costa et al. (2005, 
Ch. 3).

Consider an MJLS described by (11)–(16) and (30) for an arbi-
trary infinite-horizon SF control strategy with FSMC-dependent 
gain K(∞,θτ(m)−1), where m ∈ Z≥ and τ(m) obeys (13). To ob-
tain the recursive difference equation for the second moment 
of the system’s state, let 1{ϕτ(m+1)=(si1 ,ℓ,si0 )}

 be the indicator func-
tion specifying the membership (or non-membership) of a given 
element in the set. For notational convenience, let 

M
τ(m+1)
(i1,ℓ,i0)

≜ E
(
xτ(m+1)x

⊤

τ(m+1)
1{ϕτ(m+1)=(si1 ,ℓ,si0 )}

)
. (31)

E
(
xτ(m+1)x

⊤

τ(m+1)

)
=

N∑
i1=1

∑
ℓ∈Z≥

N∑
i0=1

E
(
M
τ(m+1)
(i1,ℓ,i0)

)
.

To write expressions concisely, index the values of the or-
dered triples (v1, v2, v3) representing the operational modes of 
the closed-loop system, with 1 ≤ v1, v3 ≤ N and 0 ≤ v2 ≤ L, 
using an invertible mapping f : Z3

→ Z, 
f (v1, v2, v3) = N2v2 + N(v3 − 1) + v1. (32)

Then, the augmented system’s discrete condition ci will be a 
shorthand for (si1 , ℓ, si0 ), with f (i1, ℓ, i0) = i.

Notice from (20) and (21) that for all i, j ∈ Z>, such that 
f (i1, ℓ, i0) = i, f (j1, n, j0) = j, and L ≜ (L + 1)N2, 

L∑
j=1

µ(i, j) ≥ 1 − ϵ. (33)

In the standard MJLS setting having system matrices depending 
on the present and not subsequent operational mode, the MS 
stability of the system without process noise is equivalent to the 
MS stability of the system with Gaussian process noise (Costa 
7

et al., 2005, Th. 3.33). The following sections also show this is the 
case for the considered setting described by (16) and (30).
Noiseless setting: Let wk = 0 ∀k ∈ Z≥. (16), (29)–(32) ⇒

M
τ(m+2)
(j1,n,j0)

= E
(
xτ(m+2)x

⊤

τ(m+2)
1{ϕτ(m+2)=(sj1 ,n,sj0 )}

)
=(

An+1
+ Ψ(n)K(∞,sj0 )

)( L∑
i=1

M
τ(m+1)
i µ(i,(j1,n,j0))

)
·(

An+1
+ Ψ(n)K(∞,sj0 )

)⊤

(34)

∀ i ∈ Z> such that f (i1, ℓ, i0) = i and L ≜ (L + 1)N2.
For notational convenience, let M ≜

[
µ(i, j)

]L
i, j=1 and 

Lj = L(j1,n,j0) ≜ An+1
+ Ψ(n)K(∞,sj0 )

. (35)

Denote by ⊗ the Kronecker product, by vec the matrix vector-
ization, and by vec2 the matrix sequence vectorization formally 
defined as follows: ∀Mi ∈ Rnx×nx , 

vec2
(
(Mi)

L
i=1

)
=
[
(vec (M1))

⊤
· · · (vec (ML))

⊤
]⊤
. (36)

Then, the vector form of (34) is 

vec2
((

M
τ(m+2)
j

)L
j=1

)
= Λvec2

((
M
τ(m+1)
i

)L
i=1

)
, (37)

where Λ is the MS stability verification matrix, and In2x  denotes 
the identity matrix of size n2

x . 

Λ =

⎛⎝ L⨁
j=1

(
Lj ⊕ Lj

)⎞⎠(M⊤
⊕ In2x

)
=
[(
Lj ⊕ Lj

)
µ(j, i)

]L
i, j=1 (38)

The following theorem, where ρ indicates the spectral radius of 
a square matrix, i.e., the largest absolute value of its eigenvalues, 
provides the origin of the name for the matrix defined by (38). 

Theorem 14.  The system (1)–(3) with wk = 0 ∀k ∈ Z≥ and any 
given infinite-horizon control strategy satisfying (6) is mean-square 
stable if and only if ρ (Λ) < 1.

Proof.  From Lemma  13, proving the assertion for the system 
(11)–(16) coupled with (30) corresponds to proving it for the 
system (1)–(3) combined with (6). From (11)–(16), (29)–(36), the 
second moment of the MJLS evolves according to (37), where Λ, 
as defined by (38), is a fixed matrix. Hence, the standard MJLS 
approach holds and applying the steps from the proof of Costa 
et al. (2005, Th. 3.9) directly leads to the desired result. □

Contribution of the Gaussian process noise: Let 

Wj = W(j1,n,j0) ≜

n∑
h=0

(
An−h)ΣW

(
An−h)⊤ , (39)

ψi(τ(m+1)) ≜ E
(
1{ϕτ(m+1)= ci}

)
, (40)

Gj(τ(m+1)) ≜

(
L∑

i=1

ψi(τ(m+1))µ(i, j)

)
Wj. (41)

From (16), (29)–(32), (35), and Assumptions 1 and 3, 

M
τ(m+2)
j = Lj

(
L∑

i=1

M
τ(m+1)
i µ(i, j)

)
L⊤

j + Gj(τ(m+1)). (42)

Moreover, Assumption 2 combined with (11)–(13) and (29) im-
plies the ergodicity of the augmented Markov chain 

{
ϕτ(m+1)

}
m∈Z≥

,
as formalized by the following. 
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Fig. 4. Graphical representation of the stochastic process {∆τ(m+1) }: the rect-
angles mark the process states labeled with the values each random variable 
∆τ(m+1)  can assume, and the directed arcs between states indicate the non-zero 
probability transitions from the current to the next state.

Proposition 15.  If the Markov chain {θk} is ergodic, then the 
Markov chain 

{
ϕτ(m+1)

}
 is also ergodic.

Proof.  To prove the assertion, show that the DTMC {ϕτ(m+1)} has 
a finite number of states and consists entirely of one recurrent 
and aperiodic class6 if the hypothesis on ergodicity of the Markov 
chain {θk} is satisfied. From (29), the state space of the DTMC 
{ϕτ(m+1)} comprises the states of the finite-state Markov chain {θk}
observed twice in different suitable time instants defined by (13) 
and the states of the stochastic process {∆k} described by (11) and 
observed in τ(m+1). From (21) and (33), the probability of having 
L + 1 consecutive control message dropouts is less than ϵ, the 
machine epsilon in the floating-point arithmetic. In other words, 
the probability of such an event is numerically zero, i.e., negli-
gible in practice. Consequently, the stochastic process {∆k} has 
a finite number of states, L + 1, and may consist entirely of one 
recurrent and aperiodic class. Fig.  4 shows the related graph and 
allows visually confirming that all the states communicate and 
are aperiodic if all the depicted arcs are present. The transition 
probabilities between the states of process {∆k} depend on the 
state of the FSMC that evolves according to the Markov chain 
{θk}. Observing that an FSMC cannot have δ̂i equal to zero (or 
one) in all its states {si}Ni=1, conclude that the ergodic property 
of {θk} ensures that all the directed arcs in Fig.  4 are indeed 
present, i.e., all the depicted transitions are always possible. A 
direct consequence is that the finite-state DTMC {ϕτ(m+1)} consists 
entirely of one class of states that is both recurrent and aperiodic, 
implying its ergodicity. □

A direct consequence is the following. 

Theorem 16.  Under Assumption 2, the system (1)–(3) with any 
given infinite-horizon control strategy satisfying (6) is mean-square 
stable if and only if ρ (Λ) < 1.

Proof.  By Lemma  13, the system (11)–(16) and (30) is trace-
equivalent to the system (1)–(3) governed by (6). So, we focus 
only on the MJLS described by (11)–(16) and (30). Proposition  15 
implies the existence of the steady-state probability distribution 
ψi ≜ limm→∞ ψi(τ(m+1)) independent of the initial distribution 
ψi(τ(1)) so that Gj ≜

(∑L
i=1 ψi µ(i, j)

)
Wj. Recalling (34)–(42) and 

repeating the steps of the proofs in Costa et al. (2005, Sec. 3.4.2) 
leads to xe = 0, Xe = vec−2

((
ILn2x −Λ

)−1
vec2

((
Gj
)L
j=1

))
 when 

ρ (Λ) < 1, and the desired result follows. □

Section 7 extensively validates Theorem  16 on a numerical 
case study, while the following section focuses on designing 
an optimal infinite-horizon SF control strategy for a generalized 
dropout compensation.

6 See, e.g., Gallager (2013) for the definitions and insights.

8

6. Optimal infinite-horizon LQR

If the system (1) is stabilizable according to Definition  10, 
the coupled difference Riccati equations (CDREs) (24) converge, 
resulting in the coupled algebraic Riccati equations (CAREs), with 
the indices k and k + 1 + h substituted by ∞, and ξ∞ = 0 since 
there is no end of the time horizon. Similarly to the standard 
MJLS case, at most, one stabilizing solution of CAREs exists, which 
coincides with the maximal solution of an equivalent convex pro-
gramming problem. The proof of the uniqueness and asymptotic 
convergence is on the lines of Costa et al. (2005, Appendix A—
Thms A.10 and A.12, Lemma A.14, and Prop. A.23) and does not 
present technical challenges specific to the wireless networked 
control scenario. Thus, this section omits the detailed proof of the 
uniqueness and asymptotic convergence and directly presents the 
solution to the CAREs in terms of LMIs: 

X̌(si) = argmax
X(∞,si)

tr

(
N∑
i=1

X(∞,si)

)
(43a)

subject to [
−X(∞,si) + A(∞,si) C⊤

(∞,si)
C(∞,si) B(∞,si)

]
⪰ 0, (43b)

X(∞,si) ⪰ 0, B(∞,si) ≻ 0, (43c)

with the terms in (43) defined by (24) for k = ∞, and ξ∞ = 0
for all si ∈ S.

For notational conciseness, refer to (24a) and (24b) as Č(si) and 
B̌(si) when their expressions involve the solution, 

{
X̌(si)

}
, of the 

LMIs (43).
To provide a closed-form expression of the long-run average 

cost, define the initial probability distribution of the packet error 
bursts that end in a specific FSMC’s state: 

π(h,j)(0) ≜
N∑
i=1

ϑie⊤

i ς(h,j) (44a)

results in {π(h,j)(0)}. It evolves as follows. 

π(ℓ,i)(k + 1) ≜
L∑

h=0

N∑
j=1

π(h,j)(k)e⊤

j ς(ℓ,i). (44b)

Notice (from the proof of Proposition  15) that Assumption 2 
implies the existence of the steady-state distribution: 
π(ℓ,i) ≜ lim

k→∞

π(ℓ,i)(k). (44c)

Theorem 17.  Given the solution 
{
X̌(si)

}
 of the LMIs (43) under 

Assumption 2, the resulting infinite-horizon LQR law defining (10) 
for a stabilizable system (1) is 
ǔc
k = K(∞,θk−1)xk, (45a)

K(∞,si) = −B̌−1
(si)

Č(si) (45b)

for θk−1 = si, and the optimal cost that minimizes (9)

J⋆
∞

=

L∑
h=0

N∑
j=1

π(h,j)

( h∑
r=1

r−1∑
ν=0

tr(Aν⊤QAνΣW ) +

h∑
ν=0

tr(Aν⊤X̌(sj)A
νΣW )

)
. (45c)

Proof.  This proof is similar to the proof of Costa et al. (2005, Th. 
4.6). The LQR law in (45a) complies with (6) so that ǔc

k ∈ U∞. 
From the general MJLSs theory outlined at the beginning of Sec-
tion 6, the stabilizability of the system (1) ensures that the CDREs 
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(24) converge into the CAREs. If the LMIs’ (43) solution exists, 
it provides the maximal solution to the CAREs, which coincides 
with the unique stabilizing solution. Then, (45b) follows. From 
(9), (19), (20), (25), (27), (44), and {X(k,si)} =

{
X̌(si)

}
 for all k,

J⋆
∞

= lim sup
T→∞

1
T

T−1∑
k=0

L∑
h=0

N∑
j=1

π(h,j)(k)
( h∑

r=1

r−1∑
ν=0

tr(Aν⊤QAνΣW ) +

h∑
ν=0

tr(Aν⊤X̌(sj)A
νΣW )

)
,

which results in (45c) and concludes the proof. □

Remark 18.  Both finite- and infinite-horizon gains (23) and 
(45b) depend on the dropout compensation factor Φ . Section 7.6 
examines the impact of the dropout compensation factor on the 
closed-loop stability and control cost in a numerical case study. 
An analytical derivation of the optimal Φ minimizing the control 
cost with or without stability constraints is an important future 
research direction enabled by the results of this paper. To this 
end, the approach of Yu and Fu (2015) to the optimal dropout 
compensator design is a good starting point, from which the 
tedious matrix derivation over structured matrices of numerous 
terms involving matrix products of structured and unstructured 
matrices, some of which are elevated to arbitrarily high powers, 
must be addressed in the FSMC-state-dependent control setting.

7. Numerical case study

This section numerically validates the theoretical results of 
Theorems  9, 16, and 17 on the case study of the rotary inverted 
pendulum (controlled remotely through a wireless link) chosen 
to thoroughly examine the impact of a scalar general dropout 
compensation factor φ1 ∈ [0, 1]. Notice that nu = 1 implies that 
Φ = φ1, i.e., a scalar. This choice allows us to plot the spectral 
radius of the MS stability verification matrix and long-run average 
cost as a function of φ1 in Figs.  12 and 13.

7.1. System model and parameters

The pendulum model and parameters are from Apkarian, 
Karam, and Lévis (2020). The system state consists of the rotary 
arm and pendulum angles and their derivatives, i.e., the corre-
sponding angular velocities. The linearization around the unstable 
equilibrium point and the zero-order hold discretization with 
a sampling rate of 12 Hz produces the following discrete-time 
system matrices.

A =

⎡⎢⎣1 0.224 0.055 0.004
0 1.369 −0.028 0.090
0 4.994 0.391 0.167
0 8.618 −0.634 1.270

⎤⎥⎦ , B =

⎡⎢⎣0.227
0.218
4.944
4.820

⎤⎥⎦ .
This linear model is suitable for the ISA100.11a communication 
protocol (IEC 62734, 2014, Clause 9.1.9.1.3) and holds for the 
small angles from the vertical, e.g., less than 0.175 rad.

Consider the system affected by a Gaussian white process 
noise with a covariance matrix Σw = 2.5 · 10−9 I4. The state-
weighting and input-weighting matrices defining the LQR costs 
are Q =

⨁
{1, 5, 1, 1} and R = 10. The controller aims to 

balance the pendulum in the upright position corresponding to 
the inverted pendulum angle equal to zero at the lowest cost.

The controller sends the messages to actuators via a wireless 
link modeled as the following FSMC. 

Pc =

⎡⎢⎣0.257 0.027 0.032 0.684
0.182 0.023 0.028 0.767
0.172 0.022 0.027 0.779

⎤⎥⎦ , δ̂ =

⎡⎢⎣0.026
0.375
0.634

⎤⎥⎦
⊤

. (46)
0.058 0.010 0.012 0.920 0.995
9

Fig. 5. Values of the finite-horizon SF gain components in time: solid lines 
indicate the gain components for the fourth FSMC state, s4 , dashed lines refer to 
the third state, s3 , dotted lines identify the components of gain for the second 
channel state, s2 , and dash-dotted lines represent the gain components for the 
first FSMC state, s1 . Orange color identifies the gain component acting on the 
rotary arm angle, blue singles out the component affecting the pendulum angle, 
violet indicates the component adjusting the rotary arm angular velocity, and 
red pinpoints the component varying the pendulum angular velocity. Viewing 
the plot backwards shows a transitory of around five seconds followed by a 
steady convergence in the remaining time.

This FSMC accurately describes the successful control message 
deliveries over IEEE 802.15.4-based links under Wi-Fi interfer-
ence (Zacchia Lun et al., 2024) and derives from a wireless net-
worked control system co-design framework in Zacchia Lun et al. 
(2020).

7.2. Finite-horizon LQR example

To showcase the finite-horizon control strategy in Theorem  9, 
consider the time horizon T = 60 seconds (corresponding to 720
samples) and the dropout compensation factor φ1 = 0.921. See 
Section 7.6 for a motivation for using this value of φ1 as the one 
producing the most stable behavior in infinite-horizon control 
setting. From (23), the initial SF control gains are the following.

K(0,1) = [ 0.001538 − 2.471896 0.148793 − 0.268961 ],

K(0,2) = [ 0.001567 − 2.472563 0.148842 − 0.269040 ],

K(0,3) = [ 0.001572 − 2.472673 0.148850 − 0.269053 ],

K(0,4) = [ 0.001628 − 2.473934 0.148943 − 0.269201 ].

Fig.  5 depicts the gain components’ evolution throughout the time 
horizon and highlights their convergence to the initial ones, as 
shown by constant values on the zoomed-in plots for the first 
5 s (i.e., final seconds backwards in time). It indicates a possible 
convergence of CDREs to CAREs and the system’s stabilizability, 
as detailed in Section 6 and confirmed in Section 7.3.

Assuming the uniform initial probability distribution of the 
FSMC’s states (i.e., ϑi = 0.25 for all si) and the initial pendulum 
angle and angular velocity of around 10◦ and 44◦/s so that x0 =

[0 0.174 0 0.767]⊤, the cost of the control given by (25) is J⋆T (x0) =

1988.980076. The initial system state in the unstable equilibrium 
point x⋆0 = [0 0 0 0]⊤ would produce J⋆T (x⋆0) = 3.416528, 
corresponding to the contribution of the second addend in (25) 
to J⋆T (x0).

7.3. Infinite-horizon LQR example

Notice that the TPM Pc in Section 7.1 is fully connected, im-
plying that Assumption 2 is satisfied. Consider the dropout com-
pensation factor φ = 0.921 again. Solving the LMIs (43) in the 
1
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Fig. 6. Process noise component statistics over 60 seconds from 500 indepen-
dent traces: orange color indicates the component perturbing the rotary arm 
angle, blue identifies the process noise component affecting the pendulum angle, 
violet singles out the component disturbing the rotary arm angular velocity, and 
red pinpoints the component varying the pendulum angular velocity. All median 
values are close to zero, 95% of observed values are between ±0.0001, and all 
the values are greater than −0.0003 and less than 0.0003.

Fig. 7. Control-packet error burst length statistics over 60 seconds from a batch 
of 2000 traces: the median values (in orange) are all zero, 97.5% of observed 
values (in blue) are always less than or equal to two, 99.9% (in violet) is less 
than or equal to 7, and the maximal values (in red) are predominantly below 
8, but equal 9 three times, and 16 once.

Robust Control Toolbox for MATLAB (Balas, Chiang, Packard, & 
Safonov, 2023) via its solver mincx and applying Theorem  17 
produces the infinite-horizon gains {K(∞,si)} equal to the initial 
SF gains {K(0,si)} in Section 7.2 and the optimal long-run average 
cost J⋆

∞
= 0.007692. The spectral radius of the MS stability veri-

fication matrix (38) with these infinite-horizon gains is ρ (Λ) =

0.979943. By Theorem  16, the closed-loop system is mean-square 
stable.

7.4. Monte Carlo simulation setup

To empirically assess the proposed control strategy, we gen-
erated 500 independent process noise trace samples described in 
Fig.  6 and 2000 independent control-packet error burst length 
evolution traces summarized in Fig.  7. Each packet error burst 
trace was the output of the FSMC (46). Thus, we obtained one 
million independent samples of the stochastic processes involved 
by considering every combination of the process noise trace and 
FSMC evolution. Notably, the packet error burst traces in Fig.  7 are 
from one of 1000 batches of 2000 traces each, which we selected 
because of the longest observed burst at the very beginning of 
the considered time interval of 60 seconds, a valuable feature for 
illustrating the system resilience to particularly long consecutive 
packet error intervals. Furthermore, the selected batch was the 
only one having 16 consecutive control packet errors, which was 
the most extended observed packet error burst.7

7.5. Plant dynamics statistics

To highlight the impact of the control packet dropouts and 
process noise, we computed the plant’s closed-loop dynamics 
under the proposed infinite-horizon control strategy from Sec-
tion 7.3 starting from the unstable equilibrium point x⋆0

7 The most common longest packet error burst in a butch was of length 9
(38.6% of batches), closely followed by the one of length 10 (35.5%); the others 
were of length 8 (7.2%), 11 (12.8%), 12 (3.9%), 13 (1.3%), and 14 (0.6%).
10
Fig. 8. Statistics of the rotary arm angle dynamics.

Fig. 9. Statistics of the pendulum angle dynamics.

Fig. 10. Statistics of the rotary arm angular velocity.

= [0 0 0 0]⊤ as the system’s initial state for each stochastic 
sample from Section 7.4.

Figs.  8–11 show the observed system’s behavior statistics. 
The lower part of each figure underlines the effect of the most 
prolonged packet error burst of length 16 combined with differ-
ent realizations of process noise, accounting for 500 (0.05% of 
total) samples. It shows that even under the most unfavorable 
combination of the control packet dropout and process noise, 
the closed-loop system dynamics always return to the unstable 
equilibrium point, as expected from a mean-square stable system. 
The lower part of Fig.  9 also indicates that in practical appli-
cations, particularly long control packet error bursts may bring 
the system state outside the valid linearization region (±0.175
radians for the rotary inverted pendulum in the exam), an issue 
outside the MS stability. The upper part of each figure zooms in 
on the remaining 99.95% of samples, showing that even the im-
probably long control packet error burst combined with a slight 
process noise does not create any stability issues, and shorter 
packet error bursts (combined with any realization of the process 
noise) do not create any issue either. In particular, under the 
proposed control strategy, 99.95% of examined pendulum angle 
traces remain within 0.05 radians from the vertical, as shown in 
the upper part of Fig.  9.

To assess the long-run average cost, we first exclude as outliers 
the execution traces obtained with the control packet error burst 
of length 16 since the estimated probability of the related event 
is below 0.0000005, much lower than the probability of any other 
considered event. Then, as expected, the 60-second-run average 
cost over 99.95% of samples is 0.000163134, significantly lower 
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Fig. 11. Statistics of the pendulum angular velocity dynamics.

Fig. 12. The spectral radius of the MS stability verification matrix, ρ(Λ), as a 
function of the dropout compensation factor φ1 for the rotary inverted pendulum 
under the proposed infinite-horizon LQR.

Fig. 13. Long-run average cost J⋆
∞
(φ1) for the rotary inverted pendulum under 

the proposed infinite-horizon LQR.

than J⋆
∞

 in Section 7.3 since it neglects the costly contribution of 
control packet error bursts of length greater than 9. Considering 
also the 250 less expensive traces with the packet error burst 
of length 16 brings the average cost over 99.975% of samples 
to 0.007333882, slightly lower than J⋆

∞
= 0.007691683. Finally, 

the 60-second-run average cost over all samples in the presented 
butch is 0.110421117, much higher than the long-run average.

This data confirms that the presented butch represents well 
the system behavior statistics, identifying both very extreme and 
typical execution traces. It also corroborates the MS stability of 
the closed-loop system, thus validating the result of Theorem  16.

7.6. Impact of the dropout compensation factor

An essential application of the presented theoretical results 
is assessing the closed-loop system stability and control cost for 
different control strategies and dropout compensation gains. Fig. 
12 shows the values of ρ(Λ) defined by (38) for varying values 
of Φ = φ1. Notice that ρ(Λ) values decrease from 0.983706 
in 0 to 0.979943 in 0.921 and then monotonically increase to 
0.992784 in 1. This analysis indicates that φ1 = 0.921 provides 
the most stable closed-loop behavior in the mean-square sense, 
ensuring the system’s robustness to prolonged control packet 
error bursts. Fig.  13 presents the long-run average cost of the 
proposed infinite-horizon LQR for varying values of Φ = φ1. This 
cost increases monotonically in φ1, passing from 0.000505 in 0
to 0.000511 in 0.1, 0.000562 in 0.3, 0.000710 in 0.5, 0.001195 in 
0.7, 0.005389 in 0.9, and 0.519529 in 1. The long-run average cost 
and MS stability analyses reveal that the dropout compensation 
factors between 0 and 0.921 provide the trade-off between the 
two metrics, with particular choices depending on the design’s 
priorities.

The zero-input dropout compensation strategy (φ1 = 0) pro-
vides the lowest long-run average cost for the rotary inverted 
pendulum. The following section shows that with this dropout 
11
Fig. 14. Statistics of the rotary arm angle dynamics.

compensation, the proposed LQR outperforms the existing wire-
less control strategies in the MS stability terms (at the price of 
higher complexity of the CAREs).

7.7. Comparative analysis

For the feedback control over lossy communication links with 
zero-input dropout compensation, Schenato et al. (2007) and
Impicciatore et al. (2024) presented alternative LQR strategies 
assuming the packet dropout dynamics are realizations of the 
Bernoulli or FSMC processes.

The channel-state-independent LQR gain from Schenato et al. 
(2007) relies on the solution of the modified Riccati equation for 
a specific value of the control packet arrival probability. The suc-
cessful packet arrival probability for the FSMC (46) is 0.908862, 
producing the following LQR gain for the rotary inverted pendu-
lum from Section 7.1.

K B
= [ 0.048425 − 4.419243 0.283052 − 0.495964 ].

By (38), applying K B produces ρ
(
ΛB
)

= 1.042846, i.e., unstable 
system behavior.

The wireless channel-state-dependent LQR gains from Impic-
ciatore et al. (2024) come from the solution of the CAREs that 
account only for the expected immediate outcome of the control 
message transmission without taking explicit care of possible 
packet error bursts. The resulting gains are

KM
(1) = [ −0.000285 − 4.581419 0.271732 − 0.493482 ],

KM
(2) = [ −0.000649 − 4.446127 0.266240 − 0.483612 ],

KM
(3) = [ −0.000597 − 4.425511 0.265311 − 0.482016 ],

KM
(4) = [ 0.000162 − 4.229347 0.255946 − 0.466310 ].

From (38), these gains maintain an MS stability with ρ
(
ΛM

)
=

0.999749.
Finally, the proposed LQR gains from Theorem  17 are

K P
(1) = [ 0.011000 − 4.528464 0.275168 − 0.494649 ],

K P
(2) = [ 0.011208 − 4.528800 0.275254 − 0.494734 ],

K P
(3) = [ 0.011242 − 4.528856 0.275268 − 0.494748 ],

K P
(4) = [ 0.011634 − 4.529491 0.275429 − 0.494908 ]

for φ1 = 0. Their ρ
(
ΛP
)

= 0.983706, indicating better mean-
square stable performance, with faster return to unstable equi-
librium point after perturbations from control packet error bursts 
and process noise. Moreover, the long-run average cost is
0.000505.
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Fig. 15. Statistics of the pendulum angle dynamics.

Fig. 16. Statistics of the rotary arm angular velocity.

Fig. 17. Statistics of the pendulum angular velocity dynamics.

We numerically validate this analysis via Monte Carlo simula-
tions in Section 7.4.

Figs.  14–17 show the system’s behavior statistics for the three 
LQR strategies, where P indicates the proposed controller (in 
shades of blue), M identifies the Markovian controller from Impic-
ciatore et al. (2024) (in shades of orange), and B marks the 
Bernoullian controller from Schenato et al. (2007) (in shades of 
mulberry). Fig.  14 highlights much faster convergence of the ro-
tary arm angle to the origin for the proposed controller compared 
to the Markovian. The Bernoullian control strategy exhibits the 
fastest convergence of the rotary arm angle, which translates 
into the highest angular velocities and additional oscillations 
displayed in Fig.  16. Moreover, Figs.  15 and 17 illustrate that the 
Bernoullian controller strays the pendulum the most from the 
unstable equilibrium point and introduces deeper oscillations of 
the pendulum’s angle and velocity, indicating less stable behavior. 
The proposed controller, instead, maintains the pendulum angle 
and velocity closer to the origin and efficiently dampens the 
oscillations.

Similarly to Section 7.5, we computed the 60-second-run av-
erage cost of the LQR strategies over different percentages of 
closed-loop system evolution traces, summarized in Table  1. The 
Bernoullian strategy achieves the lowest average cost over 99.95% 
of samples that exclude the packet error burst of length 16. The 
proposed LQR strategy maintains the best mean-square stable 
behavior at a lower cost than the average cost of the Markovian 
strategy. Furthermore, the proposed approach provides the low-
est cost over 99.975% and 100% of samples, i.e., those considering 
packet error bursts longer than 9.

Finally, as expected from the analysis in Section 7.6, the pro-
posed LQR strategy with the zero-input dropout compensation 
12
Table 1
Sixty-second-run average costs of different LQR strategies.
 Controller 99.95% 99.975% 100%  
 Bernoullian 0.000012134 0.001012662 0.014424479 
 Markovian 0.000057042 0.005220157 0.078928154 
 Proposed 0.000015449 0.000892386 0.013577407 

strategy has a smaller long-run average and observed 60-second-
run average costs compared to the proposed strategy with the 
dropout compensation factor of 0.921 but presents less stable 
mean-square behavior, confirmed by the execution traces in Figs. 
8–11 and 14–17 and a higher value of the MS stability verification 
matrix spectral radius, ρ(Λ).

8. Conclusions

This paper introduced a functional Markov jump linear sys-
tem modeling of wireless networked control systems with a 
generalized control message dropout compensation over lossy 
actuation links modeled by finite-state Markov channels. We 
envisage extending it to the robust control setting by consid-
ering the polytopic time-inhomogeneous Markov channels and 
different control strategies.
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Appendix. Proof of Theorem  9

Due to the length constraint of the paper, this section only out-
lines the main steps of the proof that underwent peer review and 
is available in Zacchia Lun, Smarra, and D’Innocenzo (2025). The 
proof follows the dynamic programming approach in Bellman’s 
optimization formulation: we define the cost-to-go ∀k ∈ Z≥ as

J⋆T (xk, θk−1) ≜ min
(uct ∈UT )

T−1
t=k

E

(
T−1∑
t=k

(
x⊤

t Qxt + u⊤

t Rut
)
+ x⊤

T QxT | Ik

)
so that k = 0 provides the optimal cost.

From the tower property of the conditional expectation, (5), 
(7), and (26), J⋆T (x0) =

∑N
i=1 ϑi J⋆T (x0, si). Therefore, showing that 

J⋆T (xk, θk−1) = x⊤

k X(k,θk−1)xk + g(k,θk−1), (A.1)

with X(k,θk−1) ⪰ 0 (positive semi-definite) and g(k,θk−1) ≥ 0, is the 
core of this proof. The main technical challenge lies in transition 
probabilities (20b) defined for the time instances τ(m) and τ(m+1)
in T , which are unknown to the controller beforehand. We pro-
ceed by backward induction. From (5), the optimal control policy 
ǔc
T (8) produces the terminal cost J⋆T (xT , θT−1) = E

(
x⊤

T QxT | IT
)

=

x⊤

T QxT . Thus, (A.1) holds in the base case. Furthermore, with 
θT−1 = si, the terminal cost expression implies (24d) and g(T ,si) =

0 for any si ∈ S. For the induction step, we assume (A.1) holds 
for k + 1 = min{τ(m+1), T }, with τ(m+1) being the time of the first 
successful control message transmission following an arbitrary k
that may exceed the time horizon T . Let τ(m) indicate the time of 
the last successful control message transmission preceding k+ 1. 
From (13), k = min{τ(m) + ∆τ(m+1) , T − 1}. From the tower 
property of the conditional expectation and cost-to-go definition, 
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J⋆T (xτ(m) , θτ(m)−1) = min(uct ∈UT )kt=τ(m)
E
(∑k

t=τ(m)

(
x⊤
t Qxt + u⊤

t Rut
)

+

J⋆T (xk+1, θk) | Iτ(m)

)
. From the inductive hypothesis, the linearity 

of the expectation, (1), (5), (6), (13)–(16), Assumptions 1 and 3, 
the cyclic property of the trace, and the fact that wk is a white 
Gaussian process with zero mean and covariance matrix Σw , the 
cost-to-go is the minimum in K(τ(m),si), with summations of up to 
k − τ(m) terms, as shown by Zacchia Lun et al. (2025, Eq. (A.8)). 
τ(m) ≤ T − 1. From (21), k − τ(m) is a bounded discrete stochastic 
variable. ξτ(m) ≜ max{0, τ(m) + 1 + L − T } ⇒ max(k − τ(m)) = L −

ξτ(m) . From (17)–(20), the terms independent of K(τ(m),si) and xτ(m)
become g(τ(m),si) as in (27), while the terms independent of K(τ(m),si)
form A(τ(m),si) as in (24e). Defining the terms B(τ(m),si) and C(τ(m),si)
as in (24a) and (24b) and performing the matrix differentiation to 
find stationary points in K(τ(m),si) yields (23), (24c), and (A.1) with 
τ(m) in place of k, which implies (25) for τ(m) = 0. Rewriting (24c) 
in a form similar to Zacchia Lun et al. (2025, Eq. (A.10)) proves 
that X(τ(m),si) ⪰ 0. As a covariance matrix, Σw ⪰ 0, so g(τ(m),si) ≥ 0. 
Since at each transmission time, the controller selects the SF gain 
(23) under the assumption that it will be successfully received, 
and τ(m) formalizes this assumption via (13a), this proof provides 
the expressions in τ(m). Writing the expressions in k instead of 
τ(m) results in (22)–(27) and concludes the proof. □
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