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A RATE-INDEPENDENT MODEL FOR GEOMATERIALS UNDER
COMPRESSION COUPLING STRAIN GRADIENT PLASTICITY
AND DAMAGE

Maicor CAPONIV*® AND VITO CRISMALE?

Abstract. We study a strain gradient-enhanced version of a model for geomaterials under com-
pression by Marigo and Kazymyrenko (2019) coupling damage and small-strain associative plasticity.
We prove that the jumps in time of the plastic variable may happen only along jumps of the damage
variable. Moreover, we perform a vanishing-viscosity analysis showing existence of Balanced Viscosity
quasistatic solutions a la Mielke—Rossi—Savaré.
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1. INTRODUCTION

In this paper we study a strain gradient-enhanced version of a model for geomaterials under compression by
Marigo and Kazymyrenko [1] coupling damage and small-strain associative plasticity, proving a better regularity
in time for the corresponding evolutions.

The model of [1] is based on a micromechanical analysis, accounting for microcracks inside the material as the
main responsible of the progressive loss of rigidity and then for the macroscopic elasto-plastic coupled behavior.

Given a reference domain 0 C R™ and denoting by u: Q — R” the displacement field, in the general framework
of small-strain elasto-plasticity the total strain Eu = (Vu)*¥™ € MZT is additively decomposed into elastic
strain and plastic strain:

Eu=e+p

and the stress tensor o: Q — MZIX™ depends linearly on e according to Hooke’s law

sym
o = Ce,

where C is the fourth order positive definite Hooke’s tensor, with o lying in a fixed closed and convex set

K C M (the constraint set) and satisfying equilibrium conditions involving the external loads.
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2 M. CAPONI AND V. CRISMALE

In order to describe the model in [1], consider the reference case of a triaxial test - a shear compression
plus a compression normal to the shear plane - and the observed phenomenon of dilatance, i.e., the irreversible
increase of volume in compression. A micromechanical justification is that in the shear compression the volume
may increase with that of the internal voids between the granuli, interpreted as microcracks, due to a less
efficient particle organization; conversely, in the normal compression a part of these microcracks may be closed,
preventing a free sliding and thus the free relaxation to the initial configuration in unloading.

Then a damage variable a: [0,T] x Q@ — [0, 1] is considered in [1], related to the density of closed microcracks.
Since the presence of such microcracks, that is of the damage, prevents the release of energy, the variable «
is related to irreversible deformations and thus appears into an internal blocked energy depending on plastic
strain. Assuming Coulomb law for the sliding with friction between the lips of closed microcracks, plasticity
follows a standard Drucker-Prager criterion with an associative flow rule, that is the plastic flow is normal to the
constraint set K. In particular, the coupling between damage and plasticity only occurs through an hardening
term. In the original model, see in particular [1], Section 3.2, this is justified by a micromechanical approach
showing that, for a microcracked material with contact and friction between the lips of the cracks, only the
hardening tensor depends on the crack state, while the elasticity tensor represents the stiffness of the sound
material.

Moreover, damage is assumed to be an irreversible process (consequently « is non-increasing in time) and
the growth of the microcracks is modelled by the terms usually present in gradient damage models

D(a(t)) + a|[Va(®)3,  D(a) = /Qd(a(x))dx,

Ly >0, cf. [2, 3], Section 4, [1], Remark 3.1.

In [4] the existence of quasistatic evolutions for such a model is proven, fulfilling the notion of energetic
solutions by Mielke and Theil [5]: this is based on a global stability condition, which prescribes at each time the
minimization, among the admissible configurations, of the total internal energy plus the dissipation potential,
and on an energy-dissipation balance between the total variation in time of the internal energy, the total
dissipated energy, and the work of the external loadings.

In [6] the model has been enriched by including, still employing an irreversible degradation function «, also
the tensile response. This accounts for the fact that the evolution of opening microcracks in tension leads to
brittle behavior and mode I fracture. Conversely, the response in compression shares many features with [1],
but plasticity is required to satisfy a non-associative flow rule.

The present contribution focuses on a different modification of the model in [1], obtained by formally including
in the internal energy the L? norm of the plastic strain gradient, times a dimensional (length) constant. Terms
involving higher order derivatives are considered on the one hand by their capability to capture the correct scale
size of shear bands, usually observed in failure in soils induced by shearing, and on the other hand to avoid
mesh dependence in numerical simulations. Inspired by the work of Aifantis [7], several plastic strain gradient
models have been proposed, for both crystalline and granular materials (e.g. [8-15]).

The framework of our strain gradient enhancement is that of the explicit gradient theories, in particular the
term involving the plastic gradient does not depend on other variables, following the lines of [8, 11, 12].

Therefore, the stored energy at time ¢ is the sum of the elastic energy of the sound material, of the kinematical
hardening term (depending on «), and of the strain gradient term

% Ce(t,z) : e(t,z)dx + / B(a(t,z))p(t,z): p(t,z) dz + £,||Vp(t) |3,
Q Q

for B a fourth-order tensor positive semidefinite (usually positive definite except for o = 0). The gradient term,
which enforces the plasticity to be in H' (in space), introduces a characteristic internal length related to the
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scale of the observed shear bands. In this setting, the plastic dissipation from a plastic strain q is the functional

| o0 ~a@)da. 1= swp o

ceEK

We observe that in the original model p(t) is in general not in L? in the set {a = 0}, so shear bands with
infinitesimal thickness may therein display. Therefore, in [4] the dissipation from a plastic strain ¢ is the relax-
ation of the functional above for p(t) a bounded Radon measure. Furthermore, we stress again that the damage
and plasticity variable are explicitly coupled only through the hardening term, as in the original model.

In a strong formulation, our energetic solution (o, u, e, p) satisfies for t € [0,7] and z €

sf0) drreversibility: & < 0,
) additive decomposition: Eu = e + p,
) constitutive equation: o = Ce,
sf3) equilibrium: dive = 0,
) stress constraint: o — 2B(a)p + 20,Ap € K,
) associative flow rule: p € Nk (o — 2B(a)p + 2¢,Ap), where Ng (§) is the normal cone to the constraint set
KatéeK,
(st6) Kuhn-Tucker conditions:

d(a) = 2 Aa+B(a)p:p<0 and (d(a)—2laAa+B(a)p: p)a =0,

(st7) prescribed boundary displacement: u = w on 0.

In the present setting, the additional regularity of the plastic strain with respect to [4] makes the existence
of energetic solutions much easier to prove; the core of the paper is the study of the regularity in time of the
evolutions. In fact, with general nonconvex total energies, evolutions may display jumps in time. Basing on
standard techniques we show in Lemma 3.9 that energetic solutions, whose existence is proven in Theorem 3.8,
are strongly continuous outside an at most countable set of time instants.

Further, we develop a more precise analysis exploiting the particular structure of the model: we prove that
the variations in time of the whole set of variables with respect to the target norms are controlled in terms of
the variation in time of the damage in the L'()-norm, plus that of the external loading (cf. Thm. 3.15 for the
precise statement). This ensures that, as soon as damage does not jump, the whole evolution, and in particular
the plastic strain, has no time discontinuities. Our analysis is in the spirit of [16], which proves that small strain
perfect plasticity is absolutely continuous in time.

The interplay between damage and plastic strain is a key point in the analysis of coupled damage-plasticity
models. We consider, for instance, the uniaxial responses in [3], a reference work for the variational analysis
of such coupling, and in [1]: in [3] it is shown that strain concentrates into ‘cohesive crack points’ where the
space derivative of the damage is discontinuous; in [1], assuming solutions smooth in time and a linear D, it is
observed that damage evolves only with plasticity.

By inspecting our proof it is apparent that the strain gradient regularization is crucial for the improved
regularity. This could suggest, in analogous cases with gradient plasticity, to carefully verify if jumps in time of
plasticity but not of damage are analytically ruled out and if this is in accordance with the expected experimental
results.

In the final part of the paper we study the existence of quasistatic evolution obtained through a vanishing
viscosity approximation, satisfying the notion of Balanced Viscosity (BV) solutions, see Definition 5.1.

BV solutions, which have been described in an ‘abstract’ context in [17] and the subsequent [18, 19], are
obtained trough the approximation of a rate-independent system by viscously perturbed system and provide
a selection criterion for solutions with a mechanically feasible behavior at jumps, as well as a description of
trajectories joining states before and after jumps. In fact, the notion of energetic solutions is not satisfactory
from the physical point of view, whenever jumps develop in time: these jumps may appear ‘too long and too
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early’, being forced to overtake energy barriers between energy wells (see the characterization in [20] and the
references therein).

The vanishing-viscosity technique has also been adopted in various concrete applications, ranging from
plasticity (cf., e.g., [21-26]), to damage, fracture, and fatigue (see for instance [27-33]).

In a strong formulation, for a given viscosity parameter £ > 0, our wiscosity approzimation (ce,Ue,€c,Pe)
satisfies for ¢ € [0,T] and x € Q:

(sf0). irreversibility: é. <0,

(sf1). additive decomposition: Eu. = e. + pe,

(sf2)e constitutive equation: o. = Ce,,

(sf3)e equilibrium: divo, = 0,

(sf4)e stress constraint: 0. — 2B(ae)pe + 20,Ap. € K,

(sf5)e associative flow rule: p. € Nk (0 — 2B(ae)pe + 20,Ap.),
(sf6). Kuhn-Tucker conditions:

d(aa) — 20, Ao + IB%(ozE)pE ipe +ed. <0 and (d(aa) — 20, Ao + IB%(ozE)pE :pe + ede)de =0,

(sfT7)e prescribed boundary displacement: u. = w on ON.

We show existence of BV solutions (¢f. Thm. 5.4), mostly taking advantage of the analysis carried out for
the regularity result. Arguing similarly, we show that as soon as the damage variable is regularized in time
with respect to the L2-norm (in space), then all the evolution gains the same regularity in time, in the energy
space. Moreover, using an argument from [29, 30], we get that the evolution is absolutely continuous in time
uniformly respect to the viscosity parameter ¢ > 0. Actually, for fixed £ > 0 any viscous evolution is H' in time,
and the W1 bound is uniform in ¢ > 0. Nevertheless, as usual we reparameterize in time to obtain a family
of 1-Lipschitz evolutions from the time interval to the target spaces of the internal variables. Eventually, such
regularity permits to follow the lines of [30] to conclude existence of Balanced Viscosity solutions.

The paper is organised as follows: In Section 2 we fix the notation used throughout the paper and we
introduced the mathematical framework of our model. In Section 3 we first prove in Theorem 3.8 the existence
of global quasistatic evolutions, and then in Theorem 3.15 we investigate their regularity in time. We continue
with Section 4, where we introduced a e-regularization in time with respect to the L2-norm in space of the
damage variable, and in Theorem 4.14 we prove the existence of e-approximate viscous evolution. Finally, in
Section 5 we prove the existence of BV solutions (see Thm. 5.4).

2. PRELIMINARIES
2.1. Notation

The space of n X n symmetric matrices with real entries is denoted by M{". Given two matrices Ay, Az €

ML, their scalar product is denoted by Aj: Az and the induced norm of A € ME" by |A|. The identity
matrix is denoted by I € M.

For a measurable set B C R™ we use L"(B) to denote the n-dimensional Lebesgue measure of B. By
xB: R" — {0,1} we denote the corresponding characteristic function. Given an open subset  of R", the
set of all distributions on €2, namely the continuous dual space of C2°(2), endowed with the strong dual topol-
ogy, is denoted by D’(€2). We adopt standard notation for Lebesgue spaces on measurable subsets B C R™ and
Sobolev spaces on open subsets 2 C R™. According to the context, we use || - ||, to denote the norm in LP(B)
for all 1 < p < oo, and || - ||z to denote the norm H'(£2). The boundary values of a Sobolev function are always
intended in the sense of traces.

The partial derivatives with respect to the variable z; are denoted by 0;. Given an open subset 2 C R"
and a function u: Q — R? we denote its Jacobian matrix by Vu, whose components are (Vu);j == dju; for
i=1,...,dand j =1,...,n. For a function u: @ — R™ we use Eu := (Vu)»™ = 1(Vu + Vul) € M to

sym
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nxn
sym

denote the symmetric part of the gradient. Given a tensor field F': Q@ — M
with respect to lines, namely (div F); == 3_7_, 9;F; for i =1,...,n.

by div F’ we mean its divergence

2.2. Mathematical framework

We fix the mathematical framework of the model of complete damage and strain gradient plasticity presented
in the introduction. For simplicity, all the physical constants are fixed to 1.

Throughout the paper the reference configuration ) is a bounded domain with Lipschitz boundary in R™,
where n = 2,3. The displacement field is represented by a function v € H(Q;R"), and we decompose its total
strain as Eu = e 4+ p, where e denotes the elastic strain and p the plastic strain. To simplify the notation, we set

A= HY(QR™) x L2(Q;M2X™) x HY(Q; MX™M).

sym sym

Given a function w € H*(2;R"), the set of admissible displacements and strains for the boundary datum w on
09 is defined as

A(w) = {(u,e,p) € A : Eu=e+pin Q, u=w on 00Q}.

Remark 2.1. In this model we require a higher regularity in the plastic strain p, which usually is only a Radon
measure. This property is ensured by the addition in the total energy (2.8) of the L? norm of the plastic strain
gradient term.

We fix T' > 0. Let us consider a time-dependent boundary displacement w satisfying
w e HY((0,T); H(Q; R™)). (2.1)
The damage variable is a function o € H(£2;[0,1]). Given o® € H*(;0,1]) we set
D) ={ac H'(Q) : 0 < a<a’} c HY(]0,1]),
so that
D(a?) c D(a') for all a? € D(at).

The energy dissipated in damage growth is the functional D: H*(£2;[0,1]) — [0,00) given by
D(a) = / d(a(z))dz for all « € H*(Q;[0,1]),
Q

where d: [0, 1] — R satisfies

de CY1([0,1];[0,00)),  d(0) <0 (2.2)

(notice that the assumption d(0) < 0 is compatible with the ones proposed in [1]). The elastic energy is the
functional Q: L2(;M2X") — [0, 00) given by

sym

Qle) = 1/ Ce(z) : e(x)dz for all e € L*(Q; M2,
Q

9 sym
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where C € Lin(MZLX"; M2X") satisfies

sym ) sym

Cijkt = Cryyj = Cjypy forall 4,5,k 1=1,...,n, (2.3)
NIEP < CE: € < yple? forall € € MK,

with constants v1,72 > 0. In particular, it holds

|CE| < 2lé| for all € € M.

Sym

The kinematical hardening term is the functional Q: H'(€2;[0,1]) x H(Q; M%) — [0, 00) given by

sym

Q(a,p) = /QIB%(a(ac))p(x) :p(x)de for all a € H*(Q;[0,1]) and p € H(Q; M),

Sym

where B: [0,1] — Lin(MZ2X"; M2X") satisfies

sym 7~V sym

Bijki() = Bpij(@) = By (o) foralld,j,k,l=1,...,nand o € [0, 1], (2.6)
B(a)¢:£>0 forall a€[0,1] and £ € M.

Remark 2.2. Thanks to (2.6) and (2.7), we derive the Cauchy-Schwartz Inequality
IB(a)é) : & < (B(a)é : &) (B(a)éy : &) forall a € [0,1] and &;,& € M

Define the total energy £: H(Q;[0,1]) x L2(Q; M2X") x HY(Q; M2X") — [0, 00) as

sym sym
E(a,e,p) = Qle) + D(a) +[|Val3 + Qo p) + | Vpll5. (2.8)

Remark 2.3. By the Sobolev Embedding Theorem, for n = 2,3 and d € N we have that the embedding
HY(Q;RY) — L(Q;RY) is continuous for all § € [1,6] and compact for all 6 € [1,6). In particular, by (2.5) for
all « € H(;[0,1]), B € HY(Q), and p,q € H (; M2X") we have:

sym

< |IBlloo I2l2]lgll2,

l/Bm@mmm:«de
Q

< [BlloolBll2llpllallala,

tABmu»mmmm:mwdx

< [Bllcllar — azll2lpllallglls,

(ABWM@%%M%WDW@%qwﬂx

< [Blloollar — azl4llBllallpllallgll4-

/Q[B(Oél(x)) — B(az(x))]B(2)p(2) : q(z) de

The constraint set for the stress tensor o is identified by a closed and convex set K C M satisfying

{oeM" :|o|<rg}C K (2.9)

sym

for a radius rg > 0.
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Remark 2.4. Notice that K can be unbounded. In particular, as in [4], we can consider constraint sets of the
form

K;:{aengﬁl : Tom + lop| — k > 0}

for 7,k > 0, where o,, == %2 € R is the mean stress and op := 0 — 0,1 is the deviatoric part of o.

T n

Let us consider the support function H: MZ2X"™ — [0, 00] of K, which is defined as

sym

H(¢)=supo:& forall £ € MIXE.

sym
ceK
Clearly H is convex, lower semicontinuous, and positively 1-homogeneous. Moreover

rglé) < H(E) forall £ € MY, (2.10)

sym

The plastic potential H: L' (€;M™2X") — [0, oc] is defined as

sym
H(p) = /QH(p(a:)) dz for all p e L' (Q;MZ).

Remark 2.5. It is easy to check that the functional H is lower semicontinuous in L'(€;MZ5"). More-

over, since H: L'(Q;ML5") — [0,00] is convex, we derive that 7 is weakly (sequentially) lower semi-

continuous in L*'(€; ML), Similarly, also the functional p — fttf H(p(t))dt is lower semicontinuous in

LY([ty,t2]; LY (Q; M2X™)) for all [tq,ts] C [0, 7).

sym

Given [t1,t2] C [0,T] and p: [t1,ta] — LY (2; M2X™), the H-dissipation of p on [t1,t5] is defined as

Sym
N

Vi (p; t1,t2) == sup Z’H(p(sj) —p(sj—1)) : NeN t1 =89 < 81 <---<Sy_1 < Sy =1
=1

We recall that this notion has been introduced in [16], Appendix.
Remark 2.6. By (2.10) we have

raV(piti;t2) < Vu(piti, t2), (2.11)

where V(p;t1,t2) is the total variation of p: [t1,ta] — LY(Q;M2X"), which is defined as

Sym

N
V(piti,ta) ==supQ > [Ip(s;) = p(sj—)|1 : NN, t1 =59 <1< <sn_1 <sy=1l
=1

Moreover, if py: [t1,t2] — L1(;M2X"), k € N, satisfy

Sym
pr(r) = p(r) in LY(Q;M2X™) as k — oo for all r € [t1, 2],

sym

then, by Remark 2.5 we have

V’H(p;thtg) < likmianH(pk;tth). (212)
—00
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We conclude this subsection with the following result, whose proof follows simply from the Gagliardo-
Nirenberg Inequality.

Lemma 2.7. For all 0 € [2,6) and 6 > 0 there exists a constant Cy s > 0 such that
||u||§ < C’g’gHuH% + (5||Vu||% for allu € HI(Q;Rd).
Remark 2.8. As a consequence of Lemma 2.7, there exists a constant C' > 0 such that
% < C (Jull? + |Vul3)  for all u € H(;RY). (2.13)

3. GLOBAL QUASISTATIC EVOLUTIONS

In this section we prove Theorem 3.8, i.e., the existence of global quasistatic evolutions (also referred to
as energetic solutions) for the model of geomaterials coupling damage and small-strain associative plasticity
introduced before. Moreover, in Theorem 3.15 we perform a detailed analysis of the regularity in time of these
evolutions.

3.1. Definition and preliminary results

We start by introducing the mathematical formulation of our model of geomaterials. Following [4] and the
definition of energetic solution of [5], we give the following notion of global quasistatic evolutions.

Definition 3.1. Assume (2.1)—(2.7) and (2.9). A quadruple (o, u,e,p) from [0,7] into H'(€2;[0,1]) x A is a
global quasistatic evolution with datum w if:

(qs0) for a.e. z € 2 the map
t— a(t,z) is non-increasing on [0, TJ;
(as1) (u(t),e(t), p(t)) € A(w(t)) for all t € [0,T] and
E(a(t),e(t), p(t)) < E(B,n,q) +H(g—p(t)) forall (8,v,n,q) € D(a(t)) x A(w(t));

(gs2) p: [0,T) — H'(Q;M2X") has bounded H-variation and for all ¢ € [0, T

sym

E(a(t),e(t),p(t)) + Vu(p; 0,t) = E(a(0), €(0), p(0)) +/0 (Ce(s), Eni(s)) ds.

Remark 3.2. The first condition (gs0) models the irreversibility of the damage process, (gsl) is the global
stability condition, and (qs2) is the energy-dissipation balance.

Let us check that the integral in (gs2) is well defined. To this aim, we first prove the following stability result.

Lemma 3.3. Assume (2.2)—(2.7). Let wy, € HY(;R™), and (o, uk,ex,pr) € H(Q;]0,1]) x A(wy) for all
k € N. Assume that as k — oo

Up — Uso in H'(;R™), ap — o in HY(Q),
er — €oo N Lz(Q;ngXn?), Pk — Poo N Hl(QéM:erf)a

wy, — Weo  in HY(R™).
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Then (oo, €cos Poo) € A(Weo). If in addition
E(ok,enpr) < E(Bmq) +H(g—pr)  for all (B,v,m,9) € D(ax) x A(wg),
then
E(oo, o0y Poo) < E(By1,q) +H(q — poo)  for all (B,v,1,q) € D(oo) X A(woo)-

Proof. We argue as in [34], Theorem 3.6. Since

Eup =ep +pr in Q for all kK € N, up = wg on N for all k € N,
by passing to the limit as £ — oo and using the continuity of the trace operator, we derive that

Eug = €5 + P in €, Uoo = Woo 0N O

Therefore, (too, €oos Poo) € A(Wes).
We fix (8,v,1,q) € D(as) X A(wso) and for all k € N we set

Br = BN ay, Vi =V — Uso + Uk, Nk =1 — €xo + €k, dk ‘= q — Poo + Pk-

By construction (S, vk, Nk, qr) € D(ag) X A(wy) for all k € N, and as k — oo

v — v in HY(Q;R™), Br — B in HY(Q),
Ny — 7 in L%Q;Mgfﬁ), gr — ¢ in Hl(Q;ngXn?).

We use (B, vk, Mk, ¢x) as test function in (3.1), and from the identity
IVBII5 + Varllz = IV(B A ar)lls + V(B V aw)ll3,
we derive

D(ai) +[IV(BV ar)l3 = VB3 + Qa, pr)

D(ax) + | Veall3 — IV Bxll3 + Qaw, pr)

< Q(mk) — Qlex) + D(Br) + IVarlls — I Vorll3 + Q(Be: ax) + Har — pr)
S(C— o +26),m — ex)s + D(B3) + QB )

+ (Vg = Vpoo + 2Vpi, Vg — Vpeo)2 + H(q — poo)-

By (3.3)—(3.4) and Remark 2.3, for all € [1,6) we have as k — oo

ap — O 1N LG(Q), Br — B in LQ(Q)7
Pk = Poo in LO(Q; M), g —q in L°(Q; M.

Sym

In particular, by using (2.2) and (2.5) and arguing as in Remark 2.3 we deduce

lim D(ay) = D), kliﬂgo D(Bx) = D(B),

k—o0

(3.1)

(3.2)
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lim Q (o, i) = Qoo Poo) lim Q(Br, qr) = Q(B.q).
k—o0 k—o0

Moreover, BV aj — as in HY(Q) as k — oo, which implies

Va3 < liminf [[V(5V ay)]l3-
k—o0

Hence, by passing to the limit as k¥ — oo in (3.5) we get

D(as) + Va3 = IVB3 + Q(aes, pc)
< %(C(n + €00)s M — €oc)2 + D(B) + Q(B,q) + (Vq + VPoo, Va — VPoo)2 + H(q — Poo)
= 9(n) — Qlexs) + D(B) + Q(B,q) + | Vall3 — IVPsoll3 + H(q — Poo),

which gives (3.2). O

Thanks to Lemma 3.3 we deduce the following regularity result.

Lemma 3.4. Assume (2.1)~(2.7) and (2.9). Let (o, u,e,p) from [0,T] into H'(2;[0,1]) x A be a quadruple
satisfying (qs0) and (qsl), and such that p: [0,T] — H'(Q; M) has bounded H-variation. Then there exists
a constant C > 0, independent of t € [0,T], such that

la@llar + lu@)|[ g + lle@)ll2 + lp#)lar < C for allt € [0,T]. (3.6)

Moreover, there exists a countable set N C [0,T] such that the quadruple (o, u,e,p) is weakly continuous
from [0, T]\ N into H(Q) x A. In particular, the quadruple (a,u,e,p) is strongly measurable from [0,T] into
HY Q) x A

Proof. Since p: [0,T] — L*(£; M™X") has bounded H-variation, by (2.11) we deduce that p has bounded total

Sym
variation. In particular, ||p(¢)||1 is uniformly bounded in [0, T], being

IOl < [lp(t) = p(O) [y + [Ip(0)[lx < V(p; 0,T) + [Ip(0)[|»  for all £ € [0,T]. (3.7)

Since (0, u(T) —w(T) +w(t),e(T) —Ew(T) + Ew(t), p(T)) € D(a(t)) x A(w(t)), by the global stability condition
(gs1) we deduce

E(a(t), e(t), p(t))

< Q(e(T)) + Q(Ew(T) — Ew(t)) + (Ce(T), Ew(T) — Bw(t))2 + Q0,p(T)) + | Vp(T) |13 + H(p(T) - p(t))

< %He(T)lI% + %IIEU}(T) —Ew®)[3 + v2lle(D) 2 Ew(T) — Buw(t)]

+ Bl (D)3 + IVR(D)I3 + Viu(p, t,T)
2

T
< elle(T)3 + 72 (/0 IEw(T)Izdr> + Bl (M3 + IVR(T)IIE + V2 (p;0,T).

Notice that the quantity on the right-hand side is independent of ¢ € [0, T]. Since

Ea(t),e(t),p(t)) = %I\e(t)llg +Va@)ll3 + Ve,
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we deduce that there exists a constant C; > 0, independent of ¢ € [0, T, such that
IVa@)I3 + le®3 + IVp®)3 < Cr for all t € [0, .

By using (2.13), (3.7), and the fact that 0 < a(t) <1 a.e. in Q for all ¢ € [0,7] we obtain a constant Cy > 0,
independent of ¢ € [0, T, such that

la(®) I + lle)3 + lp(®)|IFn < C> for all ¢ € [0, 7. (3-8)

Finally, since u(t) — w(t) € Hg(Q;R"™), by Korn Inequality there exists a constant C3 > 0, independent of
t € [0,77], such that

[u@ll2 < [lut) —w®)]l2 + [w(®)ll2
< ClEu(t) — Ew(®)|l2 + [w®)l2 < Clle®)]l2 + Clp(t)ll2 + ClEw(®)]|2 + [lw(®)]2-

Therefore, by (3.8) and Korn Inequality there exists a constant C5 > 0, independent of ¢ € [0, T, such that
[u()|| < C.

This implies (3.6).

It remains to prove that there exists a countable set N C [0, 7] such that the quadruple (o, u, e, p) is weakly
continuous from [0,7]\ N into H'(Q) x A. Indeed, if this holds, then the quadruple (a,u,e,p) is weakly
measurable from [0,7] into H'(2) x A, and therefore strongly measurable, since H!(Q) x A is a separable
Banach space.

We start by observing that a: [0,7] — H*(Q; [0, 1]) satisfies

lat)]|o <1 forallte|0,T], a(ts) < a(ty) ae. inQforall0<t; <ty <T.

By [34], Lemma A.2 there exists a countable set N7 C [0,7] such that the function a: [0,T]\ Ny — L?(Q) is
(strongly) continuous. In particular, thanks to the uniform estimate (3.6) we derive that a:: [0,7]\ N1 — H(Q)
is weakly continuous. Similarly, since p has bounded total variation in Ll(Q;Mg‘yﬁl), there exists a countable
set No C [0, 7] such that the function p: [0, 7]\ Na — L*(; MZ7) is strongly continuous. Hence, the uniform
estimate (3.6) yields that p: [0,7]\ Ny — H'(Q; MZ}") is weakly continuous.

Let us define N := N; U Ny. We claim that the pair (u, e) is weakly continuous from [0, 7]\ N into H*(£; R") x
L2(Q;M2X™). Indeed, let us fix to € [0, 7]\ N and let us consider a sequence (t ) C [0, 7]\ N such that t; — to

sym

as k — oo. By the uniform estimate (3.6) there exists a constant C' > 0 independent of k € N such that
lu(ti)ll g + lle(tr)]2 < C for all k € N.

Therefore, there exists a subsequence (ty,); C (tx)r and a pair (oo, €sc) € H'(Q;R™) x L*(Q; ML) such that
as j — oo

u(ty;) = Uso in H'(Q;R™), e(ty;) = ex in Lz(Q;M;’yXH?).

Moreover, as j — oo we have

a(ty,) = alts) in H'(Q), plte,) = pltes) in H'(Q;MESY), w(ty,) = wlts) in H(QR™).

sSym
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Thus, we can apply Lemma 3.3 to deduce that (a(ts), Uoso, €oos P(teo)) € A(w(ts)) and satisfies

E(a(too); €00, P(tso)) < E(B,1,q) + Hig — p(teo)) for all (B,v,1,q) € D(a(teo)) X A(w(too))-

In particular, by choosing 8 = a(ts) and ¢ = p(te ), we derive that the pair (tso, €oo) minimizes the functional
F: HY(OQ;R™) x L2(Q;M2X") — [0, 00), defined as

sym

F(U777) = Q(n) for all (’U,’I?) S Hl(Q;Rn) X Lz(Q;M”X”)7

sym
over the convex set
G = {(v,n) € H' (4, R") x LQ(Q;M;IYXH?) s (0, p(t)) € A(w(teo)) }-

This implies that (teo,€x0) i uniquely determined for all ¢ € [0,7] by the strict convexity of Q. Therefore,
U(too) = Uso and e(ts) = eoo. In particular, we get that as k — oo

u(ty) = u(teo) in H'(Q;R™), e(te) = e(toso) in L2( MM,

sym

i.e., the pair (u,e) is weakly continuous from [0,7]\ N into H'(£;R™) x L?(Q;M2X"). O

Sym
Remark 3.5. By Lemma 3.4 the integral in (qs2) is well defined for all quadruples («,u, e, p) from [0, T] into
H'Y(9Q;[0,1]) x A satisfying (qs0) and (qs1) and such that p: [0,7] — H(2; M2X") has bounded H-variation.

sym

Remark 3.6. If (o, u, e, p) from [0, 7] in H*(£2;[0,1]) x A is a global quasistatic evolution, then the constant C
appearing in (3.6) can be chosen depending only on w, d, C, B, K, and the initial datum («(0),«(0), e(0), p(0)),
and not on the quasistatic evolution (o, u, e, p) itself. Indeed, by Lemma 3.4 we have that the function t — |le(t)]|2
is bounded and measurable on [0,T]. In particular, if we define

M = sup |le(t)]2,
te[0,T]

by (gs2) we derive

T
gwﬂgamwawmm+wM/'MM@mm
0

This implies the existence of a constant C7, which depends only on w, d, C, B, and on the initial datum
((0),€(0),p(0)), satisfying

M= sup |le(t)]2 < Cr.
t€(0,T]

Therefore, by using again (gs2) we derive the existence of a further constant Cs, depending only on w, d, C, B,
K, and on the initial datum («(0), u(0),e(0), p(0)), such that

la(@llar + lu@ g + lle@)ll2 + lp)|la < Cy for all € [0,T].

3.2. Existence of a global quasistatic evoltion

In this subsection we prove the existence of a global quasistatic evolution satisfying a fixed initial configu-
ration. As in [4], the proof relies on the De Giorgi’s Minimizing Movement approach to quasistatic evolutions,
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where time-continuous evolutions are approximated by discrete-time ones, constructed by solving incremental
minimization problems.

We consider an initial configuration
(% u® e, p°) € H'(Q;]0,1]) x A(w(0)),
which satisfies
(e p°) < E(B,m,q) + H(qg—p°) for all (B,v,n,q) € D(a®) x A(w(0)). (3.9)

For all k£ € N we define

T = t=imy, wi=w(ty) fori=0,... k.

T
Starting from
(e, ug, ep.pp) = (o u’, e, p°%) € H(9;[0,1]) x A(w(0)),
forall i =1,...,k we define
(af,ub,eb,pl) € D(ai ™) x A(w})
as the solution of

min {€B.mq)+Hq—p, N} (3.10)

(Bw,m,9) €D () ) x A(w})
Notice that
(af ' wh, Bwp,0) € D(ad ') x A(wp) #0 foralli=1,... k.
Moreover, for all i = 1,...,k and (o, u,e,p) € 'D(oz?c_l) x A(w?) we have
E(aye,p) +Hip—p ") 2 %lleﬂg + Vel + 1Vpl3 +rullpl —rallpy h
and the functional

(a,u,e,p) — E(a,e,p) + H(p — p})

is sequentially lower semicontinuous with respect to the weak convergences in the spaces H'(Q), H!(Q;R"),
L2(Q;M2X™), and H'(;M2X"). Hence, by the Direct Method of Calculus of Variations, for all k¥ € N and

Sym Sym i X i X X X
i =1...,k there exists a solution (af, ut, ek, k) € D(ak) x A(w},) to the minimum problem (3.10). In particular,
since
Hig—pi ') = Hpk —pi ) < Hlg—ph),

the quadruple (a};, u};, e};,p};) satisfies

E(og el pi) < EBm,q) +Hig—pj) for all (B,v,m,q) € D(aj ") x A(w},). (3.11)
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In the following lemma, we derive an energy estimate for the discrete evolution {(ai,ul, et pt)}F . First,
for all £ € N we define
_ wi — w1
who=—FE—F _ fori=1,... k.
Tk

Lemma 3.7. Assume (2.2)—(2.7), (2.9), and (3.9). For allk € N and i =1,...,k we have

E(ah,€hoph) + > Ml —pl ) < €% e, p%) + > m(Cel B ) + O, (3.12)
j=1 Jj=1
where
vo [T
Sy = Tk;/ |Ew(r)|2dr =0 ask — occ. (3.13)
0

In particular, there exists a constant C > 0 independent of k and i, such that

k
max_lejllz+ max [Iphllag + max [ajllm + > Hp,—pi ) <C
i=0,..., k i=0,..., k i=0,..., k —
]:
Proof. We fixi=1,...,k and for j = 1,...,7 we consider
(aj_l Wl T ! e - Bl 4 B j_l) € D( j_l) x A( j)
koo Uk ks €k k ko Pk A Wi )-

By the minimality condition (3.10) we get

E(af, el ) + Hpl —pl ) < Elaf et — Ewl ™' + Bwl.pl ")
i1 -1 - i1 s V2 ; i
<& e ok )+ m(Cel Bu)2 + o [Bud — B3,
We sum over j = 1,...,47 and we use the inequality
S lBwl ~EBwf < [ (B0 dr
j=1 0

to obtain (3.12).
By the discrete energy inequality (3.12) we get

Y1 4 ! i i
?”ekH% < (€% p") + 92> Tl Baird[lalle] |2 + Ok (3.14)
j=1
If we define
My, = ExgakuIG?;HQ for k € N,
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then by (3.14) we derive

T
%M,f < E(a® e p%) + v, (/ [IE(r)]|2 d?") My, + k.
0
Since d; — 0 as k — 00, there exists a constant C; > 0, independent of &, such that

,,,,,

Therefore, by (3.12) we can find another constant Cy > 0, independent of k and 7, such that
k . .
Vaj 3 Vi3 =i ) < Ca
Jmax [Vaill3 + max [|[Vpi3+ Z;H(pk p <0
i—
By (2.13) and the inequality
k 1k
, . - , -
1Pkl < 02+ D lpk = ol < 9%+ — D Hh — 1),
=1 A=
we deduce the existence a constant C3 > 0, independent of k and 4, such that

i < Cs.
if&f‘fk”pkHHl S O3

Since 0 < az < 1in Q, there exists a constant C4 > 0 independent of k and i such that
max[lag]m < V[Q+ max [[Vag|l2 < Ci.
i=0,...,k 1=0,...,k
This concludes the proof. O
We introduce the piecewise constant interpolant @y : [0,T] — H'(£2;[0,1]) by
ap(t)=aj forte (it ti],i=1,....,k  ax(0)=al, (3.15)

and similarly we consider g : [0,T] — H'(Q;R"), ex: [0,T] — L*(Q; ML), by: [0,T] — H'(Q; ML), and
wy: [0,T] — H'(;R™). Moreover, we define 7 : [0, 7] — [0,T] by

Te(t) =t forte (' t],i=1,....k,  T£(0)=0. (3.16)
By definition, we have
k: . .
ZH(Pi - pifl) = V’H(plm Oa T)v
j=1

and thanks to Lemma 3.7 we deduce that the piecewise constant interpolants satisfy the following estimate:
there is a constant C' > 0 independent of k € N and ¢ € [0, 7] such that

e ()|l2 + 115k @) a2 + ek @)l g + Vu(P;0,T) < C forall t € [0,T]. (3.17)
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We can now prove our existence result for global quasistatic evolution.

Theorem 3.8. Assume (2.1)—(2.7), (2.9), and (3.9). Then there exists a global quasistatic evolution (o, u,e,p)
from [0, T into H*(£2;]0,1]) x A satisfying the initial condition

((0),u(0),e(0),p(0)) = (a®,u, e, p?). (3.18)
Proof. Step 1. Starting from (a® u°, €% p°) we consider the incremental problem (3.10) for all k¥ € N and
i=1,...,k, and we obtain a sequence of approximate solutions (@, Uy, €x, D) from [0, T] into H(Q;[0,1]) x A.
Since all functions @ are non-increasing in time, we can apply a generalized version of Helly Theorem (for
example, [16], Lemma 7.2 with X equal to the space of bounded Radon measures on ) to conclude that there

exist a subsequence, still denoted by @y, and a function «: [0,T] — H'(Q;[0,1]) non-increasing in time, such
that for all t € [0,7] as k — oo

ap(t) = aft) in HY(Q).
In particular, thanks to Remark 2.3, for all ¢ € [0,7] and 6 € [1,6) we have as k — oo

ap(t) = a(t) in LY(Q).
Moreover, by (3.17) there exists a constant C' > 0, independent of k, such that

k
raV(P0,T) < Vu(p0,T) =Y Hpl —pl ) <C 50 = 9]l < C.
j=1

Hence, by using the same generalized version of Helly Theorem there exist a further subsequence, still denoted by

Py, and a function p: [0,T] — H'(Q; M) with bounded variation in L'(Q; MZ5") such that for all ¢ € [0, T]
as k — o0
Pu(t) = p(t) i (M),

sym

In particular, by (2.12) we get

Vyu(p;0,T) < liminf Vy(p,,;0,T) < C,
k— o0

which yields that p has bounded H-variation. Furthermore, for all ¢ € [0,7] and 6 € [1,6) we have as k — o0

p(t) = p(t) in L7(Q ML)

sym

Step 2. For all fixed t € [0,T] there exist a subsequence k; and functions e* € L*(;MZ2X") and u* €
HY(;R"), depending on t € [0, 7], such that as j — oo

e, (1) = e* in L2 (M), Uk, (t) — u* in H'(Q;R™).

By construction (ai(t), ux (t), ex(t), P (t)) € H(Q;[0,1]) x A(wk(t)), and in view of (3.11)

g(ak(t)aék(t)7ﬁk(t)) S g(ﬁvna Q) + H(q _T)k(t)) for all (ﬁﬂ’ﬂ?v(I) € D(ak(t)) X A(wk(t))
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By writing the inequality for k; and using Lemma 3.3 we deduce

E(a(t), e, p(t)) < E(Bin,q) +H(g —p(t)) forall (8,v,7,9) € D(a(t)) x A(w(t)).

Therefore, we can argue as in Lemma 3.4 to derive that (u*,e*) is uniquely determined for all ¢ € [0,T]. In
particular, by defining u(t) := u* and e(t) := e¢* we deduce that as k — oo
er(t) — e(t) in L*(Q;M™XM), U(t) — u(t) in HY(Q;R™),

Sym

and the quadruple (o, u, e, p) satisfies (gs0), (gsl), and (3.18).
Step 3. By Lemma 3.4, we deduce that (c,u,e,p) are strongly measurable from [0, 7] into H*(2) x A. We
define ¢, : [0, T] — L*(Q; M2X") as

sym
ep(t)i=eit forte [ttt i=1,... Kk, e, (T) = ek,

By the discrete energy inequality (3.12), for all k e N, ¢t € (t?l, t;],and i =1,..., k we have

) T (1)
E(@y(t),ex(t), P (1) + Vau(By; 0,3,) < E(a’, e, p") +/0 (Cey(r), Eaid(r))2 dr + . (3.19)

Since ey, (t) = ex(t — 1) for a.e. t € [, T], we derive that as k — oo

e, — e in L2((0,T); L*(Q; MZX™)).

sym
Hence, we can use the convergences of Steps 1 and 2 to pass to the limit as &k — oo in (3.19), and to obtain that

the quadruple (a,u, e, p) satisfies for all ¢ € [0, T

E(a(t), e(t), p(t)) + Viu(p; 0,1) < E(a’, % p°) +/0 (Ce(r), Eu(r))z dr,

since all the terms on the left-hand side are sequentially lower semicontinuous with respect to the convergences
of @, €x, Py, It remains to prove the opposite inequality.
We fix t € (0,7 and for all k € N we consider a collection of points {si}¥_; in [0,] satisfying

0=s) <sp<--<shit<sh=t kli}noloiirllaxk|s}€—sz_1|—>0.

For alli =1,..., k we have
(k). ulsh) — w(sh) +w(s™),esh) ~ Bu(sh) + Bu(si ), plsh)) € Dlals™) x Alw(si)).
By using (gsl) in t = si‘l forall k e Nand i =1,...,k we deduce

i ,6(5;@)717(32)) + H(p(s}c) — p(sz_l))
w(s}) — Ew(s "))z + Q(Ew(sy) — Ew(s}™")

Ealsy ) elsi )plsy 1) < Ela
&

|
—~
Q

9]
—~

V)
s
~—
e3]

< E(alst), e(sh), p(si)) + H(p(si) — p(sy 1)) — /k (Ce(s}), Eu(r))2 dr

Sk
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+iH11an — st 72/ | Eair(r)]|3 dr.

=1,...,

By summing over i =1, ...,k we get

E(a®,e2,p%) < E(a(t),e(t), p(t) + Vu(p;0,t) — / (Céx(r), Ew(r))s dr
+ max s} — 5 72/ B (r)||2 dr, (3.20)

where éj: [0,7] — L?(;M2X") is defined as

Sym
ér(t) =e(si) forallte [si ! st), éx(T) = e(T).

Since € (r) — e(r) in L*(; M2X") for a.e. r € [0,] as k — 0o, we can use the Dominated Convergence Theorem
to derive

t

lim [ (Cég(r),Ew(r))zdr = /0 (Ce(r), Ew(r))z dr.

k—oo Jo

By passing to the limit as k¥ — oo in (3.20) we get the other opposite energy inequality. Hence, (o, u,e,p)
satisfies (qs2) and it is a global quasistatic evolution from [0, 7] into H'(Q;[0,1]) x A. O

3.3. Continuity in time

In this subsection we investigate the regularity in time of global quasistatic evolutions (o, u, e, p) in the sense
of Definition 3.1. More precisely, we show that every evolution is continuous at every continuity point ¢ of
a: [0,T] — LY(£2). We point out that such a property improves the continuity result of Lemma 3.4.

We start by proving several preliminary results. In the first one we show that every global quasistatic evolution
is strongly continuous up to a countable set.

Lemma 3.9. Assume (2.2)~(2.7) and (2.9). Let (o, u,e,p) be a global quasistatic evolution from [0,T] into
HY(Q;[0,1]) x A. There exists a countable set N C [0, T] such that the quadruple (o, u, e, p) is strongly continuous
from [0, T\ N into H'(Q) x A.

Proof. From Lemma 3.4 we know that there exists a countable set N; C [0, T] such that every global quasistatic
evolution (a, u, e, p) is weakly continuous from [0, 7]\ N into H*(Q) x A. Moreover, since the map ¢ — Vy(p; 0,t)
from [0, 7] into R is increasing, there exists a countable set No C [0, 7] such that ¢t — Vi (p;0,t) is continuous
from [0,7]\ Nz into R. In particular, the energy equality (qs2) yields that the map ¢t — E(a(t),e(t),p(t)) is
continuous from [0, 7]\ Nz into R.

Let us define N := N; U Na. We fix to € [0,7] \ N and a sequence (tx)r C [0,7]\ N such that t; — to as
k — oo. Thanks to Lemma 3.4 we have

afty) = alts) in HY(Q) as k — oo, u(ty) = u(ts) in HY(Q;R") as k — oo,
e(ty) — e(tss) in L2(Q; M) as k — oo, p(tr) — ptse) in HY(Q Mg as k — oo,

and by the Sobolev Embedding Theorem (see also Rem. 2.3), for all € [1,6) we get

alty) = afts) in L) as k — oo, u(ty) = u(tss) in LI R™) as k — oo,
p(tr) = p(tso) in LO(Q M) as k — oo w(ty) = w(ts) in HY(Q;R") as k — co.
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In particular, we derive that

E(alton), eltoc), Pltoc))
< liminf Q(e(ty) + lim_ D(a(t)) +liminf [Va(t)|3 + lim Q(a(te),p(t)) +liminf | Vp(te)]3

< T £t el o) = &ttt 1)
This implies that

Qle(toe)) = liminf Q(e(te)), || Va(too)f = liminf [Valtn) |3, [Vp(ta)]3 = liminf [Vp(ts) 3
If we use also that

hm 1nf(ak + b)) < limsupag + hm 1nf b <limsup(ay + bg) for all two sequences (ag )k, (bx)x C R,
k— o0 k—o0

we conclude that
Qle(t)) = Jim Qe()), [ Valta)ld = lim [Va(t)l3,  [Vp(t)l3 = lim [Vp(te)]3

Hence, thanks to (2.4) we obtain the following strong convergences:

alty) = alte) in HY(Q) as k — oo, e(ty) = e(to) in LA(QMLXD) as k — oo,
p(tr) = pltee) in H'(QMLXT) as k — oo.

Finally, by Korn Inequality, we derive

IVu(ty) = Vu(too)ll2 < C ([[ultr) — ultoo)ll2 + lle(tr) — eltoo)ll2 + [P(t) = p(toc)l|2) = 0 as k — oo

Therefore, the quadruple («, u, e, p) is strongly continuous from [0, 7]\ N into H*(2) x A. O
Moreover, for all o € H'(Q;[0,1]), e € L*(;M2X), p € H (M), and 8 € H'(Q) we define

0.E (e, e,p)[B] :/Qd(oz(x))ﬂ(x) dx + 2 /Q Va(z) - Va(z) dz +/ B(a(x))ﬁ(m)p(x) :p(x) da.

Q

By Remark 2.3 we deduce that 0,€(a, e, p)[f] is well defined, and we can identify 9,€(c, e, p) as an element of
(HY(Q))' by setting

(0a€(a,e,p), B) == 0u€(a,e,p)[B] forall g€ Hl(Q)
Remark 3.10. If we extend d and B to the whole R as

d(0) + ad(0), B(a) == B(0) + aB(0) for all a € (—o0,0), (3.21)
d(a) =d(1) + (a — 1)d(1), B(a) = B(1) 4 (o — 1)B(1) for all o € (1, 00), (3.22)

so that

d € C'(R;[0,00)) N C*¥'(R;[0,00)), B e C'(R; Lin(MZ7; ME5)) N CH(R; Lin(ME; M),

sym 7 ' isym sym 5 ~'tsym
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then by the Dominated Convergence Theorem we derive that 9,E(c, e, p) is nothing else that the Gateaux
derivative of £ at a € H'(Q;[0,1]) in the direction 8 € H* ().

In the next lemma, following the ideas of [16], Theorem 3.6 and [35], Lemmas 3.2, we show that every global
quasistatic evolution satisfies some variational inequalities.

Lemma 3.11. Assume (2.2)—(2.7) and (2.9). Let (a,u,e,p) be a global quasistatic evolution from [0,T) into
HY(9;]0,1]) x A.

(a) For allt € [0,T] we have
Da(alt), e(t), p(t)[B] = 0 for all B € H(Q) with 3 < 0. (3.23)
(b) For all t € [0,T] and (v,,q) € A(0) we have
—H(q) < (Ce(t),n)2 + 2(B(a(t))p(t), @)z + 2(Vp(t), Vg)2 < H(—q). (3.24)
(¢) Foralit € [0,T] and (v,n,q) € A(w(t))

Qe(t)) + Qn — e(t)) + Q(a(t), p(t)) + Q(alt),a — p(1)) + [|Vp()13 + Va — Va(t)ll3
< Q(n) + Qal(t), q) + [IVall3 + H(g — p(1)). (3.25)

Proof. (a) We first extend d and B to the whole R as in (3.21) and (3.22). Hence, as observed in Remark 3.10,
for all o € H'(Q;[0,1]), e € L*( M), p € H (ML), and 8 € H'(Q) we have

sym

lim Ela+ AB,e,p) — E(a, e,p)
A—0t A

= 8a5(a7e,p)[6]. (326)

We fix t € [0,7]. Let 8 € H*(Q) with 3 <0 and let A > 0. Since (a(t) + A8)" € D(a(t)), by (gsl) we get
E(a(t),e(t),p(t)) < E((alt) +AB)T, e(t), p(1)).

Moreover, by (2.2), (2.5), (3.21), (3.22), and the fact that «a(t) > 0 we have

D((a(t) +A3)") < D(a(t) + AB), [V ((a(t) + AB) D)5 < IV (alt) + AB)]I3,
) *op(t) < Q(a(t) + A3, p(t)).

Hence, we derive
E(a(t),e(t),p(t)) < E(alt) + AB, e(t), p(t)).

By dividing for A > 0, sending A — 0%, and using (3.26) we get (3.23).
(b) For all (v,n,q) € A(0) and A > 0 we test (qsl) with

(a(t),u(t) + v, e(t) + An, p(t) + A\q) € D(a(t)) x A(w(t)),
and we get

Q(e(t)) + Qalt), (1)) + I VR()13 < Qle(t) + An) + Q(a(t), p(t) + Ag) + [V (p(t) + Ag)lI3 + NH(q)-
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By dividing for A > 0 and sending A\ — 07 we get one inequality of (3.24). To get the other inequality, it is
enough to replace (v,7,q) € A(0) with (—v, —n, —¢q) € A(0).
(¢) By (3.24) for all (v,n,q) € A(w(t)) we get

Q(e(t)) + Qn — e(t)) — Qn) + Qa(t), p(t)) + Q(a(t), q — p(t)) — Qa(t), q)
+ Ve + Vg — Vp)|15 — IVall3
= (Ce(t), e(t) —n)2 + 2(B(a(t))p(t), p(t) — q)2 + 2(Vp(t), Vp(t) — Vq)2 < H(q — p(t)),

which is (3.25). O

Remark 3.12. The assumptions d(0) < 0 and B(0)¢ : £ < 0 for all £ € M in (2.2) and (2.5) are needed to
deduce (3.23) for all 3 € H'(Q) with 3 < 0.

By (3.24) we deduce that every global quasistatic evolution (a,u, e, p) satisfies
divCe(t) =0 in D'(Q;R"™) for all t € [0,T]. (3.27)
Indeed, since (¢, E¢,0) € A(0) for all ¢ € C°(2;R™) and H(0) = 0, by (3.24) we deduce
(Ce(t),Ep)a =0 for all ¢ € C(;R™),

which is (3.27). Let us recall also the following integration by parts formula.

Lemma 3.13. Let e € L?(Q;M2X") satisfy

sym
divCe =0 in D'(Q;R"). (3.28)
Then, for all w € HY(Q;R™) and (v,n,q) € A(w) we have
(Ce,q)2 = —(Ce,n — Ew)s. (3.29)

Proof. Since e € L?(Q;M2X™), by using a density argument in (3.28) we derive

sym
(Ce,Eqp)g =0 for all ¢ € Hy (S R™).
In particular, for all w € H'(Q;R") and (v,7,q) € A(w), we get
(Ce,q)2 = (Ce,Eu— 1)z = —(Ce,n — Bw)y + (Ce, E(u — w))2 = —(Ce,n — Ew)y,

which is (3.29). O

Moreover, we need the following version of Gronwall Inequality, whose proof is analogous to the one of [16],
Lemma 5.3.

Lemma 3.14. Let a,b € R with a < b. Let f: [a,b] — [0,00) be a bounded measurable function, let g: [a,b] —
[0,00) be a non-decreasing function, and let h: [a,b] — [0,00) be an integrable function. Suppose that

t

t 2
f(t)? < g(t)? +/ f(r)h(r)dr + (/ h(r) dr) for all t € [a,b]. (3.30)
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Then,
3 [t
Fi) <g(t)+ 5/ h(r)dr for allt € [a,b]. (3.31)
Proof. Let tg € [a, b] be fixed. Define
to 2
Yo i= g(to)* + (/ h(r) dr) . (3.32)

If 79 = 0, then g(tp) = 0 and h = 0 a.e. on [0,%p], which implies that f(¢o) = 0 by (3.30), and so (3.31) is
satisfied. Therefore, we may assume that 7y > 0 and we define the function

V() = / " HOhr) dr for all 7 € [at].

By assumptions V' € AC([a, to]) and V(t) = f(t)h(t) for a.e. t € [a,to). Therefore, thanks to (3.30) we derive
that V(¢) < h(t)y/70 + V(t) for a.e. t € [a,to]. Integrating between a and ty, and using (3.32) we get

to to
2/ VTHo) + 70 < 2m+/ h(r) dr < 29(to) + 3/ h(r) dr.
a a
On the other hand, by (3.30) we derive f(tg) < \/V(to) + 0, and so

2f(to) < 2g(tg) + 3/ ' h(r)dr,

which gives (3.31). O

We can finally prove the strong continuity of a global quasistatic evolution (c, u, e, p) from [0, T] into H'(Q) x
A at every continuity point ¢ of a: [0,T] — L' ().

Theorem 3.15. Assume (2.2)~(2.7) and (2.9). Let (a,u,e,p) be a global quasistatic evolution from [0,T] into
HY(Q;[0,1]) x A. Then, there exists a constant C' > 0 such that for all t1,ty € [0,T] with t; < ta we have
[a(tz) — a(te)lmr + lle(tz) — e(tr)l|2 + [[p(t2) — p(t1)] 2

<0 (Jattz) ~ aenl + [ 1Ba0)2ar). (339

ty

lu(ts) — u(t) || < C (||a<t2> —alt)lh + / () dr) | (3.34)

Remark 3.16. Therefore, every global quasistatic evolution («, u, e, p) is (strongly) continuous from [0, T into
H'(Q) x A, except for a countable subset of [0, T], which is the set of discontinuity points of o with respect to
the convergence in L(£2). Moreover, if « € AC([0,T]; L*(9)), then (a,u,e,p) are absolutely continuous from
[0,T] into H*(2) x A.

Proof. We fix t1,ty € [0,T] with ¢; < to. We test (3.23) in ¢; with 5 := a(t2) — a(t1) and we use the identity

[Va(tz)]3 = [Valtz) = Va(t)l3 = [Va(t)]3 = 2(Va(ty), Valtz) = Va(ty)),
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to derive that

IVa(tz) — Va(t)]3

< [IVa(t2)[3 — IVa(t)ll3 + (d(a(ti)), altz) — a(ty)z + Bla(t))(altz) — a(t))p(ty), p(t))2-

We now test (3.25) in ¢; with

(0,1, 9) = (u(t2) —w(tz) + w(tr), e(tz2) — Bw(ts) + Ew(tr), p(t2)) € A(w(tr)),

and we get

p(t1)) + Qa(tr), p(t2) — p(t1)) + [ Vp(t1) 13 + IVp(t2) — Vp(t1)|3

Qle(t1)) + Qle(ta) — e(tr) — E(w(tz) — w(t1)))
t),
= BE(w(tz) —w(t) + Qa(ty), p(t2)) + [ Vp(t2) |13 + H(p(t2) — p(t)).

In particular

Qe(t2) — e(t1)) + Q(a(t), p(t2) — p(tr)) + [ Vp(t2) — Vp(t)lI3
< Q(e(tz)) — Qle(tr)) — (Ce(tr), E(w(ta) — w(t1)))2
+Q(a(tr), p(t2)) — Qa(tr), p(t1) + [Ve(t2) |13 — IVp(t)3 + H(p(t2) — p(t1)).

Moreover, by (gs2) evaluated in ¢; and o, we have that

H(p(tz) — p(t1)) < Vu(piti,ta)

= £(altr), e(tr), p(tr)) — E(alts), eta), plts)) + / " (Ce(s), Bi(s))s ds.

If we sum (3.35) and (3.36) and we use (3.37) we deduce that

Qe(tz) — e(tr)) + Qaltr), p(t2) — p(t1)) + [ Vp(t2) — Vp(t)|3 + IValtz) — Va(ty)3
< 2(C(e(S) —e(t1)), Eir(s))2ds + D(a(tr)) — D(a(tz)) + (d(a(t)), altz) — a(tr))2

Q( (t1), p(t2)) = Qaltz), p(t2)) + Ba(tr))(altz) — alt))p(tr), p(t))z.

By (2.2) and (2.5), for all o, € [0,1] and £ € M7X™ we have

sym

|d(o1) — d(az) — d(a1)(a1 — az)] < ||d]|sclar — asl?,
IB(a1)€ : € = B(aa)é : € — Blay) (a1 — a2)é : €| < Bl — aal[€]%.

Therefore, thanks to (2.4) and the uniform estimates (3.6), we have
%He(tz) —e(t)3 + Q(a(tr), p(t2) — p(t1)) + [ Vp(tz) — Vp(t1)|[3 + [ Valts) — Va(t)|3

< / (Clels) — eltr)), Fii(s))a ds + [dllsellalta) — alt) [ + [Bllocllat) — alt) 12lp(t)]2

+Q(a(t1),p(t2)) — Qalt2), p(t2)) — Qla(tr), p(t1)) + Q(alt2), p(t1)),

23

(3.35)

(3.36)

(3.37)
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- / “(Clels) — eltr)), Bui(s))2 ds + [dscllaltz) — alt) 2 + [Bllscllaltz) — alt) 2lp(t)|
+ (Bla(tr)) — Bla(t2))(plts) — p(t2)), pltz) + plt2))
< Cllalts) — a(t2) 2 + Crlla(ts) — alt)lalp(ts) — p(ts) ]2 + Cr / le(s) — e(t)[l2[Ber(s)|2ds  (3.38)

for a constant Cy > 0.
By Remark 2.2, the uniform estimates (3.6), and (2.10), (3.37), there exists a constant Cy > 0 such that

rap(t2) = p(t)lls < H(p(t2) — p(t1))
< E(aftr), e(t1), p(tr)) — E(altz), e(ta), p(t2)) +/t 2(<C€(S), Eu(s))z ds

< Q(e(t1)) — Qle(t2)) + D(a(t)) — D(a(t2)) + [IVa(t1)ll3 — [IVal(t2)ll3
+Q(altr), p(t1) — Qa(tr), p(t2)) + Q(a(tr), p(t2)) — Qla(tz), p(t2))

+IVa(t)ll3 — HVp(tz)H%Jr/tQ(Ce(S),Ew(S))zdS
< Ca ([leltz) — e(t)ll2 + llalte) — a(tr)lla + [Valte) = Va(ti)ll2)

+Cy W@(a(m,p(tz) —p(t1) + IVp(ta) = Vp(t)lla + [ ||Ew<s>||2ds) .

ty

Therefore, if we use also (3.38) we deduce the existence of a constant C3 > 0 such that

rillp(tz) — p(t)7
< 303 (le(t2) — e(t)l3 + lla(t2) — a(t) 15 + [Va(t2) — Va(t)13)

to 2
+303 <Q(a(t1),p(t2) —p(t1)) + [ Vp(t2) = Vp(t1)|3 + ( [Ew(s)]l2 ds) )

ty

< Cslla(tz) — a(ty) |7 + Cslla(ty) — a(tz)llallp(tz) — p(t1)]|2

+03/tz le(s) — e(t2) 2| Eai(s) | ds + Cs (/t ||Eu’1(s)||2ds> . (3.39)

By summing (3.38) and (3.39) and using also (2.13), we can find a constant Cy > 0 such that

le(t2) — e(t1)lI3 + Ip(t2) — p(t) |7 + lla(t2) — a(t) 7

< Culla(ta) — a(tr)]F + Calla(tr) — altz)||4llp(t2) — p(t1)ll2

vof Je(s) = et lalEa(s)feds + C | Eus)ads)

Firstly, we use Young Inequality

lactr) — at2)llallp(t2) — p(t)]l2 < Cella(ts) — alt) |5 + ellp(t2) — p(t)F: for all € > 0,
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and then Lemma 2.7 with € = 4 to derive that
le(ta) — e(t1)[|5 + lIp(t2) — p(t2) |71 + [le(tz) — a(ta) |7

< Csllalts) — at) 2 + Cs / lle(s) — e(t) 12 [Bei(s)]2 ds + Cs ( / ) ||Ew<s>2ds)

t1

2

for a constant C5 > 0. In particular, there exist a constant C' > 0 such that

(le(tz) — e(t1)ll2 + Ip(t2) = p(t1) |l + lla(tz) — alts) ]| g2)”

to to
< C¥la(ty) — a(t)|? +C lle(s) —e(t1)]2]|Ew(s)||2 ds + (C/ Ew(s)||2ds) ) (3.40)
t1 ty
Let us define the functions
@) = lle(t) —e(t)ll2 + [Ip(t) — p(t1)||mr + la(t) — a(t)l|g:  for all t € [t1, 17,
g(t) = Clla(t) — a(t)|ly for all t € [t1,T], h(t) = C||Ew(t)||s for a.e. t € [t1,T].

Therefore, by (3.40) we deduce

t t
f®?<gt)>+ [ f(s)h(s)ds+ (/ h(s) ds> for all ¢ € [t1,T].
t1 tl
We can apply Lemma 3.14 to deduce (3.33). Finally, by Korn Inequality we have
[u(tz) — u(t1)ll2 < Cslle(t2) — e(t1)ll2 + Csllp(t2) — p(t1)ll2 + Collw(tz2) — w(ta)| m
for a constant Cs > 0. Hence, by (3.33) we derive (3.34). O

4. APPROXIMATE VISCOUS EVOLUTIONS

The present section is devoted to prove the existence of a quasistatic evolution for a viscous regularization
of our elastoplastic-damage model, driven by a small parameter € € (0,1) (see Def. 4.10). As in the previous
section, this is done by using a time discretization scheme.

4.1. Discretization in time

Let € € (0,1) be fixed. As in Section 3 we consider an initial configuration (a®,u%, €% p°) € HY(Q;0,1]) x
A(w(0)) which satisfies (3.9).
For all £k € N we define

T . . ,
Tk =1 ty, =i, wp=w(ty) fori=0,...k.
Starting from
(agau27€27p2) = ( Oauoaeovpo) € Hl(Q7 [07 1]) X A(’LU(O)),

foralli=1,...,k we define

(k> ks €k, Pk) € Dl ) < A(w})
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as the solution of the minimum problem

. i— £ i—
win,  Se@oa) 1 + Sl - a1 @)
(Bwm,q)€D (g ) x A(w},) Tk

As in Section 3, the minimum problem (4.1) admits a solution (a,ul,el,ps) € D(ai ) x A(w}) for all i =
1,..., k. Moreover, it satisfies the following properties.

Lemma 4.1. Assume (2.2)-(2.7), (2.9), and (3.9). The following hold for allk € N andi=0...,k.
(a) For all (v,1,q) € A(w,)

E(ah, e p) < E(af,n,q) + Hg — pp)-
(b) For all (v,1,q) € A(0)
—H(q) < (Cej, )2 + 2(B(a})p}, q)2 + 2(V}, V)2 < H(—q).
In particular
divCel, =0 in D'(Q;R™). (4.2)
(¢) For all (v,1,q) € A(w})

Q(e}) + Qn — e}) + Qlat, pk) + Qak, a — pi) + IVPLI3 + Vg — VoL ll3
< Q(n) + Qlay, q) + | Vall3 + H(g — pi)-

Proof. (a) For i = 0 this is true by (3.9), while for i = 1,...,k and (v,7,q) € A(w}) it is enough to use (4.1)
together with

Mg —py ") = Hpk — 0y ") < Mg —pi)-
(b) For all (v,7,q) € A(0) and A > 0 we text in (a) with (u}, + v, el + An, pt + A\q) € A(w}), and we get
Q(et) + Qak, pi) + [IVPLIIZ < Qlek — An) + Q(aj, pi, — Ag) + [V (B}, — A@) 13 + AH(—0).
By dividing for A > 0 and sending A — 0T we get one inequality of (b). To get the other inequality, it is enough
to replace (v,7,q) € A(0) with (—v, —n, —¢q) € A(0).
Let now ¢ € C°(Q). Then (¢, E¢,0) € A(0) and by using (b) we get

(Cel,Eg)y =0 forall ¢ € C(R™),

which gives (4.2).
(c) Thanks to (b), for all (v,n,q) € A(w) we get

Q(e}) + Q(n —ep) — Qn) + Q(ai, pi) + Qlaj. g — p) — Qo q)
+ VoLl + Ve — Vi ll3 — I Va3
= (Cey,, 3, — M2 + 2(B(oy, )Pk, Pk — @)2 + 2(Vpy, Vi, — Vq)2 < H(q — pp),
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which implies the desired inequality. O
Forall ke Nand i =1,...,k we define

7 —1 i 1—1 7 1—1 7 7—1 i 1—1
i QT Oy i U T Ug o Gk T 6 i . Pp — Dg i Wg — Wy
ak = , Uk =, ek =, p}{) =, wk =
Tk Tk Tk Tk Tk

By arguing as in Lemma 3.7, we can derive the following discrete energy estimates.

Lemma 4.2. Assume (2.2)—(2.7), (2.9), and (3.9). For allk € N and i =1,...,k we have
E(aj,efpi) + Y ML) + 3 > mlléqls < £, €% p°) + Y m(Cel T Baird ) + O,
j=1 j=1 j=1

where 0, — 0 as k — oo is defined as in (3.13). In particular, there exists a constant C' > 0 independent of
e, k,t such that

k k
max [lef]l2 + max |pjllm + max [ajllm + D mHEE) +e Y mlldills < C. (4.3)
1=0,...,k 1=0,...,k 1=0,...,k Py =

Proof. Tt is enough to proceed as in the proof of Lemma 3.7. O

We now show a variational inequality for the quadruple (o, uf, e, ph), similarly to Lemma 3.11-(a).

Lemma 4.3. Assume (2.2)=(2.7), (2.9), and (3.9). For alli=1...,k we have
Do (ay, e, i) [B) + (6, B)2 >0 for all B € H' () with B < 0. (4.4)
Moreover
D& (0, ek, Pk)[ék] + el 13 = 0. (4.5)

Proof. We extend d and B to the whole R as in (3.21) and (3.22). We fix k e Nand i = 1,... k. Let 3 € H'(Q)
with 8 < 0 and let A > 0. If we consider (af + A\3)* € D(ai 1), by (4.1) we get

i € i i i i i € i i
E(o, ek, ph) + s—llok — oy M3 < E((af, + AB) T ek, pi) + s— (e + AB) T — o |13
2Tk 27'k
Moreover, by (2.2), (2.5), and the fact that o ' > 0 we have
D((aj, +A8)*) < D(aj, + AB) IV((af, + M) D5 < V(g + A8)]3,
Q((eg + A3, pi) < Qg + A8, p}) (e +AB)T — o I3 < llag + A8 — aj 13,
Hence
ii i € i i— i i € i i—
E(, €hpk) + s—llak, — o) I3 < E(ag + A8, ek, pi) + 5o + AB — o 13
27y, 27y,

By dividing for A > 0, sending A — 0%, and using (3.26) we get (4.4).



28 M. CAPONI AND V. CRISMALE

If we use § = ¢}, in (4.4) we get the first inequality of (4.5). To get the other inequality, we fix X € (0,7)
and we consider o — Adi € D(a} ). Hence, thanks to (4.1) we have

i € i i i i i € i i Y
E(ay €y D) + 5 llag, — e 13 < E(ag, — A, €, pi) + 5—llag, — a7t = Adg 3.
27y, 27T
By dividing for A > 0, sending A — 07, and using (3.26) we derive (4.5). O
Remark 4.4. As in Section 3, the assumptions d(0) < 0 and B(0)¢ : € < 0 for all € € M in (2.2) and (2.5)

are needed to prove that (4.4) holds. Indeed, another way to prove Lemma 4.3 is to observe that, in view of (2.2)
and (2.5), the quadruple (ad, ui,ei, pt) € D(ak ) x A(w}) satisfies the following minimum problem

min 5 » ' +H - i1 +7 _Oéz_l 2"‘]700 _O[Z_l }7
(B,v,m,q)€EH () x A(wl) { (B n q) (q Py, ) 27 HB k HQ ( ,0] (B k )

where I(_ o o): H'(Q2) — [0,00] is defined as

0 ifac<O,

oo otherwise

I_ () = { for all « € H'(Q).

Therefore, it follows that

. . I3 . i . i
~Oaf(a, €l pie) — (o), — oy 1) € o 0p(af — i), (4.6)

where 0I(_ () C (H'(£2))" denotes the subdifferential of I(_, ¢ in «, defined as

Ol —oo0)(@) = 1{n € (H'(Q)) : I(—o0,0)(B) = I(—oo,0)() + (n, B — a) for all 3 € H'(Q)}.
Since

(n,B) <0 forall € H(Q) with 8 <0,
:O,

ne 8[(70070] (a) <— {<7], a>

from (4.6) we immediately derive (4.4) and (4.5).
Remark 4.5. Arguing as before, by (3.9) for all § € H'(Q2) with 8 < 0 we deduce

Do (a®, e, p")[B] > 0. (4.7)

In the same spirit of Theorem 3.15, in the following lemma we show that we can estimate the norms of uy,
ék, Pr by the norm of ¢, and wy times a constant independent of k and e. The proof follows the one of [30],
Lemma 3.6.

Lemma 4.6. Assume (2.2)—(2.7), (2.9), and (3.9). Define for allk e N andi=1 ...,k

wi, = [lag, — a2 + [[Bwg, — Bwy o
There exists a constant C > 0, independent of €, k, i, such that for alli=1,....k and k € N

ek — €5 o + Pk — oyl < Cwy. (4.8)
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In particular, for alli=1,...,k and k € N we have
luj, = < O(fwy, — w; l2 + ). (4.9)
Moreover, for alli=1,...,k and k € N
H(pr) < (Cepypr)2 — 2B(a)pk, i) — 2(VPh, VB )2 + O ([l )13 + [[Ew[I3) - (4.10)
Proof. We fix k e Nand i =1,...,k. If we test Lemma 4.1-(c) in ¢ — 1 with

(ug, — (wi, — wy ™), e, — Blwy, —w;™"), pi) € Alw; ™),

we get
Qe ) + Qe — et — E(wp, —wi 1))
+ Qo pi ! )+Q( H,p?g Pi 1)+\|Vp i3+ VL — Vo 3
< Q(e}, — B(wg, —wi ) + Q(ai . ph) + IVPLI3 + H(pl, — pi ).

In particular

(e}, — ek N+ Q( ok — 1;_1) + Vo), — Vp "3
< Q(ej) — Qe ") — (Cej  E(wy, —wi )
+ Qo pk) — Qe o)+ IIVPLNE — IVl I3 + Hipk — pi ). (4.11)

We now use the minimality of (ad, ui,ei, pt) € D(aj ') x A(wi) with
(g + (wi — w7 ), e+ E(wy —wi ), py7") € D) x Alwy),
and we get
Qleg,) + Q(a;,p;) + VDLl +Hpk — w7 ")
< Qe + E(wg —wim ) + Qag, pi ) + Vo3

Hence

< Qep !+ E(wy —wy h) = Q(e) + Qlaj, pyt) = Qag, i) + Vo3 — VL1153 (4.12)

By combining together (4.11) and (4.12), we deduce the existence of a constant C; > 0, independent of ¢, k, ¢,
such that

Qes. —ep )+ Qay vk — v ) + IVpL — Vi I3

< Q(E(wj, —wi 1) + Qaj ", ph) — Qlaj,ph) — Qg ', o) + Qlaj, pi ")

< T IBuwi — Bui |3 - (Blok) — Bl )]0k — o). pk + 94 M

< Gy (|Bwj, — Buy Y3 + [l — o Hl2llpk, — pi ) - (4.13)
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Moreover, by Remarks 2.2 and 2.3 and the uniform estimate (4.3), there is a constant Cy > 0, independent of
€, k, 1, such that

ol < 0 )

<z> Q) + Q(E(w] — wi ) + (Ceb ™ Bl — w1,
(akapk N - (k )+ Qe ph) — Qg pi)
2ok w7 — Qlol " p) + IV — 19812
<02( (e —ef” +m(afsl,pﬁ;—p;;—1>+||Vp;;—Vp;:1||2)

+ Co(|[E(wy, — wy M|z + [lag, — i~ l2)-
Therefore, we have
Ipk — Pk 117
< s (Q(e, — ) + Qlaf " ph — o) + 190k — Vo3 + B — w3 + llaf — i 13)
< Cu(llog — e Hallpk = oyl + [[Bwy, — Bwy M3 + ok — a7 tI3), (4.14)

for two constants C3,Cy > 0, independent of ¢, k, 7. If we sum (4.13) and (4.14), and we use (2.4) and (2.13),
we derive that

lei, = ei I3 + llpk — 2k I3 < Cs(llak — Iz llpk — Py e + 1By — Buy I3 + g — ag'I3)

Lo e i i
< §||Pk — i 3 + Col|[Bwy, — Ewp Y3 + llaj, — aj 7 H13),

for two constants C5, Cs > 0, independent of ¢, k,i. This gives (4.8). Moreover, to obtain (4.9) it is enough to

combine (4.8) with Korn Inequality.
Finally, by combining (4.12) and (3.29), with (4.8) and the identity

jal” = b]* = ~2b- (b —a) +|b—af* forall a,b€ R,

we obtain
H(pk —pijl)
< (Cep,, E(wy, —wj ) = (e, — e 1)) + QE(w}, —wj ™))
— (C(e}, — e 1), E(wj, —wj )2 + Qlef, — ej 1)
— 2(B( )Pk, ke — pi 2 + Qpk — Pl ") — 2(Vpl, Vol — Vi V2 + Vi — Vi I3
< (Cel,,pl, — P )2 — 2(B(a})py, Pl — P )2 — 2(Vpk, Vbl — Vi )2
+C (log, — a7 I3 + |Ewp, — Ewj t[3)
which gives (4.10). O

Remark 4.7. We can rephrase Lemma 4.6 in the following way: there is a constant C, independent of ¢, k, 1,
such that for all k e Nand i =1,...,k

ekllz + 1Pkl e < Clllékllm + [1Ewkll2),  llaklla < Cllaklla + lklla).
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We now estimate, by means of the following two lemmas, the regularity in time of the viscously regularized
evolutions, taking value in the target spaces of the internal variables, with respect to the H'(0,T) norm (for
fixed € € (0,1)) and the W1(0,T) norm (uniform in € € (0, 1)).

Lemma 4.8. Assume (2.2)-(2.7), (2.9), and (3.9). There exists a constant C > 0, independent of €, k, i, such
that

[EAlE: +;rk||a§;||§p < ge%ti for all k > g andi=1,...,k. (4.15)

Proof. We fix k € N. By the uniform estimate (4.3), the identity (4.5) with ¢ = 1, the variational inequality (4.7)
with 8 = é4, the (4.8), and Remark 2.3 we have

elle |3 + 27|l apl T < 0al(a, eh, o) [6k] — O, ek, Pi) 6] + 27k |Gk || 30
- /Q (d(ad(x)) — d(ad (2))]ah(x) dz + 2|32
12 [ Bol(x)) — Blok(2))ad (@)pl(x) : p(z) de

-2

S— 55—

B(a(2))dg (2) (ph(2) — pR(2)) « (k(2) + ph(x)) da

< Crre(llagll3 + llaxlli + lagll2llpk — pRlla)

< Comi([lo 15 + B 3), (4.16)

for two constants C1,Cy > 0, independent of ¢, k. Similarly, for j = 2,...,k we use (4.5) in j and (4.4) in j —1
with 3 = &, and we get

e(dg, dp — &4 )2 + 27l dhllFn < 0allal ek IeR] — al (g, e ph)[67) + 27161 o

- /Q (d(0d ™" () — d(od (2)))d () d + 2|3

< Cs7y
< Cytye

.7 .9 . q ; i—1
e 113 + lleallZ + e llallpr. — pi " ller)
(15 + 1B [13). (4.17)

for two constants C3,Cy > 0, independent of ¢, k, . We now use the estimate

Y - En.j € j— .
e(ag, &, — g o = Skl — Sllag 13 foralli =2, k,
and we sum the two above inequalities over j = 1,...,4 to derive

2 7
elapl3 + Y mllallFn < Cs [ 14> mlladf ]|  foralli=1...,k,
j=1 j=1
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for a constant C5 > 0, independent of €, k,7. By Lemma 2.7 with § = 4 for all A > 0 there exists a constant
C'\ > 0 such that

lall? < M|Valz + Cllal3  for all « € HY(Q).
Hence, there exists a constant Cg > 0, independent of ¢, k, i, such that
ellapll3 + Y mwllaF < Co [ 14> mllédl3 | - (4.18)
j=1 j=1
Therefore, by applying the discrete version of Gronwall Inequality of [36], Lemma 3.2.4, we derive that

Cs

, 2T
ek ||2 < =t for all k >

2C
—6e20 andi=1,... k.
€

Finally, if we combine the above inequality with (4.18) we obtain (4.15). O

Lemma 4.9. Assume (2.2)—(2.7), (2.9), and (3.9). There exists a constant C > 0, independent of e, k.4, such
that

zk:TkHoﬁ;HHl <C forallk eN. (4.19)
i=1

Proof. We fix k € N. If we set &Y := 0, by (4.16), (4.17), and the inequality

e(df, 6], — &)z > ellaqlla(llcllz — a7 o) forall j=1,.. .k,
we can find a constant C; > 0, independent of ¢, k, j, such that
ellaglla(lagllz = l6d ™ l2) + 2mellad I Fn < Came(llag )5 + IEwL|3) for all j =1,..., k.
By Lemma 2.7 with 6 = 4, for all A > 0 there exist C}, Cy > 0 such that
leld < AIVal3 + Callallf < AIVall3 + Callalhllalls  for all a« € HY(€).
Hence, we deduce that
ellagll2Claqlla = laq ™" l2) + el 17 < Com(lidglhlled s + B ]3) forall j=1,... k,

for a constant Cy > 0, independent of ¢, k, j. By multiplying the above inequality by % and taking into account
that [|aq,|| g > || ||2, we derive that

2027-k

28 (ol + [Ead3) for all j=1,...k.

A lad -1 Tk gyz ., Tk
2l|agllz(llagllz =l 1) + —llaqlls + gl <

From now on, the proof follows closely the proof of [30], Proposition 3.8, employing in particular the dis-
crete Gronwall Inequality with weights from [29], Lemma 4.1. We detail all the passages below, for reader’s
convenience.
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Let us set ag == ||d}|2 =0and for j =1,...,k
Tk . j Thy ) 2C2Tk Cotk . j
C=2 ap=ladle b=y Eladlm, o= T2 R, d= 2@
Therefore, we can rephrase the above inequality as
2a;(a; — aj_1) +2Ca3 + b5 < 5 +2a;d; forall j=1,... k.
Hence, we can apply [29], Lemma 4.1 and we use that ag = 0 to deduce
J J 2
Z 1+ )= 152 <2Z 1+ ¢)20h=9) (Z 1+ Q)™ 1dh> forall j=1,...,k
hel h=1
In particular, for all j =1,...,k we derive
j j j 2
20 (1 + QPR <8C¢ Y (14 ¢T3 + (4024 >+ c>h—f—1||a2||1>
h=1 h=1 h=1

We now use the inequality
a>+b* <(a+b)?<(1+a®>+0b)? forallab>0,

to estimate from above the right-hand side by

2

J J
(1 +8C2C Y (L4 Q)P [Ba 3+ 4CaC Y (1 + oh“laé;h)

h=1 h=1

(14 ¢~ 1) (c
h

(1+C)2(h‘j)‘1||d2||?11> ,

Moreover, for all j = 1,...,k we have

I M“‘

-

J
¢ A+ el < (c
h=1

(
h

2
(14t IIdZH?p)

M- 18-

Il
-

since
J
C(1+C)(1*(1+C) ) (149
(1+4¢)2h=9-1 = (14 < <1. 4.20
C}; Sk 1+CZ <) (1+¢)?% - - 2+4(¢ T (4.20)
Therefore, by combining the previous inequalities we deduce that for j =1,...,k

J
¢+ P 6 < Cs <1+§Z (14 )=~ lllekll2+<Z 14 Q)7 1||ah||1> (4.21)
h=1

h=1 h=1
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for a constant C3 > 0 independent of €, k, j. We now multiply both sides by 7, and we sum over j =1,...,k,
to obtain

E J
CO D (4O

j=1h=

—_

k J
T+CZZ (14 ¢)h=9) 1||Ewk||2+CZZTk1+Ch] Yak |- (4.22)
j=1h=1

j=1h=1

If we change the order of the sum and we argue as in (4.20), we derive

k J k k
—iy— ) 1+¢ . .
YD 1+ QPP Ewp 3 < EN Sl Eapl3 <> melBug 3, (4.23)
j=1 h=1 h=1 h=1
Ej L k
D m(+ QM ldg ] < m ZTkHdZHl <> mllags, (4.24)
j=1h=1 h=1 h=1
k 7 k
O m@+ QP g g = Z (14 Q2P| ag | a1 (4.25)
=1 h=1 h=1
Hence, by combining (4.22)—(4.25) we derive
k k k k
1 . . . k1)1 -
2 > Tl g < Cs (T + ) Tl Eaip]l3 + ZTkOé21> + ) T+ QPR o
h=1 h=1 h=1 h=1
Since 1, = 2¢¢, by (4.21) we have
k k
S (14 9P = ¢ S+ O
h=1 h=1

k
Cs (26 + ZTkHEwZH% + ZTk|dZ|1> ;
h=1 h=1

which gives

k k k
Sl < Co (1 P Bl + ZmlI%’iIh)
h=1 h=1 h=1

for a constant Cy > 0 independent of ¢, i, k, since ¢ € (0, 1). Finally, we observe that

k k
Shy ahfl —a T = o2(2) — o . "
Sl =3 [ 0f™ )~k dr = [ (obie) - ab@)ar < @)

Hence, we obtain (4.19). O
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As done in the previous section in (3.15) and (3.16), we introduce the piecewise constant interpolants
g [0,T) — HY;[0,1]), ug: [0,T] — HY(R™), eg: [0,T] — L2(Q;M2XM), Dy [0,T] — HY(Q;M2X™),

sym sym
k-

,T) — HY(;R™), and 7y: [0,T] — [0,T]. Moreover, we define the piecewise affine interpolant oy, €
Y((0,T7); H'([0,1])) as

gl 2l

T

ar(t) =a P+t -t el forte [ttt i=1,...,k,

and similarly w, € H'((0,T); H (% R™)), e € H'((0,T); L2(Q: M), and py € HY((0,T); H' (2 ML),
By using the piecewise affine interpolants, we can rephrase Lemmas 4.8 and 4.9 in the following way: there

exists a constant C, independent of k and &, such that

T
: . : ) C c C
/0 (Nl () + Il () 3+ e ()3 + llpw(r)l[7) dr < ;eg for all & = —, (4.26)
T
/ (e (M)l + [k (r) [+ [léx(r)ll2 + 1pe(F)[[g2) dr < C for all k € N. (4.27)
0

4.2. Passage to the limit

In this section we fix € € (0, 1) and we shall send k — oo to find an e-approximate viscous evolution according
to the definition below.

Definition 4.10. Assume (2.2)—(2.7) and (2.9). Let € € (0,1) be fixed. A quadruple (o, ue, €, pe) from [0, 7]
into H(Q;[0,1]) x A is an e-approzimate viscous evolution with datum w if

ae € HY(0,T; H*(©;]0,1])), u. € HY(0,T; H (Q;R™)), (4.28)
ec € H'(0,T; L* (ML), pe € H'(0,T; H' (O MET)), (4.29)

and the following conditions are satisfied:

(ev0)e irreversibility: for a.e. x € Q the map
t — ae(t,x) is non-increasing on [0,T7;
(evl)e kinematic condition and equilibrium: for all t € [0,T)
(uc(t),ec(t),pe(t)) € A(w(t)) and divCe.(t) =0 in D'(;R"™);
(ev2). stress constraint: for all t € [0,T]
H(q) > (Cec(t),q)2 — 2(B(e(t))pe(t), 9)2 — 2(Vpe(t), V)2 for all ¢ € H' (; MLT);
(ev3)e Kuhn—Tucker Inequality: for a.e. t € [0,T]
Bal(ac(t), ec(t),p=(t)[8] + e(d=(t), B)2 > 0 for all § € H'(Q) with 5 < 0;

(evd). energy balance: for all ¢ € [0,T]

£ (0 (1), ex (). pa (£)) + / Hpo(r) dr +& / (|2 dr = £(e(0), e2(0). p-(0)) + / (Cex (), Bii(r))2 dr-
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Condition (ev2). is a generalization of the standard stress constraint in plasticity. Indeed, we have the
following result.

Lemma 4.11. Assume (2.2)—(2.7) and (2.9). Let (o, u,e,p) € H'(;]0,1]) x A be satisfying

H(q) > (Ce,q)2 — 2(B(a)p,q)2 — 2(Vp, Vaq)2  for all g € H' (ML), (4.30)

Sym

If p € H?2(Q;M2X") and K is compact, then (o, u,e,p) € HY(Q;[0,1]) x A satisfies

Ce(z) — 2B(a(x))p(z) + 2Ap(z) € K for a.e. x € ).

Proof. Let g € C*(2;MZX™). By integrating by parts in (4.30) we get

Sym

H(q) > (Ce — 2B(a)p + 2Ap,q)2  for all ¢ € C27(Q; M)

sym
Since K is bounded, there exists R > 0 such that K C Br(0). Then

H(q) < R||q||1 for all g € L*(Q;M™X™),

sym

which implies that H is continuous on L?(2; M2X"). Therefore, by a density argument we derive

Sym

H(q) > (Ce — 2B(a)p + 2Ap, q)y  for all ¢ € L?(; MX™).

Sym

Let us fix £ € M™%, Since for all measurable set B C Q) we can take q := xyg& € L?(Q; M2X"), we derive

H(§) > [Ce(x) — 2B(a(x))p(x) +2Ap(x)] : € for all £ € M and for a.e. x € Q.

Therefore, Ce(z) — 2B(a(x))p(z) + 2Ap(x) € 0H(0) = K for a.e. x € . O

The following proposition is instrumental to prove existence of e-approximate viscous evolutions.

Proposition 4.12. Assume (2.2)-(2.7) and (2.9). Let € € (0,1) be fized and let (o, ue, e, pe) be satisfy-
ing (4.28)—(4.29), (ev0)e, (evl)e, (ev2)e, and (ev3d).. Then (ae,uc, e, pe) is an e-approximate viscous evolution,
i.e., it satisfies the energy balance (evd)., if and only if any of the conditions below holds true:

(evd’)e for a.e. t € [0,T] the following hold:
Kuhn—Tucker equality:

0o (ae(t), ec(t), pe(t))[de (t)] + ellée ()]]3 = 0;

Hill’s mazimum plastic work principle:

H(P(t)) = (Cec(t), pe(t))2 — 2(B(ac(t))pe(t), pe ()2 — 2(Vpe(t), VPe(t))2;

(evd”). energy inequality: for allt € [0,T)

E(ae(t), ec(t).pa(t)) + / Hpo(r) dr + ¢ / e (M) dr < E(a (0), €(0), p(0)) + / (Cex (r), Eib(r))s dr.
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Proof. (evd), <= (evd’).. Since a., e., and p. satisfy (4.28) and (4.29), then ¢ — E(a.(t),e-(t),p:(t)) is
absolutely continuous on [0, T, and for a.e. t € [0,T] we have

d

g (ae(t) ec(t), pe(t) = Oal(ae(t), ec(t), pe(t))[a=(t)] + (Cex (), €<(t))2

+ 2(Vpe(t), Ve (t))2 + 2(B(ae (t))pe (t), pe(t))2-
By (evl). we deduce that (it (t), éc(t), pe(t)) € A(i(t)) and
(Ceo(t), é<(t)) = (Ceo(t), Bai(t) — pe(t))s for ae. t € [0,T].
Hence, we derive that for a.e. ¢ € [0, ]

d

&5(045 (t), ec(t), pe(t)) = Oal(ae(t), ec(t), pe(t))[ce(t)] + (Ces(t), Ew(t))2

— (Cee(t), pe(t))2 + 2(Vpe(t), Ve ()2 + 2(B(ae (t))pe (1), pe(t))2- (4.31)
Notice that (ev4). holds if and only if for a.e. ¢ € [0, T

d

&g(ae(t)v ee(t)vps(t)) = _H(pe(t)) - ‘C:Hda(t)”g + (Ces(t)aEw(t))2~

Therefore, (evd). is equivalent to the following identity: for a.e. t € [0, T

H(pe(t)) +elle (t)]I3
= —0a&(ac(t), ec(t), pe(t))[de (t)] + (Cec(t), pe(t))2 — 2(Vpe(t), Ve (t))2 — 2(B(ae (£))pe (£), Pe (t))2-

By (ev2). and (ev3). we have

H(pe(t)) > ((Cea( ), Pe(t))2 — 2(Vpe(t), VD (t))2 — 2(B (e (t))pe (1), pe(t))2 for a.e. t € [0,T7, (4.32)
ellac(t))13 > —0aE(as(t), ec(t), pe ()] (t)] for a.e. t € [0,T]. (4.33)
Hence, we derive that (evd). is equivalent to (evd’)..
(evd), <= (evd”).. Clearly (ev4). implies (evd”).. Let us prove the other implication. By (4.31), (4.32),
and (4.33) we deduce for a.e. t € [0, T

d

(1), ec(t) po(1)) 2 (Cec(t), Bu®))s — H(p(t)) — 2lla=(0) .

Integrating over the interval [0, ¢] for all ¢ € [0, T] we get
t
E (o (t), ex(t), polt / H(pe(r)) dr + ¢ / e (M) dr > E(az (0), €2 (0), pe (0)) + / (Cex(r), Eb(r))a dr,
0

which implies (ev4). by (evd”).. O
By (ev3). and (evd’). it follows that

6”é‘&(t)”? = ;21;<780&5(056(t)7eE(t)3p€(t))7ﬂ> for a.e. t € [OaT]a
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where
F={8eH(Q): [0, |B]=1}
If we define
(f) = Sug<—f, B) for all f € (H'(Q))', (4.34)
U(a, e,p)ﬁe:: ®(0,&(a,e,p)) for all (v, e, p) € H'(2[0,1]) x L*(Q; ML) x H' (ML), (4.35)
then we deduce
U (e (t), ec(t), pe(t)) = ell o= (t)]]2- (4.36)

Hence, we can rewrite the energy balance (ev4). as: for all t € [0,T].

a%m%mmw»+Kﬂwmww+ﬁﬂ%mmw%m@wmmmmr
= £(00).cc0)2(0) + [ (Ceclr), Bz
By arguing as in [30], Lemma 4.4 we can give another characterization for the operator ® introduced in (4.34).
Lemma 4.13. Define
G={he(H(Q) : (h,8) >0 forallBeH (Q) with B <0}
and
da(f,G) = min|lglls : f+g€G}.
Then
B(f) = do(f.G) for all f € (H(Q)).

Proof. The proof follows the same lines of the one of Lemma 4.4 of [30]. It is enough to replace H™ () with
H'(Q) and to use the density of C1(Q) in H'(Q). O

We are now ready to prove the existence result of e-approximate viscous evolution for fixed e € (0,1).

Theorem 4.14. Assume (2.2)—(2.7), (2.9), and (3.9). For all ¢ € (0,1) there exists an e-approximate viscous
evolution (ae, ue, €c, pe) satisfying the initial condition

(@(0),u:(0),e:(0),p(0)) = ( Oa an eo,po)’ (4.37)

and the uniform estimates

T T T T
/“wmwmm+/|mvmpM+/HQMMM+/|mvmpwsa (4.38)
0 0 0 0

for a constant C > 0 independent of € € (0,1).
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Proof. Step 1. Let us fix ¢ € (0, 1). Starting from (o, u°, €, p°) we consider the incremental problem (4.1) and
we obtain a sequence of piecewise affine interpolants (o, ug, ex, pr) from [0,7] into H'(€;[0,1]) x A. By the
uniform bounds (4.26) and Remark 2.3 there exist a subsequence (not relabeled) and a quadruple (ac, ue, €., pe)

of functions from [0, 7] into H'(£2;[0,1]) x A satisfying as k — oo

ar — a. in HY((0,T); HY(Q)), ar — a. in C°[0,T]; L(Q)),
pre = pe in H'((0,T); H' (s M), pr — pe i CO([0,T]; L° (ML),
er —~e in H'((0,T); L*(Q; ML) up —u in H'((0,T); H'(;R™))

for all 6 € [1,6). Moreover, for all ¢ € [0,7] as k — oo

ar(t) = ac(t) in H'(Q), Pr(t) = pe(t) in H' (ML),
er(t) —e(t) in L*(%; M) T(t) = u(t) in HY(Q;R™).

(4.39)
(4.40)
(4.41)

In particular, the initial conditions (4.37) are satisfied, and by passing to the limit as k¥ — oo in (4.27), we derive

the uniform estimates (4.38). Moreover, the weak convergences (4.42) and (4.43) imply that (u.(t), ec

A(w(t)) and a.(t) € H*(9;]0,1]) for all ¢ € [0,T], and that for a.e. z € Q
t — ae(t,x) is non-increasing on [0, T].
By (4.2) and (4.42) we conclude that for all ¢ € [0, T
divCe.(t) =0 in D'(;R™).

Furthermore, by using Lemma 4.1 together with (4.42)-(4.43), we deduce that for all ¢ € [0, T]

H(q) = (Cee(t), a)2 — 2(B(ae(t))pe(t), @)z — 2(Vpe(t), Va)2  for all ¢ € H'(Q ML),

To conclude, it remains to prove (ev3). and (evd”)..

(1), p:(t)) €

Step 2. Since the functions ay, e, and py are absolutely continuous, we derive that the function t —

E(ag(t), ex(t), pr(t)) is absolutely continuous and for a.e. t € [0, T

d
dt
+ O & (i (t), ex (1), pr(t))[c (t)].

Hence, by using also (4.5) we conclude that for a.e. ¢t € [0,T]

S E(ar(t),ex(), i)

= (Cex(t), éx(t))2 + 2(B(ax(t)px(t), pi(t))2 + 2(Vpr(t), Vir ()2 — el (1)]]3-

Notice that

(Cex (1), éx(t))2

(Cex(t), éx(t))2 + (Clex(t) — Ek(t)),ék(t))%
(B(eu(t)pr(t), Pr(t))2 i ( )

(B(@x (1))Pe (1), p
([B(ak(t)) B(@x

—Ear(t), ex(t), pr(t)) = (Cex(t), éx(t))2 + 2(B ek (£)pr(t), P (t))2 + 2(Vpr(t), Vr(t))2

(4.44)
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Thanks to (3.29), since (ux(t), €x(t), pr(t)) € A(wg(t)) for a.e. t € [0,T], we get

(Ceg(t), éx(t))2 = (Ceg(t), Ewg(t))s — (Cex(t),pr(t))2 for a.e. t € [0,T]. (4.48)
By (4.10), for a.e. t € [0,T] we get

— (Cer(t), pr(t)2 + 2(B (@ (t))Py (1), Pr(t))2 + 2(VDy (1), VEi(t))2
< —H(pr(t) + Cri (1o ()13 + B (1)]13) - (4.49)

By integrating (4.44) over the interval [0, ¢] for all ¢ € [0, T], and using (4.45)—(4.49), (4.26), and Remark 2.3 we
deduce

E(an(t), en(t), pi()) — E(a”, e, p°)

:/0 ((Cen(r), éx(r))2 + 2(B(on(r)pi(r), pr(r)2 + 2(Vpr(r), Vir(r))2 — ellan(r)[3) dr

t
< [ atr), Buntr drf/Hpk dr—e/ ()3 ar
0

+C/O (lew(r) = ex(r)lizlléx(r)lle + s (r) = Pi(r)ll2llpe(r)ll2) dr
+ C/O (lew (r) = @ ()ll2llpe () [ 122 () 0+ 1V () = Vor (P2 VPR (7)[l2) dr

O / (e ()2 + [Beig (r)]12) dr

t t
/ (Con(r), B ()2 dr — / H(pe(r)) dr — < / ()12 dr
0 0

+ CTk/O (lex ()3 + Bk ()13 + llow ()3 + [ (r)|3) dr
g/o ((Cék(r),Eu')k(r))gdr—/o ’H(pk(r))dr—e/o ()2 dr + Cr

for a constant C' > 0 independent of k. Hence, for every t € [0,T] we have

Eon(t). ex(t), p(t)) + / H(pe(r) dr + / () [2dr < £(a®, e, p") + / (Coi(r), Buig(r))2 dr + Cry.

By sending k — oo and using the weak convergences (4.39)—(4.43) together with the lower semicontinuity of the
left-hand side (see Rem. 2.5), we get (ev))e.
Step 3. By (4.4), for all B € L>=((0,T); H*(2)) with 3 < 0 we have

0 < (d(as(t)), B(1))2 + 2(Var(t), VA())2 + Blae(8) B(6)Dx (), Br(8))2 + e(cun(t), B(t))2
+ (d(@y (1) — d(a: (1)), B(t)2 + (B@r(t)) = Blac(0)]B()PL (1), i (1))z-

By Remark 2.3, as k — oo

|(d(@x(t)) — d(ae(8)), B(1))z| < Id]locl[@r(t) — ac(®)2l15(#)]|2 — 0,
|([B(@x(t) — Blax(6)]B(1Pk (1), Br(t)2] < [Blloo @ (t) — ac (@)l B alBr(®)]F — 0
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in view of the strong convergences in (4.39), see also (4.42). Moreover, thanks to the strong convergences in (4.40)
we get

(Blae(®)B(6)p=(1), pe(t))2 = lim (Blae(t))B(t)pi (1), i, (1))2-

— 00

Hence, we can apply the Dominated Convergence Theorem to derive that

T
0< lim [ [(d(as(r)), B(r)2 + 2(Van(r), VA(r))2 + (Blae(r) B(r)By(r), Bi(r)2 + (@n(r), B(r))o] dr

k—o0 Jq

T
= /0 [(d(e(r), B(r)2 +2(Vae(r), VB(r))z + (Blae(r) B(r)pe(r), pe(r))2 + (e (r), B(r))2] dr.

If we fix 3 € HY(Q) with 8 <0 a.e. in , by choosing 3(t) = Bxa(t) with A C [0,T] arbitrary set, we get

(d(ax (1)), B)2 + (Bla=(t))Bpe (1), pe(1))2 + 2(Vae(t), VB)2 + e(de(t), )2 2 0 for all t € [0,T]\ Eg,
where Fj is a negligible set depending on . Since {a € H'(Q) : o < 0} is separable, we get (evs).. O
5. BALANCED VISCOSITY (BV) SOLUTIONS

In the previous section for all £ € (0,1) we found an e-approximate viscous evolution (ae,u., e, pe) from
[0,T] into H(£2;[0,1]) x A which satisfies (4.38). We now introduce a “slow” time scale s and we pass to the
limit as ¢ — 0, to obtain a Balanced Viscosity quasistatic evolution in the spirit of [30], see also [17, 18, 23]. We
first introduce the following definition.

Definition 5.1. Assume (2.2)—(2.7) and (2.9). A quintuplet of Lipschitz functions («v, ug, €o, po, to) from [0, 5]
into H'(Q;[0,1]) x A x [0,7T] is Balanced Viscosity quasistatic evolution in the time interval [0, S] with datum
w, if setting for all s € [0, 5]

wo(s) = w(te(s)) and Uy :={s€0,5] : to is constant in a neighborhood of s},

the following conditions are satisfied:

(ev0) irreversibility: to is non-decreasing and surjective, and for a.e. € 2 the map
s+ ap(s,z) is non-increasing on [0, S];
(evl) kinematic condition and equilibrium: for all s € [0, 5]
(uo(s),e0(s),po(s)) € A(wo(s)) and divCe(s) =0 in D'(R™);
(ev2) stress constraint: for all s € [0, 5]
H(q) > (Ceg(s),q)2 — 2(B(ao(s))po(s),q)2 — 2(Vpo(s), Vq)a for all g € Hl(Q;M;L;;?);
(ev3) Kuhn—Tucker Inequality in [0, 5]\ Up: for all s € [0,5]\ Uy

9 (ap(s), e0(s), po(s))[B] = 0 for all B € H'(Q) with 8 < 0;
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(evd) energy balance: for all s € [0, 5]

Eaals).eo(s) (s + | " Hpo(r)) dr + / o (r) 2% (@0 (r), eo(r), por)) dr
— £(a0(0).ca(0). o 0) + [ " (Ceo(r). i (r))s dr,

where ¥ is the function defined in (4.35), with the convention 0 - co = 0.

Remark 5.2. A similar definition for a different model with incomplete damage can be found in [30], where it
is called rescaled quasistatic viscosity evolution. By Lemma 4.13 and (ev3), for every s € [0,.5] \ Uy we have

0< d(aag(a0(5)7 60(8)7])0(8)), G) = W(a0(8)760(5)7p0(s)) = ;161111<_8045(O‘0(S)7 60(8),p0(5)),ﬁ> < Oa

which gives
U(ap(s),eo(s),po(s)) =0 for all s €0,5]\ Up.

Similarly to Proposition 4.12, the following is a technical proposition instrumental to prove existence of
Balanced Viscosity quasistatic solutions.

Proposition 5.3. Assume (2.2)-(2.7) and (2.9). Let (ap,ug, €0, Po,to) be a quintuplet of Lipschitz functions
from [0, 5] into H*(2;]0,1]) x A x [0,T] satisfying (ev0), (evl), (ev2), and (ev3). Then (ag,uo, €o,po,to) is
a Balanced Viscosity quasistatic evolution, i.e., it salisfies the energy balance (evd), if and only if any of the
conditions below holds true:

(evd”) for a.e. s € [0,5] the following hold:
generalized Kuhn—Tucker equality:

—0a€(an(8), e0(s), po(s))[do(s)] = [[do(s)l[2¥(ao(s), eo(s), po(s));

Hill’s mazimum plastic work principle:
Hjio(s)) = (Ceo(t). Fo(s))2 — 2(Blao()po(s). Fols))z — 2(Tpo(s), Vio(s))a
(evd”) energy inequality: for all s € [0, 5]
Ean(s) cols)op(s) + [ Hlu(r)dr+ [ o)l calr), o)) dr
< E(ap(0),e0(0),po(0)) + /Os((Ceo(T),Eu'Jo(r))g dr.

Proof. The proof is analogous to the one of Proposition 4.12. O

We eventually prove existence of Balanced Viscosity quasistatic solutions.

Theorem 5.4. Assume (2.2)—(2.7), (2.9), and (3.9). Then there exist S > 0 and a Balanced Viscosity
quasistatic solution (ayg,uo, €, Po,to) in the time interval [0, S] satisfying the initial condition

(OZ()(O),U()(O),60(0),p0(0),t0(0)) = ( O,UO,EO,pO,O). (51)
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Proof. Step 1. Let € € (0,1) be fixed and let (ae,u., e, p.) be the e-approximate viscous evolution given by
Theorem 4.14. For all ¢ € [0,T] we define the function

t t t
() =t + / e (7)1 dr + / lea(r) 2 dr + / 162 () 1 dr-
0 0 0

The function s? is absolutely continuous, increasing, and bijective on [0, 7] and we have
$0(ty) —s%(t)) >ty —t; forall 0 <t; <ty <T. (5.2)

Let S. == s%(T) > T and let t2: [0,S.] — [0,T] be the inverse of s?. By (4.38) we can find a constant C' > 0
independent of e such that S. < C for all € € (0,1). Hence, up to a subsequence, S — S as ¢ — 0, with S > T
We set S = sup.¢(g,1) S= > S and we extend every function t? to the interval [0, S] by defining #2(s) == T for

all s € [S;, S]. For all € € (0,1) we define the following rescaled functions on [0, S]: for all s € [0, 5]
a?(s) :

e a(t2(s)); wy(s) = w(t(s)), ug(s) = ue(t2(s)),
e2(s) = ec(t2(s)), pe(s) = pe(t2(s))-

Notice that the functions ¢2: [0, S] — [0, T] are uniformly Lipschitz in ¢ € (0,1) by (5.2), since
0<t%(sg) —t2(s1) <sg—s; forall0<s; <sp<8S.

Hence, there exists a subsequence and a Lipschitz map ¢: [0, 5] — [0,T] such that t2 — ¢, uniformly on [0,5]
and weakly* in W1°°((0, S); (0,T)) as e — 0. In particular t5(0) = 0, to(s) = T for all s € [S, 5], and

0 <to(sa) —to(s1) <sg—s1 forall0<s; <s9<8.
In particular, the map ¢g: [0,S] — [0, 7] is non-decreasing and surjective. Moreover, as € — 0 we derive
w?(s) = wo(s) = w(to(s)) in H'(QR™) for all s € [0, 5].
By using the definitions of s and t we obtain
[a2(s2) = a2(s1)llar + [[e2(s2) — e2(s1)[l2 + [[p2(s2) — p2(s1) |l < 52— 1 forall 0 <s; <5< 5. (5.3)

By Ascoli-Arzela Theorem there exists a quadruple (ag,ug,e€0,po) of Lipschitz functions from [0,S] into
HY(9Q;[0,1]) x A satisfying: for all s € [0,5] as e — 0

a2(s) = ap(s) in HY(Q), ul(s) = ug(s) in H*(Q;R™), (5.4)
el(s) = eo(s) in L*(; ML), p2(s) = po(s) in H' (ML)

In particular, by Remark 2.3, for all s € [0, 5] as € — 0 we have

a = oy in CO([O,S];LQ(Q)), pY = po in CO([O,S’];LG(Q;M”X")) (5.6)

sym

for all § € [1,6). Furthermore, if we combine the uniform Lipschitz estimate (5.3) with the weak conver-
gences (5.4)—(5.5), we get

oo (s2) — ao(s1)|lar + lleo(s2) — eo(s1)ll2 + [[Po(s2) — po(s1)||mr < sa—s1 forall0 <s; <59 < S,
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which yields

llco(s) |2 + [l€o(s)|l2 + lpo(s)]|gr <1 for ae. s € [0,5].
Moreover, the initial conditions (5.1) hold by construction.

Step 2. Let us prove that (g, uo, €o, po,to) is a Balanced Viscosity quasistatic solution on [0,S]. By (5.4)
and (5.5) we derive that (ug(s),eo(s),po(s)) € A(wo(s)) and divCep(s) = 0 in D'(2;R™) for all s € [0, 5], and
that for a.e. € Q the map s — ag(s,x) in non-increasing on [0, S]. Hence (ag, ug, €0, po, to) satisfies (ev0)
and (evl). Let us fix s € [0, S] and ¢ € H'(;MZ"). Then t.(s) € [0,T] for all s € [0, 5] and € € (0,1). Hence,
thanks to (ev2)e, for all s € [0, 5] we get

H(q) > (Ce2(s),q)2 — 2(B(a2(5))p2(s), q)2 — 2(Vp2(s), Vq)y for all ¢ € Hl(Q;ngfn”).
By sending € — 0 and exploiting the convergences (5.4)—(5.6), for all s € [0, S] we derive
H(q) = (Ceo(s), q)2 — 2(B(ao(5))po(s), a)2 — 2(Vpo(s), Vq)z for all ¢ € H' (M.

Therefore, also condition (ev2) is satisfied.
Step 3. We introduce the functions sg, sy : [0,T] — [0, 5], defined as

sg(t) = inf{s €[0,9] : to(s) >t} forte[0,T), s (T) = S,
sq (t) :=sup{s € [0,5] : to(s) <t} forte (0,77, sa(0) =0.
Then
sy (1) < liminf s(¢) < limsup s2(¢) < sf (t) for all t € [0, 7], (5.7)
e—0 e—0
and
to(sg (t) =t = to(sg (t)) for all t € [0,T], sg (to(s)) < s < sf(to(s)) for all s €[0,9].

In particular, the set
So = {t€[0,T] : sy (t) < sg(t)}
is at most countable and

Uy :={s €[0,5] : tg is constant in a neighborhood of s} = U (59 (1), 85 (1)).
teSo

Thanks to (5.7), for all ¢ € [0,7] \ Sp we have that s’(t) — s5 (t) = s¢ (t) as € — 0. Hence, by exploiting
(5.3)-(5.5) we deduce that for all t € [0,7]\ Sy as € — 0

ae(t) — ag(sy (1) in HY(), ue(t) — uo(sqy (1)) in H'(R™), (5.8)
e<(t) = eo(sg () in L*( M), pe(t) = po(sg () in H'(M5T),

and by Remark 2.3 for all t € [0,T]\ Sp ase — 0

a:(t) = ag(sy () in LO(Q), Pe(t) = po(sy () in LO(Q;M"X")

sym
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for all 6 € [1,6).
We want to show (ev3) and we define

Ao ={s€][0,5] : T(ap(s),eo(s),po(s)) > 0}.
We notice that it is enough to prove that
Ay C Up. (510)

Indeed, if (5.10) holds, then by (4.34)—(4.35) for all s € [0, T]\ Up and for all 3 € H*(2) with 8 < 0 and ||8]2 =1

we have

(=0a&(0(s), 0(s),po(s)), B) < W(ao(s), eo(s), po(s)) <0,
which implies (ev3).
Since for all B € H'(2) the map s — (—3,E(ao(s),eo0(s),po(s)), B) is continuous on [0, 5], we derive that

(€
the map s — U(ag(s),ep(s),po(s)) is lower semicontinuous on [O, T)]. In particular, the set Ay is open on [0, T].
Moreover, for all 3 € H'(Q) with 3 < 0 we have

(=0a&(00(s), e0(s), po(s)), B) < lim inf(—0a&(al(s), €2(s),pL(5)), B) < lim inf W(aZ(s), e2(s), p2(s)),
which gives
W (ao(s), ea(s), po(s)) < lim inf W(ag(s), e (s), p2(s)). (5.11)
Let us define
Dy = {s€(0,9) : fo(s) = 0},
and let us show that

limsupi2(s) >0 for a.e. s € [0,5]\ Do. (5.12)

e—0

On the contrary, since ¥ is non-decreasing, we could find a measurable set A C (0,.9) \ Do with positive measure
such that

lim f2(s) =0 for all s € A.

e—0

Since every function # is 1-Lipschitz on [0, S], by applying the Dominated Convergence Theorem we conclude
that

. :0 o
;1_r)r(1) A te(r)dr =0.

On the other hand, we have that t2 — ¢y weakly* in W1°((0, S); (0,T)), which gives

lim [ 9(r)dr = / to(r)dr > 0,
A A

e—0
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since fo(s) > 0 for a.e. s € [0, 5]\ Dy. This leads to a contradiction and proves (5.12).
For a.e. s € [0, 5]\ Dy we derive

lé2(

)ll2
£2(s)

V)

0 < U(ag(s),eo(s), po(s)) < liminf T(al(s),el(s),p(s)) = liminf &||d.(t2(s)) |2 = liminfe =0
e—0 e—0 e—0

by (4.36), (5.3), and (5.12). Therefore, we have
U(ap(s),eo(s),po(s)) =0 for ae. s €[0,S5]\ Do,
which gives that Ay C Dy, i.e.,
to(s) =0 for a.e. s € Ay.

Since Ag is open on [0,T], every s € Ay has an open neighborhood where #; = 0. Since t¢ is Lipschitz, we
conclude that (5.10) holds. This gives (ev3).

Step 4. By Proposition 5.3, in order to show that (ag,uo,eo,po,t0) is a Balanced Viscosity quasistatic
evolution, it is enough to prove the energy inequality (ev4”). By using (evd). in t = t2(s) together with (4.35)
and the change of variable formula, for all € € (0,1) and s € [0, S] we get

£(a2(s), e2(s), p2(s)) + / CHGR(r) dr + / AW (@Q(r), 2(r), p2(r))
t2(s)
=E&(a e p?) + / (Cec(r), Ew(r))s dr. (5.13)
0

By the weak convergences in (5.4) and (5.5) we get
£ (a0(s).cols). pols)) < liminf £(a(s), e2(s). p(s).

Moreover, by Remark 2.5 and the fact that p2 — pg weakly* in L°>°((0,5); H(Q; M2X")) as e — 0, we have

sym

e—0

/ H(po(r)) dr < lim inf / HE () dr,
0 0
We want to show that

/||<560(7‘)||2‘1’(6¥o(7‘)>eo(r)apo(r))dTSligglf/ 162 () [l2® (a2(r), €2(r), p(r)) dr. (5.14)
Ao

0

Let C C Ap be a compact set and let ¢: C'— [0, 00) be a continuous function such that
U(ag(r),eo(r),po(r)) > (r) forallreC.
By (5.11) and the compactness of C, we deduce that for all £ > 0 small enough

T(al(r),el(r),p2(r)) > ¢(r) forall r € C.

€
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By a standard approximation argument from below, since s — W(ag(r), eo(r), po(r)) is lower semicontinuous,
in order to prove (5.14) it suffices to show that

[ Neatr)lavr)ar < timipt [ ja2lzvirar (5.15)

for all compact set C' C Ay and every continuous function ¢: C' — [0, 00). To this end, let (¢;); C C°(Q2) be a
dense sequence in the unit ball of L?(£). Since

162(r)ll2 = sup(ps, a2(r))2  for all 7 € C,

by the Localization Lemma (see, e.g., [37], Lem. 2.3.2) we have

k
al(r 2t(r)dr = su i,o'zor 29)(r) dr,
/CII c(r)ll2w(r)d p;/ci(so c(r)29(r)d

where the supremum is taken over all integers k& and over all finite Borel partitions C,...,C} of C. For all i
the real-valued functions 7 — (;,a2(r))s are equi-Lipschitz on [0,.5] and converge to 7 — (¢;, ag(r))2 for all
r € [0,5] as e — 0. Hence the functions r — (p;, @2(r))2 converge to r + (¢;, éo(r))2 weakly* in L>°(0,5). Tt
follows that

Z/ i, Go(r))o(r)dr = hmZ/ i, (1)) (r )dr<hm1nf/ 182 (7)||22b(r) dr

This implies (5.15), which gives (5.14).
It remains to study the limit as ¢ — 0 of the last term in the right hand side of (5.13). By the Dominated
Convergence Theorem and the weak convergences of (5.8) and (5.9) we have

t2(s) to(s)
lim (Ce.(r), Ew(r))dr = /0 (Ceo(sq (1)), Ew(r))s dr.

e—=0 Jg
Since tg is Lipschitz and w satisfies (2.1), we get that wy € AC([0,S]; H*(£;R™) and
Ering(r) = Ear(to(r))to(r) for a.e. r € [0,5].

Hence, by the area formula we derive

S

to(s) s )
t/ WM%MMMMbwz/WM%%Mmﬁwwmmm&:/@%MEWMh%
0 0

0

because s; (to(r)) = r for all r € [0, 5]\ Uy and fo(r) = 0 for all » € Uy. This implies the energy inequality (evd”),
which concludes the proof. O
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