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ARTICLE INFO ABSTRACT

Keywords: The effect of viscous damping on the nonlinear planar dynamics of a paradigmatic variable-length structural
Moving boundary system is analyzed. The system comprises a lumped mass connected to a variable-length elastic structure, as
Damping effect constrained by a frictionless sliding sleeve. Although in a gravitational field parallel to the sliding direction,

Dynamic stability
Perturbation method
Configurational mechanics
Floquet stability

when the sleeve oscillates transversely and harmonically, the system can achieve a resonant self-tuning
response that enables the lumped mass to overcome its fall through a configurational reaction at the sliding
sleeve’s exit. This response is achieved through sustained oscillatory motion around a finite length, which
changes by varying the frequency and amplitude of the sleeve’s oscillations. Using an experimentally validated
viscous dissipation model, the influence of transverse and longitudinal damping on the self-tuning length and
first-order limit cycles is examined analytically through a perturbation approach. The analysis reveals the
potential for unique or multiple periodic responses, depending on system parameters and damping levels.
Stability analysis via Floquet theory identifies conditions for monostable or bistable dynamic responses,
showing that viscous damping can stabilize or, somewhat unexpectedly, destabilize the system, akin to
other dynamic instability problems. These findings are finally validated by numerical integration of the fully
nonlinear version of the equations of motion. The proposed framework facilitates the design of innovative
devices incorporating bistable elements and metamaterials, enhancing their self-tuning capabilities over a
broader frequency range. Additionally, it establishes a basis for future investigations under different dissipation
sources and guides a mechanical design approach influenced by both the type and amount of dissipation.

1. Introduction instability found in aeroelasticity and rotor dynamics, but also in

biology (Agostinelli et al., 2021), due to the ‘follower’ character of

The stability of discrete and continuous mechanical systems is a
fundamental problem in solid and structural mechanics (Koiter, 2009;
Timoshenko and Gere, 2009; Bazant and Cedolin, 1991), with renewed
attention from today’s scientists and engineers committed to advancing
emerging key technologies, encompassing soft robotics (Bhovad et al.,
2019; Kaufmann et al., 2022; Patel et al., 2023; Yang et al., 2024; Chen
et al., 2024) and energy harvesting (Amor et al., 2023; Maurini et al.,
2007; Casalotti and D’Annibale, 2021; Giorgi, 2024; Fang et al., 2021;
Casalotti and D’Annibale, 2022; Miranda et al., 2020).

The stability of systems subjected to non-conservative (living) loads
requires analysis based on the equations of motion and their me-
chanical response may not be intuitive. Two paradigmatic instability
phenomena commonly observed in non-conservative structural sys-
tems are flutter and parametric resonance. Flutter is an oscillatory
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the load and mathematically interpreted as a Hopf bifurcation (Bigoni
et al., 2023). In structural mechanics, basic systems that exhibit flutter
when subjected to a concentrated follower load at their free end are,
among the others, the Ziegler’s double pendulum (Ziegler, 1952; Bigoni
and Noselli, 2011), the Beck’s column (Beck, 1952), and the Pfliiger’s
column (Pfliiger, 1955). On the other hand, parametric excitation
occurs when the characteristics of the system, such as mass, damping
and stiffness vary with time according to a given law. If this variation is
harmonic with a certain critical frequency, parametric resonance occurs
and the amplitude of the system oscillation grows exponentially. Some
relevant examples of this phenomenon can be found in: (i) a pendu-
lum with in-time variable length (Belyakov et al., 2009; Luongo and
Casalotti, 2024); (ii) the Bolotin beam (Bolotin et al., 1965), namely
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a hinged-supported rod subject to a time-harmonic compressive force
with a non-null average value; and (iii) the moving mass systems (Pir-
moradian and Karimpour, 2017). Recent investigations have also ad-
dressed the coupling effects between parametric excitations and forced
excitations (Lei-Lei and Gui-Lin, 2025), the dynamic stability of beams
with parametric excitation and internal resonance (Zhang et al., 2021),
and the nonlinear dynamics of functionally graded beams under the
influence of both parametric and external excitations (Sheng and Wang,
2018). Regarding structural systems under parametric excitation, an
interesting problem is the stabilization of an unstable configuration by
external oscillatory loading (Arkhipova and Luongo, 2014a; De Felice
and Sorrentino, 2021; Arkhipova et al., 2012; Arkhipova and Luongo,
2014b; Semenov et al., 2015; Ciezkowski, 2021; Sudor and Bishop,
1999; Chen, 2010), which is somehow the dynamic analogous to the
structural restabilization of the trivial path under monotonic quasi-
static loading (Koutsogiannakis et al., 2023a; Wang et al., 2022). The
Kapitza’s inverted pendulum (Kapitza, 1951) is the simplest exam-
ple of stabilization by parametric excitation of the vertical upward
configuration of an inverted pendulum in a gravity field.

The complexity in treating non-conservative systems may lead to
non-trivial effects of damping on the stability and subsequently to
unexpected mechanical responses. Indeed, dissipation can also have a
destabilizing role in non-conservative systems. This counter-intuitive
effect is known as the destabilization paradox (Seyranian and Mailybaev,
2003; Kirillov, 2005; Luongo et al., 2016b; Tommasini et al., 2016;
Bigoni et al., 2018b,a; D’Annibale et al., 2016), whose clear evidence
is provided by a finite reduction in the critical flutter load due to the
presence of an infinitesimal amount of internal linear damping even
in simple models such as the Ziegler’s double pendulum or the Beck’s
column (Kirillov and Seyranian, 2005; Luongo and D’Annibale, 2017).
Damping destabilization has also been observed in the nonlinear regime
as a result of both internal and external nonlinear damping sources.
The Ziegler’s double pendulum and the Beck’s column equipped with
a Van-der-Pole-like internal damping (Luongo and D’Annibale, 2017)
show qualitatively the same dynamic behavior close to a Hopf bifur-
cation and the so-called Hard Loss of Stability phenomenon (Luongo
et al.,, 2016a). The simultaneous presence of internal and external
damping forms, although of the linear type only, has been considered
in Kavianipour and Sadati (2009), Katsikadelis and Tsiatas (2007). The
simultaneous presence of nonlinear damping due to material behavior
(internal damping) and fluid—structure interactions (external damping),
for a Beck’s column, in the presence of follower and dead loads, has
been investigated analytically in Migliaccio and D’Annibale (2024),
via the Method of Multiple Scales, revealing the double nature of the
considered damping forms, which can be beneficial or detrimental in
terms of stable or unstable bifurcated equilibrium of the system.

Interestingly, although commonly thought to be strictly associated
with non-conservative systems, it has recently been shown that flutter
instability and the destabilization paradox also occur in conservative
systems when subjected to non-holonomic constraints (Cazzolli et al.,
2020, 2021).

Within this framework, the effect of viscous damping on the non-
linear dynamics of resonant self-tuning variable-length structures is
investigated in the present article. More specifically, the system under
consideration is very similar to the lumped-mass variable-length can-
tilever model usually considered to explain parametric excitation, but
with the essential difference that the variable length #(r) is no longer
controlled in time ¢, as it becomes an additional degree of freedom for
the system. Its release from control implies that the variable length
¢(1) is governed by an interface algebraic equation at the sliding sleeve
exit, corresponding to a force balance at this point that includes the
sliding component of the constraint reaction, which has an outward
direction. This reaction component is nonlinear, being quadratic in the
moment reaction, and has been shown in Bigoni et al. (2015), Dal Corso
et al. (2024), Cazzolli and Dal Corso (2024) to have a deep connection
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with configurational mechanics (Eshelby, 1951; Ballarini and Royer-
Carfagni, 2016), since the variable length #(r) is representative of a
configurational parameter for the structural system. When this system is
in a gravitational field parallel to the sliding direction and a transverse
harmonic motion is imposed on the constraint, it has been shown
theoretically and experimentally that the variable-length can self-tune
around a finite value through a periodic or quasi-periodic response,
depending on the main parameters of the system and the motion.
Specifically, the theoretical analysis was carried out considering the
presence of dissipation only in the numerical integration of the nonlin-
ear equations of motion, while neglecting it for obtaining an analytical
expression for the average value of the self-tuning length from the
asymptotic analysis.

The present research aims to fill the gap for theoretically predicting
the dissipation effect on the sustained motion around the self-tuning
variable length. As a first step in this direction, all the possible sources
of dissipation are modeled by linear dampers, which model has been
previously validated by experiments (Armanini et al., 2019; Koutso-
giannakis et al., 2023b), acting on the lumped mass in the transverse
and longitudinal directions. The mechanical model for the variable-
length structural system under consideration is presented in Section 2,
together with the fully nonlinear version of the equations of mo-
tion and its approximated nonlinear counterpart, governing a coupled
two-degree-of-freedom system. The asymptotic analysis is carried out
in Section 3 by a straightforward expansion perturbation approach,
showing that the self-tuning variable length is given by either the
unique or three roots of a seven-order polynomial, and providing the
corresponding first-order periodic limit cycles. This is complemented
by the Floquet stability analysis, revealing the monostable and bistable
dynamic response in the small-amplitude periodic limit-cycle as the
system parameters are varied. More specifically, it is found that the
viscous damping can play either a stabilizing or a destabilizing role. The
reliability of these predictions is confirmed in Section 5 by comparison
with results from the numerical integration of the fully nonlinear
equations of motion, also showing the validity limits of the present
framework governed by the smallness parameter. Finally, conclusions
are drawn in Section 6.

2. Mechanical problem and equations of motion

The mechanical system is presented together with the dissipation
model. The equations of motion, derived in their full nonlinear ver-
sion in Appendix, are summarized together with the corresponding
nonlinear approximation considered to analyze the equivalent two-
degree-of-freedom system.

2.1. Mechanical system and variable-length model

The effect of viscous damping on the nonlinear planar dynamics
of the mechanical system sketched in Fig. 1 is addressed. The planar
motion occurs in time ¢ within the Cartesian absolute reference system
X-Y. The system is composed by an elastic rod of length L, whose
center line is described by the curvilinear coordinate s € [0, L], having a
lumped mass m attached at one end (s = L) and constrained at the other
end for the set s € [0, L—#(1)] by a frictionless sliding sleeve with sliding
direction parallel to the Y axis. The time-varying length #(r) € [0, L]
measures the portion of the rod not constrained by the sliding sleeve,
therefore it represents a configurational parameter of the system and
introduces the formulation of a moving boundary problem (Goldberg
and O’Reilly, 2022, 2021; Jaweda et al., 2014; Demeio et al., 2011;
Lenci and Clementi, 2020; Majidi et al., 2012).

The rod, straight in its undeformed state, is assumed inextensible
and unshearable, and therefore it is modeled as a one-dimensional polar
continuum, made of a deformable axis and of rigid cross-sections re-
maining normal to the rod’s center line at every deformation state (Lu-
ongo and Zulli, 2013). It follows that the rod’s kinematics is completely
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Fig. 1. (a) Reference — undeformed — and (b) current — deformed - configurations of a massless elastic rod of bending stiffness B and total length L, having a lumped mass m
attached at one end (s = L) and constrained at the other one (s € [0, L — #(1)]) by a frictionless sliding sleeve. The constraint oscillates orthogonal to the gravity acceleration field
g (opposite to the Y axis) by the displacement u,(). The lumped mass may display an oscillatory suspended motion under an harmonic motion u,(r). The effect of dissipation
mechanisms on such a suspended motion is investigated with reference to a viscous damping force, linear in the (absolute) velocity components through the damping coefficients

cx (1) and ¢y (r) dependent on the variable external length #(¢) and on the two dimensionless damping parameters ¢, and ¢, . For ease of illustration, the viscous dampers are shown

in the reference configuration only (a).

described by the rotation field (s, r) measuring the inclination (positive
when clockwise) of the rod’s center line with respect to the Y-axis.
The bending constitutive response is modeled through the linear rela-
tion M(s,t) = BO'(s,t), where M(s,1), 0'(s,1), and B are respectively
the internal moment, the rod’s curvature, and the bending stiffness,
while a prime ' denotes differentiation with respect to the curvilinear
coordinate s.

For analyzing the system under a motion u,(f) along the X axis for
the sliding sleeve, it is instrumental to introduce a relative reference
system x—y attached to the oscillating sliding sleeve, related to the
absolute reference system X-Y through

Y(s,t) = y(s,1). (€Y

The relative coordinates x(s,t) and y(s,t) describing the deformed
configuration can be obtained from the integration of kinematic con-
straint provided by the inextensibility condition

X(s, 1) = x(s, 1) + ug(t),

x'(s,1) = sin6(s, 1), Y (s5,1) = cos 6(s, 1), 2)

and by taking into account the boundary conditions imposed by the
sliding sleeve

x(s,1) =0, 0(s,1) =0, s€[0,L -2 3

A gravitational field is considered as an acceleration g in the op-
posite direction to the Y axis. Subject to this field, if the constraint
is not moving and the flexible element is not bent, the rod would
simply slip inside the sliding sleeve with a constant acceleration along
Y (and a null acceleration along X) by realizing a free-fall motion.
However, whenever the rod displays a non-null curvature at the sliding
sleeve exit (and equivalently a non-null moment there, M (Lt -#(t),1) =
BO'(L* — £(1),1) # 0), a non-null reaction Ry (f) component
B[o' (L* —¢0)]

_— @
2

with direction following the Y-axis is realized at the sliding sleeve exit,

contrasting the rod’s insertion into the constraint. In this case, the rod’s

Ry(n) =

acceleration becomes non-uniform in time along both components and
can also change in sign. Henceforth, attention is restricted to harmonic
oscillations of the sliding sleeve constraint along the X axis as

ug (1) = ucos wt, %)

where u and o are respectively the sliding sleeve oscillation amplitude
and angular frequency (the latter connected to the frequency f through
® =2z f). It has been numerically and experimentally shown that the
considered system may display a stable dynamics around an average
external length #,, realizing, in a sense, a suspended state for the mass m
in Koutsogiannakis et al. (2023b). Moreover, by neglecting any dissipa-
tion effects, an analytical estimation of the average external length ¢,
has been provided through an asymptotic expansion in Koutsogiannakis
et al. (2023b) for the case of small u/7,, as

Zn 31 1. 63 31 1 o3
L=z +\x=+Ys-\ 7=, 6
Z, \/2 ity 2 1+t ©)

where

i [3u [B [ 3B
=4 =1 —1/ — . =1/ —.
’ fg)’ “ 2\ mg’ @ ma? )

Eq. (6) shows a dependence of the average external length #,, on
the inertial and elastic properties of the system, m and B, and on the
parameters that describe the motion of the sliding sleeve, u and w, in
addition to the gravity acceleration g.

To access the effect of dissipation mechanism on the suspended
dynamics for the lumped mass, the estimation for the average length
¢,, is extended here to consider the action of a damping force on the
lumped mass, assumed linear in the (absolute) velocity through the
time-varying damping coefficients cy (r) and ¢y (¢)

Fl)=—cxOX (L,1),  FLO)=—cy (Y (L,1), (8)

where the overdot denotes differentiation with respect to time ¢. Fol-
lowing Armanini et al. (2019), Koutsogiannakis et al. (2023b), the
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time-dependence of the damping coefficients is implicitly considered
through the classical damping law adopted in the linear analysis of
clamped systems and extended to include the variable external length
(1) as

ex(®) =205 ,/j,ff—(f;, (=28, ‘/i}f—(ﬁ, ©

where {{y,¢y} > 0 are constant, dimensionless damping parameters,
respectively along the transverse and longitudinal direction. Although
dissipation can stem from various additional sources (such as material
viscosity, friction, and impact phenomena at the sliding constraint),
the adopted damping model, assuming equal damping ratios in the
transverse and longitudinal directions ({y = {y), has been shown to
yield theoretical predictions that closely match experimental observa-
tions (Armanini et al., 2019; Koutsogiannakis et al., 2023b), including
the trajectories of the lumped mass. Therefore, the viscous damping
formulation (8), with length-dependent damping coefficients cy (£(1))
and ¢y (7(1)) as defined in Eq. (9), is employed throughout this study as
a suitable first step for exploring the stabilizing and destabilizing effects
of damping in resonant self-tuning variable-length structures. Exploring
more complex damping models could be a valuable direction for future
work, enabling more refined modeling of the self-oscillating system
in similar dissipative environments or even under different dissipative
conditions governed by different damping laws.

The present extension of the dynamic analysis to take into account
of damping shows that the average external length ¢,, as well as the
limit cycle for the transverse coordinate of the mass have no depen-
dence on ¢y . Differently, the limit cycle for the longitudinal coordinate
of the mass and the stability analysis are affected by both {y and ¢y.
For conciseness, however, the stability analysis in Section 4 is restricted
to the special case ¢y = {y.

2.2. Equations of motion

With reference to the unknown time-varying relative coordinates
x; (1) = x(s = L,v) and y;(r) = y(s = L,t) of the lumped mass m and
of the external length #(¢), the equations of motion of the mechanical
system under consideration (Fig. 1) can be derived via the extended
Hamilton’s principle (see Appendix) as

se(L—-2£(1), L]
se[0,L-¢@)u(L-2(),L]
se[0,L-£()u(L—-2£(1),L]

(10)

BO"(5,1) + N, (s,1)cos (s, 1) = N, (s,1)sin 6(s, 1) = 0,
Ni(s,1) =0,
Ny’(s, =0,

complemented by the inextensibility conditions (2), the geometric
boundary conditions (3), and the natural boundary conditions

N (L0 +m [0 + ii, (0)] + cx (@) [%(0) + i, ()] =0,
N(LD+mjr@®)+cy(®y ) +mg=0,

BO'(L,1t) =0,
N,(0,1) =0, an
N,(0,1) =0,

BO'2(L* —£(n),1) _
— =
where N,(s,t) and N (s, ) are Lagrange’s multipliers, representative of
the internal force components along the x and y axis, respectively, and
the last boundary condition specifies that there is a discontinuity in
N ,(s,1) at the sliding sleeve exit, s = L —#(¢), which corresponds to the
presence of a configurational force Ry as defined by Eq. (4). It is noted
that at the axial coordinate s = L — ¢ the rotation 6(s) is null and, as a
consequence, the discontinuity in N, also results in a discontinuity in
the axial force.

Under the case of moderate rotations of the rod cross-sections
(16(s,)] > 6%s,1)), these equations reduce to the following two
nonlinear and coupled ordinary differential equations (see Appendix
for details)

Ny(L* = £(@®),1) = N (L™ = £(1), ) + 0,
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. ) 3Bxp(1) ) .
mxp () +ex(O X () + ———=u (ma? coswt+cx(w sinwt),
v
) _ 9 B x2(t)
myp(t) +ey )y () — TLU) =-mg,

12)

which are complemented by the following approximated relation for
the external length #(r) (see Appendix for details)
3x2(1)
20 =y )+ ———. a3
BT sy
It is noted that the elastic forces appearing in the LHS of Eq. (12) can
be derived from the elastic potential approximated as 3Bx2 (1)/(2y3 (1)).
The following non-dimensional variables are introduced

_ _ x (#(7) @) =7, AUC))
T=0t, ¢ = 7 u(r) = z , M) = z
a4
together with the positive non-dimensional parameters
u Oy
U=—, ==, 15
Z = (15)

m ®

where the average external length ¢, is unknown at this stage and
is expected to depend also on the damping parameters ¢y and ¢y.!
Through these dimensionless quantities, the Differential-Algebraic sys-
tem of equations (DAE) provided by Egs. (12) and (13) can be rewritten
in terms of three unknown dimensionless functions &(z), u(r), and A(r)
as the following dimensionless expressions

w2 o1 o 28y sint
COF B T A Ty <°°” ton W(r)) ’
w28 w3 8@ 3p 16)
HOY SR B 27 Aty de

_ 3 &0
Ar) =1+ u(r)+ 5T+ u(0)

where the superscript symbol * denotes differentiation with respect to
the dimensionless time z.

Finally, it is noted that the algebraic variable A(r) could be elimi-
nated from the differential-algebraic system (16) without loss of gen-
erality by substituting it directly into the first two equations, thereby
reformulating the system as a set of nonlinear ordinary differential
equations (ODEs),

ok 28y 2(1) —Usint 1 &(7) _
SO* WA T
<1+M(T)+ g 1+M(T)>
24, 1i(7) 3 & 3p .,
A 3 2w " 2 Uy
<1+M(T)+ 51 +/4(T)>
aa7)

Nevertheless, the DAE formulation (16) is adopted in the following, as
it is instrumental in maintaining a formally simpler structure of the
equations.

Once the functions &(r) and u(z) and, in turn x;(¢) and y;(¢), are
obtained, the deformed configuration of the entire rod axis at varying

1 It is noted that in general the average length #,, of the length #(t) differs
from the average value y, of the coordinate y, (). However, under the small
oscillation assumption and with reference to the truncation order considered
in this work, this discrepancy is neglected and the approximation y, =~ ¢,
holds.

m
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time can be evaluated through the solution of the elastica equation
reported in Appendix.

3. Perturbation analysis

The presence of nonlinearities and coupling inherent to the DAE sys-
tem (16) render the attainment of an analytical solution a challenging
endeavor. In this Section, this issue is overcome by means of a perturba-
tion method, i.e., a straightforward asymptotic expansion (Nayfeh and
Mook, 2008), which allows the dynamics of the system under damping
to be treated analytically.

3.1. Asymptotic periodic solutions

Under the assumption of a small normalized amplitude U of the
sleeve oscillations, the perturbation approach is used to investigate
small amplitude oscillations of the rod around its straight configuration,
described by

or, equivalently &=u=0, A=1.
18

xp=0,=0, yp=0=72,

More specifically, with reference to a small positive parameter £ (0 <
e < 1), the dimensionless sliding sleeve oscillation amplitude U is
rescaled as

U = €U,, (19)

while no a-priori assumption or rescaling is adopted for the other
parameters (p, o, ¢) in Egs. (16). It is worth to notice in this respect that
also 7, is not rescaled in the following perturbation procedure, i.e. it is
considered of order 1, thus entailing u of the same order of U, Eq. (15).

Under the above assumptions, the normalized displacement func-
tions &(z) and u(r) of respective order £ and &2 can satisfy Eqs. (16),
therefore the following rescaled and expanded expressions are consid-
ered

u(r) =€ [;40 (r)+ep; () + ] .
(20

Em=¢ [H@ +eg @+,

Using the expressions (20) into the dimensionless equations of
motion (16);,, replacing A(z) by considering the algebraic Eq. (16)3,
and collecting terms with the same power of ¢ leads to an infinite set
of perturbation problems, P, (n =0, ..., ), to be solved sequentially.
The perturbation problems associated with the two smallest orders of
¢ are the P, problem

*% 2 * 2

Eo()+ —f/)g & @+ %50 () = U, <cosr + —f/)g sin r> ,

: ’ P p

Py : (1)

o ZCY * _ 3,0 2 3 2
Ho (7)) + P Ho (1) = ) Ug + ﬁéﬂ (@,
and the P, problem

*k 2 *

L0+ X G @+ L@ =0
P p P 22)
- sk 2§Y * 3

H (o) + 1137 py (o) = p—3§0 (1) (7).

It is noted that the P, and P, problems are both described by a
system of two linear ordinary differential equations, with a nonlinear
weak coupling for u,(r) in &,(r) (n = 0,1). More specifically, the
solution &,(r) can be independently obtained from the first equation
of the P, problem and also appears as the forcing term in the second
equation of the same problem.

By assuming

) p#0, and (i) p#1 if {4y =0 or (xy#0 if p=1, (23)
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the particular solution of the P, problem (i.e., neglecting the homoge-
neous solution for the same P, problem, which decays over time and is
thus not relevant for determining the system’s long-term periodic mo-
tion), hereafter referred to as the generating solution, can be expressed
in the following closed form:

Ho (t) = UZ [b) cos 27 + by sin27] ,
(24)

& (r) = U, [al €os 7 + aj sin r] ,

with a;, a,, b;, and b,, given as

P(l—p3—422) 20%/2y

ar= 32 3027 4= 32 3p2°
(I =p7) +4p°C A =p)>+4p°Cy
by = 3 (@ = )2~ 2aa)¢y . 3 (@ — a)ty —2a,a,p°
16 323 +¢7) 16 PP+
(25)
provided that the following constraint between p, ¢, and ¢ holds
PP’ +op = 1P’ —op— 1D +45(p* -7 =0, (26)

which in dimensional terms is equivalent to
Eu (6= 6 = £002) (65— 34 £02) 44863 (Ch =) =0, @)

Eq. (26) imposes a constraint on the parameters p, o, and {y and
must be enforced to eliminate the so-called secular terms in the solution
of the DAE problem (16). This condition is essential to prevent time-
divergent behavior and to reveal the system’s bounded periodic motion.
Specifically, a bounded response is obtained by first solving the initial
equation of the P, problem, then substituting this solution into the
second equation and solving it accordingly. In this process, the constant
term in the forcing function of the second equation of problem P, is
set to zero, as its presence would lead to a time-divergent response
otherwise. Eliminating this term is a necessary condition for ensuring
bounded solutions, analogous to standard practices in perturbation
methods such as the Method of Multiple Scales, where the coefficient
of the resonant term in the forcing function is set to zero to suppress
secular terms. Accordingly, Eq. (26) serves as a solvability condition
required to guarantee a bounded solution.

Once the roots p are evaluated from (26), a corresponding set of
coefficients a;, a,, b;, and b, can be computed for each one of the
positive value of the roots p, realizing different harmonic motions in
terms of amplitude, frequency, and phase shifting. With this regard, the
solution &,(7) and uy(r) (24) can be rewritten in the equivalent form

& (r) = aUycos(z + @), Ho (1) = bUZ cos2t + f). (28)
with
b
a=\/a%+a2, b=\/b%+b2, tana=—2, tanﬂ=——2,
a by

1
(29)

where the amplitudes « and b and phase shifts « and g of the generating
solution depend nonlinearly on the dimensionless parameters p, ¢y
and ¢y. However, approximated expressions are derived in Section 3.3
under the assumption of small values of {y and ¢, and provide more
explicit indications about the dependence of the amplitude parameters
and phase shifts on the damping parameters.

Interestingly the longitudinal damping parameter ¢, affects only
the periodic solution in the longitudinal direction, u(r), while it does
not affect the dimensionless average length p and the periodic solution
in the transverse direction, &(z). Differently, the transverse damping
parameter (y affects the periodic solution in both transverse and
longitudinal directions, £(r) and u(z), as well as in the parameter p.

In conclusion of this Section, it is observed that the P, problem (22)
only admits the trivial solution &; (r) = p;(r) = 0 and therefore, by
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neglecting higher order terms in the expansion (20), the normalized
displacement functions &(r) and u(z) are described by the following
harmonic functions

&)= U [ajcos T+ aysinz] = aU cos(t + o),

(30)
u(r) =~ U? [b) cos 27 + by sin27| = b U? cos(2t + B),

representing the normalized planar motion of lumped mass as the
result of the harmonic sliding sleeve oscillation driven by the small
normalized amplitude U.

Finally, it is noted that the perturbation method used to derive
the analytical solution (30) is asymptotically accurate up to the con-
sidered order. To obtain higher-order corrections, alternative methods
— such as the strained parameter method or the Method of Multiple
Scales (Nayfeh and Mook, 2008) — can be employed. These techniques
introduce additional variables or parameters that allow to eliminate
secular terms that may emerge in higher-order perturbation analyses.

3.2. Average external length ¢,, and damping influence

The expansion of Eq. (27) leads to a seventh degree polynomial in p,
P =20 -200)p" - 6?pP + p-4i6? =0, (€20)]

which, for the Descartes’ rule of signs, provides 3 or 1 positive solutions
for every {o,¢y} > 0 and 2 positive solutions when ¢y = 0. It is recalled
that the case ¢ = 0 is excluded due to condition (23),. To address
the transition from 3 to 1 positive solutions for p, it is instrumental
to consider that Eq. (31) implies ¢ as

(P = 1P +4030°
) = | XP 32
o(p,Cx) p F il (32)

and, assuming continuity, the multiplicity of the roots p is realized
when
do(p, Ex)

y 0. (33)

This analysis leads to the parametric curve E(p)—f x(0),

\/1—8p3+6p6+\/1—16(p3—7p6+6p9)
V6 (34)
\/—1 +8p3 = 895 + /1= 16 (p* =70+ 65°)

4/2pp

which splits the c—¢y plane in two regions, differing in the number (1
or 3) of positive roots p. The parametric curve 5(p)-Cy(p) displays a
cusp at the maximum ¢y occurring for

3| |1 . 361/7257
J 5 +24/241cos |:3 arctan( 2143
=~ 0.69785,

2+/32 (35)

o(p) =

Eyp) =

5

7 = 5(5) ~ 0.62709,
Ty =max, {Ex(p)} = 8y (p) ~ 0.52256.

It is also observed that the parametric curve has a stationary point
(do/d¢x=0) at

L
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The positive solutions p to the seventh degree polynomial in p, Eq. (31),
cannot be described through a generic explicit expression p(c,{y).
Their numerical evaluation is reported as a surface in the o—{y—p
space in Fig. 2(a), its sections at constant ¢ within the p—¢ plane in
Fig. 2(c) and at constant ¢ within the p—{y plane in Fig. 2(d). The
6—¢y regions corresponding to only 1 (white) or 3 (light blue) positive
solutions p are shown in Fig. 2(b). The separation between these two
regions is identified by the condition do/dp = 0, drawn as a thick
continuous line, and also included in the other three panels (a, c,
and d). The cusp and the stationary points, respectively corresponding
to {E ~0.62709,Cy = 1 /2} and {,5 ~ 0.62996,C y ~ 0.52256}
appreciated from the inset of Fig. 2(b).

Despite the impossibility of providing a generic explicit expression
for p(c,¢y), this is provided in some limit cases and also through
approximated relations in the case of small damping parameters ¢, and

&y

Null transverse damping ({x = 0). Since null p values are excluded, two
positive solutions for the average length are found

can be

lim p(c,¢y) = po(o) 7@ = lim ¢ “n 37)
o, = o) = m= s
txmo P X = Po 0y (©) tx—0 £

being pg =7¢%/¢, and £% given by Eq. (6), as obtained in Koutsogian-
nakis et al. (2023b).

Infinite transverse damping ({y — o0). A unique positive solution for
the average length is found
3u [B

g)l(linoo p= \/; => C}l{linoo Cp = > m_g (38)
Damping-independent averaged state (p = p = 1/ \3/5, c=0=1 /{/Z).
The dependence on the transverse damping ¢y in Eq. (26) disappears
when

o =p, (39)

and by enforcing such a condition in Eq. (26) it is obtained that
a damping-independent averaged external length p is realized for a
special sliding sleeve motion o,

1 1

pP=p=—, c=0=—,

¥ i
Under the condition (40), it is remarkable that the complex expressions
of the amplitude parameters a and b and the phases a and § (29) reduce
to

V ¢y >0. (40)

_ 42y
1-8¢27
Oy — 88y —48C2¢, + 6403 +64¢%¢
b:;, tanﬂ:\/ﬁ Y X X2Y )2 X);’
3 /—1+2¢; 1+ 164y — 4822 — 128838y +64(4

showing that the transverse motion amplitude a is constant (and,
accordingly, damping-independent), while the longitudinal motion am-
plitude » is independent of the transverse damping parameter ¢, and
decreases for increasing values of the longitudinal damping parameter
¢y, with a finite upper bound value b = 3/8 for ¢y = 0.

It is also noted that, when ¢ < Ex ~ 0.52256, two further positive
roots p may exist in addition to p for ¢ = G.

a=1, tan a

(41)

3.3. Case of small damping parameters ({y = réx)

Although the average external length, the amplitudes, and the phase
shifts characterizing the asymptotic harmonic solution cannot be ana-
lytically described in the general case through simple explicit expres-
sions, their series expansion can be obtained for small values of { > 0
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Fig. 2. (a) Surface in the 6-{y—p space representing the physically meaningful solutions of the polynomial (31) and its sections (c) at constant ¢ within the p-¢, plane and (d) at
constant {, within the p-o plane (bottom, right). (b) Pair sets of -y providing only 1 or 3 positive solutions p are shown as white and light blue regions, respectively. The thick
colored curve appearing in all the four subfigures is associated to points satisfying do/dp=0. The particular values of the parameters are & ~ 0.62709, {, =~ 0.52256, p ~ 0.69785,

T ~0.62996, Ty = 1/2, and 7 = 1/+/2 ~ 0.79370.

ruling the damping parameters ¢y and ¢y through

gX = C’ g}’ = "C, (42)

where r > 0 is a dimensionless parameter defining the ratio between
the two damping parameters.

By expanding Eq. (31), the following expression is obtained for the
normalized average external length

p(6,8) = py(0) + k(0) £ + o(C?), (43)

where p( (o) is one of the real positive solutions of Eq. (26) when ¢ =0,
while k(c) is a dimensionless coefficient given as
4(0? - pj)

- . (44)
1- 30'2p§ - 8p(3) + 7p8

In particular, Eq. (43) shows that expansion for small values of ¢
associated with the solution p, = 0 of Eq. (26) is given by p(c,¢) =
46282,

Instead, the expansion corresponding to p, = pa' can be expressed
in the form p(c,¢) ~ pg(a) + k*(6)¢2, where k* denotes the value of k
(44) obtained for p, = pg.

For completeness, it is noted that a study of k* as a function of o
reveals that k= <0 fore >0, kt >0for0 <o < 1/\3/1, and kT < 0 for
c>1/ Q/Z Therefore, under the assumption of small damping ¢, it can
be concluded that:

« the root p(c, ¢) associated with Py always decreases with increas-
ing damping ¢;

+ the root p(c,() associated with p} increases if o < 1 /¥4 and
decreases if 6 > 1/ {/4_1 with increasing damping ¢;

+ the root p(c,{) associated with p, = 0 always increases with
increasing damping ¢.

The approximated expression can be obtained through series expan-
sion for the coefficients a,, a,, b;, and b,, appearing in the asymptotic
solution derived in Section 3.1. For the case p, = poi (>i.e., pg # 0), these
can be expressed in the form

Py Pol4py +3k(py = 1]

2 3
a = - &+ o),
-1 ) —17
3/2
2p0
4= ———{+o?),
(g = 1?
b, = _ip_g
Loy
3 4+8p) +3kpy(ph — 1) +4r(py — D+ 2oy = s
= — &+ o).
16 (3 =1y
3/2 3
3 0y 4+r(p)— D] )
by= = ———————(+o(¢).
16 (-1
(45)
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and, accordingly, the amplitude coefficients, a and b, and the phase
shifts, « and f, in Eq. (28) follow as

% L2 4py +3kpy(1 = pp)

a= ¢ +o),
lpg =11 log =117
3 3 2 6 20,3
b 3 7, +18—16p0+6kp0(1—po)—r (p0—1)§2+0(§3)
16 (o3 - 12~ 16 2oy - * ’
0 ) 0 (46)
tana = — ¢+o(?),
/203
Py (pp—1
4+r(p) - 1) 5
tanf = 77 ¢+ o(C).
Py (py—1)

Egs. (46) show the main effect of damping on the amplitude coeffi-
cients (a and b) and on the phase shifts (« and #), namely, the presence
of phase shifts directly proportional to the damping coefficient ¢, and
the presence of higher order terms, proportional to the square of ¢, in
the expressions of the amplitude coefficients.

Regarding the expansion for the case p, = 0, the following expres-
sions hold

a; =640%2% +0(C),
b= -8 06(2r =D e, 1920°
r r

ay = 1663 ¢* + o(¢5),

3
Ero@), by=-2T o),
“7)
which yield

3
b= 8% ¢4y o),

263(r —
;

a=16063* + o),

cota =—403¢2+0(&3), cotf= 1)42 +3203 % + ().

(48)

The analytical solution (28), as well as small damping approxima-
tions (45)-(48), describes periodic motions of the mass-rod system and
shows analytically the dependence of such motions on the damping
coefficient ¢ and on ¢, which depends on the amplitude and frequency
of oscillation of the sliding sleeve. Such periodic motions (limit cycles of
the system) take place around a reference position of the lumped mass
m corresponding to the undeformed state with length of the rod outside
the sliding sleeve equal to the average external length 7, = p(6,¢) %,
and therefore to the lumped mass relative coordinates x; = 0 and
v =Cp

4. Stability of the asymptotic periodic solutions for {y = ¢y =¢

In order to assess the stability of the periodic motions of the
system identified in the previous sections, a semi-analytical procedure,
grounded on the Floquet’s theory, is performed. To this end, restricting
the attention to the case of coincident damping parameters ({y =
¢y = ¢) for conciseness, the two second-order differential equations
of motion (16);, can be recast as the following system of four first-
order differential equations, which is nonlinear in the dimensionless
amplitude U

Z, (1) =0,(7),

% u@® 1 n@
P2 B2 () pP (L+u3())

;3 (1) = vy (1),

% u@® 3 U@ 3 2

P2 B 208 L+ do?

;z(r)= +U<cosr+£ ST >

/)3/2 A3/2 (r)

;4(T)=— s

(49)

where v (r) = &(1) and v3(7) = u(z), and therefore v, (r) = ¢ and
vy (1) = ;4(1), and 4 (r) is given by the algebraic condition (16); as
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A =1 3 4O G0
(T)— +U3(T)+§1+T3(T)A

The Jacobian matrix J(r) associated with the state-space model (49),
governing the motion of the lumped mass m, follows as

0 1 0 0
Joo Iy Jyz O

@W=1% o o 1| G
Ju 0 Jp Ty
where the values of the non-null matrix coefficients J;; are
Jo = 1 % vi(7) vy(r)=Usint
AT B30 +0s(0) 5 1+05(0) p2A2(r)
- 2
In == 123027y
2 .
Jyy = 3v,(1) +3c(1- 3 UI(T) UZ(T)—USIHT’
PP+ v3(0)* S5 +uv30)? ) pRA(x) (52)
T = 3v; % vy(7) v4(7)
T B30+ o)t 5 1 +03(0) p225/2(z)
S 6v}(7) . ( EIRAC) ) 04(7)
R0+ u0p 5+ 007 ) PPARE)
Syt
M2

It is worth noting that the Jacobian matrix J(r) evaluated for the
periodic solution v;(r) = &(r) and v3(r) = u(zr) given by Eq. (30) is
periodic with a period T = 2z, namely J(z + 2z) = J(r) at every time r.

The stability of the relevant periodic motion (30) can be assessed
through the analysis of the transition matrix @(z) of the system, pro-
vided by

o) =[ X, X0, X0, X0 | (53)

where the four-dimensional time-variable vectors X;(z), i = 1,2,3,4,
can be obtained as solution of the following set of ordinary differential
equations

X;(r) = J(r) X;(7), i=1,2,3,4, (54)
subject to the initial condition

X,(0) = [1,0,0,0]",
X;5(0) = [0,0,1,07,

X,(0) = [0,1,0,0]7,

X,(0) = [0,0,0, 117" 5

More specifically, the periodic motion (30) is stable when the
complex eigenvalues of the associated transition matrix evaluated at
end of the first period, @(T'), lie within the unit circle of the complex
plane (Luongo et al., 2023). For the problem under consideration, the
set of ordinary differential Egs. (54) with initial condition (55) can
be only solved numerically and, to this purpose, the Matlab function
ode4b has been used. Once the transition matrix @(z) is computed, its
eigenvalues at the end of the first period (r = T) can be evaluated
afterwards, together with the stability assessment of the considered
periodic motion. The stability of the considered periodic motions of the
system may also depend on U, since the transition matrix (53) depends
non-linearly on the periodic solution (30) found with the perturbation
approach and defining &(z) and u(z) to be proportional to U and U?,
respectively.

The semi-analytical stability analysis reveals the existence of a crit-
ical parametric curve {c,{} = {o’c(p), {E(p)}, that represents the critical
conditions for the first-order limit cycles, namely defining their stable-
to-unstable transition. The critical curve {6C(p), Cc(p)} evaluated for the
dimensionless parameter U = 0.03 is shown in Fig. 3 as a red thick curve
superimposed to the surface of Fig. 2(a), and through its projection
superimposed to the respective curves in the p—{ and p-o planes of Fig.
2(c—d). The possible multistability in the dynamic response is revealed
in Fig. 3(b) by showing the pairs 6—{ associated with a monostable (M)
and a bistable (B) small-amplitude periodic response. It is observed
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Fig. 3. As for Fig. 2, but including the critical curve {{t(p), UL.(p)} (as thick red line) evaluated for coincident damping parameters ({y = ¢y =¢) and the dimensionless parameter
U = 0.03. The unstable solutions with a red shading in (a, ¢, d). Monostable (M,, M(L”, Mf), and M) and bistable (/3) domains are shown in the ¢-{ plane with different colors
in (b). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

that the monostable (M) region contains, in addition to the whole
region where only one positive solution for p exists, also a portion
of the region where three positive solutions for p exist. Interestingly,
the critical curve ¢,-¢, results coincident with the parametric curve
&—E 'y (for which do/dp = 0) except in the surrounding of { = ¢ = 0,
where a finger of monostable domain is present in the region where
three positive solutions for p exist. More specifically, the multistable
character of the system can be described as:

+ the monostable domain M can be distinguished in

- the monostable subdomain M, (defined by ¢ > Zx ~
0.52256), corresponding to the unique solution p. This solu-
tion cannot be associated with any upper or lower solution
branch, since no multiple solutions are never possible by
varying o;

- the monostable subdomain My, corresponding to the
unique solution p originated from the upper branch solution
when ¢ <y ~ 0.52256;

- the monostable subdomain M(Ll) , corresponding to the
unique solution p originated from the lower branch solution
when ¢ < ¢y ~ 0.52256;

- the monostable subdomain M(L”, corresponding to the lower
branch solution p in the case when three positive solutions
p exist;

« the bistable domain 5, corresponding to the lower and upper
branch solution in the case when three positive solutions p exist
(while the central branch is always unstable).

The stability analysis is concluded by analyzing how the normalized
displacement U modify the boundary between the bistable 3 and the
monostable M domains. The critical curve ¢, for different (although
small) normalized displacement values, U = {0.005,0.01,0.03,0.05}, is
reported in Fig. 4. It can be observed that, while a portion of the
critical curve is not affected by the magnitude of U, the portion of
curve in the surrounding of ¢ = ¢ = 0 is ‘moving further away’ from the
origin by increasing U, by expanding the monostable domain M(L3) and
shrinking the bistable domain B. The figure is also complemented by
the presence of two crosses, representing the transition condition from
periodic to quasi-periodic motion observed from the numerical simu-
lations presented in Section 5.2.2 and reported in Fig. 7. The crosses
are at coordinates {c,¢} ~ {0.50,0.12} and 1/\3/4—1, 0.08 ; and respec-
tively correspond to a normalized displacement U =~ 0.032 and 0.035,
therefore showing a very good agreement with the semi-analytically
predicted stability loss of the periodic motion by the adjacent line for
U = 0.03.

5. Damping role results and validation

The analytical predictions (25)-(30), obtained by the perturbation
method and stability analysis in Section 3, are here validated by
comparison with the numerical results of the simulations obtained
by integration of the fully nonlinear equations of motion (10)—(11).
Following Koutsogiannakis et al. (2023b), the numerical solution is
achieved by analytically performing the space integration through the
closed-form expressions of the elastica and the evolution in time is
numerically integrated using the semi-implicit Crank-Nicolson finite
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Fig. 4. Effect of the dimensionless displacement U on the critical curve ¢,~¢,, defining
the boundary of the monostable and bistable small-amplitude dynamic response,
evaluated for coincident damping parameters ({y = ¢, = ¢). Four critical curves
o.~(, corresponding to U = {0.005,0.01,0.03,0.05} are reported as thick lines with
{1/¢/4.008},
respectively corresponding to a normalized displacement U ~ 0.032 (blue cross) and
0.035 (red cross), are also included as transition condition from periodic to quasi-
periodic motion, evaluated from the numerical simulations presented in Section 5.2.2.
(For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

different colors. Two crosses at coordinates {c,{} =~ {0.50,0.12} and

difference method. With reference to a lumped mass value m = 0.1 kg,
a bending stiffness B = 1.4363 N m?, an oscillation amplitude of the
sliding sleeve u = 0.005 m, the time integration is computed considering
a time-step of 1/(160), unless stated otherwise.

5.1. Sustained motion amplitudes

The amplitude a and b of the dimensionless transverse &(r)/U and
axial u(t)/U? oscillations of the lumped mass, respectively, are reported
in Fig. 5 (top and bottom part, respectively) as functions of the di-
mensionless coefficients ¢ (left) and o (right), showing an excellent
agreement between the analytical solution (25) and (29) (continuous
lines) and the numerical results (red dots), where for the latter the
dimensionless amplitude U (on which the stability depends) can only
be evaluated a posteriori, providing U € [0.0357,0.6617]. Although
such a range of normalized displacement U encompasses non-small
values, the amplitudes a and b from the perturbation approach remains
in excellent agreement with the numerical prediction since both the
effective amplitudes aU and bU? remain small.

Moreover, according to their expansion for small dissipation ¢,
Egs. (46) and (48), and the observations listed in Section 3.3 for small
values ¢, all the amplitude curves display a null tangent at { =0 and a
corresponding parabolic increase or decrease there, Fig. 5(a,c).

5.2. The stabilizing and destabilizing role of damping

5.2.1. Limit cycles

The phase portraits of £(r) (a, b, ¢) and u(r) (d, e, f) provided by
the analytical (yellow dashed curve) and numerical (blue) solutions for
f = 21.127 Hz and with varying dissipation ¢ = {0.1,0.2,0.6} (increasing
from left to right) are reported in Fig. 6 for ¢ = 0.5.

The numerical results refer to time intervals after which transient
effects have disappeared. The Poincaré sections are also included (light
blue dots), both for the transverse oscillation &(f) and for the axial
oscillation u(#), considering a sampling time equal to 1/ f for the former
and 1/(2f) for the latter. When the phase portrait appears as an ellipse,
the Poincaré sections are just a single point, confirming that the motion
is a periodic limit cycle. If instead, the Poincaré map and the Poincaré

10
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sections become a region and a closed loop, respectively, the motion is
quasi-periodic. The phase portraits also include the periodic limit cycles
provided by the perturbation approach, which, when compared with
the numerical results, lead to the following observations:

« two different limit cycles are displayed at ¢ = 0.2 (b, e), associated
with the upper and lower branches of the positive solutions p,
since the system parameters {c,{} = {0.5,0.2} correspond to
the bistable dynamic response (domain B in Fig. 3). Both the
numerical limit cycles are periodic in time and are very well
predicted by the first-order limit cycles obtained analytically. It
is noted that while the phase portrait for x is almost the same
for the two limit cycles, this similarity does not hold in the phase
portrait for &;

a quasi-periodic limit cycle and an infinitesimally small amplitude
periodic one are displayed at ¢ = 0.1 (a,d). The quasi-periodic
response arises in agreement with the semi-analytical assessment
in Section 4 revealing that the periodic limit cycle associated
with the upper branch solution of p becomes unstable below a
threshold value for {. Indeed, a normalized displacement value
U=0.031 is associated with the pair {s,{} = {0.5,0.1}, which
belongs to Mf) even for the case U = 0.030, as shown by the
corresponding curve in Fig. 3;

a single limit cycles is displayed at ¢ = 0.6 (c,f), associated with
the upper branch of the positive solutions p, since the system pa-
rameters {c,¢} = {0.5,0.6} correspond to the monostable dynamic
response (domain My, in Fig. 3).

From the phase portraits in Fig. 6 and in agreement with the monos-
table and bistable domains representation in Fig. 4(b), the dissipation
role can be stabilizing or destabilizing. More specifically, with reference
only to the limit cycle associated with the upper branch solution for p
in the case under consideration (¢=0.5):

« stabilizing role of damping: while the system under infinitesimal
small damping (¢ ~ 0) does not display a stable sustained motion,
this becomes possible by increasing ¢. In particular, the quasi-
periodic oscillation at ¢ = 0.1 becomes a periodic limit cycle
at ¢ = 0.2. Therefore, the increase of damping ¢ within the
small range values stabilizes the limit cycle, or equivalently the
reduction of the damping leads to the loss of stability;
destabilizing role of damping: by further increasing ¢, the periodic
limit cycle visible at ¢ = 0.2 disappears at ¢ = 0.6. It follows that,
oppositely to the previous case regarding the increase of ¢ from
negligible to small values, a continuous increase of ¢ eventually
destabilizes the limit cycle.

It is also noted that the limit cycle associated with the lower branch
solution of p is only affected on its size by ¢, but not in its stability.

A representative case for ¢ > 1/ {/Z is not reported for concise-
ness, however this is considered through a different type of analysis
presented in the next Subsection.

In conclusion, the analytical closed-form solution demonstrates ex-
cellent agreement with the results from numerical simulations, as il-
lustrated in Fig. 6, where only the long-term behavior of the system
is shown, with the transient phase excluded for clarity. Over time,
the numerical simulations converge toward the analytically predicted
periodic motion, when it is semi-analytically detected as stable using
Floquet theory (see Section 4). Under these conditions, the periodic
limit cycles are attractive, ensuring the stability of the system.

5.2.2. Time-varying damping system

Numerical simulations are also performed by linearly varying in
time the damping value (7). The results obtained by numerical integra-
tion with a time-step size 1/(40f) are shown in Fig. 7 in terms of the
period-average value of p(t) for o = {0.5, l/i/é_l, 0.75} (as blue, red, and
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Fig. 5. Limit cycle amplitudes a (a, b) and b (c, d) for the system under coincident damping parameters ¢y = ¢, =

¢ as functions of ¢ at ¢ =

{0.626,0.798,0.870,1.018,1.171,1.577,2.011} (a, ¢) and ¢ at ¢ = {0.02,0.2,0.7} (b, d). The numerical results (red dots) from integration of the fully nonlinear equations of motion

are superimposed to the analytical predictions obtained from the perturbation method (continuous lines).

reader is referred to the web version of this article.)

yellow continuous curves, respectively) and corresponding frequency
f =1{21.127,25.125,28.636} Hz. In particular, the simulations are per-
formed by considering an initial stage where the damping is constant
¢(@) = 0.2 or £(r) = 0.9 for ¢ < 1, where the transient effects dissipate
at the time 7, followed by a second stage which considers ¢(r) = ¢ or
¢@t) = =¢ for 1 > 1, with a slow damping rate {=10-3s~1 (direction of
the curve is highlighted with an arrow of corresponding color). The
numerical results are complemented by the semi-analytical predictions
for the dimensionless average length p(¢{), obtained as unique or non-
unique real solution of the seventh degree polynomial (31), for the
considered ¢ values (reported as dashed line with corresponding color).
The solutions obtained from the numerical integration display jumps
(highlighted with triple arrowhead), and the following observations can
be drawn from their comparison with the semi-analytical curves:

+ except for some small hysteresis and a slight viscous damping
delay, the numerical curves p(¢) are in a very good agreement
with the respective stable portion of the semi-analytical curves
p(©);

a jump in p from the upper (lower) branch solution towards the
lower (upper) branch solution occurs for ¢ = 0.5 (6 = 1/ \3/:1
and 0.75) at increasing ¢, when close to critical curve ¢, (o), as
a signature of the stability loss for that limit cycle;

» foro = ﬂJO.S, 1/ \?/Z} the periodic limit cycle of the upper branch
solution becomes quasi-periodic by decreasing the damping ¢ and

by further decreasing it the sustained motion becomes completely
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(For interpretation of the references to color in this figure legend, the

unstable. In this condition, after a transient time, the flexible
element is completely injected into the sliding sleeve (p — 0);
for 6 = 0.75 the periodic limit cycle of the upper branch solution
never becomes unstable by decreasing the damping ¢, even when
this takes very small (although non-null) values. In this case, the
sustained motion always remains periodic and stable, and the
complete injection does not occur.

As a further and final observation, as shown in Fig. 7, the transition
from periodic to quasi-periodic motion occurs for {s,¢} ~ {0.50,0.12}
and {Pl / {/4—1 0.08 }, corresponding to value of the normalized displace-
ment U ~ 0.032 and 0.035, and this is a preliminary stage to reach
the stability loss of the upper branch solution when the damping ¢ is
decreased. These two transition conditions are in full agreement with
the semi-analytical prediction of the stability of the periodic motion
(Fig. 4).

6. Conclusions

In the context of stabilizing unstable configurations in structural
systems through parametric excitation, the effect of damping on a
novel class of resonant variable-length structures has been extensively
studied. This class of structures, characterized by the presence of a
sliding sleeve constraint that enables the external length of an elastic
rod to vary, is closely associated with the framework of configura-
tional mechanics (Bigoni et al., 2015; Dal Corso et al., 2024). Recent
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Fig. 6. Phase portraits for &(7) (a, b, ¢) and u(z) (d, e, f) under coincident damping parameters ({y = ¢, =¢) for ¢ = {0.1,0.2,0.6} (increasing from left to right) for a system with
(For interpretation of the references to color in this figure legend, the reader is referred

o =0.5. Comparison between analytical (dashed yellow) and numerical (blue) solutions.

to the web version of this article.)

studies (Koutsogiannakis et al., 2023b) have highlighted its self-tuning
capabilities when the sliding sleeve constraint is harmonically oscillat-
ing in the transverse direction. This unique property, marked by the
rod’s spontaneous adjustment of its length outside the sliding sleeve
to establish a new stable trajectory in response to variations in the
amplitude and frequency of the constraint’s harmonic motion, opens
the door to a new generation of single resonant structures. These inno-
vative structures are capable of operating over a significantly broader
frequency range than conventional ones, owing to their variable-length
design.

As a first step towards a theoretical evaluation of the dissipation
effect on such a self-tuning resonant system, the limit cycles and their
stability have been analyzed by incorporating linear dampers in both
the longitudinal and transverse directions, based on prior experimental
validations (Armanini et al., 2019; Koutsogiannakis et al., 2023b).
The main findings of the present investigation can be summarized as
follows:

« first-order limit cycles have been analytically identified using
a perturbation approach, and their stability has been evaluated
through a semi-analytical method;

the reliability of the small-amplitude semi-analytical periodic
solution has been fully validated by results obtained from the
numerical integration of the nonlinear equations of motion;
within the order of approximation of the derived analytical so-
lution, the longitudinal dissipation parameter ¢, has been found
to have no effect on either the average external length #,, or the
limit cycle of the transverse coordinate x(f);
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» viscous dissipation has been shown to play a non-unique role, as
it can either stabilize or destabilize the limit cycle depending on
the system parameters;

» under the assumption of small normalized oscillation amplitude
U and considering non-vanishing transverse damping ({y - 0), it
has been shown that the variable-length structural system always
exhibits at least one stable limit cycle.

The present work has adopted a straightforward expansion of the
system’s state variables to analytically reveal the influence of the
damping coefficients ¢y and ¢y on the average external length #,,—a
relationship that has not been previously addressed. This study has
successfully achieved that objective, as shown in the paper, and has
also provided a first-order approximation of the periodic solutions
the system can attain. For future research targeting higher-order ap-
proximations of periodic and quasi-periodic solutions, more advanced
techniques — such as the Lindstedt-Poincaré method or the Method of
Multiple Scales (Migliaccio and D’Annibale, 2024; Nayfeh and Mook,
2008) — can be employed. Moreover, since the obtained results are
dependent on the specific damping law used, and the current analysis
can be expanded to incorporate other types of damping sources, this
methodology can serve as a tool for achieving target responses by
tuning the damping mechanism. Thus, the developed framework lays
the groundwork for designing innovative mechanical components that
can be applied across a variety of technological fields, including soft
robotics, energy harvesting, and wave attenuation. In fact, the amount
of damping can be controlled over time to drive the self-tuning property
and enable the creation of purely mechanical switching devices based
on the stability loss of solution branches.
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Fig. 7. Period-average p(t) from numerical simulations performed for ¢ = {0.5, 1 /\‘/Z, 0.75} (reported as continuous blue, red, and yellow line, respectively) by linearly varying in
time the damping parameters, considered coincident as ¢y (f) = ¢y (f) = (1), with ¢ = +0.001s™! (curve direction is highlighted with arrow). The dimensionless average length p(¢) as
unique or non-unique real solution of the seventh degree polynomial (31) is also included for the considered o values (reported as dashed line with corresponding color). Jumps
from upper (lower) branch solution to the lower (upper) one at increasing damping parameter ¢ is highlighted through a downward (upward) triple headed arrow for ¢ = 0.5
(c=1/ {/Z and 0.75). (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Appendix. Equations of motion

The equations of motion of the mechanical system presented in
Section 2 are derived by using the extended Hamilton’s principle, ac-
cording to which the following variational condition has to be satisfied,
for any kinematically admissible motion of the system in the generic
time-interval [t,,1,],

nf X,2+Y,”
:=5/ (m %)d[
51
12 . .
—/ <mg5YL+cXXL5XL+cYYL6YL>dI
I
t, rL B (9/)2
- 5/ / 20 dsar
n Jraw 2

th L
+ 6/ / <NX (sinH—x’)+Ny(cost9—y’)>dsdt =0.
1 0

oH

(56)

In this model, the only inertial terms are those associated with
the mass, m, attached at the rod end. The effects of damping on
the system is that depending on the damping coefficient ¢. The rod
inertia is neglected, while the rod’s elastic energy coincides with its
bending energy, which depends on rod’s curvature 6’(s, ) and bending
stiffness B. Finally, the kinematic constraint associated with the rod’s
inextensibility is accounted for via Lagrange’s multipliers, N, (s,7) and
N, (s,1), having the mechanical meaning of internal force components
along the x and y axes, respectively.
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Standard procedures based on integration by parts and localization
lead to the equations of motion (10) for the system, complemented by
boundary conditions (11).

As is apparent, the equations that govern the deflection of the rod
axis (coinciding with the equations of the Euler’s elastica in the problem
at hand) and those which describe only the motion of the mass m,
are coupled to each other because of the Lagrange’s multipliers, N,
and N,. However, in the case of moderate rotations of the rod cross-
sections, it is possible to express the Lagrange’s multipliers in terms
of the displacement components of the rod free-end and decouple the
equations of motion of the mass-rod system into two groups: one of
them governs the motion of the mass m attached at the free-end of the
rod, as a function of the weight force m g, the damping coefficient ¢, and
the sleeve motion u(t); the other group provides the deflected shape of
the entire rod’s axis. This is obtained, in the present work, by resorting
to a perturbation approach, as is now described.

Under the assumption of moderate cross-section rotations and
adopting a perturbation approach, a small positive parameter £ (0 <
& < 1) is conveniently introduced to develop the calculations: the
rotation 6 is rescaled and expanded, 6 = € (6, + €6, + ---); the Lagrange’s
multipliers are rescaled as well, N, = ¢N,, and N, = €N ,. Eq. (10)
is then attacked via a straightforward perturbation method. Doing this,
the following relations can be derived

N2 , N/
0, = + h.o.t., 0 = + h.o.t.,
2B ¢ B (57
N, 73 N2£3
X; = 3B + h.o.t., yp=¢- 552 + h.o.t.,

where 6, = 0(L.1), 0, = 0'(L—1(1),1), x; = x(L,1), y, = ¥(L.1), and h.o.t
stands for higher order terms.

Neglecting the higher order terms (h.o.t.) in Egs. (57), and com-
bining these latter with Egs. (10)—(11), it is possible to express the

Lagrange’s multipliers N, and N, in terms of x; and y,,
2 2
=3BxL BO! __9BxL

5 y = > - Zyi

N

X

58
y3L (58)
and, consequently, to obtain Egs. (12).

The solution of the non-linear differential algebraic Eqgs. (12) with
the relevant initial conditions provides the time-dependent displace-
ment components x; and y; of the rod’s end. Once x; and y; are
evaluated, the Lagrange’s multipliers N, and N, follow from (58) as
well as the deflected shape of the rod axis as the solution of the elastica
problem, i.e., the ordinary differential equation

BO"(s,1) + N,.(t) cos 0(s, 1) — N, (#)sinf(s,1) =0, (59)

subject to the boundary conditions §(L — #(r),t) = 0 and 6’'(L,t) = 0.
Data availability

Data will be made available on request.
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