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A B S T R A C T

The stress state in slender elastic cylinders with a straight axis and tapered cross-sections is investigated.
Compared to the de Saint-Venant’s cylinder, the continuous variation in the dimensions of the cross-sections
along the cylinder’s axis results in additional, non-trivial shear stress distributions within the cross-sections.
This paper analytically investigates the dependence of these stresses on taper, a topic of significant practical
interest for the design of tapered structural elements commonly employed in various engineering applications,
such as components of wind turbines, aircraft, and bridges. The analytical study in this paper is based on
a set of partial differential equations and boundary conditions, derived in a recent work, that govern the
stress state in three-dimensional tapered cylinders undergoing cross-sectional warping, in- and out-of-plane. A
new analytical solution is derived for rectangular cross-sectioned tapered cylinders, resembling the shear webs
of large wind turbine blades, with external loads applied at the ends. By examining this paradigmatic case,
the inadequacy of approaches based on stepped-beam models in predicting shear stresses in tapered slender
solids is demonstrated analytically. Numerical examples, including comparisons to results from the literature
and benchmark solutions based on finite element methods, are also provided and corroborate the analytical
findings of this study.
1. Introduction

Tapered structural elements are widely employed in civil and in-
dustrial engineering applications because they allow optimal compro-
mises to be achieved between structural strength, material usage and
cost (Atkin, 1938; Vilar et al., 2021; Bertolini and Taglialegne, 2020;
DesRoches et al., 2022; Balduzzi et al., 2017). The advantages of using
tapered elements over prismatic ones is known as early as the 17th
century. The first systematic study of the mechanical behaviour of slen-
der elements with different shapes, under various loading conditions,
dates back to Galileo Galilei. Galileo’s work Discorsi e Dimostrazioni
Matematiche intorno a due Nuove Scienze Attinenti alla Mecanica (Galilei,
1638), published in 1638 and translated in English in 1954 with the
title Two New Sciences (Galilei, 1954), is structured as a dialogue over
four days among three characters: Francesco Sagredo, Filippo Salviati
(who represents Galileo) and Simplicio. On the second day of the
dialogue, the discussion focuses on the behaviour of a cantilever beam
with a prescribed load applied at the free end and on the resistance of
such beam if part of its material is removed, i.e., the so-called problem
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of the solid of equal resistance (Galilei, 1638, 1954).
Saving material without compromising the resistance of the structure

is a common design requirement for engineers. Examples of modern
structural elements that adhere to this design requirement include tow-
ers and blades of horizontal-axis wind turbines in industrial engineer-
ing (Griffith et al., 2012; Migliaccio et al., 2020), tapered components
of aircraft wings and tailplanes in the aerospace sector (Atkin, 1938;
Pugsley and Weatherhead, 1942), and variable-height beams in bridge
construction within the civil engineering field (Paglietti and Carta,
2009; Balduzzi et al., 2016). Accurate predictions of their state of stress
and strain is important even in the preliminary design stage. However,
critical issues are not absent in engineering methods commonly used
by practitioners for analysis and design (Paglietti and Carta, 2009;
Balduzzi et al., 2017; Migliaccio et al., 2022), which often rely on
approaches based on stepped-beam models.

This paper addresses the analytical prediction of stresses and strains
in slender tapered elements, proposes new analytical formulas that can
be used for stress analyses, and discusses the effects of taper that make
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Fig. 1. Lateral view of a tapered beam (left) with indication of the beam’s axis and of the end cross-sections; stepped beam (right) that geometrically approximates the tapered
beam.
stepped-beam approaches inadequate in predicting stresses and strains
in tapered elements.

The structural element addressed in this study has the shape of a
slender elastic cylinder with a straight axis and tapered cross-sections
and is subjected to external loads applied at its end cross-sections.
Compared to the well-known de Saint-Venant’s cylinder (Navier, 1864;
Sokolnikoff, 1946; Muskhelishvili, 1977), the continuous variation in
cross-sectional dimensions along the cylinder’s axis generates addi-
tional, non-trivial stress distributions within the cross-sections. These
stress distributions (it will be shown in this work) cannot be accurately
predicted using stepped-beam approaches, challenging the common en-
gineering perception, notwithstanding the fact that the effects of taper
on the deflection of the axis of a tapered cylinder can be effectively
predicted using such approaches. In stepped-beam models, indeed, the
idea is to approximate the shape of the tapered cylinder with a suitable
stepped beam containing an adequate number of segments or steps,
as illustrated in Fig. 1. Furthermore, by continuously increasing the
number of steps in such a beam, the displacement of the points of its
axis can be made to closely approximate those of the tapered cylinder,
according to a specified convergence criterion. Unfortunately, this ap-
proach does not yield the same accuracy for the stresses and strains
within the cross-sections, which can be quite different from those
obtainable by resorting to stepped-beam approaches (Migliaccio and
Ruta, 2020; Migliaccio, 2023a). This is due to stress fields that explicitly
depend on the continuous variation in cross-sectional dimensions along
the cylinder’s axis, which are absent in stepped-beam models but are
crucial for accurate stress predictions, as is demonstrated in the present
work.

Given the importance of accurately predicting stresses and strains in
tapered elements, many researchers have addressed the development of
engineering methods and formulas for their analysis and design. Build-
ing on de Saint-Venant’s findings on stresses and strains in prismatic
cylinders (Navier, 1864; Love, 1944; Sokolnikoff, 1946; Muskhelishvili,
1977), and with the aim of generalizing solutions like Jourawski’s
shear formula (Jourawski, 1856), developed in the mid-19th cen-
tury for designing bridge beams during the construction of the St.
Petersburg-Moscow railroad (1844–1850), several researchers have at-
tempted to derive similar solutions and formulas for tapered elements.
Among them, it is noteworthy the early work of Bleich (1932) for
bridge engineering applications, the studies of Atkin (1938), Saksena
(1944), and Krahula (1975) on tapered structural elements used in the
aerospace sector, the survey of Paglietti and Carta (2009) on the theory
of shear strength for variable-depth beams, the works of Balduzzi et al.
(2016, 2017), Mercuri et al. (2020) on the deficiencies in modern
engineering tools and procedures for the analysis of tapered thin-walled
beams, the investigations of Bertolini et al. (2019a,b), Bertolini and
Taglialegne (2020), Bennati et al. (2016) and Migliaccio and Ruta
(2020), Migliaccio (2022a,b), Migliaccio and Ruta (2021), Migliaccio
(2023b) on stresses and strains in tapered components of large hori-
zontal axis wind turbines, and other works (Vilar et al., 2021; Slocum,
1911; Xu and Zhou, 2009; Trahair and Ansourian, 2016; Shin et al.,
2016; Zappino et al., 2018; Chockalingam et al., 2020; Su and Zhou,
2022) recalled in recent papers (Paglietti and Carta, 2009; Balduzzi
et al., 2017; Migliaccio et al., 2022), where further references can be
2 
found.
The study of tapered elements for structural engineering applica-

tions continues nowadays to attract the interest of many researchers.
Analytical solutions have been proposed by some authors for thin,
tapered elements under plane stress conditions (Atkin, 1938; Hodges
et al., 2008, 2010; Trahair and Ansourian, 2016), often drawing paral-
lels to the planar wedge problem outlined in classical elasticity trea-
tises, such as Timoshenko and Goodier (1951). Other authors have
concentrated on thin-walled tapered beams (Balduzzi et al., 2016;
Bertolini et al., 2019a; Vilar et al., 2021), assuming Navier’s for-
mula (Navier, 1864) to hold for the cross-sectional normal stresses
and deriving the relevant shear stresses via the static equilibrium
of the beam in its undeformed configuration, following Jourawksi’s
method (Jourawski, 1856). Yet others have addressed the problem of
stress prediction in tapered elements via numerical methods (Shin et al.,
2016; Zappino et al., 2018; Patni et al., 2020; Sarhadi and Eder, 2024;
Vo et al., 2021). Numerical approaches are flexible and well-suited
for detailed, accurate analyses. On the other hand, analytical solutions
offer insights into the physical problem that are often inaccessible
through purely numerical investigations.

The present work adopts an analytical approach proposed in a
recent study for predicting stresses and strains in tapered cylinders
(see, e.g., Migliaccio and Ruta (2021), Migliaccio (2023a)). These
cylinders are treated as slender, three-dimensional elastic solids with
cross-sections capable of both in-plane and out-of-plane deformation.
The analytical approach relies on a variational principle to derive
the governing equations for the stress state in such elements. These
equations are expressed as Partial Differential Equations (PDEs) with
suitable boundary conditions, similar to the PDEs governing the stress
state in the de Saint-Venant’s cylinder. PDEs problems generally admit
closed-form analytical solutions only in few cases, as also discussed
in Migliaccio and Ruta (2021), Migliaccio (2022b), where tapered
cylinders with elliptical pre-twisted cross-sections are solved analyti-
cally and the solutions are validated by comparisons with the results of
finite element methods. The PDEs problems reported in Migliaccio and
Ruta (2021), Migliaccio (2023a) are recalled in this paper and a new
analytical solution is found for a rectangular cross-sectioned tapered
cylinder with external actions applied only at the end cross-sections.
The new analytical expressions of stresses and strains derived in this
work represent a generalization of those that are valid for the de Saint-
Venant’s cylinder and recover them in the prismatic case. Furthermore,
they demonstrate analytically the inadequacy of approaches based on
stepped-beam models when dealing with stress predictions in tapered
slender solids.

The paper is organized as follows. The mechanical model and the
relevant partial differential equations that govern the stress state in
the considered elastic solid are recalled in Section 2. A new analytical
solution to such PDEs for the case of a rectangular cross-sectioned
tapered cylinder is presented in Section 3 and complemented with
additional details in Appendix. This solution is applied in Section 4
to structural elements of interest from both theoretical and practical
engineering perspectives, highlighting the inadequacy of approaches
based on stepped-beam models in predicting shear stresses in tapered
elements. Numerical examples, reported in Section 5, confirm the
analytical findings of the study. Conclusions and possible future works
are illustrated in Section 6.
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Fig. 2. Schematic of tapered slender solid in its reference undeformed (left) and current deformed (right) states, with indication of the corresponding centre-lines, cross-sections,
and local coordinate systems, 𝐛𝑖 and 𝐚𝑖, 𝑖 = 1, 2, 3: the axial coordinate 𝑠 and cross-sectional coordinates 𝑥𝛼 , 𝛼 = 2, 3, in the reference state define the position of the cylinder’s
points; the warping fields 𝑤𝑖 in the current state are the in- and out-of-plane displacements of the cross-sections.
2. Mechanical model

This section recalls the tapered cylinder model introduced in recent
works (e.g., Migliaccio and Ruta (2021), Migliaccio et al. (2022),
Migliaccio (2023a)), to which readers can refer for further details. The
main definitions concerning the tapered geometry, as well as the stress
and strain measures adopted in the present work, are presented in
Section 2.1. Section 2.2 subsequently describes the partial differential
equations (PDEs) and boundary conditions relevant to this study, which
are analytically solved in Section 3.

2.1. Preliminary definitions

A schematic depiction of the considered cylinder, in both its refer-
ence undeformed and current deformed states, is presented in Fig. 2. This
cylinder is schematized as a series of deformable plane figures (cross-
sections) attached at a deformable line (axis or centre-line), occupying
a region of volume 𝑉 in the reference state. It is assumed that in
the reference state the cylinder’s cross-sections are orthogonal to the
centre-line at the centroid and the centre-line is a straight regular
curve. The centre-line may undergo small displacements and strains.
The cross-sections follow the centre-line motion and may undergo
additional small warping displacements, in and out of plane, producing
small deformation of the cross-sections.

Two local coordinate systems are introduced in Fig. 2. The first, with
orthogonal unit vectors 𝐛𝑖, 𝑖 = 1, 2, 3, is defined at any point along
the centre-line in the reference state and depends on the arc-length
s, i.e., 𝐛𝑖 = 𝐛𝑖(𝑠), with 𝐛1 tangent to the reference centre-line, 𝐛2 and
𝐛3 contained in the cross-sectional plane. The second, with orthogonal
unit vectors 𝐚𝑖, 𝑖 = 1, 2, 3, is defined at any point along the centre-
line in the current state and depends on the arc-length s and time t,
i.e., 𝐚𝑖 = 𝐚𝑖(𝑠, 𝑡), with 𝐚1 tangent to the deformed centre-line. Unlike the
reference state, in which a cross-section, 𝛴, is contained in the plane
of 𝐛2 and 𝐛3, in the current state a cross-section may not remain plane
and may not belong to the plane of 𝐚2 and 𝐚3.

For convenience, a fixed Cartesian reference frame is also intro-
duced. The corresponding orthogonal unit vectors are 𝐜𝑖, 𝑖 = 1, 2, 3. The
orientation of the unit vectors 𝐚𝑖 and 𝐛𝑖 relative to the unit vectors 𝐜𝑖
can be defined in terms of two proper orthogonal tensor fields 𝐀 =
𝐚𝑖 ⊗ 𝐜𝑖 and 𝐁 = 𝐛𝑖 ⊗ 𝐜𝑖, at any point along the centre-line (𝑠 ∈ [0, 𝐿]),
where ⊗ is the usual tensor or dyadic product. Similarly, the orientation
of the unit vectors 𝐚𝑖 relative to the unit vectors 𝐛𝑖 can be defined
through the proper orthogonal tensor field 𝐓 = 𝐚𝑖 ⊗ 𝐛𝑖 = 𝐀𝐁𝑇 . Here
and throughout the paper standard summation convention is adopted
for indexed variables: Latin (Greek) indices takes values 1, 2, 3 (2, 3);
repeated indices are summed over their range.
3 
The formal expressions describing the position of the cylinder’s
points in the reference state, 𝐑𝐵 , and in the current state, 𝐑𝐴, are

𝐑𝐵(𝑧𝑖) = 𝐫𝐵(𝑧1) + 𝑥𝛼(𝑧𝑖)𝐛𝛼(𝑧1) , (1a)

𝐑𝐴(𝑧𝑖, 𝑡) = 𝐫𝐴(𝑧1, 𝑡) + 𝑥𝛼(𝑧𝑖)𝐚𝛼(𝑧1, 𝑡) +𝑤𝑘(𝑧𝑖, 𝑡)𝐚𝑘(𝑧1, 𝑡) , (1b)

where 𝐫𝐵 and 𝐫𝐴 denote the position of the centre-lines in the reference
and current states, respectively, 𝑥𝛼 identify the points in the cross-
sections, 𝑤𝑖 are warping displacements introduced to model the in-
and out-of-plane deformation of the cross-sections, and, finally, 𝑧𝑖 are
time-independent mathematical variables spanning a prismatic three-
dimensional domain that is mapped into the tapered domain occupied
by the cylinder through the relations 𝑥1 = 𝑧1 = 𝑠, 𝑥2 = 𝛬2(𝑠)𝑧2 and
𝑥3 = 𝛬3(𝑠)𝑧3, where 𝛬2(𝑠) and 𝛬3(𝑠) are prescribed taper functions.
Henceforth, and throughout the paper, the dependence of all scalar,
vector, and tensor fields on the spatial variables 𝑧𝑖 or 𝑥𝑖 and on the
time 𝑡 is understood and, hence, omitted.

The state of strain in the cylinder is described by the Green–
Lagrange strain tensor field 𝐄 and by the vector fields 𝜸 = 𝐓𝑇 𝐫′𝐴 − 𝐫′𝐵
and 𝐤 = 𝐓𝑇 𝐤′𝐴 − 𝐤′𝐵 , as in Migliaccio and Ruta (2020), Migliaccio et al.
(2020), where prime stands for 𝑠-derivative. It is noted that in the
present work the curvature vector 𝐤𝐵 vanishes identically (𝐤𝐵 = 0)
because the reference centre-line is a straight regular curve and the
reference cross-sections are not pre-twisted. The curvature vector 𝐤𝐴
coincides with the axial vector of the skew tensor 𝐊𝐴 = 𝐀′𝐀𝑇 .

The vector fields 𝐤 = 𝑘𝑖𝐛𝑖 and 𝜸 = 𝛾𝑖𝐛𝑖 are referred to as one-
dimensional strain measures because they only capture variations in the
curvature vector and in the centre-line tangent between the reference
and current states. In contrast, the tensor field 𝐄 = 𝐸𝑖𝑗𝐛𝑖⊗𝐛𝑗 is a three-
dimensional strain measure that also accounts for the deformation of
the cylinder’s cross-sections, and is defined by the usual relation

𝐄 = 𝐇𝑇𝐇 − 𝐈
2

, (2)

where 𝐈 denotes the identity tensor, and H is the deformation gradient,
i.e., the derivative of 𝐑𝐴 with respect to 𝐑𝐵 ,

𝐇 =
𝜕𝐑𝐴
𝜕𝐑𝐵

. (3)

The state of stress in the cylinder is described through the second
(symmetric) Piola–Kirchhoff stress tensor, 𝐒 = 𝑆𝑖𝑗𝐛𝑖 ⊗ 𝐛𝑗 . Considering
a linear, elastic, isotropic, and homogeneous material (Gurtin, 1981),
the components 𝑆𝑖𝑗 of the stress tensor 𝐒 are expressed in terms of the
components 𝐸𝑖𝑗 of the Green–Lagrange strain tensor 𝐄,

𝑆 = 𝑌 𝐸 + 𝜈 𝑌 𝐸 𝛿 , (4)
𝑖𝑗 1 + 𝜈 𝑖𝑗 (1 + 𝜈)(1 − 2𝜈) 𝑘𝑘 𝑖𝑗
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where 𝛿𝑖𝑗 is the Kronecker’s delta (𝛿𝑖𝑗 = 1 when 𝑖 = 𝑗, 0 otherwise), 𝑌
s the Young’s modulus of the material, and 𝜈 is the Poisson’s ratio. For
ompleteness, the shear modulus of the material, 𝐺, is also introduced:
t is related to Young’s modulus and Poisson’s ratio by the usual relation
𝐺 = 𝑌 ∕(1 + 𝜈).

The stress and strain fields introduced so far can be obtained as solu-
ion to a set of partial differential equations (PDEs) and boundary con-
itions (BCs) derivable through the principle of virtual power (Rubin,

2000; Dell’Isola and Bichara, 2005; Ruta et al., 2006). To exploit this
principle, two functionals are defined, namely, the external power
functional Π𝑒 and the internal power functional Π𝑖. The former, Π𝑒,
escribes, for each velocity field attainable by the body, interactions
etween the body and the external environment. Such interactions
ay take place via contact and non-contact actions. Specifically, it is

ssumed

Π𝑒 = ∫𝑉
𝐟 ⋅ 𝐯 + ∫𝜕 𝑉

𝐩 ⋅ 𝐯 , (5)

where dot denotes the usual scalar product, vector 𝐟 represents body
loads (non-contact actions) per unit body’s reference volume 𝑉 , vector

stands for surface loads (contact actions) per unit area of the body’s
boundary 𝜕 𝑉 , and, finally, vector 𝐯 is the time rate of the current po-
ition of the body’s points. It is noted that the integrals are performed,
espectively, over the body’s reference volume 𝑉 , also represented in

Fig. 2 (left), and its boundary 𝜕 𝑉 . Interactions among the body’s parts
re described via the internal power functional Π𝑖, that is,

Π𝑖 =
𝑑
𝑑 𝑡 ∫𝑉

𝛷 , (6)

where 𝛷 = 𝐒 ⋅𝐄∕2 is the body strain energy density. Balance equations
are finally obtainable via the classical principle of virtual power (Rubin,
2000; Dell’Isola and Bichara, 2005; dell’Isola et al., 2022; Ruta et al.,
2006), by requiring that for any velocity field attainable by the body
its interactions with the external environment and among its parts are
such that the total power vanishes (i.e., Π𝑒 = Π𝑖) at any value of the
evolution parameter 𝑡. This yields the set of partial differential equa-
tions and boundary conditions reported in recent works (Migliaccio and

uta, 2021; Migliaccio et al., 2022; Migliaccio, 2023a), which govern
he stress state of the elastic cylinder under consideration. Those that
re relevant to the present study are reported in the next Section 2.2.

2.2. Shear stresses and related PDEs problem

We are now in a position to write the expressions of the stress
fields 𝑆21 and 𝑆31, namely, the two components of the second (sym-

etric) Piola–Kirchhoff stress tensor, 𝐒 = 𝑆𝑖𝑗𝐛𝑖 ⊗ 𝐛𝑗 , that are relevant
to the present investigation. Following (Migliaccio and Ruta, 2021;
Migliaccio, 2023a), the shear stresses 𝑆21 and 𝑆31, in the considered
tapered cylinder, subjected to external actions applied solely at the end
cross-sections, are given by

𝑆21 = 𝐺 𝜑2 + 𝐺
(

𝜕 𝜔
𝜕 𝑥2

− 𝑘1𝑥3

)

+ 𝑌 (𝛾1 + 𝑘2𝑥3 − 𝑘3𝑥2)
𝛬′
2

𝛬2
𝑥2 , (7a)

𝑆31 = 𝐺 𝜑3 + 𝐺
(

𝜕 𝜔
𝜕 𝑥3

+ 𝑘1𝑥2

)

+ 𝑌 (𝛾1 + 𝑘2𝑥3 − 𝑘3𝑥2)
𝛬′
3

𝛬3
𝑥3 , (7b)

where 𝑌 and 𝐺 are the Young’s and shear moduli, 𝑥2 and 𝑥3 are spatial
ariables specifying the position of points within the cylinder’s cross-

sections, 𝛾1 represents the extension of the cylinder’s centre-line, 𝑘1 and
𝑘𝛼 (𝛼 = 2, 3) are torsional and bending curvatures, respectively, and,
finally, the scalar fields 𝜔, 𝜑2, and 𝜑3 (depending on the cross-sectional
variables 𝑥2 and 𝑥3) must satisfy partial differential equations,

𝜕2𝜔
𝜕 𝑥22

+ 𝜕2𝜔
𝜕 𝑥23

= 0 , (8a)

𝜕 𝜑2 +
𝜕 𝜑3 = 𝑝 𝑥 + 𝑝 𝑥 , (8b)
𝜕 𝑥2 𝜕 𝑥3 2 2 3 3 t

4 
𝜕 𝜑3
𝜕 𝑥2

−
𝜕 𝜑2
𝜕 𝑥3

= 𝑞2𝑥2 + 𝑞3𝑥3 , (8c)

with Neumann-type boundary conditions on the boundary 𝜕 𝛴 of the
ross-sectional domain 𝛴,

(

𝜕 𝜔
𝜕 𝑥2

− 𝑘1𝑥3

)

𝑛2 +
(

𝜕 𝜔
𝜕 𝑥3

+ 𝑘1𝑥2

)

𝑛3 = 0 , (9a)

𝜑2𝑛2 + 𝜑3𝑛3 = 0 . (9b)

In Eqs. (8)–(9), 𝑛𝛼 are the components of the outward unit normal
on 𝜕 𝛴, and coefficients 𝑝2, 𝑝3, 𝑞2, and 𝑞3 are defined as follows

𝑝2 = 2(1 + 𝜈)𝑘′3 + 2(1 + 𝜈)
(𝛬′

3
𝛬3

+ 2
𝛬′
2

𝛬2

)

𝑘3 , (10a)

𝑝3 = −2(1 + 𝜈)𝑘′2 − 2(1 + 𝜈)
(𝛬′

2
𝛬2

+ 2
𝛬′
3

𝛬3

)

𝑘2 , (10b)

𝑞2 = 2𝜈 𝑘′2 + 2(1 + 𝜈)
𝛬′
2

𝛬2
𝑘2 , (10c)

𝑞3 = 2𝜈 𝑘′3 + 2(1 + 𝜈)
𝛬′
3

𝛬3
𝑘3 , (10d)

where 𝜈 is the material Poisson’s ratio, 𝛬2(𝑠) and 𝛬3(𝑠) are taper
unctions, which define the law of variation of the cross-sectional
imensions of the cylinder along the cross-sectional axes 𝑥2 and 𝑥3,
espectively, and a prime (as in 𝛬′

2) stands for derivative with respect to
he axial variable 𝑠, namely, the arc-length of the cylinder’s centre-line
n the reference configuration (Fig. 2).

Eqs. (7)–(10) show the role of the scalar fields 𝜔, 𝜑2 and 𝜑3 in
determining the shear stresses 𝑆21 and 𝑆31. The first scalar field, 𝜔,
plays the role of the de Saint-Venant’s out-of-plane warping function
nd is proportional to it through the torsional curvature 𝑘1. The other
wo, 𝜑2 and 𝜑3, are associated with shear strains in the cylinder’s cross-

sections caused by flexure. It is worth to notice that for a prismatic
cylinder in the absence of torsion the classical relations 𝜑2 = 2𝐸21 =
21∕𝐺 and 𝜑3 = 2𝐸31 = 𝑆31∕𝐺 are obtained from Eq. (7), where

𝐸21 and 𝐸31 are two components of the Green–Lagrange strain tensor,
𝐄 = 𝐸𝑖𝑗𝐛𝑖 ⊗ 𝐛𝑗 .

Other equations (see, e.g., Migliaccio (2023a,b), Migliaccio and
Ruta (2021)) govern the determination of the remaining components of
the stress and strain tensors, S and E. However, since this study focuses
solely on the effects of taper on the shear stresses 𝑆𝛼1 and shear strains
𝐸𝛼1 (𝛼 = 2, 3), the additional equations for the other components of
tensors S and E are not directly relevant and are therefore omitted from
this discussion.

The determination of the shear stresses 𝑆21 and 𝑆31 is straightfor-
ward once the PDEs problem (8)–(10) has been solved. It is noted that
the PDE (8a) with boundary condition (9a) defines an independent
PDE problem in terms of 𝜔, whose solution depends solely on the
hape of the cross-sectional domain 𝛴 and on the torsional curvature
1. Similarly, the PDEs (8b)–(8c) with boundary condition (9b) is a

PDEs problem in the scalar fields 𝜑2 and 𝜑3, whose solution depends
nly on the shape of the domain 𝛴, on the bending curvatures 𝑘𝛼

and on their 𝑠-derivative, 𝑘′𝛼 . Such PDE problems formally resemble
those that govern the flexural–torsional deformation of the de Saint-

enant’s cylinder (Sokolnikoff, 1946; Muskhelishvili, 1977), except for
the expressions of coefficients 𝑎𝛼 and 𝑏𝛼 , which in the present work
ccount for the effects of taper and reduce to those of the de Saint-
enant’s cylinder only in the prismatic case (𝛬𝛼 = 1, 𝛬′

𝛼 = 0).
iven this, it is not surprising that the PDEs problem (8)–(10) admits

analytical solutions only in a few cases. One such case is presented in
he following section.
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Fig. 3. Reference (underformed) configuration of a tapered cylinder with rectangular
solid cross-sections: lateral view (left) and frontal view (right) with indication of the
dimensions ℎ2(𝑠) and ℎ3(𝑠) of a generic cross-section at the axial coordinate 𝑠 ∈ [0, 𝐿].

3. A closed-form solution of a paradigmatic case

Let us consider the slender elastic element whose reference unde-
formed configuration is represented in Fig. 3: it is a rectangular cross-
sectioned tapered cylinder, whose cross-sectional dimensions, 2ℎ2(𝑠)
and 2ℎ3(𝑠), change between the end cross-sections (𝑠 = 0 and 𝑠 = 𝐿)
according to prescribed taper functions, 𝛬2(𝑠) and 𝛬3(𝑠), such that
ℎ2(𝑠) = 𝛬2(𝑠)𝐻2 and ℎ3(𝑠) = 𝛬3(𝑠)𝐻3, where 2𝐻2 and 2𝐻3 are the
cross-sectional dimensions at the axial coordinate 𝑠 = 0 (root section).
The external actions are applied only at the end cross-sections and are
statically equivalent to prescribed forces and moments, as in the de
Saint-Venant’s cylinder (Sokolnikoff, 1946; Love, 1944; Muskhelishvili,
1977).

For the case at hand, the PDE problem defined by Eqs. (8)–(10)
admits an analytical solution, enabling the determination of the shear
stresses 𝑆21 and 𝑆31, via Eq. (7), and the corresponding shear strains
𝐸21 and 𝐸31, through the constitutive model (Eq. (4)).

It is noted that, for a given cross-sectional domain 𝛴, the solution to
the PDE problem defined by Eqs. (8a), (9a), which is formally identical
to the de Saint-Venant’s torsion problem (Sokolnikoff, 1946), depends
solely on the torsional curvature 𝑘1. This problem can be solved an-
alytically for a tapered cylinder with rectangular cross-sections. Fur-
thermore, its solution, provided in Appendix, is formally identical to
the solution for a de Saint-Venant’s cylinder with rectangular cross-
sections under pure torsion. Notably, the shear stresses provided by
such solution do not explicitly depend on 𝛬′

2 and 𝛬′
3. The same cannot

be said for the PDEs problem defined by Eqs. (8b), (8c), (9b), which
formally resembles the de Saint-Venant’s flexure problem (Sokolnikoff,
1946). The solution to this latter (reported in Section 3.1) depends
on the bending curvatures 𝑘𝛼 and their 𝑠-derivative 𝑘′𝛼 through co-
efficients 𝑎𝛼 and 𝑏𝛼 (Eq. (10)), which include terms proportional to
coefficients 𝛬′

2 and 𝛬′
3. These terms produce additional, non trivial

shear stress distributions within the cylinder’s cross-sections, which
vanish identically only for the de Saint-Venant’s cylinder. These shear
stress distributions (proportional to 𝛬′

2 and 𝛬′
3) can be determined

analytically for a tapered cylinder with rectangular cross-sections, as
is shown in Section 3.1.

3.1. Shear stresses in the flexure problem

The search for a solution to the PDEs (8b)–(8c) with boundary
condition given by Eq. (9b) can be traced back to the search for a
harmonic function 𝛹 , depending on the cross-sectional variables 𝑥2
and 𝑥3, that satisfies the following Neumann-type condition on the
boundary 𝜕 𝛴 of the cross-sectional domain 𝛴:

𝜕 𝛹
𝜕 𝑛 = −

𝑝2𝑥22 − 𝑞3𝑥23
2

𝑛2 −
𝑞2𝑥22 + 𝑝3𝑥23

2
𝑛3 , (11)

where 𝛴 is the rectangle (𝑥2, 𝑥3) ∈ [−ℎ2, ℎ2] × [−ℎ3, ℎ3]. Given the
harmonic function 𝛹 , the scalar fields 𝜑 and 𝜑 can be determined
2 3

5 
as follows:

𝜑2 =
𝑝2𝑥22 − 𝑞3𝑥23

2
+ 𝜕 𝛹

𝜕 𝑥2
,

𝜑3 =
𝑞2𝑥22 + 𝑝3𝑥23

2
+ 𝜕 𝛹

𝜕 𝑥3
.

(12)

For the problem at hand, the harmonic function 𝛹 can be repre-
sented as a series involving trigonometric and hyperbolic functions:

𝛹 = 𝐴0𝑥2 + 𝐵0𝑥3 +
∞
∑

𝑛=1
𝐴𝑛 sinh

(

𝑛𝜋 𝑥2
ℎ3

)

cos
(

𝑛𝜋 𝑥3
ℎ3

)

+
∞
∑

𝑛=1
𝐵𝑛 sinh

(

𝑛𝜋 𝑥3
ℎ2

)

cos
(

𝑛𝜋 𝑥2
ℎ2

)

,

(13)

where the coefficients 𝐴0, 𝐵0, 𝐴𝑛 and 𝐵𝑛 are determined by enforcing
the boundary condition (11), yielding:

𝐴0 = − 𝑝2
2
ℎ22 +

𝑞3
2
ℎ23
3
, 𝐴𝑛 =

2𝑞3ℎ33
𝜋3

(−1)𝑛

cosh
( 𝑛𝜋 ℎ2

ℎ3

)

,

𝐵0 = − 𝑝3
2
ℎ23 −

𝑞2
2
ℎ22
3
, 𝐵𝑛 =

2𝑞2ℎ32
𝜋3

(−1)𝑛

cosh
( 𝑛𝜋 ℎ3

ℎ2

)

.

(14)

By combining Eqs. (7), (10), (12)–(14), analytical expressions are
obtained for the shear stresses 𝑆21 and 𝑆31 associated with the flexure
of the rectangular cross-sectioned tapered cylinder considered in this
section. In order to highlight the effect of taper on 𝑆21 and 𝑆31, they
are recast in the form:

𝑆21 = 𝑆(1)
21 +

𝛬′
2

𝛬2
𝑆(2)
21 +

𝛬′
3

𝛬3
𝑆(3)
21 , (15a)

𝑆31 = 𝑆(1)
31 +

𝛬′
2

𝛬2
𝑆(2)
31 +

𝛬′
3

𝛬3
𝑆(3)
31 , (15b)

with:

𝑆(1)
21 =

𝐹2
𝐽3

(ℎ22 − 𝑥22
2

+ 𝜈
1 + 𝜈

ℎ23 − 3𝑥23
6

+
2ℎ23𝜈

𝜋2(1 + 𝜈)
𝑓3

)

−
𝐹3
𝐽2

2ℎ22𝜈

𝜋2(1 + 𝜈)
𝑓2 ,

(16a)

𝑆(1)
31 =

𝐹3
𝐽2

(ℎ23 − 𝑥23
2

+ 𝜈
1 + 𝜈

ℎ22 − 3𝑥22
6

+
2ℎ22𝜈

𝜋2(1 + 𝜈)
𝑔2

)

−
𝐹2
𝐽3

2ℎ23𝜈

𝜋2(1 + 𝜈)
𝑔3 ,

(16b)

𝑆(2)
21 =

𝐹1
𝐴

𝑥2 +
𝑀2
𝐽2

(

𝑥2𝑥3 −
2ℎ22

𝜋2(1 + 𝜈)
𝑓2

)

+

𝑀3
𝐽3

(ℎ22 − 3𝑥22
2

+ 𝜈
1 + 𝜈

ℎ23 − 3𝑥23
2

+
6ℎ23𝜈

𝜋2(1 + 𝜈)
𝑓3

)

,

(16c)

𝑆(2)
31 =

𝑀2
𝐽2

(ℎ22 − 3𝑥22
6(1 + 𝜈)

+
2ℎ22

𝜋2(1 + 𝜈)
𝑔2

)

−
𝑀3
𝐽3

6ℎ23𝜈

𝜋2(1 + 𝜈)
𝑔3 , (16d)

𝑆(3)
21 =

𝑀3
𝐽3

(3𝑥23 − ℎ23
6(1 + 𝜈)

−
2ℎ23

𝜋2(1 + 𝜈)
𝑓3

)

+
𝑀2
𝐽2

6ℎ22𝜈

𝜋2(1 + 𝜈)
𝑓2 , (16e)

𝑆(3)
31 =

𝐹1
𝐴

𝑥3 −
𝑀3
𝐽3

(

𝑥2𝑥3 −
2ℎ23

𝜋2(1 + 𝜈)
𝑔3

)

+

𝑀2
𝐽2

(3𝑥23 − ℎ23
2

+ 𝜈
1 + 𝜈

3𝑥22 − ℎ22
2

+
6ℎ22𝜈

𝜋2(1 + 𝜈)
𝑔2

)

,

(16f)

where 𝐹𝑖 and 𝑀𝑖 represent the components of the internal force and
moment acting on the cross-section at the axial coordinate 𝑠, with
respect to the local coordinate system 𝐚𝑖 (𝑖 = 1, 2, 3), 𝐴 = 4ℎ2ℎ3 is
the area of the cross-section, 𝐽2 = 4ℎ33ℎ2∕3 and 𝐽3 = 4ℎ32ℎ3∕3 are the
principal moments of inertia of the cross-section, and, finally, functions
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𝑓2, 𝑓3, 𝑔2 and 𝑔3 are defined as follows:

𝑓2 =
∞
∑

𝑛=1

(−1)𝑛

𝑛2

sinh
( 𝑛𝜋 𝑥3

ℎ2

)

cosh
( 𝑛𝜋 ℎ3

ℎ2

)

sin
(

𝑛𝜋 𝑥2
ℎ2

)

,

3 =
∞
∑

𝑛=1

(−1)𝑛

𝑛2

cosh
( 𝑛𝜋 𝑥2

ℎ3

)

cosh
( 𝑛𝜋 ℎ2

ℎ3

)

cos
(

𝑛𝜋 𝑥3
ℎ3

)

,

𝑔2 =
∞
∑

𝑛=1

(−1)𝑛

𝑛2

cosh
( 𝑛𝜋 𝑥3

ℎ2

)

cosh
( 𝑛𝜋 ℎ3

ℎ2

)

cos
(

𝑛𝜋 𝑥2
ℎ2

)

,

𝑔3 =
∞
∑

𝑛=1

(−1)𝑛

𝑛2

sinh
( 𝑛𝜋 𝑥2

ℎ3

)

cosh
( 𝑛𝜋 ℎ2

ℎ3

)

sin
(

𝑛𝜋 𝑥3
ℎ3

)

.

(17)

Eq. (15) provide the shear stresses 𝑆1𝛼 (𝛼 = 2, 3) in the cylinder’s
ross-sections as the sum of three contributions: the first one, 𝑆(1)

1𝛼 ,
ormally coincides with the solution valid for the de Saint-Venant’s
ylinder (Sokolnikoff, 1946), except for the fact that the dimensions
ℎ2(𝑠) = 𝛬2(𝑠)𝐻2 and ℎ3(𝑠) = 𝛬3(𝑠)𝐻3 of the cross-sections are not con-
stant in the present case (they vary along the cylinder’s axis according
to general taper functions 𝛬2(𝑠) and 𝛬3(𝑠), which are not limited to
linear ones). The additional terms, 𝑆(2)

1𝛼 and 𝑆(3)
1𝛼 , account explicitly for

the continuous variation in cross-sectional dimensions via the coeffi-
cients 𝛬′

2∕𝛬2 and 𝛬′
3∕𝛬3. These additional terms, 𝑆(2)

1𝛼 and 𝑆(3)
1𝛼 , produce

a dependence of the shear stresses 𝑆1𝛼 on the axial force 𝐹1 and on the
bending moments 𝑀𝛼 that is absent in prismatic beams (Sokolnikoff,
1946; Love, 1944; Muskhelishvili, 1977) and cannot be predicted by
esorting to results valid for the de Saint-Venant’s cylinder.

In general, the solution to the current flexure problem (Eq. (15))
suggests that it is not possible to fully account for all the effects of
aper and completely predict the shear stress distribution in a tapered
ylinder by merely applying the formal solution valid for de Saint-
enant’s cylinder, even when considering in this latter the actual axial
ariation of the cross-sectional parameters. The simple application of
he de Saint-Venant’s solution, allowing the cross-sectional parameters
o vary, is equivalent to approximating the tapered cylinder with a
tepped beam. This approximation can lead to inaccurate predictions
f the shear stresses in the cross-sections of tapered cylinders, as will
e shown ahead.

4. Application cases of the closed-form solution and analytical
validation

This section applies the analytical solution derived in Section 3.1
to a tapered element (the variable-height beam depicted in Fig. 4(b)–
(c)) previously studied in the literature through different approaches
Timoshenko and Goodier, 1951; Atkin, 1938; Bennati et al., 2016;

Bertolini et al., 2019a; Migliaccio et al., 2022). This enables the valida-
ion of the analytical solution by comparisons with established formulas
rom the literature. Specifically, comparisons are made with the solu-
ion for the classical planar wedge (shown in Fig. 4(a)), as presented in
oundational elasticity texts, such as Timoshenko and Goodier (1951),

and with a solution based on the shear formula proposed in Migliaccio
et al. (2022). A numerical validation with a benchmark FEM solution
is presented in Section 5.

Fig. 4(a) illustrates a planar wedge of opening angle 2𝛼, where a
ormal force 𝑁 , a shear force 𝑇 , and a bending moment 𝑀𝑂 are applied
t its vertex 𝑂.

Fig. 4(b)–(c) shows a variable-height beam and its rectangular
cross-section. The beam’s length is 𝐿, which is much greater than the
dimensions of its cross-sections, implying that t an(𝛼) ≃ 𝛼. The cross-
ectional dimensions are a constant thickness 2ℎ2 and linearly variable
eight 2ℎ3. The corresponding taper functions are 𝛬2 = 1 and 𝛬3 =

1 − 𝛼 𝑠∕𝐻3, where 2𝐻3 is the height at the root section (𝑠 = 0).
The external actions on the beam are applied only at the end cross-

ections and are statically equivalent to prescribed forces and moments.
 d

6 
Those at the tip section (𝑠 = 𝐿) are represented in Fig. 4(b) and
coincide with a normal force 𝑁 along the beam’s 𝑥-axis, a shear force
𝑇 along the 𝑦-axis (parallel to the 𝑥3-axis of the cross-section), and
a bending moment 𝑀 about the centroid of the cross-section relative
to the 𝑥2-axis. Forces and moments at the root section (𝑠 = 0), not
represented in Fig. 4(b), are such that the global equilibrium of the
beam is guaranteed.

The variable-height beam problem can be effectively addressed
using the analytical solution derived in Section 3.1, which provides the
omplete local stress state 𝑆21 and 𝑆31 within the beam’s cross-sections.

In the case of small thickness 2ℎ2, the same problem can also be
ddressed by resorting to the solution of the theory of elasticity for the
lanar wedge (Timoshenko and Goodier, 1951). The shape of this latter

is shown in Fig. 4(a), together with the axial force 𝑁 , transverse force
𝑇 , and bending moment 𝑀𝑂 = 𝑀 + 𝑇 (𝐿0 −𝐿) applied at the vertex 𝑂.
This solution methodology is illustrated in Section 4.2.

A third solution technique, commonly used for thin-walled beams,
nvolves applying the new shear formula proposed in Migliaccio et al.

(2022). It is noted that for the problem at hand such formula can be
btained by a direct application of the analytical solution derived in
ection 3.1: indeed, the local stress state 𝑆21 and 𝑆31 can be integrated

over the cross-sectional chord 𝐴𝐵 to determine the relevant average
shear stress state. This solution is presented in Section 4.1.

4.1. Variable-height beam

The shear stresses in the cross-sections of the variable-height beam
represented in Fig. 4(b)–(c) can be obtained by combining Eqs. (15)–
16), which yields

𝑆21 = −𝐹3
𝐽2

2ℎ22𝜈

𝜋2(1 + 𝜈)
𝑓2 +

𝛬′
3

𝛬3

𝑀2
𝐽2

6ℎ22𝜈

𝜋2(1 + 𝜈)
𝑓2 , (18a)

𝑆31 = − 𝐹3
𝐽2

(𝑥23 − ℎ23
2

+ 𝜈
1 + 𝜈

3𝑥22 − ℎ22
6

−
2ℎ22𝜈

𝜋2(1 + 𝜈)
𝑔2

)

+
𝛬′
3

𝛬3

𝐹1
𝐴

𝑥3

+
𝛬′
3

𝛬3

𝑀2
𝐽2

( 3𝑥23 − ℎ23
2

+ 𝜈
1 + 𝜈

3𝑥22 − ℎ22
2

+
6ℎ22𝜈

𝜋2(1 + 𝜈)
𝑔2

)

,

(18b)

where the condition of constant thickness 2ℎ2 has been enforced (𝛬2 =
), together with 𝐹1 = 𝑁 , 𝐹3 = 𝑇 , and 𝑀2 = 𝑀 + (𝑠 − 𝐿)𝑇 .

For thin-walled beams, it is common practice to consider the aver-
age value of the shear stress state over the small thickness 2ℎ2 or, in
other words, over a chord 𝐴𝐵 parallel to the 𝑥2-axis in Fig. 4(c). In
the present case, the average value 𝑆̄21 of the stress field 𝑆21 over the
chord 𝐴𝐵 is identically null, while the average value 𝑆̄31 of the stress
field 𝑆31 turns out to be

𝑆̄31 = −𝐹3
𝐽2

𝑥23 − ℎ23
2

+
𝛬′
3

𝛬3

(

𝐹1
𝐴

𝑥3 +
𝑀2
𝐽2

3𝑥23 − ℎ23
2

)

. (19)

Eq. (19) exactly coincides with the average shear stress derivable by
 direct application of the shear-flow formula proposed in Migliaccio

et al. (2022), Migliaccio (2023a), and with the average shear stress in
the thin-walled tapered I-beams considered in Balduzzi et al. (2017),
Bertolini et al. (2019a).

It is important to note that, in the present work, Eq. (19) represents
an integral information over the chord 𝐴𝐵, obtained by utilizing the
ocal knowledge of the complete shear stress state, 𝑆21 and 𝑆31, as
derived in Section 3.1 by analytically solving the PDE problem defined
by Eqs. (8b), (8c), (9b).

It is also remarked that the first term in Eqs. (18a) and (18b)
formally coincides with the solution of the classical theory of prismatic
beams (Sokolnikoff, 1946; Love, 1944), except for the cross-sectional
parameters, ℎ3, 𝐽2, 𝐽3, which are not constant here. Additionally, other
erms are present in the current problem: they are proportional to

coefficient 𝛬′
3∕𝛬3 in Eqs. (18a)–(18b) and explicitly account for effects

f taper that cannot be predicted by resorting to the classical theory of
rismatic beams. The same can be said for Eq. (19), which has been
erived by Eq. (18b).
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Fig. 4. Variable-height beam application case: (a) planar wedge of angle 2𝛼, with normal force 𝑁 , shear force 𝑇 , and bending moment 𝑀𝑂 applied at its vertex 𝑂; (b) variable-
height beam acted upon by normal force 𝑁 , shear force 𝑇 , and bending moment 𝑀 at the tip section; (c) generic cross-section of the variable-height beam, with indication of the
cross-sectional dimension ℎ2, constant, and ℎ3, varying linearly along the beam’s 𝑥-axis.
4.2. Wedge-like beam

The variable-height beam acted upon by external actions at the tip
section statically equivalent to the normal force 𝑁 , shear force 𝑇 , and
bending moment 𝑀 , as shown in Fig. 4(b), resembles a portion of the
infinite wedge represented in Fig. 4(a), subject to the same normal force
𝑁 and shear force 𝑇 at its vertex, plus a bending moment 𝑀0. Under
the condition that 𝑀 = 𝑀0−𝑇 (𝐿0−𝐿), the state of stress in the beam’s
cross-section can be recovered by resorting to the analytical solution of
the theory of elasticity for the infinite wedge (Timoshenko and Goodier,
1951). Specifically, by this approach, it is possible to recover only the
average value of the shear stress field 𝑆31 over the cross-sectional chord
𝐴𝐵 represented in Fig. 4(c).

Denoting with 𝜎𝑟𝜃 , 𝜎𝑟𝑟 and 𝜎𝜃 𝜃 the stress fields in a two-dimensional
wedge, expressed in polar coordinates 𝑟 and 𝜃 with respect to the
polar coordinate system 𝑂 𝑟𝜃 illustrated in Fig. 4(a), the solution for
the planar wedge under consideration, as reported in classical elasticity
treatises (Timoshenko and Goodier, 1951), is given by:

𝜎𝑟𝜃 =
𝑀𝑂

sin(2𝛼) − 2𝛼 cos(2𝛼)
cos(2𝛼) − cos(2𝜃)

𝑟2
, (20a)

𝜎𝑟𝑟 =
2𝑁

sin(2𝛼) + 2𝛼
cos(𝜃)

𝑟
+ 2𝑇

sin(2𝛼) − 2𝛼
sin(𝜃)
𝑟

+

𝑀𝑂
sin(2𝛼) − 2𝛼 cos(2𝛼)

2 sin(2𝜃)
𝑟2

,
(20b)

with 𝜎𝜃 𝜃 = 0 identically.
From Eq. (20), it is straightforward to calculate the shear stress 𝜎𝑥𝑦,

with respect to the Cartesian coordinate system, 𝑂 𝑥𝑦, represented in
Fig. 4(b), as:

𝜎𝑥𝑦 = −𝜎𝑟𝑟 sin(𝜃) cos(𝜃) − 𝜏𝑟𝜃 cos(2𝜃) , (21)

where 𝑟 =
√

𝑋2 + 𝑌 2, cos(𝜃) = 𝑋∕𝑟, sin(𝜃) = 𝑌 ∕𝑟, 𝑌 = 𝑦, and 𝑋 = 𝐿0−𝑥.
By combining Eqs. (20)–(21), the shear stress 𝜎𝑥𝑦 at a point of the

wedge of coordinates 𝑥, 𝑦 can be explicitly expressed in terms of the
normal force 𝑁 , shear force 𝑇 , and bending moment 𝑀𝑂. This pro-
duces a lengthy expression, which is difficult to interpret analytically.
However, for small opening angle 2𝛼 of the wedge, a more compact
engineering formula can be obtained. It reads:

𝜎𝑥𝑦 = − 𝑇
𝐼𝑤

𝑦2 − ℎ2𝑤
2

+ 1
ℎ𝑤

𝑑 ℎ𝑤
𝑑 𝑥

(

𝑁
𝐴𝑤

𝑦 +
𝑀 − 𝑇 (𝐿 − 𝑥)

𝐼𝑤

3𝑦2 − ℎ2𝑤
2

)

, (22)

where ℎ𝑤 = (𝐿0 − 𝑥)𝛼, 𝐴𝑤 = 2𝛼(𝐿0 − 𝑥), and 𝐼𝑤 = 2𝛼3(𝐿0 − 𝑥)3∕3.
The geometrical quantities 𝐴𝑤 and 𝐼𝑤 in Eq. (22) have been intro-

duced to rewrite this latter in a form similar to Eq. (19), facilitating
easier comparison. In particular, 𝐴𝑤 and 𝐼𝑤 represent the area and
moment of inertia of a wedge’s cross-section of height 2ℎ𝑤 and unit
thickness. From this perspective, 𝜎𝑥𝑦 turns out to be the average shear
stress over the unit thickness and can be used to predict the average
shear stress 𝑆̄31 over a cross-sectional chord 𝐴𝐵 of the variable-height
beam represented in Fig. 4(b)–(c). Indeed, it is straightforward to verify
that Eq. (22) exactly matches the expression for the average shear stress
7 
𝑆̄31 derived in Section 4.1 (Eq. (19)), when considering that, in this
case, 𝛬3(𝑠) = 1 − 𝛼 𝑠∕𝐻3. In other words, if the variable-height beam
analysed in Section 4.1 is characterized by a linear variation of the
cross-section height, it corresponds to the tapered wedge discussed in
this section, and Eq. (19) coincides with the solution given in Eq. (22)
for the tapered wedge.

It is concluded that the three analytical approaches, namely, the
analytical solution derived in Section 3.1, the new shear formula pro-
posed in Migliaccio et al. (2022), Migliaccio (2023a), and the method
based on the classical solution for the infinite wedge (Timoshenko and
Goodier, 1951), provide the same average shear stress state over the
cross-sectional chords of the variable-height beam considered in this
application example.

5. Numerical examples and comparisons with FEM results

This section illustrates results from numerical simulations con-
ducted to corroborate the analytical findings of the present study. The
analytical solutions derived for the bi-tapered beam in Section 3.1,
the variable-height beam in Section 4.1, and the wedge-like beam in
Section 4.2 have been implemented in a MATLAB code, utilizing the
first ten terms of the series solution in Eq. (17). The results obtained
have been compared with benchmark numerical solutions obtained in
ANSYS using the Finite Element Method (FEM), with a fine mesh of
structural solid elements.

The shear stress distributions in two different cantilever tapered
beams, shaped to resemble structural elements such as shear webs
of large horizontal axis wind turbine blades (Migliaccio et al., 2022;
Migliaccio, 2023a), subject to a transverse external force at the free
end, are analysed: in the first test case (Section 5.1), the beam has a
variable height and constant thickness (variable-height beam); in the
second (Section 5.2), both cross-sectional dimensions vary along the
beam’s axis (bi-tapered beam).

Specifically, in Section 5.1, the analytical solution derived for the
variable-height beam (Section 4.1), resembling a portion of an infinite
wedge (Timoshenko and Goodier, 1951), is compared with the wedge-
based solution given by Eq. (22), with the shear formula proposed
in Migliaccio et al. (2022), with the solution obtained using a stepped-
beam approach, and with the benchmark numerical solution provided
by ANSYS.

For the bi-tapered beam, which (unlike the variable-height beam)
does not resemble a portion of a planar wedge, the accuracy of the
analytical solution derived in Section 3.1 can only be verified by com-
parison with the benchmark FEM solution. This is done in Section 5.2,
where comparisons with the shear formula (Migliaccio et al., 2022) and
with the outcomes of a stepped-beam approach are also reported.

5.1. Variable-height beam

A variable-height beam is considered again, with an axial length
𝐿 = 100 m and a constant cross-sectional thickness, 2ℎ = 𝑐 𝑜𝑛𝑠𝑡𝑎𝑛𝑡.
2
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Fig. 5. Variable-height beam: (a) cross-sectional view, with indication of the constant thickness 2ℎ2 and variable height 2ℎ3; (b) lateral view, with the transverse external force
𝑇 applied at the tip section; (c) three-dimensional view of the FEM model in the ANSYS environment.
The cross-sectional height, 2ℎ3, at the root section (𝑠 = 0) is 5 m
and decreases linearly towards the tip section (𝑠 = 𝐿) to 50% of the
root height. Accordingly, the taper functions are 𝛬2 = 1 (for constant
thickness) and 𝛬3 = 1 − 0.5 𝑠∕𝐿, with 𝑠∕𝐿 ∈ [0, 1]. The beam’s material
properties are defined by a Young’s modulus 𝑌 = 70 GPa and a Poisson’s
ratio 𝜈 = 0.25. The beam is fixed at the root section, while external
loads are applied at the tip section and are statically equivalent to a
prescribed transverse force 𝑇 , as illustrated in Fig. 5.

Various approaches are used to determine the shear stress dis-
tributions in the cross-sections of this variable-height beam. These
approaches are briefly referred to here as TAP (shorthand for Ta-
pered), WED (Wedge), SFF (Shear-Flow Formula), STP (Stepped), and
FEM (Finite Element Method). The corresponding solutions are, respec-
tively: the closed-form solution derived in Section 3.1 (for bi-tapered
beams) and in Section 4.1 (for variable-height beams); the wedge-
based (Timoshenko and Goodier, 1951) analytical solution provided
by Eq. (22); the analytical solution based on the shear formula proposed
in Migliaccio et al. (2022); the solution obtained using a stepped-beam
approach; and, finally, the benchmark numerical solution provided by
ANSYS, based on a fine mesh of structural solid elements, such as the
tree-dimensional element type 185 (Madenci and Guven, 2015). The
outcomes of these approaches are compared in Figs. 6 and 7.

Specifically, Fig. 6 shows the shear stress distributions, 𝑆31, in a
variable-height beam with thickness 2ℎ2 = 0.5 m, at five reference
cross-sections whose distance from the root section is, respectively,
10%, 30%, 50%, 70%, and 90% of the beam’s length 𝐿: the blue
lines, labelled TAP, denote stress distributions based on the analytical
solution (18), which explicitly accounts for the effect of taper through
coefficient 𝛬′

3∕𝛬3; yellow lines, labelled WED, are based on the infinite
wedge (Timoshenko and Goodier, 1951), whose analytical solution has
been exploited to obtain Eq. (22); green lines (label SFF) are obtained
using the shear formula proposed in Migliaccio et al. (2022), which
coincides with Eq. (19) for the current beam’s shape; black lines (label
STP) are the results of a stepped-beam approach; finally, red marks
represent the benchmark FEM solution.

Fig. 7 replicates the results of Fig. 6 for an increased cross-sectional
thickness, specifically 2ℎ2 = 4.0 m. Accordingly, this variable-height
beam is characterized by a thickness-to-height ℎ2∕ℎ3 varying from 0.8
at the root section to 0.4 at the tip section, which is eight times larger
than the case in Fig. 6 (where 2ℎ2 = 0.5 m).

It is noted that the shear stress distributions based on the WED and
SFF approaches depend solely on the cross-sectional variable 𝑥3 and are
independent of the cross-sectional variable 𝑥2, as per Eqs. (22) and (19),
respectively. These approaches cannot provide more accurate results.
On the contrary, the analytical approaches TAP and STP, as well as
the FEM solution, can account for the dependence of the shear stress
distributions on both variables, 𝑥2 and 𝑥3. This is evident in Fig. 7,
where the thickness-to-height ℎ2∕ℎ3 ratio of the beam’s cross-sections
is significantly larger than in Fig. 6. Shear stress variation through the
thickness is generally negligible in thin-walled beams, as it is confirmed
from the results presented in Fig. 6. When the thickness-to-height ratio
ℎ ∕ℎ is not sufficiently small, stress predictions using the WED and
2 3
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SFF approaches may yield inaccurate results (see, for example, Fig. 7).
Furthermore, it is important to emphasize that the stepped-beam

approach (STP) does not yield accurate stress predictions, either quan-
titatively or qualitatively, as evidenced by the black lines in Figs. 6
and 7 when compared to the FEM solution (red marks), regardless of
the thickness-to-height ℎ2∕ℎ3 ratio of the beam.

In general, the only lines closely matching the FEM red marks in all
cases are the blue ones (labelled TAP in Figs. 6 and 7), corresponding
to the analytical solution derived in the present study and reported in
Section 4.1.

5.2. Bi-tapered beam

A bi-tapered beam is considered here, with a length 𝐿 = 100 m.
The cross-sectional dimensions, ℎ2 and ℎ3, at the root section (𝑠 = 0)
are 1.5 m and 2.5 m, respectively. These dimensions decrease linearly
towards the tip section (𝑠 = 𝐿), reaching 50% and 30% of their root
values. Accordingly, the taper functions are 𝛬2 = 1 − 0.5 𝑠∕𝐿 and
𝛬3 = 1 − 0.7 𝑠∕𝐿, with 𝑠∕𝐿 ∈ [0, 1]. The material properties are defined
by a Young’s modulus 𝑌 = 70 GPa and a Poisson’s ratio 𝜈 = 0.25.
The loading condition mirrors the previous test case: the root section
is fixed, while the tip section is acted upon by external loads statically
equivalent to a prescribed transverse force 𝑇 .

Fig. 8 illustrates the shear stress distributions 𝑆31 at five reference
cross-sections located at 10%, 30%, 50%, 70%, and 90% of the beam’s
length 𝐿: the blue lines, labelled TAP, are derived from the analytical
solution presented in Section 3.1, which accounts for the effect of taper
through coefficients 𝛬′

2∕𝛬2 and 𝛬′
3∕𝛬3 in Eqs. (15)–(16); green-lines,

labelled SFF, are based on the shear formula proposed in Migliaccio
et al. (2022); black lines are obtained using a stepped-beam approach
(label STP); finally, red marks represent the benchmark FEM solution
provided by ANSYS.

The stress field 𝑆31 predicted using the shear formula (SFF) is
independent of the cross-sectional variable 𝑥2 and depends solely on
𝑥3. On the contrary, the analytical solution derived in Section 3.1,
labelled TAP, properly accounts for the dependence of the stress field
𝑆31 on both variables, 𝑥2 and 𝑥3, as is confirmed by comparisons with
the FEM solution (red marks). In particular, it is observed that also
the symmetry of function 𝑆31(𝑥2, 𝑥3) with respect to the cross-sectional
axes is accurately predicted: Fig. 8 illustrates, for example, the stress
distributions 𝑆31(𝑥2 = −0.1ℎ2, 𝑥3) ≡ 𝑆31(𝑥2 = +0.1ℎ2, 𝑥3) and 𝑆31(𝑥2 =
−0.9ℎ2, 𝑥3) ≡ 𝑆31(𝑥2 = +0.9ℎ2, 𝑥3).

In addition, it is noted, once again, the inadequacy of the stepped-
beam approach (black lines, labelled STP) in predicting (either quanti-
tatively or qualitatively) the shear stresses in a tapered beam. The only
lines closely matching the benchmark FEM solution (red marks) in all
cases are the blue ones (labelled TAP), corresponding to the analytical
solution derived in Section 3.1.

For completeness, Fig. 9 illustrates also the distribution of the stress
field 𝑆21 across the same cross-sections, located at 10%, 30%, 50%,
70%, and 90% of the beam’s length 𝐿. The legend of colours and labels
remains the same as in Fig. 8 and is therefore omitted. In its place, a
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Fig. 6. Shear stress distributions 𝑆31 at different cross-sections of a variable-height beam with constant thickness 2ℎ2 = 0.5 m, for 𝑇 = −1000 kN, as predicted using different
approaches: FEM (red marks), TAP (blue lines), STP (black lines), WED (yellow lines), and SFF (green lines).
Fig. 7. Shear stress distributions 𝑆31 at different cross-sections of a variable-height beam with constant thickness 2ℎ2 = 4.0 m, for 𝑇 = −1000 kN, as predicted using different
approaches: FEM (red marks), TAP (blue lines), STP (black lines), WED (yellow lines), and SFF (green lines).
close-up view of the shear stress distribution 𝑆21 is provided for the
cross-section located at 𝑠 = 0.9𝐿. This view highlights more clearly
the following important points: (i) predictions from the shear formula
(blue lines, SFF) show no dependence on 𝑥2 and remain identically
zero across all cross-sections; (ii) predictions from the stepped-beam
approach (black lines, STP) are inadequate, both quantitatively and
qualitatively; (iii) the only lines closely matching the FEM solution (red
marks) across all cases are the blue lines labelled TAP.

Other numerical analyses have been conducted, exploring various
geometries and loading conditions. Further examples will also be pro-
vided in a forthcoming paper, where the stress and strain state of
9 
other tapered elements used in structural engineering applications will
be examined using the method and solutions presented in this study.
The general conclusion here is that the new analytical expressions
for the shear stresses derived in this study, as solutions to the PDEs
(8b)–(8c) with boundary condition (9b), show excellent agreement
with the benchmark FEM solution. In contrast, the inadequacy of a
stepped-beam modelling approach in predicting shear stresses in ta-
pered elements is proved, as it could be expected from examining the
new analytical solution presented in Section 3.1.
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Fig. 8. Shear stress distributions 𝑆31 at different cross-sections of a bi-tapered beam subject to a tip load 𝑇 = −1000 kN, as predicted using different approaches: FEM (red marks),
TAP (blue lines), STP (black lines), and SFF (green lines).
Fig. 9. Shear stress distributions 𝑆21 at different cross-sections of a bi-tapered beam, for a tip force 𝑇 = −1000 kN, as predicted using different approaches: FEM (red marks), TAP
(blue lines), STP (black lines), and SFF (green lines). For more clarity, it is also presented a close-up view of the distribution over the cross-section 𝑠 = 0.9𝐿, to the right of this
latter.
6. Conclusions and perspectives

The influence of taper on the stress fields in slender elastic cylinders
with a straight axis and tapered cross-sections has been examined in
this work. Compared to the well-known de Saint-Venant’s cylinder,
where cross-sectional dimensions are constant, the continuous variation
in cross-sectional dimensions along the axis of a tapered cylinder
generates additional shear stress distributions within its cross-sections.
These additional distributions are not trivial, self balanced over the
cross-section, and differ substantially from those predicted by stepped-
beam approaches. This has been demonstrated analytically in the paper
10 
and validated through comparisons with benchmark FEM solutions
obtained in ANSYS, using a fine mesh of solid elements.

The analytical investigation in the paper relies on a physical-
mathematical model for non-prismatic slender cylinders presented in
recent works, where a variational principle establishes partial differen-
tial equations (PDEs) and boundary conditions that govern the stress
state in such elements. In the present work, such PDEs have been
revisited and a new analytical solution has been obtained for rectangu-
lar cross-sectioned tapered cylinders, subject to external loads applied
solely at the end cross-sections. The resulting expressions obtained
for the cross-sectional stresses and strains have been shown to extend
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those valid for the de Saint-Venant’s cylinder, reducing exactly to
hese latter only in the prismatic case. Furthermore, the new analytical
olution derived in this study has highlighted the limitations of stepped-
eam modelling approaches for stress predictions in tapered slender
olids, underscoring their inadequacy in capturing the stress variations
ntroduced by taper.

In general, it has been found that the cross-sectional shear stresses
in tapered cylinders can be expressed as the sum of a first contribution
resembling the solution for the de Saint-Venant’s cylinder (with the
distinction that cross-sectional dimensions are variable in tapered cylin-
ders), plus additional terms proportional to the derivative of the taper
coefficients, 𝛬′

2 and 𝛬′
3. These additional terms have been shown to

roduce a dependence of the shear stresses on the axial force and on the
bending moments that is absent in prismatic beams and that depends
explicitly on the continuous variation in the cross-sectional dimensions.
pecifically, the obtained solution has suggested that it is not possible
o fully account for all the effects of taper and completely predict
he shear stress distribution in a tapered cylinder by merely applying
he formal solution valid for de Saint-Venant’s cylinder, even when
onsidering in this latter the actual variation of the cross-sectional
arameters. The simple application of the de Saint-Venant’s solution,
llowing the cross-sectional parameters to vary, which is equivalent

to approximate the tapered cylinder with a stepped beam, has been
hown to lead to inaccurate stress predictions in tapered cylinders, as
lso confirmed by FEM analyses.

Two validation examples have been presented: one for a variable-
height beam and another for a bi-tapered beam. The analytical solution
derived for the variable-height beam has been compared both ana-
lytically and numerically with the classical elasticity solution for a
lanar wedge (Timoshenko and Goodier, 1951), with a solution based

on the shear formula proposed in Migliaccio et al. (2022), and with
he results from a stepped-beam modelling approach. The shear stress
istributions obtained using these approaches have finally been vali-
ated by comparison with the benchmark FEM solution provided by
NSYS. The findings of the analysis indicate that the new analytical
olution derived in Section 4.1 is the only one that consistently matches
he FEM solution across all cases, irrespective of the beam’s thickness.
or thin-walled elements (namely, small thickness-to-height ratio of
he cross-sections), the wedge-based solution and shear formula have
een shown to yield satisfactory results. In contrast, the stepped-beam
pproach has been demonstrated to fail in providing accurate stress
redictions, both quantitatively and qualitatively, regardless of the
ross-section thickness-to-height ratio. A similar analysis has been per-
ormed for a bi-tapered beam, where the analytical solution presented
n Section 3.1 has been evaluated alongside the shear formula and
he stepped-beam approach. Validation against the FEM solution has
onfirmed the stepped-beam approach’s inadequacy in predicting shear
tresses in tapered beams.

Additional numerical examples, load cases, and technical applica-
ions of the analytical results from this study could be explored. For
nstance, the inertial loads generated by blade rotation are especially
ignificant in helicopter rotor blades due to their high rotational speeds
nd should be accounted for when predicting their stress and strain
tate. This application, along with other potential technical uses of the
nalytical solution derived in the present study, will be explored in a
orthcoming work.

Beyond taper effects, future efforts will also focus on investigating
the influence of additional geometric parameters, such as the initial
curvature of the beam’s axis and the initial twist of tapered cross-
sections (Migliaccio and Ruta, 2021). Other areas of interest include
he analytical study of the influence of key material parameters, such

as those describing the anisotropic behaviour of classical materials
like timber, which are commonly used in sustainable structural ap-
plications (Sciomenta et al., 2024, 2020), as well as the mechanical
roperties of metamaterials (Barchiesi et al., 2019; Turco et al., 2020),
 p

11 
which are gaining increasing attention for innovative applications. Fu-
ture developments could also explore the linear and nonlinear dynamic
behaviour of tapered cylinders under external excitations, dead loads
and follower forces (similar to the analysis conducted in Luongo and
D’Annibale (2012), Migliaccio and D’Annibale (2024) for prismatic
ases), as well as the effects of damping devices (of the type consid-

ered in Luongo and D’Annibale (2014, 2017), e.g.) on the stability
of cylinders with tapered cross-sections. Additionally, the influence of
piezoelectric patches on tapered elements for vibration control and
energy harvesting (as is done in D’Annibale et al. (2016), Casalotti and
D’Annibale (2021, 2022b,a) for prismatic elements) also represents an
intriguing area for future investigations.
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Appendix. Shear stresses in the torsion problem

For completeness, it is reported in this section the solution of the
artial differential equation (8a) with boundary condition (9a), which

is formally identical to the mathematical problem that provides the
de Saint-Venant’s out-of-plane warping function associated with the
orsion problem (Sokolnikoff, 1946). Accordingly, for a rectangular

cross-sectioned tapered cylinder, the scalar field 𝜔 can be expressed in
the form

𝜔 =
𝑀1
𝐺 𝐽1

[

𝑥2𝑥3 −
32ℎ32
𝜋3

∞
∑

𝑛=0

(−1)𝑛

(2𝑛 + 1)3
sinh

(

𝑐𝑛𝑥3
)

cosh
(

𝑐𝑛ℎ3
) sin

(

𝑐𝑛𝑥2
)

]

, (A.1)

where 𝑐𝑛 = (𝑛 + 1∕2)𝜋∕ℎ2 and 𝑀1 = 𝐺 𝐽1𝑘1 is the torsional moment,
which is proportional to the torsional curvature 𝑘1 through the material
shear modulus 𝐺 and the torsional moment of inertia 𝐽1. For the
problem at hand, this latter is

𝐽1 =
8ℎ3ℎ32

3
−

1024ℎ42
𝜋5

∞
∑

𝑛=0

t anh
(

(2𝑛+1)𝜋 ℎ3
2ℎ2

)

(2𝑛 + 1)5 . (A.2)

Given the scalar field 𝜔, the corresponding shear stresses are

𝑆21 = − 𝑀1
𝐺 𝐽1

16ℎ22
𝜋3

∞
∑

𝑛=0

(−1)𝑛

(2𝑛 + 1)2
sinh

(

𝑐𝑛𝑥3
)

cosh
(

𝑐𝑛ℎ3
) cos

(

𝑐𝑛𝑥2
)

, (A.3a)

𝑆31 =
𝑀1
𝐺 𝐽1

[

2𝑥2 −
16ℎ22
𝜋2

∞
∑

𝑛=0

(−1)𝑛

(2𝑛 + 1)2
cosh

(

𝑐𝑛𝑥3
)

cosh
(

𝑐𝑛ℎ3
) sin

(

𝑐𝑛𝑥2
)

]

. (A.3b)

Eq. (A.3) show that the solution to the torsion problem for the
ectangular cross-sectioned tapered cylinder under study is formally
dentical to the solution for the de Saint-Venant’s cylinder with the
ame cross-sectional shape, except for the fact that the cross-sectional

parameters (ℎ2, ℎ3, 𝐽1) are not constant here, but vary along the
ylinder’s axis according to prescribed taper functions, 𝛬2(𝑠), 𝛬3(𝑠).

The solution to the current torsion problem indicates that it is
ossible to account for the effects of taper and predict the shear stress
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distribution in this tapered cylinder under pure torsion by merely
applying the formal solution valid for the de Saint-Venant’s cylinder,
considering in this latter the actual variation of the cross-sectional
arameters along the cylinder’s axis. Unlike the flexure problem (ad-
ressed in Section 3.1), there are no additional shear stress distributions
such as those proportional to coefficients 𝛬′

2 and 𝛬′
3 in Eq. (15a)) that

need to be considered.

Data availability

The data that support the findings of this study are available within
he paper.
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