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Abstract

We investigate various versions of multi-dimensional systems involving many species,
modeling aggregation phenomena through nonlocal interaction terms. We establish
a rigorous connection between kinetic and macroscopic descriptions by consider-
ing the small inertia limit at the kinetic level. The results are proved either under
smoothness assumptions on all interaction kernels or under singular assumptions for
self-interaction potentials. Utilizing different techniques in the two cases, we demon-
strate the existence of a solution to the kinetic system, provide uniform estimates
with respect to the inertia parameter, and show convergence toward the corresponding
macroscopic system as the inertia approaches zero.
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1 Introduction

This paper aims to investigate the connections among different descriptions of multi-
species aggregation phenomena, focusing specifically on nonlocal systems of partial
differential equations. The main objective is to study the following first-order macro-
scopic system

0 pi + V- (piu;) =0,
()
u; = _Z;Vzl VKij *k ,Oj,

fori = 1,..., N, where N is the number of species, p; (f, x) is a function modeling
the i-th species density, and K;; are given space-dependent interaction potentials mod-
eling interaction between species. Interactions between agents of the same species are
modeled by the K;; potentials that are called self-interaction kernels, whereas cross-
interaction kernels K;; describe the interactions of individuals of different species.

System (1) admits a discrete counterpart constructed as follows: consider M parti-
cles for each species and let xl(‘ ,k=1,..., M, be the locations of M particles of the
i-th species, for i = 1, ..., N. Denoting by vl{‘ the velocities of xl{‘ , the dynamics of
xlk is determined by the first-order ODE system

dxk k
1 p—
a T Vi

@

k _ 1 N M ok h
Vi =~ Zj:l Zh:[ VI(l](xi _xj)a
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fori =1,...,N,k=1,..., M, where K;; are the same kernels as in (1). System (2)
can be also derived as small inertia limit of the second-order system

d _
Exz - vl’
(3)
d k_ .k _ 15N M gk ok
EqrVi =~V — a7 2j=1 2n=1 VKij (i = x7),
fori =1,...,N,k =1,..., M, with ¢ > 0 representing the inertia parameter,

see Bodnar and Velazquez (2005). System (2) can be justified by formally sending
¢ — 01in (3) by assuming that inertia terms are negligible. However, this choice is
quite restrictive in many cases since in this way a “reaction” time is not taking into
account and velocities change instantaneously.

Taking the formal limit as the number of particles increases to infinity, namely
M — oo, we can associate with (3) the kinetic system

1 1 al
atfi+v‘vxfi:Evv'(vfi)‘i‘gvv‘((ZVKij*pj)fi)» “4)

j=1

fori =1,..., N, where f;(t, x, v) is the mesoscopic density of the i-th species at
position x € R? with velocity v € R and p; (z, x) is the associated macroscopic
population density, i.e.,

pi(t,x)z/ fi(t, x,v)dv.
Rd

The main goal of the present paper is to investigate the small inertia limit at the
continuum level. In particular, we want to study the ¢ — 0 limit in (4) and prove that
it converges toward the first-order PDEs model (1).

In recent decades, systems such as (1) and (4) have been extensively employed
to provide a biologically relevant representation of aggregative phenomena in pop-
ulation dynamics, particularly in the context of swarming phenomena (see Boi
et al. 2000; Mogilner and Edelstein-Keshet 1999; Okubo and Levin 2001; Topaz
and Bertozzi 2004). Common interaction potentials in these scenarios include the
attractive Morse potential G(x) = —e ¥, attractive-repulsive Morse potentials
G(x) = —Cue Wl ¢ e~ IxI/Ir (where [, and I, represent scales for the “attractive
range” and the “repulsive range,” respectively), combinations of Gaussian potentials
Gx) = —Cae_l"‘z/l“ + Cre_|x|2/l’, or characteristic functions of a set G(x) =
a x4 (x). Considerable attention is directed toward aggregation systems with singular
kernels, particularly at the mesoscopic level.

A notable mathematical characteristic of these models that has drawn attention is
the finite-time blow-up of solutions. Numerous contributions have been made in the
literature for the one-species version of (1), as seen in Bertozzi and Brandman (2010),
Bertozzi et al. (2009), Bertozzi and Laurent (2009), Bertozzi et al. (2011), Burger and
Di Francesco (2008), Carrillo et al. (2011), Choi and Jeong (2021), Li and Toscani
(2004). Notably, in Choi and Jeong (2021) the one-species case of (1) with

@ Springer



39 Page4of52 Journal of Nonlinear Science (2025) 35:39

v=—VK xp=cgA¢Vp,

where cxy € Rand —2 < o —d < 0 are parameters and A* is the s —fractional power of

A:=(—A) %, to be defined precisely below, was studied establishing the local-in-time
existence and uniqueness of classical solutions.

Inspired by the results in the single-species case, an existence theory was developed
for the system (1) in Di Francesco and Fagioli (2013). In the case when the system
presents a symmetry, namely K;; = K;; fori # jandi, j =1,..., N, then system
(1) exhibits a formal gradient flow structure:

1)
pi =V- (Piv % >

8pi

fori =1,..., N, where F(p) is a free energy given by

N
F(p) = Z Ad piKij* pjdx.

ij=1

In Di Francesco and Fagioli (2013), the authors proved that the theory of gradient
flows in Wasserstein spaces developed in Ambrosio et al. (2008), Carrillo et al. (2011)
can be extended to systems under mildly singular assumptions on all kernels K,
i.e., Morse-type singularity. When the symmetry property is lost, the existence of
weak-measure solutions is developed in Di Francesco and Fagioli (2013) using a
semi-implicit version of the JKO-scheme, originally introduced in Jordan et al. (1998).
Existence can be proved under mildly singular assumptions on the self-interaction
potentials and smoothness assumptions on the cross-interaction potentials. To the best
of the authors’ knowledge, no results in the literature cover the case of singular non-
symmetric cross-interaction kernels or self-interaction kernels under more singular
assumptions, similar to the ones in Choi and Jeong (2021).

Focusing on the system (4), the kinetic approach is widely employed in inves-
tigating aggregation phenomena. In Caiizo et al. (2009), the single-species version
of equation (4) is examined, considering both a self-propulsion term and a friction
term. The former influences individuals independently of others, while the latter intro-
duces a velocity-averaging effect, compelling agents to adjust their velocities based on
nearby agents. The paper presents results on well-posedness, existence, uniqueness,
and continuous dependence in the space of probability measures P;(R¢) equipped
with the Monge—Kantorovich—Rubinstein distance. Additionally, the corresponding
microscopic system is explored, and a convergence result from the particle system
to the kinetic equation is established. The existence of smooth solutions is addressed
using the classical framework for Vlasov-type equations, as outlined in Glassey (1996).
We refer to Cesbron and Iacobelli (2023) and references therein for recent treatments
of the Vlasov—Poisson equation. Let us also mention the contribution in Carrillo et al.
(2022) to the theory of the Vlasov—Poisson—Fokker—Planck system.

In Fetecau and Sun (2015), equation (4) is further investigated in the one-species
case in a multi-dimensional space, accounting for inertial effects. Assuming smooth
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conditions on the kernel and applying the theory developed in Caiiizo et al. (2009), the
paper proves existence and uniqueness results in the sense of measures. A small iner-
tia limit is also examined, providing convergence to the corresponding macroscopic
system.

Starting from the seminal work (Kramers 1940), several contributions have
appeared in the literature in the study of the limit from (4) to (1) in its one-species ver-
sion; see Freidlin (2004), Hottovy et al. (2012), Narita (1994). In Duong et al. (2018),
Duong et al. (2017), variational techniques were introduced to study the rigorous limit
from the Vlasov—Fokker—Planck equation to the corresponding macroscopic equation
under suitable regularity and integrability assumptions on the interaction potential.
Finally, in Goudon (2005), Poupaud and Soler (2000), qualitative analysis of the
overdamped limit from the Vlasov—Poisson—Fokker—Planck system toward the drift
diffusion equation, with interaction kernels given as attractive or repulsive Coulomb
potential, has been conducted. More recently, a rigorous quantified overdamped limit
for the Vlasov—Fokker—Planck equation with smooth and singular nonlocal forces has
been established in Rockner et al. (2021) and Choi and Tse (2022), respectively.

The rest of this paper is organized as follows. In Sect. 2, we present the collection
of assumptions and the statements of the main theorems of the paper, namely the
small inertia limits in the smooth case in Theorem 2.1 and for singular self-interaction
kernels in Theorem 2.2. Section 3 is devoted to the proof of Theorem 2.1. The existence
of solutions to system (4) is first proved by applying the method of characteristic.
Uniform in ¢ estimates and convergence to solutions to (1) is then proved by adapting
to systems the results in Fetecau and Sun (2015). We then provide the proof of the
main result of the paper that is Theorem 2.2 in Sect.4. A regularization procedure
yields the existence of solutions to system (4) in the case of singular self-interaction
kernels. Suitable a priori estimates allow us to prove the existence and uniqueness of
classical solution to (1) under the singular setting by extending the one-species result
in Choi and Jeong (2021). Finally, Theorem 2.2 is proved by using the modulated
energy estimate technique.

2 Preliminaries and Main Results
2.1 Preliminaries and Assumptions

Let P; (R?) be the set of probability measures with finite first moment, i.e.,
PL(RY) = {f e P(RY) : / x| f(x)dx < oo}.
R4

We equip P (R?) with the 1-Wasserstein distance defined as (cf. Villani (2003))

Wi(ev) = inf {// |x—y|dy<x,y>}
y€ll(u,v) R4 xR4
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forall i, v € Pi(R?), wherey € P(RY xRR?)isa probability measure on the product
space R? x R¢ with marginals p and v, respectively, i.e.,

M, v):=ly € PR x RY) mjy = p, w5y =},
where 7/ : R x RY — R?,i = 1, 2, is the projection operator on the i-th component

of the product space R? x R?. We also introduce the set of probability measures with
compact support, that is,

Po(RY) = { fe PRY) : f has compact support}.

Since we deal with N interacting species, the measure space we consider is
(P1(RHN, W), where W is the 1-Wasserstein distance on P (R?)" defined below.
In order to fix the notation, we write

f =ML e PIRDY
to denote a N-tuple of probability measures in the product space Py (R4)N.
Definition 2.1 (I-Wasserstein distance) Let T > 0 be fixed. Consider f;, g;

[0, T] — Pi(RY), fori = 1,..., N. Introduce f = (f;)Y |, g = (g)".,. We define
the 1-Wasserstein distance between f and g as

Wi, g):= sup [Wi(fi.g1)+-+ Wi(fn.gn)]-
1€[0.7]

In the following, we will denote with Bg a ball in R24 with radius R > 0, with B}e
the ball in ]Rd, namely, with respect to the x —variable.

Given Q a generic potential involved in systems (1) and (4), we will call the potential
smooth if it satisfies the following assumption

0 eC*(RY and VQ e WH®RY). (Pot)
Remark 2.1 (Lipschitz constant) We denote by Lipg(Q) the Lipschitz constant of Q
in the ball By C RY.If Q depends also on time, ie., Q : [0,T] x RY — R,

0 = Q(t, x), we write Lipgr(Q) to denote the Lipschitz constant of Q with respect
to x in the ball B 112 C R that is the smallest constant such that

101, x) — Q. y)| = Lipr(Q)|x — yl,
forallx,y € Bf and forall t € [0, T].

In the proposition below, we state a property on the convergence of measures, see
Villani (2003) for more details.
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Proposition 2.1 Letr (X, d) be a complete and separable metric space. Let , be a
sequence of probability measures in P1(X), and let @ € P1(X). Then, the following
are equivalent:

1. Wi(up, n) > 0asn — oo.
2. [y — W inthe weak sense asn — oo and the following tightness condition holds:
forany xo € X,

lim lim sup[ d(xg, x)du, = 0.
d(xg,x)>R

R—0 oo

3. [p — W in the weak sense as n — 00, and there is a convergence of the moment
of first order, i.e., for any xo € X,

fd(xo,x)dun(X)ﬁ/d(Xo,X)d/L(X),
X X
asn — o00.

2.2 Main Results

In this subsection, we state our main results on the small inertia limits for the kinetic
system (4) and its convergence to (1). We consider two cases: smooth and singular
self-interactions potentials. In order to emphasize our results on the small inertia limit
of the kinetic system (4) toward the first-order macroscopic system (1), here we only
state the theorems on that. The required existence theory for the systems (4) and (1)
will be discussed in later sections.

2.2.1 Smooth Potential Case

We start by introducing the notion of weak solutions to (1). We consider first the case
of interaction potentials K;; under assumption (Pot).

Definition 2.2 A weak solution to (1) is a N-tuple p = (o), € C([0, T), P(R)N)
that satisfies

T T N
| [ asmaxa- [ | vx¢i-(21<i,-*p,-)pidxdr+f $:(0)pio dx =0,
0 Jrd 0 Jrd o R

for each ¢; € C1([0, T); C}(RY)),asi =1,..., N.

We already mentioned in the previous section that the existence of weak solutions to
(1) can be found in Di Francesco and Fagioli (2013). For smooth interaction potentials,
the small inertia limit result reads as follows.

Theorem 2.1 Let T > 0. Assume all the potentials satisfying (Pot). Consider
fo € P.(R2HN. Let £¢ € C([0, T); P.(R?*))N) be the unique measure solution to
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system (4). Let pf(t,x) = fRd fE@, x,v)dv, fori =1,..., N. Then there exists
p € C(0, T); Py(RHYN)Y such that for each t € [0, T),

ot ) 5 .y in PLRDY

as ¢ — 0. Moreover, p is a weak solution to system (1) in the sense of Definition 2.2.

Theorem 2.1 is proved in Sect. 3 by extending the results in Fetecau and Sun (2015)
where the small inertia limit is proved in the one-species case under regularity assump-
tions on the interaction kernel.

2.2.2 Singular Potential Case

Now we deal with the case of singular interaction potentials. Precisely, we consider
the system (4) with smooth cross-potentials K;;, i # j satisfying (Pot) and singular
self-potentials K;; of the form
Ci

Kii(x):= e (&)
with «; € (0, d), and some positive constants C;. Note thatif o; € ((d —2) v 0,d),
then K;; % p; = A%~ p; with A = (—A)% up to constant. Thus in this case the system
(1) becomes the following coupled fractional porous medium flows (Caffarelli et al.

2013):
N
opi =V - (pi (VAaidpi + ZVKij * ,0j>>,

j=1
J#

fori=1,...,N.
Then our second and main result is stated as follows.
Theorem 2.2 Let T > O andd > 1. Let £ = ()N, € C([0, T); PR x RHN) be
a solution to system (4) in the sense of distributions, and let (p, w) = (p;, u ,-)tN: | bethe
unique classical solution of the system (1) with p; > O on R? x [0, T), 0;uj~+u;-Vu; €
d

L®RY x (0, 7)), and ifa; <d —2, VIE=a)/2H1y, ¢ 1°0(0, T); L@ (RY))
up to time T > 0 with the initial data p;o. If

N

supZ// |v—uio(x)|2ﬁ%(X,v)dxdv < o0 (6)
e>0 ;] J JRIXRI
and
N N
Zf (0i0 — o) Kii * (pio — pfo) dx + > Wi(pio. pfy) — 0, A
i=1 7% i=1
as e — 0, then foreachi =1, ..., N, we have

/ frdv = p; weakly-x in L*((0, T): M(RY)),
Rd
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/ v ff dv X piui weakly-x in L>((0, T); M(R?)),
R4

and

1 X pidy; weakly-x in L%((0, T); M(R? x R?)),

where we denoted by M(R™) the space of signed Radon measures on R" withn € N.

Our proof for Theorem 2.2 relies on the modulated energy estimates. For this, we
need to establish the existence theory for the kinetic system (4) and the first-order
macroscopic system (1) at least locally in time. To be more specific, as stated in
Theorem 2.2, it suffices to construct the weak solutions to (4), but for the limit system
(1), it is required to show the existence and uniqueness of regular solutions satisfying
the regularity conditions of Theorem 2.2.

Remark 2.2 Here we provide some remarks regarding Theorem 2.2.

(1) If we further assume

N
Z// v — ui0 ()| f5(x, v) dx dv — 0
izy J JRIxRY

and

1Y 1Y

- /R (00 = pio)Kii  (pio = pig) dx + = 3 S W (pio, pjg) — 0

i=1 i=1
as & — 0, thenforeachi =1, ..., N, we have
/d ffdv A Dis /d vf dv X piu; weakly-x in L®((0, T); M(R%)),
R R

and

fF 2 pidy, weakly-# in L%((0, T); M(R? x R%))

ase — 0.

(ii)) Note that if ; > d — 1, then the self-interaction force VKj; * p; is not well
defined for p; € L? (R) with any p. Thus, we are only able to construct the
global-in-time LN L% solutions to the kinetic system (4) fora; € (0,d—1], see
Theorem 4.1. We also need to assume additional condition VK;; € wL(RY),
i # j to develop the local-in-time well-posedness of the macroscopic system
(1), see Theorem 4.2. In that respect, our results are fully rigorous when the
interaction potentials K;;, i # j, satisfy

Kij € C*(RY), VK;; e Whinwh>®?)
and Kj; is given as (5) with ¢; € (0,d — 1], see also Remark 4.2.
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(iii) Comparison with the one-species results. The result in Theorem 2.1 is the natural
extension of the one in Fetecau and Sun (2015) for the single-species case.
Indeed, we adapt most of the techniques from that work and from Caiiizo et al.
(2009). The comparison with the singular case is more involved. First, existence
in both the kinetic and macroscopic cases needs to be established. While in the
kinetic case, the existence results turn out to be a natural extension of the results in
Choi and Jeong (2023), the macroscopic case seems to require more attention. To
the authors’ knowledge, the only result addressing existence in the macroscopic
case is the one in Di Francesco and Fagioli (2013). Similar to that result, we
need to require smoothness for the cross-interaction kernels. Specifically, in Di
Francesco and Fagioli (2013), the cross-interaction kernels are assumed to be
globally Lipschitz with a continuous gradient, while the self-interaction kernels
are required to be C'(R? \ {0}) and globally Lipschitz. The restriction on the
cross-interaction is avoidable in the case of symmetric kernels, K;; = K;;. In
the present work, we are able to relax the assumptions on the self-interaction
kernels by considering more singular kernels, but we need to assume smoothness
for the cross-interaction, since the lack of symmetry poses a problem even when
extending the single-species results of Choi and Jeong (2021) to our case.

(iv) Unfortunately, we were unable to apply our modulated energy method to inves-
tigate the small inertia limit when the cross-interaction potentials are singular.
It is important to note that the modulated interaction energy fRd (pi — P{)Kii *
(pi — p;) dx provides an appropriate measure of distance, for instance, it equals
lo — pf ||§_-171 when «; = d — 2 with d > 3. However, it remains unclear how
to achieve effective control over fRd (pi — P{)Kij * (pj — pj.) dx fori # j.
Consequently, we restrict our analysis to the case where the cross-interaction
potentials are sufficiently regular.

3 Smooth Interaction Potentials

3.1 Well-Posedness for the Kinetic System for £ > 0 Fixed

We start the investigation of the small inertia limit for smooth interaction kernels by
studying the well-posedness for system (4) for & > 0 fixed, in the spirit of Cafiizo
et al. (2009). We start observing that such existence theory can be studied for a more
general class of force fields

E:=(E)N (1,x):[0,T] x RY — RV,

fori = 1,..., N, fulfilling the following general set of hypotheses:

(Hy) E; are continuous on [0, T'] x R, foralli =1,..., N.
(H) There exist some positive constants C; such that

|Ei(t,x)] < Ci(1+ |x]),

forall (r,x) € [0, T] x R4, foralli =1,..., N.
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(H3) E; are locally Lipschitz with respect to x uniformly in ¢, fori =1,..., N,
that is for any compact set K C R there exist positive constants L; such that

|Ei(t,x) — Ei(t,y)| < Lilx — yl,

forallx,y € K, and for all t € [0, T].

The kinetic system we are going to study takes then the following form

1 1
Ofi+v-Vaofi—=-Vo-fi)+ -Ei-Vyfi =0, ®)
€ €

fori =1,..., N. Following the approach in Caiiizo et al. (2009), we will construct
solutions to (8) by considering the following characteristic system associated with (8)

dx
@ =V
©
W_ _ly 4 L, X),
fori =1,..., N.Introducing P:=(X, V) € R x R4, and denoting by
W, 1 [0,T] x RY x R - RY x RY
the right-hand side of system (9), we can rewrite system (9) as
d P =Yg (t, P) (10)
dt - E,‘ ’ ’
for i =1,..., N, subject to the initial condition Py = (Xo, Vo) € RY x R4,

Existence and uniqueness of solutions to system (10) fall into the classical ordi-
nary differential equations theory, see Tikhonov (1952), that provides a vector field
P € C!([0, T]; R?¥) such that

|P| < |Pole””,

for all ¢+ € [0, T] and the constant C depending on 7T, |X¢l, |Vo|. We will use the

compact notation
Wgi=(g)N .

Let us introduce the time-dependent flow map associated with system (9) by
bei ‘R4 xR - RY x RY,

such that

Ti. (X0, Vo)) = (X (1), V (1)),
where (X (¢), V (¢)) is the unique solution to (9) attime ¢ > 0 under the initial condition
(X0, Vo).
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We are now in the position to introduce the notion of measure solution to system
(8). Consider fio € P1 (R ) the initial datum of the i-th species and let 7 > 0. Then,
a measure solution to (8) can be defined as

£i(®) = TE # o,

fori =1,..., N. With a slight abuse of notation, for using a compact formulation,
we set v

Tlé = (TET,-),'ZU
and given the initial datum fy € PR and a time T > 0, we define the measure
solution to (8) as

f(r) = TFf#fo.

Referring to system (4), we define the vector field E[f] associated with a N-tuple of
measures f as

(11)

N
i=

N
Elf] = (E/[fDY, = ( — Y Vkijxp j>
j=1

We can now give the notion of measure solution to system (4) as in Cafiizo et al.
(2009), Fetecau and Sun (2015).

Definition 3.1 (Measure solution to (4)) Fix T > 0 and ¢ > 0. Let fy € P; (R24)N
be a given initial condition and let E[f] be defined as in (11). A N-tuple f : [0, T] —
P (RZd)N is a measure solution to system (4) with initial condition fj if:

1. the field E[f] defined in (11) satisfies the conditions (Hy)-(H3)-(H3);
2. itholds f(r) = ’Zﬁm#fo.

3.1.1 A Priori Estimates on the Characteristics System

In this part, we collect some results on the solution to the characteristic system (9).
Proofs of the two lemmas below can be obtained directly from system (9) and by
definition of Wg in (10), see Caiiizo et al. (2009), Fetecau and Sun (2015).

Lemma3.1 FixT > 0.LetE, D : [0, T1xR? — RN pe fields that satisfy (Hy)-(Hz)-
(H3) and let Vg, Yp as in (10). Consider R > 0 and the closed ball B C RNd xRN,
Then

1. Vg is bounded in compact sets, i.e.,
[Wg(r, P)| = C,

for all P € Bg, t € [0,T] and for some C > 0 which depends on R and
”E||L°°([0,T]><BIR)’ where By is the ball in R with radius R.
2. Wy is locally Lipschitz with respect to X and V, i.e.,

[Wg(t, P1) — VE(t, P2)| < C( + Lipr(E)|P1 — P2,

forall Py, P, € Bg,t €[0,T] and C > 0.
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3. For any compact set B C RN4 x RN?,
1
Vg — WpllLo) < gllE —Dllpopy-

Now we provide some results that concern the dependence of the characteristics on
the field E and a quantitative bound on the regularity of the flow 7.

Lemma 3.2 Fix T > 0 and consider two vector fields E and D satisfying (Hy)-(Hy)-
(H3). Take Py, Pi, P € RN « RV gnd R > 0. Assume

| Tg(Po)l < R, |Tp(Po)l < R, |Tg(PDI <R, |Tg(P)| <R,

fort € [0, T). Then,
1. There is a constant C depending on R and Lipgr(E) such that

Ct _

e
|75 (Po) — Ty (Po)| < sup |[EGs) = D($)ll o (g1

s€[0,T)

fort €0, T].
2. There is a constant C depending on R such that

ITL(PY) — TE(Py)| < | Py — Pe€ JoLipr(Es)+Dds

fort € [0, T].
3. There is a constant C depending on R and ||E||Loo([0 TIxBL) such that

|75 (Po) — T (Po)| < Clt — s,
fors,t €[0,T].

Remark 3.1 Note that the sub-linearity assumption on the vector field E ensures global
existence for solution for # € R. The boundedness assumption in Lemma 3.2 on the
initial flow 7} (Po) is only needed to prove a quantitative estimate on the flow map for
every time ¢ € [0, T']. Moreover, Lemma 3.2 ensures that the flow Té is Lipschitz on
Br C RN4 » RN with constant

1 .
LlPR(’]E) < eCfO(LlpR(E(S))"rl)ds’
forr € [0, T].
In the following lemmas, we collect some contraction results in the Wasserstein
distance W that are crucial in proving the existence of measure solutions for (8).

What we reproduce is the extension to multiple species of the results in Canizo et al.
(2009, Lemmas 3.11, 3.12, and 3.13), see also Fetecau and Sun (2015).
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Lemma3.3 Let E, D : RV — RN pe nwo Borel measurable maps and let f €
PiRHYN . Then
Wi (E#f, D#f) <[E- D||L°°(suppf)~

Lemma3.4 Let T > 0. LetE : [0, T] x R? — RN pe a field that satisfies (Hy)-
(Hy)-(H3) and let £ be a N-tuple of measures on R¢ with compact support contained
in a ball Bg C RY. Then, there exists a positive constant C depending on N, R and
||E||Lm([O,T]XBI1€) such that

foranys,t € [0,T].

Lemma3.5 Let T : RNY — RN pe a Lipschitz map and let £, g € Py (RH)N both
have compact support contained in a ball Bg. Then

Wi (T#f, T#g) < LW, g),

where L is the Lipschitz constant of T on the ball Bg.

3.1.2 Existence and Uniqueness for Smooth Potentials

We turn now to the existence and uniqueness of measure solutions to system (4). We
first provide the following preliminary lemmas, whose proof is straightforward and
we omit.

Lemma 3.6 Assume the potentials K;; under assumption (Pot). Let f € P; (R2HYN pe
with compact support contained in a ball Bg C R*?. Set B}e:z{x . (x,v) € Bg}, for
all v € RY. Consider the vector field defined in (11). Then,

||E[f]||L00(BlR) <&, and LiprE[]) =T,

where the constants B and Y are defined by

N

Bi= Y IIVKijllLoBap)»
i j=1

and

N
T:= Y Lipar(VKi)).
ij=1

Lemma 3.7 Assume the potentials K;; as in (Pot). Let f, g € P, (R2)N and R > 0.
Then,
IEIf] — Elglll (1) < YWI(E, 2).
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Existence and uniqueness of measure solutions to the kinetic system (4) are stated
and proved in the following theorem.

Theorem 3.1 Assume the potentials K;; under assumption (Pot), and let fy €
P(R2)N Then there exists a unique measure solution f € P.(R2)N to system
(4) with initial condition £y in the sense of Definition 3.1. In particular,

f € C(10. +00); Pe(R*)™Y), (12)
and there exists an increasing function R = R(T) such that for all T > 0,

supp(f) C Br(r) C RY x RY, (13)
forallt € [0, T].
Proof Let f be such that

supp(fo) C Bg, C RY x Rd,

for some Ry > 0. In order to prove the existence and uniqueness of the solution, we
are going to use a contraction argument. In particular, we introduce the metric space

F= {f € C((0, T], Pe(R2)N) - supp(f) C Bg forall £ € [0, T]} ,

where R:=2Rp and T > 0 is a fixed time we will choose later. This metric space is
equipped with the distance WV, see Definition 2.1. In this space, we define a map as
follows. For f € F, consider E[f] defined as in (11). Then, by Lemmas 3.6 and 3.7
and by assumption (Pot), we obtain that E[f] satisfies (Hy)-(H3)-(H3) and thus we
can define

C[£1(0):=Tgp #fo.

The aim is to prove that this map is a contraction and its unique fixed point in F is the
solution to (4). We start proving that the operator I'[f] is well posed in the space F.
From Lemma 3.6, we have that

IE[f] ||LOO([O,T]XB}IQ) <&,

and from Lemma 3.2,

d
\fémw

<Cy,

forall P € Bg, C R x R4, with C; depending on Ry and E. For T < Ry/Cy,
we have that ’Z]é[f]#fo has support contained in B for all t € [0, T']. Then, for each

t € [0, T], T[f1(r) € P.(R2?)N and the map ¢ — ['[f](z) is continuous by Lemma
3.4. Thus, the map I' : F — F is well defined.
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We show now that the map is a contraction, i.e., considering two functions f, g € F
and taking I'[f] and I"'[g], we want to prove that

Wi(T'[f], T'[g]) = CWi(f, g)

for 0 < C < 1 which does not depend on the functions f and g. By definition of I,
we have that
Wi(TIEL, TlgD) = Wi (T #o, Ty g o).

Using Lemmas 3.3, 3.2 and 3.7, the above distance can be estimated as follows

Wl (Té[f]#va %[g]#fo) = ||7i?f[f] - %[g]”L“(suppfo)

= C(@) sup [IE[f](s) — Elgl()ll (g1
s€[0,7]

= COHTWIE, g),

where C (1) = (¢“2" — 1)/&C5 is the function in the statement of Lemma 3.2, with C
a constant depending on R and Y. Therefore, we obtain that

Wi(T'[f], T'[g]) = C(OTWi (K, g).

Since it holds that
lirr(l) C() =0,
—

we get
Wi(T[f], T'[gD) = C(DHYWi(E, g).

We can choose T small enough so that C(T)Y < 1. In this way, the functional I is
contractive and then there is a unique fixed point of I" in . By construction, it is easy
to see that this fixed point of T" is a solution to (4) on [0, T]. Finally, since the growth
of characteristic is bounded, we can construct a unique global solution satisfying (12)
and (13). ]

We now state Y/ —stability for solutions to system (4) that can be proved by using
a triangulation argument that mixes the estimates obtained in Lemmas 3.3, 3.2 and 3.7
and Gronwall’s inequality.
Proposition 3.1 Assume that the potentials K;; are under assumption (Pot). Let
£, g0 € P.(R2)N | and consider the solutions £, g to (4) with initial conditions £y and

go, respectively. Then, there exists an increasing function r(t) : [0, 00) — RT with
r(0) = 1 that depends only on the supports of £y and gy such that

WiE(1), g()) < r)Wi(fo, go), (14)

fort > 0.
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Theorem3.2 Let T > 0 be a positive time. Assume K;; as in (Pot). Let fy €
CYR*HN N LY RN with compact support. Then system (4) has a solution £¢
C([0, T1; CYR2*)N) with initial datum f.

Sketch of Proof We provide a sketch of the proof. The details can be found in Glassey
(1996) for the Vlasov—Poisson system and the Vlasov—Maxwell system. The proof
is divided into three steps. One first constructs an approximating sequence f*”" €
C([0, TT; CH(RY x Rd)N) by iterations, defining fe1+1 to be the solution of

1 1
a[fia,n+l +v- foia,n+1 _ gvv . (Uff’n+1) + gEf . vvfia,n—t-l — 0,
£2MN0. %, v) = fiolx,v),

asi =1,..., N.Once we observe that the characteristics associated with the system
above depend on n, but still satisfy the features in lemmas above, then it holds that
fer e CL([0, T1; CH(RY x RHN) is uniformly bounded with respect to n, since all
the constants in the estimates above depend on the support of the initial datum and
the Lipschitz constant of the kernels. Next, showing that f¢” is a Cauchy sequence in
C([0, TT; CHRY x RHN) converging to the solution to (4), we complete the proof. O

3.2 Uniform Estimatesin &

In this part, we gather some uniform in ¢ estimates we will use to prove the convergence
of solutions to (4) toward the solution to (1) as ¢ — 0. For this reason, we make the
e-dependence explicit, i.e., we deal with the system

N
1
azﬁg-l-v-fofngv-<<U+ZVKU*,0§>ff>, (15)
j=1
fori =1,..., N, equipped with initial data
JE @ x, v)li=o = f(x, v) € PIR? x RY), (16)

and where

pi(t,x) = / i@t x, v) dv.
R4
Throughout this section, we assume the initial data with compact support.

Proposition 3.2 Assume all the potentials under assumption (Pot). Let £¢ be a solution
to the system (15)—(16) as proved in Theorem 3.1. Then, there exists an increasing
function R(T) independent on € such that for all T > 0,

supp(f®)(t) C Br(r),

forallt € [0, T]and e > 0. The function R(T') depends only on the support of 5 and
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The proof easily follows by noticing that the support of f¢ evolves according to the
flow associated with the characteristic system (9) and by the bounds

N N
D VK #ps| < D NIVKijlleo=:Ci1.
j=1 j=1

fori =1,..., N, as in Fetecau and Sun (2015).

3.2.1 Estimate for Smooth Solutions

We first produce uniform in & estimates in the case of smooth solutions, namely
solutions given by Theorem 3.2. In the next subsection, we will deal with uniform in
¢ estimates for measure solutions.

Proposition 3.3 Assume all the potentials under assumption (Pot). Suppose that the
initial datum £y in (16) has a finite first moment in v, i.e., |v| fio € L' (R? x R?) for all

i=1,...,N. Let £¢ be the classical solution to (15), as in Theorem 3.2. Then there
exist some positive constants Ci, asi = 1,..., N, and a function M (¢) depending on

&, such that
/fl;d xRd

Jorallt € [0, T], where C; depends on (1 + |v]) fioll 11 (rd xrey and E. Moreover,

N

v+ Z VK;j * pj
j=1

ffdxdv < CiM(e), (17)

lim M (¢) = 0.
;ﬂ} ()

Proof We set

N
Ii(t)Z// U+ZVKij*pJE- ffdxdv,
R4 xR4 =1
fori =1,..., N. We want to prove that there exist C; and M (¢) as in the statement
such that

sup [i(t) < CiM(e),
t€[0,T]

for a small €. Straightforward computation shows that

N
d & &
Eli(t)://Rdx]Rd <8, v—i—jZ;VK,-j*,oj )fl dx dv
N
VK;i % p5|9; f£ dx dv.
+//]Rdx]Rid v+j2=; ij * P i fi dxdv
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By using system (15) and integration by parts, we get
N
v+ Z VKl'j * ,0;

//]Rded =
Sl
Rd xR4
2l
& R4 xRd

Therefore, we have that

3 ff dx dv

N
v+ ZVKU * ,of
j=1

)ff dx dv

N
v+ ZVKU' * pj-
=1

ffdxdv.

d 1 | 5
— i) =—=1;(®)+1; @) + 17 (1),
dr e

with
N
') = 3 VK% pS| ) ff dxdv,
S (@) //Rded(tv_‘_jX_; lj*Pj)fz X dv
N
I2(1) = -V VK;j* pt| ) £ dx dv,
i @) //Rded(v xv+; u*ﬂ,)fl x dv
fori =1, ..., N. In order to obtain our claim, we want to show that Il.1 (1) and Il.2 (1)
are bounded linearly by /;(¢) and then derive a differential inequality to bound 7; (¢).
By setting
m,-::/ vf; dv,
R4
integrating (15) in v, we have that
3 pf +Vy-mi =0, (18)
and the conservation of masses
o7 (Ol 11wy = Il fioll L1 (e xRy
forallz > Oandforalli =1, ..., N. Thus, using the equation for ,of in (18), we can

preliminary estimate

N
v+ ZVK,']' * ,0;
Jj=1

0y < AK,‘j *m‘;

N N
PZTRTAEDS

j=1 j=1
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By adding and subtracting (Z,]zvzl VK * ,ofl> f f in the absolute value in the right-
hand side of the inequality above, and using assumption (Pot) we get

N
Z AK,]*/ wffdw’

j=1
N N
SZ AKij* |:/ <wf;?—|— (ZVKih *p;) ff) dw
j=1 R h=1
N
_/Rd (Z VK, *pfl) f; dw:|

h=1

N
AKjj */Rd (u)—i—ZVKih *p,i) ffdw‘

h=1

N
AK;j * fRd (Z VKin *p,§> i dw‘

h=1

'MZ

I
-

J
N
2
j=1
N N
ZHAK,,nLoo/ ‘w + > VKin*pj
j=1 R h=1
N N

+ Y IAKij * o5l Y VK # pfll oo
j=1 h=1

N N
X_%”AKU’”LW /R ‘w +Y VK pf

h=1

fidw

fidw

N
+ Y IAK e I VKijll s llof 17
j=1

Thus, integrating the above inequality in x and v we obtain

ol < ZHAKUanf / f

j=1

v—i—ZVK,h *ph f (x, v, t)f (x,w, t)dxdvdw

+Z||AKU||L°°/ / / (vl + [wh f7 G, w, 0 ff (x, v, 1) dx dv dw

j=1

=

+Z||AKI, Lo VKo loS 7 1 lof

2

Z IAK;j Lo li )05l
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N

+Z;||AK,,||LOC</R[1 /Rdh)\fl (x,u,z)dxdv+/];§d /Rdlwlfj (x,w,t)dxdw)
j:
N
+ leAKijllLOOIIVKij||L<><>Hp]8-||i1||,OfI|L1-
j=1
Since f7 € Py (R? x RY) foralli =1, ..., N, we obtain that for each i there exist

two positive constants Al.1 and Ai2 depending on E and all ||(1 4 |v]) fioll ;1 such that
1L < AlLi(0) + A2

Concerning the terms / l.z, we can estimate

N
2
112(1)] < X;/RdXRd|u||AK,;, * 5| £ dx dv
p=

N
sZ||AK,,||Loo||p,||L1[//
j:
2]
}; R4 xRd
N

N
<Y IAKjleollof I, [Ii(t) + Y IVl llof o llof M.
j=1

h=1

v+ ZVK,hph ffdxdv

VKin* p;| f£dx dvj|

Thus, we derive that for each i there exist two positive constants Bi1 and Bl.2 depending
on E and all || fio|| ;1 such that

[12(0)] < B (1) + B2

Hence, considering the estimates above, we obtain that

d 1
—1i(t) < —=Li@) + C L) + C7, (19)
dt £
where Ck Ak + Bk fori =1, ,N and k = 1, 2. Furthermore, at time t = 0 we
get
1;(0) < lllvlfiollpr + D, (20)
asi =1,..., N, where the positive constants D; depend on E and all || fio|| ;1. Com-

bining (19) and (20) and using Gronwall’s lemma, we obtain that

sup I;(t) < CiM;(e),
t€l0,7T]
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where the constants C; depend on E and all || (1 + |v]) fioll ;1. Finally, is it enough to
note that M (¢):=max;{M;(e)} decaysto 0 as e — 0. O

3.2.2 Estimate for Measure Solutions

In this section, our aim is to find an estimate as in (17) for a measure solution f to
system (15). In order to proceed, we introduce the mollifier

Y@ (x, v) = 2y D (nx, nv) € C(R*),

where

supp(y V) c Bi(0) c R, M >0, ff yD(x, v)dedo = 1,
de

// |v|7/(1)(x, v)dxdv < 1.
R4 xRd

Now, let fy € P.(R2)N and ¢ > 0 fixed. Define

£ = fo ™, @1
ie.,
£ = fioxy™ e 2R,
foralli =1, ..., N. The following is a classical result concerning the mollifier 1,
see Ambrosio (2003).

Lemma3.8 Letf € Py (R*)N be with supp(f) C Bgr, C R*¢. Then
(i) supp(f™) C Bpyy1 foralln > 1.

(i) £ e Py R*HN and
// |v|fi(")(x,v)dxdv
R4 xR4

are uniformly bounded, foralli =1,..., N.
(iii) {f(")}n>1 is a Cauchy sequence in P1 (de)N equipped with the Wasserstein
distance Wi and ||f™ — fllw, — O0asn — +oo.

Consider that the approximating sequence £ (") satisfying the system

N
1
0 40 Vi f = v, ((v + 3 VK * pf*“))ﬁ’(“), 22)

j=1

fori =1,..., N, equipped with initial data
15 o= £ (v,
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with
P8 — / £ gy,
Rd

The results in Theorem 3.2, Proposition 3.2 and Proposition 3.1, together with Lemma
3.8, ensure the following approximation result.

Lemma 3.9 Assume all the potentials under assumption (Pot). Letfy € P, (R2HN and
fén) asin(21). Thenforeach T > O there exists a solutionf®™ e C([0, T); C' (R24)N)
to (22) whose support depends only on T and B and is uniformly bounded both in ¢
and n. Furthermore, if £¢ € C([0, T), P-(R*)N) is the unique measure solution to
(15) as provided in Theorem 3.1, then

0500, 2 £ i PU RV,

uniformly int as n — oo.

Proof Since fé") € CL,2 (R24)N | we can apply Theorem 3.2 and we find that there exists a
smooth solution £ ™ e C([0, 1), C(R2?)N) to (15) for every ¢ > Qandeveryn > 1,
with compact support. By Proposition 3.2, we have that supp(f® ) is independent
of ¢ and depends on 7', E and the support of fé"). Since by Lemma 3.8 supp(fén)) is
contained in a ball for all n > 1, we deduce that supp(f®?") is uniformly bounded
both in & and in n for all r € [0, T']. Now, let f¢ € C([0, 1), P1(R??)N) be the unique
solution to (15) as in Theorem 3.1. By Proposition 3.1, for all # > 0,

I8 — £y, < r(DIES — folly-

By Lemma 3.8, we have the assertion. O

From this result, it follows that

p5 W (¢, ) — p®(t,-) weakly as measures (23)

foreacht € [0, T) asn — 0o, where p = (pi)lj.vzl.

Lemma 3.10 Let £° be the solution to (15) obtained as the limit of approximating
sequences £ as in Lemma 3.9. Then, forallt > 0, VK;j * pj are continuous

functions in R? foralli, j=1..., N and
Vi ;" (1) > VK x5, )

00
loc

Proof Given the regularity of £ i.e.,£&™ e C([0, T); C' (R?*?)?) and the assump-
tion (Pot), we get the continuity of the convolutions. Moreover, we can easily estimate

strongly in L (R?), as n — o0.

IVKij % 05" < IVKGj 1.
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and for all x|, xp € R4, we have
IVKij 05" (e) = VK % 05" ()| < IVKijllilxi — xal,
fori, j =1,..., N. Thus, the sequences
{VKi; * Pj’(")}nzl

are equicontinuous and uniformly bounded. Hence, by Ascoli—Arzela theorem, they
strongly converge on a subsequence on compact sets in R. Furthermore, by (23) we
have that the limit functions are

VKij * pj,

respectively. These limit functions are also continuous on R¢ by inequalities above
(using p;? in place of pf’(")). Then the assertion follows. m]

Since the approximating sequence f") is smooth, we can apply to it Proposition
3.3 with fixed ¢. In particular, with n > 1 fixed, we can say that there exist N positive
constants C; depending on E and all || (14 |v]| fi((;l)) |Iz1 and a function M (¢) depending
on ¢ such that for & small enough

N
‘[éw<v+§:VKU*Pﬂm>ﬁ“mduw
j=1

< CiM(e).

By part (ii) in Lemma 3.8, we have that ||(1 + |v| fig’))u 11 are uniformly bounded
innforalli =1,..., N, thus the function M (e) and the constants C; can be chosen
independent on n. Therefore, the estimates

N
S
j=1

hold foralln > landt € [0,T],asi =1,..., N.

= CiM(e) (24)

Proposition 3.4 Assume ¢ > 0 fixed such that (24) holds and assume that assumptions
in Lemma 3.9 are satisfied. Then for any (qb,-)lN: 1€C (RM)N there exist N constants
C; such that

< CiM(e)

N
‘fRM@uw(v+Z?mh*@uOﬁumyuw

holdforallt € [9, Tl asi =1,..., N.Inparticular, the constants a- are independent
of e and t, and C; = ||¢;|| L= C;, where C; are constants depending on all ffde(l +
[v]) fio dx dv and E.
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Proof Multiplying (24) by ¢;, we have

< CillgillL=M(e),  (25)

N
‘ //de ¢ (x,v) <v + ) VK * pj’("))ff’(") dx dv
j=1

where C; are constants depending on E and the first moment of f;o in v. Let Q(T") be
the common support of fe. () (t)foralle > 0,n > 1andt € [0, T]. Then, by Lemma
3.10 and Proposition 2.1, we obtain that for each ¢ € [0, T,

N
//RM @i (x,v) (v + Z VK;j * pj’("))ﬁ:’(") dxdv

j=1

N
= // @i (x,v) (v + Z VK * pJS_,(n)>fis,(n) dxdv
Q(T) s
converges to
N
//de Pi(x, v) (v + Z VKij * P;)f,-s dxdv
j=1

asn — oo, foralli = 1,..., N. Therefore, considering the limit as n — oo in (25),
we find the assertion. O

3.3 Small Inertia Limit

This subsection is finally devoted to the proof of Theorem 2.1. More precisely, we
consider f¢ solution to (4), satisfying the uniform bounds as stated in Proposition 3.4
and we show that the marginals

pf(t,x):/ [, x, v)dv
R4

converge to a solution p = (p,-)lN: | to the first-order system

N
00 — V- <<ZVKU * ,Oj),oi> =0, (26)
j=1

fori =1,..., N, equipped with initial data

pi(t, x) l1=0= pio(x).
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Proof of Theorem 2.1 We start noting that, for each ¢; € C!([0, T); C}(R??)), the
measure solution f¢ satisfies

T T
/ // thﬁiffdxdvdt—i—// d),'(O)f,'odxdv—i—/ // Vi - vff dx dvde
0 2d R2d 0 R2d

1T a
——/ // Vvqb,w(v—l—ZVKij*pf)ffdxdvdt:O,
& Jo R2d =1
(27)

foralli = 1,..., N.Consider y; € C1(0, T),and x; € C}(RY),asi =1,..., N,and
define
Gi(t, x,v) = i (1) xi (x). (28)

Using the test functions defined in (28) in system (27), we have

T T
[w;(r)/ m(x)pf(r,x)dxdr:—/ m)/f Vi () - off dx dvdr.
0 R4 0 R2d

Set
()= [ 1 ()pf(E, x) .
Rd

Thus, it follows

T T
f Y (D& (1) dr = —/ vi (1) /f Vi xi (x) - vff dx dv dt,
0 0 R2

for any y; € CC1 (0, T). Therefore, we deduce that the weak derivative of &; is

E/(t) = // Vexi - vff dxdv € L®(0, T).
R2d

Let Q(7T) be the common support of f¢ for every ¢ > 0 and for all ¢+ € [0, T]. By
Theorem 3.1, £¢ is uniformly supported on 2 (7'), thus

I8ill w100,y = Ci(DIxille) rays (29)

where C; depend on 7 and are independent of ¢. Since & (¢) are uniformly bounded
in W1’°°(O, T),asi =1,..., N,by Ascoli-Arzela theorem there exist a subsequence
e and a function w; (¢) € C([0, T)) such that

/ X0 (e, 1) dx = i (1) (30)
Rd

uniformly on [0, T) as e — 0. Furthermore, Proposition 3.2 ensures that the support
of f¢ is uniformly bounded in ¢; then, the sequence p?(t, -) is tight. By Prokhorov’s
Theorem, for each t € [0, T), p°(z, -) converges weakly-*, up to a subsequence,
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to p(,-) € P(RY)N. By Proposition 2.1, we have that this implies convergence in
P1 (Rd )N with respect to VW, -distance. Hence, for each ¢t > 0, there exists a subse-
quence of p® denoted by p®n, where k,, may depend on time, such that

(1) 5 p(e, ) in PyRYY
as e, — 0. It follows that for each r € [0, T') and all x; € Cg (RY) we get
/ ;1 (1, %) xi (x) dx — / pi(t, x) xi (x) dx (31)
R4 R4

as g, — 0. The limit w«;(¢) in (30) is unique at each ¢ € [0, 7). Combining this
with (31), we deduce that the sequence Pe, (2, 0), with ¢ independent of time, and
o(t, ) € Pr(RHN satisfy

[t~ [ eomds (32)
R4 R4
uniformly on [0, T') as ey — 0, for any y; € C,; (R?). Moreover,

p% (1, ) 25 pr, ) in Py REY (33)

as & — 0. Now we want to prove that in (32) we can consider test functions y;
depending also on 7. In particular, taking &; (z, x) € C.([0, T); Cg (R?)) we have that

/ gi(t, x)pi* (1, x) dx
R4

are equicontinuous on [0, 7). Indeed, considering s, ¢ € [0, T),

' / Gi(t, x)pf* (¢, x) dx — f Gi(s, x)p;* (s, x) dx
R4 R4

< /Rdls“i(t,x) — Gi(s, )| p;* (1, x) dx + '/Rd Gi(s, 0 (1, x) = pi* (s, x) ] dx
= sup [5i(7, %) = i (s, )| + Ci(T) sup Igilig) ey It = s1-
xeRd 1€(0.7)

Since ¢; is uniformly continuous on [0, T") x RY, then

sup [ (7, x) — &i(s, x)] = 0 as|r —s| — 0,
xeRd

and we get equicontinuity. Thus, up to a subsequence,
/ git, x)p* (1, x) dx — / Si(t, x)pi(t, x) dx (34)
Rd R4
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uniformly on [0, T) as ey — 0, for any test functions ¢; € C.([0, T); C,l (R%)).
Now, set
Q(T):={x @ (x,v) € QT)},

that is a ball in R, uniform in v. We can deduce that €2, is bounded and both supp(p)
and supp(p®) are in Q1 (7T') for all ¢ € [0, T]. Consider ¥; € CC1 ([0, T); C; (R?)) and
let ¢i(x,v,t) = W;(x,1)in (27),asi = 1,..., N. Hence,

T T
/ / 8,‘111',0;% dxdt+f // Vx\ll,--vff" dxdvdt+/ W; (0)pijo(x)dx = 0.
0 JRd 0 R2d R4 (35)

Regarding the first integral in (35), by (34) we have that

T T
/ f at\lf,',ofk dx dt — / / 0\, p; dx dt,
0 JRd 0 JRd

as e — 0. Concerning the integrand of the second term in (35), it can be rewritten as

N
/,/de VW - ufffdrdo = //RZd VvV ;- (v—|— ZVKij *pjk>fl.€" dx dv

j=1
N
Ek €,
- /‘A‘w Vo, - (Z;VK,-J- *pj‘>fl-kdxdv.
]=

By Proposition 3.4, we have that

N
//RM V. ;- <v + ZVKU * ,oj")ffk dxdv — 0, (36)

j=1

as g¢ — 0, uniformly in ¢. The families {VK;; * pj" (t, -)} are bounded in W1’°°(Rd)
for all # € [0, T). In particular,

IVK;j * ,Oj-k (&, lwrooray < IVKijllwioogay-

Now, we want to prove that {VK;; * pj"} are equicontinuous in ¢. In order to use
inequalities in (29) with the kernels in places of x;, we should mollify K;;. Let

Ki(.;Z) = Kijxy™,
where y ™ is the mollifier defined in Sect. 3.2.2. It follows that
VK = VEKijxy™,
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; thus, we have
IV lley < IVKjllwroe,

for all n > 1. Now, considering the mollified interaction kernels acting on the i-th
species in estimates (29) in places of x;, we get

N N N
supll Y VK 5 o lwise.ry < Ci(T) Y IV ligy < Ci(T) Y IV Kl
X . . .
j=1 j=1 j=1

Furthermore,

N N N
S VKD xpt < D IVED i < D IVEKijllwros:
j=1

WI.CX)(]Rd) j=1 j=1
thus, we find that
N N
> VK xo)t < (LGN Y IVKij .
j=1 ’ Woo(R4 % (0,T)) j=1
Therefore, for all x, y € R and s, € [0, T), we get
N
D [VKS 651000 = VK 7 6.
j=1
y (37)
< (Ci(T) + 1)(Z||VKij”W1v°°>(|t — 5|+ x — yl).
j=1

Since V K;; are continuous, by Lemma 3.10 we get
VK™ - VK;;
ij ijo
uniformly on compact sets in R?. Since

N
Y VK (x) = VKij(x)

N
Z [VKI.(;) * pj" (t,x) — VK;j * ,Ojk(t, X)
‘ =

J=1

]

o
X

we have that for any compact set A C R?,

N N
(n) g n—>o0 £
ZVKU *pjk(t,x)—>ZVK,-j *pjk(t,x),
Jj=1

j=1
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uniformly for¢ € [0, T'),forx € A,k € N. Therefore, considering the limitasn — oo
in (37) on a compact set A C R?, we get

N
Z[VKU * ,oj-k(t,x) — VKjj = ,07‘(5, y)]‘
=1

N
< (C(T) + 1)<Z||VKi,»||W1.oc)(|r — s+ Ix — yl).

j=1

Thus, by Ascoli—Arzela theorem, there exist N subsequences still denoted by pf k as
i=1,...,N,such that

N N
ZVK[I' * ,Ojk — ZVK,'J' *Pj,
Jj=1 Jj=1

as gx — 0, strongly in L*°([0, T) x A), with A C R4 compact set. Hence, for every
tel0,7),

N N
‘fdei : [ E (VKij *ij)/)fk - E (VKij *Pj)Pii| dx
R , ;
j=1 J=1

N
<Y IVKij# pF = VKij# pjll o ol VWi ll oo
j=1

N

2

j=1

’

/ VW; - (VKjj % pj)(p* — p;) dx
Q(T)

and the first term goes to zero as & — 0 uniformly on [0, 7') and the second integral
vanishes as ¢ — 0 by (33). Combining this with (36), we obtain that, for each
1€(0,7),

N
/,/]1;251 V; - vf*dxdv — _fRd vV, - [E(VKU *pj)p,-i| dx
]:
as gy — 0. Finally, define
(T) ={veR?: (x,v) € Q).

We have that €2>(7T') is bounded for all # € (0, T') and the following uniform estimate
holds:

‘\/‘\/;( : - V\Ijl "Uf‘igk dxdv < Di”V"IJi”Loo(Rd),
1 T)x
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where the constant D; depends only on 22 (7). This implies, by Lebesgue’s dominated
convergence theorem, that

T T N
/ // V\I’i . vfigk dxdvdr — —/ / V\IJ,‘ . [Z(VK,‘/' * ,Oj)pl'i| dx dr
0 R2d 0 Rd

j=1

as ey — 0. Thus, the limiting N-tuple of measures p € C([0, T); P(R)") is a solution
to system (26) in the weak sense. O

We now give two corollaries concerning the uniqueness of solutions to system (1).

Corollary 3.1 Assume that the assumptions in Theorem 2.1 and Proposition 3.1 hold.
Then, the N-tuple p € C([0, T): P1(RY)N) obtained in Theorem 2.1 is the unique
solution to system (1).

Proof The proof follows by Proposition 3.1. Indeed, if we assume that there are two
solutions starting from the same initial datum, by (14) we have the statement. O

Corollary 3.2 Assume that assumptions in Theorem 2.1 hold. Moreover, assume that
the cross-interaction kernels are equal, i.e., H:=K,j, for alli # j. Then the solution
to system (1) obtained in Theorem 2.1 is unique.

Proof Since p € C([0,T), P, (RN is a weak solution to (26), by Fetecau and Sun
(2015, Theorem 5.1) and the references therein, we can say that p is the push-forward
of pg via the flow ’]E[f] where E[f] = (E;[f] 1N=1 with

N
Eilf] = =) VK;jxpj € L®([0,T) x RY),
j=l1
that is
p = Tgie#po-
Furthermore, p(¢, -) has compact support and it is narrowly continuous in time, since
we get that p(¢,-) € C([0, T); Py (R?)N) where the continuity is in the ¥V metric

(see Proposition 2.1). Then p is the unique solution to (26) in the mass transportation
sense. O

4 Singular Interaction Potentials
In this section, we investigate the case of singular self-interaction potentials and smooth
cross-potentials and provide the details of the proof of Theorem 2.2. For this, we first

discuss the existence of solutions to the coupled kinetic and first-order macroscopic
equations. We recall the kinetic and macroscopic order systems:

N
1 1
8,ﬁ+v-Vxﬁ:EVU-(vﬁ)—i—g(ZVKij*pj)-vai, (38)
j=1
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fori = 1,..., N, where p; (¢, x) is the macroscopic population density of the i-th
species, i.e.,

p,-(t,x):/ fit,x,v)dv
R4

and
i =V - (piu;),
(39)

ui =Y 3 VKij % pj,

for i =1,..., N. Here the cross-potentials K;;, i # j, are given as in (Pot) and
singular self-potentials K;; are of the form

C;
, (40)

|x|%i

Kii(x) =

with o; € (0, d) and some positive constants C;.

In the following two subsections, we establish the existence theory for the systems
(38) and (39) satisfying required regularity conditions stated in Theorem 2.2, respec-
tively. As mentioned in Remark 2.2, due to some technical difficulties, we construct
the global/local-in-time solutions to the systems (38) and (39) in a little more restric-
tive setting. Precisely, the global-in-time existence of weak solutions to the kinetic
system (38) is obtained for o; € (0, d — 1] under the assumption that

Kij € C*(RY), VK;; € Whe[RY)

fori # jand o; € (0, d — 1]. The local-in-time existence and uniqueness of classical
solutions to (39) are constructed under the assumption that

Kij € C*(RY), VK;; e whinwh>®?)
fori # jand o; € (0, d).
4.1 Existence for Solution to the Kinetic System
In this subsection, motivated from Choi and Jeong (2023), we investigate the global-
in-time existence of weak solutions to the kinetic system (38) when «; € (0,d — 1].

We start by considering a regularized version of the system (38). For this purpose,
we perturb the self-potentials and consider the following system

1 1
8 $ 8 § : A
atfi +v'vxfi _EY7U.(UI‘Z,)+_8VU. < VK”*,O]> B ( l)

fori =1,..., N, with

K (x):= —| oo
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and

pf(z,x):/ 2, x,v)dv.
R4

Insystem (41), we set K fj :=K;j,fori # j,inorder to keep the notation to a minimum.
Notice that the global-in-time existence and uniqueness of a weak solution to the
regularized system (41) follow by the results developed in Sect.3, since the force
fields VK f/. % pS are bounded and Lipschitz continuous. Throughout this subsection,
we assume «; € (0,d — 1].

4.1.1 Uniform in & Estimates

In this part, we gather some uniform in § estimates that we will apply for proving the
existence of solutions to system (38). Let us begin with L°° bound estimates.

Lemma4.1l Let T > 0 and f‘s:z(f]‘s, e, fjf,) be the weak solution to (41) on the
interval [0, T'] in the sense of Definition 3.1. Then we have

d 1
8 ) =T
sup |17 G Dliee < N fipllres™ 777,
0<t<T

for p € [1, 400), and

8 < || £8 dr
sup [1f7Co - Dl = Il figllLees".
0<t<T

Proof By integrating by parts with respect to x and v, we get

d / / (£ drdv = — L p(p— 1) / / 529, 5 o dr d
dr Rd xR ! & R xR i i i
1 B N
—-plp - 1)//Rded(f,-‘3)” Vo <J§Kf] x p?)ff dx dv
+p(p— 1)// P72V, f2 - vfd dx do.
R4 x R4

Thus,
d s 1 5
= (fHPdxdv=d-(p—1 (f)? dx dv,
dr R4 xR & R x R4

for p € [1, +00). Therefore, by Gronwall’s lemma we have
dip_
LG DI, = W fipllypes P71
Then, it follows that

d 1
8 ) sU=T
sup [1f7Co Ollee < M fipliLres™ 777,
0<t<T
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for p € [1, 400). Sending p — 400 in the previous line, we obtain that

P < || £ it
sup [If7 Gy Dl < | fipllLeee ™,
0<t<T

that concludes the proof. O

Now we state a lemma that points out the relationship between the local density and
the kinetic energy (cf. Golse and Saint-Raymond 1999, Lemma 3.1) that we will use
to estimate the interaction energy. Notice that in the next result we consider generic
functions and we do not work along the solutions to system (41).

The proofs of the following two lemmas are similar to the ones in Choi and Jeong
(2023, Lemma 2.2) and Choi and Jeong (2023, Lemma 2.3), thus we omit the details.

Lemma4.2 Assume that f; € L, N L®RY x RY) and |v]> f; € L'(R? x RY), for
i =1,..., N. Then, there exists a positive constant C such that

d
da+2
ioit e = CLRIEE ([, P ravan) ™
R4 xR4

In particular, we find that

d
7B
B d+2 1—
oo = U ([ wenavas) ™ ua,
X

Ly,

forall p € [1, 22), with p; = [pa f; dvand p = 4521 - 5

Let us now provide a bound estimate on the interaction energy.

Lemma4.3 Let T > 0 and £® be the weak solution to (41) on the interval [0, T. Then

o o
=G ||1010||L1 2 o} IIdelz,

‘// K2 (x — y)p? ()] (v) dx dy
R4 xR

where C; > 0 is independent of 6.

Proof We recall the classical Hardy—Littlewood—Sobolev inequality, that is,

'f/ LGOI — ¥l u(y) dx dy
R4 x R4

foru € LP(RY),v e L1RY),1 < p,g <00, 1/p+1/qg+r/d =2,and0 < A < d.
By L”-interpolation we know that for 1 < p,q <y,

< Cpaaluliceliviiee,

1—a a 1 a
loillr < llpill, “llpillzy,  —=1—-a+—,
p Y
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and | )
lpillze < il 2Nl —=1—b+—.
q 14

Thus

2—(a+b b
loillizolloilze < il sy “ 1o

Ifl/p+1/q+i/d =2, then

A
at+b=—"_12
y—1d

If we take y = ‘”2 and A = «;, we obtain
/ / K2(r — y)pd ()pd () dx dy < / / Kin(r — y)p? ()02 () dx dy
R4 x R4 R4 x R4

5 5
< CillpjllLr ||P,~ ll La

o o

<Cilp} || T o} ”2‘111312

2-gpei 5 g
SCi”PiO”Ll ||Pi|deiz’

with C; > 0 independent of §. O

Next we prove a uniform in § estimate on the second moments of the weak solution
£? to system (41).

Proposition 4.1 Let T > 0 and £ be the weak solution to system (41) on the interval
[0, T]. Assume that

/d pioKii * pipdx < o0.
R

Then the following estimate on the second moment holds:

|x|2 |v|2 ! 2 .8
—+— f dx dv+ [v|”f dxdvds < C,
R4 xR4 0 R4 xR

forallt € [0, T] and for some C > 0 independent of §.

Proof A direct computation gives that

2dr (//Rded'v' A dxdv>

1 1
= - E /A;] Rd(VKlij *,0;3-) . vfi‘sdxdv— g/:/Rd IRd(VKlfSi *,0153) . vfi‘sdxdv
Jj=1 x x
J#

1
- —// lv]? £ dx dv.
€ J JRI xRd
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For i # j, we have that [VK;; * pj| < [[VK;j| L, thus

’// (VK # p}) - vff dx dv| < I[VK}; ||Loo// |u|f;3dxdv.
R4 xR

If, instead, i = j, by using (18) in Proposition 3.3, we get

d/1 PN PR _// S FPY)
SGJL me-vswdmaa) =[] Khw-vudweoa

:/Ay RI(VKS *pl) vf‘sdxdv
l>< a

Thus, we have

—— K2 (x — v)pd (x) 8
2dt </v/Rde |U| f dde) + 2¢e dt (//Rde ”(X )’),Ol ()C),O, (Y) dx dY)

1 1
= //Rd Rd(VKU p0) - uff dxdv — E//Rd Rd|v|2f;3dxdu.
j=1 * x
#i

i

In the spatial variable, we have the following estimate for the second-order moment

d 2 2
_(f/ ﬂfdd):// LEPERIN
dt RI xRd 2 Rd xRd 2
2 2
// x - uf? dxdv<// <|x| |v| )f dx dv.
R xR4 R xR4

Now, considering the estimates above, we obtain

|X|2 |v|2
f dx dv +_ u(x_y)pl (X)/O, (y)dxdy
Ré xR4 R xR
- — uf?|>dx dvds
8/0 //RdXRd fi5 !
<// ML) g dxd”i// K8 (x — y)ply(x)ply(y) dx d
- RiIxRI \ 2 2 i0 26 J Jpagpd Y)bio iolY y

N
1 t
‘Z VK?S % p%) . vfd dx dvd
j#i

J
t 2 2
xE R
— 4+ — ) f°dx dvds.
+/o//ﬂgdxw<2 Ty JJidrdvds
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By Lemmas 4.2 and 4.3, we know that

V/Rd WK;i(x — )PP (x)p} (v) dx dy

where C is independent of 5. We get

w2 Y s 52
74_7 fi dxdv —|— 5|vf| dx dvds
R4 x R4 RExRE f]
2 2
<// D%y 7Y 4 o + c/ /f (02 + x2) £2 dx dvds + €
- Rd xRd 2 2 i0 0 R4 x R4 !

for some C > 0 independent of §. Then, by Gronwall’s lemma we obtain the result. O

SC7

Remark 4.1 From Proposition 4.1, we deduce the following estimates on total energy
forfi‘s,asi =1,...,N,andforallt € [0, T]:

Z//R Rde a d”—Z/ o Kii x p? da

1 ! 2,6
= S dxdud
2 Z/fw'”' Jirdods

<Z//l;d Rd 2 lOd'xd +_Z/ PloKu*,OlodX-i- ZHVKIJHLOOt

t#}
4.1.2 Existence of Weak Solution to the Kinetic System

Now, we prove the existence of weak solutions to system (38). For this purpose, we
need the following lemma, cf. Glasse (1996, Section 7), Karper et al. (2013, Lemma
2.6).

Lemma4.4 Let {f"}, be bounded in L} ([0, T]x R x RY) with 1 < p < oo, and
{G™},, be bounded in L

([0, T] x R? x RY). Assume that f" and G" satisfy

loc
Ff"+v-Vof" =V, -G, f" o= fo € L"(R? x RY),

and
™ is bounded in L*°(RY x R?),

(v + |x|?) f" is bounded in L*((0, T); L' (RY x R%)).

Then, for any q < %, the sequence

Lo,
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is relatively compact in L4((0, T) x R?).

The existence result of weak solutions to system (38) is contained in the following
theorem.

Theorem 4.1 Assume that the initial datum fy satisfies
fio e LENL®®RI xR, (x> + o) fio € L'®R? x RY),

and
(Kii * pio) fio € L'(R? x RY) withaj € (0,d — 1].

Then there exists a weak solution f to (38) such that
f e C(0, T]; PR? x RHM).
Proof By the uniform in § bound estimates obtained above we know

5 5
ILfi Tzoo(0,7): Lr (R xrayy + 107 L (0,7); L9 ®RY) = Cs

with p € [1 +00], g € [1, ‘”2] C > 0O independent of §. Therefore, by compactness

theory, we have that as § — 0 up to a subsequence,

5 fin L0, T); LP(RY x RY)), p e (1, +ool,
pl = piin L0, T): LPRY). pell, &2,

Set
N

1 1
G?;:Evff + - D (VK] xS

j=1

10c ([0, TT x RY x RY) for some p € (1, 00), in order
to apply Lemma 4.4. We need to check the self-interaction terms. Let ¢ < 2. Then

q
// |vfl-‘3|‘1dxdv=// <|v|2fi5)2(fi5)gdxdv
R4 xR4 R4 XR
(f/ ] fsdxdv> Tt
R4 xRd L2 q

For the second term, by using the Calderén—-Zygmund lemma, we obtain that for
o = d—1

We want to prove that G € L

ICVKD % o)) [ llLe < CU eIV K o) lILe < CULE el o),
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for p < ddiZ. On the other hand, when «; < d — 1, for any g; < ‘%, we choose

pi > 0 such that
R l_ai+1

Di qi d

Then, it is clear that p; < ddiz and by the Hardy—Littlewood—Sobolev inequality, we

deduce
ICVKY # o) [l < ClF ML= VK % ol < ClLF e o) i
Thus, by Lemma 4.4, we get
pd = piin LY((0,T) x R?) and ace.,
d+2

up to a subsequence, as § — 0, for ¢ < 7. Now we want to prove that

(VKD % o)) fP — (VKii % pi) fr.

in the sense of distributions. Let W; € C2°([0, T'] x RY x Rd).

T
/(.) //]Rd Rd[(VK?i * o)) P = (VKii  pi) f;1W; dx dv ds
X
! T
=/ / (VK — Kii) * pi)piw dxds—i—/ / VKS x (p) —/Oi)pf’q, dx ds
0 JRd o Jra

T
+/ /(VK?,-*p,')(p?,u,—p,-,\p)dxds
0 R4

=I1+11+111,

with pj w:= [a fi ¥ dv and pf’w:: Jra fi‘S\IJ dv. Thanks to the uniform in § estimate
for fl.‘S in L*°((0, T) x R? x R? ) and the compact support of ¥;, we find

piw. Py € LP((0, T); LY(R?)),

for any p, g € [1, oo], uniformly in §.
Estimate of 7. We have that |(VK? 0;) pi,w| < |VK;ixpil|pi,w| and (VK2 % 0;) pi, w
converges pointwise to (VK;; * p;)p; w as § — 0. When o; = d — 1, we use the
Calderén—Zygmund lemma to deduce

T
/ /Rd(|VKii| * pi)|piwldxds < C”pi”LP(Rdx(O,T))”IOI',‘I/”Lp’(RdX(O’T))
0
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for any p € (1, %), where p’ is the Holder conjugate of p. Moreover, when o; <
d — 1, by Hardy-Littlewood—Sobolev inequality, we get

T T
[ [ovkatepoinwiaras < [*[[ - oo =y Dl g1 axdyas
X

< Clip;i ”Ll’i (R4 x(0,T)) ||Pi,\ll ”Lpi/((()’r);Lqi (Rd))’

where

d+2 i+ 1 1 1
pi€<1’ i ) e (42)
d d gi  Di

and p| is the Holder conjugate of p;. Therefore, by Lebesgue’s dominated convergence
theorem, we obtain that / vanishes as § — 0.
Estimate of /1. As in the previous estimate, we have that foro; < d — 1

T
/ f VKii* (p) — pi)p)y dx ds
0 R4

T
5/ /f 10 — pi] () lx — Y~ @018 1) dx dy ds
0 R4 x R4

$
<C ”)Ol — Pi ”Ll’i (R4%(0,T)) loiw ”Lpi/((O,T);L‘/i (Rd))’

with p; € (1, Zl—ﬁ) and ¢; is chosen as in (42). The case o; = d — 1 can be handled

similarly to the estimate of /. Thus, I/ — Oas§ — O.
Estimate of /7. As said, we know that

(VKD % pp)¥ € L'((0, T); LY (RY)),

with ¢ < 2 uniformly in §. Then, since fi‘S = fi, we obtain that /] — Qasé — 0.
We conclude that f is a weak solution to system (38). O

4.2 Existence and Uniqueness of Regular Solutions to the Macroscopic System

Our aim here is to prove that, under suitable assumptions on the parameter, there exists
a unique regular solution to system (39). We only focus on the case —2 < o; —d < 0
foralli =1, ..., N.Notethatthecaseo; < d—2foralli =1, ..., N canbe handled
by the classical well-posedness theory. Moreover, the case o; < d — 2 for some i can
be taken into account by a simple modification of our arguments. In this subsection,

we consider that the cross-interaction potentials K;;, i # j, satisfy
Kij € CC(RY), VK; e whinwlo®?)

for i # j and the self-interaction potentials are given by

Kii(x) = witha; € (d — 2, d).

|x|%
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Let us first recall Moser-type inequalities.

Lemma4.5 (i) Lets > 0, r € (1, 00), and p1, p2, q1, q2 € (1, 00]. Then we have

IA*(fOLr S A fllierlighea + 1 fllLr A gl Le

Vs pi P2 Vs.a2 q1 r_+t .1 _ 1,1
for feW NLPrand g e W ﬂL’Wherer_p1+q1_p2+q2'

(ii) Lets > 0. If f € W N HS and g € L N HS~!, then we obtain

IEAY, f1gllzz S WA gsliglizee + IV fllzoc gl s

Here [-, -] denotes the commutator operator, i.e., [A, Bl = AB — BA.

We then present a priori estimate of solutions of (39) in the lemma below.

Lemmad4.6 Letd > 1,5 > %+3, —2<oaj—d<O0fori=1,...,N,and T > 0.
Let p € C([0, T1; H*(RY)N) be a smooth solution to (39) decaying fast at infinity on
a time interval [0, T'|. Then by choosing a sufficiently small T* > 0 depending on p,,
we have

lo ks < 4llpollus, forall 0 <t <T*

Proof We first notice that our main system can be rewritten as
dpi +V - (piuj) =0,

uj = —A“~IVp; — VVi[p].
fori =1,..., N, with
Vilpl = ZKij * 0.
J#i

Then for s > % + 3, we find

%%IIA% 17> = /}R (A ANV (0 ATV i) dx
+/Rd A pi - ATV - (piVVi[p]) dx
=:1+1I,
where [ can be estimated as

1] < Clipillyys < Cllpliyys.

due to a direct consequence of Choi and Jeong (2021, Section 2.2). Next, note that

IV2Vilpllie < D IVAKij # pjllzee < Y IVEKijlipillofllos
J# J#
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<CY lpjlas = Clipllas (43)
J#i

and

IV2Vilpllas < D IVZKij * pjllas < DIV Kijlipllpjllas < Cliplas.
J# J#

Then we estimate
11 = /Rd(Aspi)As(Vpi - VVilpl + pi AVilp]) dx
- /R ATV ) - VVilpldx + /R (NI, VVilplIV i dx

+ / (A° o) A° (i AViTp]) dx
Rd

< [AVilplllllA° pill 2 + A% pill 2 (ILA°, VVi[p1IV il 2
+ 1A% (pi AVilpD I 12).

We now use Lemma 4.5 to deduce

LAY, VVi [V pill 2 S IVVilellas IV pill oo + 1V Vilpll Lo IV il st < Cllpll%{:
and
IA*(or AVilD I 22 S 1A pill 2 |AVi[pll L + llpill 2 IAS AVilplllo < CllplFs-

Hence, by combining all of the above estimates, we have

d 5
— s < C 5y
dt“p”H = ||P||H

and subsequently, by choosing a 7* > 0 small enough, we conclude the desired result.
O

Remark 4.2 By using similar estimates as in the proof of Lemma 4.6, we readily obtain
il g1 < 1A%V pill o=t + IV Vilolll g1 < Cllpl s

and thus [|u; |10 < Cllu;llgs—1 < Cllpllps duetos > % + 3. Moreover, we find
19suill o < A%V (Y - (o)l + D IVKij # V- (pjuj)| L
J#i

< Clipiuillgs—1 + Y lojujll g
J#i
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= Cllollgs.

We now present the result on the existence and uniqueness of regular solutions to
system (39).

Theorem4.2 Letd > 1,5 > $ +3,and 2 <a; —d < 0fori =1,...,N. Then,
the system (39) admits a local-in-time unique solution p; € L' n HS(RY), ie., for
any non-negative initial datum p( € (L' N HS (RN, there exists T = T(py) >0
and a unique non-negative solution p € C([0, T); L' N HS(RY))N 1o (39) with
p(t =0) = p.

Proof (existence): The existence of solutions p; € L*®(0, T*; L' N H*(R?)) can be
obtained by combining the a priori estimate in Lemma 4.6 and the classical approxi-
mation arguments, see Choi and Jeong (2021) for instance. Here we sketch the proof
for the existence and uniqueness of regular solutions to (39). We first approximate the
system (39) by

o]+ V- (o] ) = 0,

uj = =AYl = VVi[p"],

fori =1,..., N, with
Vilp"] = ZKij * 07 .
J#

Here the initial datum and first iteration step are given by
p(0,x) = p;(0,x) foralli=1,...,Nandforalln > 1

and
o1, x) = p;i(0,x) foralli=1,...,N.

We then use the a priori estimate in Lemma 4.6 to derive

sup sup [lp" (O)llas < 4llpollas

neN0O<t<T*

for some 7* > 0. Next, we show that the approximate sequence {p;'},en is Cauchy
in L°°(0, T*; H'(R?)). Let us write ,0;1’"71 = pl' — o Land w7 = ul! — u;.’_l.

i i
Then ,ol."’"_1 satisfies

atp;z,n—l +V. (pin,n—lu;z + p;l—lu;l,n—l) —0.
We now estimate

n,n—1

d n,n—1,2 n,n—1,2 -1 n,n—1
Ellpi’ 72 < CUIVullLeellp ™ iz + IVe e llo) ™ 2 llp; Il gt

-1 =12
+llof Mz llof™ 0
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thanks to (43) and s > % + 3. Since
IVul oo S NA% IV 0 oo + IV2Vilp™ Ullzoe S 10" N1,

we arrive at

d —1,2 —1y2
ol = Cllef™ . (44)
n,n—1

We next estimate ||V p; || 1. To take the notation to a minimum we set with d the
partial derivative with respect to a generic space variable, i.e., 9:=d,, . Note that

__” n,n—1

2
2 dt p[ ”LZ
= _ /d V- @0 umap! " dx — fd V(o auhyap" ! dx
R R

— / V@ o dy — / V(e o ap" ! dx,
R4 R4
We deduce that the right-hand side of the above can be bounded by

CUp s + 1" aollo™ 20 + IV - @pf ' VVilp™ "l 2
IV - AV VL™ T D) el

Here we further estimate

IV - @'V V™" D2 + IV - (of 8V Vil DI 2
< CIVZ ! e IVVile™ M2 + 1o Lo IV Vile™ " M1 2
+ 108 e IV Vile™ ) 2
<CY " o s
J#i

to yield

| =

d N N
n—1 n—1
3 200" g2 = €Yo i
i=1

i=1

from which we obtain that {p]'},cn is Cauchy in L*°(0, T*; H'(R?)), and thus, we
have the existence of limit function p; such that p;' — p; in L*°(0, T*; H L(R?Y)
for all i = 1,..., N. Moreover, due to the uniform-in-n bound estimate of
l0" ()|l 0,7; ns) and Gagliardo—Nirenberg interpolation inequality, we have p!' —
pi in L0, T*; Hs_s(Rd)) foralli = 1,..., N for any small & > 0. Then we can
readily show the limit function p; is the solution to the system (39).

(uniqueness): Let p; and p; be two solutions to (39) obtained in the above. We
also let u; and u; be corresponding vector fields. Then defining g; := p; — p; and
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w; = u; — u;, we find that g; satisfies
08 + V- (giui + piw;) = 0.
Then by using almost the same argument as above, we arrive at

d N N
3 2 lgilzn = C ) laillg,
i=1

i=1

N =

and this concludes that

pi = pi
provided that p; (0) = p;(0) foralli =1, ..., N. This completes the proof. O

4.3 Small Inertia Limit

In this subsection, we show the rigorous small inertia limit of the system (38) providing
Theorem 2.2. Since we want to study the behavior of solutions to kinetic system (38)
with respect to the inertia parameter ¢ > 0, we explicit the e-dependence; namely, we
define f* = (f7 )lN: | to be a weak solution to the system:

N
1 1
o ff +v-Viff = EVU S(uff) + g(ZVKU * pj) Vo ff, (45)
j=1
fori =1, ..., N, with smooth cross-potentials as in (Pot) and singular self-potentials
of the form (40).

We quantitatively show the convergence of solutions f¢ toward the system

0rpi =V - (piui),
(46)
uj = Z;-Vzl VKij*pj,

fori=1,...,N,ase — 0.

In order to measure the error between solutions to the systems (45) and (46), we
employ the modulated energy method. For this, we first recall from Choi and Jung
(2024) (see also Nguyen et al. (2022)) the following modulated interaction energy
estimates.

Theorem 4.3 Let T > 0 and K be given by

1
K(x)=— witha € (0,d).
x|

Suppose that the pairs (p, u) and (p, u) satisfy the followings:
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(i) (p,u) and (p, u) satisfy the continuity equations in the sense of distribution:
9o+ V-(ou)=0 and dp+ V- (pu) =0,

(ii) (p,u) and (p, u) satisfy the energy inequality:

sup (/ ,6|ﬁ|2dx+/ ,5K*,5dx> < o0,
0<t<T R4 R4

sup (f p|u|2dx+/ pK*pdx) < 00,
0<t<T \ JR R4

(iii) p, p € C((0, T); LY(R?)), Vu € L®°(R? x (0, T)) and ifa < d — 2,

and

d
vid=a)/2l+ly, ¢ 1200, T; L@ (RY)) ifa € (0,d —2) \ (d — 2N),
V3 u € L0, T: LTo2 (RY)) ifa =d mod2,

where d — 2N:={d — 2n n € N} and [ - ] denotes the floor function.

Then we have

1d
> (p—ﬁ)K*(,O—ﬁ)dXS/ ﬁ(u—ﬁ)-VK*(,O—p')dX-i-C/ (p—p)K*(p—p)dx
t JrRd R4 Rd

Jort € [0,T) and some C > 0 which depends only on a, d and |[Vu|| oo rd w(0.1))
and if d < a — 2, additionally

V= 21+1 ,ifa € (0,d —2)\ (d —2N),

if o« =d mod 2.

d
Lo0((0,7; L T@o7TT)
[ V@=/2y| RV
Lo°((0.1): L T2

Remark 4.3 If we define the macroscopic velocity as

_ Jgavf(t,x,v)dv

u(t, x) o f(6 2, v)dV

then, by denoting u{ the macroscopic velocity corresponding to p;, we have
2 2
ol < [ g du,
R4
and thus by Proposition 4.1, we obtain that for ¢ > 0

N
E/pf|uf|2dx<oo
— Jrd

=
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on some time interval [0, T'].

We also recall from Carrillo et al. (2021, Lemma 4.1) (see also Choi 2021, Propo-
sition 3.1), Villani (2009, Theorem 23.9), Ambrosio et al. (2008), Carrillo and Choi
(2021), Figalli and Kang (2019)) the following lemma which gives a relation between
the 1-Wasserstein distance and modulated kinetic energy.

Lemmad4.7 LetT > Qandp : [0, T] — PR be a narrowly continuous solution of
9p+ V- (pu)=0,

that is, p is continuous in the duality with continuous bounded functions, for a Borel
vector field u satisfying

T
f /|ﬁ(x,t)|p/5(x,t)dxdt<oo
0 R4

for some p > 1. Let p € C([0, T]; P, (R%)) be a solution of the following continuity
equation
dhp+V-(ou)=0

with the velocity fields u € L((0, T); W-°(R?)). Then there exists a Cur >0
depending only on T and ||Vu|| o such that for allt € [0, T]

'
Wi, p) < Cur <W12(,00, £0) +/ /d 0% |u® — ul* dx ds) ,
0 JR

where p® and u® are defined in Remark 4.3.

Remark 4.4 Since
2 2
o luf — u;l 5/ flv —ui|” do,
]Rd

Lemma 4.7 particularly implies

t
W%(pi,ﬁi)scu,T(W%m»o,ﬁioH/// f,~5|v—ui|2dxdvds),
0 R4 xRd

fori=1,...,N.
We are now in a position to provide the details of proof for Theorem 2.2.

Proof of Theorem 2.2 We first rewrite the system (46) as
0i0i +V - (pju;) =0,

N
edu; + eu; - Vu; = —uj — ZVKU * pj + ge,
j=1
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where €;:=0;u; + u; - Vu;,fori =1, ..., N. For the error estimates, we consider the
modulated kinetic and interaction energies:

1 1

Ex (ffpis Mi)i=—// lui — v ff dxdv+ — / (0i — p{)Kii * (pi — p) dx.
2 R4 x R4 2¢e Rd

Straightforward computation yields that foreachi =1,..., N

— &€ _
2dt//Rded v|? ffdxdv+ - f/R"de v|? ffdxdv
:_// i —v) ® (v —u;) : Vou; ff dxdv—// (v — ;) e ff dx dv
RdXRd R4 xR4
1 ) 8
+gf/IRdXRd(U—Ml)-<;VK1]*(p]—pj))fi dx dv

=I+11+1I1,

where

1< ||Vu,»||Loof/ iy — o £ dx dv,
R xR

S e
I < ellejllfo0 + lu; —v|” f; dx dv.
4e R4 xRd
For I11, we use VK;; € wloo fori, j=1,..., N withi # j to obtain

and

1 P e
1 == o P (u; —ui) - VK x (pi — p;) dx

12
</v/]Rd ]Rd uj — vl fgdxdv> Z”VKU”W'OOWI(PJ pj)
x

J#F

1 2
Sg‘/def(u?_ui).VKii*(pi_pf)dx—i_@/:/l;ded'ui_U' figdxdl)

2

e 205, &

+ =5 D Wies )
J#i

where

cKi= max E IVK;jllwice
i=l1,...,
]7+—l
and we used

|//l.ngRzl(v —ui) (ZvKij *(pj — Pj’))f,-e dx dv

J#

12 12

=S ivKy sy = ([, = obsravan) (f[ raca)
J#
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1/2
= Y IVK e Wi o5, 0 ><// T dxdv)

J#

dueto || ffll;1 = 1foralle > 0andi =1,..., N. This implies

- dxdv+ — —v)?ffdxd
ZdI/Aded vl f rdvr //Rde v| fl * v

§C// |ui—v|2fi8dxdv—|——/ pi (i —ui) - VKii * (p;
R4 x R4 & JRrd

2
Ckx 20 . &
+ e .%é. Wi(pj, ,Oj) +Ce
JFl

— p;)dx

for some C > 0 depends only on ||Vu; ||~ and ||e; | L. We then apply Theorem 4.3

and Lemma 4.7 to deduce

d 1 5
aé’[((fflpi,ui)—f— %//Rdxwlui — | ff dx dv

N
1
<C (//]Rdedlui _U|2fi£dXdU+gZ:/Rd(’0i —pf)Kil- * (p; —pf)dx) + Ce

d Rd

Ce 2
= C‘SK(f,’gl/Olvu )+ Ce + 7ZW1 (p/() '0]0)
J#i

CC%( ! 2 re
+ / // lu; —v|”f: dxdvds.
€ 12#; 0 JJrixra’ J

We now sumoveri =1, ..., N to derive

—ZgK(f |/Oz,u)+—Z//d u; — vl ff dx dv

de

2
<c ng(fflpi, ui) + 26 + — Z Wi (pio. pfp)

i=1 i=1

N ot
+C—ZZ/ // Iui—v|2ffdxdvds,
& iz 70 R4 xIR4

Ccc3
+ SK Zle(ij pIO)—}——Z/ .//]R —v| f dx dvds
J#
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where c¢; and ¢ are positive constant independent of ¢ > 0. In particular, we take
c1 > 4cy. Then applying Gronwall’s lemma to the above yields

N
1
D Ek (S lpisui) + ~ (— ~ —) Z/ rte= ”// lui — v £f dx dv ds
‘ 3 R4 x R4
i=1
a c 1 N
< Z&((ﬁ%lpim uio)e'" + a(e"" -Dfe+ . Z Wi (pios pfy)

i=1 i=1
Z/ // ,~—v|2ffdxdvds,
C18 Rded

and thus

Zf;K(f |pis ui) 4 = Z/ //d lui — v ff dx dvds

XR"

< ¢ ZEK(f()|plO7 u;0) +9 Z WE(pio, o) + coe,
i=1 i=1

where c¢o > 0 is independent of ¢ > 0. We finally use (6), (7), and Choi and Jung
(2024, Lemma 4.2) to conclude our desired result. |
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