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1. Introduction

Given some points in the Euclidean space, they are mutually visible if and only if, for every possible triple of points,
the three points are not collinear. In other words, two points p and g are mutually-visible when no other points belong to
the segment pgq. A line segment in Euclidean space represents the shortest path between two points, but in more general
topologies, this type of path (called geodesic) may not be unique. Then, in general, two points are mutually visible when
there exists at least a shortest path between them without further points.

In [27], this concept has been recently extended to mutual-visibility in graphs: mutual-visibility with respect to a set
of vertices X is defined in terms of the existence of a shortest path between each pair of vertices of X not containing
a third vertex from X. This visibility property is then understood as a kind of non-existence of “obstacles” between the
two vertices in the mentioned shortest path, which makes them “visible” to each other. The main motivation comes from
applications in the context of communication networks where it may be required that the agents located in a network
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need to communicate in an efficient (i.e., through shortest paths) and confidential way (i.e., the messages exchanged do
not pass through the location of any other agent).

This graph-based notion of mutual-visibility has remarkably attracted the attention of several investigations, which
can be seen in the series of articles [1,7,8,14,15,18-22,28,35,36,36,38,41,43,43]. Some reasons of such interest might come
from the following facts.

- There is a close relationship between the mutual-visibility problem and the general position problem [9,37].
The general position problem is also a distance-related topic that has attracted great interest in recent years
(e.g., see [32-34,39,44,45]).

- In swarm robotics, one of the typical addressed problem is that of finding a distributed algorithm able to provide
coordination abilities to robots so that they can move along the edges of a graph until reaching positions forming
some pattern (e.g., see [10,29,42]) or having some required properties (e.g, see [4,40]). In [2,11-13], the required
property is that of forming a mutual-visibility set of vertices of the underlying graph.

- Several connections between the mutual-visibility problem and some classical combinatorics topics have been
identified. For example, studying the problem of mutual-visibility in the Cartesian product of complete graphs, it
was noticed that solving this problem is equivalent to solving an instance of the well-known Zarankiewicz problem
(see [20]). Furthermore, in [7] a relation with a classical Bollobas-Wessel theorem was proved, whilst relations with
a Turan-type problem on hypergraphs have been observed in [8].

- The standard mutual-visibility problem has been modified in several directions to consider different visibility
situations. For example, studying the problem of mutual-visibility in general Cartesian product graphs (see [20]), the
notion of independent mutual-visibility was naturally required, so defined, and their first basic properties identified.
In [21], a total version of the mutual-visibility problem was needed to study the strong product of graphs. This
total notion was also a first step in the [19] work, where this total version was further studied, together with two
“partially” total versions introduced to close all possible “visibility” situations that could exist between the vertices
of a graph.

Formally, given a connected graph G and a set of vertices X C V(G), two vertices x,y € V(G) are called to be X-visible if
there is a shortest x, y-path whose interior vertices do not belong to X. For any given set X C V(G) of a connected graph
G, the following definitions are known from [19].

Mutual-visibility set: if any two vertices of X are X-visible.

Outer mutual-visibility set: if any two vertices x, y € X and any two vertices x € X and y € X are X-visible.
Dual mutual-visibility set: if any two vertices x, y € X and any two vertices x, y € X are X-visible.

Total mutual-visibility set: if any two vertices x, y € V(G) are X-visible.

Regarding such graph structures, the following parameters are defined as the cardinalities of the largest (respectively)
mutual-visibility sets from the above ones. Hence, the mutual-visibility number (dual mutual-visibility number, outer mutual-
visibility number, and total mutual-visibility number, respectively) of a graph G is denoted as u(G) (ta(G), 1o(G), and u(G),
respectively). If ¢ € {u, uq, 1o, i}, then we say that X € V(G) in a t-set if |X| = 7(G). By definition, we have

1e(G) < (o(G) < u(G) and  ue(G) < ua(G) < u(G).

In [19], it has been shown that computing all the above four mutual-visibility parameters is an NP-complete problem.
For such a reason, this problem has been investigated in several graph classes, such as paths, trees, block graphs, cographs,
and graphs resulting by applying graph operations like Cartesian product, strong product, and others. In most cases, these
studies have revealed that the four mutual-visibility parameters can be expressed by closed formulae for such graph
families.

Results. In this work, we study the mutual-visibility in distance-hereditary graphs. These graphs have been introduced
by Howorka in [31], and are defined as those graphs in which every connected induced subgraph is isometric, that is the
distance between any two vertices in the subgraph is equal to the one in the whole graph. Therefore, any connected
induced subgraph of any distance-hereditary graph G “inherits” its distance function from G. This kind of graphs has been
rediscovered many times (e.g., see [3]). Since their introduction, dozens of papers have been devoted to them, and different
kinds of characterizations have been found: metric, forbidden subgraphs, cycle/chord conditions, level/neighborhood
conditions, generative, and more (e.g., see [6]). Note that distance-hereditary graphs include some classes for which the
mutual-visibility problem has already been studied: paths, trees, block graphs, and cographs.

To study the (different variations of) mutual-visibility problem in the context of distance-hereditary graphs, we first
introduce the directed canonical decomposition of a graph, a variant of the well-known split decomposition [5]. Then, we
show that the directed canonical decomposition leads to defining useful properties for computing the mutual-visibility
number of distance-hereditary graphs. In particular, these properties allow us to devise a linear-time algorithm for
computing the mutual-visibility number of a distance-hereditary graph. Finally, we show that the provided algorithm
can compute all four mutual-visibility parameters in the studied graph class. In turn, this allows us also to show that a
conjecture about the total mutual-visibility number of distance-hereditary graphs posed in [22] holds.

Outline. The paper is organized as follows. Section 2 gives the necessary notation and some preliminary concepts. In
Section 3 we introduce the notion of directed canonical decomposition for distance hereditary graphs. Section 4 contains
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the algorithm that uses the directed canonical decomposition for computing in linear-time the mutual-visibility number
of a distance-hereditary graphs. Section 5 gives a characterization for all the mutual-visibility parameters of the class of
distance-hereditary graphs. Concluding remarks are provided in Section 6.

2. Notation and preliminaries

In this work, we consider undirected graphs and, unless otherwise stated, all graphs in the paper are connected. Given
a graph G, V(G) and E(G) are used to denote its vertex set and its edge set, respectively. We use standard terminologies
from [6,30], some of which are briefly reviewed here.

If X C V(G), then G[X] denotes the subgraph of G induced by X, that is the maximal subgraph of G with vertex set X.
Ng(X) is the open neighborhood of X in G, that is Ng(X) = {v € V(G)\ X : Ju € X, uv € E(G)}. If X = {u} we simply write
Ng(u) instead of Ng({u}). If [Ng(u)| = 1, u is called pendant vertex.

We call two graphs G and H isomorphic, and write G ~ H, if there exists a bijection ¢ : V(G) — V(H) such that
uv € E(G) & o(u)p(v) € E(H) for all u, v € V(G). Such a bijection ¢ is called isomorphism.

Concerning graph operations, given two distinct graphs G and H, the union G U H is the graph with vertex set
V(GUH) = V(G) U V(H) and edge set E(GU H) = E(G) U E(H), while the join G + H is the graph with vertex set
V(G+ H)=V(G)UV(H) and edge set E(G+ H) = E(G)UE(H)U {uv : ue V(G),v € V(H)}.

An edge cut-set of a connected graph G is any subset E’ C E(G) of edges that, if removed, forms a graph with more
than one connected component. An edge cut-set of size 1 is simply called cut-edge. Similarly, a vertex cut-set is any subset
V’ C V(G) such that the induced subgraph G[V(G)\ V'] has more than one connected component. A vertex cut-set of size
1 is called cut-vertex.

A graph G is biconnected if it has no cut-vertices. The complete graph (or clique) K,, n > 1, is the graph with n vertices
where each pair of distinct vertices is adjacent. The path graph P,, n > 2, is the graph with V(P,) = {v1, v,, ..., vp} such
that v; is adjacent to v; if |i —j| = 1. A complete bipartite graph K, is a graph whose vertices can be partitioned into
two subsets V; and V5, with |V{| = m and |V,| = n, such that no edge has both endpoints in the same subset, and every
possible edge that could connect vertices in different subsets is part of the graph. A star graph corresponds to any Kj p.
G is a block graph if each biconnected component (i.e., a “block”) of G is a clique. A cograph is a graph which contains no
induced path on four vertices. Cographs can be characterized in many different ways, see [23]. For instance, cographs are
precisely the graphs that can be obtained from K; using a sequence of disjoint unions and joins of graphs. Block graphs
and cographs form subclasses of distance-hereditary graphs [6].

2.1. Mutual-visibility

Concerning the mutual-visibility, it is easy to observe that u(G) > 1 for each graph G (indeed, any vertex u € V(G) is a
mutual-visibility set of G). From [27] we also know that computing the mutual-visibility number of a graph is NP-complete.
Concerning small values of u, we know that:

e u(G)=1if and only if G ~ Kj;
e 1(G)=2ifand only if G ~ P,, n > 2;

Moreover, a partial characterization for ©(G) = 3 is provided in [20]. The following lemma asserts that there always exists
a maximum mutual-visibility set for a graph G without cut-vertices.

Lemma 1 ([27, Lemma 2.5]). Let C be the set of the cut-vertices in a graph G. There exists a j-set X for G such that XNC = (.
2.2. Split decomposition and distance-hereditary graphs

We will follow the definition of split decomposition in [5]. Let G be a graph. A split in G is a vertex partition (X, Y) of G
such that |X|, |Y| > 2 and every vertex of N¢(X) is adjacent to every vertex of Ng(Y). Notice that not all connected graphs
have a split, and those that do not have a split are called prime graphs. A marked graph D is a connected graph with a
subset of edges M(D), called marked edges, that form a matching such that every edge in M(D) is a cut-edge. The ends of
the marked edges are called marked vertices, and the components of (V(D), E(D) \ M(D)) are called bags of D. The edges
in E(D) \ M(D) are called unmarked edges, and the vertices that are not marked are called unmarked vertices. If (X, Y) is a
split in G, then we construct a marked graph D that consists of the vertex set V(G) U {x, y'} for two distinct new vertices
X',y ¢ V(G) and the edge set E(G[X]) U E(G[Y]) U {x'y'} U E’, where we define x'y’ as marked and

E={xxlxeXAdyeY:xy cEGU{YylyeYAIxeX:xyecEQG).
The marked graph D is called a simple decomposition of G (e.g., see Fig. 1). The following proposition can be easily observed
from the definition of split.
Proposition 2. Let (X, Y) be a split of a graph G. If X \ Ng(Y) (Y \ Ng(X), resp.) is not empty, then Ng(Y) (Ng(X), resp.) is a
vertex cut-set of G.
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Fig. 1. A graph G along with the marked graph forming a simple decomposition of G. Gray vertices and bold lines are used to visualize marked
vertices and marked edges, respectively. Notice that each obtained bag is isomorphic to an induced subgraph of G.
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Fig. 2. A distance-hereditary graph G along with D¢. Red ovals, gray vertices, and bold lines are used to visualize the bags, the marked vertices, and
the marked edges of Dg.

Fig. 1 shows a split (X, Y), where X = {v1, v, v3, v4}, Y = {vs, ve, v7, vg}, and Ng(Y) = {v2, v3, v4}. According to the
above proposition, Ng(Y) is a vertex cut-set (indeed, removing all its vertices would disconnect v; from each vertex in Y).

A split decomposition of a graph G is a marked graph D defined inductively to be either G (if G is prime) or a marked
graph defined from a split decomposition D’ of G by replacing a connected component H of (V(D’), E(D’) \ M(D")) with
a simple decomposition of H. Fig. 2 shows a split decomposition of a graph (as explained later, the inductive process is
stopped when a clique is produced).

For a marked edge xy connecting two bags X and Y in a split decomposition D, the recomposition of D along xy is
the split decomposition D’ obtained by making each vertex in Nx(x') adjacent to each vertex in Ny(y') and by removing
X', y', and their adjacent edges. For a split decomposition D, let G[D] denote the graph obtained from D by recomposing
all marked edges. By definition, if D is a split decomposition of G, then G[D] = G. Since each marked edge of a split
decomposition D is a cut-edge and all marked edges form a matching, if we contract all unmarked edges in D, then we
obtain a tree. We call it the decomposition tree of G associated with D and denote it by T(D). To distinguish the vertices
of T(D) from the vertices of G or D, the vertices of T(D) will be called nodes. Obviously, the nodes of T(D) are in bijection
with the bags of D. Two bags of D are called neighbor bags if their corresponding nodes in T(D) are adjacent.

A split decomposition D of G is called a canonical split decomposition (or canonical decomposition for short) if each bag
of D is either a prime graph, a star, or a complete graph, and D is not the refinement of a decomposition with the same
property. Fig. 2 shows a graph G along with its canonical decomposition.

Theorem 3 (Cunningham and Edmonds [25], Dahlhaus [26]). Every connected graph G has a unique canonical decomposition,
up to isomorphism, and it can be computed in time O(|V(G)| + |E(G)|).

362



S. Cicerone and G.D. Stefano Discrete Applied Mathematics 376 (2025) 359-373

From Theorem 3, we can talk about only one canonical decomposition of a graph G because all canonical decomposi-
tions of G are isomorphic. Let D be a split decomposition of a graph G with bags that are either prime graphs, complete
graphs or stars (it is not necessarily a canonical decomposition). The type of a bag of D is either P, K, or S, depending on
whether it is a prime graph, a complete graph, or a star. The type of a marked edge uv is AB where A and B are the types
of bags containing u and v, respectively. If A = S or B = S, then we can replace S with S, or S, depending on whether
the end of the marked edge is a pendant vertex (i.e., a leaf) or the center of the star.

Theorem 4 (Bouchet [5]). Let D be a split decomposition of a graph with bags that are either complete graphs or stars. Then
D is a canonical decomposition if and only if it has no marked edge of type KK or S,S.

From now on, for the sake of simplicity, we denote by D¢ the canonical decomposition of G, by M¢ the marked edges
of D¢, and by T; the decomposition tree associated with D¢. We remark on the well-known property for which each bag
of D¢ is isomorphic to an induced subgraph of G. We use the following characterization of distance-hereditary graphs.

Theorem 5 (Bouchet [5]). A graph G is distance-hereditary if and only if each bag of D is of type K or S.

According to this theorem, if G is distance-hereditary we denote any bag of D; as K-bag or S-bag.

An alternating path is any path connecting two vertices in Dg such that an unmarked edge and a marked edge
alternatively appear in the path (e.g., see the unique shortest path from v; to v7 in the canonical decomposition shown
in Fig. 2).

Lemma 6 (Courcelle [24]). Let G be a graph. Then, xy € E(G) if and only if there exists an alternating path between x and y
in D¢. This alternating path is moreover unique.

We conclude this section by providing a useful statement.
Lemma 7. Let G be a graph. If v € V(G) is the center of a S-bag of Dg, then it is a cut-vertex of G.

Proof. If D¢ has only one bag, according to the hypothesis G is a star with v as the central vertex. In this case, the statement
trivially follows. Assume now that D¢ has at least two bags and let X be the set of vertices of D forming the S-bag of
which v is the center. Let uq, u; € X \ {v}. Since D¢ has at least two bags, we can assume that u; is marked. Consider any
alternating path v, uq, wq, wy, ..., wg, with k > 2 and wy, € V(G). Since u;w1 is a marked edge, by Proposition 2 we easily
get that removing v in G would disconnect wy from either u, (if u, is unmarked) or v (if u, is marked and u, ..., u} is
any alternating path from u; to an unmarked vertex u5). O

Since this lemma proves that the center v of each S-bag of D; is a cut-vertex of G, for the sake of clarity, we simply
call o-vertex each of such vertices. We remark that, by definition, o-vertices are always unmarked.

3. The directed canonical decomposition

In this section, we introduce the notion of directed canonical decomposition of a distance hereditary graph G. It
constitutes the main ingredient for the construction of the algorithm capable of computing a w-set of G. Such an algorithm
will be described in the next section.

Definition 1. Let G be a distance-hereditary graph.

e The directed canonical decomposition of G is denoted as I_D)G, and corresponds to the mixed graph obtained from D¢
according to the following edge-replacing operation: for each marked edge uv of type S.X, with X € {S., K}, remove
uv from Mg and insert an edge gi)rected from u to v into MG._>

e A directed decomposition tree T ; can be associated with D ¢ in the same way T¢ has been associated with the
canonical decomposition Dg.

Note that, according to this definition, when forming I_))G, a marked edge uv is replaced by one oriented edge (when
uv is of type ScK) or by two opposite oriented edges (when uv is of type S.S.). For the sake of simplicity, we call arrow
an oriented marked edge a = (u, v), and we call opposite two distinct arrows joining the same pair of vertices (see Fig.
3). Given an arrow a = (u, v), we call u (v, resp.) tail (head, resp.) of a.

Definition 2. Let a = (u, v) be an arrow of I_))c. We denote by

. T))‘G(a) (_D>’é(a), resp.) the subgraph of f))c obtained by removing a (and the arrow (v, u) if present) and containing
the tail u (the head v, resp.); N N

° Vg(a) (VE(a), resp.) the set containing all the unmarked vertices in D ’g(a) ( D Y(a), resp.) reachable from v (u, resp.)
via an alternating path.
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s Y

Fig. 3. Three examples of directed canonical decomposition. In particular: (top) two opposite t-arrows, (bottom-left) head-connected t-arrows, and
(bottom-right) tail-connected t-arrows.

Fig. 4. Two directed canonical decompositions (t-arrows are represented in red).

Definition 3. Given a distance-hereditary graph G, an arrow a = (u, v) in T))G is called terminal (t-arrow, for short) if
both the following conditions hold:

1. V!(a) does not contain a o-vertex;
2. D!(a) does not contain an alternating v, u’-path in D¢ followed by an arrow (', v').

Fig. 4 shows examples of t-arrows.
3.1. Structural properties of t-arrows

The following statements provide some structural properties of t-arrows.

Lemma 8. Givel)a distance-hereditary graph G, if a = (x,y) and b = (y, x) are opposite t-arrows in BG, then they are the
only t-arrows in D ¢.

Proof. Let us assume that there is an arrow e = (u, v) in T))’g;(a) = T))g(b). On one hand, since a is a t-arrow, there
is no alternating path connecting the marked vertex y to the marked vertex u, tail of e. Since b is a t-arrow, there is no
alternating path connecting the marked vertex y to the marked vertex v, head of e. On the other hand, any shortest path P
connecting y to u or to v, that is not alternating, must contain two consecutive unmarked edges (two consecutive marked
edges are not possible). Consider the first two consecutive unmarked edges encountered on P starting from y. These two
edges cannot belong to a K-bag otherwise P would not be a shortest path. Hence, the two edges must belong to a S-bag.
If the center of this S-bag is a marked vertex, then the corresponding marked edge is an arrow, but it is not possible since
a is a t-arrow. If the center of the S-bag is unmarked, then it is a o-vertex and a would not be a t-arrow, by definition.

%
So D ’&(a) does not contain any t-arrow.
— —
By symmetry, also D g(b) =D f;(a) does not contain t-arrows. O

The following three results show how the t-arrows appear in a directed canonical decomposition of a graph.

—
Lemma 9. If G is a distance-hereditary graph, then in D ¢ there is no path x,y, uq, u,, ..., Uy, X',y in which both (x, y) and
(¥',y') are t-arrows.

—
Proof. Assume that there exists in D¢ a path x,y, uy, us, ..., u, X',y in which both (x,y) and (x',y’) are t-arrows.
By the definition of t-arrow, such a path cannot be an alternating path. Then, consider any shortest path P defined as
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X, y,ui,uh, . u;</, X', y'. Notice that k¥ > 1 otherwise P reduces to x, y, X', y/, an alternating path. As shown in the proof
of Lemma 8, P contains two consecutive unmarked edges that belong to a S-bag. In the same proof, it is shown that the
presence of this S-bag implies that (x, y) cannot be t-arrow, a contradiction. O

Assuming that BG has more than one t-arrow, then either Lemma 8 holds and there are only two opposite t-
arrows, or, by Lemma 9, a shortest path connecting the vertices of two t-arrows (x, y) and (x', y’) is either in the form
X,y = Ug, U, Uy, ..., U, =Yy, X orinthe formy, x = ug, uq, Uy, ..., u, = x', y, k > 1.1f the path is in the first form, we say
that the arrows are head-connected, otherwise tail-connected. Fig. 3 shows examples of head-connected and tail-connected
t-arrows.

Lemma 10. Let G be a distance-hereditary graph. If BG has more than one t-arrow, they are (cf. Fig. 3):

e two and opposite, or
e pairwise head-connected, or
e pairwise tail-connected.

Proof. The first case follows directly from_L)emma 8. Suppose now that in T))G there are not two opposite t-arrows. By con-
tradiction assume that all the t-arrows in D ¢ are neither pairwise head-connected nor pairwise tail-connected. Then there
must exist three t-arrows a = (x,y), b = (¥, '), and ¢ = (x”, y”) such that two of them, say a and b, are head-connected
and the third t-arrow c that is tail-connected with a or b. Without loss of generality, assume that c is tail-connected with
a. Then, there must exist a path y, x, uq, ..., ug, x”, y”. Hence, the path X', y', vy, ..., vp, ¥, X, U1, ..., Uy, x”, y” contradicts
with Lemma 9. O

—
Interestingly, for a distance-hereditary G, if the t-arrows of D ¢ are pairwise head-connected they are in a particular
configuration.

Lemma 11. Let G be a distance-hereditary graph such that all the pairs of t-arrows in I_J)G are head-connected. Then, the
heads of all the t-arrows belong to a unique K-bag.

Proof. Let a = (x,y)and b = (X', y') be two t-arrows. Assume that the shortest path P connecting the two heads contains
an edge e from a S-bag. If P is an alternating path, one of the two vertices of e is the center of the S-bag and is marked.
The corresponding marked edge is an arrow: impossible because one between a and b would not be a t-arrow. If P is
not an alternating path, there are two edges, say e and €/, of a S-bag in P that are both incident to the center of the
S-bag. Whether or not the center is a o-vertex, both a and b would not be t-arrows. Then, the path between a and b is
an alternating path and contains only edges from K-bags. But, by Theorem 4, there cannot be two adjacent K-bags and
then the K-bag is unique and P consists only of one edge from this clique. O

The next statement concerns the case in which G has no arrows.
—
Lemma 12. Given a distance-hereditary graph G, D ¢ has no arrows if and only if G is a block graph.

Proof. (<) Assume that a is an arrow of _D>G. Recomposing the marked edge in D corresponding to a would lead to a
biconnected subgraph of G that is not a clique, contradicting the definition of block graph.

(=) In this case, all the marked edges in D¢ are of type KS, or S,S, whose recompositions lead to biconnected
subgraphs of G that are cliques: K5 in the latter case, and K, n > 3, in the former. O

The last result of this section restricts Lemma 10 to the case in which G is not a cograph.

—
Lemma 13. Let G be a distance-hereditary graph but not a cograph. If D ¢ has more than one t-arrow, they are pairwise
tail-connected.

Proof. Assume that G has more than one t-arrow. Lemma 10 states that the t-arrows of B_)G are (1) two and opposite, or
(2) pairwise head-connected, or (3) pairwise tail-connected. If there exists a o-vertex v in D ¢, according to the definition
of t-arrow (cf. Definition 3), the existence of v impliei that the above first two cases cannot occur. Then, in the remainder
of this proof, we assume there are no o-vertices in D ¢.

In D¢, there must exist a pair of bags B' and B”, joined by a marked edge e = (v/, v”) such that v’ is in B’ and v” is in
B’, with the following properties:

(i) removing e from D divides D¢ into two sub-decompositions denoted as D and D{, where D;. contains v’ and D{
contains v”;
(if) recomposing all the bags in D; gets a cograph G';
(iii) recomposing the cograph G’ from (ii) with B” gets a distance-hereditary graph G”.
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These properties hold otherwise G would be a cograph, against the hypothesis. Note that G’ can be assumed to have a
sort of “maximality” property because it cannot be further extended toward a cograph using the bag B".

We recall that, according to Theorems 4 and 5, in D¢ the bags are of type K or S only, and there are no marked edges
of type KK or S,S,. It is easy to observe that if B” is a K-bag or a S-bag where v” is the central vertex, then also G” is a
cograph, against the maximality of G'. Then, Bl) is S-bag where v” is a pendant vertex.

Consider now the d1rected gecomposmon D ¢. We can assume that removmg e from D; divides D G mto two directed
sub-decompositions D and D¢, where D c & contains v’ and D e contams v”. Since B” is S-bag where v” is a pendant
vertex, then there must exist a t-arrow a’ in D 7 not oriented toward D /

By recalling that v’ is a marked vertex in B/, we now analyze three cases according to B" and v'. We will show that one
of them cannot occur, while, in the other two cases, a t-arrow @’ in D ;. not oriented toward D / must exist.

e Since there are no marked edges of type S,S. in BG and v” is a pendant vertex of B”, B’ cannot be a S-bag with v’
in its center.

e If B’ is a S-bag with v’ pendant vertex, if)len the analysis above can be symmetrically applied to B’ thus providing a
t-arrow @’ in D ¢ not oriented toward D {.

e Assume that B’ is a K-bag. This implies there must exist one or more S-bags in D ©» otherwise extending G’ with B”
still gets a cograph, against the maximality of G'.
Smce there are no o-vertices in D g, all the centers of these S-bags of D are marked vertices that generate arrows
in D ¢. If all such arrows are oriented toward D , then it can be easily observed that the marked vertex v’ in the
K-bag is a universal vertex in G'. In such a case, extendmg the cograph G’ with B” when v’ is a umversal vertex still
gets a cograph, against the maximality of G'. Hence, there exists 1n D an arrow not orlented toward D . Also in

this case, this arrow implies that there must exist a t-arrow a’ in D not oriented toward D .

According to the definition of t-arrow, the presence of a’ in D ¢and a” in D ¢ shows that the t-arrows of D ¢ are pairwise
tail-connected. O

3.2. T-arrows and mutual-visibility

The following statements motivate the introduction of t-arrows with respect to the need of computing a u-set of a
distance-hereditary graph G.

—
Lemma 14. Given a distance-hereditary graph G and a set X C V(G) and an arrow a in D ¢, then two vertices x,y € Vi(a)
are X-visible if there exists w € Vg(a) \ X.

Proof. Since there are two alternating paths from x to w and from w to y, w € N(x) N N(y). This implies that x and y are
at distance at most two. If x and y are adjacent, then they are obviously X-visible. If they are at distance two, path x, w, y
is a shortest path, and, since w is not in X, vertices x and y are X-visible. O

—
Lemma 15. Given a distance-hereditary graph G, a set X C V(G), and two arrows a = (u, v) and b = (u’, v") in D ¢ connected
by an alternating path u, v = vo, vy, ..., vy = U, V, two vertices x, y € Vi(a) are X-visible if there exists w € V{;‘(b) \ X.

Proof. The proof reduces to Lemma 14 by simply observing that V{(a) € V&(b) and Vg(a) 2 Vg(b). O
4. Computing a p-set

We have already remarked that the directed canonical decomposition of a distance hereditary graph G has been
formulated to be a valid tool for computing a u-set (i G. The algorithm we propose for this purpose is simply denoted as
A and reported in Fig. 6. Basicalll,) it first computes D ¢ and then performs specific actions according to the number and
the structure of the t-arrows of D ¢. In particular, the strategy underlying A is based on the following steps, in order:

e it is initially assumed that the enii)re V(G) can play the role of a u-set denoted as X;
e then, if there are o-vertices in D ¢, they are removed from X (indeed, Lemma 7 states that each o-vertex is a
cut-vertex in G, and hence, by Lemma 1, it can be correctly eliminated from X);

o finally, t-arrows of D ¢ are analyzed:

- if there are no arrows at all (in this case, Lemma 12 states that G is a block graph), or no t-arrows, then it is
possible to prove that the computed set X is indeed a u-set of G;

- if there are t-arrows, Lemmata 14 and 15 state that some vertices must be further removed from X. For such
cases, A follows three different approaches according to the structural characterization given by Lemma 10.
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Fig. 5. Four directed decomposition trees named, in order, T ¢, T, T g,, and T g, (t-arrows are represented in red). Each vertex is labeled with

s

Ky, Sp, or oy to recall the corresponding bag in D (a clique, a star without o vertex, a start with o vertex). The subscript n denotes the size of
—

that bag. For instance, T ¢ corresponds to the directed canonical decomposition shown in Fig. 2.

To describe the algorithm in terms _)of these three a_p)proaches, in what follows we use the examples illustrated by the
directed decomposition trees named T ,, T g,, and T ¢, and shown in Fig. 5.

Tree 7)(;1 is obtained from a graph G; in which its directed canonical decomposition has many t-arrows that are
pairwise tail-connected. In this case, A starts by removing three o vertices from X = V(G), and then proceeds to execute
the block of Lines 6-10. In such a block, for each t-arrow a, an arbitrary vertex w € Vc’;’](a) is removed from the current
set X. After all the t-arrows are processed, X is returned as a pu-set of G.

In the second example, T ¢, is obtained from a graph G, in which its directed canonical decomposition has pairwise
head-connected t-arrows. In this case, .A executes the block of Lines 11-23. According to Lemma 11, the heads of all the
t-arrows belong to a unique K-bag (see K; in the example). If K; has an unmarke_c)l vertex w (in the example, K; should
have t > 4 vertices), then X \ {w} is returned. This is because for each arrow a in D g, each pair of elements u, v € Véz(a)
are connected to w, and the removal of w from X makes them X-visible. However, if w does not exist because all the
vertices of K; are marked, still there are cases in which the removal of a single vertex is sufficient. These cases occur when

a generic directed canonical decomposition D ¢ has a “special subgraph” as in the following definition.

Definition 4. Let a = (u, v) be a t-arrow of BG. We say that _D)’g(a) is special if one of the following conditions holds:

—
e D ’(";(a) is a S-bag with three vertices: v is the center and it is marked, x and y are the pendant vertices and are both
unmarked,

—
e D!(a) is composed by a S-bag and a K-bag. The S-bag has three vertices: v is the center and it is marked, x is an
unmarked vertex, and y is a marked pendant vertex connected, via a marked edge, to the K-bag.

—
In both cases, the vertex x is called special vertex of D '&(a).

—
It follows that, if in the K-bag K; in T ¢, has t = 3 marked vertices, then Lines 16-18 are executed. There, just
one special vertex w is removed from X before returning this set as u-set of G,. Note that, in case there are no special

subgraphs in D ,, two vertices w and w’ are removed from X at Line 21. In the next section, we will prove that this is
the minimum number of vertices to remove from X for X to be a mutually visible set.

Concerning the last example, ?03 is obtained from a graph Gs in which its directed canonical decomposition contains
just two opposite t-arrows a and b. In the example, A executes the block of Lines 24-33. This is because there are special
subgraphs, and hence it is enough to remove just one special vertex from X (Line 26 or 29). In general, if there are no
special subgraphs, the algorithm eliminates two unmarked vertices from X (one from V{(a) and the other from V(b), cf.
Lines 31-32).

4.1. Correctness and complexity

We provide in this section the correctness and complexity of .A. To this end, we first give some useful lemmas.
—
Lemma 16. Given a distance-hereditary graph G, if a is a t-arrow of G, then Vg(a) is the set of all unmarked vertices of D ’&(a).

—
Proof. We recall that Vg(a) is the set that contains all the unmarked vertices in D ’&(a) accessible from v via an alternating
path.

—
Let a = (u, v) and assume that there is a vertex x € V(G) in D g(a) which is not in Vg(a), that is x is not reachable
from v via an alternating path. Then the shortest path from v to x must contain at least a vertex that is the center of
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Algorithm A:
Input: a distance-hereditary graph G.
Output: a uy-set X of G.

—
1 Compute Dg;

2 Let S be the set of the o-vertices of Bg;
3 Let X =V(G)\S;

Let A be a set containing all the t-arrows of 1_50;

»

5 if A =( then return X;

6 if A contains either a single t-arrow or pairwise tail-connected t-arrows then
7 forall t-arrow a in A do

8 L Let w € V& (a);

o X =X \{w}
10 return X

11 if A contains pairwise head-connected t-arrows then

12 Let K be the K-bag containing all the heads of the t-arrows in A;
13 if K has an unmarked vertex w then

14 L X =X\ {w};

15 else N

16 Let C:={D%(a) | a € A};

17 if C contains a special element D then

18 L X := X\ {w}, with w special vertex of D;

19 else

20 Let D and D’ be two distinct elements of C;

21 Let w € V(D) and w’ € V(D') be unmarked vertices;
22 X =X\ {w,w'};

23 | return X

24 if A contains two opposite t-arrows a and b then

25 if DI (a) is special then R

26 L X = X\ {w}, with w € V(a) special vertex of D}, (a)
27 else

28 if DI (b) is special then

20 L X = X\ {w'}, with w’ € VZ(b) special vertex of D% (b)
30 else

31 Let w € V}(a) and w’ € V{(b) be unmarked vertices;
32 X =X\ {w,w'}

33 return X

Fig. 6. Algorithm for computing a u-set X of any distance-hereditary graph G.

a S-bag. Consider the first of these vertices starting from v. If it is marked, then the corresponding marked edge is an
arrow. Otherwise, it is a o-vertex. In both cases, a cannot be a t-arrow. 0O

Lemma 17. Let G be a distance-hereditary graph and X C V(G). Let x and y be distinct vertices in V(G), and let P be the
shortest x, y-path in D ¢. Let X' be the set of the internal o -vertices of P and let A be the set of the arrows a = (u, v)in D¢
such that only u is in P. Vertices x and y are X-visible if and only if ¥ N X = @ and for each a € A there exists a vertex
w € Vi(a) such that w & X.

Proof. (<) If X and A are both empty, P is an alternating x, y-path. By Lemma 6, then x and y are adjacent in G and hence
mutually visible. Otherwise, when X # {J or A # @, P is not an alternating path (i.e., in P there are pairs of consecutive
unmarked edges that are both incident to a center of a S-bag). These centers belong to X' (if they are o-vertices) or are
tails of the arrows in A. Let uq, uy, ..., u; be the sequence of these centers in P, ordered from x to y. Denote as v; the
vertex u; if u; is a o-vertex or a vertex w € Vg(a) \ X if u; is the tail of an arrow a € A. Notice that, according to the
assumptions, v; ¢ X for each 1 < i < k. Then, x = v, v1, V2, ..., Uk, Vg1 = ¥ is a path in G as there is an alternating
path between v; and vjy 1, for each 0 < i < k, in D¢ and then an edge between v; and v;y; in G by Lemma 6. Call this path
Q. Path Q is an induced path in G since there are no alternating paths connecting non-consecutive vertices v; in D and
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then, since G is a distance-hereditary graph, the path is a shortest path in G. So Q is a shortest path in G and no internal
vertex of Q is in X, then x and y are X-visible.

(=) Let us assume that X’ NX # @. Let u be a vertex in X' NX. Since P passes through u and by Lemma 1, vertex u is
a cut-vertex in G, then each shortest path in G between x and y passes through u. Then x and y are not X-visible. Assume
now that there exists a = (u, v) € A such that all the vertices in Vg(a) are in X. Consider any shortest path Q between
x and y in G. By Lemma 6 each edge in Q corresponds to an alternating path in Dg. Then, sequences of alternating paths
connect x and y in D ¢, and since P is unique in D ¢, one of these alternating paths must pass through the tail u. Then, a
vertex of V(a) is in Q. Since V{(a) C X, x and y are not X-visible. O

Lemma 18. Given a distance-hereditary graph G, Algorithm A computes a p-set of G.

Proof. Algorithm A first computes DG and then a set X defined as V(G) minus the o-vertices of D>G (i.e., minus the
cut-vertices of G). By Lemma 1, X is a candidate to be a mutual-visibility set. In the following, we first prove that X is
indeed a mutual-visibility set, and then we prove that it is also a u-set of G.

Concerning the mutual-visibility property, four cases must be analyzed according to the number of t-arrows in D G-

(i) D ¢ has no t-arrows. In this case, Algorithm A returns X. Let us show that X is a mutual-visibility set. If D ¢ has
no arrows at all, by Lemma 12, G is a block graph. A u-set for a block graph is given by all its vertices but its cut-
vertices [27]. Assume now that D ¢ has arrows that are not t-arrows. Then, by definition of t-arrow, V“(a) contains a
o-vertex for each arrow in D . Then, since all the o-vertices are not in X, each pair of vertices x and y are X-visible
b_¥ Lemma 17. N

(ii) D ¢ has one t-arrow or the t-arrows in D ¢ are pairwise tail-connected. In this case Algorithm A returns X minus a
vertex in Vé‘(a) for each t-arrow a in D" ¢(a). Lemma 15 ensures that for each arrow a in DG, ( ) has a vertex not
in X, and then, bl)Lemma 17, any pair of vertices x, y € X are in mutual-visibility.

(iii) The t-arrows in D ¢ are pairwise head-connected. By Lemma 11 all the heads of the t-arrows are all in a K-bag.

Algorithm A returns X minus an unmarked vertex w of the K-bag, if it exists. Then, since w € Vg(a) for each t-arrow
a, by Lemma 15 also any arrow b has an unmarked vertex in Vé’(b), By considering that the cut-vertices of G are not
part of X, by Lemma 17 any pair of vertices x, y € X are in mutual-visibility.
If all the vertlces of the K-bag are marked, Algorithm A returns X minus one or two vertices chosen among the
vertices in D c(a) for some t-arrows a. Let C be the set defined as in Line 16. If C does not contam a special subgraph,
then Algorithm A chooses two vertices from two subgraphs in C and then for each arrow a in D G g(a) has a vertex
not in X. By Lemmas 15 and 17, any pair of vertices x, y € X are in mutual- v151bi)11ty If C contains a special subgraph,
Algorithm A removes from X its special vertex and again for each arrow a in D g, ( ) has a vertex not in X.

(iv) D(; has exactly two opposite t-arrows. Call a = (u, v) and b = (v, u) the t-arrows. In case D ¢(a) and D ¢(b) are
not special, Algorithm A returns X minus two vertices: a vertex w, in V“( ) and a vertex wy in V“(b) Note that
V"( ) = V&(b) and Vg(b) = V{(a) and by Lemma 16, these sets are formed by all the unmarked vertices of I_J)’&(a)
and D" ¢(b) respectively. Let x, y be two vertices in X and let P be a shortest path connecting them in Dg. If P passes
on u and v, then there exists an alternating path connecting x and y in D ¢, hence they are adjacent in G and hence
in mutual-visibility. If P passes on u only (v only, resp.) x and y are in mutual-visibility as shown in Case (ii), whereas
if P passes nelther on u nor v, x and y are in mutual- v151b111ty as shown in Case (i).

If at least one of D ¢la)and D G(b) is special, say D ¢(a), then it is sufficient to remove only one vertex in D cla)
frorp X E(() r)nake all the vertices of X in mutual- v151b111ty In this case, Algorithm A correctly returns X minus a vertex
wq In Vi (a).

According to the above analysis, X is a mutual-visibility set of G.

We now show that X is_';ndeed a p-set of G. By Lemma 1 we assume that X does not contain any vertex in the set C
of the cut vertices of 9) If D¢ has no t-arrows, the set X returned by algorithm A is given by all the vertices in V(G) \ C.
Then X is a u-set. If D ¢ has only one t-arrow or tail-connected t-arrows, X is given by all the vertices in V(G) \ C but
one vertex for each V”( ), where a is a t-arrow. Since Vh( )N V(’;"(b) = () for each pair a, b of t-arrows, by Lemmata 1
and 17 X is a u-set. Indeed, if V“( ) € X for a certain t-arrow g, then there would be a pair of vertices in D%(a) not in
mutual- v151b111ty For the same reason, when a and b are opposite t-arrows, X cannot contain one vertex in D c(a) and
one vertex in D ¢(b) (unless D G(a) and D ¢(b) are special subgraphs of D ¢). In this case, X is again a u-set. As discussed,
if at least one of D G(a) and D c(b) is a special component, it is sufficient to remove only one vertex in D ’é(a) from X in
order to make it a u-set.

As for the last case where the t-arrows are head-connected, X = V(G) \ (C U {w}), where w is an unmarked vertex in
the K-bag containing all the heads of the t-arrows, if it exists. The removal of a vertex w is needed, otherwise a pair of
unmarked vertices in D L(a), for each t-arrow a, would not be in visibility. Then X is a u-set. If such a vertex does not
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Fig. 7. A big-u cograph G = (K; U K3) + H without universal vertices where V(K;) = {v1}, V(K3) = {va, vs, v¢}, and V(H) = {v,, v3}. In the directed
-
decomposition D ¢ of G, t-arrows are represented in red.

exist, consider a t-arrow a. To make all the pairs of vertices in D)’( ) in mutual-visibility, at least one vertex w in D)g(b),
for some arrow b # a, must be not in X. Then all the palrs of vertices in Dt ¢(d'), are in mutual-visibility, for each a’ # b.
To make in mutual-visibility all the pairs of vertices in D ¢(b), when D) (b) is not special, we need to remove a further
vertex w’ from X. Then |X| = |V(G) \ C| —2, and X is a u-set. Finally, if D £(b) is special, Algorithm .4 chooses the special
vertex w of D)‘G(b) and then no further vertex should be removed from X. Hence |X| = |V(G)\ C|—1and X is a u-set. O

Theorem 19. If G is a distance-hereditary graph, then (G) can be computed in linear time.

Proof. Lemma 18 shows that Algorithm A computes a u-set of G. Concerning the computational complexity of .4, observe
that D¢ can be computed in linear time (cf. Theorem 3). Notlce that the number of bags in D is linear in the number of

vertices of G. It follows that the additional structures D ¢ and T ¢ can be computed from D in the same time bound. The
same holds for the set S of all the o vertices of D ;. Concerning the set A of all the t-arrows of D , it can be computed by a
visit in post-order of T ¢ rooted at any vertex. The cycle after Line 6 can be computed in linear time since the computation
of all the V”( a) for each a € A is bounded by the size of D ;. If A contains two opposite t-arrows, the algorithm checks
if D ( ) is special, an operation that can be done m linear time. The time to perform Lines 11 and 13 is bounded by the
51ze of the K-bag K, whereas the computation of D c(a) for each a € A at Line 16 is bounded by the size of the whole
D G, which is linear. O

5. On the other mutual-visibility parameters

In [22], a complete characterization of the four mutual-visibility parameters for the class of cographs has been provided.
In this section, we extend this characterization to the class of distance-hereditary graphs. To this end, we first recall some
definitions and results from [22].

Definition 5. [22, Definition 4.3] A big-u graph is any graph G defined as G = (K; U K;) + H, where Kj, K;, and H are
three distinct graphs and t > 0 (i.e., K; can be an empty graph).

From this definition, it follows that each non-trivial clique is a big-u graph (it is sufficient to take K; empty and H as
a clique). Consequently, observe that if G is a big-u graph, then u(G) = n(G) when K; is empty and H isomorphic to a
clique, and u(G) = n(G) — 1 otherwise. This observation explains the term big-/.

Corollary 20 ([22, Corollary 4.6]). Let G be a cograph. Then u(G) > wu(G) if and only if G is a big-u graph G = (K UK;)+ H
with no universal vertices.

In [19], any graph G such that u(G) = wu¢(G) is called a (u, u¢)-graph. Notice that when a graph G is a (u, wu)-graph
all four mutual-visibility parameters of that graph get the same value. Corollary 20 implies that the smallest cograph G
which is not a (u, u¢)-graph corresponds to the cycle C4 = (K; UK;) + H, witht = 1 and H :_)K1 U K;.

For example, the graph G in Fig 7 is a big—u cograph without universal vertices, and in D ¢ there are two opposite
t-arrows a and b. Since both D! ¢(a) and Dh ¢(b) are special, Algorithm .4 computes a u-set of G at Line 26 by eliminating
a special vertex from Vh(a) It is worth to remark that, regardless of the eliminated vertex, the final result is not a total
mutual-visibility (thus confirming Corollary 20).

The following statement extends the analysis to all the visibility parameters.

Theorem 21 ([22, Theorem 4.7]). If G is a cograph, then u(G) = u(G), or both u(G) = wq(G) = n(G) — 1 and u(G) =
1o(G) = n(G) — 2 hold.
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Concerning distance-hereditary graphs, the following property has been conjectured in [22].

Conjecture 22 ([22, Conjecture 4.8]). If G is a distance-hereditary graph but not a big-u cograph without universal vertices,
then u(G) = (G).

We now address the problem of characterizing the value of the four mutual-visibility parameters in the context of
distance-hereditary graphs. The subsequent Theorem 24 provides the required characterization. In turn, this will imply
showing that the statement in Conjecture 22 holds.

Lemma 23. Let G be a distance-hereditary graph. If G is not a cograph, then Algorithm A compute a u-set which is also a
ue-set of G.

—
Proof. Assume now that G is not a cograph. By Lemma 13, D ¢ has either no t-arrows or pairwise tail-connected t-arrows.
This implies that Algorithm .4, when processing G, executes only the code block in Lines 1-10. As a consequence, there
are two possible cases to analyze:

e A returns X at Line 5. This implies that there are no t-arrows in f))c. As remarked in the proof of Lemma 18 (cf. case
(1)), each pair of distinct vertices x and y are X-visible by Lemma 17.

e Areturns X at Line 6. This implies that has one t-arrow or pairwise tail-connected t-arrows. As remarked in the proof
of Lemma 18 (cf. case (ii)), each pair of distinct vertices x and y are X-visible by Lemma 17.

Since each two distinct vertices of G are X-visible in both cases, X is a total mutual-visibility set of G. As Lemma 18 shows
that X is a u-set of G, we finally get that u(G) = u¢(G) holds. O

Fig. 8 shows three versions of a graph G’ obtained by extending the big-u cograph G of Fig. 7 by adding a pendant
vertex v, in different ways. In each extension, G’ is a distance-hereditary graph, not a cograph. According to Lemma 23,
Algorithm A always computes a mutual-visibility set X which is both a p-set and a u-set of G'. In fact, in the first case
X = V(G)\ {va, v} with v € {v1, v4, vs, v}, in the second case X = V(G') \ {vs, v} with v € {v,, v3}, and in the last case
X =V(G')\ {v1, v} with v € {vq, v3}. It can be easily checked that X is also a u-set of G’ in each of the three cases.

Theorem 24. Let G be a distance-hereditary graph. If G is a big-u cograph without a universal vertex, then ((G) = uq(G) =
n(G) — 1 and uy(G) = uo(G) = n(G) — 2, otherwise u(G) = f1o(G) = pa(G) = ut(G).

Proof. If G is a cograph (regardless of whether it is a large-u graph with no universal vertex or not), then the statement
holds according to Corollary 20 and Theorem 21. If G is a distance-hereditary but not a cograph, then Lemma 23 guarantees
that the four mutual-visibility parameters have the same value for G. O

6. Conclusions

In this work, we have introduced the directed canonical decomposition, along with a couple of associated structural
properties, as a tool for efficiently computing the mutual-visibility number (and its variants) of distance-hereditary graphs.
This naturally suggests some further research directions. The first idea is applying the same tool for computing the general
position number gp(G) for a distance-hereditary graph G. Another possibility is to use the same approach to calculate the
mutual visibility number for other well-known graph classes, such as circle graphs and parity graphs. In fact, the graphs
belonging to these classes have been characterized according to the canonical decomposition [6]. It is also possible to find
a class in [16] and a whole hierarchy of classes in [17], all defined according to the split composition, which could be
investigated along the same line of research.

Acknowledgments

S. Cicerone and G. Di Stefano were partially supported by the European Union - NextGenerationEU under the
Italian Ministry of University and Research (MUR) National Innovation Ecosystem grant ECS00000041 - VITALITY - CUP
J97G22000170005, and by the Italian National Group for Scientific Computation (GNCS-INdAM).

Data availability

No data was used for the research described in the article.

371



S. Cicerone and G.D. Stefano Discrete Applied Mathematics 376 (2025) 359-373

Fig. 8. The big-u cograph G of Fig. 7 extended in three ways by adding a pendant vertex v;. Each time, a distance-hereditary graph which is not a
cograph is obtained.
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