European Journal of Mechanics / A Solids 115 (2026) 105779

journal homepage: www.elsevier.com/locate/ejmsol

Contents lists available at ScienceDirect

European Journal of Mechanics / A Solids

European Journal of

echanics

Full length article

Check for

Modeling the mechanical behavior of coated masonry elements using surface e

stress theory

Simona Di Nino ¥, Giuseppe Rosi ", Francesco D’Annibale ¢

a Department of Civil, Construction-Architectural and Environmental Engineering, University of L’Aquila, 67100 L’Aquila, Italy

Y Univ Paris Est Creteil, Univ Gustave Eiffel, CNRS, UMR 8208, MSME, F-94010 Créteil, France

¢ International Research Center on Mathematics and Mechanics of Complex Systems, University of L’Aquila, 67100 L’Aquila, Italy

ARTICLE INFO ABSTRACT

Keywords:

Masonry

Steel Fiber Reinforced Mortar

Surface Stress Model

Static and dynamic Finite Element analyses

The Gurtin-Murdoch Surface Stress Model (SSM) is employed to model thin coatings of Steel Fiber Reinforced
Mortar (SFRM) applied to masonry structures. This approach introduces a non-classical mechanical boundary
condition, which expresses in-plane surface traction on the masonry facades in terms of surface stress and
inertia. Finite Element (FE) analyses are performed within the elastic regime on coated masonry wall samples,
both under static and dynamic loading conditions, to validate the accuracy of the theoretical model. Finally,

a more realistic masonry structural system is analyzed to demonstrate the effectiveness of the proposed
reinforcement and highlight the computational efficiency of the proposed surface model.

1. Introduction

The inherent low tensile strength of masonry often necessitates the
implementation of reinforcement measures in such structures (Como,
2013). Several technologies have been developed for strengthening
and rehabilitating this kind of buildings. A detailed description of
existing reinforcement methods is not provided here; instead, readers
are referred to specific articles, such as Bhattacharya et al. (2014)
and Wang et al. (2018), where most interventions are thoroughly
covered. These include techniques like shotcrete (Shabdin et al., 2018),
Textile Reinforced Mortar (TRM) (Kouris et al., 2018), Fiber Reinforced
Polymers (FRPs) (Gattesco et al., 2015), Fiber Reinforced Cementitious
Matrix (FRCM) (Angiolilli et al., 2020).

On the other hand, in this paper the interest is on an alternative
technique based on the use of Steel Fiber Reinforced Mortar (SFRM).
It involves the application of thin SFRM coatings, either on one or
both sides of masonry walls. This technology offers several advantages,
such as the time-saving associated with constructing thin coatings and
enhanced crack control due to the steel fibers in the mortar. Over the
past decade, this retrofitting method has gained significant attention in
the academic field, primarily through experimental tests demonstrating
its effectiveness in enhancing both the bearing capacity and stiffness of
masonry walls, whether newly constructed or already damaged (Sevil
et al., 2011; Facconi et al., 2015; Messali et al., 2017; Simoncello et al.,
2019; Facconi et al., 2020; Lucchini et al., 2020; Zampieri et al., 2020;
Yu and Park, 2020; Buyukkaragoz and Kopraman, 2021; Lucchini et al.,
2023). Among them, in Facconi et al. (2015), quasi-static reverse cyclic

tests are carried out on full-scale masonry shear walls, which are either
strengthened or repaired using thin coatings of SFRM containing nano-
silica. In Lucchini et al. (2020), uniaxial and diagonal compression
tests are performed on masonry samples retrofitted with SFRM coating.
In Zampieri et al. (2020) the bond behavior of SFRM applied onto
masonry substrates is investigated through double shear lap tests.
However, in practice, this reinforcement technique is often applied
empirically, without a comprehensive quantitative assessment of its
effectiveness. This is primarily due to the lack of accurate and widely
accepted equivalent models, as well as the increased computational cost
associated with finite element modeling of the coatings—particularly in
two main scenarios: (i) in the worst-case scenario, where solid elements
are employed to capture through-thickness behavior, leading to very
fine meshes and high computational demand; and (ii) in a more effi-
cient scenario, where membrane elements are used, which adequately
capture in-plane behavior but sacrifice through-thickness information.
Even if the latter can offer a computationally lighter alternative, it
necessitates the explicit definition of additional finite elements, in-
terface conditions, and a dedicated meshing strategy. Especially, the
literature includes relatively few attempts to model this technology,
such as Lucchini et al. (2020), Zampieri et al. (2020), Buyukkaragoz
and Kopraman (2021), Facconi et al. (2023) and Lucchini et al. (2023),
most of which involve detailed Finite Element (FE) models that repli-
cate experimental tests. More recently, in line with the trend towards
macro-modeling of masonry structures (Di Nino et al., 2017; Di Nino
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and Zulli, 2020; Di Nino, 2022), some analytical models have been
developed (Facconi et al., 2023; Di Nino and Luongo, 2023, 2024),
limited to the in-plane behavior of these structure. Among them, in Di
Nino and Luongo (2023, 2024), a two-step homogenization approach
is introduced. It builds on the methods and philosophy developed
in Di Nino and Luongo (2019) for unreinforced masonry, extending
them to coated masonry under in-plane loads. As a result, simple
closed-form expressions are derived for the (membrane) macroscopic
elastic constants of an equivalent homogeneous and orthotropic Cauchy
continuum. On the other hand, the literature suggests that conventional
continuum models are inadequate for accurately capturing the out-
of-plane behavior of layered structures, such as coated walls. In such
cases, more advanced equivalent models are required, like the Cosserat
continuum (e.g., Biot, 1967; Sun et al., 1968; Zvolinskii and Shkhinek,
1984; Adhikary and Dyskin, 1997). Unlike traditional solid mechanics,
where stress and strain are typically assumed to act at points without
accounting for rotational effects, the Cosserat continuum introduces
additional degrees of freedom, allowing for the modeling of both trans-
lations and rotations of material elements. This model has also been
applied to unreinforced masonry (e.g., Masiani and Trovalusci, 1996;
Trovalusci and Masiani, 2003; Salerno and De Felice, 2009; Stefanou
et al., 2008; Addessi et al., 2010), where the discrete nature of blocks
and joints can induce behaviors such as micro-rotations and sliding.
However, the drawback of these models is that they are typically not
easily implementable in structural analysis software.

This article proposes an alternative approach to model both the in-
plane and out-of-plane behavior of masonry structures reinforced with
thin SFRM coatings, striking a balance between detailed FE models and
simplified ones. It involves: (i) developing detailed three-dimensional
finite element models for unreinforced masonry, and (ii) incorporating
material surfaces or “surface stresses” to account for the SFRM coat-
ings. To address this issue, the Surface Stress Model (SSM), developed
by Gurtin and Ian Murdoch (1975) and Gurtin and Murdoch (1978),
is used. The model employs non-classical boundary conditions that
give the surface traction on the substrate in terms of in-plane surface
stress and inertia. It effectively captures surface stress effects without
the need for explicit fine-mesh modeling of SFRM coatings, thereby
reducing computational costs, while maintaining accuracy. This theory
is particularly relevant in scenarios where a body surface is coated with
a thin layer of another material. Despite its ancient origins, the SSM
continues to be widely utilized today, especially in nanomechanics,
where the surface effects play an relevant role. Below, some key appli-
cations of the Gurtin-Murdoch model in engineering are highlighted.
One prominent area of application involves describing the mechanical
behavior of nanostructured elements (Wang et al., 2011), including
nanowires (e.g., Wang et al., 2021), nanobeams (e.g., Eltaher et al.,
2013; Preethi et al., 2018), nanofilms (e.g., Zhao and Rajapakse, 2013),
and nanoscale plates and shells (e.g., Dahmen et al., 2000; Eremeyev
et al., 2009; Altenbach et al., 2010; Altenbach and Eremeyev, 2011).
In this context, particular attention has been given to investigating
the impact of surface stress on wave propagation in solids (Gurtin
and Murdoch, 1976; Eremeyev et al., 2016, 2019, 2020). Efforts have
also been made to extend the model to account for inelastic behavior,
such as surface viscoelasticity phenomena (e.g., Altenbach et al., 2012;
Eremeyev, 2024). Another critical field of research concerns the appli-
cation of the SSM to analyze nanocomposite materials and interfaces
(e.g., Kushch et al., 2013; Nazarenko et al., 2016; Shiva et al., 2019;
Mogilevskaya et al., 2021), with investigations focusing on enhancing
delamination resistance and optimizing structural stability (e.g., Lu
et al.,, 2011). Furthermore, the SSM has found applications in the
development of micro-electromechanical systems (MEMS) and nano-
electromechanical systems (NEMS), aiming to improve the precision
of mechanical response predictions (e.g., Shaat and Mohamed, 2014).
Recently, there has been growing interest in utilizing surface elasticity
in the design of advanced materials, such as metamaterials engineered
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with micro- or nanoscale architectures (e.g., Nasedkin and Kornievsky,
2019).

However, the Gurtin—-Murdoch model is rarely applied in traditional
civil engineering, which primarily focuses on macroscopic structures
such as masonry buildings. The novelty of this study lies in its pi-
oneering application to large-scale structures, yielding unexpectedly
positive results. There are no inherent limitations preventing the ap-
plication of this model in traditional civil engineering. However, its
limited adoption is likely due to the lack of direct integration into
conventional structural analysis software. In this regard, this work
could be a valuable first step towards incorporating this model into
commercial civil engineering software. The primary advantages in-
clude: (a) a significant reduction in computational costs, enabling much
faster analyses compared to detailed finite element models; (b) the
ability to easily integrate reinforcement layers into existing FE models,
without the need for complex remeshing or new model development.
This last aspect is particularly beneficial when working with complex
geometries, such as church facades, where pre-existing models can be
used to assess the feasibility of applying SFRM layers for reinforcement.

Even though masonry exhibits nonlinear behavior even at low load
levels, all analyses in this study are conducted in the elastic regime.
This choice is primarily driven by the goal of assessing the feasibility
and effectiveness of the SSM for SFRM coatings on masonry structures.
Experimental findings (e.g., Facconi et al., 2015) support the validity
of elastic analysis, showing that strengthened specimens exhibit signifi-
cantly higher initial stiffness and delayed crack formation compared to
unreinforced walls. Furthermore, while SFRM coatings can enhance the
stiffness and strength of masonry walls — potentially improving their
seismic performance — they may also lead to increased seismic demand
due to changes in the dynamic properties of the structure, such as a
reduction in the fundamental period. It is therefore essential to assess
these effects through elastic dynamic analyses.

The structure of the paper is organized as follows. In Section 2, the
SSM of Gurtin-Murdoch is briefly revisited using a direct approach.
In Section 3, static and dynamic (modal) FE analyses are performed
within the elastic regime on models of coated masonry wall samples
to assess the accuracy of the theoretical model. In Section 4, several
numerical applications are conducted to investigate (i) the effectiveness
of the SFRM coating on both undamaged and damaged masonry, and
(ii) the computational advantages of the model in terms of solution
time. Finally, Section 5 summarizes the key findings of the work and
outlines potential future developments. The paper concludes with an
Appendix that illustrates the variational approach to SSM.

2. Surface Stress Model (SSM) of Gurtin-Murdoch

This section revisits and summarizes the mechanical theory of the
Gurtin-Murdoch Surface Stress Model (SSM), as presented in Gurtin
and Ian Murdoch (1975) and Gurtin and Murdoch (1978), to ensure
consistency with the work. The direct formulation is described first,
followed by a brief explanation of the variational approach in Ap-
pendix. Additionally, a straightforward method for determining the
equivalent stiffness and mass properties of the material surface is
provided. Notably, the inclusion of the variational approach is driven
by practical considerations, as this formulation will later be integrated
into finite element (FE) analyses, as will become clear in subsequent
sections.

2.1. Direct approach

A three-dimensional body occupying the volume &, is considered,
with a surface region coated by a thin layer of another material,
occupying the volume %,. The latter is modeled as a material surface
.7, consisting of the interface between %, and %,, i.e., ¥/ = 2, n
9,, having the outward unit normal n (see the scheme in Fig. 1).
This surface behaves as an equivalent membrane, endowed with a
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Fig. 1. Three-dimensional modeling of a Cauchy body endowed with a material surface.

structure which reflects the behavior of the surface region. It is assumed
that . adheres to 2, without slipping and that both 2, and . are
homogeneous, linearly elastic, and isotropic. According to the Gurtin—
Murdoch model (Gurtin and Murdoch, 1978), the equations of the
elasto-dynamic problem consist of the classical volume equations:

divT = p, i,
T = 2,tr (B) I + 24, E,
E= % (Vu+VuT),

in 2,, '6))

coupled with the surface equations:
Tn =div, T, - pit,
T, = Agtr (Eg) P +2u,PE,

1
ES = 5 (Vyu~P+P~VyuT).
In Eq. (1), T, u and E, denote, respectively, the stress, displacement and
strain fields on 2;; I is 3 x 3 identity matrix and the constants p; and
A1, p; are the mass density and the Lamé moduli for ;. The operators
div and V/ represent divergence and gradient, respectively, evaluated
within the volume 2;; the two dots indicate the second derivative
with respect to time. Passing to Eq. (2), T, is the Surface Stress tensor,
representing the stress localized in the surface region ., having the
outward unit normal n. It is related to the surface strain tensor E; by
the constitutive law Eq. (2)b, where E; is defined as in Eq. (2)c, with:

in ty, (2)

P=I-n®n, 3)

the projection onto the tangent space of the surface .. The operators
div, and Vo are the surface divergence and gradient, respectively.
Accordingly, Vou=P-Vuand dive, T, =V o - T, =P -V -T,,
from which E; = P-E-P. The constants p,; and A, u, are the equivalent
surface mass density and Lamé moduli of the material surface ., that
needs to be identified.

Finally, denoting with 09, and 0%, the constraint and free bound-
ary surfaces of 2,, subjected respectively to prescribed displacements
u and external forces f, the following boundary equations also hold:

u=u, inad%,
. (C)]
Tn=f, in a@/-,

with n the outward unit normal of the surface 07;.

The variational form of the theory is detailed in Appendix, as it is
used for the numerical implementations of the model, which will be
clarified later.

2.2. Identification of the stiffness and mass properties of the material
surface

The equivalent properties of the material surface .7 are derived
from the three-dimensional body %,. This body is assumed to be
homogeneous and isotropic, with mass density p,, Lamé moduli A,, y,,
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Fig. 2. Modeling scheme of a material surface with constant thickness in a cross-section
parallel to its normal direction.

and with a uniform thickness ¢, across the interface .. When 1, is
sufficiently small, %, can be assumed in a “plane stress” condition,
meaning that the stress state within the material is uniform across the
thickness and stress gradients through the thickness can be ignored.
Consequently, %, behaves approximately as a two-dimensional mem-
brane with negligible bending stiffness. Accordingly, the equivalent
properties of . are obtained as follows (Altenbach et al., 2010):

Ag 1= Aoty

Py 1= paty, Hg 1= ol 6))

A modeling scheme is also provided in Fig. 2, illustrating a cross-
section parallel to the normal direction n of the surface, where the
three-dimensional body 2, with constant thickness ¢, is reduced to an
equivalent material surface .&.

It is worth highlighting that the SSM framework is not limited to
capturing only the membrane behavior of the coatings, as considered
in this case, but is also capable of accounting for both in-plane and
out-of-plane bending effects, which may be non-negligible for certain
types of coatings.

3. Model validation

The proposed approach utilizes the Gurtin-Murdoch surface elastic-
ity model to simulate the SFRM coatings applied to masonry walls.

A preliminary study is conducted on a sample system consisting of
a1l x 1 m masonry wall, coated on both sides with SFRM layers of thin
thickness 7, (see Fig. 3b). The masonry follows a running/header bond
pattern (as depicted in Fig. 3a), with bricks of dimensions a x b X 1,,
surrounded by mortar beds and joints of thickness ¢,,. The three basic
components, namely brick, mortar, and SFRM coating, are assumed to
be homogeneous and isotropic. Their respective Young modulus and
Poisson ratio are denoted as (E,,v;), (E,,,v,,), and (E.,v,). The elastic
and geometric properties of each component, along with their mass
densities (p,, p,,. p.), are detailed in Table 1. It is important to note
that the equivalent properties of the SFRM coating are not derived from
specific experimental tests. However, they are consistent with general
experimental data available in the literature, such as those presented
in Facconi et al. (2015). This approach reflects the objective of the
study, which is not to investigate a particular type of SFRM — whose
properties vary depending on the specific mixture used — but to assess
the overall effects of this form of reinforcement on the masonry and
validate the proposed model.

Three distinct FE models (Fig. 3) are implemented in COMSOL
Multiphysics and described below:
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(a) (b) (c)

Fig. 3. FE models: (a) FM, (b) FMFC, (c) FMSC. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

Table 1

Elastic, geometric and mass characteristics of brick, mortar and SFRM coating.
E, =9 GPa,v, =0.15

Brick a=19 cm,b =25 cm,1, =30 cm

p, = 850 kg/m’

E, =4 GPa,v,, = 0.2

t,=1cm

P = 1400 kg/m>

E. =20 GPa,v, =0.18

t, =25 cm

p. = 1800 kg/m?

Mortar

SFRM Coating

(a) Fine Masonry (FM) model: Unreinforced masonry model, in
which brick and mortar elements are finely modeled as Cauchy con-
tinuum bodies defined in a 3D space, each obeying to hyperelastic
isotropic linear laws. Quadratic serendipity tetrahedral finite elements
are used. Adherence conditions (i.e., no slip and no opening) are
assured at the each element boundary. The model has 562,340 DOFs.

(b) Fine Masonry with Fine Coating (FMFC) model: Coated ma-
sonry model, in which brick, mortar and coating elements are finely
modeled as Cauchy continuum bodies in a 3D space, each obeying
to hyperelastic isotropic linear laws. Quadratic serendipity tetrahedral
finite elements are used. Adherence conditions are assured at the each
element boundary. The model has 625,070 DOFs, that is 11% more
than FM model.

(c) Fine Masonry with Surface Stress Coating (FMSC) model: Coated
masonry model, obtained by simply adding material surfaces (blue
areas in Fig. 3c) to the FM model. This is accomplished by incorporating
an additional surface weak form contribution, which is directly applied
at the interfaces between the masonry and the coating. A more detailed
explanation of the integration of the SSM into the FE framework can be
found in Appendix A.1. The equivalent surface mass density and Lamé
constants are p, = 45 kg/m? and A, = 1.19 x 10° kN/m, u, = 2.12 x 10°
kN/m. It is important to emphasize that incorporating material surfaces
into the FM model does not alter the system DOFs.

Static and dynamic (modal) numerical analyses are performed
within the elastic regime using a linear solver. Each model is positioned
in the O(x,y,z) coordinate system, as shown in Fig. 4a. The main
results focus on three key cutting lines, labeled as H, V, and D,
which correspond to the Horizontal, Vertical, and Depth cutting lines,
respectively, and are illustrated in Fig. 4b.

For clarity, it is important to mention that the results of the FM
model, as defined here, will not be presented in this section, which
is primarily focused on validating the SSM. Instead, the FM model is
later employed in Section 4.1 to examine the impact of reinforcement
on the structural behavior of the considered sample system, both in
undamaged and damaged states.

3.1. Statics
Static analyses are first carried out by assuming the wall is con-

strained at the bottom, loaded on one face, and free on the remaining
sides.

European Journal of Mechanics / A Solids 115 (2026) 105779

\4
H
v, Ul
A
o —
,w

Fig. 4. (a) Coordinate system and displacement components; (b) cutting lines of
interest.

Fig. 5. (a) In-plane and (b) out-of-plane load conditions: loaded surfaces and deformed
configurations. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

Two specific load conditions are considered: in-plane and out-of-
plane. These are generated by applying a uniform normal pressure of
po = 100 kPa on the highlighted surfaces shown in Fig. 5a and b,
respectively, along with their corresponding deformed configurations.

Numerical results are presented below, including displacements (u
and w) and stresses (o,, Oy Tyy and o, ay,‘ryz) evaluated along the
cutting lines in Fig. 4b. Displacements are measured in centimeters
(cm), spatial coordinates in meters (m), and stresses in pascals (Pa).

Results for the FMFC (black line) and FMSC (red line) models are
shown in Fig. 6 for the in-plane load case and in Fig. 7 for the out-of-
plane load case. Comparisons are made in terms of both displacements
and stresses. Strong agreement is observed in the in-plane case, with
overlapping curves, whereas a slight discrepancy is noted in the out-
of-plane response. This occurs because the addition of the SFRM layers
generate an out-of-plane bending couple, driven by membrane stresses
within the two coatings that are equal in magnitude but opposite in sign
(as shown in Fig. 7c). When the coating is modeled as surface stress in
the FMSC model, the couple arm decreases from ¢, + 1. to 7,, resulting
in reduced stiffness, as reflected in the displacement curves in Fig. 7.
This will also be confirmed by the dynamic analyses conducted later.

3.2. Free dynamics

Modal dynamic analyses are also conducted, assuming the walls are
constrained at the bottom and free on the remaining sides.
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Fig. 7. Comparisons between FMFC (black line) and FMSC (red line) models under the out-of plane load case: (a) displacements w on cutting line V; stresses ¢,,0,,7,, on cutting
lines (b) V and (c) D. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 2
Comparisons between FMFC and FMSC models: natural frequencies (in [Hz]); percent-
age error e in round brackets.

Mode n Mode type Modal frequency f
(FMFC) (FMSC)

1 I out-of-plane 180.40 173.94 (-3.58%)
2 I in-plane 333.46 334.33 (0.26%)
3 1I out-of-plane 359.70 344.87 (—-4.12%)
4 1II out-of-plane 767.87 737.93 (=3.9%)
5 1I in-plane 783.38 787.15 (0.48%)
6 111 in-plane 900.03 902.48 (0.27%)

The results include the frequencies f of the first six natural vibration
modes (n = 1, ...,6), with their modal shapes shown in Fig. 8. Compar-
isons between the FMFC and FMSC models are presen;%gcin ESP}E 2,
where a relative percentage error, defined as ¢ := %, is
included in round bracket. The results demonstrate strong agreement,
although larger (yet still acceptable) errors are observed for the out-of-
plane modes, consistent with findings from static analyses and subject
to further confirmation.

4. Numerical application
4.1. Discussion on the influence of the reinforcement

This section explores the effect of the coating when applied to: (i)
entire facades of intact masonry walls to enhance their performance,
and (ii) damaged areas of masonry walls to restore them to their
original condition.

4.1.1. Fully coated masonry
Parametric analyses are performed on the FM, FMFC, and FMSC
models described in Section 3 to investigate the influence of both the

Mode 1 Mode 2 Mode 3

Mode 4 Mode 5 Mode 6

Fig. 8. Modal shapes of the FMFC model.

modulus E, and thickness 7, of the SFRM coating on the system modal
dynamics. To this end, the non-dimensional ratios a = % and g = ;—;
are introduced, along with the parameter 7 := ﬁ, which represents
the frequency ratio relative to the unreinforced model.

The results of the FMFC (black line) and FMSC (red line) models are
compared in terms of the frequencies of both the first out-of-plane and
first in-plane modes, shown respectively in Figs. 9 and 10. The absolute
value of the relative percentage error |e| is also calculated.

Firstly, with respect to the accuracy of the FMSC model, the results
from Section 3 are confirmed: the model yields higher accuracy for
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n and (c) relative percentage error |e|. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 10. Parametric analysis of the first in-plane natural mode (Fig. 8b). Comparison between FMFC (black line) and FMSC (red line) models: (a) frequency, (b) frequency ratio
n and (c) relative percentage error |e|. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

the in-plane mode, with a maximum error of approximately 0.3%,
compared to the out-of-plane mode, where the maximum error is
around 5%.

Regarding the impact of reinforcement, the addition of coating
layers affects out-of-plane and in-plane vibration modes differently.
The coating increases wall stiffness, generally resulting in higher fre-
quencies compared to the unreinforced walls (i.e., the FM model). This
behavior is consistent with the trend of the parameter 5 related to the
first out-of-plane mode, as shown in Fig. 9b. However, this effect is not
always observed in the in-plane mode, where for certain values of the

SFRM elastic modulus, # < 1, as illustrated in Fig. 10b. This occurs
mainly because the coating adds mass to the wall, which can, in some
cases, counteract the benefits of increased stiffness, thus inhibiting the
anticipated rise in natural frequencies. Finally, within the examined
ranges, it is seen that reinforcement can increase the natural frequency
of the first out-of-plane mode by up to 30%, whereas its effect on the
first in-plane mode frequency is considerably smaller. As a result, for
sufficiently large values of ¢, and E,, the coating causes an inversion
of the second (II out-of-plane) and third (I in-plane) modes.
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()

Fig. 11. FE models: (a) FDM, (b) FDMSC-p, (c) FDMSC-f. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

4.1.2. Partially/fully coated damaged masonry

A portion of the masonry wall is now considered damaged. This
damaged area is assumed to be a vertical strip with a width of 1/3 m,
as shown in orange in Fig. 11a. Two types of repairs are examined
using coatings: (i) partial, where the SFRM layers are applied only in
the vicinity of the damaged area (blue surfaces in Fig. 11b); and (ii)
full, where the SFRM layers are applied across the entire wall facades
(blue surfaces in Fig. 11c).

To this aim, three new FE models are implemented (Fig. 11):

+ Fine Damaged Masonry (FDM) model: unreinforced and damaged
masonry model, derived from the FM model by reducing the
elastic moduli of the damaged elements. Specifically, the elastic
moduli for the damaged mortar and brick are assumed to be %Em

and %Eb, respectively.

Fine Damaged Masonry with Surface Stress Coating - partial
(FDMSC-p) model: damaged masonry model, partially reinforced
near the damaged areas. It is derived from the FDM model by
adding material surfaces (highlighted in blue in Fig. 11b). In
these areas, surface stress boundary conditions, as described by
Eq. (A.10), are applied.

Fine Damaged Masonry with Surface Stress Coating - full (FDMSC-
f) model: damaged masonry model, fully reinforced. It is derived
from the FDM model by adding material surfaces across the entire
wall facades (blue areas in Fig. 11c). Surface stress boundary
conditions, similar to the previous ones, are applied to these
areas.

Static analyses are conducted in the elastic regime on the previously
described FE models, all of which maintain the same DOFs as the FM
model. The wall is subjected to the same in-plane load condition as
outlined in Section 3.1 and illustrated in Fig. 5a.

The relevant results are shown in Fig. 12, where the displacements
of the FM (solid gray line), FDM (dashed gray line), FDMSC-p (dashed
blue line), and FDMSC-f (solid blue line) models are compared. It is
observed that the FDM model exhibits larger displacements than the
FM model, indicating that even partial damage significantly reduces
the system stiffness. However, the application of partial SFRM coating
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Fig. 12. Displacements u and v along the cutting line: (a) V; (b) H. Comparisons
among FM (gray solid line), FDM (gray dashed line), FDMSC-p (blue dashed line) and
FDMSC-f (blue solid line) models. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

(FDMSC-p model) results in a recovery of stiffness, bringing the perfor-
mance back to the initial conditions. Moreover, reinforcing the entire
wall (FDMSC-f model) not only restores but also improves performance
beyond the undamaged state.

4.2. Application to a “real” case

Finally, the SSM is used to simulate the SFRM coatings applied
to a structural system, consisting of a two-story masonry wall with
four openings; its in-plane geometry is depicted in Fig. 13, where the
dimensions are expressed in meters.

1 1
1.5 1.5
6
4 1 1
1.5
2.5 1

Sl
{

0.5

4

Fig. 13. In-plane geometry of the structural masonry sample.

Below, the impact of partial and full coatings is investigated, ad-
dressing both intact and damaged conditions of the masonry. Addi-
tionally, the accuracy of the SSM and its benefits in computational
performance are demonstrated.

4.2.1. Fully coated structural masonry
The masonry wall, featuring the same running/header bond pattern
described in Section 3, is fully coated on both sides with thin layers of
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Fig. 14. FE models of the structural masonry sample: (a) FM, (b) FMFC, (c) FMSC. (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)

Table 3
Natural frequencies ™ (in [Hz]) of FM structural model.
Mode Mode type Modal frequency
1 I out-of-plane 24.729
2 I in-plane 28.584
3 1I out-of-plane 44.457

SFRM, as shown in Fig. 3b. The elastic, geometric and mass properties
of the basic elements are detailed in the previous Table 1.

To further assess the performance of the SSM and evaluate the
effectiveness of the reinforcement, the following three FE models are
defined (see Fig. 14):

+ Fine Masonry (FM) structural model: Unreinforced structural ma-
sonry model, where masonry elements are finely modeled as
Cauchy continuum bodies in 3D space, each following hyperelas-
tic isotropic linear laws. Quadratic serendipity tetrahedral finite
elements are used, with adherence conditions maintained at each
element boundary. The model has 2,201,136 DOFs.

Fine Masonry with Fine Coating (FMFC) structural model: Coated
structural masonry model, in which brick, mortar and coating
elements are finely modeled as Cauchy continuum bodies in a 3D
space, each following hyperelastic isotropic linear laws. Quadratic
serendipity tetrahedral finite elements are used, with adherence
conditions at each element boundary. The model has 3,035,138
DOFs, that is 37.9% more than the FM structural model.

Fine Masonry with Surface Stress Coating (FMSC) structural
model: Coated structural masonry model, which is defined by
adding material surfaces across the entire wall facades of the FM
structural model. Surface stress boundary conditions, as specified
in Eq. (A.10), are applied to the blue areas highlighted in Fig. 14c.
The model retains the same DOFs as the FM structural model.

Dynamic modal analyses are conducted for each of the aforementioned
models using commercial software and a linear solver. The walls are
clamped at the bottom and hinged along the vertical sides. The results
include the modal frequencies f and the corresponding modal shapes
for the first three natural vibration modes.

First, the modal frequencies M of the FM structural model, along
with their corresponding modal shapes, are reported in Table 3 and Fig.
15, respectively. The calculation time was of 214 s (i.e., 3 min, 34 s).

Next, the natural frequencies of the FMFC (ffM¥C) and FMSC
(fFMSCY structural models are evaluated and compared. Specifically,
the fFMSC values are reported in Table 4, along with the percentage

FMSC_ fFMFC
error ¢ (defined as ¢ := £—=L— " in brackets. Additionally, the
effect of reinforcement is assessed by evaluating the frequency ratio

MSC
n= While the solution time for the FMSC structural model

Mode 1 Mode 2 Mode 3

Fig. 15. Modal shapes of the FM structural model.

Table 4
Natural frequency fF™SC (in [Hz]) of FMSC structural model; percentage error e in
round brackets and frequency ratio .

Mode Mode type Modal frequency n

1 I in-plane 29.440 (0.44%) 1.025
2 1 out-of-plane 31.335 (-3.61%) 1.315
3 1I out-of-plane 55.230 (-3.56%) 1.289

was the same as that of the FM one, the calculation time for the FMFC
structural model was 1308 s (i.e., 21 min and 48 s), which is six times
longer.

The results confirm the accuracy of the SSM and the effectiveness
of the coating. The FMSC structural model demonstrates high accuracy,
with a slightly greater approximation in the out-of-plane modes. The
primary effect of the coating is to increase the natural frequency of the
out-of-plane modes by 30%, while its impact on the in-plane modes
is less pronounced. Consequently, a mode inversion occurs between
the first (I out-of-plane) and second (I in-plane) modes. A notable
advantage is the significant computational time savings achieved due
to the lower number of DOFs in the FMSC structural model compared
to the FMFC one.

4.2.2. Fully/partially coated structural damaged masonry

The structural masonry sample is now assumed to be partially
damaged, as indicated by the damage map (orange areas) shown in
Fig. 16a. This map is derived from the stress distribution observed in
the first in-plane natural mode (Fig. 15b), considering a typical in-
plane failure mechanism. Two repair strategies are proposed: (i) partial
application of SFRM coatings to the facades of the first story only
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Fig. 16. FE models of the structural masonry sample: (a) FDM, (b) FDMSC-p, (c) FDMSC-f. (For interpretation of the references to color in this figure legend, the reader is referred
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Table 5

Natural frequencies of the FDM structural model (in [Hz]) and frequency ratio 6.
Mode Mode type Modal frequency 5
1 I out-of-plane 24.196 0.978
2 I in-plane 24.952 0.873
3 11 out-of-plane 43.148 0.970

(highlighted in blue in Fig. 16b); and (ii) full application of SFRM
coatings to the entire facade (Fig. 16c).
Three FE models are implemented (see Fig. 16):

» Fine Damaged Masonry (FDM) structural model: unreinforced
and damaged masonry structural model, derived from the FM
structural model by reducing the elastic moduli of the damaged
elements. Specifically, the elastic moduli for the damaged mortar
and brick are assumed to be %Em and %Eb, respectively.

Fine Damaged Masonry with Surface Stress Coating - partially
(FDMSC-p) structural model: damaged masonry structural model,
partially reinforced near the damaged areas. It is derived from
the FDM structural model by adding material surfaces to the
facades of the first story. In these areas, surface stress boundary
conditions, as described by Eq. (A.10), are applied.

Fine Damaged Masonry with Surface Stress Coating - fully
(FDMSC-f) structural model: damaged masonry structural model,
fully reinforced. It is derived from the FDM model by adding
material surfaces across the entire wall facades. Surface stress
boundary conditions are applied to these areas.

Dynamic modal analyses are conducted in the elastic regime on the
previously described FE models, all of which maintain the same DOFs
as the FM structural model. The natural frequencies and corresponding
modal shapes for the first three vibration modes are evaluated.

First, the frequencies of the FDM structural model, fFPM  are
presented in 5. To assess the impact of the damage, the frequency ratio
relative to the FM structural model is evaluated as § := ffFF—”Af. As
expected, the damage leads to a significant reduction in system stiffness
for the first in-plane mode (Mode 2), causing a frequency decrease of
approximately 13%. In contrast, the frequencies of the other modes
remain largely unchanged.

Next, the natural frequencies of the FDMSC-p (fFPMSC-r) and
FDMSC-f (fFPMSC-1y structural models are evaluated and compared
with the previous ones. Especially, the effect of r(ﬁiDr}df(q)éjcement is as-
sessed by evaluating the frequency ratio 6, := e reported in
Table 6.

It is observed that the partial application of SFRM coatings (in
the FDMSC-p structural model) leads to a significant recovery of the

Table 6
Frequency ratio relative to the FDM structural model, §
structural models.

for the FDMSC-p and FDMSC-f

¢

Mode FDMSC-p FDMSC-f

Mode type S, Mode type 5,
1 I out-of-plane 1.06 I in-plane 0.94
2 I in-plane 1.04 I out-of-plane 1.25
3 1I out-of-plane 1.06 1I out-of-plane 1.22

dynamic properties, effectively restoring the system performance to its
initial state. Notably, in the first in-plane mode (Mode 2), the frequency
ratio 6, = 1.0607, compared to § = 0.872936, shows a 16% increase in
frequency. On the other hand, the full application of SFRM coatings
(in the FDMSC-f structural model) produces distinct effects, with the
most prominent being an improvement in the out-of-plane response.
Specifically, the frequency ratios 6§, ~ 1.2 in both Modes 2 and 3
(compared with 6§ ~ 0.97) indicate a frequency increase of about 25%.
However, the in-plane dynamic characteristics are not fully restored,
as seen in Mode 1, where §, = 0.941226. This is because the increase
in stiffness is not sufficient to compensate for the additional mass
introduced by the coating. Consequently, an inversion occurs between
the first (out-of-plane) and second (in-plane) natural modes.

5. Conclusions and future purposes

The in-plane and out-of-plane behavior of masonry structures re-
inforced with thin coatings, such as Steel Fiber Reinforced Mortar
(SFRM), has been studied using the Surface Stress Model (SSM). This
approach involves: (i) detailed three-dimensional finite element models
for unreinforced masonry, and (ii) the application of the SSM for the
coatings. Notably, this marks the first use of the Gurtin-Murdoch SSM
in the analysis of masonry buildings. FE analyses have been performed
within the elastic regime on coated masonry walls, under both static
and dynamic conditions. Both intact and damaged masonry walls have
been investigated.

The key findings are outlined below:

+ This study demonstrates the effectiveness of the Gurtin-Murdoch
Surface Stress Model (SSM) in accurately capturing the surface
stress effects of thin coatings used in masonry reinforcement.
Originally developed within the field of nanomechanics, the SSM
has shown strong potential for application in large-scale civil
engineering problems, offering a computationally efficient alter-
native to conventional finite element (FE) modeling approaches.
The latter require the explicit modeling of additional elements, in-
terface conditions, and specialized meshing strategies to represent



S. Di Nino et al.

thin coatings—factors that increase both complexity and compu-
tational cost. In contrast, the proposed SSM approach avoids the
need to define new elements and preserves the original degrees
of freedom of the model, thereby significantly reducing computa-
tional effort without compromising accuracy. The results confirm
that the SSM is a practical and efficient tool for evaluating re-
inforcement strategies, as it can be seamlessly integrated into
existing FE models without requiring complex remeshing or the
development of entirely new models.

The numerical results show that the application of SFRM coatings
increases the stiffness of masonry walls, generally raising their
natural frequencies. Beyond enhancing overall wall performance,
SFRM can also be used to repair damaged sections, effectively
restoring the wall to its original condition. Additionally, this rein-
forcement has been found to affect out-of-plane and in-plane wall
behavior differently, with the most significant impact observed
in out-of-plane behavior due to bending couples generated by
membrane stresses in the coatings. This can potentially lead to
an inversion of the natural modes.

This work represents a step forward in leveraging SSM for evaluating
the effects of reinforcement coatings in masonry structures, highlight-
ing its potential benefits for integration into widely used engineer-
ing tools. Several promising directions for future development can be
explored. Some are listed below:

+ Extending SSM to nonlinear analyses — Future developments will
aim to extend the SSM framework to account for nonlinear behav-
ior, thereby increasing its applicability to real-world structures
under extreme loading conditions. A natural first step could in-
volve the adoption of damage-based constitutive laws for the
masonry (e.g., Di Nino et al., 2017), while preserving the elas-
tic behavior of the coating. This modeling choice is supported
by experimental evidence (e.g., Facconi et al., 2015) that show
widespread cracking in the masonry rather than in the coat-
ing. Moreover, nonlinear formulations of the SSM, such as those
based on finite elasticity (e.g., Steigmann and Ogden, 1999),
are already available in the literature and could be integrated
into the current framework. Another promising direction involves
the incorporation of delamination phenomena, which represent a
potential critical failure mode in coated masonry systems. Thanks
to its flexibility, the SSM framework can be extended to account
for interfacial failure mechanisms. By embedding cohesive or
softening constitutive laws into the surface formulation, the SSM
can effectively simulate the progressive loss of adhesion at the
interface, thereby capturing delamination behavior.

Application to other reinforcement techniques — The framework
will be extended to include additional reinforcement strategies by
leveraging the flexibility of the SSM approach, which is capable
of supporting the implementation of a wide range of constitutive
laws, including custom or non-standard models. This enables the
modeling of various thin reinforcement systems. In particular,
a first extension will target thin coatings exhibiting an in-plane
orthotropic behavior (such as Fiber-Reinforced Polymers), which
can be incorporated by appropriately modifying the constitutive
laws in the second of Eq. (2) (or in the first of Eq. (A.4)).
Integration into commercial software — While COMSOL Multi-
physics provides the flexibility needed to implement the proposed
Surface Stress Model (SSM), extending the approach to other
widely used commercial platforms presents nontrivial challenges.
It would require the development of custom material subroutines
or user-defined elements, depending on the architecture and ca-
pabilities of each software environment. Future work could focus
on integrating the SSM into commonly used structural analysis
tools, thereby promoting its adoption in practical engineering
applications for both design and assessment.
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» Investigation of complex geometries — The model will be applied
to structures with intricate geometries, such as historical build-
ings and monuments, to evaluate its effectiveness in real-world
scenarios.
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Appendix. Variational approach of the SSM

The Hamilton variational principle is employed for the SSM by
defining the action functional (Hamiltonian) over a specified time
interval [t,,1,] as follows:

5]
H :=/ (K —I)dt, (A.1)
31
where 17 is the total potential energy and K denotes the kinetic energy.
These are defined as follows:

= U‘dV+/ ‘l/st—/ tTuds,
2, 7 09

(A.2)
K := ]CdV+/ K,ds.

2, &
whose domain encompasses the space of kinematically admissible func-
tions u, such that u = u on 09%,. Here, U, K and U, K, represent the
strain and kinetic energy densities of the body %, and the material
surface ., respectively. They are written as:

U= % (Atr (B +2p,tr (E2)),
’ in 7,, (A.3)
K= 3 pra’a,
and:
1 2
V=3 (A (B) +2utr (B2)),
1 in .7. (A.4)
Ko=3 p,ula,
Finally, the variational equation 6H = 0 results in the following:
(Jop, KAV = [ 6VAV ) + ([, 6K,dS = [, 6V,dS) s
+ Jocp, £ 6UdS =0,
where:
8K = pya’ su,
n 9, (A.6)
8V = Aytr (E) tr (5E) + 2p, tr (ESE),
and:
8K, = pyul su,
(A7)

SV, = Agtr (E) tr (8E,) + 2u,tr (E(SE,),

Eq. (A.5) holds for every kinematically admissible u and Su, represent-
ing the elastic problem in its weak form. It can be demonstrated that
the strong form of the elastic problem, as presented in Section 2.1, can
be derived from Eq. (A.5). For further details, please refer to Gurtin and
Ian Murdoch (1975).
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A.1. Application of the SSM to the sample system

The previous variational formulation of the Gurtin-Murdoch model,
expressed through the variational equations Eq. (A.7), is now spe-
cialized to the sample system described in Section 3. This is done
with the aim of implementing the SSM within the FE framework, as
will be clarified later. Accordingly, the material surfaces .7 coincide
with masonry-coating interfaces, highlighted by the blue areas in Fig.
3c. The outward unit normal to .% is given by n = {0 0 =«1},
depending on the facade under consideration. In what follows, the focus
is on the surface wheren = {0 0 1}T, for which the projection
tensor Eq. (3) is:

1 0 O
P=(0 1 0 (A.8)
0 0 O

Thus, beingu = {u v w}T the displacement vector (Fig. 4a), the
surface strain tensor Eq. (2)c reads:

1 Uy % (uy + Ux) 0
E;=|3 (uy +0y) v, 0 (A.9)
0 0 0

Finally, substituting into Eq. (A.7), the variations of the surface strain
and kinetic energy densities are obtained as:

5K, =p, (Sitit + 80 0+ S1b 1),

SV, =A,(8u, + 6v,) (1, +vy) + g (28u,u, +260,0, (A.10)

(8u, +6v,) (uy, +v,)).
In this context, the equivalent surface mass density and Lamé constants

are derived from Eq. (5); therefore, with %, representing the SFRM
coatings, the relations p, = p.t., A, = A.t, and g = u.t. are obtained.

Implementation of the SSM in FE models

The implementation of the SSM in the FE framework is carried
out using the Weak Form PDE module in COMSOL Multiphysics. In
this approach, the surface stress is applied following the variational
formulation of the Gurtin-Murdoch model. Unlike conventional meth-
ods that introduce the SSM as a standard membrane element, this
implementation includes an additional surface weak form contribution,
directly applied on the surfaces of the masonry wall.

Specifically, the approach involves assigning the variations in sur-
face energy density — both elastic and kinetic — as derived from
Eq. (A.10), to the masonry-coating interfaces. These variations are
incorporated into the weak form of the governing equations, allowing
surface stress effects to be included without the need to explicitly
model the coating as a separate structural element. Practically, the
implementation follows two steps:

« Definition of coating interfaces: The surfaces representing the
interface between the masonry and the coating are selected within
the FE model.

+ Application of surface energy variations: Using the Weak Form
PDE module, the expressions for the energy variations (Eq.
(A.10)) are assigned directly to these surfaces as source terms in
the energy balance.

This approach enables the inclusion of surface stress effects in a consis-
tent and efficient manner, preserving the accuracy of the model without
complicating the numerical discretization. It is evident that one key
advantage of this method is its ability to quickly incorporate reinforce-
ment layers directly into existing FE models by simply selecting the
reinforced surface, eliminating the need to create new models.

Data availability

No data was used for the research described in the article.
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