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ARTICLE INFO ABSTRACT
Section Editor: Pinyan Lu Robots with very weak capabilities placed on the vertices of a graph are required to move toward
Handling Editor: Katie Harris a common vertex from where they do not move anymore. The task is known as the Gathering prob-

lem and it has been extensively studied in the last decade with respect to both general graphs

Ih;eg;;féiibots and specific topologies. Most of the challenges faced are due to possible isometries observable
Synchrony from the placement of the robots with respect to the underlying topology. Rings, Grids, and Com-
Gathering plete graphs are just a few examples of very regular topologies where the placement of the robots
Butterfly graphs and suitable movements are crucial for succeeding in Gathering. Here we are interested in under-
Time complexity standing what can be done in Butterfly graphs where really many isometries are present and most
Leader election importantly unavoidable by any movement. We propose a Gathering algorithm for the so-called

leader configurations, i.e., those where the initial placement of the robots admits the detection
(and election) of one robot as the leader. We introduce a non-trivial technique to elect the leader
which is of its own interest. We also prove that the proposed Gathering algorithm is asymptotically
optimal in terms of synchronous rounds required.

1. Introduction

A swarm of very weak - in terms of capabilities - robots, placed on the vertices of an anonymous graph, are required to move
toward a common vertex (not known in advance) from where they do not move anymore. Initially, each vertex is occupied by at
most one robot. The task is known in the literature as the Gathering and it has been extensively studied in the last decade for many
different assumptions on the robots’ capabilities. The common theoretical approach is to detect the minimal capabilities required.

In this paper, we consider the OBLOT model [26,28], where synchronized robots are assumed to be: Anonymous: no unique
identifiers; Autonomous: no centralized control; Dimensionless: no occupancy constraints, no volume; Oblivious: no memory of past
events; Homogeneous: they all execute the same deterministic algorithm; Silent: no means of direct communication; Disoriented: no
common coordinate system, nor left-right orientation.

Each robot continuously executes a Look-Compute-Move (LCM) cycle by performing the following three operations in sequence:

e Look: The robot observes the environment. The result of this phase is a snapshot of the positions of all robots with respect to the
local perception (and not to a global reference system);
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Table 1
Achievements about gathering on graphs in OBLOT. The last result marked by (*) is
achieved in this paper.

Graph Ref. Schedule Multiplicity Achievement
Any [23] FSYNC global strong ~ some impossibility
[23] ASYNC global strong  basic feasibility
[10] SSYNC global strong  sufficient condition
Trees [15,16] ASYNC none full characterization
[23] ASYNC global strong  traveled distance opt
Rings [34] ASYNC global weak asymmetric conf.s
[33] ASYNC global weak symmetric dense conf.s
[18] ASYNC global weak conf.s with 6 robots
[2] ASYNC global weak some conf.s with 4 robots
[31] ASYNC local weak opt asymmetric
[17] ASYNC global weak (almost) full characterization
[19] AsYNC local weak asymmetric conf.s
[20] ASYNC local weak full characterization
[23] ASYNC global strong  traveled distance opt
[21] SSYNC global weak separation with ASYNC
Regular Bipartite [29] ASYNC local weak full characterization
Finite Grids [15] ASYNC none full characterization
Infinite Grids [22] ASYNC global strong traveled distance opt
Tori [32] ASYNC local weak asymmetric conf.s
Oriented Hypercubes [3] AsyYNC global weak traveled distance opt
Complete [10] FSYNC global strong  opt full characterization
[9] SSYNC global strong  impossibility
Complete Bipartite [10] FSYNC global strong  full characterization
[9] SSYNC global strong some conf.s
Butterflies (@) FSYNC global weak leader conf.s time opt

e Compute: The robot executes the designed algorithm to determine its next move, using only the data sensed in the Look phase as
input. For robots moving in graphs, the result of this phase either is the vertex where the robot currently resides or it is a vertex
among those in the direct neighborhood (i.e., at most one edge per cycle can be traversed);

¢ Move: The robot moves toward the computed target. If the target is the current position, then the robot performs what is called a
nil movement.

The time can be logically divided into global rounds. In each round, all the robots perform a LCM cycle. If C(f) denotes the
configuration observed by the robots at time  during their Look phase, then an execution of an algorithm .4 from an initial configuration
C is a sequence of configurations E : C(0), C(1), ..., where C(0) = C and C(¢ + 1) is obtained from C(r) by moving each robot according
to the result of the Compute phase as implemented by .A. On graphs, moves are always considered as instantaneous. This results in
always perceiving robots on vertices and never on edges during Look phases. The time complexity of an algorithm A is the maximum
amount of rounds required by .4 for processing any initial configuration.

It is very common (as dictated by impossibility results) that in combination with the LCM-model, robots are endowed with the
so-called multiplicity detection capability (see e.g. [13,34]). Basically, when more than one robot resides on the same vertex x, then x
is said to be occupied by a multiplicity. During the Look phase, robots can perceive multiplicities. The multiplicity detection capability
might be local or global, depending on whether the multiplicity is detected only by robots composing the multiplicity itself or by any
robot performing the Look phase, respectively. Moreover, the multiplicity detection can be weak or strong, depending on whether
a robot can detect only the presence of a multiplicity or if it perceives the exact number of robots composing the multiplicity,
respectively.

Related work. The Gathering problem has been originally studied in the context of robots freely moving on the Euclidean plane,
under different settings [14,27]. Gathering is a special case of the more general pattern formation problem [6-8,11,38]. Indeed, it
is also known as Point formation. Gathering has been fully characterized in [13] for robots endowed with global weak multiplicity
detection.

In contrast, for robots constrained to move on graphs, it turns out to be very difficult to envision general results as different
challenges arise for different topologies. In fact, apart from some impossibility results or basic conditions that guarantee the resolution
of the Gathering task provided in [10,23], most of the literature focuses on specific topologies. Table 1 summarizes the results achieved
so far, with respect to the Gathering task in different topologies.
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Fig. 1. Normal representation and diamond representation of BF(3). The dashed rectangles contains two copies of BF(2) that, along with 23
additional vertices for layer 0, form BF(3).

Most of these topologies are very symmetric, that is, vertices can be partitioned into a few classes of equivalence. The choice
has been dictated by the requirement to make the design of a resolution algorithm harder as robots cannot exploit many topological
properties. More recent studies on Gathering concern fault-tolerance [1,4,24,25,30,37] or dynamic networks [35].

Our results. In this paper, we focus on synchronous robots endowed with global weak multiplicity detection, moving on Butterfly
graphs.

Moving along Butterflies turns out to be really difficult as such graphs admit a lot of isometries. Moreover, even when some robots
are distinguishable because of their positioning with respect to other robots, still some vertices remain equivalent, i.e., indistinguish-
able. From [23, Theorem 2], we know that on partitive configurations, gathering is unsolvable. Intuitively, a configuration is said
to be partitive if its vertices can be partitioned into subsets of the same cardinality greater than one, where each subset contains
equivalent vertices also with respect to the occupancy of the robots. In this paper, we propose a Gathering algorithm for the so-called
leader configurations, i.e., those where the initial placement of the robots admits to detect (and elect) one robot as the leader. We
introduce a non-trivial technique to elect the leader which is of its own interest. We also prove that the proposed Gathering algorithm
is asymptotically optimal in terms of rounds required.

2. Notation and basic concepts

A d-dimensional butterfly BF(d) (e.g., see [36]) is an undirected graph with vertices [#, c], where Z € {0, 1, ..., d} is the layer and
c € {0,1}? is the column. Note that when d = 0 the set {0,1}? is a singleton set consisting only of the null (empty) bit string. The
vertices [Z,c] and [£’, '] are adjacent if |£ — ¢'| = 1, and either ¢ = ¢’ or ¢ and ¢’ differ precisely in the Z-th bit. BF(d) has d + 1
layers with 2¢ vertices at each layer, which gives (d + 1) - 2¢ vertices in total. The vertices at layer 0 and d have degree 2 whereas the
rest of the vertices have degree 4. We call layer 0 and d boundary layers. BF(d) has two standard graphical representations, namely
normal and diamond, see 1. Note that, BF(d) can be also recursively built by using two copies of BF(d — 1) along with 2¢ additional
vertices, those forming layer O (or layer d). This observation leads to the following useful property (cf. diamond representation in 1):

property 1. Let V; and V, be the sets of vertices of the two copies of BF(d — 1) that, along with vertices at layer 0 (layer d, resp.),
form BF(d). If u € ¥, and v € V,, then each u, v-shortest path within BF(d) contains a vertex at layer 0 (layer d, resp.).

Configurations. We consider configurations of robots moving in a d-dimensional butterfly. As robots are assumed to be endowed
with global weak multiplicity detection, a configuration is modeled as C = (BF(d), 1), where 4 : V — {0,1, M} is a function that
specifies if each vertex is unoccupied, occupied by one robot or by more than one robot (that is a multiplicity), respectively.

When the Gathering problem is concerned, two additional concepts are useful: C is initial if A(v) € {0, 1} for each v € V' (each
robot lies on a different vertex) and ) ., 4(v) > 2 (two or more robots are required otherwise the problem is trivially solved); it
is final if u eV : Au) = M and A(v) =0, Yo € V' \ {u} (all the robots are on a single vertex). A gathering algorithm for this problem
is a deterministic distributed algorithm that, starting from any initial configuration and regardless of the adversary?, brings all the

1 We remark that the definition of “initial configuration” is used to specify all the configurations without multiplicities. Such configurations are
those provided as input to the algorithm, but they may also appear during its execution.

2 As usual in OBLOT, the role of the adversary basically determines the worst case scenario. In our context, this will be better clarified in the
subsequent sections.
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robots to a final configuration in a finite number of LCM-cycles, i.e., in a finite number of rounds. Formally, an algorithm A solves the
gathering problem for an initial configuration C if, for any execution E : C=C(0), C(1),C(2), ... of A, there exists a time instant 7 > 0
such that C(¢) is final and no robots move after ¢, i.e., C(+') = C() holds for all # > t. Given an initial configuration C = (G, 4), it is
worth remarking that many different placements of robots correspond to C due to possible multiplicities. If there exists a gathering
algorithm for all the placements of robots corresponding to C, we say that C is gatherable, otherwise we say that C is ungatherable.

Note that any gathering algorithm cannot exploit the labeling shown in Fig. 1, but can only use topological properties and function
A

Automorphisms and ungatherable configurations. Two undirected graphs G = (V, E) and G’ = (V'/, E’) are isomorphic if there is
a bijection ¢ from V to V' such that {u, v} € E if and only if {p(u), (v)} € E’. An automorphism on a graph G is an isomorphism from
G to itself. The set of automorphisms of a given graph, under the composition operation, forms the automorphism group of the graph
denoted by Aut(G). Two vertices u and v of G are equivalent vertices if there exists an automorphism ¢ € Aut(G) such that ¢(u) = v. The
equivalence classes of the vertices of G under the action of the automorphisms are called vertex orbits. Concerning butterfly graphs,
it is easy to observe that each orbit O; of BF(d) is composed of complementary layers i and d — i, with 0 < i < |d/2]. By intermediate
orbit we mean O, , when d is even. Notice that the intermediate orbit is formed by one layer only while the other orbits are formed
by two layers each; moreover, O, corresponds to the union of the boundary layers.

The concept of isomorphism can be easily extended to configurations. In our context, (BF(d), A) and (BF’(d), ') are isomorphic
if there exists ¢ € Aut(BF(d)) such that A(v) = A/ (¢(v)) for each vertex v. As for graphs, Aut(C) is the automorphism group of C =
(BF(d), 4). In C, two robots r and ' are equivalent robots if they reside on vertices that are equivalent according to some automorphism
of Aut(C). In what follows, with the notation O;, 0 < i < |d /2| we always refer to an orbit of BF(d), not to an orbit of a configuration.
Note that, for d > 0 each orbit O; has an even number of vertices.

Observation 1. Let C = (BF(d), 4) be an initial configuration. A necessary condition for two robots r and r' to be equivalent in C is that
these robots are located at the same orbit O;, for some 0 < i < |d/2].

From an algorithmic point of view, it is important to remark that when there are equivalent vertices in a configuration, a robot r
located at a vertex u cannot distinguish its position from that of a robot ' located at vertex v = @(u). As a consequence, no algorithm
can distinguish between two equivalent robots, and then it cannot avoid that the two robots perform the same move simultaneously.
Moreover, if equivalent robots are moved to any orbit of C containing more than one vertex, then no algorithm can specify the
destination vertices exactly (in this case, being the destination vertices pairwise equivalent, we assume that the actual destinations
are chosen by an adversary).

A configuration is said to be partitive if it admits an automorphism such that the vertices can be partitioned into subsets of equal
size greater than one, with equivalent vertices within each subset. From [23, Theorem 2], we know that any partitive configuration
is ungatherable. To classify all the initial configurations, we introduce the following novel concept.

Definition 1. Let C = (BF(d), A) be any configuration. A robot r located on a vertex v of BF(d) is called potential-leader (p-leader for
short) if A(v) = 1 and ¢(v) = v for each ¢ € Aut(C).

According to Observation 1, if O; contains just one robot r, then r is a p-leader. We call leader configuration any initial configuration
C containing at least one p-leader. In what follows, we show that only in leader configurations the robots can elect a single leader.

3. Leader election

In this section, we provide an algorithm that robots can use to elect one of them as a leader in any initial configuration admitting p-
leaders. The algorithm is based on an embedding of the butterfly on the Euclidean plane. The embedding is unique up to isomorphisms.

Embedding of a butterfly. The embedding of BF(d) in the Euclidean plane starts from a root vertex s and then proceeds level by
level, where all the vertices at distance i from s in BF(d) are embedded at the i-th level. In this way, we introduce a sort of rooted
representation of BF(d). We first describe Hang (cf. 1), the algorithm that embeds BF(d) by using a vertex of degree two (i.e., a vertex
s € Oy) as root. Then, we show how this algorithm can be adapted to embed the graph using a vertex of degree four (i.e., a vertex
s & Oy) as root. The algorithm uses the following notation: for each vertex v in the butterfly, v, and v, represent the layer and the
column, respectively, of v (hence v = [v,,v,]). Given a non-negative integer i, by b,(i) we denote the binary representation of i with
d binary digits.

Algorithm Hang takes the dimension d of the butterfly as input. The coordinates of the vertices of the graph are defined so that a
butterfly of dimension d is built by making two copies of a butterfly of dimension d — 1, one having positive x coordinates and the
other with negative x coordinates. A space of width 2¢ is left between the two copies of the butterflies to place the additional vertices
of layer d. Let V be the set of vertices of the graph and let X and Y be the sets of x- and y-coordinates of the vertices in V. The
algorithm is recursive. The base case (see Lines 2 and 4) defines a butterfly of dimension 0, with a single vertex having layer 0 and an
empty string as a column. Both of its Cartesian coordinates are set to 0. At ( 6), the function is invoked recursively over the dimension
d — 1. The call returns the set V' of the vertices of the graph BF(d — 1) along with their coordinates X and Y. The algorithm builds two
copies V; and V, of the vertices of the butterfly of dimension d — 1. Let v, be the column associated to the vertices in V/, the algorithm
updates the column of the vertices in V;, V, by concatenating to }}0e, }}1e to v, respectively, see 9 and 12. Then, the x coordinates
of the vertices in V; (V,, resp.) are shifted to the right (left, resp.) by 2¢*! with respect to the x coordinates of the vertices in V. Let
V; be the set of 2¢ vertices of layer d of the butterfly BF(d). These vertices are placed between the two butterflies of dimension d — 1
and evenly distributed horizontally over an interval of 2¢, half with positive, half with negative x coordinates, see 17.

4
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Algorithm 1: Hang(d).

1 if d =0 then

2 Vv ={[0,"1};

3 X((0,°1) = 0;

4 Y ([0, = 0;

5 return V, X,Y ;

V,X,Y = Hang(d — 1);
ViVa, V3 =40
foreach v=[v,,v.] €V do
insert v = [v,, v,4+“0”] into V;;
X'(v)) = X(v) + 29+
Y'(v)) = Y(v);
insert v, = [v,, v,4+“1"] into Vy;
X'(vy) = X(v) — 2¢%1;
Y'(v)) = Y();
15 foreach i e {0,2¢ — 1} do
16 insert v = [d, by (i) ] into V5 ;
17 X'(0)=-Q4 1 =1/2)+i;
18 Y'([d,by(0)]) = d;
19 foreach j € {0,d — 1} do
20 foreach i e {2/,2/*! — 1} do
21 | Y'(d,by()]) =d =20 + 1);

- =
N = © © ® N &

_ e
E ]

22 return VUV, U V3, X' Y ;

Fig. 2. (left) Embedding of a BF(3) rooted at vertex s = [3,000]. (right) Embedding of a BF(3) rooted at vertex s’ = [2,000].

This guarantees that, at the end of the embedding algorithm, all the vertices have different x-coordinates. As for the y coordinates,
vertex [d,07] is placed at height d, see 18, while the other 2¢ — 1 vertices are placed at a height that corresponds to their distance
from [d,09], see 21. At the end of the process, the root s will result in a vertex of degree two assigned with label [d,07]. 2. left
shows a BF(3) graph rooted at vertex s = [0, 000], s has y-coordinate equal to three. Vertices of layer three are arranged between two
butterflies of dimension two at the height that corresponds to their distance from s. Vertices of layer zero are arranged at level y = 0.

We recall that the described embedding uses a degree-two vertex s as root and arbitrarily assigns label [d,0] to it (note that all
the degree-two vertices form orbit O, and hence they are pairwise equivalent). Assume now that an embedding with a degree-four
vertex s” as root is needed, and that such a vertex belongs to O;, with 0 < i < |d/2]. In this case, the embedding algorithm first selects
s as the vertex [d — i,0¢] and then changes the embedding realized by Hang(d) by updating the y-coordinate of each embedded vertex
v as follows: Y (v) = Y(s") — d(s’, v). This yields the requested embedding of BF(d) with s’ as root. Fig. 2. right shows a BF(3) rooted
at the vertex s’ = [2,000].

Leader election algorithm. Let C = (BF(d), A) be any initial configuration with p-leaders. We describe here minString (cf. 2), the
algorithm used to elect a leader among all the possible p-leaders of C. Let r be a p-leader of C and let v be the vertex where r is
located. Basically, minString assigns a binary string to r so that the string encodes a visit of the entire configuration C starting from
v. We remark that minString is executed concurrently by all robots on each possible p-leader. The p-leader that receives the smallest

5
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Algorithm 2: minString(1, v, /).

—-

Compute N,(v), the set of vertices at distance / from v produced by Hang(d);
if N;(v) = ¢ then
L return ' ;

w N

4 else

5 S Ly, = mingyep sl(e,v,D);

6 I'={pel:slg,v,))=SL,,};

7 return (SL,,;,) + minString(I’, v, + 1);

Fig. 3. (left) Embedding of a configuration defined on a BF(2) and rooted at vertex v = [1,00]. Grey vertices are those occupied by robots. (right)
An equivalent representation of the same configuration showing its automorphisms at a glance.

string is elected as the leader. The visit performed by minString exploits the embedding described in the previous section: in particular,
it assumes that a hanging of BF(d) has been computed with a call to Hang(d). The binary string is built in blocks, each block is in
correspondence to a level composed of the vertices having the same distance from v. Each value of the string, 1 or 0, corresponds to
the presence or the absence, respectively, of a robot on each vertex of the level (read from left to right).

The string associated to r is computed by calling minString(Aut(C), v, 0). Since r is a p-leader, each automorphism ¢ € Aut(C) fixes
v, that is @(v) = v. During the execution, at Lines 2 and 3, the algorithm checks if there are neighbors of v at level / if not, it returns
the empty string. Otherwise, starting from 5, the algorithm calls the function s/ for each automorphism ¢ € I. The function s/ works
as follows. It takes as input an automorphism ¢, the root v of the embedding produced by Hang(d), and a level / of the embedding,
and returns the string associated with that level. It is called for each automorphism ¢ in I, where I is the set of automorphisms that
make minimum the associated string up to level /. Hence, it finds the minimum string .S L,;, among the strings associated with level
I which are returned by each call. At 6, the algorithm computes the subset I’ of I given by all the automorphisms associated with
the minimum string. Finally, the algorithm outputs the concatenation of the minimum string and the string obtained by a recursive
call on the subset of automorphisms I’ and the level / + 1.

For example, in Fig. 3 a p-leader is located on vertex v. The string associated with such a p-leader is computed by calling
minString(1, v, 0), where I contains all possible automorphisms. During the execution, N;(v) = {v}, SL;, = (1), I’ = I and the al-
gorithm is called on I’, v, and ! = 1. N,(v) now contains four vertices. To visualize better the automorphisms see Fig. 3 right. The
minimum string associated with level one is (0011) while now I’ contains all the automorphisms that swap the vertices of the same
levels but keep unchanged the minimum string associated with the vertices of level one. On level two, all the automorphisms in
I’ fix the vertices at that level, and the associated string is (00), while at level three the minimum string associated with that level
is (0100). Indeed it is not possible to exchange the vertices of the graph to make the substring smaller at this level as the subset
of the automorphisms prevents some exchanges between vertices. The string associated with level four is obviously (0). When the
algorithm is called on level five, N,(v) = @ it terminates returning the empty string. Hence, the minimum string associated to vertex
v is (1)(0011)(00)(0100)(0).

Lemma 1. Let C = (BF(d), 4) be an initial configuration. If C is a leader configuration, the robots can elect a single leader in C.

Proof. Assume first that there are orbits of BF(d) containing only one p-leader. In such a case, robots agree that the requested leader
corresponds to the p-leader which is the only robot on the orbit O;, with minimum i, of the butterfly.

6
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Assume now that there are no orbits of BF(d) containing only one p-leader. Let O; be the orbit of the butterfly with minimum i
and containing p-leaders. Each robot executes Hang(d) and obtains an embedding of C on the Euclidean plane along with Cartesian
coordinates with respect to a vertex v of O,. Let r; and r, be two p-leaders respectively located on v, and v,, where both the vertices
are on 0;. We now prove that s; = minString(1,,, v;,0) and s, = minString(l,,,, v,, 0) are different strings. If we assume by contradiction
that s; = s,, then the embeddings of C rooted at the vertices v; and v, used by minString and produced by Hang(d) output the same
minimum string, and these embeddings must be isomorphic. This would imply that | and r, are equivalent, a contradiction to the
hypothesis that r; and r, are p-leaders. In conclusion, this proves that it is possible to elect a leader among all the p-leaders located
in O; and, in turn, that is possible to elect a single leaderin C. O O

4. Gathering algorithm

In this section, we formalize an algorithm A that solves the gathering for synchronous robots in leader configurations defined on
BF(d). We assume d > 2 since the case d = 1 is trivial.

Definition 2. Let C = (BF(d), A), d > 2, be a configuration. The leader vertex v of C is defined as follows, only when the configuration
satisfies one of the following cases:

e if C is a leader configuration, v corresponds to the vertex where the leader robot identified by 1 resides; we remark that v is
selected as closer as possible to O,.

¢ if C contains multiplicities, v is leader if O; is the orbit of BF(d) with the minimum i having a single occupied vertex, and v
corresponds to such a vertex.

We first provide an overview of the strategy behind the provided algorithm. Given an initial configuration C admitting p-leaders,
1 is used to elect a leader robot r (assume located at O,) and move all the robots so that (1) » moves to a lower orbit of BF(d) (i.e.
O,_;) whereas the other robots leave O,_;. This creates a new configuration C’ where, by Observation 1, either r remains leader or
r is located on a leader vertex (it depends on possible multiplicities created by robots different from r when they change the orbit
and for which the final destination is chosen by the adversary). The same task is repeated until r reaches a boundary layer at O,
(thus forming C”"). Once the leader (vertex) is on Oy, the distance of all the robots from the leader is reduced. A special synchronous
movement may be necessary when some robots must pass through O, (in particular, through the layer L complementary to the one
in which the leader resides) to reach the leader. In such a case, the leader goes to O, while the other robots enter L. After that, r
returns to O, (still preserving the property of occupying a leader vertex) while all the other continue reducing the distance from the
leader. After this synchronization, all the robots can safely move toward the leader vertex along the shortest paths, until the gathering
is accomplished.

To transform this strategy into an algorithm working under the LCM model, the gathering problem on BF(d) must be subdivided
into a set of very simple tasks where each task can be formalized according to three elements: (a) a precondition that can be evaluated
by all robots according to perceived configuration, (b) a subset of robots selected for the movements, and (c) a specification of the
move to be performed by each selected robot. The move should be performed by the robots selected in the task whose precondition is
evaluated as true. In the remainder of this section, we formalize each task required by .A. Clearly, according to the properties holding
in the initial configuration, not necessarily all the tasks must be performed. To enhance clarity, we also include an extended example
that simulates one of the possible algorithm’s execution. In general, the adversary decides the actual destination of robots when there
are multiple possible destinations satisfying a move.

Task T;. In this task, the leader robot is located in an internal layer. It moves so that its distance from a boundary layer is reduced
and, at the same time, all the other robots move so that the leader remains unchanged.

¢ Precondition pre,: there exists a leader vertex (say v), v is located in O, with k > 0, there is only one robot (say r) on v;
e Selected robots: all the elements of M, that is the set containing all robots in O,_,, and the robot r;
e Move m,: r moves to O,_, and all robots in M|, move to O,.

Notice that at the end of the first execution of this task, r reduced its distance from a boundary layer. In case this distance is greater
than zero, the precondition of this task remains true and hence the task is applied again until r reaches a boundary layer of O,. When
r reaches Oy, the subsequent task 75 may start.

For example, let C; be an initial configuration shown in Fig. 4 left. This configuration is in Task T;. The leader robot highlighted in
bold is selected among the p-leaders (1) and it is located in the internal layer O,. Robots apply the move m, starting from configuration
C;: the leader robot moves to layer O, while the robots located on O, move synchronously toward layer O;, keeping the leader’s
identity unchanged. When the leader reaches Oy, the configuration C; is achieved, which is in T as there is only the leader in O,.

Task 7,. In this task, the leader vertex v is located in a boundary layer. Let r be the unique robot on v. In case O, contains other
robots than r, all robots different from the leader (forming set M,) will move to O,.

e Precondition pre,: there exists a leader vertex (say v), there is only one robot (say r) on v, r resides in O, and O, contains two or
more robots;

o Selected robots: all robots in M,, i.e., all robots in O, different from r;

e Move m,: all robots in M, move to O,.
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Fig. 4. (left) An initial configuration C, in task 7}; (right) An initial configuration C, in task T,. Grey vertices represent robots. Arrows show the
robots’ movements and the target vertices. The leader robot is highlighted in bold.

At the end of this task, the leader vertex v results to be the only occupied vertex in O,. This ensures that v remains the leader vertex
(with just r on v) and task 75 may start.

In Fig. 4 right we show another initial configuration, C,, in which the leader robot is located in layer O, along with other robots.
Here pre, holds and the configuration C, is in task T,. All the robots on O, apart from the leader, apply the move m, and go from
layer O, to O,. After this move, the leader robot is the only one in O, and the configuration is in T;.

Task T;. In this task, all the robots that must pass through O, to reach the leader vertex v are involved (cf. Proposition 1). The goal
is to minimize their distance from the leader vertex, but without letting them enter O, (this is to keep the leader unchanged). To
formalize precondition and move, consider the following assumptions and definitions:

o there exists only one occupied vertex (say v) in O, and let r be the only robot on v,
e let L"” be the layer of O, furthest from v,
¢ let M; be the set of all the robots that must pass through O, to reach v.

According to such notation, in this task, the algorithm works as follows:

e Precondition pres: v is the leader vertex occupied only by robot r, and M; is not empty;
e Selected robots: all the robots in M;
* Move ms: each robot ' € M5 moves to any vertex belonging to a r/, r-shortest path not on O,.

Note that this task may be repeated several times (consecutive rounds during the execution of .A) and when the last round is concluded,
all the robots in M will be located on L".

After either task T} or T, have been completed, task T; begins. Fig. 5 left shows configuration C; where pre; is satisfied because
the leader is the only robot in O, and there are robots located on the BF(d — 1) sub-butterfly in which the leader does not reside.
These robots belong to the M; set. To achieve gathering, robots in M3, must reach the sub-butterfly where the leader is located. To
do so, they have to travel through layer O,. During task T3, each robot in M3 applies move m; and goes toward the vertices of layer
O, furthest from the leader. Two rounds are required to reach it, in this example. When the configuration in Fig. 5 right is reached,
pre, becomes true and the configuration obtained, C, in task T}.

Task T,. This task starts immediately after the conclusion of T; and operates on the same set of robots. The goal is to further reduce
the distance of these robots from the leader vertex v, but now a special move is needed to keep always the same leader. Consider the
following assumptions and definitions:

e there exists only one occupied vertex (say v) in O,
e let L' (L", resp.) be the layer of O, closest to (furthest from, resp.) v,
e let L' be the layer complementary to the one in which v resides.

According to such notation, in this task, the algorithm works as follows:

e Precondition pre,: v is the leader vertex, r is the only robot on v, all robots that must pass through L"’ to reach v are on L”, and
L" is occupied.

e Selected robots: r and all robots in O,.

o Move my: r moves to O,, each robot on L’ moves to O,, each robot on L moves to L"".

During this task, see Fig. 5 right, there are some robots located on O, on the BF(d — 1) where there is no leader. This time, several
robots must perform a coordinated movement to keep the leader’s identity unchanged. The leader moves toward layer O,, the robots
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Fig. 6. (left) A configuration C; in task Ty; (right) A configuration Cj in task 7.

lying on the layer O, closer to the leader move to O,, and the robots on O, furthest from the leader move to O,. At the end of the
move, two possible cases must be analyzed:

¢ There are two or more occupied vertices in O,. Then, the leader is on layer O, layer O, closest to the leader has no robots, no
robots must pass through O, to reach the leader and there are robots on layer O, furthest from the leader. Hence, precondition
pres becomes true.

¢ There is only one occupied vertex (say v’) in O,. By definition, vertex v’ becomes the leader. Since all robots reside on the same
sub-butterfly BF(d — 1) which v’ belongs to, precondition pre, becomes true.

Task Ts. In this task, the leader robot moves on a vertex in O, and robots on O, move on vertices in O,. Consider the following
assumptions and definitions:

o there exists only one occupied vertex (say v) in O,
e let L' (L", resp.) be the layer of O, closest to (furthest from, resp.) v,
e let M; be the set containing all robots on L”.

According to such notation, in this task, the algorithm works as follows:

* Precondition pres: v is a leader vertex, there is only one robot (say r) on v, there are no robots on L’, there are no robots that must
pass through O, to reach v, and Mj is not empty;

e Selected robots: r and all robots in Ms;

¢ Move ms: r moves from O, to O,, each robot ' € M5 moves toward a vertex in O, belonging to a r/, r-shortest path.

When this task finishes, the leader v is the unique occupied vertex on a boundary layer, r is the unique robot on v, and all the
remaining robots are at a distance at most d — 1 from r.

Fig. 6 left shows configuration Cs5 which is T5. During this task, the leader robot moves back to the closest boundary layer O,
while the robots located on layer O, and furthest from the leader, move toward a vertex in O, that reduces their distance from the
leader. After this movement, the leader is the unique robot occupying a vertex of a boundary layer, and all the remaining robots are
at a distance at most d — 1 from the leader. At this stage, preq holds as all the robots reside in the same sub-butterfly BF(d — 1), and
the leader’s identity is preserved. Configuration C is reached and task Ty can start, see Fig. 6 right.

9
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D@

Fig. 7. Transition graph generated by A.

Task T,. The algorithm A finalizes the gathering by moving all robots on the leader vertex v. Notice that, after the first round in
which this task is executed, v may contain a multiplicity. .4 works as follows:

e Precondition preq: there exists a leader vertex (say v) in O, and all robots reside on the same sub-butterfly BF(d — 1) which v
belongs to;

o Selected robots: all the elements of My, i.e., the set containing all robots not located on v;

* Move mg: each robot i’ € M, selects a vertex along a shortest path to v as destination.

During task T, from Fig. 6 right, all robots not located on the leader vertex, move toward it. This task is repeated for several
rounds until the gathering is accomplished and pre; holds. Fig. 6 right shows the robots’ movements during the first round.

Task T;. It represents the case in which all robots recognize that the gathering is accomplished and hence none of them moves.

e Precondition pre,: all the robots reside on a same vertex v, i.e., the configuration is final;
o Selected robots: none.

4.1. Correctness and complexity

The algorithm .A has been designed according to the general methodology proposed in [12]. To detect which task must be
accomplished in any configuration observed during an execution, a predicate P, is assigned to task T;, for each i. P, is defined as
follows: P, = pre; A ~(pre;,; Vpre;, V... Vpre,).

The predicate is evaluated in the Compute phase, based on the view acquired during the Look phase. As soon as the robots recognize
that a task T, must be accomplished, move m; associated with that task is performed by a subset of designed robots. In the Compute
phase, each robot evaluates — for the perceived configuration and the provided input — the predicates starting from P; and proceeding
in the reverse order until a true precondition is found. In case all predicates P, ..., P; are evaluated false, then either T, or T is
performed. Indeed, one of the two preconditions certainly holds because the algorithm is working on a configuration with p-leaders.
Summarizing, the provided algorithm can be used by each robot r in the Compute phase as follows:

— if r detects that P; holds, then it applies move m; associated with T,.

Consider now an execution of A, and assume that a task T}, i < 7, is performed for the current configuration C. If A transforms
C into C’ and this new configuration has to be assigned the task T;, then we say that A can generate a transition from 7} to T;. The
set of all possible transitions of .A determines a directed graph called transition graph (cf. Fig. 7). Of course, in the transition graph,
there should be a sink vertex corresponding to the case in which robots simply recognize that the problem is solved and no move is
performed.

According to the proposed methodology, in [12] it is shown that the correctness of A can be obtained by proving that all the
following properties hold:

e H,: for each task T, the tasks reachable from T, through transitions are exactly those represented in the transition graph (i.e., the
transition graph is correct);

e H,: possible cycles in the transition graph (including self-loops) must be performed a finite number of times;

e H;: unsolvable configurations are not generated by A (concerning the addressed problem, this means that .4 does not generate
configurations without a leader vertex).

Lemma 2. Let C = (BF(d), 4), d > 2, be any configuration of n > 2 synchronous robots with p-leaders. During any execution of A on C,
properties H,, H, (limited to self-loops), and H hold in each task T;, 1 <i < 7.

Proof. In T}, there exists a leader vertex v located in O, with k > 0, with only one robot r located on v. All the robots in O,_; move
to Oy, while r moves to O,_,. Note that, after the move, r will be the only robot in O,_; (this implies that H; holds). The move
generates transitions to 7 (when k > 1) or T;, ..., T, (when k = 1). In case k = 1, task T, cannot be reached since r would be the only
robot in Oy,. Notice that transitions to T} can be generated at most L%J — 1 times. Summarizing, H,, H,, and H; hold in 7.

In T,, a leader vertex v exists in O, with only one robot r located on it, and O, contains more than one robot. Then, all robots in
0, different from r move to O,. Clearly, there are no transitions to the same task (hence no self-loop in the transition graph), while
transitions to T3, T,, and Ty can be generated (whereas the precondition of T5 cannot hold). Notice that v remains the leader vertex
for each possible transition. Hence, H,, H,, and H; hold in 7.
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In T3, there is a leader vertex v in Oy, and r is the unique robot on v. All robots that must pass through O, to reach v and are
not located on L” (the layer in O, furthest from v) move decreasing their distance from L”. Notice that the leader vertex remains
unchanged (H; holds). The precondition holds until all the robots selected for moving reach L”. Hence, there can be transitions to
the same task for at most d — 1 times since the furthest robot from v can be at distance at most 2d initially (hence H, holds). The
only further possible transition is the one towards 7,. Summarizing, H,, H,, and H; hold in T;.

In Ty, there is a leader vertex v in O, and r is the unique robot on v. All robots that must pass through O, to reach v are now
located on L” (the layer in O, furthest from v). Concerning movements, r moves to the layer L’ of O, closest to r, each robot on
L’ moves to O,, the next orbit, and each robot on L” moves to L"’ (i.e., the boundary layer complementary to the one in which v
resides). Let C’ be any created configuration. In C’, r occupies a leader vertex (H; holds). If in L' there is just one vertex v’ occupied
because all the robots in L” moved toward the same vertex v/, then v’ is a leader vertex as well, and the precondition of T holds. If,
instead, in C’ there are more vertices occupied in L', then the precondition of T5 holds. Hence, H,, H,, and H; hold in T}.

In Ts, there is a leader vertex v in O}, and r is the unique robot on v. Denoting as L' and L the layers of O, closest to and furthest
from v, respectively, the precondition of the task assures that L’ is unoccupied whereas there are robots on L”. Moreover, there are
no robots that must enter O, to reach v. In such a situation, r moves from O, to O,, and each robot on L” moves to O, along a
shortest path toward v, thus maintaining the original distance from r. It is clear that, in any created configuration, r is located in a
leader vertex (hence, H; holds), and all robots are now within the same sub-butterfly BF(d — 1) (hence the precondition of T holds
and only this transition is possible). This concludes the proof for this task.

In T, there exists a leader vertex v in O, and all robots reside on the same sub-butterfly BF(d — 1). Since all robots move toward v
through shortest paths, from Observation 1 it follows that in each generated configuration the same precondition remains valid until
all robots reach v. Hence, from Ty, only transitions to Ty and 75 can be generated. Transitions to 7, can be generated at most d — 2
times since the distance from the moving robots and v reduces in each transition. Finally, as observed, the precondition remains true
as long as there are robots not on v, hence v remains a leader vertex. This implies that H,, H,, and H; holdinT,. O O

Theorem 1. If C = (BF(d), A), d > 2 is any initial configuration of n > 2 synchronous robots with p-leaders, then A optimally solves the
gathering problem on C in ©(d) round.

Proof. When C is provided as input to .4, according to the definition of predicates P, we are sure that exactly one task is assigned to
robots and hence executed. 2 ensures that properties H;, H, and H; hold for each task T, ..., Ty. This implies that .4 can proceed in
its execution by following the transition graph reported in 7. Since there are only forward transitions (i.e., j > i for each transition
T; — T}), and since each self-loop is repeated a finite number of times (cf proof of 2), we are sure that in a finite number of rounds, a
configuration C’ assigned to task 75 is generated. Formally, for each execution E : C = C(0), C(1),C(2), ... of A, there exists a finite
time ¢ > 0 such that in C(¢) all the robots are located in the same vertex (i.e., the gathering problem is solved).

Concerning the time (i.e., the number of rounds) required by A, from the transition graph, it can be observed that there are no
cycles but tasks with self-loops. Since each of such loops can be repeated less than d times (cf proof of 2), the total time is trivially
bounded by the number of tasks times d. This leads to a final ®(d) time complexity since d is the trivial lower bound required by any
algorithm when in the initial configuration there are two robots at maximum distance 2d. O O

5. About non-leader and non-partitive configurations

In the previous section, we have shown that A can solve the gathering problem in each configuration with p-leaders. Moreover,
in [23, Theorem 2] it is shown that any partitive configuration is ungatherable. In this section, we address the case of any configuration
C which is, at the same time, non-leader (i.e., without p-leader robots) and non-partitive. To this end, we first provide a list of technical
results ending with the 2 (which characterizes non-leader and non-partitive configurations in terms of properties about orbits), and
then we discuss possible difficulties in determining if the gathering problem can be solved in these configurations.

Lemma 3. Let C = (BF(d), A) be an initial configuration. If C contains an odd number of robots, then an occupied vertex v can be elected
as leader.

Proof. Select the orbit O; of BF(d) with an odd number of robots and minimum index i. Let £ be the layer in O; with an odd number
of robots and let R’ be the set of these robots.

Assume first that i # d /2. Identify in O, the boundary layer L’ closer to ¢ (L” farther from ¢, resp.). If £ # L/, consider the
subgraph induced by the vertices in BF(d) without L'. If # = L', consider the subgraph induced by the vertices in BF(d) without
L"”. In both cases, the subgraphs are composed of two connected components, that are two butterflies graphs BF(d — 1). Select the
BF(d — 1) with an odd number of robots in R’. Apply recursively the procedure on this BF(d — 1), where ¢ is always the layer with
robots in R’. The procedure stops when a BF(0) with a single occupied vertex v is obtained.

If i = d /2, consider the subgraph induced by the vertices in BF(d) without O,. According to the selection of orbit O, all the other
orbits have an even number of robots, therefore also O,. The subgraph obtained by removing O, is composed of four connected
components, which are four butterfly graphs BF(d — 2). Then, there are either one or three BF(d — 2) with an odd number of robots.
In the first case, the single BF(d — 2) with an odd number of robots on ¢ is chosen, in the latter case, it is selected the BF(d — 2) lying
between the other two. The procedure is repeated until a BF(0) with its unique occupied vertex v is obtained. O O

This lemma can be reformulated as follows.
Corollary 1. Let C = (BF(d), A) be an initial configuration. If C is non-leader, then it contains an even number of robots.
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Fig. 8. An example of a non-partitive and non-leader configuration. Gray vertices represent robots and dashed closed curves highlight orbits. There
are two ep-leaders.

We have already remarked that each orbit O; of BF(d) is composed of the complementary layers i and d — i for each 0 <i < |d/2],
with the exception of the intermediate orbit O,/, that is composed of just one layer when d is even. Hence, |0;| = 24+1 for each
0<i<[d/2],104)] = 24+1 if d is odd, and |0, pl= 24 if d is even. The following result extends this analysis to orbits of configurations
defined on butterfly networks.

Lemma 4. Let C = (BF(d), A) be a configuration and Q an orbit of C. Then, |Q| = 2* for some k > 0.

Proof. Let H = Aut(BF(d)) and K = Aut(C). Since all the possible automorphisms in K are in H then K is a subgroup of H. By the
Lagrange’s theorem |K| divides |H|. By the Orbit-Stabilizer theorem |Q| divides |K| (see [5] for both theorems). Then |Q| divides
| H|. Since the automorphism group of BF(d) has size 22"l for g > 0, that is |K| = 2211 , the statement follows. For d = 0, BF(d)
has only one vertex and the statement holds choosing k =0. O O

Lemma 5. Let C = (BF(d), A) be an initial configuration. If |Q| > 1 for each orbit Q of C, then C is partitive.

Proof. Since the smallest orbit of C contains more than one element, 4 implies |Q| = 2%, k > 1, for each orbit Q of C. From this
property, it can be easily derived that C is partitive since each orbit can be partitioned into subsets containing two elements. [ O

Corollary 2. Let C = (BF(d), A) be an initial configuration. If C is non-leader and non-partitive, then (1) there are orbits of C with just one
element, and (2) all orbits of C with one element are unoccupied.

Proof. Since C is non-partitive, 5 implies that in C there exists an orbit Q such that |Q| = 1. Since C is non-leader, all orbits QO such
that |Q| = 1 are unoccupied. O O

The following definition is introduced to simplify the terminology about non-leader and non-partitive configurations.

Definition 3. Let C = (BF(d), 4) be any initial configuration. A vertex v of BF(d) is called empty potential-leader (ep-leader, for short)
if A(v) =0 and @(v) = v for each ¢ € Aut(C).

This definition, along with 2 and 2, allow us to say that each non-leader and non-partitive configuration C contains ep-leaders but not
p-leaders. In other words, in C there must be orbits consisting of only one vertex and such orbits are all unoccupied.

Fig. 8 shows a very simple configuration C that is both non-partitive and non-leader (indeed, it contains two ep-leaders and no
p-leaders). It is easy to observe that the Gathering problem can be trivially solved in C since just a single move leads all robots to
finalize the gathering over the closer ep-leader. From this example, it can be deduced that there are non-leader and non-partitive
configurations for which the Gathering problem can be solved. In general, however, it is difficult to state and prove that the problem
can be solved in all configurations of this kind. One way to see this is as follows. In [23, Theorem 3] it is proved that if a configuration
defined on an arbitrary graph G = (V, E) is partitive on the subgraph induced by ¥’ C V, then the gathering, whenever realizable,
must necessarily be finalized on a vertex belonging to V' \ V’. In the case under discussion, if C is a non-leader and non-partitive
configuration, then the gathering, whenever realizable, must be finalized on an ep-leader v.

This implies the following properties/observations holding during the entire execution of any possible gathering algorithm A’ for
C:

o A’ should be provided with a leader election phase that allows robots to agree on a specific ep-leader to be used as final destination
vertex. A strategy could be to select the ep-leader whose sum of distances from all the robots is minimum and, in case of a tie, the
ep-leader with minimum string as defined in 3. According to this strategy, assume in what follows that v is the elected ep-leader;

o we first recall that the strategy underlying the algorithm .4 provided in 4 is based on carefully moving the elected p-leader along

the layers of the butterfly to avoid the formation of partitive configurations during the execution. For .A’, this is not possible since

the elected target v is unoccupied;

according to the previous remark, v should remain the selected ep-leader until the last move of A’ in which the gathering is

finalized. Fig. 9.left shows an example in which this is possible. Robots in orbit O, are at distance one from v, hence they will

move only in the last execution round of A’. The robots in orbit O, will be moved initially, needing only two rounds to reach
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Fig. 9. Additional examples of non-partitive and non-leader configurations. Dashed ovals are used to highlight some orbits.

distance one from v. Then the four robots in O; will reach a vertex at distance one from v by moving along a shortest path having
length four. Note that multiplicities will be created during this phase. Finally, by a single additional move, all robots will gather
on v.

¢ Fig. 9.right shows an example in which this strategy fails. There, orbits O, and O, contain robots which are already at distance one
from v. When robots in O; move along any shortest path toward v, a partitive configuration is created, and hence the gathering
cannot be finalized any longer.

As a possible variation in the proposed strategy, robots in O3 could reach v through an alternative path (the crossing of which

guarantees the formation of non-partitive configurations).

Furthermore, by assuming robots endowed with the strong multiplicity detection, in the last case the gathering could be also finalized
according to a different approach. An ep-leader v could be initially elected as in the above approach, then robots in the two closer
orbits can move toward v (thus creating a multiplicity in v made up of a number of robots greater than the number of robots not on
v), and finally, all the robots not on v can agree on finalizing the gathering on that special multiplicity. It is worth noting that this
strategy may fail when the initial multiplicity in v contains a small number of robots. In fact, in such a situation, when moving robots
not on v, different but equivalent multiplicities can be created, and this could lead to a partitive configuration.

As a final observation, note that even if it were possible to determine an algorithm .4’ capable of solving the gathering problem
on all the non-partitive and non-leaders configurations, for a complete characterization of the problem on all the butterflies, a final
step would be necessary: .4 and A’ should be defined to be “composable” into a single algorithm A*. If so, .A* would be able to solve
the gathering problem in any initial configuration C that is non-partitive.

6. Concluding remarks

We considered the Gathering problem in the OBLOT model for synchronized robots moving on Butterfly graphs. We provided a
Gathering algorithm for all the configurations in which it is possible to elect a robot as a leader (leader configurations). The difficulties
provided by the isometries of the Butterfly topology have been addressed by suitably choosing an embedding of the Butterfly on the
Euclidean plane. To fully characterize the problem on Butterfly networks, it is important to provide a Gathering algorithm also for all
the configurations that are potentially gatherable, therefore not partitive, but not admitting a leader. These are the configurations in
which leader vertices are not occupied by robots (ep-leaders). We have extensively discussed the difficulties of designing a unifying
strategy to gather all these configurations. Even if it were possible to determine an algorithm capable of solving the gathering problem
for these configurations, it would be necessary to compose this algorithm with the algorithm solving the leader configurations. In
case of success, the resulting algorithm would be able to solve the gathering problem in any initial configuration that is non-partitive,
thereby providing a complete characterization of the problem. As a future work, it would also be interesting to study the Gathering
problem on different topologies, like (not oriented) Hypercubes or Cube Connected Cycle graphs.
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