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ARTICLE INFO ABSTRACT
Keywords: As one of the essential parameters in thermophysical analysis, effective measurement of thermal diffusivity is
Thermal diffusivity necessary. This paper utilizes the Physics-Informed Neural Networks (PINN) framework to simulate the diffusion

Thermal wave

PINN

Boundary value problems
Inverse problem

of thermal waves. The governing equations / boundary-value problem (BVP) for the thermal waves are expressed
in a coupled partial differential form, derived using the method of separation of variables. The inverse problem
associated with the coupled partial differential equations is solved using a dimensionless equation / BVP with a
loss function that incorporates physical information. Even in the presence of experimental system errors, the
neural network (NN) method introduced in this work (“new NN method”) was shown to be capable of robustly
solving the thermal wave inverse problem without nonlinear DC components at different spatial locations, for
determining the unknown thermal diffusivity of green (unsintered) metal powder compact materials. The results
indicate that the coupled partial differential equations for the amplitude and phase of thermal waves within the
PINN framework represent a promising strategy for determining thermophysical parameters.

1. Introduction manufacturing quality of GMPC [6,7]. In this analysis, for a known
modulation angular frequency w, the TW phase velocity v/2aw and

The advent of powder metallurgy technology has made the mass propagation length \/2a/w can be defined through the thermal diffu-
production of complex multi-component parts more efficient [1,2]. sivity a. Therefore, accurate measurement of thermal diffusivity is
However, excessive pressing force, improper demolding, and stress necessary and measurement methods can be categorized based on

concentration in such processes can lead to manufacturing defects in thermal flow characteristics into steady-state measurements and tran-
green metal powder compact (GMPC) materials [3,4]. These defects can sient measurements

reduce the perforn‘{ance Of' the sintered prO(.tll.lcts, potentially tur1.1ing Steady-state measurements involve establishing a stable temperature
them to waste. Particularly in the context of rising global energy prices, field within the sample to be tested, measuring the temperature gradient
economic up}%eaval (51, a}nd a downturn n the powder metalliurgy. n- and the heat transfer rate per unit area, and then calculating the thermal
dustry, effectively assessing the defects in a GMPC before sintering, conductivity based on Fourier's law [8,9]. The thermal diffusivity can
thereby .allowmg them to be t1.1r.ned to metallic pOWfier for recycling a1.1d then be obtained through the relationship between sample thermal
re-pressing, has become a critical issue for reducing the costs of dis- conductivity and density. However, due to the lengthy measurement
Carde‘i. sintered products and er.1hanc1ng product - performance. time, thermal losses significantly affect the accuracy of thermal diffu-
Analyzmg the thermal wave (TW) field generate.:d at the surfa?ce and sivity measurements. Thermal diffusivity is typically measured directly
propagating through the body of the sample aids in evaluating the due to advancements in transient thermal conduction theory. Transient
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measurements can be categorized into pulsed and periodic methods
based on the excitation approach. The pulsed method minimizes the
impact of thermal losses during measurement by detecting relative
temperature changes in a small sample over a short duration, thereby
enhancing measurement accuracy [10,11]. However, for materials with
high thermal diffusivity, the rapid temperature response can lead to
significant measurement inaccuracies due to the delay effects of the
measurement system. The periodic method utilizes an infrared ther-
mography system to detect TWs excited by periodic thermal sources,
measuring thermal diffusivity through the amplitude decay and phase
lag of the TW response. This method reduces the demands on the mea-
surement system’s response speed by leveraging the average charac-
teristics of periodic thermal responses [12,13]. Lock-in demodulation is
a common TW response analysis method in periodic measurements.
Additionally, some research indicates that heat loss should be taken into
account when measuring thermophysical parameters in periodic
measurements.

Ozisik [14] has shown that BVPs for diffusing thermal fields align
with traditional heat conduction theory, where the application of
third-kind boundary conditions always involves heat loss through solid
boundaries, with the cooling coefficient often treated as a constant in-
dependent of temperature or space [15]. Similarly, He [16] assumed a
constant cooling coefficient in the theoretical thermal analysis of mi-
croelectronic devices, whereas Mandelis et al., [17,18] adopted the
same  assumption while addressing the structure and
non-reflective/non-refractive properties of parabolic differential equa-
tions for TWs. However, earlier research has shown that assuming a
constant cooling coefficient is ineffective for solids with large surfaces,
as they are significantly affected by the amplitude of modulated TW
fields with substantial spatial variations, particularly those related to
TW depth profiles. To address this issue, a variable cooling
coefficient-related power series solution has been proposed for
measuring thermal diffusivity. Nevertheless, representing the cooling
coefficient using combined power series leads to complex expressions
that reduce the solvability of the analysis and complicate the physical
interpretation and signal processing, especially for higher-order power
series. Furthermore, the multiple orders of magnitude of thermophysical
property values involved in the associated BVPs create additional
computational errors due to the multi-scale nature of the problem.

In this study, we focus on the application of physics-informed neural
networks (PINNs) to solve the boundary value problem of TWs under
third-kind boundary conditions, with a particular emphasis on the
thermophysical analysis of GMPC. Unlike conventional data-driven ap-
proaches, such as neural networks (NNs) [19,20] and genetic algorithms
[21], which rely solely on experimental data and may lack physical
consistency, PINNs have emerged as a powerful tool for solving partial
differential equations and inverse problems. By incorporating physical
laws directly into the NN training process, PINNs constrain the solution
space to physically meaningful results, significantly improving accuracy
and robustness [22,23]. This approach overcomes the limitations of
traditional NNs, such as their reliance on large datasets and lack of
physical interpretability, while also providing a more efficient alterna-
tive to computationally expensive genetic algorithms that struggle with
multi-scale problems. Furthermore, unlike finite element and finite
difference methods, which require domain discretization and may face
challenges in handling complex geometries, PINNs offer a meshless
framework that seamlessly integrates physics and data, making them
particularly well-suited for addressing the challenges of multi-scale
thermal analysis in GMPCs. Recent studies have highlighted the effec-
tiveness of PINNs in addressing complex thermal problems, including
inverse heat transfer and thermal diffusivity estimation [24,25]. How-
ever, it is noteworthy that, as a meshless numerical method, applying
PINNs directly to analyze dynamic TW fields (which include both
steady-state and unsteady processes) can incur significant computa-
tional costs and risk non-convergence of training results. To address
these challenges, we propose a novel approach that combines PINNs
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with the method of separation of variables to analyze steady-state TW
fields. This approach not only circumvents the computational challenges
associated with dynamic TW fields but also enhances the robustness and
efficiency of the analysis. Specifically, our work addresses the limita-
tions of traditional methods by introducing a dimensionless BVP
framework for the PINN loss function, which mitigates the effects of
multi-scale thermophysical coefficients. Additionally, we propose a
method for filtering the DC component of TWs, further improving the
accuracy of thermal diffusivity measurements.

The main contributions of this paper are as follows: 1) Casting of the
BVP for the steady-state amplitude and phase of a dynamic TW field with
a spatially variant side surface cooling coefficient, reducing computa-
tional costs and improving convergence; 2) Application of PINNs to
solve the TW BVP problem with third-kind boundary conditions and
address the inverse problem of thermal diffusivity measurement in
GMPC; 3) Setting up a dimensionless BVP framework for the PINN loss
function, utilized to mitigate the effects of multiple orders-of-magnitude
(multi-scale) thermophysical coefficient values; 4) Presenting a method
for filtering the DC component of TWs in thermal diffusivity measure-
ment and considering the impact of computational errors and experi-
mental system errors on the measurement results. These innovations
enable us to achieve higher precision in thermal analysis while main-
taining computational efficiency, making our approach particularly
valuable for the thermophysical characterization of GMPCs.

The study is organized as follows. In Section 2, partial differential
equations for the amplitude and phase of steady-state TWs related to
variable cooling coefficients are established within the PINN framework.
In Section 3, a method for filtering out nonlinear DC components of TWs
is proposed. Then in Section 4, the signal-to-noise ratio (SNR) of tran-
sient thermal response in the time-frequency domain is analyzed, and
based on the AC component of TWs, the thermal diffusivity of GMPC is
measured using PINNs. Additionally, measurement errors in the exper-
imental system have been considered. Finally, Section 5 summarizes the
conclusions.

2. Establishment of the thermal-wave model and solution using
PINN

This section first establishes a spatially dependent TW field related to
variable cooling coefficients based on third-kind boundary conditions of
the TW boundary value problem. Then the TW partial differential
equations are analyzed within the PINN framework and the experi-
mental TW responses are used to infer the thermal diffusivity.

2.1. Establishment of the thermal wave model with spatially dependent
cooling coefficients

Through the photothermal conversion effect, an opaque rectangular
solid is periodically heated by a sinusoidally modulated laser beam with
an angular frequency . The heated spot is rectangular, and the energy is
uniformly distributed over the incident surface. This temperature fluc-
tuation induced by the periodic heat source is referred to as a TW,
represented as T(x,t) = A(x)sin[(ot + ¢(x))], where x is the spatial co-
ordinate, t is time; A and ¢ represent the amplitude and phase, respec-
tively. The cooling coefficient of the side walls can be considered as a
spatially dependent function h(x) [26]. In the absence of convergence
and other sources within the infinitesimal segment, the following energy
equation can be derived based on the conservation of thermal power:

*AT(x,t) 10AT(x,t) (R

T R (§>h(x)AT(x7 t)=0,x €Q (€))
where a is the thermal diffusivity, R is the perimeter of the cross-section
satisfying R = 2(L + B), S is the cross-sectional area satisfying S = L x
B, where L and B are the height and width of the sample, respectively; k
is the thermal conductivity.
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To ensure the convergence of TWs in numerical calculations, directly
analyzing the amplitude and phase of steady-state TWs is an effective
approach. Substituting A(x)sin[(wt +¢(x))] into Eq. (1) and separating
the amplitude and phase, the following governing equations can be
obtained:

&2A dg\?

e —A(E> _Eh()A =0 (2a)
d’¢ _dA dg o

AF+ZEE—A5707XEQ (Zb)

where E =R /Sk and Q is the volume of the domain. The boundary
conditions corresponding to Eq. (2) are:

dA

—ka » = gcos(¢ — ¢;) — hA (3a)
do .

kA~a » = gsin(¢ — ¢,) (3b)

where q is the heat flux satisfying q = I, /S, where I, is the heat source
power; ¢, is the phase of the incident excitation waveform.

2.2. Analysis and measurement of thermal wave partial differential
equations within the PINN framework

The NNs are the core of PINNs, in which the input x is iteratively
mapped through hidden layers to the outputs A and ¢. In each layer, this
mapping process is accomplished through a combination of hyper-
parameters 6 (weights and biases) and linear or nonlinear activation
functions. The input signal first undergoes a linear combination in the
neurons, i.e., multiplied by the corresponding weights and a bias term is
added. Subsequently, the combined result is processed through the
activation function, introducing nonlinearity. This allows the NNs to
capture the complex nonlinear relationships between inputs and outputs
[27,28].

The amplitude, phase, and spatial heat loss coefficient can be
approximated using NNs, i.e., NNs ~ A, NN, ~ ¢, and NN, =~ h. The
gradients of amplitude and phase in the PINN framework can be effi-
ciently computed using automatic differentiation [29]. To train the NNs,
a training set consisting of points from spatial boundaries I' and volume
domains Q is required. The training points configured on I" and Q are 1
and N, respectively. To approximate A and ¢, the loss function con-
taining the physical model should be minimized. The loss function has
been incorporated in Eq. (2) with boundary conditions (3). For forward
problems, no additional data are required in the loss function. The loss
function L is defined as follows:

L(0) = Lp1(0) + Ly2(0) + Lap(6) + Lys(0) )

where the individual PINN loss functions can be expressed as

1 & [aenn, dNN,\*
Lpl(g)—mom{NlZ|[ dng*NNA'(T(/)) E'NNh'NNA:| (3 9)|2}
p T
(5a)
N,
. 1 & d>NN, dNN, dNN,
LPZ(G)_mJn{N_ZZ| [NNA dx2¢+2 dxA dx¢_§NNA} (xi; 6) |2}
P2
(5b)
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(1. dNN,(0: 6
LAb(g)_In()ln{ilk%

g

1
Lyp(0) = rngn{zll k-NN,(0; 6)

+qcos (NN, (0; 6)) —NNu(0; 6)-NN4(0; 6)

(50)

NN, (0: 6) _ i (NN, (0: 0)) |2} (5d)

where x; € Q. Minimizing this loss function using an appropriate opti-
mization algorithm can yield the optimal parameter 6 for the NNs.

The inverse problem defined by treating the thermal diffusivity, a, as
a learnable parameter can be addressed by adding a parameter term to
the parameter update of backpropagation, highlighting the significant
advantage of PINNs over traditional linear solvers. The training points
Xgata are selected firstly in the spatial domain Q UT and include the
experimental amplitude A4, and experimental phase ¢g,.,. Then, based
on Eq. (4), a feedforward NN with input x and outputs A and ¢ is con-
structed. Finally, the loss function defined below is minimized using an
optimization algorithm, aiming to find the optimal parameters that
approximate the true thermal diffusivity @ of the experimental sample:

Lg(0) = mﬁin{ {L(&) +

ceQur

Naata
N Z [HAdata_A H2+H d)data_‘l] HZ] (xi;e)}vxi
data

©

where Agan and ¢4, represent the experimental data available for the
inverse problem at the point Ny,¢,. The prediction of thermal diffusivity
requires the inclusion of additional information in the loss function, as
illustrated in Fig. 1. In the study of inverse operations, the Jacobian
matrix of the NNs must have a non-zero determinant, be invertible, and
maintain a reasonable ratio between its maximum and minimum ei-
genvalues to ensure the uniqueness of the solution and the stability of
the computation. The algorithm for the inverse problem follows the
same principles as the forward problem, with minor modifications to the
loss function [30]. In addition to the outputs A and ¢, PINNs can now
predict unknown thermal physical parameters or initial or boundary
conditions in thermal physical modeling by utilizing known

Automatic Differentiation

Loss Function

Neural Network

Fig. 1. The structure of the NN and automatic differentiation for loss function
optimization. The left side shows the input, hidden layers, and output of the
neural network. The automatic differentiation module (red box in the middle)
computes partial derivatives, which are used for the combined optimization of
multiple loss functions (pink box on the right). For inverse problems, the PDEs
are supplemented with experimental data.
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experimental data.

3. Filtering method for DC components in experimental thermal
response

The experimental amplitude value A and phase value ¢ can be ob-
tained using lock-in thermography (LIT) for the NN study [31,32]. It is
important to note that the TW signal T(i,j,t) in the experiment is a
combination of both DC and AC signals, where i and j are pixel indices.
The nonlinear characteristics of the DC signal can influence the calcu-
lations of A and ¢ through LIT [20]. The wavelet decomposition is
considered to avoid the above problem [33,34]. The wavelet decom-
position for removing the nonlinear DC signal from the TW can be
expressed as follows:

ZTU,
ZTU,

é(2n—k), m=0,1,...N—1 (7a)
0(2n—k),m=0,1,...N—1 (7b)

where a,(n) and by(n) represent the approximation coefficients and
detail coefficients of the TW at the m-th decomposition level, respec-
tively. §(2n —k) and 6(2n —k) represent low-pass and high-pass filters.
am(n) represents the low-frequency components of the TW signal,
reflecting its overall trend. Conversely, by(n) represents the high-
frequency components of the TW, capturing the details and abrupt
changes present within it. The total number of decomposition levels is
denoted as N, with the maximum value of N satisfying N = log,(Ls),
where L; represents the duration of the TW signal. For TW responses
under square wave modulation, which inherently contain multiple fre-
quency components (broadband signal), increasing the value of N allows
for better capture of the long-term drift or slow fluctuations in the TW
response. The relationship between the sample number n and the
decomposition level m is expressed as n, = n/2™. Additionally, the
relationship between the discrete time k and continuous time t is rep-
resented as t = k /f;, where f; is the sampling frame rate of the infrared
thermal imager.

The high-pass filter 0 is constructed from the coefficients of the low-
pass filter § by mirroring and alternating the signs, satisfying the
following expression:

() = (—1)"

The coefficients of Symlet 4 wavelets are utilized in Eq. (8) [35]. The
nonlinear DC signals can be filtered from the TW signal by combining
the decomposed approximation coefficients a,,(n) and detail coefficients
bm(n) based on the following expression,

T(i,j.t) = Y [an(n)-5(2n — k) + by(n)-0(2n — k)], m # 0 ©9)

m

S(N—1-m) (8)

4. Experiment and discussion

This section first presents the experimental setup used for sampling.
The SNR of the instantaneous thermal response under periodic heating
and the influence of nonlinear DC were analyzed. Then, the measure-
ment of thermal diffusivity for GMPC is processed using the PINNs based
on dimensional partial differential equations. Additionally, the thermal
diffusivity of GMPC is measured using dimensionless partial differential
equations. Finally, the impact of experimental system errors on the
measurement results is discussed.

4.1. Experimental setup and sample

The experimental setup was established for data acquisition and is
shown along with the sample configuration in Fig. 2. The system in-
cludes a laser and driver, a mid-infrared camera, a signal generator and a
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Fig. 2. Schematic diagram of a temperature field measurement system for
GMPC based on laser modulation and infrared measurement. The system con-
sists of a signal generator, laser driver, optical fiber, collimator, and infrared
camera, with the computer controlling and recording the temperature changes
over time.

computer. An F22SMA-B 808-nm continuous laser served as the heat
source for heating the specimen. The FLIR A6751 mid-infrared camera
was controlled via FLIR ResearchIR Max software. A dual-channel Agi-
lent 33500B signal generator was used to drive the laser, with one
channel connected to the laser diode and the other used for triggering
the mid-infrared camera. The sample was the GMPC material and the
length, depth (thickness), and width were 31 mm, 12 mm, and 6 mm,
respectively. System stability was examined and was found that fluctu-
ations in laser emission could introduce random errors in the measure-
ments affecting the amplitude and phase measurements, thereby
reducing the reliability of the calculated thermal diffusivity. The cam-
era’s sampling interval was another source of random error that could
affect measurement accuracy as insufficient sampling rates might lead to
insufficient numbers of data points for accurate phase reconstruction,
thus also influencing the thermal diffusivity estimation. Considering
these factors, close attention was paid to the experimental setup, cali-
bration, and data processing routines to ensure the reliability of thermal
diffusivity measurements and minimize uncertainties in the results.

A square-wave optical excitation signal was used as the modulation
waveform with 50 % duty cycle as it exhibits a better SNR than a pure
sine wave [36]. The laser diode was operated at a power of 5 W. A
homemade window was inserted to ensure the laser beam uniformly
irradiated the side (cross-sectional) surface of the sample. The sampling
rate of the modulation signal was set at 10,240 Hz, and the data were
stored on a data acquisition card used for characterizing the GMPC.

4.2. Modulated thermal response under periodic heating

A comparison of the SNR for the modulated thermal response in the
time-frequency domain under periodic heating was conducted. The
modulation frequency of the laser beam was set at 0.02 Hz. The sample
was periodically heated over 2000 s, i.e., 40 cycles. The sampling frame
rate of the mid-infrared camera was 1 Hz, with a pixel window of 128 x
160. The instantaneous modulated thermal response distributions over
the mid-infrared (MIR) camera’s viewing area (the entire side area of the
sample) are shown in Figs. 3(a) and (b), respectively, at instants 848 and
861. The MIR camera-detected temperature of the holder (right end) is
not related to the sample but is due to the higher emissivity of the
holder, therefore, any impact of this effect on the experimental results
could be ignored. Furthermore, locations were marked every 7 mm from
the illumination side (left side) to analyze the influence of noise on the
instantaneous thermal response, as shown in Fig. 3(a), where the dis-
tance between P1 and P5 was 28 mm. The distributions of thermal re-
sponses at instants 848 and 861 across positions P1 to P5 are shown in
Figs. 3(c) and (d).

The value of the instantaneous thermal response decreased expo-
nentially with distance from the irradiated upper surface due to the
thermal diffusion, as shown in Fig. 3. It should be noted that such
transient thermal responses [37,38] over the depth coordinate produce
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Fig. 3. Temperature distribution and temperature variation curves along the depth direction of the GMPC at different frame numbers. Instantaneous modulated
responses at (a) moment 848 and (b) moment 861 over the entire side / depth coordinate instantaneous responses at (c) moment 848 and (d) moment 861 along
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Fig. 4. The horizontal variation trend of amplitude and phase along the positions P1 to P5: (a) amplitude, (b) phase.

significant noise which limits measurement precision. The increasing
traces above 25 mm as the increases are solely attributed to the backing
emissivity. The TW amplitude and phase distributed along the depth
coordinate in the 2nd, 10th, 18th, and 28th cycle were measured using
the lock-in method. The changes in amplitude and phase over the hor-
izontal direction from P1 to P5 and over different cycles are shown in
Fig. 4. For a fixed cycle, in Fig. 4(a) amplitude values exhibited expo-
nential decay with increasing distance, as expected. In Fig. 4(b), phase
delay gradually increased with distance but was almost unaffected by
the number of cycles, as expected. For depth beyond 15 mm from the
optically heated surface, phase delay fluctuated with increasing cycle
numbers due to the TW exceeding twice the thermal diffusion length,
significantly worsening the SNR.

4.3. Effect of modulation period and frame rate drop on the measurement
of thermal waves without DC

The above-mentioned experimental analysis indicates that noise
limits the applicability of transient thermal responses. To better char-
acterize the GMPC, the frequency-domain amplitude and phase of TW
were considered. The GMPC was placed in an approximately stationary
environment in air. For the 0.02 Hz square wave modulation signal, the
frame rate of the mid-infrared camera was adjusted to 15 Hz for
improving sampling accuracy, while other parameters remained un-
changed. The nonlinear DC component influences the values of LIT
amplitude and phase. The DC component of the TW signal over six
modulation periods was removed using linear methods, parabolic
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Fig. 5. The amplitude spectra of the Fourier transform for the TW signals after
the removal of the DC component using the line, parabola, and NN method; (a)
line, (b) parabola, (c) the method of this paper.

methods, and the new NN method. Subsequently, the amplitude spectra
of Fourier transform for the TW signals after the removal of the DC
component using different methods were calculated as shown in Fig. 5.

In Fig. 5, Frequencies above the fundamental frequency are har-
monics due to the use of a modulated 50 % duty-cycle square wave. In
this case, the odd harmonic components with different amplitudes were
simultaneously transmitted into the GMPC. It should be noted that the
amplitude spectrum obtained using the new NN method does not exhibit
any spurious frequencies below the fundamental frequency compared to
the amplitude spectra from linear and parabolic methods. These
spurious frequencies cannot be filtered out through the low-pass
filtering process in LIT. It was observed that as the number of modula-
tion cycles decreases to six, the SNR of the amplitude and phase along
the depth distribution significantly declines. This is because the depos-
ited energy density increases with the number of cycles and indicates
that the SNR improves with an increasing number of modulation cycles.
However, no significant changes in SNR are observed with a further
increase in the number of modulation cycles. Furthermore, for the new
NN method modulation signal with a sampling rate of 10,240 Hz, the
total number of frames captured by the camera for thermal response was
4546. The total number of usable frames for thermal response was 3971
after synchronization between the modulation signal and the thermal
response. As the modulation signal sampling rate decreased, experi-
mental results showed a marked decline in the total number of usable
frames in the thermal response (frame dropping), leading to a reduction
in the SNR of the amplitude and phase signals. This behavior can be
explained by considering that the discarded frames introduce noise
relative to the original signal, thereby decreasing the accuracy of signal
reconstruction. Similar experimental results were observed with
reduced camera sampling rates, despite satisfying the Nyquist sampling
criterion.

4.4. Thermal diffusivity measurements under dimensional PDEs

The PINN was trained to fit the experimental amplitude and phase
values and predict the thermal diffusivity of GMPC. The number of
hidden layers was eight in the NNs with 64 neurons in each layer. The
Xavier initialization method was employed to initialize the network
parameters [39]. Both the hidden and output layers utilized the hyper-
bolic tangent (tanh) activation function [40]. The Adam optimization
algorithm [41] was used to update the network parameters based on
gradient descent, in which an initial learning rate was 10~ with a decay
of 0.1 every 100 iterations. The loss function was computed at arbitrary
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locations within the model domain, referred to as collocation points. The
range of collocation points was set to be consistent with points P1 to P5.
The batch size was set to 256 in the Q domain and 1 at the boundaries.
The length, width, and height of the GMPC were 3.1 x 1072 m, 6 x
1073 m, and 1.2 x 102 m, respectively. The output power of the laser
was 5 W. The computational parameter values for the problem were R =
3.6x102m,S =7.2x 107> m?,q =1.736 x 10° W /m?. The thermal
conductivity k is 83 W /m-K [42].

The PINN training was iterated until the training loss was less than
10 to meet the convergence criterion. A total of 20,000 epochs were
executed, but the optimizer did not converge to the preset training loss
value; instead, it achieved a significant training loss of 10°. Additionally,
the results indicated that the optimizer got stuck at a local minimum.
Therefore, even increasing the number of neurons within the same
neural network configuration did not reduce the training loss value. The
large training loss was attributed to the presence of multi-scale coeffi-
cient values in the PDEs. The differing orders of magnitude in the values
of these multi-scale coefficients, caused by varying measurement units,
result in large computational errors. This makes it difficult for PINNs
based on dimensional PDEs to converge to smaller training loss values.
Therefore, it became necessary to convert the dimensional form of the
PDEs into a dimensionless form.

4.5. The analysis of the non-dimensional TW BVPs using PINN

{1.5} Based on the PINN framework from the previous section, the
performance of the dimensionless PDEs and the associated BVPs was
tested and evaluated. The variables and parameters could be kept within
specific ranges by nondimensionalizing, thereby enhancing the perfor-
mance and generalization of the NNs. Additionally, the dimensionless
PDEs generate more interpretable solutions by eliminating measurement
units,making it easier to understand the underlying physical phenomena
and compare results across different physical systems in terms of ratios
and parameters. The Egs. (2) and (3) were non-dimensionalized and the
following characteristic quantities were defined: Ly = /2a/0,A¢ = %Lo,
Hy = %Lo. The dimensionless expressions for the governing Eq. (2) and
boundary condition Eq. (3) can then be written as:

PA  _(dp\* — oy dAdp

@fA(&> ~BHX)A =0, A5 +2 5 o —24=0 (10)
——|  =cos(¢p— ) — HA K@ = sin(¢p — ¢b;) 11
dXx:o : o dXx:o :

where X = x /Lo, A = A /Ao. The same NNs architecture used in Eq. (5)
was employed to solve this dimensionless set of equations and boundary
conditions (BVPs) to fit the parameters. It should be noted that there
were fluctuations in the values of TW amplitude and phase along the
vertical direction, particularly for amplitude, as shown in Fig. 4. This
variability was attributed to factors such as the smoothness of the
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Fig. 6. Comparison of fitting models with different cooling coefficients against
experimental phase data. Includes experimental phase data (black circles),
fitting with variable cooling coefficient (red solid line), fitting without cooling
coefficient (blue solid line), and fitting with constant cooling coefficient (green
dashed line).
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material surface and the configuration of the heat source during the
experiment, which could affect the amplitude measurements more
significantly than the phase measurements. Then, the phase results were
used for measuring the thermal diffusivity of the sample while the
amplitude-based results were discarded.

The phase depth distribution data of the experimental TW field from
P1 to P5 is shown in Fig. 6. To avoid overfitting, the number of training
points was gradually increased until the model’s performance became
satisfactory.

The phase depth distribution data of the experimental TWs field are
nonlinear, as shown in Fig. 6. The phase distribution of theoretical TWs
along depth was linear if the cooling coefficient was not considered in
the control equation or if a constant cooling coefficient was considered.
This oversight can lead to significant measurement errors in the thermal
diffusivity values. Notably, the first five data points in the experimental
TW field (next to the laser incidence surface) do not exhibit phase delays
along their corresponding depths. This may be due to one or more of the
following reasons: 1) these depths are within the energy deposition
range of the laser, resulting in a distributed thermal energy source. 2)
The position near the heat source may be influenced by source super-
posed boundary conditions, such as surface heat dissipation and uneven
heat source distribution. This could cause irregularities in the heat flow
direction and distribution near the heat source, thereby masking the
expected phase delay effect. 3) The actual heat source may not be an
ideal line-shaped source. If the heat source exhibits diffusion, the area
near the heat source would be affected by heat dissipating in multiple
directions, leading to the emergence of higher dimensional effects that
can affect the phase delay. Consequently, these first five data points
were excluded from the fitting process for thermal diffusivity.

The experimental phase data aligned closely with the theoretical
values in Fig. 6, when the residual of the PINN loss function with a
variable cooling coefficient was <1075, Furthermore, based on the best
fit results, the measured thermal diffusivity was found to be 6.28 x 107°
m?/s. Each time the PINNs were run, different thermal diffusivity values
were fitted due to the optimizer converging at various local minima.
This variability allowed for the identification of the fluctuation range of
the inverse problem solution through multiple runs of PINNs. The
fluctuation range of the measured thermal diffusivity was approximately
3 % after numerous iterations. Additionally, translating P1-P5 vertically
revealed that the fluctuation range of the measured thermal diffusivity
was only 1 %, indicating that the new NN method was insensitive to the
spatial location of the measurements. {1.2} The tailored design of our
PINN architecture has demonstrated significant advantages in address-
ing the complexity of thermal wave problems. Unlike traditional
methods such as finite element and finite difference methods, which
struggle with multi-scale coefficients and dynamic fields, our approach
leverages the meshless nature of PINNs and the embedding of physical
laws to achieve high accuracy and computational efficiency. The
dimensionless formulation of the BVPs has proven particularly effective
in mitigating the effects of multi-scale thermophysical coefficients,
while the separation of variables has allowed us to focus on the steady-
state component of the TWs field, reducing computational costs and
improving convergence. These design choices collectively enable our
PINN architecture to outperform traditional methods in both accuracy
and efficiency, making it a powerful tool for the thermophysical char-
acterization of GMPC.

Although the GMPC was placed in an approximately stationary
environment in air, natural convection and radiative heat transfer were
inevitably present in the experiment. A series of cooling coefficients,
represented by pixel strings along the depth profile at different vertical
positions, is shown in Fig. 7.

In Fig. 7, most variations in the cooling coefficient occur in the depth
direction, with only minor changes observed in the vertical direction,
suggesting that the test sample was essentially uniform in the vertical
dimension. To analyze the impact of different frequencies on the mea-
surement results, modulation frequencies of 0.01 Hz and 0.05 Hz were
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Fig. 7. The distributions of cooling coefficients over the camera viewing plane.

considered, corresponding to frame rates of 7.5 Hz and 30 Hz, respec-
tively. All other parameters remained fixed, and the measurement pro-
cess was similar to that used for the 0.02 Hz frequency. The measured
thermal diffusivity values at 0.01 Hz and 0.05 Hz were 4.77 x 10° m?/s
and 7.13 x 10 m?/s, respectively. It is evident that the thermal
diffusivity values measured at different excitation frequencies vary
significantly. This may be due to the combined effects of any hetero-
geneous regions in the GMPC, boundary cooling effects, deviations from
ideal thermal conduction models, and equipment limitations. To obtain
an accurate thermal diffusivity value, it is typically necessary to perform
a comprehensive analysis of the measurements across various fre-
quencies. Combining the measurement results from the three modula-
tion frequencies, the average measured thermal diffusivity was found to
be 6.06 x 107® m?/s, with a fluctuation range of 1 % to 3 %. The average
value compared favorably with similar metal powder compacts reported
by Rombouts et al., 3.75 x 10 m?/s [43], and fell within the same
numerical range as the GMPC made from water atomized, iron powder
ASC100, and pre-alloyed steel powders Astaloy Mo and Astaloy CrM
[44]. The differences in the predicted thermal diffusivity values may be
attributed to variations in the density of the test samples.

4.6. Impact of experimental factors on thermal diffusivity measurement
precision

In addition to the aforementioned computational errors, several
experimental factors, such as imaging ratio, temperature resolution, and
laser energy stability, significantly influence the accuracy of thermal
diffusivity measurements [45]. The scale of the measurement ruler
captured by the infrared camera is affected by the imaging ratio. A
stainless-steel ruler was used in this study, which has a higher emissivity
at the scale lines compared to other areas of the ruler. Clear images of
the ruler could be formed through precise focusing within the appro-
priate radiation temperature range. For the camera’s pixel density of
640 x 512, the imaging ratio factors were 14 steps per millimeter in the
horizontal direction and 16 steps per millimeter in the vertical direction.
Notably, differences in sensitivity and scanning time among the sensors
in the vertical direction made it difficult to accurately determine the
vertical imaging ratio. Therefore, the horizontal imaging ratio was
adopted. After multiple readings in the horizontal direction, a mea-
surement error of 0.05 steps per millimeter was found, which equates to
5 %. Consequently, the overall fluctuation in thermal diffusivity mea-
surements due to the imaging ratio factor and computational errors was
estimated to be between 1 % and 3.7 %. The influence of the camera’s
temperature resolution was minimal since the measurement of thermal
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diffusivity was based on phase data and variations in temperature res-
olution have a limited impact on the phase readings, thereby resulting in
a negligible effect on the thermal diffusivity measurement.

5. Conclusions

The analysis of TWs is challenging due to the non-steady state and
multi-scale interactions present in periodic transient thermal responses.
This study aimed to predict thermal diffusivity values by solving the
amplitude-phase coupled control PDEs and associated BVPs governing
dynamic (modulated) steady-state TWs. Recently, PINN has emerged as
an effective method for solving PDEs. The PINN algorithm and non-
dimensionalization steps were employed in this new NN study to facil-
itate the learning process of TW diffusion. The PINN framework suc-
cessfully addressed the inverse problem of the non-dimensionalized
amplitude-phase coupled control PDEs/BVPs, leading to the following
findings:

(1) Comparing the SNR of samples characterized by DC and AC
components showed that characterization of the AC component was
more reliable. It was crucial to effectively filter out the nonlinear DC
components to avoid the emergence of spurious frequencies below
the fundamental frequency in the calculation of TW amplitude and
phase. Furthermore, increasing the number of modulation periods
and reducing the frame rate drop could enhance the SNR of ampli-
tude and phase signals.

(2) The ability of the PINN to accurately reveal unknown thermal
diffusivity parameters through its inverse problem-solving capabil-
ities has been demonstrated. The proposed algorithm successfully
learned the thermal diffusivity parameters of GMPC under periodic
heating, with a fluctuation range of <3.7 %. The effectiveness of this
algorithm in solving the inverse problem was validated by
comparing it with reported parameter values of similar materials. In
cases of the inverse problem, even when utilizing experimental data
from different spatial locations during the learning process, the
fluctuation range of the predicted results was <1 %, indicating that
the new NN algorithm is both accurate and robust across various
measurement locations.

(3) while experimental system errors were not directly incorporated
into the training of the NNs, they still contributed to the computa-
tional results with an interference error of <0.7 %.

In summary, non-dimensional TW PDEs/BVPs within the PINN
framework can efficiently, robustly, and adaptively simulate diffusion
processes at the dynamic steady state. In future, this approach could be
extended to estimate the physical parameters of various diffusion waves
in combination with statistical and systematic error analysis methods to
address randomness.
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