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ABSTRACT

Fermi-Pasta—Ulam chains, made of n = 2,3,4 masses, taut by an end force, are considered in the static
field. Each mass has a second-order interaction with the surrounding masses. Springs are of cubic type,
with softening behavior. The equilibrium equations are derived by the total potential energy theorem. The
fundamental nonlinear path of each chain, exhibiting a limit point, is evaluated. Then, by controlling the
loading process by a displacement, instead of the force, a bifurcation analysis is carried out, to investigate
both the ascending and descending branches of the fundamental path. The analysis allows evaluating the exact
bifurcation points along this path, which manifest in number of n — 1. The study also highlights the existence
of a degenerate case in which all the bifurcation points coalesce at the limit point, an occurrence which is
excluded here by assuming that all the bifurcation points are well-separated. The n—1 primary bifurcated paths
are parametrically described in asymptotic form. Then, a post-bifurcation analysis is carried out along each of
them, aimed at discovering further bifurcation points. Stability of all the branches found (first bifurcated and
secondary bifurcated branches) is characterized from application of Lagrange-Dirichlet theorem. We show, for
the present discrete nonlinear elastic systems, that for some parameters of interest, the first bifurcated branch
may be stable, even if it loses stability in a secondary bifurcation scenario. The complex bifurcation scenario

is depicted by 3D and 2D bifurcation diagrams, and asymptotic results validated by numerical analyses.

1. Introduction

This paper is devoted to the bifurcation analysis in nonlinear elastic
lattices (naturally discrete periodic system) under elementary loading.
Such lattices can be regarded as schematic representations of physical
systems obtained by assembling elementary cells that exhibit second-
order interactions and constitutive nonlinearities. Relevant applications
include those discussed by Hegediis [1] and Friedman et al. [2], who
highlighted the possible occurrence of the snap-back phenomenon in
self-deploying antiprismatic columns. Equally important are studies in
the field of metamaterials, where several discrete systems have been
employed to discuss a gallery of problems, as: devices for energy
absorption and shock attenuation [3], 3D-printed soft metamaterials
and cellular structures [4,5], as well as meta-biomaterials for tissue
engineering [6].

The nonlinear lattice considered in this study is a one-dimensional
finite lattice, with nonlinear interactions, which exhibit various well
known phenomena in the field of elastic structural stability, such
as limit points, bifurcation and eventually coalescence between both
phenomena such as hill-top bifurcation. These phenomena are well
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identified and studied in structural mechanics (see for instance the
seminal books of Thompson and Hunt [7]; BaZant and Cedolin [8];
Koiter [9] or Luongo et al. [10]), but the systematic investigation of
bifurcation, especially secondary bifurcation phenomena, in discrete
periodic system with material nonlinearities is probably less explored.
The nonlinear lattice studied here is a system composed on finite num-
ber of particles connected by nonlinear restoring force of polynomial
type. Such a lattice is referred to a FPU (Fermi-Pasta—Ulam) lattice, due
to the first works of Fermi et al. [11] devoted to the numerical investi-
gation of such nonlinear lattices. Fermi et al. [11] studied the vibration
of such a finite lattice with three kinds of restoring forces, a cubic
one, a quadratic one and a piece-wise linear one. Research on wave
propagation in FPU chains have shown complex phenomena, including
soliton propagation, as largely investigated by Dauxois et al. [12],
Dauxois and Peyrard [13] or more recently by Vainchtein [14]. But
the static response of such nonlinear lattices, even under elementary
loading can also surprisingly reveal complex behaviors.

There are a significant number of papers on the static bifurcations of
finite and infinite FPU systems with direct and indirect interactions, and
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under elementary loadings. Up to now, most of the available results are
pure numerical results applied to this discrete nonlinear elastic system,
with direct and indirect interactions. The seminal paper of Triantafyl-
lidis and Bardenhagen [15] numerically explores the bifurcation of a
one-dimensional nonlinear finite lattice under pure tension (including a
generalized FPU system with quintic nonlinear restoring force and p =
2 interactions), and the capability of higher-order continuous system
to capture the behaviors of the discrete system. Triantafyllidis and
Bardenhagen [15] considered two types of nonlinear restoring forces, a
polynomial one and a logarithmic one. The first family, the polynomial
one, is a quintic restoring force which can be restricted to a cubic one,
as a particular case (and then it can be classified as a generalized FPU
lattice). Triantafyllidis and Bardenhagen [15] numerically detected a
cascade of close bifurcation points along the fundamental path, in the
vicinity of the limit point of the lattice response. A gradient elasticity
continuum model has been calibrated from the nonlinear lattice and has
been shown to capture the bifurcation phenomena of the lattice, for
the range of parameters numerically investigated. For the parametric
analysis that they conducted, i.e. for a large number of particles (n =
96 in the order of magnitude of hundred particles), Triantafyllidis
and Bardenhagen [15] showed, in particular, that both the discrete
and the strain gradient continuous approaches predict a cascade of
bifurcation values, which arise just after the limit point of the bifur-
cation diagram. The strain gradient continuous approach predicts very
close results compared to the discrete approach (numerical discrete
approach). The bifurcated branches have been shown numerically to
be unstable sufficiently close to the bifurcation points.

The stability of the fundamental homogeneous state in an infinite
nonlinear lattice was studied later by Truskinovsky and Vainchtein
[16] for nonlinear interactions based on Morse potential, and with
first, second and third interactions. Combescure [17] applied the same
methodology for polynomial interactions of quintic type, as initially
considered by Triantafyllidis and Bardenhagen [15]. Very few analyt-
ical studies have focused on the bifurcation properties of the finite
lattice, even under elementary loading. Findeisen et al. [18] numeri-
cally studied the response of a nonlinear lattice (piecewise linear or
with quartic interaction) under pure tension load, with only direct
interactions. Challamel et al. [19] highlighted the hill-top bifurcation
phenomenon present in a FPU lattice (with only direct interaction)
under pure tension load, with the existence of multiple branches at the
limit point, the number depends on the number of particles. The occur-
rence of the snap-back branch was also mentioned and an imperfection
analysis was also conducted. The hill-top bifurcation is well mentioned
in the literature for other structural systems such as the paradigmatic
structural system recently analyzed by Tanaka et al. [20]. The hill-top
bifurcation does not arise for FPU system in presence of distributed
load, where localization is enforced along the critical particle of the
chain (see Hérisson et al. [21]).

For the perfect FPU system with first-order interactions, Challamel
et al. [19] showed that, when the springs are all equal (i.e., no imperfec-
tions are present), the multi-degenerate hill-top bifurcation occurs, in
which a large number of branched paths, (i.e., 2" —1, with » the number
of masses), all unstable, branch off from the non-trivial fundamental
path at its limit point. Successively, in a recent paper, Challamel
et al. [22], introduced second-order interactions in the chain (meaning
that each particle exchanges internal forces with masses two steps
away, on the left and on the right). They proved a number of interesting
properties of the chain, namely: (a) the higher-order internal forces
destroy the coalescence among the bifurcated paths, moving them
either on the left or on the right of the limit point of the fundamental
path; (b) the order of the buckling modes is the ‘natural’ one (i.e., the
lowest mode has largest half-wavelength) when bifurcations follow the
limit point, but it is reversed (i.e., the lowest mode has smallest half-
wavelength) when bifurcations precede the limit point (i.e., the most
interesting case); (c) for a degenerate combination of the mechanical
parameters, the hill-top bifurcation exists also in the second-order FPU
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chain, at which all branching points, of different half-wavelengths,
coalesce at the limit point. The following conclusions were obtained
in [22]: (i) there is a domain in the space of structural parameters,
where both the discrete and the strain gradient continuous approaches
predict a cascade of bifurcation values, which arise just after the
limit point in the bifurcation diagram; here, the gradient continuous
approach predicts very close results compared to the discrete approach;
(ii) however, there is also a domain of structural parameters where the
bifurcations precede the limit point and where the continuous approach
cannot precisely capture the behavior of the discrete system.

The boundary in the space of structural parameters, where the
validity of the continuous approach starts to fail, coincides with the
condition of the so-called hill-top bifurcation (degenerate case) high-
lighted by Challamel et al. [19] for p = 1 (just one interaction or simple
FPU system). Analytical expressions for buckling loads and modes of
the FPU lattice with p = 2 interactions were obtained in Challamel
et al. [22] by solving difference equations with proper boundary condi-
tions. The study of Challamel et al. [22], which predicts the bifurcation
values (linearized problem) of the discrete FPU system for all range of
structural parameters, has been supported by numerical exploration.
However, a systematic bifurcation diagram for all values of n (the
number of particles) and in the whole space of structural parameters
was not performed, including all primary and post-bifurcation range.

In this paper, we intend to extend the analysis of Challamel et al.
[22] to the nonlinear field, by investigating theoretically and numeri-
cally the post-critical behavior of second-order FPU chains. However,
since the problem appears to be extremely intricate, also in the ap-
proximate context of the asymptotic theory of bifurcation, attention
is limited here to lattices made of few particles (namely, n = 2,3,4).
The choice is also suggested by the fact that, while for long chains,
there exist an extended ‘internal domain’, far from boundaries, in which
the field difference equation holds, when the chain, instead, is short,
the boundary conditions extend their influence to a significant part
of the domain, making of interest their study. It is worth stressing
that, since our scope is to analyze nonlinear bifurcations occurring also
on the descending branch of the fundamental path, according to the
asymptotic method, the bifurcation parameter cannot be identified in
the load, but in a displacement, here taken as the total elongation
of the chain. Thus, the interest is focused on displacement-controlled
loadings. However, the force at the end of the chain is also computed
as a reactive force, possibly decreasing with the displacement. In this
perspective, the case n = 2, already studied in Challamel et al. [22] as
force-controlled, is here reconsidered. The whole study is carried out
under the hypothesis that the degenerateness condition discovered in
the previous paper does not occur, i.e., the bifurcation values of the
controlling displacement are well-separated. The case of degeneracy or
nearly-degeneracy is left for future investigation.

The paper is organized as follows. In Section 2, the equilibrium
equations for the three chains under study are derived, together with
the relevant fundamental paths. In Section 3, (primary) bifurcations
from fundamental paths are analyzed. Bifurcation points and modes are
evaluated and asymptotic expressions for branching paths are obtained.
In Section 4 the possible occurrence of (secondary) post-bifurcations
is investigated. Here, the analysis is limited to evaluate possible bi-
furcation points on the primary bifurcated paths, by renouncing to
a viable (but tedious) analytical evaluation of the secondary paths.
In Section 5 a stability analysis of all paths so far determined is
carried out analytically, based on the Lagrange-Dirichlet theorem. In
Section 6 bifurcation diagrams, in 2D and 3D, are built-up, to describe
the complex bifurcation scenario suffered by the three chains. Here,
comparison between asymptotic and purely numerical results is also
performed. Finally, in Section 7, some conclusions are drawn and a
perspective of the research is outlined. Few Appendices close the paper,
in some of which details are given and one of which a discussion is
presented about stability of displacement- vs force-controlled processes.
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Fig. 1. Chain models: (a) two-masses, (b) three-masses, (c) four-masses.

2. Models

We consider three Fermi-Pasta—Ulam (FPU) chains with second-
order interactions, made of n = 2, 3,4 equispaced masses, a distance a
apart (Fig. 1). The first-order interaction is exerted by springs of linear
stiffness k; > 0 and cubic stiffness M, > 0, connecting adjacent masses.
The second-order interaction by springs of stiffnesses k, > 0, M, >
0, connecting alternate masses. To account for boundary conditions,
springs of ‘half length’ are considered, and therefore having stiffnesses
amplified by 2 (the linear ones) or 8 (the cubic ones). The chain is
fixed at the left end and free at the right end, where a force F is
applied. The displacements of the masses u; (i =1,2,...,n) are taken
as Lagrangian parameters. In the paper, we will mainly consider a
displacement-controlled loading mode, where the end displacement is
prescribed. The case of the force-controlled loading mode will be also
discussed in a secondary step.

The elastic energy of a single fixed-free spring, undergoing a dis-
placement u at its free end, is:

U=ik~u2— !

4 L
2 j EMju, j—l,z (l)
The axial force in the spring, F := %, is:
F=k L 2
= k= My, @

This is a soft constitutive law, exhibiting a limit point. Referring to the
spring 1, it occurs at:

ky

u i=a s
3M,

2
F := Sk, 3
3
Equilibrium equations. We derive the equilibrium equations of the FPU
chains by using the Total Potential Energy (TPE) theorem. When n = 2
(Fig. 1a) the TPE reads:

1 1 1 2
W=k + 2ky)u; — vy (M, +8M,) uf + 5 Vet +2k2) (uy —uy)

L 1 1
) (M, +8M,) (4, - ”1)4 + §k2u§ - EMzug — Fuy.

The following nondimensional parameters and variables are intro-
duced:
ka M, F Y;

wi=d imgf wimE m=gl ©)

4

with (4, F;) defined in Eq. (3). Here, « and f are second-to-first
order stiffness ratios for linear and cubic elastic forces, respectively.
Accordingly, the larger a, 8, the large is the weight of the higher-order

internal forces in the chain. By using the definitions in Eq. (5), letting
W := 2 and omitting all tildes, the TPE reads:

kl“,
1 2 1 4 1 2
W= E(l + 2a)uy — - (1+8p)uj + 5(1 +2a) (uy —uy)
(6)
1 4 1 2 1 4 2
- 1+8p) (u2 —ul) + Eocu2 - Eﬁu2 - 5””2'

The equilibrium equations are drawn from the stationary conditions

(;TW =0, i = 1,2, which provides:

2+4a -1 +20)| (u Si(uu)\ _ (0
[—(l+2a) 14+ 3a ]<M2>+<f2(“1’“2) - % ’ @
where:

<f1> 1 ((1+8ﬁ)[(uz—u1)3—“ﬂ>_ ®)

£) T 3NA+8P) () —uy) 3 = pud
By proceeding in the same way, the following nondimensional
equilibrium equations are drawn for n = 3 (Fig. 1b):

2 4 3a —1 —a uy i (u;) 0
-1 243a —1=2a(fuy|+| f> ()| =n[O], ®
| -« —1-2a 143a [\us Ve (u,) %
and for n = 4 (Fig. 1c):
_2+3a -1 —a 0 Uy 1 (”i) 0
-1 2420 -1 —a |uwf | f2 () 0
- 1
—a -1 243a  —1-2a||us " I3 (w) Mol 49
0 —a -1-2a¢ 1+3a |{w) |/i(w) 3

where f; (u;) are cubic homogeneous functions. Details are reported in
Appendix A.

Fundamental path. The equilibrium Egs. (7), (9) and (10) admit the
following solutions, describing the non-trivial fundamental path F:

1 i X n—1

By = A= A = A n=23.4, (11)

where A4 := u, is the total elongation, satisfying the last of the
equilibrium equation, namely:

n=2: jh= iA[3(1+4a)— i(1+16ﬁ)42], (12a)
n=3: ﬁ=%A[(1+4a)—%(1+16/})A2], (12b)
n=4: ﬁ:%A[3(1+4a)—%(1+16ﬂ)A2]. (120)

It is easy to check that a limit point L occurs, in the three cases, at:

1+ 4a (1 +4e)
4, =/ o=y S =2.3,4, 13
L= 116 M 1+ 168 " a3
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i.e., at the same value of the force u;, and at the same value of the
specific elongation ATL.

Displacement-controlled loadings. In what follows, it is found more con-
venient, to consider loading processes governed by the end displace-
ment 4 := u, > 0,' instead of the load. This procedure is suggested
by the occurrence of the limit point L on the fundamental path, which
makes no possibility of taking the load as bifurcation parameter, if also
the softening behavior is of interest. Moreover, the approach permits
to reduce to n — 1 the degrees of freedom of the system, namely u :=
(uys ... u,_y), so that the Lagrangian equilibrium equations are the first
n—1 of Egs. (7), (9) or (10). Once displacements have been computed,
the last scalar equation provides the reactive force u.

The equilibrium equations for the three chains, accordingly, trans-
form as follows:

n=2: Q+4a)u; + f (u;;4) = A(1 +2a), (14a)
24 3a -1 u u,—,A
=3: 14b
n=3 -1 2+3a] (u2> ( u,, ) (1 + 2a > (14b)
2+ 3a -1 —a |(u (u,,A) 0
n=4: -1 2+2a -1 ||lu|+ fz(u,,A) =4 a (140)

—a -1 2+ 3a [\uy ( ) 20

In this perspective, the TPE (needed to detect stability) is still
given by Eq. (6) and analogous in Appendix B, but deprived of the
load term, which expresses a reactive work. For later purposes, the
>*w

Hessian matrices of the TPE, i.e., K(u;4) := o
10u;

] ,2 are computed

in Appendix A.
3. Primary bifurcations

An asymptotic bifurcation analysis is carried out to detect bifurca-
tion points C,, and relevant primary bifurcated paths P,, branching from
the fundamental path F.

3.1. Perturbation equations

We consider the equilibrium Eq. (14), in which we express the
unknowns u; in the following incremental form:

u; =i; +uv;, i=1,...,n—1 . (15)

Moreover, we describe the bifurcated paths by parametric equations
i = v;(e), A = A(e), where ¢ is a parameter, taken zero at the
bifurcation point. By expanding the parametric equations, starting from
e =0, we have:

v

v; (€) = €V, + €2, + €30, (16a)
A(e) = A, + ed, + €24 (16b)
ion g. 1= %4 joo= L
Here and ahead, we use the notation ¢, := ! oy b T3 2 o
3
g. = é 37” , for any magnitude g = q (¢) on the path.

By separg?ely equating to zero the terms with the same powers of ¢
in Eq. (14), we get perturbation equations of the form:

EI . Kcvc — 0, (173)
e K, =-f, (v.4,). (17b)
e Ky, =-f (v V.. 4. 4,). (17¢)

Here, K, = K (01 (4,);
matrix at the (unknown) branching point; v := (Ul,

4,) (see Appendix A) is the tangent stiffness
,v,,_l)T is the

1 Indeed, 4 < 0 provides symmetric solutions, for which u < 0.
2 Although the work of the force should be suppressed in this expression,
it is inessential in establishing the second derivatives of W'.
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unknown vector, and f,, f, are ‘known term vectors’, since they depend
on quantities evaluated at the previous steps. Eq. (17a) is first solved for
the three chains (Section 3.2), in order to find one or more bifurcation
points C,, on F; then (Section 3.3), Eqs. (17b), (17c) are tackled to
build-up the bifurcated paths P,, emanating from F at C,,.

3.2. Bifurcation points and critical modes

The first of the perturbation Eq. (17) is solved for the three chains,
to find the critical values 4,,, (m = 1,2, ...) of the bifurcation parameter
4 and the associated critical modes v,,, (here normalized as max |v

1).

Two-mass chain. When n = 2, Eq. (17a) reads:

cml_

[2+4a— %(1 +8ﬂ)A§] 0 =0, (18)
so that just one primary bifurcation point C, exists, at which:
1+ 2a T
: A =2 =M. 1
G el 1185 1 =1 19)

By recalling that the limit point of the fundamental path occurs at 4;,
as given by the first of Eq. (13), we observe that:

» when a < 4f, then A; < 4., i.e., the bifurcation points follows
the limit point;

» when a > 4p, then 4., < 4, i.e., the bifurcation point precedes
the limit point;

» when a = 44, then 4; = 4
with the limit point.

.1, i.e., the bifurcation point coalesces

Three-mass chain. When n = 3, Eq. (17a) reads:

1(2 2 _ ﬁ )
3(3+4ﬁ)Ac 1+ (1)1):(0). 20)

SYM 2+3a——< +4ﬁ>42 0 0

2+3a—

Since the characteristic equation is quadratic in Af, two primary bifur-
cation points C, , are found, at which:

1+3

(& A = 3\1 ﬁ, =, nr, (21a)
1+

C: A, 1+4"’ﬂ, 5 = (1,=1)7 (21b)

By recalling the definition of the limit point in Eq. (13), we observe
that:

» when a < 4p, then 4; < 4, < 4,,, i.e., the two bifurcation points
follow the limit point;

» when a > 4p, then 4, < 4, < 4, i.e., the two bifurcation points
precede the limit point;

» when a =48, then 4; = 4., = 4,,, i.e., the two bifurcation points
coalesce at the limit point.

It appears that, when « < 4p, the chain buckles in a mode, v,;, in
which the displacements have the same sign; when, instead, a > 48,
the chain buckles in a mode, v,,, in which the displacements have
opposite sign. The buckling modes, according to [22], are sampled
sinusoidal functions, namely: of half-wavelength L in mode 1 and of
half-wavelength L/2 in mode 2, with L = 3a the total length of the
chain.

Four-mass chain. When n = 4, Eq. (17a) reads:

_ R }
2+ 3a —1+ % —a+ pA?
1
—§(1+6ﬂ)A§
el 0y 0
l2+201 _1+E o, |=]0]. 22)
— L +4p) £ o) o
2+ 3a
| SYm —%(1+6ﬁ)A§_
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Since the characteristic equation is cubic in Af, three primary bifurca-

g

tion points C| , 3 are found, i.e.’:

C,: 4, ::4\/1 +2a+ \/E(a_4ﬂ)+8ﬂ(l +a)
1+ 16 + 32

14 2a
1+8p

. .\/1+2a—\/§(a—4ﬁ)+8ﬂ(l+a)..<\/§ \/§>T
Cy:4,5:= , V3 o= .

1+ 168 +32p2

Cy: Ay =4 s Ve = (1,0,=D7,

Since the limit point of the fundamental path occurs at 4;, as given
by the first of Eq. (13), it follows, that:

» when @ < 4f, then 4; < A, < A, < A, i.e., the three bifurcation
points follow the limit point;

» when « > 48, then 4, <4, <4, <4 i.e., the three bifurcation
points precede the hm1t pomt

» when a =4, then 4; = A, =4,=4
points coalesce at the limit point.

oys 1€, the three bifurcation

Again, when a < 4p, the critical mode v, has equal signs, when a >
4p, the critical mode v_; has alternate signs. The buckling modes are
sampled sinusoidal functions of different half-wavelength, namely: L
in mode 1, L/2 in mode 2 and L/3 in mode 3, with L = 4a the total
length of the chain [22].

The present analysis confirms the existence of a degenerate case,
a = 4p, discovered in [22], at which interaction between different
bifurcations occur. As it is well-known in bifurcation analysis, the study
of degenerate cases is mandatory (e.g., an iconic example of nonlinear
interaction is represented by the Augusti model [10,23]), since the
geometric structure of the degenerate bifurcation permits to explain
(via continuous perturbations) the geometric structure of the non-
degenerate cases, even when these latter are far from the coalescence.
This problem will be tackled in a forthcoming paper.

3.3. Bifurcated paths

From each bifurcation point C,, a primary bifurcated path P,, origi-
nates from 7, that we want to express in asymptotic form (see Fig. 2 for
a qualitative sketch). In this paper, we will assume that the bifurcation
points C,, are all distinct and well-separated, i.e., a — 48 = O(1). To
evaluate the tangents to P,, at the branching points, the ¢> order within
Eq. (17) must be tackled. Since the stiffness matrix K, is singular, the
compatibility conditions V7 f. (V,,:4,,) = 0 must hold, separately for
each of the bifurcation modes; from them, 4, is derived. By truncating
the analysis at this order, the bifurcated path is approximated by its
straight tangent line at C,,. To obtain a more accurate representation,
the ¢ order equations must be solved for V., (e.g., by ignoring the
complementary solution) and compatibility enforced at the ¢ order,
by requiring that V7 . (V.. Vep: ey Aem) = O for each m; from these
latter, 4,,, is evaluated. By truncating the analysis at this order, also
the curvature at C,, is captured, and the bifurcated path extrapolated
as a degree-2 algebraic curve. Calculations are detailed below for the
three chains.

3 Alternative expressions for 4, ; are:

l+<2i\/§)a
1+(2¢\/5>4ﬂ’

Az =4 (23)

2 -
which coincide with those found in [22], namely (j—) = =
L

accounting for sin’ (%) = ‘[, sin’ ( - ) = V2

4

mx
I+4a sin” ( ]
Ky

168 .2
Trigp S (

)
7

International Journal of Non-Linear Mechanics 179 (2025) 105246

AA
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Fig. 2. Qualitative sketch of: the fundamental path 7 and its limit point L;
a primary bifurcated path P, emanating from C,; a secondary bifurcated

path S, emanating from B,. Points C, and B, can be either pitchfork or
transcritical bifurcation points.

Two-mass chain. The perturbation Eq. (17) read:
1

el [2+4a - 50 +8ﬁ)A§,] by, =0, (25a)

2 [2+4a - %(1 +8ﬁ)A§,] B1e = (1 + 88) Ay Agy 01, (25b)
3. 1 2 . . 2.3

e [2+4a -5 +8ﬂ)Ac]] i = (1+8p) [ A deyye + 507, (250)

1. : .
+ 50 (24,14, +A§])],

the first of which has already been used (Eq. (18)) to evaluate 4, (as
in Eq. (19)) and 2. = 1. With 4,; computed, the left members of all
the successive perturbation equations vanish, so that, for compatibility,
also the right members must be zero. Therefore, from the second
equation, 4,, = 0 is drawn. By taking the arbitrary quantity ;, = 0,
compatibility of the third equation finally provides:

2

Ay =~ . 26
el 34 (26)

With the previous results, coming back to the original variables, the
bifurcated path P is described by the parametric equations:

uy (e) = %A(e) +e€,

2
3Acl

(27a)

Ae) = A, — € +0 (). (27b)

If also the reactive force u is of interest, it can be evaluated from
the last of Eq. (7), as a function of the same parameter e. Since
displacements are expressed as power series of ¢, the same occurs for

the force, which assumes the form:
W= o +efig+ i+ 0 (€3), (28)

where (index 1 denotes evaluation on path P):

et = }L [301 + 40 - % (14160 &2, 4y = 7 (4a1), (29a)

e = 3 [+ 8942 - 401+ 200 (29b)
4+ 160+ (5 +32p)42,

fey =— . (29¢)

84,1

Three-mass chain. The perturbation Eq. (17) for the n = 3 chain are
governed by the matrix K, in Eq. (20), and know terms f, (v, 4,),
f. (V. V.. 4., 4,) given in the Appendix B. By solving them in sequence,
the following results are obtained:
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« path P;:
Ay =0, V= (=b.0)", (30a)
A"cl _ a+27(1+4p)+82+98)+ 1 V., = ©0.0/7 .
2(a —4p)\/(1 +3a)(1 + 12p)
(30b)
where: i, = U6V A3 A+125) Véiljz);mzﬁ).
» path P, :
_3d-2p) . T
2= 304 Voo =(0,0), (31a)
A, = _w Vi, = (, O)T. (31b)

2 s ro0+ap?

It is observed that the slope 4., of P, is zero, so that one looks at
the curvature, which is 4,; =2 0 when « = 4. Displacements along
P, change with 4, in such a way v, (¢) Z v; (¢) when a Z 44; moreover,
the symmetric mode m = 1 is changed by an antisymmetric correction.
In contrast, the slope of P, is 4, = 0 when § $ %, a result which
is expected to affects its stability. It is also interesting to note that the
critical mode m = 2 is not altered by nonlinearities (up-to the ¢ order),
so that the incremental displacements v, (¢), v, (¢) remain equal and
opposite while the control parameter 4 increases. Finally, note that the
asymptotic expansion for P, breaks down close to a = 4p.

With the previous results, coming back to the original variables, the
bifurcated paths are expressed as follows:

- path P;:
| 1 1 _(1+6ﬂ)\/(l+3a)(1+12ﬂ)
ue) = 34 <2> e <1) +¢ wap s |+ OE:
6(a—4p)
(32a)
Ae)=3 [1+3a L2 M2+ 2P +4P) +8F 2 +9H) + 1 PN
1+12p 2(a — 48V + 3a)(1 + 128)
(32b)
* path P,:
_1 1 1 4
u(e) = 3A(e) <2> +e (_1> + O(e"), (33a)
A =3/ 1F 30=2p) 5 L+452+p)] Lo,
L+4f 20440 g+ a)(1 +4p)7
(33b)

Concerning the reactive force, it is expressed as in Eq. (28), with the
following coefficients:

+ path P;:
9a+20p+96af+2 | 1+3a
= , 34
Hel 5 11257 (34a)
by =0, (34b)
1620af? + 261af + 10a + 50452 + 808 + 3
jigy = —2204b af + 10a + 5045" + 805 +3 (340)
44/(1 +3a)(1 + 126)3
+ path P,:
1la —4p +32af +2 1+a
_ / , 35
Heo ) a +4ﬂ)3 (35a)
9(1 = 28)(a - 4p)
= _SPAC TP 35b
ez 4(1 +4p)? (350)
) 27 [ar (1286% + 7652 + 328 + 3) + 1126% + 4047 + 208 + 2|
Heo = — .

16V/(1 + a)(1 + 4p)S
(35¢)
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It is noticed that the slope i, of P, is zero, and the curvature /i, always
negative; the sign of the slope ., of P,, depends both on « = 48 and

1
>1

pz3.

Four-mass chain. The stiffness matrix of the n = 4 chain appears

in Eq. (22) with know terms given in Appendix B. By performing
analogous steps, the results listed below are drawn.

+ path P;:
(17\/57411)(32132“6/1“)
. 1 \/75 8(a—4ﬂ)[8(\/§—1)ﬁ+\f2}
u@©) = JA@|2f+ef 1 +€%4, 0 +0(e),
3 V2 (l—ﬁ—4ﬁ)(32ﬂ2+16ﬂ+1)
: T ()]
(36a)
alala(vV2+1)p+2|+v2—-1
e (el (varr)ee] }
Ae) = 4, +A_Cl( T (36b)
4(27\/5—38)ﬂ+8\/§-11 5 2
* 3267+ 16f + 1 -2 2_l>+0(€’)’
with 4., in Eq. (24).
+ path P,:
, 1 1
u(e) = —A@)|2]|+e| 0 [+ 0@, (37a)
4
3 -1
A2 3
A(e) = A, —€ 34, +0(€”), (37b)
with 4., in Eq. (24).
+ path P;:
(1+\/E—4ﬁ)(32ﬂ2+1613+1)
| 1 g saap[s(V2r1 )57
u©) = gA@|2[+ef-1 +€24,, 0 +0(e®),
3 V2 (1+v2-4p) (329>+16p+1)
2 xm-4ﬁ)[8(ﬁ+1)ﬁ+\/§]
(38a)
e (H(als(v2-1)p-2]+V241)}
Ale) =A3— — (38b)
A a—4p

4(27 2+38)ﬂ+8\/§+11

+ —2V2+1 )+0(),
3282+ 16 + 1

with 4.5 defined in Eq. (24).

It is worth noticing that 4., = 0 for any paths. Moreover, while the

antisymmetric pattern of the buckling mode m = 2 is unaffected by

nonlinearities (to within the truncated order analysis), the symmetric

buckling modes m = 1,3 are instead corrected by antisymmetric

displacements induced by the variation of the control parameter A.
The expressions for the reactive forces are omitted for brevity.

4. Secondary bifurcations

A bifurcation analysis is carried out along each path P,...,P,_;
branching from 7, to detect the possible occurrence of further
(secondary, or successive) bifurcations (see Fig. 2).

A bifurcated path P,, is known in the parametric form u = u(e), 4 =
A(e), as expressed by Eq. (27) for the two-mass chain, Egs. (32), (33)
for the three-mass chain, and Eqgs. (36)-(38) for the four-mass chain.
To detect a secondary bifurcation points B,, (possibly more than one)
along it, and to build-up the secondary bifurcated paths S,, emanating
from it, incremental displacements w are introduced, measured from
P, ie.:

u=u(e)+w. (39)
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The secondary bifurcated path is sought in the parametric form w =
w(s), ¢ = e(s), with s a new parameter, vanishing at C,,, and then
expanded as [23]:

W () = SW) + S7W) + -, (40a)

e(s)=¢,+ seg + szel’)' + e, (40b)
ro._ dq no._ 1 d%q mo._ 1 dq

where @G = Gl B T 7o »q) = 3 , for any

-0 =0
magnitude g = ¢ (s) on the path; moreg)ver, ¢, is the (unkrsl wn) value

of ¢ selecting B,, along P,,. By using the series expressions within Eq.
(40) in the n — 1 equilibrium Eq. (14), a sequence of equations similar
to Eq. (17) is obtained. By solving them in cascade, the unknowns

;; el:, wg’ ; ) are evaluated, able to describe the secondary path(s).
However, owing to the complexity of algebra, we renounce to such a

(€5, W

cumbersome analysis, and confine ourselves to determine the secondary
bifurcation point at ¢,, by postponing the construction of the path to the
numerical analysis. In this regard, the power of the asymptotic analysis
is fully exploited, in detecting the qualitative character of the solution,
and in guiding the successive numerical analysis.

Accordingly, just the s! order perturbation equation is computed,
having the following form:

Klp, (e,) W) =0, (41)

where K|;, (e) is the tangent stiffness matrix to P, at B,,. The non-
trivial roots of the characteristic equation det [Klpm (eb)] = 0 are the
critical values sought (since the trivial solution ¢, = 0 reproduces the
bifurcation at C,,).

Referring to the generic point ¢ on P,, (in order to build-up expres-
sions of Klpm (e) useful also for the successive stability analysis), we
observe that, since K|, (¢) is a polynomial function of ¢, and the paths
P, are expressed to within an error of order (€*), it must be taken for
consistency:

Klp (e)=K,, +eK,, + 'K, +0 (%), (42)

where K, = Kip, (0) is the stiffness matrix evaluated at the primary
bifurcation point C,, (i.e., the matrix K, appearing in Eq. (17) evaluated
for each critical value 4,,,), and K,,,, K,,, are the derivatives of K| (¢)
with respect to ¢, evaluated at C,,.

To simplify the analysis, the following strategy is adopted: (a) if
the first-order perturbation K,,, gives a non-trivial answer, i.e., a non-
zero root ¢, is found, then the analysis is truncated at this order; (b) if
such a lower-order approximation gives no significant roots, then the
second-order approximation K_,, is accounted for. For the three chains
analyzed, we find the following results.

Two-mass chain. The stiffness matrix of the two-masses chain is given
by Eq. (A.5). To compute it at a generic point of P, the parametric
equations u; = u,(¢), 4 = A(e) in Eq. (27) must be substituted in it, and
terms up-to €2 retained. It follows, that

Klp, (0 = [-301+8p)¢] . 43)

Since det [K (¢;) |p| = 0 admits only the trivial root ¢, = 0, it follows
that the primary bifurcated path P, does not post-bifurcate.

Three-mass chain. The stiffness matrix of the three-masses chain is
given by Eq. (A.6). To evaluate it at a generic point of P;,, the
parametric equations u; = u;(¢), 4 = A(e) in Egs. (32) or (33) must be
substituted in the matrix, and terms up-to ¢* retained. We obtain the
results reported below.
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Fig. 3. Map of the real roots of the post-bifurcation condition in Eq. (45),
relevant to P,. The regions corresponding to zero or two post-bifurcated paths
are shaded in light gray and dark gray, respectively.

Path P; The stiffness matrix in Eq. (42) reads:
3(@—4p) |-1 1 2 r 0
Klp, (= 1(a+—12;[;) [ 1 —1] B [0 —1]

1 _ __2 a(135(44+1)+8)
2 (5(9‘”'2) 726 1+12p 3(126+1)(a—4p)

_ 3Qa+2)(5a+2) 4p(54p+13)+3
+ & a—4p 3(128+1)(a—45)
a(135p(4p+1)+8) 1 _ 2
3(128+1)(a—4p) 12 ( 5Oa +2) - 724 14124
4B(54p+13)+3 _ 3Ga+2)(5a+2)
30128+ D(a—4p) a—4ff
+0(e),

(44)

where also second-order terms were retained. Indeed, if the matrix were
truncated at the first order, K|p (6)=0 would provide only the double
root ¢,; = 0. By including also the second-order terms:

3(a —4B)(1 + 2a + 16 + 27ap + 724% + 108a52)

_ . 45
o i\/(1+9ﬂ)[1+16ﬂ+44ﬂ2—144ﬂ3+a(216ﬁ2+52ﬂ+3)] “

and ¢, = 0 is found again. The roots of Eq. (45) are reals when a > 48
or when:
14443 — 442 — 166 — 1
21662 +526+3
The region of existence of the roots on the (a, f)-plane, which corre-
spond to two post-bifurcated paths, are displayed in Fig. 3.
Path P, The stiffness matrix in Eq. (42) reads:

(46)

1468 5
apa+2p|t ().

(47)

Klp, (0 = £ [1 1]—9 A2 [4’“”2/’)

T+4p |1 1] “1+4p| 1+6p

in which we neglected O (€?) terms. By taking e = ¢, and solving

det [Klp2 (e,,z)] =0, we find the nontrivial solution:

e = 2(a—4p) . (48)
Ay (14108 +8p2)

Hence, ¢,, 2 0 according to @ = 4p. Therefore, just one secondary

bifurcation point B, exists along P,. It should be noticed that the

distance between C, and B, is proportional to the difference a — 4p.

Thus, when the degenerate case a = 4f is approached, secondary and
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4(2:3\/§)ﬂ¢2\/5—1 86+ V2+2

_ ALmALm +A U
4

SYM

Z ,

a—4p
K —_ =4 —2(4 2 2_1)
T 3R 168 + 1 w2 (424 V22
SYM
+1 (21 \/§> 0
K. = 0 i(\/_x
+1+2V/2
+\/‘ Z_Acm4z\}m %¢\/§
+p (-t 24,5, - 4) +2 (f,,, F 40)
K,, = +2V2-3 - f(A,h,, +2) 27

+ (-

—114(\/§¢2)ﬂ

86+2+2 , (51)
4(213\/§)ﬁ12\/5—1
(52)
1BA By F 4B, ]
V2+ 180, A,y F40,) (53)

+V/2-2-
—“2%—241 v, 4)_

Box I.

primary bifurcation points tend to coalesce (similarly to what happens
in the Augusti model [23]).

The critical mode is sz (1, DT, which the projection of the
tangent to S, at B, onto the (u;,u,) plane, an information useful for
a numerical search of the post-bifurcated path. It is observed that
P,, along which the deflection is antisymmetric, post-bifurcates in a
symmetric pattern. The total elongation corresponding to ¢;,, by the
way of Eq. (33), turns out to be:

3(1-2
42 =3y 11++40;a * ”2221 +4£; 0 (e) -
The load at the same point is evaluated by the last of Eq. (33):

_ lla—4p+32af +2 1+a 9(1 —2p)(a —4p) 5
s 2 \ @+app * P a1+ apr +0(e)-

(50)

(49)

Four-mass chain. The stiffness matrix of the four-masses chain is given
in Eq. (A.7). When the matrix is computed at a generic point of P, , 3,
the parametric equations u; = u;(e), 4 = A(e), given in Egs. (36)—(38),
respectively, must be substituted in the matrix, and terms up-to €2
retained. It has been checked that, if terms of ¢ order were neglected,
only the trivial solution ¢, = 0 would be found. For the different paths,
we obtain the results reported below.

Paths P, ; The matrices in Eq. (42) (m = 1,3) assume the form
shown in Egs. (51) to (53) in Box I, with 4,,, (m = 1,3) defined in Eq.
(24), and 4,,,, ¥.,, appearing in Egs. (36) (m=1) and (38) (m = 3).
The relevant eigenvalue problem leads to a sixth-degree characteristic
equation of the type:

[e}, + fu(@. B el + 8y (@B e, =0, (54)

where f,, (-),g,(-) are not reported for brevity. Eq. (54) admits the
double root ¢, = 0; moreover, it admits two, one or zero positive roots
egm, according to the values of «, 8. A discussion of the roots of the bi-
quadratic equation, leads to the maps in Fig. 4, in which the regions of
existence of the roots are displayed on the (a, f)-plane. When no roots
€2 > 0 exist for Eq. (54), the path P, does not post-bifurcate. When

bm
. 2 . . . .
just one root ¢;, > 0 exists, two secondary bifurcation points B appear

along P,, at ¢ » respectful of the symmetry of the paths.

When two roots ¢2

=+
> 0 exist, four secondary bifurcations points

&2
bmk

€2
bl’b2

+ — +
Bm’k (k=1,2) occur on P,, at €k =T

Since at the post-bifurcation point the stiffness matrix does not
possess any reflection symmetry (since the entries (1,1) and (3,3) are
equal in K. K,,, but opposite in K,,,), the buckling modes w} are
neither symmetric nor antisymmetric. Once ¢,,, has been computed, the
relevant total elongations and load are evaluated by Eq. (36) or (38).

Path P, The matrices in Eq. (42) assume the form:

-1 2 -1
-4
Keo = T+ Sﬂ -2
g SYM -1
55

5 1 g (55)
. 1+ 2a 2 1
Ko=4y/—— 1 -5

1488 2
SYM 28
) -2(1+6p) 1 4p
K, = 3 -2(1-2p) 1 (56)
SYM —2(1+6p)
The relevant characteristic equation is:
[C0€22 + 51522 + 52552 + 36 + ¢y 6132 =0, (57)
where:
1 +2
¢ =407 =~ 7. =120 Tig5
_ 3(a(46f + 6) + 8B(f + 3) + 3)

@ 2P +4 : 58)
o = _Ya—-4pHd +45) [1+2a o = 9(a — 4p)>
E 2p+4 1+88" 7 8(1+8p)2

Again, a double zero root is found; moreover, there exist zero, two or
four real roots ¢, ;, to each of which a secondary bifurcation point B,
is associated.

Since the discussion of the complete quartic equation is not easy, as
an attempt to factorize the equation, the invariance property of K|y, (€)
with respect the exchange w), « wm was exploited. Accordingly, the
eigenvalue problem in Eq. (41) was spht in two sub- problems ie: ()
the antisymmetric problem, in which wbg ;1, b2 =0, and (b) the
symmetric problem, in which wj}, . By denoting by k;; (¢,) the

components of Klp, (ep), the two sub problems read:

_w

(ki1 (e5) = ky3 (€5)] Wiy =0, (59a)
gl Bl (0. o
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Fig. 4. Map of the positive roots of the post-bifurcation condition in Eq. (54), for: (a) path P, (b) path P;. Zero, one or two positive roots denote the existence
of zero, two or four post-bifurcated paths, with the corresponding regions indicated in light, medium, and dark gray, respectively.

25

20

Fig. 5. Map of the real roots of the post-bifurcation condition Eq. (57),
relevant to P,, revealing the existence of zero, two or four post-bifurcated
paths, with the corresponding regions indicated in light, medium, and dark
gray, respectively.

the first of which being quadratic and the second quartic in the un-
known ¢;. Unfortunately, the antisymmetric problem only admits the
double zero root, so that the symmetric problem returns the quartic
characteristic equation of the whole problem. However, although un-
successful, the attempt gave us the information that P, (along which
the deflection v, is antisymmetric) post-bifurcates (if it does) by a
symmetric mode w/. The quartic algebraic equation is discussed in
Appendix C; the relevant results are represented in Fig. 5, where a map
identifies the regions of the (a, #) plane, in which the number of the real
roots is indicated.

5. Stability analysis

The stability of the equilibrium paths of the chain is ascertained by
the Lagrange-Dirichlet theorem. This states that an equilibrium point
of a conservative system is stable if the TPE is positive definite, i.e., if

its Hessian matrix possesses all positive eigenvalues. Expressed the
path under study in the parametric form u; = u;(e) (i=1,...,u,_;),
PW(e)
Ou;ou;
tangent stiffness matrix to the path at the point of abscissa e. Its (all
real) eigenvalues 4;(¢) are the roots of the characteristic equation
det[K(e)—A(e)I] = 0. If all 4; are positive, then the equilibrium
point at e is stable; if even just one of the eigenvalues is negative, the
equilibrium is there unstable.

It is worth stressing that we are studying the stability of equilib-
rium points existing in (quasi-static) displacement-controlled loading
processes. This entails that no limit points occur along the fundamental
path, so that stability can only be lost via a branching point. If, in
contrast, force-controlled loadings are also of interest, the further loss
of stability at the limit point L must be accounted for. The topic is
tackled more in-depth in the Appendix D.

A = A(e), the Hessian matrix K(¢) := coincides with the

Two-mass chain. The stiffness matrix of the two-mass chain is expressed
by Eq. (A.5). To evaluate this matrix on the fundamental path 7, ¢ = 4
must be used as parameter and displacements replaced from Eq. (11)
(for n = 2), to obtain:

K|y (4) = [2+4a— %(1 +8ﬂ)A2], (60)

(i.e., the matrix in Eq. (18), but evaluated at a generic 4, instead of
A.;). This 1 x 1 matrix is definite positive when 4 < 4., and definite
negative when 4 > A4,,. Therefore, F loses stability at the bifurcation
point C; and remains unstable above it.

To evaluate stability of the bifurcated path P;, the stiffness matrix
in Eq. (43) must by examined. Since it is negative definite for any e,
the primary bifurcated path is unstable, irrespective of a £ 48.

Three-mass chain. The stiffness matrix of the three-mass chain is given
by Eq. (A.6). Using € = 4 as parameter and displacements expressed by
Eq. (11) (with n = 3), the stiffness matrix evaluated on the fundamental
path F is expressed by:

+3a—%(§+4ﬁ)A2

A2
—1+?

A2
-1+ 4

K|z (4) =
a 243a-1(2+4p) 2

, (61)
(which coincides with the matrix K, in Eq. (20), evaluated at a generic
4, instead of 4,,,). Its eigenvalues are:

A (4)=3+3a— %(1 +4p) 4%, (62a)
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A (d)=1+3a- %(1+ 125) 4%, (62b)

By remembering the definitions of the critical values 4.,, in Eq. (21),
it follows that 4,, = 0 at 4 = 4,,,, m = 1,2. Since both eigenvalues
A, (4) monotonically decrease with 4, starting from a positive value, it
happens than once the smallest of them vanishes (i.e., 4, when a < 48
and A, when a > 4p), stability is lost along the fundamental path,
and not regained along this path. Therefore, F is stable below the first
bifurcation point and unstable above.

The stability of the paths P, ,, is governed by the stiffnesses matrices
K|pl_2 (e) in Egs. (47), (44), respectively. The eigenvalues of Klp1 are
roots of:

24 <6(a—4ﬂ)

2
11125 +0(e ));1
B A{a[27p(1 +4p)+ 2]+ 1+ 882+ 9pP)} &2
1+ 128
Since the known term of this equation is negative, then 4,4, <0, i.e., P,
is unstable (close to C)).
The eigenvalues of K|, are:

1
1+4p

A (€)= (1-2p) €A,

(63)

+0(%) =0.

A(e) = [2(a—4p)— (1410 +8%) edy] . (64a)

(64b)

from which it follows:
« for ¢ > 0:

—ifa>4pand g < %, P, is stable up to € < ¢,, with ¢, given
in Eq. (48), i.e., before the post-bifurcation occurs at B,;
- otherwise P, is unstable;

« for € < 0:

- ifa>4pand g > %, P, is stable;

- ifa <4p and g > l, P, is stable for € < ¢, with ¢, given in
Eq. (48), i.e., after the post-bifurcation occurs at B,;

- otherwise P, is unstable.

In conclusion, the chain loses stability at the lower bifurcation point. In
the post-critical range with ¢ > 0, it can regain stability along the lowest
bifurcated path only if « > 44 and g < % However, even under these
favorable conditions, the chain loses stability again at the secondary
bifurcation point B,. For ¢ < 0, the chain is stable when a > 4p and
p > %, or it can regain stability along the bifurcated path P, when

a<4pand f > %, after the post-bifurcation occurs at B,.

Four-mass chain. The stiffness matrix of the four-mass chain is given by
Eq. (A.7). On the fundamental path 7, ¢ = 4 is taken and displacements
expressed by Eq. (11) (with n = 4); consequently:

24 3a £_1 1
—5(6p+ DA
AZ
K| (4) = 2 +a) R A (65)
- @p+ 1A
SYM 24 3a
- é(Gﬁ + a2
whose eigenvalues are:
A (dy=2- 2+2a-1—16<2-\/5+8ﬁ>42, (662)
Ay (4) =2+ 4a — %(1 +88)4%, (66b)
/13(A)=2+\/§+2a—%(2+\/§+8ﬁ)A2. (66¢)

10
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For this case, a discussion entirely analogous to that made for the
system with three masses applies. Therefore, F is stable below the first
bifurcation point and unstable above.

Finally, regarding the stability analysis of bifurcated paths, due to
the complexity of the algebra involved, it is more convenient to proceed
numerically. However, such an analysis is omitted here, for the sake of
brevity.

6. Numerical results

The asymptotic results derived in the preceding sections are here
compared with purely numerical analyses (carried out by the software
Wolfram Mathematica [24]) to assess their validity. Specifically, for
each of the configurations with two, three, or four masses, two case
studies were examined: the first with « = 16 and g = 0.1, falling under
the condition a > 4p, and the second with « = 0.1 and g = 4, where
a<4p.

In Fig. 6, the exact equilibrium paths, obtained from the numerical
solution of Eq. (7), are shown in green when stable and in red when
unstable, while the asymptotically determined bifurcated paths are
shown in black when stable and in gray when unstable. In Fig. 6a,c, the
paths are represented in the 3D (u;, 4, ) space, with A = u,, while in
Fig. 6b,d, a 2D representation is provided in the (4, ) plane. Generally,
the curves from asymptotic analyses closely match the numerical ones
in a neighborhood of the bifurcation points, to step away far from these
points. In particular, by referring to the case a > 4p, it is observed that
the bifurcation point precedes the limit point on the fundamental path,
emanating from the origin of the space/plane, while in the case a < 48,
the bifurcation point follows the limit point. In both cases, no post-
bifurcations are observed, consistently with the asymptotic analyses
results.

In Fig. 7, the results concerning the system with three masses are
analyzed; numerical results correspond to the solution of Eq. (9). In this
case, Fig. 7a,c depict projections of equilibrium paths in the 3D space
(uy,uy, 4), where A = ujz, while Fig. 7b,d are analogous to those in Fig.
6. Similarly to the preceding system, an excellent agreement between
numerical and asymptotic results is observed here close to bifurcations.
Notably, bifurcation points precede or succeed the limit point on the
fundamental path depending on whether a 2 4p; it is noteworthy that
in the (u;,u,, 4) space, the fundamental path appears as a straight line
passing through the origin. In Fig. 7a, pertaining to the case a > 4p, it
can be observed that the bifurcated path P,, emanating from the point
nearest to the origin, exhibits a post-bifurcation, and remarkably, there
is a close correspondence between the predicted point via asymptotic
and numerical analyses. Additionally, path P, does not manifest post-
bifurcated paths, although the asymptotic analyses (Eq. (45)), predicted
post-bifurcations. This is due to the fact that the asymptotic approxi-
mation is too poor to describe with sufficient accuracy the exact path.
Nevertheless, it is observed that this latter path exhibits a limit point
with respect to 4, which, although in an erroneous way, is found as
branch points on the approximated path. This result could be proven
to be general, but the relevant discussion is omitted here. Paths in Fig.
7¢,d are qualitatively analogous.

The results depicted in Fig. 8 complement the scenario analyzed
in this study. In Fig. 8a,c, projections of equilibrium paths in the
3D space (u;,u,,4), where A = u,, are presented, while Fig. 8b,d
are planar projections. Once again, an excellent agreement between
asymptotic and purely numerical analyses is observable close to the
bifurcation points. Furthermore, from the two case studies, it is evident
that the bifurcation points either precede or succeed the limit point.
Particularly in Fig. 8a, it is apparent that path P, exhibits two post-
bifurcations, consistent with the findings of Fig. 5. However, the results
of asymptotic analyses in this instance are only qualitatively accurate,
not quantitatively, as the post-bifurcation occurs far from the bifurca-
tion. Analogous considerations to those made for the three-mass system
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Fig. 6. Equilibrium paths of the two mass chain: (a), (b) a = 16 and f = 0.1 (a > 48); (c), (d) a =0.1 and f =4 (« < 4p). Asymptotic solutions are shown in black
when stable and gray when unstable; numerical solutions are shown in green when stable and red when unstable. (For interpretation of the references to color

in this figure legend, the reader is referred to the web version of this article.)

hold for the other predicted post-bifurcation points on P 3, as discussed
in Fig. 4.

7. Discussion, conclusions and future work

The critical and postcritical behavior of Fermi-Pasta-Ulam (FPU)
chains has been studied. The chains are made of n = 2,3,4 masses,
linked by nonlinear springs with softening cubic constitutive law, con-
necting adjacent masses (modeling first-order interactions) as well
as alternate masses (modeling second-order interactions). The chain
in fixed at the left end and subject to a prescribed displacement at
the right end (equal to the total elongation of the chain), taken as
bifurcation parameter; it has, therefore, n — 1 degrees of freedom. A
fundamental path is found, along which the displacements of the mass
increase proportionally to the bifurcation parameter, while the reactive
force at the right end exhibits a limit point. Primary bifurcation points
and related bifurcated paths branching from the fundamental path have
been determined. A post bifurcation analysis of the primary bifurcated
paths has been carried out, aimed to detect possible post-bifurcations.
The stability of all the branches found has been ascertained by applying
the Lagrange-Dirichlet theorem. The whole analysis has been per-
formed analytically, by using asymptotic methods, and results validated
by purely numerical investigations. The following main results have
been drawn.
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1. The mechanical behavior of the FPU chains is governed by two
nondimensional parameters, a, f, which measure the second-to-
first-order elastic constant ratio, for the linear and nonlinear
parts of the constitutive law, respectively.

. There exists a degenerate condition, i.e., « = 48, that identifies
a degenerate condition in which all the primary bifurcations
coalesce at the limit point. If @ < 48 the bifurcations occur at
the left of the limit point, if « > 48 on the right. Moreover, the
critical modes appear as ‘naturally’ ordered (i.e., for decreasing
wavelength) when a < 4p and in reverse order when a < 48.
Only the non-degenerate case a« — 48 = O(l), in which the
bifurcations points are well-separated, has been studied in this
paper.

. The FPU chains exhibit a bifurcation scenario whose complex-
ity increases with the number of masses n. The primary bi-
furcated paths are n — 1 in number. The buckling modes are
sampled sinusoidal functions, so that they are symmetric or
antisymmetric.

(a) When n = 2, only one bifurcated path exists, gener-
ated by a sub-critical pitchfork bifurcation. It is unstable,
irrespective of a = 4p, and does not post-bifurcate.

When n = 3, there exist two primary bifurcated paths,
one associated with a symmetric (S), the other with an
antisymmetric (A) buckling mode. The S-path is generated
by a pitchfork bifurcation, which is super-critical when
a > 4 and sub-critical when a < 4p. The response along
the S-path changes from symmetric to non-symmetric,

(b)
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Fig. 7. Equilibrium paths of the three mass chain: (a), (b) « = 16 and g = 0.1 (« > 4p); (c), (d) « = 0.1 and f = 4 (« < 4p). Asymptotic solutions are shown in
black when stable and gray when unstable; numerical solutions are shown in green when stable and red when unstable. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

(@

since nonlinearities triggers antisymmetric corrections,
whose sign depends on « = 4p. The A-path, instead, is
generated by a transcritical bifurcation; its slope at the
bifurcation point has a sign which depends on f £ % and
zeroes in the special case g = 1, for which the bifurcation
becomes a sub-critical pitchfork. The response along the
A-path remains antisymmetric, to within the order of
the perturbation expansion carried out. Concerning sec-
ondary bifurcations, the S-path can post-bifurcate or not
depending on the values of the parameters « and g, while
the A-path does, at a value of the incremental elongation
(with respect that on the fundamental path) which is posi-
tive or negative according to « Z 4. Concerning stability,
the S-path is always unstable; the A-path, instead, follows
a more complex rule: (i) it is unstable if « < 48 (i.e., when
it is the highest mode), (ii) it is stable when a > 4p
(i.e., when it is the lowest mode), but only if g < %
and, however, only before the occurrence of the post-
bifurcation, at which it loses stability; (iii) it is unstable
ifa<4f and § > %

When n = 4, there exist three bifurcated paths, whose
buckling modes, naturally ordered, are: one symmetric
of large wavelength (LS), one antisymmetric (A), one
symmetric of small wavelength (SS). Both the S-paths are
corrected by antisymmetric components triggered by non-
linearities, while the A-path is unaffected by corrections,
thus remaining antisymmetric (as in the n = 3 case).
The S-paths possibly post-bifurcate in a even number of

12

points (i.e., 0, 2, 4) according to combinations of the
parameters, which fall in regions of the (a, §)-plane, which
have been determined in a map, built-up analytically.
Post-bifurcations occur in pairs relevant to equal and
opposite values of the incremental elongation. The A-path
also post-bifurcates in an even number (i.e., 0, 2, 4) of
generally not symmetrically disposed points, according to
a similar map. Stability of the bifurcated paths could be
ascertained by numerically evaluating the Hessian of the
total potential energy, but this has been omitted here for
the sake of brevity.

4. When the loading process is displacement-controlled, the chain
can only lose stability via a branch point; when it is force-
controlled, also via a limit point. The topic has been discussed
with reference to the n = 2 chain. It is stressed, however, that
the asymptotic analysis demands that the fundamental path is
expressed by a single-valued function, which suggests using the
displacement (and not the force) as the bifurcation parameter.

As further developments of the research, nowadays in progress, two
aspects of the problem should be investigated. The first concerns the
analysis of the degenerate case a« = 4f, in which it is expected that
all primary and secondary paths bifurcate from the limit point, via
a mechanism which is well exemplified by the Augusti Model [25].
Moreover, the analysis of the nearly-degenerate case a ~ 44 should
explain how such bifurcated paths split to generate the scenario il-
lustrated here for the non-degenerate case. The second aspect to be
analyzed concerns the effect of imperfections in both non-degenerate
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Fig. 8. Equilibrium paths of the four mass chain: (a), (b) « = 16 and g = 0.1 (a > 4p); (c), (d) « = 0.1 and p = 4 (a < 4p). Asymptotic solutions are shown in
black when stable and gray when unstable; numerical solutions are shown in green when stable and red when unstable. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

and nearly- or perfectly-degenerate cases. It is expected that when the
modes are well-separated, imperfections mainly affect the single modes
via modal projections. In contrast, when the modes interact as nearly-
simultaneous, the imperfect paths could develop in the whole config-
uration space, before being attracted by a specific path, an interesting
question deserving attention.
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Appendix A. Equilibrium equations and hessian matrices

The equilibrium equations for the n = 3,4 chains are derived.
Moreover, the Hessian matrix of the TPE for n = 2,3,4 are computed.

Equilibrium equations. The nondimensional TPE of the three-mass chain
(Fig. 1b), by using the quantities defined in Eq. (5), is:

1 2 1 4 1 2
W= 5(1 + 2a)uy — - (1+8p)uj + 5(1 +2a) (u3 — uy)

1 1 1
- 5 (1+89) (5 —uw)t+ 5 (1= )’ - = (> —u) (A1)
1 1 1 2 1 4 2
+ zaui - Eﬂu‘%%— Ea(u3 —"1) - Eﬂ (u3 —u]) - 5[“43.
From it, the equilibrium Eq. (9) follow, in which:
fi ! ﬂ(u3—u1)3+(u2—u1)3—(1+8ﬂ)u?
f|=3|0+80) (w3 —up) ® + (wy —up) > = pus | (A.2)
/3 Bup—u3)3 +(1+8p) (uy —u3)3
Analogously, the TPE of the four-mass chain (Fig. 1c) is:
1 1 1 2
w=3a + 27 — s +8p)ul + 5 (1+2a) (ug = u3)
1 4 1 2 1 4
- E(l +8ﬂ)(u4—u3) +§ (uz—ul) Ty (uz—ul)
1 2 1 4 1 1
+ 3 (uz —up)” = o (uz —up)" + Eau% - ﬁﬁug (A.3)
1 2 1 4 1 2
+ i (u3 _”1) - Eﬂ(ug,—ul) +§a(u4—u2)
1 2
_ Eﬂ (ug —u2)4 - S Hus;
which leads to the equilibrium Eq. (10), in which:
fi ﬂ(u3—u1)3+(u2—u1)3—(1+8ﬁ)u?
f 1 ﬂ(u4—u2)3+(ul—u2)3+(u3—u2)3—ﬂug
= s 3 NE (A4
f3 3 ﬂ(ul—u3) +(l+8ﬂ)(u4—u3)~+(u2—u3)‘

fa Buy—uy)®+(1+88) (3 —uy)?

Hessian matrices of the TPE. The Hessian matrices of the TPE, in the
context of displacement-driven loading, are derived from the second
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3a+2—(1+8f)u? (ug—uy)? -1 Bus—u)?—a
=B (3 —uy)? = (up —uy) 2 R 5 X
21 -p(A- - - -1
K(u;4) = (1) =f(4-)" = P (15~ 12) (A7)
- (“2—“1) —(“3—“2)
3a+2—(1+8p) (4—u3)?
SYM B (uz—uy)? = (u3 — )
Box II.
variation of Egs. (6), (A.1), (A.3). The following results are obtained. . 1 1 1 1
(1. . 1o 1. L2\4
Forn=2: ch = ( U1cU2¢ VY, Uy U3 + U3c) c
2 4 2 4 (B.6)
K(u; 4) = [2+4a — (14 8p) (42 —24u, + 247)], (A.5) + <%—ﬁg2‘, - +%>A‘.Ac,
for n=3: " L 1. 3,
fe3 = (ﬂv1£v3c ﬁulc UZCU3C - ngc + zﬁugc) A,
3a+2—[3(A—u1)2 (uz—ul)z—l | 3 5 (B.7)
2 2 . . 3 :
K sy — | 1+ 8008 = (1~ ) e * (3 - T B0 s,
’ 3a+2— (uy—uy)? ’
SYM —(1+88) (4—up)? = pu and:
for n =4, as given in Eq. (A.7) in Box IL fe1 = U%CUZE - Ulcvgc + ﬂv?cv% - ﬂvlcvgc - SﬁU?C - gu?c
1.3 1,3
Appendix B. Nonlinear terms of Eq. (17) *3 05t §ﬂ U3
The components of the vectors, f, = (f,;), f, = (f,;),i=1,....n—1, ( 1, . 1, . - - -
- S — Bis, iy, — -3
appearing in the perturbation Eq. (17), are reported here. For the n = 3 F 730201 = 5 O1elae = BOselie = POrelse = 3h01c01e
chain they are: + %ﬁZC Uy, + P, ﬁ%) A,
. 2
(25 5 —2 _)A 3 . 1 1,20\ B.8
Je1 ( 3UIcU2c ﬂU + 3U20 6D + ( =010y — PU1. 03, — E[}U%C + Z %C + Eﬂugc) A, (B.8)
4 209 i ’ i .
< EL UIC+T>ACAN + < ;ﬂ”lc U10+%+_ﬂﬁ3c> 4.4
.. 2. . 1 ) ) )
=(= ) A 3
Jer (3U]cv2c 3 Ve B0y ) Ac B.2) + < =B — ulc+ 16 <+ ﬂu3c>
+ <201€ 3/}0 4u‘2C>A i . : )
- 2poy, — . ) . .
9 37T g )T + < SBore - Ulc+%+—ﬂv3c)AcA
and:
. 13 92 2. 2,3 2.3 13
fo = D%CDZC - glcggc - 3ﬁl;?c - §U1c + %Ugc for = UZc + Ulcu .t 3 V1e ~ D23, + 05,03, 3ﬂv2C 302 + 505,
1 1 1 1 1
R TR +(_ ~ Lo Lonn = Lints, Lot )
4 ( 5 2cU1c _ §U1CU2(‘ _4ﬂU1cU15 + 5”20”20) Ac 2U2cvlc UlcUZC Zvlcvlc 203cu2c 2”20U3c 2U3cU3c ¢
2. 1 . +<1vu - 2—100 +102>A‘
+ ( 5 D109 — ZﬂU + §U2L>A 2 2¢ UVl ) 2¢V3¢ 2 3¢ c
il i 3
e (S22 0 ®3) (g ),
3 c 9 c 9 c=c
U l.JZC U3¢ i2
4 2 ; + [ — —= A?
+ < 2P0 - ulc+7>A§ < 6 ﬂvzc 8 16>
0 0 "
8 4 20 Zle _ _ 22 4 3¢ A A,
+<3ﬁv“ le 9ZC>AA +<8 Pae 4+s e
2 . I 1. . 2 (B.9)
feo = —vfcuzc + vlcvgc + EU?C - 3ﬂv;£ - 3020
+ (§UZEUIC + §Ulcu2c - gulcvlc +4ﬂ02002c) Ac fl‘3 = _ﬁv?cvﬁ + ﬂUlCU%c + gﬁU?c + UZCU%C - U%cvh
2. . 1, . : 1.3 . 2.3
+ (gul U2€_§”%¢'+2ﬁU§C)AC + SUZC_SﬂU _§U3c
20 4 R B.4 - - - 1. . 1. .
+ < l;u = 3P0 - l;zc > A4, ®9 + (ﬂUchlc + P01 Vs = PO1cD1e + 503 Dae + 5023
+ <U1c 4ﬂﬁ 20,, ) i - EvchZc + 3ﬂU3cU3c> A,
= Zpo,, —
9 3 9 )% B\ g2 (B.10)
204, 400\ + ﬁvlc - -ﬁ bse =5 ) A
+ — S Py, — A4,
9 3 2 1 3 U
~pi C — Zfiy, - =< | A4
For the n = 4 chain: * <2ﬂvlc * 2ﬂ03c 4 ) e
. 1. . L . 1. 3. ;
fcl = <_§Ulcv2c - ﬂvlcy3c - ﬂvlc _Uzc + ﬂU3c> ¢ + (ﬁUlCU3C - ﬂvlc 020030 - ngc + _ﬁu.'zit) AC
) (B.5)
0 ) 1
< ﬁvlc Ulc + % + Eﬂl'}}c) AcAc + <5ﬁul¢ - _ﬂ U3 — ) A A
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Appendix C. Discussion of the quartic Eq. (57)

The number of real roots ¢,, of the quartic characteristic equation,
obtained from the factorization of Eq. (57) (and relevant to the path
P, of the four-mass chain), is discussed based on the results reported
in [26]. As is well known, by introducing the change of variable ¢,, =
x — 4”7‘0 (see, e.g., [27]), the complete equation can be reduced to

x*+Px*+0x+R=0, (C.1)

where P, Q, and R are real functions of the coefficients ¢, = ¢, (a, f).
The reduced quartic Eq. (C.1), with O # 0, and discriminant
4(P?+12R)’ - (2P - 2PR +270?)’
27
=16P*R — 4P3Q% — 128P?R> + 144PQ’R — 270" + 256R>,
admits [26]:

(C.2)

- four distinct real roots if P <0, 4R — P2 <0, and D > 0;

« no real roots if at least one of the conditions P > 0 or 4R— P2 > 0
holds, and D > 0;

+ two distinct real and two complex conjugate roots if D < 0;

« at least one double real root if D = 0.

As highlighted in [26], the proof of these results is due to Lagrange
[28].

The above conditions define the root map of ¢, as illustrated in
Fig. 5.

Appendix D. Stability of the fundamental path in force-controlled
loadings

If the loading process of the chain is driven by the force x4 (and not
by the displacement 4), it is expected that stability of the fundamental
path F is affected by the occurrence of the limit point L, in addition
to the primary bifurcation points C,,. The topic is discussed, as an
example, by referring to the simplest two-mass chain.

The TPE of the chain is expressed by Eq. (6), in which u, is a
Lagrangian parameter, and pu, is an active work. The second variation
of the TPE provides the Hessian matrix at a generic u = (u;,u,) point,
ie.:

4o 42 8+ Dy —up)> —2a—1
—(8B+ 1) (2u? = 2uyuy +113)

K(u;p) =

SYM 3a+1-pul

— (8 + 1)(uy — uy)?
(D.1)
When the matrix is evaluated on the fundamental path 4; = %122, it
becomes:
da+2- L8+ a2 (2ﬂ+ i)ué —2a—1

K@ (u);p) = (D.2)

SYM 5

3a+1-(3p+§)ﬁ2 ’
in which 4, = @, (u) is not free, but related to the assigned load u
by the last of the equilibrium condition in Eq. (7). However, such a
dependence cannot be made explicit, since the function is not single-
valued. Therefore, stability is studied as dependent on #,, and the
relevant results attributed to the values of y in equilibrium with 4,.

The stability of the fundamental path is governed by the (real)
eigenvalues A;, of K(ii(u); u); however, since they assume a cumber-
some form, the invariants of the matrix, 7, := tr [K(@(x):p)] and I, :=
det [K (8 () ; )| are instead discussed, being I) = A;+4,, I, = 4, 4,. The
first invariant is linear in ﬁg; it zeroes at:

G =2 Ta+3
O 286 +3’

(D.3)
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and it is positive on the left, negative on the right. The second invariant
is parabolic in 43; it zeroes at:

PRt 1+4a PR 1+ 2a
2L\ Tr16p° e 1+88°

and it is positive externally to the two roots, and negative internally.
Here, d4,; = A; (first of Eq. (13)) is the displacement of the end mass
at the limit point, and i, = 4, (Eq. (19)) is the displacement of
the end mass at the (unique) bifurcation point of the displacement-
controlled loading process. The corresponding values of the load are:
Uy, as given by the second of Eq. (13), and y, as expressed by the first
of Eq. (29). Hence, the present analysis provides the branching point C,
already determined, together with the limit point L (which is instead
absent in the displacement-controlled process). As a matter of fact, the
stiffness matrix is one-dimensional when u, governs the loading process
(Eq. (18)), while it is two-dimensional when u governs it (Eq. (D.2)).
Based on the dependence of the invariants on #,, it follows:

(D.4

» ifa <4p, then i,; < dyp < iy¢; this entails that I, >0, I, =0at L
(.e, 41, =0,4; >0),and I, <0,I, =0at C; (i.e.,, ;¢ <0, 4yc =
0); it is concluded that the chain loses stability at the limit point,
which is not regained at the successive branching point;

+ if @ > 4p, then i, < il,p < il ; this entails that I; > 0,1, =0at C,
(e, 4jc =0, 4 >0),and I, <0, I, =0at L (i.e, 4;; <0, Ay, =
0); it is concluded that the chain loses stability at the branching
point, which is not regained at the successive limit point.

Data availability

Data will be made available on request.
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