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1. Introduction

In this manuscript we study the connection between nonlocal dynamics on infinite graphs and the cor-
responding local counterparts in the underlying Euclidean space. This problem is a natural consequence
of the recent interest in evolution equations on graphs, motivated by applications to data science, among
others. Graphs are indeed a suitable mathematical structure to classify and represent data, as done in
[7,37,38,61,49,67] and the references therein. Furthermore, it is worth to mention recent advances in the
use of graphs in the context of social dynamics or opinion formation, [57,4,66], kinetic networks, [10], and
synchronization, [40].

In this work we consider the nonlocal interaction equation on graphs, introduced in [30], which is relevant
to detecting local concentrations in networks. We will refer to it as nonlocal-nonlocal in view of the nonlocal
nature of the graph.

More precisely, we think of equations describing mass displacement among vertices — points in R% —
connected according to a given weight function, n in the following. One of the essential differences with the
Euclidean space R? is that on the graph the mass is moving rather than the point. More precisely, in R?
we usually describe movements of particles with an associated mass, whilst on the graph the particle, or
vertex, is fixed and the mass is transported. In order to cope with this structural property, one needs to
consider suitable interpolating functions so that to be able to describe the flux, hence the dynamics. We
refer to [30,29,44] for more details, as well as related works [56,58,16]. Another important aspect is to deal
with a large number of entities, for instance individuals or data; hence it is crucial to consider discrete and
continuum models. The setup introduced in [30] allows to consider both descriptions in a unified framework,
as follows.

The class of partial differential equations (PDEs) we consider can be specified through three elements: a
nonlocal continuity equation, an upwind flux interpolation, and a constitutive relation for a nonlocal velocity.
The nonlocal continuity equation is concerned with the time-evolution of a probability measure p; € P(R?),
for t € [0, T, where mass located at a vertex z € R? can be nonlocally transported to y € R? along a channel
with capacity, referred to as weight, given by an edge weight function 7 : R% x R\ {z # y} — [0, 00). The
nonlocal continuity equation on a time interval [0, 7] is of the form

Dy + Ay =0, with  div js(de) = / 0, y)dji(,y), (1.1a)
RI\{z}
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where the flux is a time-dependent antisymmetric measure, j; € M(G), on theset G = {(z,y) € R** : n(z,y)
> 0}, being R2? := {(z,y) € R x R? : © # y}. We will use the shorthand notation (p, ) = ((p¢)s, (ji):) €
NCEr for any solution of (1.1a), cf. Definition 2.12.

The relation constituting the flux depends on a o-finite absolutely continuous measure x4 € M*(R%), as
n [30,44,29], wherein g acts as an abstract notion of vertices of a graph. More precisely, we associate to
a nonlocal time-dependent velocity field v; : G — R the induced flux by using an upwind interpolation as
follows

djt(z,y) = ve(@, y) +d(p @ p)(z,y) — ve(z,y)-d(p @ p) (2, y). (1.1b)

Here, for a € R, we denote with ay = max{a,0} and a_ = max{—a,0} the positive and negative part,
respectively. Intuitively, the support of i defines the underlying set of vertices, i.e., V' = supp p. In particular,
any finite graph can be represented by choosing y = u™ = §,,/N, for x1,z2,...,2x € RY.

The last element of the model is the identification of the velocity field in terms of a symmetric interaction
potential K : R* x R* — R and a potential P : RY = R by

vt(xay) = *WK *pt(may) —VP(:E,y), (11C)

where the nonlocal gradient is defined by V f(z,y) = f(y) — f(x).
System (1.1) was introduced in [30] as a Finslerian gradient flow of the interaction energy

/ K (z,y)dp(y)dp(z) + / (2)dp(z). (1.2)

R2d

Note that the velocity field is given as the nonlocal gradient of the first variation of the energy, that is vy =
~VE&'(py), where £ (p) = K *p+ P denotes the variational derivative of £ and (K *p)(z fRd (z,y)dp(y),
for any x € R

An intriguing problem is to understand the limiting behavior of weak solutions to (1.1) as the graph struc-
ture localizes, i.e., the range of connection between vertices decreases, while the weight of each connecting
edge increases. Following a formal argument presented in [30, Section 3.5], one expects to approximate weak
solutions of the more standard nonlocal interaction equation on R?. However, as we shall see, the intrinsic
geometry of the graph impacts the limiting gradient structure of the equation. Accordingly, the main goal
of this work is to provide a rigorous proof of the local limit of the system (1.1) along a sequence of edge
weight functions n° : R?? — [0, co) defined by

. 1 Tty T—y
n (Z‘,y) T €d+219( 2 ’ € )a (13)

in terms of a reference connectivity 9 : R? x R4\ {0} — [0, c0) satisfying the Assumptions (9;) — (9¢) below.
The scaling in (1.3) leads to the local evolution

Owpr = div(p, T (VK % p, + VP)), (NLIET)

where the tensor T : R — R?*¢ depends on the nonlocal structure encoded through the reference measure
and the connectivity 9.

(NLIET) can be similarly decomposed into three components. First, the local continuity equation on R
given as

8tpt + diVjt = O, (14&)
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where now 7; € M(R% RY) is a vector-valued flux. Second, a kinetic relation, for the flux in terms of a
vector field ¢, : R? — R? encoding the tensor structure of (NLIET) as

d
Ji(dz) = pi(da) T (z) 0 (x) = pi(da) Z T ()0 1 (x)e;. (1.4b)
i k=1

Third, a constitutive relation for the velocity linking to the interaction energy (1.2) given by
@t = —VK % Pt — VP = —Vgl(pt) (].4(3)

We provide a rigorous proof for the convergence of system (1.1) with n° given through (1.3) to the sys-
tem (1.4), in case of C' interaction kernels. This result is somewhat sharp since for attractive pointy
potentials one does not expect convergence of weak solutions, as pointed out in [30, Remark 3.18].

First, we give an heuristic argument and match each of the three elements of the systems (1.1) and (1.4),
separately. The nonlocal continuity equation (1.1a) can be represented by its local counterpart (1.4a) thanks
to a continuous reconstruction for the nonlocal flux. More precisely, we denote by div. 5 the nonlocal diver-
gence as defined in (1.1a) with 7 replaced by n° given in (1.3); see Definition 2.7. Next, in Proposition 3.1,
for any j¢ € M(]R/Qd) and any € > 0 we construct a local vector-valued flux ° € M(R% R?) such that
div, j¢ = div j°. Inspired by [75,51], we use a superposition with needle measures defined as one-dimensional
Hausdorff measure Hﬁm’y]] restricted to the line-segment [x,3] C R? from 2 to y. The tentative definition
of 7° is, for any Borel set A, is then

A= 5 [ e A0 e @) ). (15)
GE

However, checking that the measure-valued local divergence of the above measure agrees with the nonlocal
divergence of j¢ asks for special uniform integrability properties of j¢, which are not necessarily verified in
our setting. For this reason, we proceed by exploiting a finite approximation of (1.5) by replacing j¢ with an
empirical approximation j%,. The actual measure j is obtained as a suitable limit of the sequence )3, defined
as in (1.5) with j© replaced by j%. Since the argument is based on compactness, the uniqueness of such a
limit is not achieved nor can we ensure that the limit has indeed the representation (1.5). For the present
application, the mere existence is sufficient. We point out that the “reverse” question on the decomposition
of measure-valued divergence vector fields into one-dimensional needles is studied in [75, Theorem C] and
commented on in [1, Remark 4.4].

Having established the continuous reconstruction, the constitutive relation for the velocity (1.1c) can be
localized under suitable regularity assumptions on the kernel K and potential P. Indeed, for |x —y| = O(e),
neglecting higher order terms in &, we obtain the identity

v (2,y) = 05 (x) - (y — ) with 05 (x) = (VK * pi)(z) — VP(x). (1.6)

The crucial mathematical step consists in the combination of the above two equations through the upwind
flux interpolation (1.1b). Formally, if the measures p and p; have a smooth density, we can do another
expansion to arrive for z € R? at the approximate identity

Ji () &~ pi (2) T (2)07 () with  T(z) = % / (z —y) © (z —y)n°(z,y)du(y). (1.7)

RN {z}

In particular, in this step it is shown that the non-symmetric upwind-based structure can be replaced by
symmetric approximate tensors T¢ with vanishing error as ¢ — 0. This symmetrization is generalized to
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arbitrary p € P(R?) by introducing a mollifier on an intermediate scale e for a > 0 sufficiently small.
The final step consists in identifying the limit of the tensor T¢, where the specific scaling hypothesis (1.3)
provides, after a change of variable, the approximate identity T¢(x) ~ T (z) with

ww Hx,w)dw. (T)
R\{0}

The limit tensor T gives, together with the reconstruction (1.5), flux identification (1.7) and velocity ap-
proximation (1.6), the limit system (NLIEy).

The heuristic argument above is based on several approximations and smoothness assumptions which
are not a priori satisfied by solutions to the systems (1.1) and (NLIEy). We make it rigorous by using a
variational framework, allowing to handle measure-valued solutions.

An interesting byproduct of our result is the link between Finslerian and Riemannian gradient flows, which
is the first result in this direction to the best of our knowledge. More precisely, (1.1) is shown to be a gradient
flow of the nonlocal interaction energy in the infinite-dimensional Finsler manifold of probability measures
endowed with a nonlocal upwind transportation quasi-metric, 7, peculiar of the upwind interpolation (1.1b).
Due to the loss of symmetry the underlying structure of P(R?) does not have the formal Riemannian
structure, but Finslerian instead. We refer the reader to [30] and [44,43] for further details.

On the other hand, following [55], we establish a chain-rule inequality for the nonlocal interaction energy in
a 2-Wasserstein space defined over R4, which is R endowed with a metric induced by T ~!. Upon considering
the corresponding Wasserstein scalar product on the tangent space of PQ(R%), at some probability measure
with bounded second moment, one can notice the underlying Riemannian structure, following [63,3], thereby
making the connection between the weak and variational formulations of (NLIEy).

We stress that not only do we connect the graph and tensorized local gradient structures using the
notion of curves of maximal slope for gradient flows after De Giorgi [19,3], but, upon identifying weak
solutions of (NLIET) with curves of maximal slopes, we also obtain an existence result for (NLIET) via
stability of gradient flows. This is indeed another interesting property of the graph, as it represents a
valuable space-discretization for the PDE under study, working in any dimension, in addition to other
methods, e.g. particle approximations and tessellations. Indeed, our result can be also seen as a deterministic
approximation of (NLIEy).

As an outlook, note that the limiting equation (NLIEy) is defined on the whole Euclidean space RY.
However, one could look at similar limiting equations on lower dimensional manifolds (cf. [53]), which would
require further considerations, e.g., characterizing nonlocal interactions on the manifold either intrinsically
or extrinsically (cf. [32,33]), as well as adapting the notation and assumptions regarding the reference
measure to the manifold setting. As this requires a deeper analysis, we leave it for future investigation, see
also Remark 2.3.

In addition, we point out that a quantitative convergence statement might be obtained upon establishing
a suitable nonlocal replacement for weak BV estimates, as in the numerical literature [31, Chapters 5-7].
This would allow to adapt techniques previously developed for determining the rate of convergence for
upwind schemes with rough coefficients, for which a measure-valued solution framework is used [20,70,71].
Alternatively, one could directly use the limiting metric structure along the lines of [52].

Focusing on the quasi-metric space introduced in [30], natural problems to address are the asymptotic
behavior of the quasi-metric and the Gromov-Hausdorff convergence of the according quasi-metric spaces.
First steps in the metric setting are done in [74] and [39,41,36,42], respectively.

Finally, generalizing the present approach to finite-graph approximation for diffusion equations seems
possible by using a gradient-flow formulation similar to the Scharfetter-Gummel finite volume scheme re-
cently introduced in [72,46], cf. [30, Section 1.3].
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1.1. Relation to the literature

This manuscript is a natural question raised in [30], where nonlocal dynamics on graphs are considered
for the aforementioned upwind interpolation. In [29], the authors deal with a class of continuity equations
on graphs with general interpolations, and provide a well-posedness theory exploiting a fixed-point argu-
ment. Depending on the interpolation chosen, one can notice structural differences with the more standard
Euclidean space. This theory has been extended to the case of co-evolving graphs in [28], namely a scenario
including weight functions evolving in time. In [44], the analysis of [30] is extended to two species with
cross-interactions as well as nonlinear mobilities and a-homogeneous flux-velocity relations for a > 0, by
generalizing the underlying Finslerian structure and notion of gradient. In [43] the generalized system is
explored both in analytical case studies and numerical simulations on finite graphs of varying shapes and
connectivity, leading to the observation of various patterns, including mixing of the two species, partial
engulfment, or phase separation.

Regarding the limiting equation we mention [14], where well-posedness for (NLIET) with T = Id is shown
for pointy locally A-convex potentials. To this end the authors generalize the theory of [3] and employ a
minimizing movement scheme to show the existence of solutions. Furthermore, in [55], the author studies a
class of equation similar to (NLIET) in view of the presence of a tensor T (not necessarily of the form (T)).
However, velocity fields considered are of the form v = —V(F’(u) 4+ V'), under suitable assumptions on F
and V. Hence, differently from our case, in [55] the author mainly focuses on linear and nonlinear diffusion.

Our variational approach is similar to the one used in [47,46] to study the limiting behavior of random
walks on tessellations in the diffusive limit. Starting from the forward Kolmogorov equation on a general
family of finite tessellations, the authors show that solutions of the forward Kolmogorov equation converge
to a non-degenerate diffusion process solving an equation of the form (NLIEy ), with diffusion instead of the
nonlocal interaction velocity field, similar to [55]. Another difference is that the method used relies on a
generalized gradient structure of the forward Kolmogorov equation with respect to the relative entropy —
the so called cosh gradient structure to be precise. This result on tessellations is related to [21,35], where a
similar problem is considered, though the gradient structure is the so called quadratic gradient structure.
The latter manuscripts concern the convergence of discrete optimal transport distances to their continuous
counterparts, see also [41,42].

In this context, the work [36] studies Gromov—Hausdorff limit of Wasserstein spaces on point clouds,
obtained by constructing a geometric graph similar to our setting (restricted on the torus). The previous
manuscript is, indeed, an invitation to the study of stability of evolution PDEs on graphs, though the
analysis focuses on the general problem of approximating the underlying metric space rather than the
gradient dynamics — differently from our result. Moreover, we also point out that the upwind interpolation
does not fall in the class of interpolating function considered in the aforementioned works. Related to this
point, we also mention [64], where a direct gradient-flow formulation of jump processes is established —
the authors consider driving energy functional containing entropies. The kinetic relations used there are
symmetric, hence excluding for instance the upwind interpolation, which is the one we use on graphs.

It is worth to mention the work [17] dealing with dynamics on graphs for data clustering by connecting the
mean shift algorithm with spectral clustering at discrete and continuum levels via suitable Fokker—Planck
equations on graphs. See also [18,53] for clustering algorithms based on thresholding schemes on graphs,
giving also rise to a nonlocal dynamic.

Concerning graph structure, we point out the recent work [27] on a novel interpretation of the aggregation
equation (arising in applications to granular media) as the gradient flow of the kinetic energy, rather than
the interaction energy. This is possible upon introducing a suitable nonlocal collision metric. The underlying
state space resembles a graph, indeed, and the PDE under study takes the form of a local-nonlocal continuity
equation.
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The scaling of the function 5 in (1.3) is chosen such that two derivatives emerge in the local limit. This
can be seen as a second order counterpart to the nonlocal first-order calculus developed in [24]. With a first
order scaling many classical results from calculus can be recovered, like for instance the recent divergence
theorem in [45]. Second order nonlocal calculus with emphasis on questions of regularity and connections
to jump processes got also attention with many contributions by Kassmann [50,34] and references therein.

We also refer to the book [23] and the references therein for further applications of nonlocal vector
calculus with connections to numerical approximations, and various applications, such as nonlocal dynamics
of anomalous diffusion and nonlocal peridynamic models of elasticity and fracture mechanics (perydynamic).
In the context of numerical schemes for local conservation laws, we mention [25], where the authors proposed
a class of monotonicity-preserving nonlocal nonlinear conservation laws, in one space dimension. Under
suitable assumptions on the kernel, one could interpret the latter class of PDEs as equations on graphs. It
is, in our opinion, interesting to explore possible applications of the current manuscript to other nonlocal
conservation laws.

We observe that the graph structure can be also seen as suitable space-discretization, resembling those ob-
tained from tessellations for finite volume schemes. In this regard, there is a natural connection to numerical
schemes for gradient flows in the Wasserstein space as also studied in, e.g., [13,21,5,12,6].

1.2. Structure of the manuscript

First we present the notation we use. In Section 2 we explain the setup and recall known results on both the
nonlocal-nonlocal interaction equation on graphs and the limiting PDE. We state our main results and give
some meaningful examples. The connection between nonlocal and local structure is provided in Section 3,
where we construct the local flux from the nonlocal ones and identify the tensor-mobility. In Section 4 we
prove the main results of our manuscript: the graph-to-local limit in terms of curves of maximal slopes
and existence of weak solutions for (NLIET). We integrate the manuscript with an appendix including some
additional results, among them the extension of [30] to o-finite base measures and a formulation of the main
result in terms of EDP-convergence.

1.3. Notation
We list here notation used throughout the manuscript.

e ay =max{0,a} and a_ := (—a)4 denote the positive and negative parts of a € R, respectively.
o Given aset A weset Tg(x)=1forze Aand 14(z) =0 for x ¢ A.

e Moduli of continuity are always denoted by w.

o In a metric space (X,d) for R > 0 we set Br(z) = {y € X : d(z,y) < R}.
o In a normed space (X, ||-||) for R > 0 we set Br := Bg(0).

o B(RY) is the o-algebra of Borel sets of R<.

e Cp(A) is the set of bounded continuous functions from A to R.

e M(A) is the set of Radon measures on A C R

o M™T(A) is the set of non-negative Radon measures on A.

o P(A) C MT(A) is the set of Borel probability measures on A.

o P2(A) CP(A) is the set of p € P(A) with finite second moment, that is,

ma(p) = [ laPdpla) < .
A

o R?:={(z,y) € R x R?: z # y} is the off-diagonal of R? x R¢.
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e 1€ M*(R?) denotes the base measure setting the underlying geometry.
e ¥:R4\{0} — [0,00) is the edge connectivity map, cf. Section 2.1.

o 7= Edhzﬂ(%, “:E;y) is the e-dependent edge weight function.

o G°:={(z,y) € R??: p°(z,y) > 0} is the set of edges.

o GE={y e R¥{z}:n°(x,y) > 0} is the set of points connected to =.

e p € P(R?) denotes a mass configuration.

o p=(pt)iejo,r) C P(R?) denotes a family of mass configurations.

o jE M(]R/Qd) denotes a measure-valued nonlocal flux.

o 3= (jt)tepo,r) C M(R2?) denotes a family of nonlocal fluxes.

e 7€ M(R% R?) denotes a measure-valued local flux, cf. Proposition 3.1.
= (J¢)teo,r) € M(R%R?) denotes a family of local fluxes

o VU IR/zd — R denotes a nonlocal velocity field.

L]
>

o v = (Vt)e[o,r] denotes a family of velocity fields.

> S

(ym; P59 ) stands for the u and 7 dependent action density of p and j.

o Alu,m:p,5) fo (p,m; pt, jr)dt denotes the action of p and j.

. A(u, n; P,V ) stands for the p and 1 dependent action density of p and v.

. VZ(M, P,V fo (1, M5 pt, v )dt denotes the action of p and v.

o T:Py(RY) C M(GE) denotes the space of nonlocal tangent fluxes at the configuration p € Py(R?),
cf. (3.4).

e T ng(IRd) denotes the space of nonlocal tangent velocities v : G — R at the configuration p € Py (R%),
of. (3.5).

. TZ(U)[w] stands for the first variation of Ay, n%; p,-) at v € T5P2(R?) in the direction of w € T5P2(RY)
for p € Po(RY), cf. (3.6).

o To(z) =1 fRd\{x}(x —y)®(z —y)n°(x,y)du(y) is the approximate tensor.

o T(x):= %%(m) f]Rd\{o} w@w ¥(x,w)dw denotes the limit tensor.

o 7. denotes the nonlocal extended quasi-metric, cf. Definition 2.14.

« AC?*([0,T]; (X, d) denotes the set of 2-absolutely continuous curves, which map from the time interval
[0, 7] into the (quasi-)metric space (X, d).

* |pil,, denotes for the curve p € AC?([0,T]; (P2(R?), T,,.,))) the (forward) metric derivative at time
te[0,T].

e Vf(z,y) = f(y) — f(x) is the nonlocal gradient of a function f: RY — R

e V- is the nonlocal divergence of a flux j € M(R/Qd), cf. Definition 2.7.

o NCEr denotes the set of solutions to the nonlocal continuity equation on the time interval [0, T];
NCE := NCEjy, cf. Definition 2.12.

e NCE(go, 01) is the subset of (p,j) € NCE which satisfy po = 0o, p1 = 01.

o CE7 denotes the set of solutions to the local continuity equation on the time interval [0, T]; CE := CE;,
cf. Definition 2.19.

o CE(po, 01) is the subset of (p, 7) € CE which satisfy py = 09, p1 = 01-

e E(p) =3 [[gea Kd(p @ p) denotes the interaction energy of p € P(R?).

. % denotes the variational derivative of &£.

o D. is the metric slope of £ with respect to 7, ,<, cf. Definition 2.18.

¢ G. denotes the graph De Giorgi functional, cf. Definition 2.18.

o Wr denotes the 2-Wasserstein metric on P(R%).

e D is the metric slope of £ with respect to Wr, cf. Definition 2.23.

e Gr denotes the local De Giorgi functional, cf. Definition 2.23.

Let us also specify the notions of narrow convergence, weak™ convergence, and convolution. A sequence
(p™)n C M(A) is said to converge narrowly to p € M(A), in which case we write p™ — p, provided that
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VfelCy(A): /fdp” — /fdp as nm — oo.
A A

Weak* convergence is, instead, denoted by = and refers to convergence in duality with functions f € Cy(A),
i.e., vanishing at infinity. Given a function f: A x A — R and p € M(A), we write f % p the convolution of
f and p, that is,

frp(x)= [ f(z,y)dp(y),
/

for any € A such that the right-hand side exists.
2. Preliminaries on graphs, gradient structures, and main results

For the sake of clarity we divide this section in subsections. We specify the graph structure, recall results
on the nonlocal-nonlocal interaction equation as well as the limiting PDE, including possible examples
covered by our theory. At the end of the section we present our main results.

2.1. Graph

The graph is identified through a pair (u,7), being 1 a base measure standing for a (subset) of vertices
and 7 an edge weight function. We consider a non-negative o-finite base measure u € M*(R%) such that
dp = pdZ?4. We assume that the density i is bounded and uniformly continuous, denoting by w, €
C([0,00); [0, 00)) its modulus of continuity, which satisfies w,,(0) — 0 as § — 0. More precisely, this means

Va,y € R it holds |fi(z) — A(y)| < wy(lz —yl), (1)
3¢y, O, > 0 such that Vo € RY it holds ¢, < fi(z) < C,,. (112)

We fix an edge connectivity map 9 : R% x (R?\{0}) — [0,00) and another modulus of continuity wy €
C([0,00); [0, 00)) satisfying wy(d) — 0 as 6 — 0, and we make the following assumptions:

Vz € RY: w— 9(z,w) is symmetric and continuous on {d(z,-) > 0};
Vz,z € RY, w € RO\ {0} it holds |9(z, w) — 9(Z,w)| < wy(|z — 2|);
IC4upp > 0 such that Vz € R? it holds supp¥(z,-) C Be,

supp ?

JCmom > 0 such that sup |w\219(2,w) < Crom;
(z,w)€REx (RH\{0})

lim sup sup |w[*¥(z,w) = 0; (9s)

020 2eRe weB;\ {0}

Jend > 0 such that Vz, & € R? it holds / lw - €79 (2, w)dw > cnal€]. (V6)
R4\ {0}

We define the set R?? = {(z,y) € R? x R? :  # y} and the family of edge weight function (7°):>0,
ne IR/M — [0, 00) by

- 1 rT+Yy r—y
o) = (S5, )

Furthermore, for every € > 0, we introduce the sets
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G° = {(z,y) € R? : 1 (a,y) > 0},
and, for a given z € R?
G; = {y € R\ {z} : " (z,y) > 0}. (2.1)

In order to lighten notations, we will drop the index € > 0 for n° and G* when this is not relevant for the
analysis. The next lemma collects some basic estimates following from the above assumptions, which are
used throughout the article.

Lemma 2.1. Let p, 9 satisfy (1), (n2), and (91) — (D), respectively. For any € > 0 let n° as in (n). Then,
for any € > 0 it holds

V(z,y) € G° it holds |z — y| < Csuppe, (supp)
sup |G| < Cleasc?, (meas)
r€R4

sup |z —y’n"(2,y) < —=, (mom)
(z,y)€RZ <
sup sup [ [0~y (. )dly) < Cim. (int)
e>0 xzcRd

R\ {z}

where Cmeas > 0 depends only on Csypp and the dimension d and one can set Cing = C;;CmomCreas-

Proof. The assumption on the support of ¥, (93), and the definition of #° immediately yield (supp). This
also implies that G¢ is contained in a ball of radius Cyyppe around z, whence (meas). Furthermore, the latter
observation and (9,) give the bound (mom). Finally, (int) is obtained by combining (mom), (meas) and the
upper bound from (12). O

Remark 2.2 (Link to the assumptions in [30]). We note that the assumptions (91) — (9g) and (111), (112)
imply that for any e > 0 the pair (u,n®) satisfies all the assumptions from [30] except for the finiteness of
1, which is addressed in Appendix B. More precisely, for z,y € G* we have the moment bounds

1V (Couppe)?
sup |£L’ - y|2 N |1’ - y|4775($7y) S C’momM

2d €d ’
(f,y)E]R/ )

while the local blow-up control condition

lim sup sup |z — y|277€($a y) =0,
020 peRd yeBs (2)\{x}

is implied by (95). This condition plays a role in the proof of [30, Theorem 3.15] for the construction of a

family of finite base measures that uniformly satisfies the integrated blow-up control condition

lim sup / |z — y*n° (, y)dpuly) = 0.
HOIE]R"Z

Bs(x)\{z}

In the present work, this condition holds true due to (112) and (94).
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Remark 2.3 (On the assumptions of the base measure y). As supp p generalizes the set of vertices in the
nonlocal model, at first glance u < £? seems to be rather restrictive, since it excludes finite graphs.
However, models with p < £? are known to be approximated by finite graphs [30], the only restriction
being that p is a finite measure. In Theorem B.3 we replace this assumption by those satisfied in the
present paper; thereby the results in [30], in conjunction with the present work, can be applied to obtain
a finite graph approximation for the nonlocal interaction equation, cf. Theorem 2.27. In particular, our
result holds for p <« % that are approximated by a sequence of locally finite measures, satisfying the
bound (B.5) for any fixed 9 > 0. For the sake of completeness, we mention that one could fix y = #¢
by redefining 9" (z,w) = u(z)9¥(z,w) without changing the limiting equation, since p is assumed to be
absolutely continuous, with uniformly bounded and uniformly continuous density. However, as the base
measure p makes a difference for the dynamic on the graph, the graph-to-local limit is more universal by
keeping pu.

As mentioned in the introduction, one could consider the case the reference measure p is defined on a
general (lower-dimensional) manifold with the limiting equation being an aggregation PDE with intrinsic
interactions, meaning that the range of interactions is affected by the geometry of the manifold. In particular,
in order to provide a satisfactory theory one has to carefully take into account this additional structural
property and include it in the definition of the connectivity 9.

Remark 2.4 (More general edge weights n° ). The definition of 7° can be relaxed to

1 rT+y x—y r+y x—y
g . -
n*(z,y) = €d+2?9( 5 0 2 >+f(5)g< 5 ¢ )

for some g : R4 x (RA\{0}) — R, which is uniformly continuous in its first argument as well as symmetric and
continuous in its second argument, and some f : [0, 00) — R, which satisfies f € o(e7%2) as ¢ — 0. Indeed,
with this scaling the perturbation vanishes in the limit ¢ — 0, leaving the limiting tensor T unchanged.

2.2. Examples

We provide relevant examples of edge connectivity maps satisfying the conditions (91) — (95). The re-
quirements (91) — (94) are not difficult to check.

Furthermore, observe that condition (95) holds for any ¥ for which there is ¢ < 2 and C' > 0 such that
I(z,w) < Clw| ? for all z € R4, w € R\ {0}.

Condition (9¢) is satisfied by any edge connectivity } for which there exist 0 <r < R < oo and C' > 0
such that ¥(z, -)|§R\§T > C for any z € R?. Indeed, first note that for £ = 0 there is nothing to show.
Taking w, & € R?\ {0}, let us denote by ¢ the angle between w and & and recall that w - £ = |w]||€] cos .
Choosing any 0 < oo < 7/2, for any 0 < ¢ < ¢ we have cos(yp) > cos(¢g) > 0. Therefore, denoting by Vi,
the volume of By N {p < ¢g}, which is the (d-dimensional) spherical sector of By corresponding to ¢g, we
have

/ jw - "9z, w)dw = CVp, (B2 = r2) [cos(i00) €],
R\{0}

and hence (9g). A simple but important example for a pair (u,d) satisfying the above assumptions is
I(z,w) = Cylp, (w) with dimension dependent constant Cy > 0 and p = £¢. Indeed, (111), (112) and
(V1) — (D4) are easily checked, while (95) and () follow from the above considerations. This choice of

(approximating) graph is peculiar as (NL’IE) converges to the standard nonlocal interaction equation on
R4, being T = Id, cf. (T).
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As a generalization, we consider a symmetric tensor field D € C(R4;R%*?) uniformly elliptic and
bounded, ie. 0 < D,Id < D < D*Id < oo in the sense of quadratic forms, a variable radius
R € O(R%(R,,R*)) for some 0 < R, < R* < oo, and a normalization function d € C(R% (d.,d*))
for 0 < d, < d* < oco. We define the connectivity function

IN

19(2: w): d(z)v <’LU,D(Z)_1’LU> R(Z)a
’ 0, (w,D(2) " w) > R(2).

By construction, 9 satisfies (91) — (9¢). The formula (T) gives, after a change of variable w = D(z)2y,
where ]D)(z)% denotes the unique symmetric square root of D:

T(z) = % / w @ w ¥z, z)dw

R4\{0}

1
= 5d(2) /w ®w L, p()-1w) <R() AW
Rd

%d(z)(dem(z»% / (D(zﬁy)@(ﬂ)(z)%y)dy

where we used the identity

(PE) e Py =06 [ yow)pe:!
P Br(x(0)

= D(2)% (C4R(z)"21d)D(2) % = Cy4R(2)?D(z)
with Cgq = fBl(O) yidy = Wg/(ﬂ‘(g + 2)). In particular, by choosing the normalization

2
 O4R(2)++2(det D(2))

)

d(z)

(SIS

and pu = .Z¢, we obtain the identity T = D.
2.3. Nonlocal interaction energy

The nonlocal interaction energy considered in what follows is defined by
1
E(p) =3 || K(w,y)dp(z)dp(y)-
R2d
The interaction kernel K: RY x R? — R is assumed to satisfy the following assumptions:

K € C*(R? x RY); (K1)
K(z,y) = K(y,xz) for (z,y) € R x R% (K2)
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3 Lk > 0 such that for all (z,7), (z/,7') € R x R? it holds

K (2,y) — K(2',y")| < L (I(z,9) — (", 9)| V [(2,9) = (@, 5)°) ;
3Cx > 0 such that for all (z,y) € R? x R? it holds

VK (z,y)] < Cr (1 + [z] + [y])-

(K3)

(K4)

We observe the assumptions on the interaction kernel are somehow sharp as one does not expect the result
holds true for pointy potentials, cf. [30, Remark 3.18].

Remark 2.5. As already noticed in [30], assumption (K3) implies that, for some C' > 0 and all 2,y € R?,
K (2,y)] < C(1+ ol + [yP); (2:2)
indeed, for fixed (z',y') € R? x R?, (K3) yields
1K (z,9)| = [K (2", 9)]] < L (1V 2(| (2, 9)* + 1", 4)]%)),
and bounding the maximum on the right-hand side (V) by the sum, we arrive at |K(z,y)] < Lx +

2Lk (|(«', 9] + |(z,9)[?) + [K(2',y")|, which gives (2.2) with C = 2Lg (1 + [(«/,)]?) + |K(2',y')]. We
also notice, that the bound (2.2) implies that £: P(R?) — R is proper, since its domain contains Py (R?).

The analysis in this manuscript easily extends to free energies of the form (1.2) including potential
energies Ep(p) == [ga Pdp, for some external potential P: R? — R satisfying a local Lipschitz condition
with at-most-quadratic growth at infinity and linear growth for VP: similarly to (K3) — (K4), there exist
L,C € (0,00) so that for all z,y € R? we have

|P(z) = P(y)| < L(lz =yl V |z — y[*),
|[VP(z)| < C(1+ |z).

For ease of presentation we shall not include the potential energy in our proofs, as no additional technical
difficulties arise.

2.4. Nonlocal-nonlocal interaction equation

In this subsection we recall results on the nonlocal interaction equation on graphs from [30] we shall use
in the following. For simplicity, let p < p, where we use the notation p to denote both the measure and the
density with respect to . The equation reads, for u— a.e. z,

Bupn(a) + / T * p) (. 9)—n(z, ) pr (@) dpa(y) — / V(K # p)(@.y)n(e.y)dpe(y) = 0. (NLZIE)
R4 R4

The theory in [30] also applies to the case when p is not absolutely continuous with respect to u. The general
weak form of (NL?|E) is obtained in terms of the nonlocal continuity equation we specify later.

In order to have a graph-analog of Wasserstein gradient flows for interaction energies we defined a suitable
quasi-metric space, where the quasi-distance is obtained in a dynamical formulation & la Benamou—Brenier,
[8,22]. For this reason, it is crucial to identify paths connecting probability measures, a nonlocal continuity
equation, and an action functional to be minimized, resembling the total kinetic energy.
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Definition 2.6 (Action). Let yu € M*(R?) and n : R?* — [0, 00) as before. For p € P(RY) and j € M(G),
consider A € M(R? x R?) such that p® p, 1 ® p, 7| < |A|. We define

Al p.9) = //( (i ") +o (a2 )

Hereby, the lower semicontinuous, convex, and positively one-homogeneous function a: RxR4 — Ry U{oo}
is defined, for all j € R and r» > 0, by

G)* ifr >0,
a(j,r) =40 if  <0and r =0, (2.3)
6%) if j>0andr=0,

with j; = max{0,j}. If © and 7 are clear from the context, we write A(p, j) for A(u,n; p,j). Given a pair
of curves (p, J) == ((pt)iefo, 11> (jt)reo,r) With p, € P(RY) and j, € M(G), we define

T
Alp,m;p, 3 /Aunpt,yt
0

The concept of graph gradient and graph divergence is as follows.

Definition 2.7 (Nonlocal gradient and divergence). For any function ¢: R* — R we define its nonlocal
gradient V¢: G — R by

Vo(x,y) = ¢ly) — d(x) forall (z,y) € G.

For any j € M(G), its nonlocal divergence V - j € M(R?) is defined as the negative n-weighted adjoint of
V, i.e., for any ¢ € Cp(R?),

[eav-i==3 [[ Tewmmzndicn =3 [e@ [ a@n@ies) - die.o).

R G R R\ {z}

In particular, for j € M*(G) = {j € M(G): dj(z,y) = —dj(y,z)},

/tpdV J—// n(z,y)dj(z, y).

The following two lemmas will be employed for ¢ fixed.

Lemma 2.8. Let p € MT(RY), n°: R?* — R be as in (n) such that (91) — (V) are satisfied. Let (p*)eso C
P(RY) and (j¢)-s0 C M(GF) be such that A(u,n%; p°,j¢) < co. Then, for any measurable ®: G° — Ry, it

holds
1
5//4’ n*d|jfl < | Alp, n; pa,jf)//iﬂnfd(ps ® p+ p® pe).
Ge Ge

Proof. By Remark 2.2, this follows from [30, Lemma 2.10]. O
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Corollary 2.9. Let (415)e>0 C MT(R?) and ()0 be families satisfying (111), (112), and (91) — (9¢), respec-
tively, uniformly in e. Let (p%)es0 C P(R?) and (j%)es0 C M(GF). Then, for any measurable ® : G° — R
satisfying ®(z,y) < |z —y| V |z — y|*, we have

1 , .
5//<I> nd|j¢| < sup /2CineA(pus, 7% p°, j°).
P e>0

Proof. Keeping in mind Remark 2.2 and the upper bound for ®, this immediately follows from [30, Corollary
2.11]. O

We consider the following nonlocal continuity equation in flux form
Opt +V -5, =0  on (0,T) x RY, (2.4)

where p = (pt)ieo,r] and j = (je)iepo,7) are unknown Borel families of measures in P(R?) and M(G),
respectively. Equation (2.4) is understood in the weak form, i.e. Vo € C°((0,T) x R%),

T

//aM Ydpi(x dt—l—;// Vi (z, y)n(z,y)dje(z, y)dt = 0. (2.5)

0 Rd 0

Since [V (x,9)| < |le|lc1 (2A |z —y]|), the weak formulation is well-defined under the integrability condition

T
/ // 2 Al =yl g)alil (. g)de < . (2:6)
0
Remark 2.10. The integrability condition (2.6) is automatically satisfied by any pair (p,7), which satisfies
A(u,m; p,7) < oo, due to Corollary 2.9.
Notice that any curve satisfying (2.5) and (2.6) has a weakly continuous representative.
Lemma 2.11. Let T' > 0 and (p, j) satisfy (2.5) and (2.6). There exists a weakly continuous curve (p¢)iejo, ) C

P(R?) such that py = p; for a.e. t € [0,T]. Moreover, for any @ € C([0,T] x R?) and all 0 <ty <t; <T
it holds

/@tl(x)dﬁtl(l")—/@to( )dpr, (z //@% )dpe(z)dt + ///V% z, y)n(z, y)dji(z, y)di.

R4 R4 to R4

Proof. See [3, Lemma 8.1.2] and [26, Lemma 3.1]. O
Hence we arrive at the following definition of weak solution of the nonlocal continuity equation:

Definition 2.12 (Nonlocal continuity equation in flux form). A pair (p,7) = ((pt)tcjo, 1), (Je)tejo,r)) With
pt € P(RY) and j; € M(G) is called a weak solution to the nonlocal continuity equation (2.4) provided that

1. p is a weakly continuous curve in P(R%);
2. j is a Borel-measurable curve in M(G);
3. the pair (p, ) satisfies (2.5).
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We denote the set of all weak solutions on the time interval [0, 7] by NCEr. For 9o, 01 € P(R%), a pair
(p,J) € NCE(gg, 01) if (p,j) € NCE := NCE; and in addition pg = g¢ and p; = g1. When the dependence
of n on € > 0 needs to be emphasized, we will write NCEZ., NCE® and NCE®(gy, 01) for the respective
objects.

An important property is the preservation of second moments, uniformly in e.

Lemma 2.13 (Uniformly bounded second moments). Let (uf)e~o C MT(R?) and (n°)eso be families satisfy-
ing (1), (12), and (91) — (D), respectively, uniformly ine. Let (p§)e C Po(R?) be such that sup,~o Ma(p§) <
oo and (p°,3%)n C NCET so that sup..o A(u®,1%; p°,J°) < 00. Then, sup.~.qsupejo,r Ma2(pf) < 0.

Proof. By Remark 2.2, this follows from [30, Lemma 2.16]. O
The dynamical nonlocal quasi-metric is defined as follows.

Definition 2.14 (Nonlocal extended quasi-metric). For u € M*(R%), n° as before and gg, 01 € Po(R?), we
define a nonlocal extended quasi-metric by

1/2

1
771,,775(@07 Ql) = inf /A(/u’vnaapta.]t)dt : (paj) € NCEE(QO? Ql)
0

When p and 7° are clear from the context or the dependence on € > 0 is not important, we will shorten
notation by writing 7 or 7. instead of 7, ,-.

Properties of 7,, - can be found in [30, Section 2.4], including that it is indeed an extended quasi-metric
on Py(R%).

We denote by AC?([0,T]; (Pa(R%), T,y )) the set of 2-absolutely continuous curves with respect to T,,.p-,
that is for such a 2-absolutely continuous curve p there exists m € L?([0,T]) such that

t
T (ps, pr) < /m(T)dT forall0 <s<t<T.

Definition 2.15 (Absolutely continuous curve and metric derivative). The (forward) metric derivative of a

curve p € AC?([0, T); (P2(R%), T, <)) is defined for a.e. t € [0,T] by

1A, o= lim L (Pt Prr) (e, prer) _ pypy T (Prors ),

7N\0 T 7N\0 T

We often shorten the notation by writing |p; | instead of [, ..

Remark 2.16. We emphasize that the metric derivative defined above is only forward-in-time, or one-sided,
due to the lack of symmetry for the nonlocal transportation cost 7. The metric derivative is well-defined
as a consequence of the works [68, Proposition 2.2] and [15, Theorem 3.5] (see also [62, Lemma 7.1]), which
generalize [3, Theorem 1.1.2] to the asymmetric setting.

Moreover, the metric derivative can be identified with the action of a suitable minimal flux as a conse-
quence of [30, Proposition 2.25], the proof of which is based on [22, Theorem 5.17] and [3, Lemma 1.1.4].
Noting that the time reparametrizations in these proofs preserve orientation, it is clear that they generalize
to the quasi-metric case based on the one-sided derivative from Definition 2.15.
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The measure-flux form of (NL?IE) as nonlocal continuity equation is specified below.

Definition 2.17. A curve p: [0,7] — P2(RY) is called a weak solution to (NL?IE) if, for the flux j: [0,7] —
M(G) defined by

. =0 =0
dji(z,y) = V%(x, y)-dpi(z)dp(y) — V%(x’ y)+dpe(y)dpu(z),
the pair (p, 7) is a weak solution to the continuity equation
Ope+V -5 =0 on[0,T] x R%,

according to Definition 2.12.

Weak solutions of (1.1) are curves of maximal slope with respect to a (one-sided) strong upper gradient,
which is the square root of the metric slope defined below. This allows to identify the set of weak solutions
as the zero-level set of the so called De Giorgi functional, [30, Theorem 3.9], in the quasi-metric space

(P2(R4), T)), being T the quasi-distance recalled in Definition 2.14, cf. [30, Section 2.4].

Definition 2.18 (Metric slope and De Giorgi functional). For any p € P2(R%), let the metric slope at p be
given by

D.(p) = A( s p, ,v%(p))

For any p € AC*([0,T]; (P2(R%), T)), the graph De Giorgi functional at p is defined as

T
/ pT + |p‘r )
0

N =

G:(p) = E(pr) — E(po) +

2.5. The limiting local equation

In the graph-to-local limit the equation obtained is a continuity equation, which can be interpreted in
flux form.

Definition 2.19 (Local continuity equation). A pair (p,j) = ((Pt)te[o,T], (jt)te[o,T]) with p; € P(RY) and
ji € M(R%;RY) is called a weak solution to the continuity equation

Ope +V - jir =0 (2.7)
provided that

1. pis a weakly continuous curve in P(R%);
2. j is a Borel-measurable curve in M(R%; R?) such that

//d|]t Hdt < oo;

0 R4
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3. the pair (p, j) satisfies (2.7) in the sense that for any 0 <ty <t; < T,

7 / Oupu(w)dpy(@)dt + ] / V() - dje(z)dt

to R4 to R4 (2.8)
- / o0, (2)dpn, () — / oty (@)dp(x), Ve € CH{0.T] x RY).
R4 R4

The set of all weak solutions on the time interval [0,7] is denoted by CEr. For gg, 01 € P(R%), a pair
(p,3) € CE(gp, 01) if (p,j) € CE := CE; and in addition py = gg and p; = 0;.

Remark 2.20. In the definition above, we use [3, Lemma 8.1.2] which ensures formulation (2.8) is legitimate,
up to considering a continuous representative in the left-hand side. We also observe that one can consider test
functions only space dependent, bounded, and Lipschitz, Lip,(R¢) by a suitable approximation argument
as pointed out in, e.g., [3, Remark 8.1.1]; then (2.8) becomes

4
dt
RA

x)dpy(x / Ve(r) - dji(z) Ve € Lip,(RY).

The localization outlined in the introduction provides in the limit a kinetic relation depending on a
tensor, T. More precisely, the general form is

8tPt + diV(ptTUt) = 0, (29)

for a tensor T : R — R? x R? Borel measurable, continuous, symmetric, and uniformly elliptic, cf. Propo-
sition 3.8.

As aforementioned, in [55], the author focuses on the case v = —V(F'(u) + V) and provides a well-
posedness theory in an equivalent Wasserstein space. Indeed, he considers the Riemannian metric on R¢
induced by T ! (uniformly elliptic and bounded)

rlay)=infd [VITTG@RO,30) - € ACO, 1R, 1(0) =2, 7() =y |.
and the corresponding Wasserstein distance is

W2 (u,v) = inf {// d3 (z,y)dy(z,y) : v € T(, 1/)} .
This is equivalent to the dynamical version, for o9, 01 € PQ(]R/]dr),

d]t

dt : ] E
dpt (paJ) eC (90791) )

L2 th%‘)

itom =] ]2

being

Hdp L2 R[<T @ >ji( )»j—i(w)>dp(x).
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We observe that the uniform ellipticity of the tensor T ~! implies that the distance dr is equivalent to the
Euclidean one and we denote by IR% the corresponding metric space (R%, dr ). In the space ’PQ(IR%) equipped
with the 2-Wasserstein distance, W, Eq. (2.9), with the vector field v = =V (F'(u) + V), is a gradient flow
of the free energy associated, meaning it is a curve of maximal slope with respect to a specific strong upper
gradient, cf. [55, Section 3.

Let us recall the definitions of strong upper gradient and curve of maximal slope.

Definition 2.21 (Strong upper gradient). A function g : P2(R%) — [0, +oc] is called a strong upper gradient
for the functional & if for every absolutely continuous curve p € AC*([0,T7]; (P2(R%), Wr)) the function
g o p is Borel and

t
1€(0e) — E(ps))] < / glpr)lpildr, VO<s<t<T.

S

In particular, if (g o p.)|p/| € L(0,T), then € o p is absolutely continuous and

[(€0p)'| < glpt)lpy| for ae. t € [0,T].

Definition 2.22 (Curve of mazimal slope). A curve p € AC?([0,T]; (P2(R%), W) is called a curve of mazimal
slope for £ with respect to the strong upper gradient g if and only if ¢t — E(p;) is a non-increasing map
satisfying

t
E(pr) — +/ +|pT|) =0, YVo<s<t<T.

l\')l»—l

The equation we study,
Orpr = div(pt TVK % py), (NLIET)

differs from that in [55] since we do not consider diffusion, but nonlocal interaction instead. Following [3]
and [55], we can formulate (NLIET) as gradient flows of the energy (1.2) using the corresponding strong
upper gradient, that is the square root of the metric slope defined below, together with the corresponding
De Giorgi functional in the continuum setting.

Definition 2.23. Let p € Po(R%). The metric slope of the nonlocal interaction energy is given by

Dr(p) = /<v§£ TV§g>dp.

R4

For any p € AC?([0, T]; (P2(R<), Wr)), the local De Giorgi functional at p is defined as

gr(p) = E(pr) — E(po) +

| =

T
/DT pr) + |0y |7 )dr
0

In Section 4.2 we prove that curves of maximal slope are weak solutions of (NLIEy ), cf. Theorem 4.5. For
consistency, we state the definition of weak solutions for (NLIEy).
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Definition 2.24. A curve p: [0,T] — P2(R?) is called a weak solution to (NLIEy) if, for the flux j: [0,7] —
M(R?; R?) defined by

dji(x) = —Tv%(x)dpt(x),

the pair (p, 7) is a weak solution to the continuity equation
Oipt+V-jy=0  onl0,T] x RY,
according to Definition 2.19.

2.6. Main results

The main result of the present work is the graph-to-local limit for the nonlocal interaction equation.

Theorem 2.25 (Graph-to-local limit). Let (u,9) satisfy (n1), (12) and (91) — (9¢). Let n° be given by (n)
and assume K satisfies (K1) — (K4). For any € > 0 suppose that p® is a gradient flow of & in (P2(RY),T2)),
that is,

G.(p°) =0 foranye >0,

with (p§)e C P2(R%) be such that sup..o Maz(pg) < 00. Then there exists p € AC*([0,T]; (Po(R%), Wr))
such that p§ — py ase — 0 for allt € [0,T] and p is a gradient flow of € in (Po(R$E), Wr), that is,

gr(p) =0.

The tensor T is as in (T).

The previous theorem is also a rigorous link between Finslerian and Riemannian gradient flows of the
nonlocal interaction energy. Since curves of maximal slope in the local setting are weak solutions of (NLIET),
we actually provide an existence result via stability.

Theorem 2.26. Let u, v satisfy (n1), (12), and (91) — (9s), respectively. Consider the tensor T as in (T).
Assume K satisfies (K1) — (K4). Let o9 € P2(R?) such that o9 < p. There exists a weakly continuous curve
p :[0,T] = P2(R?Y) such that supp p; C supp p for all t € [0, T] which is a weak solution to (NLIET) with
initial datum py = -

In particular, using a diagonal argument this provides an interesting property of finite graphs as they
can be used to discretize the equation under study.

Theorem 2.27. Let pu, V¥ satisfy (n1), (12), and (91) — (9s), respectively. Consider the tensor T as in (T).
Assume K satisfies (K1) — (K4). Let oo € Po(R?) be such that oo < p. Then, for any T > 0 there exists a
sequence of finite graphs ((p™,n™V))nen with v —*
oY < pN and o) — 00, and a sequence of curves (p™)nen, where each pN is a gradient flow in the sense
of Definition 2.17 with respect to (u™,n™) starting from o}, such that

w, a sequence of initial data (0} )nen C P2(RY) with
)

pN — p; narrowly as N — oo,

uniformly in t on [0,T], where p is the weak solution of (NLIET) from Theorem 2.26.
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3. Linking graph and local structure

In this section we connect the nonlocal structure given by the (sequence of) graphs (i, n°) with the local
FEuclidean one. The first step is to construct weak solutions of CE from those of NCE. Second, we show that
in the limit ¢ — 0 the antisymmetric part of our quasi-metric structures vanishes. Then, we derive the local
structure from the remaining symmetric part, characterizing the tensor T in terms of the base measure p
and the edge connectivity function ¢, thereby identifying the local geometry. Hereafter, we assume the pair
(1, ¥) satisfies (111), (112) and (91) — (96), and we let n° be given by ().

8.1. Continuous reconstruction and compactness

First, we show that solutions of the nonlocal continuity equation NCE can be represented as those of the
local continuity equation CE by means of a specific choice of the flux.

Proposition 3.1 (Local fluz). Let j € M(R??) satisfy the integrability condition ffn{}d|x —yln(z, y)|j|(z,y) <
0. Then there exists 7 € M(R%;RY) such that
//Vgondj = /V(p dj, for all p € CLRY). (3.1)

]R2d

In particular, if (p,j) € NCEr such that A(u,n; p,j) < 0o, then there exists (jt)iefo,r) C M(R4; RY) such
that (p,j) € CEr.

Proof. The construction of the local flux hinges on the representation of nonlocal gradients as integrals
along elementary needles, following the terminology introduced by [51]. Let (z,y) € R?? fixed and define,
for any measurable A € B(R?), the measure o, , € M*(R?) by

ouylAl=H'(AN[z,y]) with [z,y]={(1—s)z +syeR%:s€[0,1]}.

Introducing the unit vector v, = W’ we observe the identities
ly—z|
o) = o) = [ Velatsvmy) s = [ Vo veyd€) = [ To(6) vndon,(©). (32)
0 [=.y] ¢

Next, we define A € M(R??) by A(A) = [[,|z — yln(z,y)dj(x,y) and observe that it is finite due to the
integrability assumption on j. Splitting A into its positive and negative parts and renormalizing these parts,
we can employ [3, Remark 5.1.2] to obtain a family of atomic measures (A" ) yen on ]R/Qd such that AV — \
narrowly as N — oo. By the finiteness of A, there exist AY € R satisfying supyen Z,Jj:1|)\{€v| < oo such
that we can write

N
=D A0y -
k=1

Defining &, , € M(R%RY) by 644 (A) = vy U‘;y(y‘) , the representation of nonlocal gradients in (3.2) yields

2d 2d Rd
R2 ]R R
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|\H1([[$,y]]ﬁlﬁd)

Observing that |5,,|(R?) = |vz,, = | = 1, we obtain the uniform bound

V(R < AY
el ;uPD <o

which implies that there exists 7 € M(R?% R?) and a (not relabeled) subsequence such that ¥ 2 7 as
N — o0.

We note that for any ¢ € C}(R?) the map R? > (z,y) — V(z,y)/|z — y| is continuous and bounded.
Indeed, given (z,y) € R?? let 0 < § < |z — y|/2. Then, due to the mean-value theorem, for any (z/,y) €
Bs((x,y)) € R?? with 2’ # ¢/, we obtain the upper bound

|z — y| |z —y'| |~ [z —y |z — yllz" — /|
2|Vl o0 4|l 1oc 6
lz —yl |z —y|(Jz —y| — 20)’

Vo(a.y)  Ve'y)| _ [Vely) - Ve, N Vol ,y)| |lz =yl — |2/ — /||

where we used that ||z —y| — |2’ — ¢/|| < |z — 2’ — y + 3| < 2§. This upper bound vanishes as § — 0 and
thereby ensures continuity. Boundedness follows again from the mean value theorem and the boundedness
of V.

Using this for the narrow convergence of AN — X and the weak-* convergence along a subsequence of 7V
to 7, along this subsequence we obtain the identity

1 / Vol@,b) 43N (g ) = / Vi(€) - AN (¢)
Rd

2 lz -yl
R2¢
J N =0 J N =0
v
// ‘f_"” Darey) = [ Ve(e)-aice)
R4

Since the left limit is unique, the right limit is independent of the particular subsequence and thus div j is
unique as well. Finally, the second claim follows from the first part of Corollary 2.9, and the definitions of
solutions to NCE and CE, Lemma 2.11 and Definition 2.19, respectively. O

The next two results concern compactness for solutions of the continuity equation constructed in Propo-
sition 3.1.
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Lemma 3.2. Let (4f)e>0 C MT(R?) and (7)o be families satisfying (111), (12), and (91) — (9¢), respec-
tively, uniformly in . For any € > 0, let p* := (p§)sejo,r) C P(R?) and j° = (j§)iejo,r) € M(G) such that
sup.o A(ps,n%; pf,3°) < 0o. Moreover, consider (3°)->o associated to (§%)e>0 as in Proposition 5.1. Then

L. ([ 35dt)eso is weakly-* compact in M((0,T) x R4 R%);
2. (tw 55)e is equi-integrable w.r.t. L*.

In particular, there exists § == (ji)icjo.r) C MR%R?) such that (along a subsequence) we have [ jidt =
[ 3dt weakly-* in M((0,T) x R% R%).

Proof. Combining (3.1), Corollary 2.9 and Holder’s inequality, we obtain for any measurable I C [0, T

IR < [l
1

1
= sup 7//V(p(3;) - A7 (@)dt
pect®i)\ {0} IVl 0 )

(3.1) 1 = R e
= sup 7// Vo(z,y)n® (z,y)dj; (x, y)dt (3.3)
©eCL(R4)\{0} QHVSOHLM v

1 £ ~€
<5 [ [[1== e i
I Gs=

S SuIO) \/2|I|Cint‘A(N’Ea 776; ps,js)a
>

which implies compactness as |I| < T. The equi-integrability also follows directly from (3.3). Finally, the
representation of the limit is a consequence of disintegration and the equi-integrability. O

Proposition 3.3. Let (1f)es0 C MT(RY) and (1°)e>0 be families satisfying (111), (112), and (91) — (9¢), respec-
tively, uniformly in €. Let (p°,J%)e>0 be such that (p,3°) € NCE% for alle > 0 and sup.~ o A(u®,n%; p°, 3°)
< o0o. Let 3° be associated to j° as in Proposition 3.1. Then there exists a (not relabeled) subsequence of
pairs (p°,3°) € CEr and a pair (p,3) € CEr such that p; — p; narrowly in P(R%) for a.e. t € [0,T] and
such that [ jidt = [ 7,dt weakly-* in M((0,T) x R% R%).

Proof. The weak-* convergence of [ j7dt to [ 7.d¢ follows from Lemma 3.2. Narrow convergence of pf to p;
can be obtained by using [3, Proposition 3.3.1]. More precisely, compactness is ensured by Lemma 2.13 and
Prokhorov’s theorem, whilst equicontinuity is a consequence of the equi-integrability of the flux, similarly,
e.g., to [47, Lemma 4.5]. O

3.2. Limiting tensor structure

This section is devoted to identifying the tensor T for the limiting interaction equation (NLIEy ). The lim-
iting structure depends on the underlying Finslerian nature of (NL?IE) as gradient flow of € in (P(R?), T,.n< ),
being 7, - the upwind mass transportation cost, cf. Definition 2.14.

In order to obtain the tensor we need to recall the definition of graph tangent fluxes introduced in [30,
Proposition 2.25]. Given a pair (p,7°), the space of graph tangent fluxes at p € Po(R) is defined by

TSPy(RY) = {j € M(GF) : A5 p,5) < o0 and

(3.4)
A5 0,5) < Alp,n%; 0,5 + Jaiw) Viaw € Maw(G%)},
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where
My (GF) = {jdiv € M(G°): //Vgodjdiv =0V € CCO"(IRd)}.
GE

We define the space of tangent velocities by
T;PQ(]Rd) ={v:G > R:vd(p@p)—v_dp®p) € Tng(IRd)}. (3.5)

In particular, the set {Vy : p € C2°(R%)} is dense in T;Pg (RY) with respect to a suitable L?-norm (cf. [30,
Proposition 2.26]). The crucial operator for the Finslerian structure is the tangent-to-cotangent mapping
I5: T5Py(RY) — (Tng(]Rd))*, which is given, for a fixed v € TSPy (R?), by

Bl = [ wnlod(es ) - o-d(us o) (3.6)
GE

for any w € Tj?’g(Rd). Furthermore, E is also the first variation of %.Z(u,ns,p, -) at v in the direction

w, and takes the role of a Riemannian metric in the Finslerian framework from [30,44]. In this subsection
we will rigorously identify the limiting tensor arising from the Finslerian structure by showing in Proposi-
tions 3.6 and 3.7 that

E(VRT0] = 5 [[Toten) Tt (z.)dp()duty) + o(1)
GE

_ / Ve(x) - T¢ () Vi (x)dp(z) + o(1)

R4

where

T (z) = (x —y)@(x —y)n*(x,y)du(y).

RN {z}

| =

Then, we will see that T° converges to a unique limit T on compact subsets of R? as ¢ — 0 (cf. Propo-
sition 3.8), before concluding that Zﬁ itself converges to a limiting inner product containing T (cf. The-
orem 3.9). Our first main step towards these goals is a proof that ZNZ is almost symmetric, with the
antisymmetric part vanishing as ¢ — 0. To see this, we require the following two technical lemmas.

We remind the reader of the assumption that (u,d) satisfy (91) — (9¢) and (1), (112), and that n° and
G* are given by (1) and (2.1), respectively.

Lemma 3.4. For every ¢ € C.(R%) it holds
|GE N supp V| < 2Cmeas|supp ¢le?, for all e > 0.
Furthermore, for every € > 0 the intersection |G Nsupp V| is compact in Rfd.

Proof. First, observe that supp Ve is contained in (supp ¢ x R%) U (R¢ x supp ¢). Indeed, if Vi(x,y) # 0,
then either p(z) # 0 or ¢(y) # 0. Thus, due to the symmetry of G¢ and the assumption (meas), we obtain
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‘GE N suppvgol < ‘GE N (supp ¢ x RY) U (R x suppgp)’

< 2|G° N (supp p x ]Rd)‘ =2 / |GE|dz < 2Cmeas|supp ple?.

supp ¢

The compactness of G¢ N supp Vi is an easy consequence of the Assumption (supp). Indeed, for (z,y) €

G N (R? x supp ) we have y € supp ¢ and |z — y| < Csyppe and hence x € supp ¢ + B which for fixed

supp€?
€ > 0 is also compact. Due to the symmetry of G*, this concludes the proof. O

Lemma 3.5. Let fr € C(R), k = 1,2, be 1-Lipschitz functions. Then, for any eo > 0 and any ¢, € C2(RY),
the family of maps (€%)o<e<e,, £ : R — R defined by

£ (x) = / 11 (T, ) o (T, 1) (2, ) duy)
RA\{z}

s equicontinuous and UO<E<E0 supp & is contained in a compact set. Moreover, the family satisfies the
uniform bound sup.~¢l|&°l 10 < Cintl|V@l 1|V 1o and it is therefore relatively compact by Ascoli-Arzeld.

Proof. Due to the absolute continuity of u, we can apply the change of variables w = y — x and rewrite &°
as

¢ (@) = / H(Ve(@, o+ w)) fo(Vi(e, 2+ w)n (@, 2 + )iz + w)dw
R4\{0}
_ / h(Ve(z, o +w)) fo(Vi(z, 2+ w))

2 ~
ol ] lw™n®(z, z + w)i(z + w)dw

R4\{0}

- / Fi(, w) folz, w)iF (2, w)ii(z + w)dw,
R4\ {0}

for .fl(wi) = fl(vso(xvx + w))/|w|a fZ(wi) = f2(v¢($afﬂ + ’LU))/|U)‘7 and ﬁe(x,w) = |’LU|2776(:L'793 +
w) = sd%|w|219(3; + w/2,w/e). In order to prove the uniform equicontinuity, we note that the 1-Lipschitz
assumption on fj implies the following elementary inequality for a,b,c,d € R and k = 1,2:

[fela+b) = fi(ctd)| < |(a£d) = (cEd)| <|a—c|+|b—d] (3.7)

Considering the difference f)(x,w) — f1(y,w) and noting that all considerations apply analogously to fs
and 1, we first assume that |w| > |z — y|* for 0 < a < 1. In this case, (3.7) and the mean value theorem
yield

|f1($,w) - fl(yaw)Hw\ = |f1 (v@(x,x + w)) - fi (vﬂyay + w))|
< |Voly +w,z 4+ w)| + |Ve(z,y)|

< 2[[Vol| oo [z =y

< 2|Vl oz =y a0,

Now considering the case |w| < |z — y|”, using Taylor with Lagrange remainder and again (3.7), we obtain
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| fila,w) = fi(y, w)|[w| = |/i(Ve(z,z+w)) — f1(Vely,y +w))]
= ’fl (’U) . (v@(‘r) + %Hw(gw,w)w)) - fl (’U} : (Vﬁp(y) + %Hw(gmw)w)”
< |w- (Ve(z) = Vo)| + |w- (5(Hp(Cow) = Ho(Cyow))w)]
< (wvp(le = yl) + [ Holl o |2 = y[*)w].
Arguing analogously for fa, we have |fi(z,w) — fi(y, w)| < w(|z — y|) for a suitable w € C([0,00); [0, 0))

with w(e) — 0 as € — 0, which only depends on «, and first and second derivatives of ¢ and .
Regarding the difference |7 (z, w) — 77(y, w)|, due to (92) and (93) we have

. . B |w]® w ow wow ‘
[ iFew -Fawdo= [ Zhlo(e+ 5.5 - o(v+ 5.2 |aw
R4\ {0} R4\ {0}

= / |w|2‘19(ac+ 6710,111> —19<y+ %U,w)‘dw
Bl (3.8)

<wille=yl) [ lufde

Bgupp

d
< | Bl Caipwo(Jz = yl).

Furthermore, since both f; and f, are 1-Lipschitz, the mean value theorem yields | filz, w)| < Vel and
‘fg(a:, w)‘ < |[V¥|| - Combining this with the previous estimates, (j11), (112) and Lemma 2.1, we obtain

o, w) o, )z + w)iF (2 w) — Fuly,w) Falys w)ily + w)iF (3, w)|duw
R4\{0}
< / |Fule,w) — Fuly, )| Fole )T (2, w) (e + w)duw
R4\ {0}

4 / Fily,w)| Faler, w) — Foly, w) [ (2, w) (e + w)dw
R4\ {0}

4 / Fi s w) Faly, w) | (22, w) — 7 (3, w) e + w)dw
R4\{0}

4 / £y w) Fa (g, w)F ()| + w) — iy + w)|du
R4\{0}

< Cne (V0] o + [V g )2 — 31)
+ CullVpll o IV o | B 200 (J2 — )
+ CmomCmeaSHV‘P”Loo ”vq/’”[,oow,uﬂx —yl).

(3.9)

Together with the former considerations, this proves the equicontinuity of (£%)o<c<s,-
Next, we observe that due to Lemma 3.4 for any fixed ¢ > 0 the support of f1(Ve(z,y))f2(Vi(z,y))
n¢(z,y) is compact in R% x R?. Consequently, supp £ is compact in R? for any fixed £ > 0 and so is the

union U0<8§80 supp &°.
Finally, the bound [|£°]| ;o < Cint|| V@l ||V~ again follows from the mean value theorem, the fact

that both f; and f are 1-Lipschitz, and the bound (int). O
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Proposition 3.6 (Symmetry up to small perturbations). Let (p%)e>0 be such that supp p® C supp p and p°
converges narrowly to some p € P(R?) as e — 0.
Then, for all ¢, € C*(R?), it holds

~ 1 — —

(V) (T6) = ; [ Tl ) Tule, )i . )dp (0)duty) + o()
GE

Proof. Using that ay = (1/2)(a + |al]), for a € R, and antisymmetry in (3.6), we rewrite

E. (Vo) [Ty) = // (Feo) 1 (1) T )1 (22, ) A () dpy)
GE

- %// Vil y) Vo, )0’ (2, y)dp" (x)du(y)
Ge

+/ % / \Vol(z,y) Vo (z,y)n° (z, y)du(y) |dp®(z)

R RN {x}

:IT+11.

We want to show that II vanishes as € — 0. To this end, we introduce a mollification at scale a € (0,1) and
define dp° = pfd.L? := v.a * p°d.L?, where v is a mollifier and v« (z) = E%du( z ) Introducing

e

1

E@ =y [ FellnTol i @),

RN\ {z}

we can write

I = /{Ed(pE -0°)+ /éfdﬁE =:11; +1l,.
R4 R4

Due to Lemma 3.5 applied to the 1-Lipschitz functions f; = |-| and fo = Id, we have (£%).5¢ C Co(R%) and
£¢ converges strongly in C(R%) to some £° € Cy(R?) as € — 0. Hence, we infer II; converges to 0 as € — 0
by weak-strong convergence (see e.g. [9, Proposition 3.5]), since p® and p® weakly-* converge to the same
limit p. For Il we symmetrize and estimate

1ty = 5 [ [F6(w.0)] F60.9) 17 ) (@7 (@)di(0) — )07 1)
Ge
<5 [ Fete)l VoG] v e.) |7 @) - @7 )]sy
Ge
< IVl IVl [[ =y o) |77 @) ~ )7 ()| dady
GE
< IVl 196l S5 [ 5 [it) - ooy
Ge

1 ~
+ IVl 196 [/l = ) @) |7 @) — 7 )y
GE
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= IVl [V e (10 410 ).
For the first term (meas), (mom) and (j11) yield the bound
11 < CromCmeaswy (Csuppe)-
Since supp vea (- — 2) C B.o(z) and the Lebesgue measure is translation invariant, Lemma 3.4 provides us

the estimate |G Nsupp vea (- — 2)| < 2Cmeas| B1|e?*+®). With these preliminary considerations we apply the
mean value theorem to the mollifier v together with the bounds (supp) and (meas) to obtain

IIQ’QSEQd//Ix—yI 0 (e, y) () |v (x_z>—’/<%>
cima] [ ()

R4 GeNsupp v.a

dzdydp®(2)

dzdydp®(2)

< Osuppal—a—““a)||Vv||mcmom0u [16= A supvea - = i)
Rd
< 2C'ssuppi‘:l_a ||VVHLoo |Bl |CmeasCmomC/w

As a < 1 this concludes the proof. O

The next step consists in the identification of the tensor from the remaining symmetric part of the graph
structure.

Proposition 3.7 (z-Tensor). For all ¢, € CL(RY) and all z € R?, we have
1 Avi X7 €
3 [ el Vel e o)duly) = Vels) - T @) V6 () + o)),
R\ {x}

where

T (z) = (z —y)@ (@ —y)n°(z,y)du(y). (3.10)

RN {x}

DN | =

Proof. By means of Taylor’s theorem with Peano remainder and (int), we obtain for any x € R¢ the identity

/ Veo(z, y)Vip(z, y)n (z, y)du(y)
R\ {x}

_ % / V(@) - (x = y)®(x — y) Vi (@)n® (2, y)du(y) + O(w(Cauppe))

R\ {z}

= Vo(z) - % / (z —y)@(x —y)n(z,y)du(y) | Vi (z) + O(w(Csuppe) )
Ré\{z}

where the modulus w : [0, 00) — [0, 00) is defined by
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w(0) = [Vl Loewvy (8) + [V Lo wvip (0) + Wi () ey (6),
and where we used the fact that |z — y| < Csyppe by Assumption (supp). O
Next, we show that the tensors T° converge to a unique limiting tensor as ¢ — 0.

Proposition 3.8 (Unique limiting tensor). There exists a unique T € C(R%; RY*?) such that for any compact
K c R? and any g9 > 0 the sequence (T%) . >en0 with T¢ defined as in (3.10) converges strongly to T in
C(K;R¥%) as e — 0. The limiting tensor, given by

T(x) = %ﬁ(a:) / wRw Iz, w)dw, (T)

RI\{0}

is bounded and uniformly continuous.

Furthermore, the tensor T is uniformly elliptic, i.e., there exist c,C > 0 such that for any x,& € R* we
have

cle® < ¢ T(@)g < Clel.
Finally, for any x € R the matriz T (x) is symmetric.

Proof. By a change of variables and arguing analogously to (3.8) and (3.9), we obtain

1) =T = [y [ wsw b+ 0+ w) - 17+ w0+ w)ldu

R\ {0}

A

1 1
> §C$t§|B1|CHw19(|x —yl) + §Cmomcmeaswu(|x —yl)

Similar to this, using Assumption (int) instead of Assumptions (mom) and (meas), we obtain || T¢||, . <
%Cint. Hence, the family (T¢).,>e>0 is equicontinuous and equibounded. In particular, for every compact
K C R? and every vanishing sequence (¢,)necN, there exists a (not relabeled) subsequence and a tensor
T € C(R%GR™) with || Tl e < $Cine and |T(z) — T(y)| < 3CmomCrmeaswy.(|@ — y|) such that Te» — T
strongly in C(K;R¥*?) as n — oco.

To identify the limit, we calculate

2T (z) = / wRW
R4\{0}

1 w

WY ~

,E)u(:c + w)dw

= / wRw I (x + ew/2, w)p(x + ew)dw
R4\ {0}

i) [ 0w, w)de + OWwo(Capee) + 04 Caps))
R4\ {0}

This shows the explicit form (T) of the tensor as well as its independence of the particular subsequence
(6n)nen and the particular compact set K C R?. Having shown (T), the uniform ellipticity of T is an easy
consequence of (112), (94) and (9), while the symmetry of the matrix T (z) for any = € R? follows from
(1()1) Od
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Finally, we combine the previous results to derive the structure of the continuity equation (NLIEy) from
the Finsler-type product.

Theorem 3.9 (Limiting inner product). Let p° — p narrowly in Po(R?). The tangent-to-cotangent mapping
I5. : TS Py(RY) — (T}PQ(Rd))* defined as in (3.6) satisfies

e—0 e

lim &, (V) (V4] = / Ve -TVudp, Vi, € C3(RY,

RA

with the tensor T € C(R%; RY*?) obtained as limit of (T¢)ey>e0 defined as in (3.10) from Proposition 3.8.

Proof. By Proposition 3.8, there exists a limiting tensor T € C(R%; R¥*?) such that for any compact
K C R?® we have T° — T strongly in C(K;R?*9) as ¢ — 0. In particular, for every ¢, € C}(R?), we have
that Vo - T*Vy — Ve - TV strongly in Co(R) as n — oo. As narrow convergence of measures implies
weak-* convergence of measures, this allows us to employ usual weak-strong convergence argument (cf. e.g.
[9, Proposition 3.5] for the strategy) to obtain

tiny [ V(o) T (@) Vo(a)dp” = [ Vola) - T(@)V(a)dp
R4 Rd

The proof is then concluded by employing Proposition 3.6, for which the C2-regularity of the test functions
is necessary. O

4. Graph-to-local limit for curves of maximal slope
The graph-to-local limit for (NL?|E) is proven by exploiting the variational formulation of the equations

as curves of maximal slope, as explained in Sections 2.4, 2.5. The localizing graph provided by (u,n), for
n¢ as in (1), identifies a sequence of weak solutions of (NL?IE.), that is, for p° < p, u— a.e.  and a.e. t,

Oupy (x /V K pi) (2, y) " (2, y)pj (2)dp(y) /V K pp) (@, y)+n® (@, 9)doi (y) = 0. (NL2iE,)

In view of [30, Theorem 3.9], weak solutions of (NL?IE.) are curves of maximal slope in the Finslerian
quasi-metric space (Po(RY), Time), that is zero-level sets of the graph De Giorgi functional

T
/ . (p7) + |P512)dr
0

G.(p°) = E(p7) — )+

DN | =

with the metric slope

D.(p°) =/ [(VE # p°)_(z,9) |0 (2, y)dp® (2)du(y).-

2d
R>

We show that in the ¢ — 0 limit we obtain a zero-level set of the local De Giorgi functional

T
1
gr(p) =E(pr) — +§/ Dr(p-) + |(p3)'[F)dr
0
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where the metric slope is
o0& o0&
D = —, TV—
r(p) /<v5p, v5p>dp,
d

thereby proving Theorem 2.25. As byproduct, the graph-to-local limit provides a proof of Theorem 2.26, the
existence of weak solutions of (NLIEy). Indeed, we find that weak solutions are curves of maximal slope in
local setting, according to Definitions 2.22 and 2.23 with respect to the Wasserstein gradient-flow structure
of (NLIET) in the metric space (P2(R%), Wi ).

Throughout this section we fix the tensor T as in (T) for u,d satisfying (1), (n2), and (9;) — (96),
respectively, and we consider n° given by (1)) as before.

4.1. Lower limit for the metric derivative and metric slope

In this section we derive the lower limits for the metric derivatives and the metric slopes, respectively.
This will then be combined with a chain rule (cf. Proposition 4.3) in order to obtain the convergence of the
zero level sets of the graph De Giorgi functionals to the zero level set of the local De Giorgi functional as
e — 0.

Proposition 4.1 (Lower limit of the metric derivative). Consider a family (p%)eso0 C AC?([0, T; (P2(R%), T2)),
with (p§)e C P2(R?) such that sup,~ o Ma(p§) < oo. Then there exists p € AC*([0,T]; (Po(RL), Wr)) such
that, for a.e. t € [0,T], p§ — pi and it holds

T T

. . 2

hgri}élf/“pf),{adtz/|p:s|%rdt'
0 0

Proof. [30, Proposition 2.25] characterizes absolutely continuous curves, and, in particular, for every e > 0
it allows us to infer that there exists a unique 7° such that (p°, 7°) € NCEZ. and for a.e. ¢ € [0, 7] it holds
1(p2) |2 = A, 1%, p5, j5) < 00. We employ Proposition 3.1 to obtain (p°, 5°) € CEg; Proposition 3.3 implies
convergence to a limit (p, ) € CEr such that p C P2(R?) (by Lemma 2.13 and lower semicontinuity).

Next, we note that for any ¢ € C2°(R?) the one-sided Cauchy-Schwarz inequality [30, Lemma 3.7] and
Young’s inequality yield

ey = 5 [ et @i

2d
]R/

% // Veo(z, y)n (z,y) (v (z, y)dp® (2)dp(y) — o2 (2, y)du(z)dp(y))
R2¢

= 5. (v%)[Vy]

< B (09) ]2 (Vi) [V

= \/A(mnE;p‘f’jE)A(umE;pf,ﬁp)

1 , 1~ _
< §A(um€;p5,f) + §A(u,n5;p6,V<ﬁ)~

For completeness, we mention that the second equality holds since we have finite action, whence the upwind
flux, cf. [30, Lemma 2.6]. Therefore, for ¢ € C2°((0,T); C>°(R%)) we obtain
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T T T
P 1 e. & q€ P £ e 1 1 £. £ O
hggglfg/fl(u,n 107> Ji)dt > lim inf /<v90tm7t Dedt =5 [ Al 07, Vipr)dt
0 0 0
T
> lim [ (Ve, ji), .dt —limsup - /A 1,155 05, Vepy) )dt
=0 e—0
0

Thi. 3.9 /<V<Pt,Jt Ydt — —// Vi, TV )dpdt.

0 R4

With this, arguing analogously to the last step in the proof of [47, Theorem 6.2 (i)], we set V = {T'/2V :
@ € C=((0,T); C=(R%))}, being T2(z) the square root of the positive-definite symmetric matrix T (z).
Fenchel-Moreau duality theorem implies

AL L[ e di il
Q/Hdpt o dt2//<T dp,’ dpt>dptdt
F (osRE) 0 pa
T
= sup /<T1/2V<pt,?1**1/2 —%// (TY?V ¢y, TY 2V p,)dpdt

peV
0 0 Rd

<11m1nf /A,u n%; pt,jt)dt—hmlnf /| ) | dt,

where the last equality follows from [30, Proposition 2.25] as mentioned at the beginning of the proof. The
above inequality and Proposition 3.3 imply p € AC?([0,T); (P2(R4.), Wr)) since (p,j) € CEr and, for
0 <s<t<T,it holds due to the Cauchy-Schwarz inequality

dj-

s dr < 0.

Lz(pT;Rde‘)

W2 (e 1) < <ts>/tH

Hence, Lebesgue’s differentiation theorem gives, for a.e. 7 the claimed result

d7:
oy < H—

O
dpt

L2(ps;RE)
Let us turn to the lower limit for the slopes.
Proposition 4.2 (Lower limit of metric slopes). Let (u,9) satisfy (1), (n2) and (91) — (9¢). Let n° be given

by () and let K satisfy (K1) — (K4). Let (p°")nen C P2(RY) be such that p» — p € Py(R?) narrowly as
n — oo. Then, up to passing to a subsequence, we have

liminf D. (p°") > Dr(p).

n—oo

Proof. We intend to apply Theorem 3.9, thus we shall take multiple steps to replace K * p°" by a compactly
supported, sufficiently smooth test function, which is independent of n. Throughout the proof, without loss
of generality we assume that e, < 1/Cqypp for all n € N, so that by (supp)

VneN,V(z,y) e G|z —y|V]z—y)* =z -1yl (4.1)
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Step 1: truncation Let xp € C°(R%;[0,1]) such that supp xr C Bar, Xr|Br = 1, |VXr| < 2/R. First,
we observe that for any (z,y) € G it holds

(VK xp™)_(z,y) > (VK 5 xrp™) _(2,y) — |VK * (1 — xg)p™|(z,y)

_ . 4.2
> (VK *xur™)_(e.9) = Licle = ol sup o (B5). 4.2)
ne

Thus, due to the tightness of (p*"),, there exists w € C([0, 00); [0, 00)) with w(R) — 0 as R — o0, such that

D, (p") = A(u,n°"; p, =V K % p)
> A(p, s p7, =V K % xpp™) — w(R) (4.3)
> A(X}m 17 Xrp™ —VE % xpp™) — w(R)
= Alxrp 0™ xro™, Vi) — w(R),
where the last inequality holds by the monotonicity of the integral and where we set @3 := —K * xgp°.

Step 2: mollification In order to apply Theorem 3.9 later, we need further regularity. Given a mollifier
(Vs)s>0, for every n € N we define o35 = v5 * ¢ € C2°(R?). Then, using (K3) and (4.1) we calculate

| AR 17 X RO, Vi) — AR 175 xR, V055)|

// (Vo). | - !(790215)+!2} (xr @ Xr)n™d(p™" @ 1)

R2d

<2Lg // V(o7 — %) (@) |lz — ylxr(@)xr ()0 (x, y)dp™ ()du(y)
]RZd

< 20mLi|VeR = VoR sl L (ym)-

Next, we show that [[Voz — Voi'sll 1 w(p,,) — 0 as ¢ — 0, uniformly in n. Indeed, for any = € Bsp it
holds

[V (@) — Vi ()| =

[ (@6 @) = Veis il - y)dy]

Rd
< sup |V (z) — Vo (v)|

yEBs(x)
— sup / (ViK(y,2) — VoK (2, 2))xa(=)do™ (2)
yEBs(x) B

< sup  sup |ViK(y,z) — ViK(z,z2)|
2€BoRr yEBs (l)

= wR(é)

§—0
— 0,

where we used that the continuous function V1K is uniformly continuous on the compact set Bag.

Step 3: n-independent test function Next, we show that up to a negligible error, vanishing as n — oo,

En

we can replace ¢'s by prs = —vs * K % xgp. Indeed, we observe

'(Vwiéﬁa(w, y))+ — (Vors(@,9) , [xr(@)xr(Y)
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< V(s — r) @ 0) [xr(@xR) < 1V6585 = Vol e (e = -

Hence, due to (K3), keeping in mind (4.1), we obtain

‘A(XRIM s XROT Ve s) — AXRE 1T X RO V@R,a)‘

< 2L [[|((Feiste)s) = (Tonate.)s) [xn)xale - shr (o p)do () duty)

2d
R7

< QLKCint”v‘P%l)g - VSDR,(SHLOC(BZR)'

We conclude this step by showing that for any §, R > 0, it holds

lim sup|[ Vs = Veor sl L (,n) = 0- (4.4)

To see this, we first observe that by the triangle inequality for any N € N and a,ax € R, k=1,..., N, we
have

N

la| < Z|ak| + mkin|a — ag|.
k=1

On the other hand, for any ¢ > 0 there exists N, € N and points 2*), k = 1,..., N,, such that min|z —
a:(k)| < o for any € Byr. We define K := v5 * K and denote by wgk,; r the modulus of continuity of VK
on Bap X Bsg. Recalling supp xg = Bagr, we obtain

/ Oa K, 2)xr(2)A(65" — p)(2)

R4

IN

max
1<i<d

Ng
/ B0, K5 (29, 2)x r(2)d (0 — p)(2)
k=114

+ max sup min
1<i<dzeBop

/(GMK(;(:U, 2) — 0, Ks(z™®, z))xR(z)d(pE” —p)(2)

< max

~1<i<d

N
+ QwKJ,R(O').
=1

/ 00, Ks5(2™, 2)xr(2)d(p™ — p)(2)
Rd

Since N, is finite, the first sum vanishes as n — oo due to the narrow convergence of p*~ towards p. Hence,
since o > 0 is arbitrary, the claim is proved.

Step 4: conclusion Applying Theorem 3.9 with xgp and ygp°™, keeping in mind Proposition 3.8 on the
uniqueness of the limit, we have

Jim A(xris s xR0, Vo R,s) = /VSOR,J -TrVersxrdp,
]Rd

where, recalling 7° (x,y) = Ed%ﬂ(%, ygI), it holds
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. 1 Y- Y- EnY—T Y—T ~
= lim — 9 -n d
Jim > / ( - >®( - > <x+ 2 o e Xr(y)i(y)dy

= L r@)() / wwd(z, w)dw,
R4\{0}

which, as R — oo, converges pointwise to

1._
T(z) = 5/¢($) / wRw ¥z, w)dw.
R4\{0}
Regarding ¢r s, we define or = —K * xrp and observe that for every dy > 0 the family (pr s)o<s<s, is

supported on a compact set, so that we find

§—0
IVors = Vorl e, — 0

Since xg — 1 as R — oo pointwise on R?, (K4) and the dominated convergence theorem give us for every
reR?

Vor(@) = —(ViK) * pxr(z) =3 —VK « p(x).

Thus, another application of the dominated convergence theorem yields

liminf D, (p) > liminf A(xri 05 xrp™, Vioi) — w(R)
n—oo n o0

> lim inf Alxrp ™5 xrp™, Vi s) — wr(8) — w(R)

> lim inf ARt XRP" ViR s) — wr(0) — w(R)

= lim A(xri, 17" XrP™, Vior,s) — wr(6) — w(R)
n—oo

= /VapR,a -TrVersxrdp —wr(d) —w(R)

Rd
3—0 R—oco
c / Vo TrVgrxadp — w(R) =2 Dy(p). O
Rd

4.2. Wasserstein gradient-flow structure for (NLIET)

In order to prove Theorem 2.25, it remains to show that the local De Giorgi functional Gt is non-negative.
This is a consequence of a chain rule inequality proven in Proposition 4.3. Afterwards we prove Theorem 2.26
by establishing convergence of gradient flows of £ in the Finslerian spaces (P2(R%),7:) towards gradient
flows of the same energy, £, in the Riemannian space (Pa (Rﬁlr), Wr) as € — 0, using the concept of curves
of maximal slope in the corresponding spaces, following [3].

Proposition 4.3. (Chain-rule inequality) Assume K satisfies (K1) ~ (K4). For any p € AC?([0,T); (Pa(R%),
Wr)) the following chain rule inequality holds
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N | =

T
gr(p) =E(pr) — ) + /DT pt) + |pilT) dt > 0.
0

Proof. Let us remind the reader the tensor T is continuous, symmetric, and uniformly elliptic, cf. Propo-
sition 3.8. According to [55, Theorem 2.4], if p € AC?([0,T); (P2(R%), Wr)), there exists a unique vector
field w : [0, 7] x R? — RY such that (p, pu) € CEr and

|p;|']I‘ = ||ut||L2(pt;]R%) a.e. t € [OaT]

The uniform ellipticity of T (Proposition 3.8) implies

c //|ut| dpdt < // Yug, ug)dppdt = /|pt|Tdt < 0,

0 Rd 0 R4

by assumption. Since (p, pu) € CEr such that |u|L2(p;]Rd,) € LY0,T), due to the previous inequality, [3,
Theorem 8.3.1] implies W-absolute continuity of the curve p = (p;)eo,r) C P2(R%).

Due to Proposition A.1 and the fact that T is symmetric and uniformly elliptic, for any 0 < s <t < T,
we obtain the result from

t
E(pr) — E(ps) = / / VK  prusdp,dr

s Rd

t
= //(TUQVK*pT,Tfl/ZuﬁdedT

s Rd
t
> —%/[/(VK*pT,TVK*mde /(T_lunuadm} dr
s R4 R4

t
1
—5/(DT<pT>+|p;|%)dr. 0

S

We now combine the lower limits of Section 4.1 with the chain-rule inequality from Proposition 4.3 to
prove Theorem 2.25.

Proof of Theorem 2.25. Continuity of the energy with respect to narrow convergence, [30, Proposition 3.3],
and the lower limits for the metric derivatives and the slopes, Propositions 4.1 and 4.2, imply

i inf &y > -
0=liminfG.(p°) > Gr(p)
With this, the chain-rule inequality proven in Proposition 4.3 ensures Gr(p) =0. O

Next, we want to establish the connection between the zero level sets of Gt and weak solutions of (NLIET).
To this end, we first show that /D is a strong upper-gradient for £.

Corollary 4.4 (Strong upper gradient). Assume K satisfies (K1) — (K4). For any p € AC*([0,T); (Pa(R%),
Wr)) it holds /D is a strong upper gradient for £ in the sense of Definition 2.21, i.e.,
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t
1E(p) — E(pa))] < / VPr(pldldr, Vo<s<t<T.

Proof. Arguing as in Proposition 4.3, we infer that there exists a unique vector field w : [0,7] x R? — R¢
such that (p, pu) € CEr with ||ul| 2, pa) € L'(0,T), hence the curve (p;)iepo,r) C P2(R?) is Wa-absolutely
continuous. Therefore, by applying Proposition A.1, we infer what is claimed, i.e.,

| ( ps ‘ = ’//VK*pTU/poTdT

s R4

§//‘<T1/2VK*;)T, _1/2u7>‘dp7d7'

s R4

t
< [ JI0VE ¢, 95 )|, T ) Pl

s R4
t
< [ VPrGo) Irlar.

We are now able to identify weak solutions of (NLIEy) as curves of maximal slope of £ with respect to
the strong upper gradient /Dy, thus gradient flows in (P2(R4), Wr).

Theorem 4.5. Assume K satisfies (K1) — (K4). A curve p C P2(R?) ds a weak solution of (NLIET) if
and only if it is a curve of maximal slope for £ with respect to its strong upper gradient /Dr, i.e., p €
AC?([0, TT; (P2(RE), Wr)) and Gt (p) = 0.

Proof. According to Definition 2.24, for a weak solution of (NLIEy) we have

dile) = ~TVE (@)dpu(o)

By again setting u; = fTV% the density of j; with respect to p;, we notice

o€ o0&

a2t = Do) = [ <v £ 193 t>dpt < oo
Rd

The metric slope is uniformly bounded as follows as consequence of the uniform ellipticity of T and As-

sumption (K4):
0& o0&
Dr(pt) :/<V5 o TV(; t>dpt
R4

<c // VK (2, 9)2 dp(y)dpi ()

R2d

<c // (1+ Jz] + [y])* dpi(w)dpr ()

R2d

< C(1+ Ma(py)) < Clpo,T).
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The uniform bound on the second order moments of p; can be proven by a standard procedure, which we
include for completeness. Upon considering a smooth cut-off function, by Remark 2.20 we have

d 5 B 6E
T (1+ [z[*)dpe(z) = 2/<x,TV5pt>dpt
Rd Rd
2 08 8E ’
<2 T 'z, z)d —,TV—)d
o fernmn) [ (722w,
R4 R4

<c / «[2dpy(z) + D (pr)
]Rd

< C’/(l + |z[*)dpe().

R4

Gronwall’s inequality provides propagation of second order moments for weak solutions of (NLIE).

We have p € AC([0, T); (P2(R%.), Wr)) by the uniform bound on the metric slope Dr. Since (0,7) > ¢
luellz2(ppire) € L?(0,T) and by arguing as in the proof of Proposition 4.1, we obtain |p}|T < ”“t”L?(pt;]R%)'
In turn, uniform ellipticity of T gives [u¢||r2(,,.re) € L*(0,T), thus Wa-absolute continuity of p, due to [3,
Theorem 8.3.1]. Exploiting the chain rule from Proposition A.1, we obtain, for any 0 < s <t < T,

£(pr) = Ep) = = [ Drlpo)dr <~ [ VDr(plotlar

Being /Dt a strong upper gradient by Corollary 4.4, we infer Gt (p) = 0.

Let p be a curve of maximal slope for £ with respect to its strong upper gradient, /D, cf. Definition 2.22.
More precisely, p € AC?([0,T]; (P2(R%), Wr)) such that Gr(p) = 0. Arguing as in previous proofs, there
exists a unique vector field w : [0,7] x R — R? such that (p, pu) € CE7 and |p,| = [utll L2 (p,ma ) for ace.
t € [0, 7). Furthermore, uniform ellipticity of T implies Wa-absolute continuity. Proposition A.1 gives, for
any 0<s<t<T,

t

E(pr) — E(ps) = / / VK * prusdprdr

s R4
t

= //<T1/2VK s pr, TV 20, Ydp,dr

s R4
t
> —//\(TVK*pT,VK*p7>]%|<uT,T‘1uT>!%dedr
s R4
t t
> —%//<TVK*pT,VK*PT>dedT— %//(uT,T‘lqupTdr
sRA s R4

t

- —%/(wp»w%)dr.

S
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Since Gt (p) = 0, the inequalities above are equalities, which is true if and only if ui(x) = —TVK * p:(z)
for pi-a.e. x and a.e. t € [0,T). In particular, (p,j) € CEr for j = —pTV*p. O

Finally, we conclude with the proofs of Theorem 2.26 and Theorem 2.27.

Proof of Theorem 2.26. The proof is a graph-approximation of (NLIEy). Consider (u,d) satisfying (1),
(n2) and (91) — (96), and let 7° be given by (1). Theorem B.3 provides a sequence (p°). of weak solutions
to (NL?IE), which are curves of maximal slope for € in (P2(R?),7,, ), hence such that G.(p) = 0, for any
e > 0, cf. [30, Theorem 3.9]. The graph-to-local limit proven previous to this subsection, Theorem 2.25,
implies existence of a limiting curve p € AC?([0,T); (P2(R%), Wr)) which is p is a gradient flow of £ in
(P2(R$), W), ie., Gr(p) = 0. In particular, Theorem 4.5 asserts this is a weak solution of (NLIET). O

Proof of Theorem 2.27. Let p be as in Theorem 2.26 with initial datum gy € Po(R%), and let (p¥).~¢ be
the approximating sequence of graph gradient flows from Theorem 2.25 with initial data gf € P2(R?). In
particular, we have (along a subsequence) for all ¢ € [0, 7]

p; — pt narrowly as € — 0,

and

sup Ma(g5) < o
e>0

On the other hand, by the proof of Theorem B.3, for any ¢ > 0 there exists a sequence (u®™), of finite
base measures such that u®™ —* 1 weakly-* as n — oo, corresponding initial data o;" € Po2(R?), and
gradient flows p=™. From the same proof we can further conclude that for all € > 0 and all ¢ € [0,7] (up to
an unrenamed subsequence) it holds

py" — pi narrowly as n — oo,
and

sup sup Mz (o5") < oc.
e>0neN

Observe that by [30, Lemma 2.16], this implies a uniform moment bound also in time, i.e.,

sup sup sup Ma(p;™") < oo. (4.5)
te[0,T] e>0 neN

Indeed, keeping in mind that (int) does in fact not depend on ¢, this is a consequence of the metric slopes
being uniformly bounded with respect to € and n for any finite time horizon T.

From the uniform bound (4.5), we deduce by [3, Proposition 7.1.5] that narrow convergence is equivalent
to convergence with respect to the W; metric.

Next, we observe that by Proposition [30, Proposition 2.21] (where the constant is again independent of
e by (int)) for every e > 0,n € N, and 0 < s < ¢ < T it holds

t

Wi(pS™, i) < Tur e (03" 07") < /|(pi’")'\g,nd7 < Vit —ssup

neN
S
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where sup,~ ¢ sup,cn fOT|(pi’”)’|§’ndT < o0 by [30, Lemma 3.13]. Indeed, the De Giorgi functionals are
uniformly bounded by assumption and a uniform bound on the energies, also with respect to time, is a
consequence of (4.5). The same argument yields for every e > 0and 0 < s <t < T

Wi(p5, p) <Vt —ssup

neN

T
2
ﬂmwgmn
0

where sup,- g fOT|(pi)'|§’ndT < oo. In particular, the set {p=" : n € N,e > 0} U {p° : € > 0} of maps
p:[0,T] = ((P(R%), Wy))Y is uniformly equicontinuous, so that the above pointwise in time convergence
results are in fact uniform in time. This allows us to conclude with the following diagonal argument: For
every k € N there exists ¢ > 0 and ng € N such that for every t € [0,T] we have

El

Wi(pi, py) + Wilp""", pi*) <

EkNE

Consequently, the sequence (p*);, defined by p* = Py satisfies the claimed conditions. O
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Appendix A. Chain-rule for the nonlocal interaction energy

Below we provide a general chain-rule result for the energy (1.2) using CE, as alternative to [3, Section
10], where convexity is required.

Proposition A.1 (Chain-rule continuity equation). Let K satisfy assumption (K1) — (K4) and p €
AC2([0,T); (Po(R%), Wy)). Then, for any 0 < s <t <T, the following chain-rule holds

t

swa—a%wa//VK*WWM%@x (A1)

s R4

being (ji)epo,r) € M(R%R?Y) such that (p, j) € CEp.

Proof. Assumption (K3) ensures &(p;) < oo for all t € [0,T], since p C Po(RY). Having p €
AC?([0, T); (Po(R%), W5)) implies there exists a unique Borel vector field u € L?([0,T]; L?(p;; R?)) such



A. Esposito et al. / J. Math. Pures Appl. 194 (2025) 103663 41

that (p, pu) € CEr as well as |p}| = [lw[|2(,, gy for Llae. t € [0,T)], cf. [3, Theorem 8.3.1, Propo-
sition 8.4.5]. For cousistency with our notation we denote j := pu and u; = d]t for a.e. t € [0,T]. We
follow the procedure in, e.g., [30, Proposition 3. 10] applying two regularizatlon arguments First, for all
(r,) € R? x R? we define Kg(a: y) = Ksxme(z,y) = [[papa K(z, 2 )me(z — 2,y — 2')dzd2’, where
me(z) = gam(2) for all z € R?*? and € > 0, being m € C°(R??) a standard mollifier. We also introduce
a smooth cut-off function pr € C°(R24), which is such that ¢r(z) = 1 on Bg, pr(z) = 0 on R?¢\ Bag
and [Vog| < 2. We set K5 == ppK* and note that it is a C2°(R??) function. We now introduce the
approximate energies, indexed by € and R,

Er(v) = %//K}%(az,y)dl/(y)dl/(z) for all v € Py(RY).

R4 R4

Next, we extend p and j to [—T,2T] periodically in time by setting p_s = pr—s and prys == ps for all
€ (0,7] and likewise for j. We regularize p and j in time by using a standard mollifier n € C°(R),
supported on [—1,1], by setting n, () = 1n(%) and

(e}

pT) = () = [ ot = s)pu(A)ds,  VACRY

—0

o

jﬂA):ng*ﬁ@ﬂ:i/nAtfsﬁgAM& VA C RY,

—0

for any o € (0,T) and any ¢ € [0,T]; whence p € Py(R?) for all ¢ € [0,T] and it is straightforward to check
that (p?,3°) € CEp. Furthermore, we observe

T
th dp; dj:
dp,dt = d|Aldt,
//W pr //@<mAdMO||
0

Rd
where |\ € MT(R?) is such that py, j; < || for a.e. t € [0, 7], where

b|? .
% if a > 0,

ala,b) =<0 ifa=0and b #0,
400 if a=0and b # 0,

is lower semicontinuous, jointly convex, and one-homogeneous, see [22]. Arguing as in [30, Proposition 3.10],

T
<of [l
~cC o
dpy
0

R4

Jensen’s inequality and Fubini’s Theorem ensure

e

for a constant ¢ > 0. In view of the regularity we have for ¢ > 0 and ¢ > 0, we compute

dptdtv

d

ng /VKR*pt()th()

R4

whence, by integrating in time for 0 < s <t < T, it holds
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t

%W%$%@=//Vﬁwﬂ@mﬂﬂ (A2)
s R4

The proof will be completed once we let € and ¢ to 0 and R to oo in the equality above. In this regard,
we first note that [22, Corollary 4.10] gives p¢ — p; weakly-* in M;’_(R), for any t € [0,7], and j7 — 7

in M (R? x [0,T];R%), being (p,7) € CEr. On the other hand, since n, — &y weakly-*, as ¢ — 0, we

loc
have pf — p; weakly-* in M;’ (RY) and jf — j; weakly-* in M;’ (R4 RY), so that p = p and J = j by
uniqueness of the limit. Since K € C'(R? x RY), it is well known that K¢ — K uniformly on compact sets
as ¢ — 0. In particular, on both sides of (A.2) we can send 0 — 0 and ¢ — 0. By further using Lebesgue
dominated convergence theorem on the R — oo limit — exploiting the moment control established in

Remark 2.5 in conjunction with Assumption (K4) — we obtain the desired result, i.e. (A.1). O
Appendix B. Extension of [30] to regular o-finite base measures

Here we extend the results from [30], shown for finite base measures p, to o-finite base measures p satis-
fying (111), (112). For the readers convenience, we remind the relevant assumptions in [30] for the pair (i, n):

7 is continuous on the set {n > 0}, (B.1)
n(z,y) = n(y,x) for all x,y € R% '
the moment bounds
sup |z —y? Ve —y['n(z,y) < Cy, (B.2)
(z,y)eRZ?
sup [ o= o v le — yitnla)duty) < . (B.3)
z€R4
Re\{x}
and the local blow-up control
i sup [ o=yl () =0 (B.4)
=0 zeRd
Bs(z)\{=z}

Assumption (B.2) is required in [30, Theorem 3.15] to show existence of weak solutions to (NL?IE). Instead
of p(R?) < oo, we assume (11), (112) and that G, = {y € R4\ {z} : n(z,y) > 0} € R? is a bounded set.
Note that by Lemma 2.1 and Remark 2.2 all the above conditions are satisfied under the assumptions (111),
(n2) and (91) — (V).

In order to reprove the results from [30] under the altered assumption on p, we need to ensure that the
lower semicontinuity of the De Giorgi functional [30, Lemma 3.13] holds true when the sequence (u™), C
MT(G) converges weakly-* to u € M*(R?), instead of narrowly, and it satisfies the above assumptions
uniformly in n. We notice this is already pointed out in [44, Proposition 2.22], namely the action A(u, n; p, 5)
is in fact weakly-* lower semicontinuous with respect to the base measure u (see e.g. [2, Theorem 2.34]
or [11, Theorem 3.4.3]). Due to the identity |p'|im = A(p,m;p, ), for a specific j € M(R2?) (see [30,
Proposition 2.25] or [44, Proposition 2.31]), weak-* lower semicontinuity is inherited by metric derivatives.
Moreover, for the sake of completeness we also mention compactness for weak solutions of the continuity
equation still holds true as weak-* convergence is only needed when showing lower semicontinuity of the
total action, see [30, Proposition 2.17].

It remains to show lower semicontinuity of the metric slope with respect to weak-* convergence for the
base measure p.
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Proposition B.1 (Weak-* lower semicontinuity of the metric slope). Let K satisfy (K2), (K3) and n: R?? —
[0,00) satisfy (B.1). Assume that (jin)nen C MT(RY) is such that (B.3) and (B.4) hold uniformly in n and
put =, as no— 0o Let (pn)nen C P2(R?) such that p* — p, as n — oo for some p € Po(R). Then, the
metric slope is weak-* lower semicontinuous

lim inf D(p",7; p") = D, 5 p)-

Proof. We argue similarly to the proof of Proposition 4.2. Let R > 0. We set G = {(:z:7 y) € ]R/2d de—yl >
1/R} and choose xr € C°(R2%;[0,1]) such that Xr|Gan(BaxBr) = 1 and supp Xg C G2r N (Ba2g X Bag).
Further, we choose xr € C2°(R%;[0,1]) such that supp xg C Bagr, Xr|sr = 1 and |Vxg| < 2/R. Arguing
analogously to the derivation of (4.3), we obtain

D(u"™,m; p") // (Vek) + XRnd(p" ® ") — w(R) = A(Xr(p" ® p"), Vo) — w(R),
R2d

where ¢t = —K x xgp". Setting pr = —K * xrp, for any R > 0, we have

|A(Xr(u"@p"), Vh) — A(Xr(L"®0"), Vor)| < 8RLKCH|@k — @rll (5,0

where we used that |z —y| > 1/2R for any (x,y) € supp xg and (B.3). Arguing as in the proof of (4.4)
we find ||¢ — ‘PRHLOO(BQR) vanishes as n — oo. Due to the cut-off xg, the weak-* convergence of p" @ u™
towards p ® u yields

lim A(Xr(#" ® p"),Vor) = A(Xr(p @ p), Vor).

n—oo

Furthermore, denoting ¢ := —K # p, employing again (K3) as well as (B.3) and arguing similar to the
estimate (4.2), for every R > 0 we find

Ak @ p), Fior) = Alxn(n @ p), V)| < 2L3Clip(B5).

For the outer cut-off, we employ again (K3) and (B.3)

|A(xr(1® p), Vo) = A p, V)| '/ (Vo) )ndp®u‘

// (Vo) nd(p ® u)'

B xBg

<tisp [ (le= ol vie— o )ale)dnto) + LiChoBR).
zcR
—1(z)\{z}

which all vanish as R — oo due to the tightness of p and (B.4). Combining all the previous estimates, we
obtain

lim inf D(u", n; p") = lim inf A(Xr(n" © p"), Vioh) — w(R)

> liminf A(Yr(u" @ p"), Ver) — w(R)

n—oo

= A(Xr(1® p),Ver) — w(R)

2% A p, V) = D(p, 3 p). O
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The final step is adapting [30, Theorem 3.15] to the altered framework. In order to obtain an n-uniform
bound similar to [30, Eq. (3.31)], we will use a finite approximation.

Lemma B.2 (Finite approvimation). Let u € M*(R?) such that (111), (112) hold. For every m € N define

@™ = plg—. There exists a sequence (™" )peN given by

Zumné o

for suitable N'™ € N, ;""" € [0,00), z"" € R?, such that supp g™ C supp g™ = B,, for alln € N and
@ — @™ with respect to Wy as n — 0o. These measures have equal total mass, i.e. i™(R%) = g™ (R?)
for all n € N. Furthermore, there is a constant Cu > 0 such that

sup sup p""(Gy) < éu and sup sup pg"(G,) < C’M, (B.5)
m,neEN zeR4 meN zeR4 )

where we recall that G, = {y € RA\{x} : n(x,y) > 0}. In particular, (i™",n) and (i™,n) satisfy (B.3) and
(B.4) uniformly in m and n.

Proof. A possible approximation is the d-dimensional midpoint Riemann sum, which is obtained by choosing
the evaluation points {z}"" : 1 < k < N} = Z%/2" N B,,, and the weights ;""" = j(z"")/2¢", where
we recall that ji is the density of p with respect to .Z?. Since the ball B,, is compact, Ws convergence
holds as consequence of weak-* convergence and its equivalence with the narrow convergence, plus that of
second order moments. The equal total mass is ensured by a standard rescaling argument. Regarding the
inequality (B.5), we notice that Go = {y € R?\ {0} : 7(0,) > 0} C R? is a bounded set, hence so is
Gl = Gy + Bg for any R > 0. Therefore g™ (GE) and ™" (G{t) are bounded uniformly with respect to m
and n, by construction of the measures "™ ™. Moreover, we notice that

sup diam(G,) = sup diam({y € R4\ {z} : n(z,y) > 0}) < oo,
z€R4 z€R4

so that, by the construction of the measures ji”", there is an R > 0 such that for any z € R? and any
m,n € N we have ji™"(G,) < i™"(G{). Here, R > 0 compensates for the fact that more points z}"" might
lie inside G, than inside G and for fluctuations in u, keeping in mind, the uniform bounds ¢, < i < C,. O

Now we are in the position to show existence of solutions to (NL?|E) in the adapted setting.

Theorem B.3 (Eristence of weak solutions to (NL?IE)). Let K satisfy (K1) — (K3), u € MT(R?) be o-finite,
and assume that (p,n) satisfy (B.1) — (B.4). Consider oo € P2(R%) with o9 < p. Then there exists a
narrowly continuous curve p : [0,T] — Pa(R?) such that supp p; C supp u for all t € [0,T], which is a weak
solution to (NL?IE) with initial datum py = o.

Proof. By Lemma B.2 we obtain for every m € N the finite measure g™ with bounded second moments,
as well as finite combinations of Dirac measures ™" with i™"(R%) = i™(R%) = u(B,,) that converge to
@™ in Wy as n — oo. Moreover, they satisfy (B.3) and (B.4) uniformly in m and n. Let mo € N such that
00(Bp,) > 0 for all m > mg. For m > my the truncated and renormalized initial data gf* := 0o|5,,/00(Bm) €
P(RY) satisfying g* < i™ for every m € N. They converge to gy in (Po(RY), W3), since gy € Po(R%) by
assumption. The above objects allow us for each m,n € N, m > mg to employ the construction in the proof
of [30, Theorem 3.15] to obtain initial data g;"" < ™" which converge to g§* as n — oo in (P(R%), Wa).
Therefore, for any k € N there exist m,n € N such that
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Wa(eg™", e0") + Wa(og', e0) <

Denote gf := gy"" for this m, n. These initial data satisfy all the conditions required to follow the remainder
of the proof of [30, Theorem 3.15] and obtain the result. O

Appendix C. Relation to EDP convergence for gradient structures

In this part of the appendix, we translate the gradient-flow formulation in terms of curves of maximal slope
for the quasi-metric provided in Section 2.4 into the recent notion of gradient flows in continuity equation
format [65, Definition 1.1]. The starting point is an abstract continuity equation including the conservation
laws of the systems under consideration; both the nonlocal (1.1a) and local continuity equation (1.4a)
represent indeed examples of that formalism.

The flux formulation has the advantage that the kinetic relations (1.1b) and (1.4b) can be encoded as
the subdifferential of a suitable convex functional. For (1.1b) those functionals can be formally defined by
(see Definition 2.6 for how undefined cases are handled)

// (dpew) do®u)+ // (du®p>

RWA@—/p|ﬂndp®u /m——wdu®m (C2)
G

nd(p ® p), (C.1)

Hereby, the formal duality is understood in the n-weighted dual product (v, j =3 f fG vndj and it is easy
to verify (see Remark C.1) that

R*(p,v) = -ei%?@(@’”ﬁ - R(p.5)).

Hence, we have always the bounds

(v,5), < R(p,4) + R*(p, v)- (C3)

Remark C.1 (Duality). Given r, s € [0, 0], define the function f : R — [0, 00] by

[ (]7 )+OZ(*‘],8)],

wl»—l

fG) =

with & : R x [0, 00] = [0, o0] defined in (2.3). For any r, s € [0, 00) the function f is proper, lsc. and convex,
so that by the Fenchel-Moreau theorem f is its own convex biconjugate. The convex conjugate of f is given
by

. 1
frlv)=35 [r(vy)? + s(v-)?].
To see this, at first we assume that r, s > 0 and calculate

() ()?

f*(v):zigﬁh}-j—fij)]:zigg CR A 5

— % [r(y+)2 + s(v_)z].

By the definition of «, the cases r = 0 and s = 0 satisfy the same equality, since the supremum is then
achieved at j4 = 0 or j_ = 0 respectively.
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This provides a robust formulation thanks to the characterization of the subdifferential through Legendre-
Fenchel duality: any pair (v,j) € Co(G) x M(G) satisfies the identity (1.1b) if and only if

JE€ R (pv) & vedR(p])) < (v.j),=R(pJ)+R (pv), (C4)

where 09R and 9;R denote the subdifferential for the second argument, which for (C.1) and (C.2) are
single-valued. We note that R(p, j) = +.A(u, n; p, j) from Definition 2.6 and we have thanks to Corollary 2.9
the improved integrability of the flux whenever R(p,j) < oo of the type

1 , .
5/ |z —y|n(z,y)dj(z,y) < V2CineR(p, j) < o0

In particular, this allows to extend the test-function class in (C.3) to nonlocal gradients of the type Vi
with ¢ € C}(R?), since we can estimate

)<V<p I // (@) |x ||:v yIn(z,y)dj(z,y) < llellcrgay 5 / |z — y|n(z,y)dj(z,y) <

With this observation, we find in equation (1.1a) another duality structure between the nonlocal divergence
div and the nonlocal gradient V. Both satisfy, for any test function ¢ € C} (R%), the identity <¢,E ij > =
—(Ve,j >n'

Let us suppose that the variational derivative of the energy &£'(p) € C}(R%), which is usually not the
case. Then, we can connect the continuity equation (1.1a) with the specific choice for the velocity in (1.1c)
as gradient of the derivative v; = —VE&'(p;) via the identity

dé(pt)
dt

= (E'(pe), Oepr) = —(E'(p1), div ji) = —(=VE'(p), je),, = —Rlpe, je) — R*(pe, =VE'(py)), (C.5)

where equality holds if and only if j, and v, are related through (C.4) and hence equivalently by (1.1b).
By integrating the estimate (C.5), we obtain an energy-dissipation functional defined for solutions (p, j) €
NCEr to (1.1a) by

L(p.5) = Epr) = Elpn) + [ (R(prs i) + R (pr, ~VE (pr))
0

This is connected to the De Giorgi functional G by the relation
G(p) = inf{L(p,J) : j such that (p,j) € NCEr}.

The previous considerations lead to the following definition of a nonlocal gradient system in continuity
equation format in our setting.

Definition C.2 (Nonlocal gradient structure). A nonlocal gradient structure in continuity equation format
has the building blocks:

1. A graph structure induced by (u,7n) defining the nonlocal divergence div (implicity depending on 7)
and providing a notion of solutions for (p,7) € NCEr given in (1.1a) through the duality product
Cy(RY) x M(R?) 3 (9, 7) = (Ve 5),,.

2. An energy functional € : P(R%) — [0, c0).
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3. A dissipation functional R : P(RY) x M(G) — R: For any p € P(R?), the map R(p,-) is convex and
lower semicontinuous with min R(p, ) = R(p,0) = 0.

The gradient structure ((i,n),V,E,R) is called good, provided that for any (p,j) € NCEr, one has
L(p,j) > 0. B

A curve (p,j) € NCEr is an EDP solution of the good gradient structure ((, 1), V, &, R) provided that
L(p,j)=0.

Since, in general the variational derivative of the driving energy is not in the class of admissible test
functions, in our case &(p) ¢ C}(R?), the goodness of the energy-dissipation functional £ has to be proven.
This is typically done with the help of establishing the chain rule inequality

¢
E(ps /VE Ps)s Js) d a.e. t € (0,7).
0

One of the main results of [30] can be restated as follows:

Theorem C.3 (Variational characterization of NL*IE [30]). Any measure-valued solution of (1.1) is an
EDP solution for the gradient structure ((p,n),V,&,R), with elements given by (1.1a), (1.2) and (C.1).

Having established the variational formulation for (1.1), we can ask about the variational convergence for
the e-rescaled version, where now 7 is replaced by n® from (1.3) and hence, we study the gradient structure
(1, m°), dive, €, Re) and ask about its limit as ¢ — 0. From the heuristics in the introduction, we expect a
limit of the form (R%, div, £, Rt ), where the graph structure is replaced by a T-weighted Euclidean structure
with respect to the limiting tensor in (') and the nonlocal divergence by the standard one divj = Z?Zl 03iJi-
The limiting dissipation potential defines a dynamic dissipation after Otto and co-authors [48,63] giving
rise to the Wasserstein distance [8], which in its T-weighted form was studied in [55] and is given by

Relp.d) = [ 5|20, doto)

R4

where the weighted Euclidean norm is given by |¢ ﬁr =¢- T for € € R The limiting gradient structure
(R?,div, &, Rr) is good thanks to the chain rule proven in Proposition 4.3, implying that for (p,j) € CEr
the ED functional L1 (p,j) given by

T
Lr(p,j)=E(pr +/ R (pt, ji) + Ry (e, —VE (pr)))dt
0

is non-negative, i.e. L (p,j) > 0, with the dual dissipation functional R (p,&) = [ (¢(z), T (2)€)dp(x).
Hence, any curve (p, j) € CEr with L1 (p,j) = 0 is a measure-valued solution to (NLIET).
For the EDP convergence statement, we need a common notion of curves for € > 0 and the limit.
This is possible thanks to the reconstruction of the flux in Proposition 3.1, where we showed that any
s AE

(p%,3°) € NCE% can be associated with a curve (p®,5%) € CEr. In this way, we arrive at a notion of
convergence, which we call T-convergence

NCEZ > (p°,5°) = (p,j) € CEr
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provided that pf — p; narrowly in P(R?) for a.e. t € [0,T] and [ 75dt = [ jdt weakly-* in M((0,T) x
R4 RY).

With these preliminary considerations, the main result of this work contained in Theorem 2.25 can
be recast in terms of T'-convergence of gradient flows after [69,73], which implies the EDP-convergence
after [59,54,60,65]. As a consequence of the EDP-convergence statement, the solutions converge narrowly
and thanks to the continuity of the energy in the narrow topology, our result also implies the evolutionary
I-convergence after [59].

The EDP convergence statement is formulated in terms of the total dissipation functional of a curve
(p®,3%) € NCE% defined by

T
Z:( / (07, 75) + RE(pE, —VE (p7)))dt
0

Now, we can restate the Theorem 2.25 in the language of EDP convergence. Typically, the energy £ is
dependent of €, and the EDP convergence statement contains a I'-limit statement of the type & L &. In
our case this is not necessary, since the driving energy £ does not depend on € and is continuous.

Theorem C.4 (EDP convergence of (NL?IE.) to (NLIEy)). Let (u,9) satisfy (111), (112) and (91) — (9¢).
Let n° be given by (n) and assume K satisfies (K1) — (K4). Then, the sequence of gradient struc-
tures ((u,n°),divz, €, R.) for (NL?IE.) EDP converges to the limiting gradient structure (R?, div,&, Rr)
for (NLIET) as e — 0.

Let (p®,j°) € NCET with supg..<., Z-(p°,J°) < 00, then there exists a subsequence such that NCEZ >
(p°,5°) = (p,) € CEr and

lim inf @E(ﬁ)E,jE) > @']I‘ (pa j)a
e—0

where the limiting total dissipation function is defined by

T
/RT pt, Jt) + RT (pes Vg’(ﬂt))]dtv
0

provided (p,3) € CEr.

Proof. The compactness and convergence of solutions to the continuity equation is contained in Proposi-
tion 3.3. The lower semicontinuity of 2. is a consequence of the individual lower semicontinuity statements
for R, and R}, which follow from Proposition 4.1 and Proposition 4.2, respectively. O
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