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We study a class of nonlocal partial differential equations presenting a tensor
mobility, in space, obtained asymptotically from nonlocal dynamics on localizing 
ifinite graphs. Our strategy relies on the variational structure of both equations, 
being a Riemannian and Finslerian gradient flow, respectively. More precisely, we 
prove that weak solutions of the nonlocal interaction equation on graphs converge 
to weak solutions of the aforementioned class of nonlocal interaction equation with 
a tensor-mobility in the Euclidean space. This highlights an interesting property of 
the graph, being a potential space-discretization for the equation under study.

Résumé. Nous étudions une classe d’équations aux dérivées partielles non locales 
présentant une mobilité tensorielle, dans l’espace, obtenue asymptotiquement à 
partir de dynamiques non locales sur des graphes ifinis localisants. Notre stratégie 
repose sur la structure variationnelle des deux équations, qui sont respectivement un 
flot de gradients riemannien et finslérien. Plus précisément, nous prouvons que les 
solutions faibles de l’équation d’interaction non locale sur les graphes convergent 
vers des solutions faibles de la classe mentionnée d’équations d’interaction non 
locales avec une mobilité tensorielle dans l’espace euclidien. Cela met en évidence 
une propriété intéressante du graphe, à savoir une discrétisation spatiale potentielle 
pour l’équation étudiée.
© 2025 The Author(s). Published by Elsevier Masson SAS. This is an open access 
article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

In this manuscript we study the connection between nonlocal dynamics on ifinite graphs and the cor
responding local counterparts in the underlying Euclidean space. This problem is a natural consequence 
of the recent interest in evolution equations on graphs, motivated by applications to data science, among 
others. Graphs are indeed a suitable mathematical structure to classify and represent data, as done in 
[7,37,38,61,49,67] and the references therein. Furthermore, it is worth to mention recent advances in the 
use of graphs in the context of social dynamics or opinion formation, [57,4,66], kinetic networks, [10], and 
synchronization, [40].

In this work we consider the nonlocal interaction equation on graphs, introduced in [30], which is relevant 
to detecting local concentrations in networks. We will refer to it as nonlocal-nonlocal in view of the nonlocal 
nature of the graph.

More precisely, we think of equations describing mass displacement among vertices �- points in Rd �- 
connected according to a given weight function, η in the following. One of the essential differences with the 
Euclidean space Rd is that on the graph the mass is moving rather than the point. More precisely, in Rd

we usually describe movements of particles with an associated mass, whilst on the graph the particle, or 
vertex, is fixed and the mass is transported. In order to cope with this structural property, one needs to 
consider suitable interpolating functions so that to be able to describe the flux, hence the dynamics. We 
refer to [30,29,44] for more details, as well as related works [56,58,16]. Another important aspect is to deal 
with a large number of entities, for instance individuals or data; hence it is crucial to consider discrete and 
continuum models. The setup introduced in [30] allows to consider both descriptions in a unfied framework, 
as follows.

The class of partial differential equations (PDEs) we consider can be specfied through three elements: a 
nonlocal continuity equation, an upwind flux interpolation, and a constitutive relation for a nonlocal velocity. 
The nonlocal continuity equation is concerned with the time-evolution of a probability measure ρt ∈ P(Rd), 
for t ∈ [0, T ], where mass located at a vertex x ∈ Rd can be nonlocally transported to y ∈ Rd along a channel 
with capacity, referred to as weight, given by an edge weight function η : Rd ×Rd \ {x �= y} → [0,∞). The 
nonlocal continuity equation on a time interval [0, T ] is of the form

∂tρt + div jt = 0, with div jt(dx) =
ˆ

Rd\ {x}

η(x, y)djt(x, y), (1.1a)
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where the flux is a time-dependent antisymmetric measure, jt ∈ M(G), on the set G =
{
(x, y) ∈ R2d

?
: η(x, y) 

> 0
}
, being R2d

?
:= {(x, y) ∈ Rd ×Rd : x �= y}. We will use the shorthand notation (ρ, j) = ((ρt)t, (jt)t) ∈

NCET for any solution of (1.1a), cf. Definition 2.12.
The relation constituting the flux depends on a σ-finite absolutely continuous measure μ ∈ M+(Rd), as 

in [30,44,29], wherein μ acts as an abstract notion of vertices of a graph. More precisely, we associate to 
a nonlocal time-dependent velocity field vt : G → R the induced flux by using an upwind interpolation as 
follows

djt(x, y) = vt(x, y)+d(ρ⊗ μ)(x, y) − vt(x, y)−d(μ⊗ ρ)(x, y). (1.1b)

Here, for a ∈ R, we denote with a+ = max{a, 0} and a− = max{−a, 0} the positive and negative part, 
respectively. Intuitively, the support of μ dfines the underlying set of vertices, i.e., V = suppμ. In particular, 
any finite graph can be represented by choosing μ = μN = δxi

/N , for x1, x2, . . . , xN ∈ Rd.
The last element of the model is the identfication of the velocity field in terms of a symmetric interaction 

potential K : Rd ×Rd → R and a potential P : Rd → R by

vt(x, y) = −∇K ∗ ρt(x, y) −∇P (x, y), (1.1c)

where the nonlocal gradient is dfined by ∇f(x, y) := f(y) − f(x).
System (1.1) was introduced in [30] as a Finslerian gradient flow of the interaction energy

E(ρ) = 1
2

¨

R2d

K(x, y)dρ(y)dρ(x) +
ˆ

Rd

P (x)dρ(x). (1.2)

Note that the velocity field is given as the nonlocal gradient of the first variation of the energy, that is vt =
−∇E ′(ρt), where E ′(ρ) = K∗ρ+P denotes the variational derivative of E and (K∗ρ)(x) =

´
Rd K(x, y)dρ(y), 

for any x ∈ Rd.

An intriguing problem is to understand the limiting behavior of weak solutions to (1.1) as the graph struc
ture localizes, i.e., the range of connection between vertices decreases, while the weight of each connecting 
edge increases. Following a formal argument presented in [30, Section 3.5], one expects to approximate weak 
solutions of the more standard nonlocal interaction equation on Rd. However, as we shall see, the intrinsic 
geometry of the graph impacts the limiting gradient structure of the equation. Accordingly, the main goal 
of this work is to provide a rigorous proof of the local limit of the system (1.1) along a sequence of edge 
weight functions ηε : R2d

?
→ [0,∞) dfined by

ηε(x, y) := 1 
εd+2ϑ

(
x + y

2 
,
x− y

ε 

)
, (1.3)

in terms of a reference connectivity ϑ : Rd×Rd\{0} → [0,∞) satisfying the Assumptions (ϑ1) -- (ϑ6) below.
The scaling in (1.3) leads to the local evolution

∂tρt = div(ρtT (∇K ∗ ρt + ∇P )), (NLIET )

where the tensor T : Rd → Rd×d depends on the nonlocal structure encoded through the reference measure μ
and the connectivity ϑ.

(NLIET ) can be similarly decomposed into three components. First, the local continuity equation on Rd

given as

∂tρt + div ĵt = 0, (1.4a)
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where now ĵt ∈ M(Rd;Rd) is a vector-valued flux. Second, a kinetic relation, for the flux in terms of a 
vector field v̂t : Rd → Rd encoding the tensor structure of (NLIET ) as

ĵt(dx) = ρt(dx)T (x)v̂t(x) = ρt(dx)
d ∑

i,k=1

Tik(x)v̂t,k(x)ei. (1.4b)

Third, a constitutive relation for the velocity linking to the interaction energy (1.2) given by

v̂t = −∇K ∗ ρt −∇P = −∇E ′(ρt). (1.4c)

We provide a rigorous proof for the convergence of system (1.1) with ηε given through (1.3) to the sys
tem (1.4), in case of C1 interaction kernels. This result is somewhat sharp since for attractive pointy 
potentials one does not expect convergence of weak solutions, as pointed out in [30, Remark 3.18].

First, we give an heuristic argument and match each of the three elements of the systems (1.1) and (1.4), 
separately. The nonlocal continuity equation (1.1a) can be represented by its local counterpart (1.4a) thanks 
to a continuous reconstruction for the nonlocal flux. More precisely, we denote by divε jε the nonlocal diver
gence as dfined in (1.1a) with η replaced by ηε given in (1.3); see Definition 2.7. Next, in Proposition 3.1, 
for any jε ∈ M(R2d

?
) and any ε > 0 we construct a local vector-valued flux ĵε ∈ M(Rd;Rd) such that 

divε jε = div ĵε. Inspired by [75,51], we use a superposition with needle measures dfined as one-dimensional 
Hausdorff measure H1

�x,y� restricted to the line-segment �x, y� ⊂ Rd from x to y. The tentative definition 
of ĵε is, for any Borel set A, is then

ĵε[A] :≈ 1
2

¨

Gε

y − x 
|y − x|H

1(A ∩ �x, y�)ηε(x, y)djε(x, y). (1.5)

However, checking that the measure-valued local divergence of the above measure agrees with the nonlocal 
divergence of jε asks for special uniform integrability properties of jε, which are not necessarily verfied in 
our setting. For this reason, we proceed by exploiting a finite approximation of (1.5) by replacing jε with an 
empirical approximation jεN . The actual measure ĵ is obtained as a suitable limit of the sequence ĵεN dfined 
as in (1.5) with jε replaced by jεN . Since the argument is based on compactness, the uniqueness of such a 
limit is not achieved nor can we ensure that the limit has indeed the representation (1.5). For the present 
application, the mere existence is sufficient. We point out that the ``reverse'' question on the decomposition 
of measure-valued divergence vector fields into one-dimensional needles is studied in [75, Theorem C] and 
commented on in [1, Remark 4.4].

Having established the continuous reconstruction, the constitutive relation for the velocity (1.1c) can be 
localized under suitable regularity assumptions on the kernel K and potential P . Indeed, for |x−y| = O(ε), 
neglecting higher order terms in ε, we obtain the identity

vεt (x, y) ≈ v̂εt (x) · (y − x) with v̂εt (x) = −(∇K ∗ ρεt )(x) −∇P (x). (1.6)

The crucial mathematical step consists in the combination of the above two equations through the upwind 
flux interpolation (1.1b). Formally, if the measures μ and ρt have a smooth density, we can do another 
expansion to arrive for x ∈ Rd at the approximate identity

ĵεt (x) ≈ ρεt (x)Tε(x)v̂εt (x) with Tε(x) = 1
2

ˆ

Rd\{x}

(x− y) ⊗ (x− y) ηε(x, y)dμ(y). (1.7)

In particular, in this step it is shown that the non-symmetric upwind-based structure can be replaced by 
symmetric approximate tensors Tε with vanishing error as ε → 0. This symmetrization is generalized to 
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arbitrary ρ ∈ P(Rd) by introducing a mollfier on an intermediate scale εα for α > 0 sufficiently small. 
The final step consists in identifying the limit of the tensor Tε, where the specific scaling hypothesis (1.3)
provides, after a change of variable, the approximate identity Tε(x) ≈ T (x) with

T (x) = 1
2

dμ 
dL d

(x)
ˆ

Rd\{0}

w⊗ w ϑ(x,w)dw. (T )

The limit tensor T gives, together with the reconstruction (1.5), flux identfication (1.7) and velocity ap
proximation (1.6), the limit system (NLIET ).

The heuristic argument above is based on several approximations and smoothness assumptions which 
are not a priori satified by solutions to the systems (1.1) and (NLIET ). We make it rigorous by using a 
variational framework, allowing to handle measure-valued solutions.

An interesting byproduct of our result is the link between Finslerian and Riemannian gradient flows, which 
is the first result in this direction to the best of our knowledge. More precisely, (1.1) is shown to be a gradient 
flow of the nonlocal interaction energy in the infinite-dimensional Finsler manifold of probability measures 
endowed with a nonlocal upwind transportation quasi-metric, T , peculiar of the upwind interpolation (1.1b). 
Due to the loss of symmetry the underlying structure of P(Rd) does not have the formal Riemannian 
structure, but Finslerian instead. We refer the reader to [30] and [44,43] for further details.

On the other hand, following [55], we establish a chain-rule inequality for the nonlocal interaction energy in 
a 2-Wasserstein space dfined over Rd

T , which is Rd endowed with a metric induced by T−1. Upon considering 
the corresponding Wasserstein scalar product on the tangent space of P2(Rd

T ), at some probability measure 
with bounded second moment, one can notice the underlying Riemannian structure, following [63,3], thereby 
making the connection between the weak and variational formulations of (NLIET ).

We stress that not only do we connect the graph and tensorized local gradient structures using the 
notion of curves of maximal slope for gradient flows after De Giorgi [19,3], but, upon identifying weak 
solutions of (NLIET ) with curves of maximal slopes, we also obtain an existence result for (NLIET ) via 
stability of gradient flows. This is indeed another interesting property of the graph, as it represents a 
valuable space-discretization for the PDE under study, working in any dimension, in addition to other 
methods, e.g. particle approximations and tessellations. Indeed, our result can be also seen as a deterministic 
approximation of (NLIET ).

As an outlook, note that the limiting equation (NLIET ) is dfined on the whole Euclidean space Rd. 
However, one could look at similar limiting equations on lower dimensional manifolds (cf. [53]), which would 
require further considerations, e.g., characterizing nonlocal interactions on the manifold either intrinsically 
or extrinsically (cf. [32,33]), as well as adapting the notation and assumptions regarding the reference 
measure to the manifold setting. As this requires a deeper analysis, we leave it for future investigation, see 
also Remark 2.3.

In addition, we point out that a quantitative convergence statement might be obtained upon establishing 
a suitable nonlocal replacement for weak BV estimates, as in the numerical literature [31, Chapters 5--7]. 
This would allow to adapt techniques previously developed for determining the rate of convergence for 
upwind schemes with rough coefficients, for which a measure-valued solution framework is used [20,70,71]. 
Alternatively, one could directly use the limiting metric structure along the lines of [52].

Focusing on the quasi-metric space introduced in [30], natural problems to address are the asymptotic 
behavior of the quasi-metric and the Gromov-Hausdorff convergence of the according quasi-metric spaces. 
First steps in the metric setting are done in [74] and [39,41,36,42], respectively.

Finally, generalizing the present approach to finite-graph approximation for diffusion equations seems 
possible by using a gradien-flow formulation similar to the Scharfetter-Gummel finite volume scheme re
cently introduced in [72,46], cf. [30, Section 1.3].
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1.1. Relation to the literature

This manuscript is a natural question raised in [30], where nonlocal dynamics on graphs are considered 
for the aforementioned upwind interpolation. In [29], the authors deal with a class of continuity equations 
on graphs with general interpolations, and provide a well-posedness theory exploiting a fixed-point argu
ment. Depending on the interpolation chosen, one can notice structural differences with the more standard 
Euclidean space. This theory has been extended to the case of co-evolving graphs in [28], namely a scenario 
including weight functions evolving in time. In [44], the analysis of [30] is extended to two species with 
cross-interactions as well as nonlinear mobilities and α-homogeneous flux-velocity relations for α > 0, by 
generalizing the underlying Finslerian structure and notion of gradient. In [43] the generalized system is 
explored both in analytical case studies and numerical simulations on finite graphs of varying shapes and 
connectivity, leading to the observation of various patterns, including mixing of the two species, partial 
engulfment, or phase separation.

Regarding the limiting equation we mention [14], where well-posedness for (NLIET ) with T = Id is shown 
for pointy locally λ-convex potentials. To this end the authors generalize the theory of [3] and employ a 
minimizing movement scheme to show the existence of solutions. Furthermore, in [55], the author studies a 
class of equation similar to (NLIET ) in view of the presence of a tensor T (not necessarily of the form (T )). 
However, velocity fields considered are of the form v = −∇(F ′(u) + V ), under suitable assumptions on F
and V . Hence, differently from our case, in [55] the author mainly focuses on linear and nonlinear diffusion.

Our variational approach is similar to the one used in [47,46] to study the limiting behavior of random 
walks on tessellations in the diffusive limit. Starting from the forward Kolmogorov equation on a general 
family of finite tessellations, the authors show that solutions of the forward Kolmogorov equation converge 
to a non-degenerate diffusion process solving an equation of the form (NLIET ), with diffusion instead of the 
nonlocal interaction velocity field, similar to [55]. Another difference is that the method used relies on a 
generalized gradient structure of the forward Kolmogorov equation with respect to the relative entropy �- 
the so called cosh gradient structure to be precise. This result on tessellations is related to [21,35], where a 
similar problem is considered, though the gradient structure is the so called quadratic gradient structure. 
The latter manuscripts concern the convergence of discrete optimal transport distances to their continuous 
counterparts, see also [41,42].

In this context, the work [36] studies Gromov–Hausdorff limit of Wasserstein spaces on point clouds, 
obtained by constructing a geometric graph similar to our setting (restricted on the torus). The previous 
manuscript is, indeed, an invitation to the study of stability of evolution PDEs on graphs, though the 
analysis focuses on the general problem of approximating the underlying metric space rather than the 
gradient dynamics �- differently from our result. Moreover, we also point out that the upwind interpolation 
does not fall in the class of interpolating function considered in the aforementioned works. Related to this 
point, we also mention [64], where a direct gradien-flow formulation of jump processes is established �- 
the authors consider driving energy functional containing entropies. The kinetic relations used there are 
symmetric, hence excluding for instance the upwind interpolation, which is the one we use on graphs.

It is worth to mention the work [17] dealing with dynamics on graphs for data clustering by connecting the 
mean shift algorithm with spectral clustering at discrete and continuum levels via suitable Fokker–Planck 
equations on graphs. See also [18,53] for clustering algorithms based on thresholding schemes on graphs, 
giving also rise to a nonlocal dynamic.

Concerning graph structure, we point out the recent work [27] on a novel interpretation of the aggregation 
equation (arising in applications to granular media) as the gradient flow of the kinetic energy, rather than 
the interaction energy. This is possible upon introducing a suitable nonlocal collision metric. The underlying 
state space resembles a graph, indeed, and the PDE under study takes the form of a local-nonlocal continuity 
equation.



A. Esposito et al. / J. Math. Pures Appl. 194 (2025) 103663 7

The scaling of the function η in (1.3) is chosen such that two derivatives emerge in the local limit. This 
can be seen as a second order counterpart to the nonlocal first-order calculus developed in [24]. With a first 
order scaling many classical results from calculus can be recovered, like for instance the recent divergence 
theorem in [45]. Second order nonlocal calculus with emphasis on questions of regularity and connections 
to jump processes got also attention with many contributions by Kassmann [50,34] and references therein.

We also refer to the book [23] and the references therein for further applications of nonlocal vector 
calculus with connections to numerical approximations, and various applications, such as nonlocal dynamics 
of anomalous diffusion and nonlocal peridynamic models of elasticity and fracture mechanics (perydynamic). 
In the context of numerical schemes for local conservation laws, we mention [25], where the authors proposed 
a class of monotonicity-preserving nonlocal nonlinear conservation laws, in one space dimension. Under 
suitable assumptions on the kernel, one could interpret the latter class of PDEs as equations on graphs. It 
is, in our opinion, interesting to explore possible applications of the current manuscript to other nonlocal 
conservation laws.

We observe that the graph structure can be also seen as suitable space-discretization, resembling those ob
tained from tessellations for finite volume schemes. In this regard, there is a natural connection to numerical 
schemes for gradient flows in the Wasserstein space as also studied in, e.g., [13,21,5,12,6].

1.2. Structure of the manuscript

First we present the notation we use. In Section 2 we explain the setup and recall known results on both the 
nonlocal-nonlocal interaction equation on graphs and the limiting PDE. We state our main results and give 
some meaningful examples. The connection between nonlocal and local structure is provided in Section 3, 
where we construct the local flux from the nonlocal ones and identify the tensor-mobility. In Section 4 we 
prove the main results of our manuscript: the graph-to-local limit in terms of curves of maximal slopes 
and existence of weak solutions for (NLIET ). We integrate the manuscript with an appendix including some 
additional results, among them the extension of [30] to σ-finite base measures and a formulation of the main 
result in terms of EDP-convergence.

1.3. Notation

We list here notation used throughout the manuscript.

• a+ := max{0, a} and a− := (−a)+ denote the positive and negative parts of a ∈ R, respectively.
• Given a set A we set 1A(x) = 1 for x ∈ A and 1A(x) = 0 for x / ∈ A.
• Moduli of continuity are always denoted by ω.
• In a metric space (X, d) for R > 0 we set BR(x) := {y ∈ X : d(x, y) ≤ R}.
• In a normed space (X, ‖·‖) for R > 0 we set BR := BR(0).
• B(Rd) is the σ-algebra of Borel sets of Rd.
• Cb(A) is the set of bounded continuous functions from A to R.
• M(A) is the set of Radon measures on A ⊆ Rd.
• M+(A) is the set of non-negative Radon measures on A.
• P(A) ⊂ M+(A) is the set of Borel probability measures on A.
• P2(A) ⊆ P(A) is the set of ρ ∈ P(A) with finite second moment, that is,

m2(ρ) :=
ˆ

A 

|x|2dρ(x) < ∞.

• R2d
?

:= {(x, y) ∈ Rd ×Rd : x �= y} is the off-diagonal of Rd ×Rd.
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• μ ∈ M+(Rd) denotes the base measure setting the underlying geometry.
• ϑ : Rd\{0} → [0,∞) is the edge connectivity map, cf. Section 2.1.
• ηε := 1 

εd+2ϑ
(
x+y

2 ,
x−y
ε 
)

is the ε-dependent edge weight function.
• Gε := {(x, y) ∈ R2d

?
: ηε(x, y) > 0} is the set of edges.

• Gε
x := {y ∈ Rd\{x} : ηε(x, y) > 0} is the set of points connected to x.

• ρ ∈ P(Rd) denotes a mass cofiguration.
• ρ := (ρt)t∈[0,T ] ⊂ P(Rd) denotes a family of mass cofigurations.
• j ∈ M(R2d

?
) denotes a measure-valued nonlocal flux.

• j := (jt)t∈[0,T ] ⊂ M(R2d
?

) denotes a family of nonlocal fluxes.
• ĵ ∈ M(Rd;Rd) denotes a measure-valued local flux, cf. Proposition 3.1.
• ĵ := (ĵt)t∈[0,T ] ⊂ M(Rd;Rd) denotes a family of local fluxes
• v : R2d

?
→ R denotes a nonlocal velocity field.

• v := (vt)t∈[0,T ] denotes a family of velocity fields.
• A(μ, η; ρ, j) stands for the μ and η dependent action density of ρ and j.
• A(μ, η;ρ, j) :=

´ T

0 A(μ, η; ρt, jt)dt denotes the action of ρ and j.
• Ã(μ, η; ρ, v) stands for the μ and η dependent action density of ρ and v.
• Ã(μ, η;ρ,v) :=

´ T

0 Ã(μ, η; ρt, vt)dt denotes the action of ρ and v.
• T ε

ρP2(Rd) ⊂ M(Gε) denotes the space of nonlocal tangent fluxes at the cofiguration ρ ∈ P2(Rd), 
cf. (3.4).

• T̃ ε
ρP2(Rd) denotes the space of nonlocal tangent velocities v : Gε → R at the cofiguration ρ ∈ P2(Rd), 

cf. (3.5).
• l̃ερ(v)[w] stands for the first variation of Ã(μ, ηε; ρ, ·) at v ∈ T ε

ρP2(Rd) in the direction of w ∈ T ε
ρP2(Rd)

for ρ ∈ P2(Rd), cf. (3.6).
• Tε(x) := 1

2
´
Rd\{x}(x− y) ⊗(x− y) ηε(x, y)dμ(y) is the approximate tensor.

• T (x) := 1
2

dμ 
dL d (x)

´
Rd\{0} w⊗w ϑ(x,w)dw denotes the limit tensor.

• Tμ,η denotes the nonlocal extended quasi-metric, cf. Definition 2.14.
• AC2([0, T ]; (X, d) denotes the set of 2-absolutely continuous curves, which map from the time interval 

[0, T ] into the (quasi-)metric space (X, d).
• |ρ′t|μ,η denotes for the curve ρ ∈ AC2([0, T ]; (P2(Rd), Tμ,η)) the (forward) metric derivative at time 

t ∈ [0, T ].
• ∇f(x, y) = f(y) − f(x) is the nonlocal gradient of a function f : Rd → R

• ∇ · j is the nonlocal divergence of a flux j ∈ M(R2d
?

), cf. Definition 2.7.
• NCET denotes the set of solutions to the nonlocal continuity equation on the time interval [0, T ]; 

NCE := NCE1, cf. Definition 2.12.
• NCE(
0, 
1) is the subset of (ρ, j) ∈ NCE which satisfy ρ0 = 
0, ρ1 = 
1.
• CET denotes the set of solutions to the local continuity equation on the time interval [0, T ]; CE := CE1, 

cf. Definition 2.19.
• CE(
0, 
1) is the subset of (ρ, ĵ) ∈ CE which satisfy ρ0 = 
0, ρ1 = 
1.
• E(ρ) := 1

2
˜

R2d Kd(ρ⊗ ρ) denotes the interaction energy of ρ ∈ P(Rd).
• δE

δρ denotes the variational derivative of E .
• Dε is the metric slope of E with respect to Tμ,ηε , cf. Definition 2.18.
• Gε denotes the graph De Giorgi functional, cf. Definition 2.18.
• WT denotes the 2-Wasserstein metric on P(Rd

T ).
• DT is the metric slope of E with respect to WT , cf. Definition 2.23.
• GT denotes the local De Giorgi functional, cf. Definition 2.23.

Let us also specify the notions of narrow convergence, weak* convergence, and convolution. A sequence 
(ρn)n ⊂ M(A) is said to converge narrowly to ρ ∈ M(A), in which case we write ρn ⇀ ρ, provided that
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∀f ∈ Cb(A) : 
ˆ

A 

fdρn →
ˆ

A 

fdρ as n → ∞.

Weak* convergence is, instead, denoted by ∗⇀ and refers to convergence in duality with functions f ∈ C0(A), 
i.e., vanishing at ifinity. Given a function f : A×A → R and ρ ∈ M(A), we write f ∗ ρ the convolution of 
f and ρ, that is,

f ∗ ρ(x) :=
ˆ

A 

f(x, y)dρ(y),

for any x ∈ A such that the right-hand side exists.

2. Preliminaries on graphs, gradient structures, and main results

For the sake of clarity we divide this section in subsections. We specify the graph structure, recall results 
on the nonlocal-nonlocal interaction equation as well as the limiting PDE, including possible examples 
covered by our theory. At the end of the section we present our main results.

2.1. Graph

The graph is identfied through a pair (μ, η), being μ a base measure standing for a (subset) of vertices 
and η an edge weight function. We consider a non-negative σ-finite base measure μ ∈ M+(Rd) such that 
dμ = μ̃dL d. We assume that the density μ̃ is bounded and uniformly continuous, denoting by ωμ ∈
C([0,∞); [0,∞)) its modulus of continuity, which satifies ωμ(δ) → 0 as δ → 0. More precisely, this means

∀ x, y ∈ Rd it holds |μ̃(x) − μ̃(y)| ≤ ωμ(|x− y|), (μ1)

∃ cμ, Cμ > 0 such that ∀x ∈ Rd it holds cμ ≤ μ̃(x) ≤ Cμ. (μ2)

We fix an edge connectivity map ϑ : Rd × (Rd \{0}) → [0,∞) and another modulus of continuity ωϑ ∈
C([0,∞); [0,∞)) satisfying ωϑ(δ) → 0 as δ → 0, and we make the following assumptions:

∀z ∈ Rd : w �→ ϑ(z, w) is symmetric and continuous on {ϑ(z, ·) > 0}; (ϑ1)

∀z, z̄ ∈ Rd, w ∈ Rd\ {0} it holds |ϑ(z, w) − ϑ(z̄, w)| ≤ ωϑ(|z − z̄|); (ϑ2)

∃ Csupp > 0 such that ∀z ∈ Rd it holds suppϑ(z, ·) ⊂ BCsupp ; (ϑ3)

∃ Cmom > 0 such that sup 
(z,w)∈Rd×(Rd\{0})

|w|2ϑ(z, w) ≤ Cmom; (ϑ4)

lim
δ→0

sup 
z∈Rd

sup 
w∈Bδ\{0}

|w|2ϑ(z, w) = 0; (ϑ5)

∃ cnd > 0 such that ∀z, ξ ∈ Rd it holds
ˆ

Rd\{0}

|w · ξ|2ϑ(z, w)dw ≥ cnd|ξ|2. (ϑ6)

We dfine the set R2d
?

:= {(x, y) ∈ Rd × Rd : x �= y} and the family of edge weight function (ηε)ε>0, 
ηε : R2d

?
→ [0,∞) by

ηε(x, y) := 1 
εd+2ϑ

(
x + y

2 
,
x− y

ε 

)
. (η)

Furthermore, for every ε > 0, we introduce the sets
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Gε := {(x, y) ∈ R2d
?

: ηε(x, y) > 0},

and, for a given x ∈ Rd

Gε
x := {y ∈ Rd\ {x} : ηε(x, y) > 0}. (2.1)

In order to lighten notations, we will drop the index ε > 0 for ηε and Gε when this is not relevant for the 
analysis. The next lemma collects some basic estimates following from the above assumptions, which are 
used throughout the article.

Lemma 2.1. Let μ, ϑ satisfy (μ1), (μ2), and (ϑ1) -- (ϑ6), respectively. For any ε > 0 let ηε as in (η). Then, 
for any ε > 0 it holds

∀(x, y) ∈ Gε it holds |x− y| ≤ Csuppε, (supp)

sup 
x∈Rd

|Gε
x| ≤ Cmeasε

d, (meas)

sup 
(x,y)∈R2d

?

|x− y|2ηε(x, y) ≤ Cmom
εd

, (mom)

sup
ε>0 

sup 
x∈Rd

ˆ

Rd\{x}

|x− y|2ηε(x, y)dμ(y) ≤ Cint, (int)

where Cmeas > 0 depends only on Csupp and the dimension d and one can set Cint = CμCmomCmeas.

Proof. The assumption on the support of ϑ, (ϑ3), and the definition of ηε immediately yield (supp). This 
also implies that Gε

x is contained in a ball of radius Csuppε around x, whence (meas). Furthermore, the latter 
observation and (ϑ4) give the bound (mom). Finally, (int) is obtained by combining (mom), (meas) and the 
upper bound from (μ2). �
Remark 2.2 (Link to the assumptions in   [30]). We note that the assumptions (ϑ1) -- (ϑ6) and (μ1), (μ2)
imply that for any ε > 0 the pair (μ, ηε) satifies all the assumptions from [30] except for the finiteness of 
μ, which is addressed in Appendix B. More precisely, for x, y ∈ Gε we have the moment bounds

sup 
(x,y)∈R2d

?

|x− y|2 ∨ |x− y|4ηε(x, y) ≤ Cmom
1 ∨ (Csuppε)2

εd
,

sup 
x∈Rd

ˆ

Rd\{x}

|x− y|2 ∨ |x− y|4ηε(x, y)dμ(y) ≤ Cint
(
1 ∨ (Csuppε)2

)
,

while the local blow-up control condition

lim
δ→0

sup 
x∈Rd

sup 
y∈Bδ(x)\{x}

|x− y|2ηε(x, y) = 0,

is implied by (ϑ5). This condition plays a role in the proof of [30, Theorem 3.15] for the construction of a 
family of finite base measures that uniformly satifies the integrated blow-up control condition

lim
δ→0

sup 
x∈Rd

ˆ

Bδ(x)\{x}

|x− y|2ηε(x, y)dμ(y) = 0.

In the present work, this condition holds true due to (μ2) and (ϑ4).
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Remark 2.3 (On the assumptions of the base measure μ). As suppμ generalizes the set of vertices in the 
nonlocal model, at first glance μ � L d seems to be rather restrictive, since it excludes finite graphs. 
However, models with μ � L d are known to be approximated by finite graphs [30], the only restriction 
being that μ is a finite measure. In Theorem B.3 we replace this assumption by those satified in the 
present paper; thereby the results in [30], in conjunction with the present work, can be applied to obtain 
a finite graph approximation for the nonlocal interaction equation, cf. Theorem 2.27. In particular, our 
result holds for μ � L that are approximated by a sequence of locally finite measures, satisfying the 
bound (B.5) for any fixed ε0 > 0. For the sake of completeness, we mention that one could fix μ = L d

by redefining ϑμ(z, w) = μ̃(z)ϑ(z, w) without changing the limiting equation, since μ is assumed to be 
absolutely continuous, with uniformly bounded and uniformly continuous density. However, as the base 
measure μ makes a difference for the dynamic on the graph, the graph-to-local limit is more universal by 
keeping μ.

As mentioned in the introduction, one could consider the case the reference measure μ is dfined on a 
general (lower-dimensional) manifold with the limiting equation being an aggregation PDE with intrinsic 
interactions, meaning that the range of interactions is affected by the geometry of the manifold. In particular, 
in order to provide a satisfactory theory one has to carefully take into account this additional structural 
property and include it in the definition of the connectivity ϑ.

Remark 2.4 (More general edge weights ηε). The definition of ηε can be relaxed to

ηε(x, y) := 1 
εd+2ϑ

(
x + y

2 
,
x− y

ε 

)
+ f(ε)g

(
x + y

2 
,
x− y

ε 

)
,

for some g : Rd×(Rd\{0}) → R, which is uniformly continuous in its first argument as well as symmetric and 
continuous in its second argument, and some f : [0,∞) → R, which satifies f ∈ o(ε−d−2) as ε → 0. Indeed, 
with this scaling the perturbation vanishes in the limit ε → 0, leaving the limiting tensor T unchanged.

2.2. Examples

We provide relevant examples of edge connectivity maps satisfying the conditions (ϑ1) -- (ϑ6). The re
quirements (ϑ1) -- (ϑ4) are not difficult to check.

Furthermore, observe that condition (ϑ5) holds for any ϑ for which there is q < 2 and C > 0 such that 
ϑ(z, w) ≤ C|w|−q for all z ∈ Rd, w ∈ Rd \ {0}.

Condition (ϑ6) is satified by any edge connectivity ϑ for which there exist 0 ≤ r < R < ∞ and C > 0
such that ϑ(z, ·)|BR\Br

≥ C for any z ∈ Rd. Indeed, first note that for ξ = 0 there is nothing to show. 
Taking w, ξ ∈ Rd\{0}, let us denote by ϕ the angle between w and ξ and recall that w · ξ = |w||ξ| cosϕ. 
Choosing any 0 < ϕ0 < π/2, for any 0 ≤ ϕ ≤ ϕ0 we have cos(ϕ) ≥ cos(ϕ0) > 0. Therefore, denoting by Vϕ0

the volume of B1 ∩ {ϕ ≤ ϕ0}, which is the (d-dimensional) spherical sector of B1 corresponding to ϕ0, we 
have

ˆ

Rd\{0}

|w · ξ|2ϑ(z, w)dw ≥ CVϕ0

(
Rd+2 − rd+2)|cos(ϕ0)|2|ξ|2,

and hence (ϑ6). A simple but important example for a pair (μ, ϑ) satisfying the above assumptions is 
ϑ(z, w) = Cd1B1(w) with dimension dependent constant Cd > 0 and μ = L d. Indeed, (μ1), (μ2) and 
(ϑ1) -- (ϑ4) are easily checked, while (ϑ5) and (ϑ6) follow from the above considerations. This choice of 
(approximating) graph is peculiar as (NL2IE) converges to the standard nonlocal interaction equation on 
Rd, being T = Id, cf. (T ).



12 A. Esposito et al. / J. Math. Pures Appl. 194 (2025) 103663 

As a generalization, we consider a symmetric tensor field D ∈ C(Rd;Rd×d) uniformly elliptic and 
bounded, i.e. 0 < D∗ Id ≤ D ≤ D∗ Id < ∞ in the sense of quadratic forms, a variable radius 
R ∈ C(Rd; (R∗, R

∗)) for some 0 < R∗ < R∗ < ∞, and a normalization function d ∈ C(Rd; (d∗, d∗))
for 0 < d∗ < d∗ < ∞. We dfine the connectivity function

ϑ(z, w) =
{
d(z), 〈w,D(z)−1w〉 ≤ R(z);
0, 〈w,D(z)−1w〉 > R(z).

By construction, ϑ satifies (ϑ1) -- (ϑ6). The formula (T ) gives, after a change of variable w = D(z) 1
2 y, 

where D(z) 1
2 denotes the unique symmetric square root of D:

T (z) = 1
2

ˆ

Rd\{0}

w ⊗ w ϑ(z, x)dw

= 1
2d(z)

ˆ

Rd

w ⊗ w 1〈w,D(z)−1w〉≤R(z)dw

= 1
2d(z)(detD(z))

1
2

ˆ

BR(z)(0)

(
D(z) 1

2 y
)
⊗
(
D(z) 1

2 y
)
dy

= 1
2d(z)(detD(z))

1
2CdR(z)d+2D(z),

where we used the identity

ˆ

BR(z)(0)

(
D(z) 1

2 y
)
⊗
(
D(z) 1

2 y
)
dy = D(z) 1

2

( ˆ

BR(z)(0)

y ⊗ ydy
)
D(z) 1

2

= D(z) 1
2
(
CdR(z)d+2 Id

)
D(z) 1

2 = CdR(z)d+2D(z)

with Cd =
´
B1(0) y

2
1dy = π

d
2 /(2Γ(d2 + 2)). In particular, by choosing the normalization

d(z) = 2 

CdR(z)d+2(detD(z))
1
2
,

and μ = L d, we obtain the identity T = D.

2.3. Nonlocal interaction energy

The nonlocal interaction energy considered in what follows is dfined by

E(ρ) := 1
2

¨

R2d

K(x, y)dρ(x)dρ(y).

The interaction kernel K : Rd ×Rd → R is assumed to satisfy the following assumptions:

K ∈ C1(Rd ×Rd); (K1)

K(x, y) = K(y, x) for (x, y) ∈ Rd ×Rd; (K2)
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∃ LK > 0 such that for all (x, y), (x′, y′) ∈ Rd ×Rd it holds

|K(x, y) −K(x′, y′)| ≤ LK

(
|(x, y) − (x′, y′)| ∨ |(x, y) − (x′, y′)|2

)
;

(K3)

∃ CK > 0 such that for all (x, y) ∈ Rd ×Rd it holds

|∇K(x, y)| ≤ CK(1 + |x| + |y|).
(K4)

We observe the assumptions on the interaction kernel are somehow sharp as one does not expect the result 
holds true for pointy potentials, cf. [30, Remark 3.18].

Remark 2.5. As already noticed in [30], assumption (K3) implies that, for some C > 0 and all x, y ∈ Rd,

|K(x, y)| ≤ C
(
1 + |x|2 + |y|2

)
; (2.2)

indeed, for fixed (x′, y′) ∈ Rd ×Rd, (K3) yields

||K(x, y)| − |K(x′, y′)|| ≤ LK

(
1 ∨ 2

(
|(x, y)|2 + |(x′, y′)|2

))
,

and bounding the maximum on the right-hand side (∨) by the sum, we arrive at |K(x, y)| ≤ LK +
2LK

(
|(x′, y′)|2 + |(x, y)|2

)
+ |K(x′, y′)|, which gives (2.2) with C = 2LK

(
1 + |(x′, y′)|2

)
+ |K(x′, y′)|. We 

also notice, that the bound (2.2) implies that E : P2(Rd) → R is proper, since its domain contains P2(Rd).

The analysis in this manuscript easily extends to free energies of the form (1.2) including potential 
energies EP (ρ) :=

´
Rd Pdρ, for some external potential P : Rd → R satisfying a local Lipschitz condition 

with at-most-quadratic growth at ifinity and linear growth for ∇P : similarly to (K3) -- (K4), there exist 
L,C ∈ (0,∞) so that for all x, y ∈ Rd we have

|P (x) − P (y)| ≤ L
(
|x− y| ∨ |x− y|2

)
,

|∇P (x)| ≤ C(1 + |x|).

For ease of presentation we shall not include the potential energy in our proofs, as no additional technical 
difficulties arise.

2.4. Nonlocal-nonlocal interaction equation

In this subsection we recall results on the nonlocal interaction equation on graphs from [30] we shall use 
in the following. For simplicity, let ρ � μ, where we use the notation ρ to denote both the measure and the 
density with respect to μ. The equation reads, for μ− a.e. x,

∂tρt(x) +
ˆ

Rd

∇(K ∗ ρ)(x, y)−η(x, y)ρt(x)dμ(y) −
ˆ

Rd

∇(K ∗ ρ)(x, y)+η(x, y)dρt(y) = 0. (NL2IE)

The theory in [30] also applies to the case when ρ is not absolutely continuous with respect to μ. The general 
weak form of (NL2IE) is obtained in terms of the nonlocal continuity equation we specify later.

In order to have a graph-analog of Wasserstein gradient flows for interaction energies we dfined a suitable 
quasi-metric space, where the quasi-distance is obtained in a dynamical formulation à la Benamou–Brenier, 
[8,22]. For this reason, it is crucial to identify paths connecting probability measures, a nonlocal continuity 
equation, and an action functional to be minimized, resembling the total kinetic energy.
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Definition 2.6 (Action). Let μ ∈ M+(Rd) and η : R2d
?

→ [0,∞) as before. For ρ ∈ P(Rd) and j ∈ M(G), 
consider λ ∈ M(Rd ×Rd) such that ρ⊗ μ, μ⊗ ρ, |j| � |λ|. We dfine

A(μ, η; ρ, j) := 
1
2

¨

G 

(
α

(
dj

d|λ| ,
d(ρ⊗ μ)

d|λ| 

)
+ α

(
− dj

d|λ| ,
d(μ⊗ ρ)

d|λ| 

))
ηd|λ|.

Hereby, the lower semicontinuous, convex, and positively one-homogeneous function α : R×R+ → R+∪{∞}
is dfined, for all j ∈ R and r ≥ 0, by

α(j, r) :=

⎧⎪⎪⎨⎪⎪⎩
(j+)2

r if r > 0,
0 if j ≤ 0 and r = 0,
∞ if j > 0 and r = 0,

(2.3)

with j+ = max{0, j}. If μ and η are clear from the context, we write A(ρ, j) for A(μ, η; ρ, j). Given a pair 
of curves (ρ, j) := ((ρt)t∈[0,T ], (jt)t∈[0,T ]) with ρt ∈ P(Rd) and jt ∈ M(G), we dfine

A(μ, η;ρ, j) :=
T̂

0 

A(μ, η; ρt, jt)dt.

The concept of graph gradient and graph divergence is as follows.

Definition 2.7 (Nonlocal gradient and divergence). For any function φ : Rd → R we dfine its nonlocal 
gradient ∇φ : G → R by

∇φ(x, y) = φ(y) − φ(x) for all (x, y) ∈ G.

For any j ∈ M(G), its nonlocal divergence ∇ · j ∈ M(Rd) is dfined as the negative η-weighted adjoint of 
∇, i.e., for any ϕ ∈ C0(Rd),

ˆ

Rd

ϕd∇ · j = −1
2

¨

G 

∇ϕ(x, y)η(x, y)dj(x, y) = 1
2

ˆ

Rd

ϕ(x)
ˆ

Rd\{x}

η(x, y)(dj(x, y) − dj(y, x)).

In particular, for j ∈ Mas(G) := {j ∈ M(G) : dj(x, y) = −dj(y, x)},
ˆ

Rd

ϕd∇ · j =
¨

G 

ϕ(x)η(x, y)dj(x, y).

The following two lemmas will be employed for ε fixed.

Lemma 2.8. Let μ ∈ M+(Rd), ηε : R2d
?

→ R be as in (η) such that (ϑ1) -- (ϑ6) are satified. Let (ρε)ε>0 ⊂
P(Rd) and (jε)ε>0 ⊂ M(Gε) be such that A(μ, ηε; ρε, jε) < ∞. Then, for any measurable Φ : Gε → R+, it 
holds

1
2

¨

Gε

Φ ηεd|jε| ≤
√√√√A(μ, ηε; ρε, jε)

¨

Gε

Φ2ηεd(ρε ⊗ μ + μ⊗ ρε).

Proof. By Remark 2.2, this follows from [30, Lemma 2.10]. �
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Corollary 2.9. Let (με)ε>0 ⊂ M+(Rd) and (ηε)ε>0 be families satisfying (μ1), (μ2), and (ϑ1) -- (ϑ6), respec
tively, uniformly in ε. Let (ρε)ε>0 ⊂ P(Rd) and (jε)ε>0 ⊂ M(Gε). Then, for any measurable Φ : Gε → R+
satisfying Φ(x, y) ≤ |x− y| ∨ |x− y|2, we have

1
2

¨

Gε

Φ ηd|jε| ≤ sup
ε>0 

√
2CintA(με, ηε; ρε, jε).

Proof. Keeping in mind Remark 2.2 and the upper bound for Φ, this immediately follows from [30, Corollary 
2.11]. �

We consider the following nonlocal continuity equation in flux form

∂tρt + ∇ · jt = 0 on (0, T ) ×Rd, (2.4)

where ρ = (ρt)t∈[0,T ] and j = (jt)t∈[0,T ] are unknown Borel families of measures in P(Rd) and M(G), 
respectively. Equation (2.4) is understood in the weak form, i.e. ∀ϕ ∈ C∞

c ((0, T ) ×Rd),

T̂

0 

ˆ

Rd

∂tϕt(x)dρt(x)dt + 1
2

T̂

0 

¨

G 

∇ϕt(x, y)η(x, y)djt(x, y)dt = 0. (2.5)

Since |∇ϕ(x, y)| ≤ ||ϕ||C1(2∧|x−y|), the weak formulation is well-defined under the integrability condition

T̂

0 

¨

G 

(2 ∧ |x− y|)η(x, y)d|jt|(x, y)dt < ∞. (2.6)

Remark 2.10. The integrability condition (2.6) is automatically satified by any pair (ρ, j), which satifies 
A(μ, η;ρ, j) < ∞, due to Corollary 2.9.

Notice that any curve satisfying (2.5) and (2.6) has a weakly continuous representative.

Lemma 2.11. Let T > 0 and (ρ, j) satisfy (2.5) and (2.6). There exists a weakly continuous curve (ρ̄t)t∈[0,T ] ⊂
P(Rd) such that ρ̄t = ρt for a.e. t ∈ [0, T ]. Moreover, for any ϕ ∈ C∞

c ([0, T ]×Rd) and all 0 ≤ t0 ≤ t1 ≤ T

it holds

ˆ

Rd

ϕt1(x)dρ̄t1(x) −
ˆ

Rd

ϕt0(x)dρ̄t0(x) =
t1ˆ

t0

ˆ

Rd

∂tϕt(x)dρt(x)dt + 
1
2

t1ˆ

t0

¨

G 

∇ϕt(x, y)η(x, y)djt(x, y)dt.

Proof. See [3, Lemma 8.1.2] and [26, Lemma 3.1]. �
Hence we arrive at the following definition of weak solution of the nonlocal continuity equation:

Definition 2.12 (Nonlocal continuity equation in flux form). A pair (ρ, j) = ((ρt)t∈[0,T ], (jt)t∈[0,T ]) with 
ρt ∈ P(Rd) and jt ∈ M(G) is called a weak solution to the nonlocal continuity equation (2.4) provided that

1. ρ is a weakly continuous curve in P(Rd);
2. j is a Borel-measurable curve in M(G);
3. the pair (ρ, j) satifies (2.5).
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We denote the set of all weak solutions on the time interval [0, T ] by NCET . For 
0, 
1 ∈ P(Rd), a pair 
(ρ, j) ∈ NCE(
0, 
1) if (ρ, j) ∈ NCE := NCE1 and in addition ρ0 = 
0 and ρ1 = 
1. When the dependence 
of η on ε > 0 needs to be emphasized, we will write NCEε

T , NCEε and NCEε(
0, 
1) for the respective 
objects.

An important property is the preservation of second moments, uniformly in ε.

Lemma 2.13 (Uniformly bounded second moments). Let (με)ε>0 ⊂ M+(Rd) and (ηε)ε>0 be families satisfy
ing (μ1), (μ2), and (ϑ1) -- (ϑ6), respectively, uniformly in ε. Let (ρε0)ε ⊂ P2(Rd) be such that supε>0 M2(ρε0) <
∞ and (ρε, jε)n ⊂ NCEε

T so that supε>0 A(με, ηε;ρε, jε) < ∞. Then, supε>0 supt∈[0,T ] M2(ρεt ) < ∞.

Proof. By Remark 2.2, this follows from [30, Lemma 2.16]. �
The dynamical nonlocal quasi-metric is dfined as follows.

Definition 2.14 (Nonlocal extended quasi-metric). For μ ∈ M+(Rd), ηε as before and 
0, 
1 ∈ P2(Rd), we 
dfine a nonlocal extended quasi-metric by

Tμ,ηε(
0, 
1) = inf

⎧⎪⎨⎪⎩
⎛⎝ 1 ˆ

0 

A(μ, ηε; ρt, jt)dt : (ρ, j) ∈ NCEε(
0, 
1)

⎞⎠1/2
⎫⎪⎬⎪⎭ .

When μ and ηε are clear from the context or the dependence on ε > 0 is not important, we will shorten 
notation by writing T or Tε instead of Tμ,ηε .

Properties of Tμ,ηε can be found in [30, Section 2.4], including that it is indeed an extended quasi-metric 
on P2(Rd).

We denote by AC2([0, T ]; (P2(Rd), Tμ,ηε)) the set of 2-absolutely continuous curves with respect to Tμ,ηε , 
that is for such a 2-absolutely continuous curve ρ there exists m ∈ L2([0, T ]) such that

Tμ,ηε(ρs, ρt) ≤
t ˆ

s 

m(τ)dτ for all 0 ≤ s ≤ t ≤ T.

Definition 2.15 (Absolutely continuous curve and metric derivative). The (forward) metric derivative of a 
curve ρ ∈ AC2([0, T ]; (P2(Rd), Tμ,ηε)) is dfined for a.e. t ∈ [0, T ] by

|ρ′t|μ,ηε := lim
τ↘0

Tμ,ηε(ρt, ρt+τ )
τ

= lim
τ↘0

Tμ,ηε(ρt−τ , ρt)
τ

.

We often shorten the notation by writing |ρ′t|ε instead of |ρ′t|μ,ηε .

Remark 2.16. We emphasize that the metric derivative dfined above is only forward-in-time, or one-sided, 
due to the lack of symmetry for the nonlocal transportation cost T . The metric derivative is well-defined 
as a consequence of the works [68, Proposition 2.2] and [15, Theorem 3.5] (see also [62, Lemma 7.1]), which 
generalize [3, Theorem 1.1.2] to the asymmetric setting.

Moreover, the metric derivative can be identfied with the action of a suitable minimal flux as a conse
quence of [30, Proposition 2.25], the proof of which is based on [22, Theorem 5.17] and [3, Lemma 1.1.4]. 
Noting that the time reparametrizations in these proofs preserve orientation, it is clear that they generalize 
to the quasi-metric case based on the one-sided derivative from Definition 2.15.
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The measur-flux form of (NL2IE) as nonlocal continuity equation is specfied below.

Definition 2.17. A curve ρ : [0, T ] → P2(Rd) is called a weak solution to (NL2IE) if, for the flux j : [0, T ] →
M(G) dfined by

djt(x, y) = ∇δE
δρ 

(x, y)−dρt(x)dμ(y) −∇δE
δρ 

(x, y)+dρt(y)dμ(x),

the pair (ρ, j) is a weak solution to the continuity equation

∂tρt + ∇ · jt = 0 on [0, T ] ×Rd,

according to Definition 2.12.

Weak solutions of (1.1) are curves of maximal slope with respect to a (one-sided) strong upper gradient, 
which is the square root of the metric slope dfined below. This allows to identify the set of weak solutions 
as the zero-level set of the so called De Giorgi functional, [30, Theorem 3.9], in the quasi-metric space 
(P2(Rd), T )), being T the quasi-distance recalled in Definition 2.14, cf. [30, Section 2.4].

Definition 2.18 (Metric slope and De Giorgi functional). For any ρ ∈ P2(Rd), let the metric slope at ρ be 
given by

Dε(ρ) := Ã
(
μ, ηε; ρ,−∇δE

δρ 
(ρ)
)
.

For any ρ ∈ AC2([0, T ]; (P2(Rd), T )), the graph De Giorgi functional at ρ is dfined as

Gε(ρ) := E(ρT ) − E(ρ0) + 1
2

T̂

0 

(
Dε(ρτ ) + |ρ′τ |2ε

)
dτ.

2.5. The limiting local equation

In the graph-to-local limit the equation obtained is a continuity equation, which can be interpreted in 
flux form.

Definition 2.19 (Local continuity equation). A pair (ρ, j) =
(
(ρt)t∈[0,T ], (jt)t∈[0,T ]

)
with ρt ∈ P(Rd) and 

jt ∈ M(Rd;Rd) is called a weak solution to the continuity equation

∂tρt + ∇ · jt = 0 (2.7)

provided that

1. ρ is a weakly continuous curve in P(Rd);
2. j is a Borel-measurable curve in M(Rd;Rd) such that

T̂

0 

ˆ

Rd

d|jt|(Rd)dt < ∞;
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3. the pair (ρ, j) satifies (2.7) in the sense that for any 0 ≤ t0 ≤ t1 ≤ T ,

t1ˆ

t0

ˆ

Rd

∂tϕt(x)dρt(x)dt +
t1ˆ

t0

ˆ

Rd

∇ϕt(x) · djt(x)dt

=
ˆ

Rd

ϕt1(x)dρt1(x) −
ˆ

Rd

ϕt0(x)dρt0(x), ∀ϕ ∈ C1
c ([0, T ] ×Rd).

(2.8)

The set of all weak solutions on the time interval [0, T ] is denoted by CET . For 
0, 
1 ∈ P(Rd), a pair 
(ρ, j) ∈ CE(
0, 
1) if (ρ, j) ∈ CE := CE1 and in addition ρ0 = 
0 and ρ1 = 
1.

Remark 2.20. In the definition above, we use [3, Lemma 8.1.2] which ensures formulation (2.8) is legitimate, 
up to considering a continuous representative in the left-hand side. We also observe that one can consider test 
functions only space dependent, bounded, and Lipschitz, Lipb(Rd) by a suitable approximation argument 
as pointed out in, e.g., [3, Remark 8.1.1]; then (2.8) becomes

d
dt

ˆ

Rd

ϕ(x)dρt(x) =
ˆ

Rd

∇ϕ(x) · djt(x) ∀ϕ ∈ Lipb(Rd).

The localization outlined in the introduction provides in the limit a kinetic relation depending on a 
tensor, T . More precisely, the general form is

∂tρt + div(ρtTvt) = 0, (2.9)

for a tensor T : Rd → Rd ×Rd Borel measurable, continuous, symmetric, and uniformly elliptic, cf. Propo
sition 3.8.

As aforementioned, in [55], the author focuses on the case v = −∇(F ′(u) + V ) and provides a well
posedness theory in an equivalent Wasserstein space. Indeed, he considers the Riemannian metric on Rd

induced by T−1 (uniformly elliptic and bounded)

dT (x, y) = inf

⎧⎨⎩
1 ˆ

0 

√
〈T−1(γ(t))γ̇(t), γ̇(t)〉 : γ ∈ AC([0, 1];Rd), γ(0) = x, γ(1) = y

⎫⎬⎭,

and the corresponding Wasserstein distance is

W 2
T (μ, ν) := inf

{¨
d2
T (x, y)dγ(x, y) : γ ∈ Γ(μ, ν)

}
.

This is equivalent to the dynamical version, for 
0, 
1 ∈ P2(Rd
T ),

W 2
T (
0, 
1) = inf

⎧⎨⎩
1 ˆ

0 

∥∥∥∥ djt
dρt

∥∥∥∥2

L2(ρt;Rd
T )

dt : (ρ, j) ∈ CE(
0, 
1)

⎫⎬⎭ ,

being ∥∥∥∥dj
dρ

∥∥∥∥2

L2(ρ;Rd
T )

=
ˆ

Rd

〈
T−1(x) dj

dρ (x), dj
dρ (x)

〉
dρ(x).
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We observe that the uniform ellipticity of the tensor T−1 implies that the distance dT is equivalent to the 
Euclidean one and we denote by Rd

T the corresponding metric space (Rd, dT ). In the space P2(Rd
T ) equipped 

with the 2-Wasserstein distance, WT , Eq. (2.9), with the vector field v = −∇(F ′(u)+V ), is a gradient flow 
of the free energy associated, meaning it is a curve of maximal slope with respect to a specific strong upper 
gradient, cf. [55, Section 3].

Let us recall the definitions of strong upper gradient and curve of maximal slope.

Definition 2.21 (Strong upper gradient). A function g : P2(Rd
T ) → [0,+∞] is called a strong upper gradient

for the functional E if for every absolutely continuous curve ρ ∈ AC2([0, T ]; (P2(Rd
T ),WT )) the function 

g ◦ ρ is Borel and

|E(ρt) − E(ρs))| ≤
t ˆ

s 

g(ρτ )|ρ′τ |dτ, ∀ 0 < s ≤ t < T.

In particular, if (g ◦ ρ·)|ρ′·| ∈ L1(0, T ), then E ◦ ρ is absolutely continuous and

|(E ◦ ρ)′| ≤ g(ρt)|ρ′t| for a.e. t ∈ [0, T ].

Definition 2.22 (Curve of maximal slope). A curve ρ ∈ AC2([0, T ]; (P2(Rd
T ),WT ) is called a curve of maximal 

slope for E with respect to the strong upper gradient g if and only if t �→ E(ρt) is a non-increasing map 
satisfying

E(ρt) − E(ρs)) + 1
2

t ˆ

s 

(
g(ρτ )2 + |ρ′τ |

2
)

dτ = 0, ∀ 0 < s ≤ t < T.

The equation we study,

∂tρt = div(ρtT∇K ∗ ρt), (NLIET )

differs from that in [55] since we do not consider diffusion, but nonlocal interaction instead. Following [3] 
and [55], we can formulate (NLIET ) as gradient flows of the energy (1.2) using the corresponding strong 
upper gradient, that is the square root of the metric slope dfined below, together with the corresponding 
De Giorgi functional in the continuum setting.

Definition 2.23. Let ρ ∈ P2(Rd). The metric slope of the nonlocal interaction energy is given by

DT (ρ) :=
ˆ

Rd

〈
∇δE

δρ 
,T∇δE

δρ 

〉
dρ.

For any ρ ∈ AC2([0, T ]; (P2(Rd
T ),WT )), the local De Giorgi functional at ρ is dfined as

GT (ρ) := E(ρT ) − E(ρ0) + 1
2

T̂

0 

(
DT (ρτ ) + |ρ′τ |2T

)
dτ.

In Section 4.2 we prove that curves of maximal slope are weak solutions of (NLIET ), cf. Theorem 4.5. For 
consistency, we state the definition of weak solutions for (NLIET ).



20 A. Esposito et al. / J. Math. Pures Appl. 194 (2025) 103663 

Definition 2.24. A curve ρ : [0, T ] → P2(Rd) is called a weak solution to (NLIET ) if, for the flux j : [0, T ] →
M(Rd;Rd) dfined by

djt(x) = −T∇δE
δρ 

(x)dρt(x),

the pair (ρ, j) is a weak solution to the continuity equation

∂tρt + ∇ · jt = 0 on [0, T ] ×Rd,

according to Definition 2.19.

2.6. Main results

The main result of the present work is the graph-to-local limit for the nonlocal interaction equation.

Theorem 2.25 (Graph-to-local limit). Let (μ, ϑ) satisfy (μ1), (μ2) and (ϑ1) -- (ϑ6). Let ηε be given by (η)
and assume K satifies (K1) -- (K4). For any ε > 0 suppose that ρε is a gradient flow of E in (P2(Rd), Tε)), 
that is,

Gε(ρε) = 0 for any ε > 0,

with (ρε0)ε ⊂ P2(Rd) be such that supε>0 M2(ρε0) < ∞. Then there exists ρ ∈ AC2([0, T ]; (P2(Rd
T ),WT ))

such that ρεt ⇀ ρt as ε → 0 for all t ∈ [0, T ] and ρ is a gradient flow of E in (P2(Rd
T ),WT ), that is,

GT (ρ) = 0.

The tensor T is as in (T ).

The previous theorem is also a rigorous link between Finslerian and Riemannian gradient flows of the 
nonlocal interaction energy. Since curves of maximal slope in the local setting are weak solutions of (NLIET ), 
we actually provide an existence result via stability.

Theorem 2.26. Let μ, ϑ satisfy (μ1), (μ2), and (ϑ1) -- (ϑ6), respectively. Consider the tensor T as in (T ). 
Assume K satifies (K1) -- (K4). Let 
0 ∈ P2(Rd) such that 
0 � μ. There exists a weakly continuous curve 
ρ : [0, T ] → P2(Rd) such that supp ρt ⊆ suppμ for all t ∈ [0, T ] which is a weak solution to (NLIET ) with 
initial datum ρ0 = 
0.

In particular, using a diagonal argument this provides an interesting property of finite graphs as they 
can be used to discretize the equation under study.

Theorem 2.27. Let μ, ϑ satisfy (μ1), (μ2), and (ϑ1) -- (ϑ6), respectively. Consider the tensor T as in (T ). 
Assume K satifies (K1) -- (K4). Let 
0 ∈ P2(Rd) be such that 
0 � μ. Then, for any T > 0 there exists a 
sequence of finite graphs ((μN , ηN ))N∈N with μN ⇀∗ μ, a sequence of initial data (
N0 )N∈N ⊂ P2(Rd) with 

N0 � μN and 
N0 ⇀ 
0, and a sequence of curves (ρN )N∈N , where each ρN is a gradient flow in the sense 
of Definition 2.17 with respect to (μN , ηN ) starting from 
N0 , such that

ρNt ⇀ ρt narrowly as N → ∞,

uniformly in t on [0, T ], where ρ is the weak solution of (NLIET ) from Theorem 2.26.
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3. Linking graph and local structure

In this section we connect the nonlocal structure given by the (sequence of) graphs (μ, ηε) with the local 
Euclidean one. The first step is to construct weak solutions of CE from those of NCE. Second, we show that 
in the limit ε → 0 the antisymmetric part of our quasi-metric structures vanishes. Then, we derive the local 
structure from the remaining symmetric part, characterizing the tensor T in terms of the base measure μ
and the edge connectivity function ϑ, thereby identifying the local geometry. Hereafter, we assume the pair 
(μ, ϑ) satifies (μ1), (μ2) and (ϑ1) -- (ϑ6), and we let ηε be given by (η).

3.1. Continuous reconstruction and compactness

First, we show that solutions of the nonlocal continuity equation NCE can be represented as those of the 
local continuity equation CE by means of a specific choice of the flux.

Proposition 3.1 (Local flux). Let j ∈ M(R2d
?

) satisfy the integrability condition 
˜

R2d
?

|x− y|η(x, y)|j|(x, y) <
∞. Then there exists ĵ ∈ M(Rd;Rd) such that

1
2

¨

R2d
?

∇ϕ ηdj =
ˆ

Rd

∇ϕ · dĵ, for all ϕ ∈ C1
c (Rd). (3.1)

In particular, if (ρ, j) ∈ NCET such that A(μ, η;ρ, j) < ∞, then there exists (ĵt)t∈[0,T ] ⊂ M(Rd;Rd) such 
that (ρ, ĵ) ∈ CET .

Proof. The construction of the local flux hinges on the representation of nonlocal gradients as integrals 
along elementary needles, following the terminology introduced by [51]. Let (x, y) ∈ R2d

?
fixed and dfine, 

for any measurable A ∈ B(Rd), the measure σx,y ∈ M+(Rd) by

σx,y[A] = H1(A ∩ �x, y�) with �x, y� := 
{
(1 − s)x + sy ∈ Rd : s ∈ [0, 1]

}
.

Introducing the unit vector νx,y := y−x 
|y−x| , we observe the identities

ϕ(y) − ϕ(x) =
|y−x|ˆ

0 

∇ϕ(x + sνx,y) · νx,yds =
ˆ

�x,y�

∇ϕ(ξ) · νx,ydH1(ξ) =
ˆ

Rd

∇ϕ(ξ) · νx,ydσx,y(ξ). (3.2)

Next, we dfine λ ∈ M(R2d
?

) by λ(A) :=
˜

A
|x − y|η(x, y)dj(x, y) and observe that it is finite due to the 

integrability assumption on j. Splitting λ into its positive and negative parts and renormalizing these parts, 
we can employ [3, Remark 5.1.2] to obtain a family of atomic measures (λN )N∈N on R2d

?
such that λN ⇀ λ

narrowly as N → ∞. By the finiteness of λ, there exist λN
k ∈ R satisfying supN∈N

∑N
k=1|λN

k | < ∞ such 
that we can write

λN =
N∑

k=1

λN
k δ(xN

k ,yN
k ).

Defining σ̃x,y ∈ M(Rd;Rd) by σ̃x,y(A) := νx,y
σx,y(A)
|x−y| , the representation of nonlocal gradients in (3.2) yields

1
2

¨

R2d
?

∇ϕ(x, y)
|x− y| dλN (x, y) = 1

2

¨

R2d
?

ˆ

Rd

∇ϕ(ξ) · dσ̃x,y(ξ)dλN (x, y)
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= 1
2

N∑
k=1

ˆ

Rd

∇ϕ(ξ) · dσ̃xN
k ,yN

k
(ξ)λN

k

=
ˆ

Rd

∇ϕ(ξ) · 1
2

N∑
k=1

λN
k dσ̃xN

k ,yN
k

(ξ).

Motivated by this identity, we dfine ĵN ∈ M(Rd;Rd) by

ĵN (A) := 1
2

N∑
k=1

λN
k σ̃xN

k ,yN
k

(A).

Observing that |σ̃x,y|(Rd) = |νx,y| |H
1(�x,y�∩Rd)|

|x−y| = 1, we obtain the uniform bound

sup 
N∈N

∣∣ĵN ∣∣(Rd) ≤ sup 
N∈N

N∑
k=1

|λN
k | < ∞,

which implies that there exists ĵ ∈ M(Rd;Rd) and a (not relabeled) subsequence such that ĵN ∗⇀ ĵ as 
N → ∞.

We note that for any ϕ ∈ C1
c (Rd) the map R2d

?
� (x, y) �→ ∇ϕ(x, y)/|x− y| is continuous and bounded. 

Indeed, given (x, y) ∈ R2d
?

let 0 < δ < |x − y|/2. Then, due to the mean-value theorem, for any (x′, y′) ∈
Bδ((x, y)) ⊂ R2d with x′ �= y′, we obtain the upper bound

∣∣∣∣∇ϕ(x, y)
|x− y| − ∇ϕ(x′, y′)

|x′ − y′|

∣∣∣∣ ≤
∣∣∇ϕ(x, y) −∇ϕ(x′, y′)

∣∣
|x− y| +

∣∣∇ϕ(x′, y′)
∣∣ ∣∣|x− y| − |x′ − y′|

∣∣
|x− y||x′ − y′|

≤ 2‖∇ϕ‖L∞δ

|x− y| +
4‖ϕ‖L∞δ

|x− y|(|x− y| − 2δ) ,

where we used that ||x − y| − |x′ − y′|| ≤ |x − x′ − y + y′| ≤ 2δ. This upper bound vanishes as δ → 0 and 
thereby ensures continuity. Boundedness follows again from the mean value theorem and the boundedness 
of ∇ϕ.

Using this for the narrow convergence of λN ⇀ λ and the weak-∗ convergence along a subsequence of ĵN
to ĵ, along this subsequence we obtain the identity

1
2

¨

R2d
?

∇ϕ(x, y)
|x− y| dλN (x, y) =

ˆ

Rd

∇ϕ(ξ) · dĵN (ξ)

↓ N → ∞ ↓ N → ∞ 

1
2

¨

R2d
?

∇ϕ(x, y)
|x− y| dλ(x, y) =

ˆ

Rd

∇ϕ(ξ) · dĵ(ξ).

Since the left limit is unique, the right limit is independent of the particular subsequence and thus div ĵ is 
unique as well. Finally, the second claim follows from the first part of Corollary 2.9, and the definitions of 
solutions to NCE and CE, Lemma 2.11 and Definition 2.19, respectively. �

The next two results concern compactness for solutions of the continuity equation constructed in Propo
sition 3.1.
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Lemma 3.2. Let (με)ε>0 ⊂ M+(Rd) and (ηε)ε>0 be families satisfying (μ1), (μ2), and (ϑ1) -- (ϑ6), respec
tively, uniformly in ε. For any ε > 0, let ρε := (ρεt )t∈[0,T ] ⊂ P(Rd) and jε := (jεt )t∈[0,T ] ⊂ M(G) such that 
supε>0 A(με, ηε;ρε, jε) < ∞. Moreover, consider (̂jε)ε>0 associated to (jε)ε>0 as in Proposition 3.1. Then

1. (
´
· ĵ

ε
tdt)ε>0 is weakly-∗ compact in M((0, T ) ×Rd;Rd);

2. (t �→ ĵεt )ε is equi-integrable w.r.t. L 1.

In particular, there exists ĵ := (ĵt)t∈[0,T ] ⊂ M(Rd;Rd) such that (along a subsequence) we have 
´
· ĵ

ε
tdt

∗⇀´
· ĵdt weakly-∗ in M((0, T ) ×Rd;Rd).

Proof. Combining (3.1), Corollary 2.9 and Hölder’s inequality, we obtain for any measurable I ⊂ [0, T ]

|̂jε|(I ×Rd) ≤
ˆ

I

|ĵεt |(Rd)dt

= sup 
ϕ∈C1

c (Rd)\{0}

1 
‖∇ϕ‖L∞

ˆ

I

ˆ

Rd

∇ϕ(x) · dĵεt (x)dt

(3.1)= sup 
ϕ∈C1

c (Rd)\{0}

1 
2‖∇ϕ‖L∞

ˆ

I

¨

Gε

∇ϕ(x, y)ηε(x, y)djεt (x, y)dt

≤ 1
2

ˆ

I

¨

Gε

|x− y|ηε(x, y)d|jεt |(x, y)dt

≤ sup
ε>0 

√
2|I|CintA(με, ηε;ρε, jε),

(3.3)

which implies compactness as |I| ≤ T . The equi-integrability also follows directly from (3.3). Finally, the 
representation of the limit is a consequence of disintegration and the equi-integrability. �
Proposition 3.3. Let (με)ε>0 ⊂ M+(Rd) and (ηε)ε>0 be families satisfying (μ1), (μ2), and (ϑ1) -- (ϑ6), respec
tively, uniformly in ε. Let (ρε, jε)ε>0 be such that (ρε, jε) ∈ NCEε

T for all ε > 0 and supε>0 A(με, ηε;ρε, jε) 
< ∞. Let ĵε be associated to jε as in Proposition 3.1. Then there exists a (not relabeled) subsequence of 
pairs (ρε, ĵε) ∈ CET and a pair (ρ, ĵ) ∈ CET such that ρεt ⇀ ρt narrowly in P(Rd) for a.e. t ∈ [0, T ] and 
such that 

´
· ĵ

ε
tdt

∗⇀
´
· ĵtdt weakly-∗ in M((0, T ) ×Rd;Rd).

Proof. The weak-∗ convergence of 
´
· ĵ

ε
tdt to 

´
· ĵtdt follows from Lemma 3.2. Narrow convergence of ρεt to ρt

can be obtained by using [3, Proposition 3.3.1]. More precisely, compactness is ensured by Lemma 2.13 and 
Prokhorov’s theorem, whilst equicontinuity is a consequence of the equi-integrability of the flux, similarly, 
e.g., to [47, Lemma 4.5]. �
3.2. Limiting tensor structure

This section is devoted to identifying the tensor T for the limiting interaction equation (NLIET ). The lim
iting structure depends on the underlying Finslerian nature of (NL2IE) as gradient flow of E in (P(Rd), Tμ,ηε), 
being Tμ,ηε the upwind mass transportation cost, cf. Definition 2.14.

In order to obtain the tensor we need to recall the definition of graph tangent fluxes introduced in [30, 
Proposition 2.25]. Given a pair (μ, ηε), the space of graph tangent fluxes at ρ ∈ P2(Rd) is dfined by

T ε
ρP2(Rd) :=

{
j ∈ M(Gε) : A(μ, ηε; ρ, j) < ∞ and 

A(μ, ηε; ρ, j) ≤ A(μ, ηε; ρ, j + jdiv) ∀jdiv ∈ Mdiv(Gε)
}
,

(3.4)
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where

Mdiv(Gε) :=
{
jdiv ∈ M(Gε) :

¨

Gε

∇ϕdjdiv = 0 ∀ϕ ∈ C∞
c (Rd)

}
.

We dfine the space of tangent velocities by

T̃ ε
ρP2(Rd) :=

{
v : Gε → R : v+d(ρ⊗ μ) − v−d(μ⊗ ρ) ∈ T ε

ρP2(Rd)
}
. (3.5)

In particular, the set {∇ϕ : ϕ ∈ C∞
c (Rd)} is dense in T̃ ε

ρP2(Rd) with respect to a suitable L2-norm (cf. [30, 
Proposition 2.26]). The crucial operator for the Finslerian structure is the tangent-to-cotangent mapping 
l̃ερ : T̃ ε

ρP2(Rd) →
(
T̃ ε
ρP2(Rd)

)∗, which is given, for a fixed v ∈ T̃ ε
ρP2(Rd), by

l̃ερ(v)[w] := 1
2

¨

Gε

wηε[v+d(ρ⊗ μ) − v−d(μ⊗ ρ)], (3.6)

for any w ∈ T̃ ε
ρP2(Rd). Furthermore, l̃ερ is also the first variation of 1

2Ã(μ, ηε, ρ, ·) at v in the direction 
w, and takes the role of a Riemannian metric in the Finslerian framework from [30,44]. In this subsection 
we will rigorously identify the limiting tensor arising from the Finslerian structure by showing in Proposi
tions 3.6 and 3.7 that

l̃ερ(∇ϕ)[∇ψ] = 1
2

¨

Gε

∇ϕ(x, y)∇ψ(x, y)ηε(x, y)dρ(x)dμ(y) + o(1)

=
ˆ

Rd

∇ϕ(x) · T ε(x)∇ψ(x)dρ(x) + o(1)

where

Tε(x) := 1
2

ˆ

Rd\{x}

(x− y) ⊗ (x− y) ηε(x, y)dμ(y).

Then, we will see that Tε converges to a unique limit T on compact subsets of Rd as ε → 0 (cf. Propo
sition 3.8), before concluding that l̃ερ itself converges to a limiting inner product containing T (cf. The
orem 3.9). Our first main step towards these goals is a proof that l̃ερ is almost symmetric, with the 
antisymmetric part vanishing as ε → 0. To see this, we require the following two technical lemmas.

We remind the reader of the assumption that (μ, ϑ) satisfy (ϑ1) -- (ϑ6) and (μ1), (μ2), and that ηε and 
Gε are given by (η) and (2.1), respectively.

Lemma 3.4. For every ϕ ∈ Cc(Rd) it holds

|Gε ∩ supp∇ϕ| ≤ 2Cmeas|suppϕ|εd, for all ε > 0.

Furthermore, for every ε > 0 the intersection |Gε ∩ supp∇ϕ| is compact in R2d
?

.

Proof. First, observe that supp∇ϕ is contained in (suppϕ×Rd) ∪ (Rd × suppϕ). Indeed, if ∇ϕ(x, y) �= 0, 
then either ϕ(x) �= 0 or ϕ(y) �= 0. Thus, due to the symmetry of Gε and the assumption (meas), we obtain



A. Esposito et al. / J. Math. Pures Appl. 194 (2025) 103663 25

∣∣Gε ∩ supp∇ϕ
∣∣ ≤ ∣∣Gε ∩ (suppϕ×Rd) ∪ (Rd × suppϕ)

∣∣
≤ 2

∣∣Gε ∩ (suppϕ×Rd)
∣∣ = 2

ˆ

suppϕ

|Gε
x|dx ≤ 2Cmeas|suppϕ|εd.

The compactness of Gε ∩ supp∇ϕ is an easy consequence of the Assumption (supp). Indeed, for (x, y) ∈
Gε ∩ (Rd × suppϕ) we have y ∈ suppϕ and |x− y| ≤ Csuppε and hence x ∈ suppϕ+BCsuppε, which for fixed 
ε > 0 is also compact. Due to the symmetry of Gε, this concludes the proof. �
Lemma 3.5. Let fk ∈ C(R), k = 1, 2, be 1-Lipschitz functions. Then, for any ε0 > 0 and any ϕ,ψ ∈ C2

c (Rd), 
the family of maps (ξε)0<ε≤ε0 , ξε : Rd → R dfined by

ξε(x) :=
ˆ

Rd\{x}

f1
(
∇ϕ(x, y)

)
f2
(
∇ψ(x, y)

)
ηε(x, y)dμ(y)

is equicontinuous and 
⋃

0<ε≤ε0
supp ξε is contained in a compact set. Moreover, the family satifies the 

uniform bound supε>0‖ξε‖L∞ ≤ Cint‖∇ϕ‖L∞‖∇ψ‖L∞ and it is therefore relatively compact by Ascoli-Arzelà.

Proof. Due to the absolute continuity of μ, we can apply the change of variables w = y − x and rewrite ξε

as

ξε(x) =
ˆ

Rd\{0}

f1
(
∇ϕ(x, x + w)

)
f2
(
∇ψ(x, x + w)

)
ηε(x, x + w)μ̃(x + w)dw

=
ˆ

Rd\{0}

f1
(
∇ϕ(x, x + w)

)
|w|

f2
(
∇ψ(x, x + w)

)
|w| |w|2ηε(x, x + w)μ̃(x + w)dw

=
ˆ

Rd\{0}

f̃1(x,w)f̃2(x,w)η̃ε(x,w)μ̃(x + w)dw,

for f̃1(x,w) := f1(∇ϕ(x, x + w))/|w|, f̃2(x,w) := f2(∇ψ(x, x + w))/|w|, and η̃ε(x,w) := |w|2ηε(x, x +
w) = 1 

εd+2 |w|2ϑ(x + w/2, w/ε). In order to prove the uniform equicontinuity, we note that the 1-Lipschitz 
assumption on fk implies the following elementary inequality for a, b, c, d ∈ R and k = 1, 2:

|fk(a± b) − fk(c± d)| ≤ |(a± b) − (c± d)| ≤ |a− c| + |b− d|. (3.7)

Considering the difference f̃1(x,w) − f̃1(y, w) and noting that all considerations apply analogously to f2

and ψ, we first assume that |w| > |x − y|α for 0 < α < 1. In this case, (3.7) and the mean value theorem 
yield

∣∣f̃1(x,w) − f̃1(y, w)
∣∣|w| =

∣∣f1
(
∇ϕ(x, x + w)

)
− f1

(
∇ϕ(y, y + w)

)∣∣
≤
∣∣∇ϕ(y + w, x + w)

∣∣+ ∣∣∇ϕ(x, y)
∣∣

≤ 2‖∇ϕ‖L∞ |x− y|

< 2‖∇ϕ‖L∞ |x− y|1−α|w|.

Now considering the case |w| ≤ |x− y|α, using Taylor with Lagrange remainder and again (3.7), we obtain
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∣∣f̃1(x,w) − f̃1(y, w)
∣∣|w| =

∣∣f1
(
∇ϕ(x, x + w)

)
− f1

(
∇ϕ(y, y + w)

)∣∣
=
∣∣f1
(
w ·
(
∇ϕ(x) + 1

2Hϕ(ζx,w)w
))

− f1
(
w ·
(
∇ϕ(y) + 1

2Hϕ(ζy,w)w
))∣∣

≤
∣∣w · (∇ϕ(x) −∇ϕ(y))

∣∣+ ∣∣w ·
( 1

2 (Hϕ(ζx,w) −Hϕ(ζy,w))w
)∣∣

≤ (ω∇ϕ(|x− y|) + ‖Hϕ‖L∞ |x− y|α)|w|.

Arguing analogously for f2, we have |f̃k(x,w) − f̃k(y, w)| ≤ ω(|x − y|) for a suitable ω ∈ C([0,∞); [0,∞))
with ω(ε) → 0 as ε → 0, which only depends on α, and first and second derivatives of ϕ and ψ.

Regarding the difference |η̃ε(x,w) − η̃(y, w)|, due to (ϑ2) and (ϑ3) we have

ˆ

Rd\{0}

|η̃ε(x,w) − η̃ε(y, w)|dw =
ˆ

Rd\{0}

|w|2

εd+2

∣∣∣ϑ(x + w

2 
,
w

ε 

)
− ϑ

(
y + w

2 
,
w

ε 

)∣∣∣dw
=

ˆ

BCsupp

|w|2
∣∣∣ϑ(x + εw

2 
, w
)
− ϑ

(
y + εw

2 
, w
)∣∣∣dw

≤ ωϑ(|x− y|)
ˆ

BCsupp

|w|2dw

≤ |B1|Cd+2
suppωϑ(|x− y|).

(3.8)

Furthermore, since both f1 and f2 are 1-Lipschitz, the mean value theorem yields 
∣∣f̃1(x,w)

∣∣ ≤ ‖∇ϕ‖L∞ and ∣∣f̃2(x,w)
∣∣ ≤ ‖∇ψ‖L∞ . Combining this with the previous estimates, (μ1), (μ2) and Lemma 2.1, we obtain

ˆ

Rd\{0}

∣∣f̃1(x,w)f̃2(x,w)μ̃(x + w)η̃ε(x,w) − f̃1(y, w)f̃2(y, w)μ̃(y + w)η̃ε(y, w)
∣∣dw

≤
ˆ

Rd\{0}

∣∣f̃1(x,w) − f̃1(y, w)
∣∣f̃2(x,w)η̃ε(x,w)μ̃(x + w)dw

+
ˆ

Rd\{0}

f̃1(y, w)
∣∣f̃2(x,w) − f̃2(y, w)

∣∣η̃ε(x,w)μ̃(x + w)dw

+
ˆ

Rd\{0}

f̃1(y, w)f̃2(y, w)
∣∣η̃ε(x,w) − η̃ε(y, w)

∣∣μ̃(x + w)dw

+
ˆ

Rd\{0}

f̃1(y, w)f̃2(y, w)η̃ε(y, w)
∣∣μ̃(x + w) − μ̃(y + w)

∣∣dw
≤ Cint(‖∇ϕ‖L∞ + ‖∇ψ‖L∞)ω(|x− y|)

+ Cμ‖∇ϕ‖L∞‖∇ψ‖L∞ |B1|Cd+2
suppωϑ(|x− y|)

+ CmomCmeas‖∇ϕ‖L∞‖∇ψ‖L∞ωμ(|x− y|).

(3.9)

Together with the former considerations, this proves the equicontinuity of (ξε)0<ε≤ε0 .
Next, we observe that due to Lemma 3.4 for any fixed ε > 0 the support of f1

(
∇ϕ(x, y)

)
f2
(
∇ψ(x, y)

)
ηε(x, y) is compact in Rd × Rd. Consequently, supp ξε is compact in Rd for any fixed ε > 0 and so is the 
union 

⋃
0<ε≤ε0

supp ξε.
Finally, the bound ‖ξε‖L∞ ≤ Cint‖∇ϕ‖L∞‖∇ψ‖L∞ again follows from the mean value theorem, the fact 

that both f1 and f2 are 1-Lipschitz, and the bound (int). �
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Proposition 3.6 (Symmetry up to small perturbations). Let (ρε)ε>0 be such that supp ρε ⊂ suppμ and ρε

converges narrowly to some ρ ∈ P(Rd) as ε → 0.
Then, for all ϕ,ψ ∈ C2

c (Rd), it holds

l̃ερε(∇ϕ)[∇ψ] = 1
2

¨

Gε

∇ϕ(x, y)∇ψ(x, y)ηε(x, y)dρε(x)dμ(y) + o(1).

Proof. Using that a+ = (1/2)(a + |a|), for a ∈ R, and antisymmetry in (3.6), we rewrite

l̃ερε(∇ϕ)[∇ψ] =
¨

Gε

(∇ϕ)+(x, y)∇ψ(x, y)ηε(x, y)dρε(x)dμ(y)

= 1
2

¨

Gε

∇ϕ(x, y)∇ψ(x, y)ηε(x, y)dρε(x)dμ(y)

+
ˆ

Rd

⎛⎜⎝1
2

ˆ

Rd\{x}

|∇ϕ|(x, y)∇ψ(x, y)ηε(x, y)dμ(y)

⎞⎟⎠dρε(x)

=: I + II .

We want to show that II vanishes as ε → 0. To this end, we introduce a mollfication at scale α ∈ (0, 1) and 
dfine dρ̃ε := ρ̃εdL d := νεα ∗ ρεdL d, where ν is a mollfier and νεα(x) := 1 

εαd ν
(

x 
εα

)
. Introducing

ξ̄ε(x) := 1
2

ˆ

Rd\{x}

|∇ϕ|(x, y)∇ψ(x, y)ηε(x, y)dμ(y),

we can write

II =
ˆ

Rd

ξ̄εd(ρε − ρ̃ε) +
ˆ

Rd

ξ̄εdρ̃ε =: II1 + II2 .

Due to Lemma 3.5 applied to the 1-Lipschitz functions f1 = |·| and f2 = Id, we have (ξ̄ε)ε>0 ⊂ C0(Rd) and 
ξ̄ε converges strongly in C(Rd) to some ξ̄0 ∈ C0(Rd) as ε → 0. Hence, we infer II1 converges to 0 as ε → 0
by weak-strong convergence (see e.g. [9, Proposition 3.5]), since ρε and ρ̃ε weakly-∗ converge to the same 
limit ρ. For II2 we symmetrize and estimate

II2 = 1
4

¨

Gε

∣∣∇ϕ(x, y)
∣∣ ∇ψ(x, y) ηε(x, y)

(
dρ̃ε(x)dμ(y) − dμ(x)dρ̃ε(y)

)
≤ 1

4

¨

Gε

∣∣∇ϕ(x, y)
∣∣ ∣∣∇ψ(x, y)

∣∣ ηε(x, y) ∣∣ρ̃ε(x)μ̃(y) − μ̃(x)ρ̃ε(y)
∣∣dxdy

≤ 1
4‖∇ϕ‖L∞‖∇ψ‖L∞

¨

Gε

|x− y|2 ηε(x, y) 
∣∣ρ̃ε(x)μ̃(y) − μ̃(x)ρ̃ε(y)

∣∣dxdy

≤ 1
4‖∇ϕ‖L∞‖∇ψ‖L∞

Cmom
εd

¨

Gε

ρ̃ε(x) 
∣∣μ̃(y) − μ̃(x)

∣∣dxdy

+ 1
4‖∇ϕ‖L∞‖∇ψ‖L∞

¨

Gε

|x− y|2ηε(x, y) μ̃(x) 
∣∣ρ̃ε(x) − ρ̃ε(y)

∣∣dxdy
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=: 1
4‖∇ϕ‖L∞‖∇ψ‖L∞(II2,1 + II2,2).

For the first term (meas), (mom) and (μ1) yield the bound

II2,1 ≤ CmomCmeasωμ(Csuppε).

Since supp νεα(· − z) ⊂ Bεα(z) and the Lebesgue measure is translation invariant, Lemma 3.4 provides us 
the estimate |Gε∩ supp νεα(·− z)| ≤ 2Cmeas|B1|εd(1+α). With these preliminary considerations we apply the 
mean value theorem to the mollfier ν together with the bounds (supp) and (meas) to obtain

II2,2 ≤ 1 
εαd

ˆ

Rd

¨

Gε

|x− y|2ηε(x, y)μ̃(x)
∣∣∣∣ν(x− z

εα

)
− ν

(
y − z

εα

)∣∣∣∣dxdydρε(z)

≤ 1 
εd(1+α)CmomCμ

ˆ

Rd

¨

Gε∩supp νεα (·−z)

∣∣∣∣∇ν(ξ) ·
(
x− y

εα

)∣∣∣∣dxdydρε(z)

≤ Csuppε
1−α−d(1+α)‖∇ν‖L∞CmomCμ

ˆ

Rd

|Gε ∩ supp νεα(· − z)|dρε(z)

≤ 2Csuppε
1−α‖∇ν‖L∞ |B1|CmeasCmomCμ.

As α < 1 this concludes the proof. �
The next step consists in the identfication of the tensor from the remaining symmetric part of the graph 

structure.

Proposition 3.7 (ε-Tensor). For all ϕ,ψ ∈ C1
c (Rd) and all x ∈ Rd, we have

1
2

ˆ

Rd\{x}

∇ϕ(x, y)∇ψ(x, y)ηε(x, y)dμ(y) = ∇ϕ(x) · T ε(x)∇ψ(x) + o(1),

where

Tε(x) := 1
2

ˆ

Rd\{x}

(x− y) ⊗ (x− y) ηε(x, y)dμ(y). (3.10)

Proof. By means of Taylor’s theorem with Peano remainder and (int), we obtain for any x ∈ Rd the identity

1
2

ˆ

Rd\{x}

∇ϕ(x, y)∇ψ(x, y)ηε(x, y)dμ(y)

= 1
2

ˆ

Rd\{x}

∇ϕ(x) · (x− y) ⊗ (x− y)∇ψ(x)ηε(x, y)dμ(y) + O(ω(Csuppε))

= ∇ϕ(x) ·

⎛⎜⎝1
2

ˆ

Rd\{x}

(x− y) ⊗ (x− y) ηε(x, y)dμ(y)

⎞⎟⎠∇ψ(x) + O(ω(Csuppε)),

where the modulus ω : [0,∞) → [0,∞) is dfined by
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ω(δ) = ‖∇ϕ‖L∞ω∇ψ(δ) + ‖∇ψ‖L∞ω∇ϕ(δ) + ω∇ϕ(δ)ω∇ψ(δ),

and where we used the fact that |x− y| ≤ Csuppε by Assumption (supp). �
Next, we show that the tensors Tε converge to a unique limiting tensor as ε → 0.

Proposition 3.8 (Unique limiting tensor). There exists a unique T ∈ C(Rd;Rd×d) such that for any compact 
K ⊂ Rd and any ε0 > 0 the sequence (Tε)ε0≥ε>0 with Tε dfined as in (3.10) converges strongly to T in 
C(K;Rd×d) as ε → 0. The limiting tensor, given by

T (x) := 1
2 μ̃(x)

ˆ

Rd\{0}

w⊗ wϑ(x,w)dw, (T )

is bounded and uniformly continuous.
Furthermore, the tensor T is uniformly elliptic, i.e., there exist c, C > 0 such that for any x, ξ ∈ Rd we 

have

c|ξ|2 ≤ ξ · T (x)ξ ≤ C|ξ|2.

Finally, for any x ∈ R the matrix T (x) is symmetric.

Proof. By a change of variables and arguing analogously to (3.8) and (3.9), we obtain

|Tε(x) − Tε(y)| =

∣∣∣∣∣∣∣
1
2

ˆ

Rd\{0}

w⊗ w [ηε(x, x + w)μ̃(x + w) − ηε(y, y + w)μ̃(y + w)]dw

∣∣∣∣∣∣∣
≤ 1

2C
d+2
supp |B1|Cμωϑ(|x− y|) + 1

2CmomCmeasωμ(|x− y|).

Similar to this, using Assumption (int) instead of Assumptions (mom) and (meas), we obtain ‖Tε‖L∞ ≤
1
2Cint. Hence, the family (Tε)ε0≥ε>0 is equicontinuous and equibounded. In particular, for every compact 
K ⊂ Rd and every vanishing sequence (εn)n∈N , there exists a (not relabeled) subsequence and a tensor 
T ∈ C(Rd;Rd×d) with ‖T‖L∞ ≤ 1

2Cint and |T (x) − T (y)| ≤ 1
2CmomCmeasωμ(|x − y|) such that Tεn → T

strongly in C(K;Rd×d) as n → ∞.
To identify the limit, we calculate

2Tε(x) =
ˆ

Rd\{0}

w⊗ w
1 

εd+2ϑ
(
x + w

2 
,
w

ε 

)
μ̃(x + w)dw

=
ˆ

Rd\{0}

w⊗ wϑ(x + εw/2, w)μ̃(x + εw)dw

= μ̃(x)
ˆ

Rd\{0}

w⊗ wϑ(x,w)dw + O(ωϑ(Csuppε) + ωμ(Csuppε)).

This shows the explicit form (T ) of the tensor as well as its independence of the particular subsequence 
(εn)n∈N and the particular compact set K ⊂ Rd. Having shown (T ), the uniform ellipticity of T is an easy 
consequence of (μ2), (ϑ4) and (ϑ6), while the symmetry of the matrix T (x) for any x ∈ Rd follows from 
(ϑ1). �
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Finally, we combine the previous results to derive the structure of the continuity equation (NLIET ) from 
the Finsler-type product.

Theorem 3.9 (Limiting inner product). Let ρε ⇀ ρ narrowly in P2(Rd). The tangent-to-cotangent mapping 
l̃ερε : T̃ ε

ρεP2(Rd) →
(
T̃ ε
ρεP2(Rd)

)∗ dfined as in (3.6) satifies

lim
ε→0

l̃ερε(∇ϕ)[∇ψ] =
ˆ

Rd

∇ϕ · T∇ψdρ, ∀ϕ,ψ ∈ C2
c (Rd),

with the tensor T ∈ C(Rd;Rd×d) obtained as limit of (Tε)ε0≥ε>0 dfined as in (3.10) from Proposition 3.8.

Proof. By Proposition 3.8, there exists a limiting tensor T ∈ C(Rd;Rd×d) such that for any compact 
K ⊂ Rd we have Tε → T strongly in C(K;Rd×d) as ε → 0. In particular, for every ϕ,ψ ∈ C1

c (Rd), we have 
that ∇ϕ · Tε∇ψ → ∇ϕ · T∇ψ strongly in C0(R) as n → ∞. As narrow convergence of measures implies 
weak-∗ convergence of measures, this allows us to employ usual weak-strong convergence argument (cf. e.g. 
[9, Proposition 3.5] for the strategy) to obtain

lim
ε→0

ˆ

Rd

∇ϕ(x) · Tε(x)∇ψ(x)dρε =
ˆ

Rd

∇ϕ(x) · T (x)∇ψ(x)dρ.

The proof is then concluded by employing Proposition 3.6, for which the C2-regularity of the test functions 
is necessary. �
4. Graph-to-local limit for curves of maximal slope

The graph-to-local limit for (NL2IE) is proven by exploiting the variational formulation of the equations 
as curves of maximal slope, as explained in Sections 2.4, 2.5. The localizing graph provided by (μ, ηε), for 
ηε as in (η), identfies a sequence of weak solutions of (NL2IEε), that is, for ρε � μ, μ− a.e. x and a.e. t,

∂tρ
ε
t (x) +

ˆ

Rd

∇(K ∗ ρεt )(x, y)−ηε(x, y)ρεt (x)dμ(y) −
ˆ

Rd

∇(K ∗ ρεt )(x, y)+ηε(x, y)dρεt (y) = 0. (NL2IEε)

In view of [30, Theorem 3.9], weak solutions of (NL2IEε) are curves of maximal slope in the Finslerian 
quasi-metric space (P2(Rd), Tμ,ηε), that is zero-level sets of the graph De Giorgi functional

Gε(ρε) = E(ρεT ) − E(ρε0) + 1
2

T̂

0 

(
Dε(ρετ ) + |ρ′τ |2ε

)
dτ,

with the metric slope

Dε(ρε) =
¨

R2d
?

∣∣(∇K ∗ ρε
)
−(x, y)

∣∣2ηε(x, y)dρε(x)dμ(y).

We show that in the ε → 0 limit we obtain a zero-level set of the local De Giorgi functional

GT (ρ) = E(ρT ) − E(ρ0) + 1
2

T̂

0 

(
DT (ρτ ) + |(ρετ )′|2T

)
dτ,
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where the metric slope is

DT (ρ) =
ˆ

Rd

〈
∇δE

δρ 
,T∇δE

δρ 

〉
dρ,

thereby proving Theorem 2.25. As byproduct, the graph-to-local limit provides a proof of Theorem 2.26, the 
existence of weak solutions of (NLIET ). Indeed, we find that weak solutions are curves of maximal slope in 
local setting, according to Definitions 2.22 and 2.23 with respect to the Wasserstein gradien-flow structure 
of (NLIET ) in the metric space (P2(Rd

T ),WT ).
Throughout this section we fix the tensor T as in (T ) for μ, ϑ satisfying (μ1), (μ2), and (ϑ1) -- (ϑ6), 

respectively, and we consider ηε given by (η) as before.

4.1. Lower limit for the metric derivative and metric slope

In this section we derive the lower limits for the metric derivatives and the metric slopes, respectively. 
This will then be combined with a chain rule (cf. Proposition 4.3) in order to obtain the convergence of the 
zero level sets of the graph De Giorgi functionals to the zero level set of the local De Giorgi functional as 
ε → 0.

Proposition 4.1 (Lower limit of the metric derivative). Consider a family (ρε)ε>0 ⊂ AC2([0, T ]; (P2(Rd), Tε)), 
with (ρε0)ε ⊂ P2(Rd) such that supε>0 M2(ρε0) < ∞. Then there exists ρ ∈ AC2([0, T ]; (P2(Rd

T ),WT )) such 
that, for a.e. t ∈ [0, T ], ρεt ⇀ ρt and it holds

lim inf
ε→0 

T̂

0 

∣∣(ρεt )′∣∣2εdt ≥
T̂

0 

|ρ′t|2Tdt.

Proof. [30, Proposition 2.25] characterizes absolutely continuous curves, and, in particular, for every ε > 0
it allows us to infer that there exists a unique jε such that (ρε, jε) ∈ NCEε

T and for a.e. t ∈ [0, T ] it holds 
|(ρετ )

′|2ε = A(μ, ηε, ρεt , jεt ) < ∞. We employ Proposition 3.1 to obtain (ρε, ĵε) ∈ CET ; Proposition 3.3 implies 
convergence to a limit (ρ, ĵ) ∈ CET such that ρ ⊂ P2(Rd) (by Lemma 2.13 and lower semicontinuity).

Next, we note that for any ϕ ∈ C∞
c (Rd) the one-sided Cauchy-Schwarz inequality [30, Lemma 3.7] and 

Young’s inequality yield

〈∇ϕ, jε〉ηε = 1
2

¨

R2d
?

∇ϕ(x, y)ηε(x, y)djε(x, y)

= 1
2

¨

R2d
?

∇ϕ(x, y)ηε(x, y)(vε+(x, y)dρε(x)dμ(y) − vε−(x, y)dμ(x)dρε(y))

= l̃ερε(vε)[∇ϕ]

≤
√

l̃ερε(vε)[vε]l̃ερε(∇ϕ)[∇ϕ]

=
√

A(μ, ηε; ρε, jε)Ã(μ, ηε; ρε,∇ϕ)

≤ 1
2A(μ, ηε; ρε, jε) + 1

2Ã(μ, ηε; ρε,∇ϕ).

For completeness, we mention that the second equality holds since we have finite action, whence the upwind 
flux, cf. [30, Lemma 2.6]. Therefore, for ϕ ∈ C∞

c ((0, T );C∞
c (Rd)) we obtain



32 A. Esposito et al. / J. Math. Pures Appl. 194 (2025) 103663 

lim inf
ε→0 

1
2

T̂

0 

A(μ, ηε; ρεt , jεt )dt ≥ lim inf
ε→0 

⎛⎝ T̂

0 

〈
∇ϕt, j

ε
t

〉
ηεdt−

1
2

T̂

0 

Ã(μ, ηε; ρεt ,∇ϕt)dt

⎞⎠
≥ lim

ε→0

T̂

0 

〈
∇ϕt, j

ε
t

〉
ηεdt− lim sup

ε→0 

1
2

T̂

0 

Ã(μ, ηε; ρεt ,∇ϕt))dt

Thm. 3.9= 

T̂

0 

〈
∇ϕt, ĵt

〉
dt− 1

2

T̂

0 

ˆ

Rd

〈∇ϕt,T∇ϕt〉dρtdt.

With this, arguing analogously to the last step in the proof of [47, Theorem 6.2 (i)], we set V := {T 1/2∇ϕ :
ϕ ∈ C∞

c ((0, T );C∞
c (Rd))}, being T 1/2(x) the square root of the positive-definite symmetric matrix T (x). 

Fenchel–Moreau duality theorem implies

1
2

T̂

0 

∥∥∥∥ dĵt
dρt

∥∥∥∥2

L2(ρ;Rd
T )

dt = 1
2

T̂

0 

ˆ

Rd

〈
T−1 dĵt

dρt
,
dĵt
dρt

〉
dρtdt

= sup 
ϕ∈V

⎛⎝ T̂

0 

〈
T 1/2∇ϕt,T

−1/2ĵt

〉
dt− 1

2

T̂

0 

ˆ

Rd

〈T 1/2∇ϕt,T
1/2∇ϕt〉dρdt

⎞⎠

≤ lim inf
ε→0 

1
2

T̂

0 

A(μ, ηε; ρεt , jεt )dt = lim inf
ε→0 

1
2

T̂

0 

∣∣(ρετ )′∣∣2εdt,
where the last equality follows from [30, Proposition 2.25] as mentioned at the beginning of the proof. The 
above inequality and Proposition 3.3 imply ρ ∈ AC2([0, T ]; (P2(Rd

T ),WT )) since (ρ, ĵ) ∈ CET and, for 
0 ≤ s ≤ t ≤ T , it holds due to the Cauchy-Schwarz inequality

W 2
T (ρs, ρt) ≤ (t− s)

t ˆ

s 

∥∥∥∥ dĵτ
dρτ

∥∥∥∥2

L2(ρτ ;Rd
T )

dτ < ∞.

Hence, Lebesgue’s differentiation theorem gives, for a.e. τ the claimed result

|ρ′τ |T ≤
∥∥∥∥ dĵt

dρt

∥∥∥∥
L2(ρt;Rd

T )
. �

Let us turn to the lower limit for the slopes.

Proposition 4.2 (Lower limit of metric slopes). Let (μ, ϑ) satisfy (μ1), (μ2) and (ϑ1) -- (ϑ6). Let ηε be given 
by (η) and let K satisfy (K1) -- (K4). Let (ρεn)n∈N ⊂ P2(Rd) be such that ρεn ⇀ ρ ∈ P2(Rd) narrowly as 
n → ∞. Then, up to passing to a subsequence, we have

lim inf
n→∞ 

Dεn(ρεn) ≥ DT (ρ).

Proof. We intend to apply Theorem 3.9, thus we shall take multiple steps to replace K ∗ρεn by a compactly 
supported, sufficiently smooth test function, which is independent of n. Throughout the proof, without loss 
of generality we assume that εn ≤ 1/Csupp for all n ∈ N, so that by (supp)

∀n ∈ N, ∀(x, y) ∈ Gεn : |x− y| ∨ |x− y|2 = |x− y|. (4.1)
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Step 1: truncation Let χR ∈ C∞
c (Rd; [0, 1]) such that suppχR ⊂ B̄2R, χR|BR

≡ 1, |∇χR| ≤ 2/R. First, 
we observe that for any (x, y) ∈ G it holds

(
∇K ∗ ρεn

)
−(x, y) ≥

(
∇K ∗ χRρ

εn
)
−(x, y) −

∣∣∇K ∗ (1 − χR)ρεn
∣∣(x, y)

≥
(
∇K ∗ χRρ

εn
)
−(x, y) − LK |x− y| sup 

n∈N
ρεn(Bc

R). (4.2)

Thus, due to the tightness of (ρεn)n, there exists ω ∈ C([0,∞); [0,∞)) with ω(R) → 0 as R → ∞, such that

Dεn(ρεn) = Ã(μ, ηεn ; ρεn ,−∇K ∗ ρεn)

≥ Ã(μ, ηεn ; ρεn ,−∇K ∗ χRρ
εn) − ω(R)

≥ Ã(χRμ, η
εn ;χRρ

εn ,−∇K ∗ χRρ
εn) − ω(R)

= Ã(χRμ, η
εn ;χRρ

εn ,∇ϕεn
R ) − ω(R),

(4.3)

where the last inequality holds by the monotonicity of the integral and where we set ϕεn
R := −K ∗ χRρ

εn .
Step 2: mollfication In order to apply Theorem 3.9 later, we need further regularity. Given a mollfier 

(νδ)δ>0, for every n ∈ N we dfine ϕεn
R,δ := νδ ∗ ϕεn

R ∈ C∞
c (Rd). Then, using (K3) and (4.1) we calculate

∣∣Ã(χRμ, η
εn ;χRρ

εn ,∇ϕεn
R ) − Ã(χRμ, η

εn ;χRρ
εn ,∇ϕεn

R,δ)
∣∣

=
∣∣∣∣¨
R2d
?

[∣∣(∇ϕεn
R

)
+

∣∣2 − ∣∣(∇ϕεn
R,δ

)
+

∣∣2](χR ⊗ χR)ηεnd(ρεn ⊗ μ)
∣∣∣∣

≤ 2LK

¨

R2d
?

∣∣∇(ϕεn
R − ϕεn

R,δ

)
(x, y)

∣∣|x− y|χR(x)χR(y)ηεn(x, y)dρεn(x)dμ(y)

≤ 2CintLK‖∇ϕεn
R −∇ϕεn

R,δ‖L∞(B2R).

Next, we show that ‖∇ϕεn
R − ∇ϕεn

R,δ‖L∞(B2R) → 0 as δ → 0, uniformly in n. Indeed, for any x ∈ B2R it 
holds

∣∣∇ϕεn
R (x) −∇ϕεn

R,δ(x)
∣∣ =

∣∣∣∣ˆ
Rd

(∇ϕεn
R (x) −∇ϕεn

R (y))νδ(x− y)dy
∣∣∣∣

≤ sup 
y∈Bδ(x)

∣∣∇ϕεn
R (x) −∇ϕεn

R (y)
∣∣

= sup 
y∈Bδ(x)

∣∣∣∣ˆ
Rd

(∇1K(y, z) −∇1K(x, z))χR(z)dρεn(z)
∣∣∣∣

≤ sup 
z∈B2R

sup 
y∈Bδ(x)

∣∣∇1K(y, z) −∇1K(x, z)
∣∣

=: ωR(δ) δ→0 −→ 0,

where we used that the continuous function ∇1K is uniformly continuous on the compact set B2R.
Step 3: n-independent test function Next, we show that up to a negligible error, vanishing as n → ∞, 

we can replace ϕεn
R,δ by ϕR,δ := −νδ ∗K ∗ χRρ. Indeed, we observe

∣∣∣∣(∇ϕεn
R,δ(x, y)

)
+
−
(
∇ϕR,δ(x, y)

)
+

∣∣∣∣χR(x)χR(y)
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≤
∣∣∣∇(ϕεn

R,δ − ϕR,δ

)
(x, y)

∣∣∣χR(x)χR(y) ≤ ‖∇ϕεn
R,δ −∇ϕR,δ‖L∞(B2R)|x− y|.

Hence, due to (K3), keeping in mind (4.1), we obtain

∣∣∣Ã(χRμ, η
εn ;χRρ

εn ,∇ϕεn
R,δ) − Ã(χRμ, η

εn ;χRρ
εn ,∇ϕR,δ)

∣∣∣
≤ 2LK

¨

R2d
?

∣∣∣((∇ϕεn
R,δ(x, y))+

)
−
(
(∇ϕR,δ(x, y))+

)∣∣∣χR(x)χR(y)|x− y|ηεn(x, y)dρεn(x)dμ(y)

≤ 2LKCint‖∇ϕεn
R,δ −∇ϕR,δ‖L∞(B2R).

We conclude this step by showing that for any δ,R > 0, it holds

lim sup
n→∞ 

‖∇ϕεn
R,δ −∇ϕR,δ‖L∞(B2R) = 0. (4.4)

To see this, we first observe that by the triangle inequality for any N ∈ N and a, ak ∈ R, k = 1, . . . , N , we 
have

|a| ≤
N∑

k=1

|ak| + min
k

|a− ak|.

On the other hand, for any σ > 0 there exists Nσ ∈ N and points x(k), k = 1, . . . , Nσ, such that mink|x−
x(k)| ≤ σ for any x ∈ B2R. We dfine Kδ := νδ ∗K and denote by ωKδ,R the modulus of continuity of ∇Kδ

on B2R ×B2R. Recalling suppχR = B2R, we obtain

‖∇ϕεn
R,δ −∇ϕR,δ‖L∞(B2R) = max

1≤i≤d
sup 

x∈B2R

∣∣∣∣ˆ
Rd

∂xi
Kδ(x, z)χR(z)d(ρεn − ρ)(z)

∣∣∣∣
≤ max

1≤i≤d

Nσ∑
k=1

∣∣∣∣ˆ
Rd

∂xi
Kδ(x(k), z)χR(z)d(ρεn − ρ)(z)

∣∣∣∣
+ max

1≤i≤d
sup 

x∈B2R

min
k

∣∣∣∣ˆ
Rd

(
∂xi

Kδ(x, z) − ∂xi
Kδ(x(k), z)

)
χR(z)d(ρεn − ρ)(z)

∣∣∣∣
≤ max

1≤i≤d

Nσ∑
k=1

∣∣∣∣ˆ
Rd

∂xi
Kδ(x(k), z)χR(z)d(ρεn − ρ)(z)

∣∣∣∣+ 2ωKδ,R(σ).

Since Nσ is finite, the first sum vanishes as n → ∞ due to the narrow convergence of ρεn towards ρ. Hence, 
since σ > 0 is arbitrary, the claim is proved.

Step 4: conclusion Applying Theorem 3.9 with χRμ and χRρ
εn , keeping in mind Proposition 3.8 on the 

uniqueness of the limit, we have

lim
n→∞

Ã(χRμ, η
εn ;χRρ

εn ,∇ϕR,δ) =
ˆ

Rd

∇ϕR,δ · TR∇ϕR,δχRdρ,

where, recalling ηεn(x, y) = 1 
εd+2
n

ϑ
(

x+y
2 ,

y−x
εn

)
, it holds
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TR(x) = lim
n→∞

1
2

ˆ

Rd\{x}

(y − x) ⊗ (y − x) ηεn(x, y)χR(y)dμ(y)

= lim
n→∞

1 
2εdn

ˆ

Rd\{x}

(
y − x

εn

)
⊗ 
(
y − x

εn

)
ϑ

(
x + εn

2 
y − x

εn
,
y − x

εn

)
χR(y)μ̃(y)dy

= 1
2χR(x)μ̃(x)

ˆ

Rd\{0}

w⊗ wϑ(x,w)dw,

which, as R → ∞, converges pointwise to

T (x) = 1
2 μ̃(x)

ˆ

Rd\{0}

w⊗ wϑ(x,w)dw.

Regarding ϕR,δ, we dfine ϕR := −K ∗ χRρ and observe that for every δ0 > 0 the family (ϕR,δ)0<δ≤δ0 is 
supported on a compact set, so that we find

‖∇ϕR,δ −∇ϕR‖L∞(B2R)
δ→0 −→ 0.

Since χR → 1 as R → ∞ pointwise on Rd, (K4) and the dominated convergence theorem give us for every 
x ∈ Rd

∇ϕR(x) = −(∇1K) ∗ ρχR(x) R→∞−→ −∇K ∗ ρ(x).

Thus, another application of the dominated convergence theorem yields

lim inf
n→∞ 

Dεn(ρεn) ≥ lim inf
n→∞ 

Ã(χRμ, η
εn ;χRρ

εn ,∇ϕεn
R ) − ω(R)

≥ lim inf
n→∞ 

Ã(χRμ, η
εn ;χRρ

εn ,∇ϕεn
R,δ) − ωR(δ) − ω(R)

≥ lim inf
n→∞ 

Ã(χRμ, η
εn ;χRρ

εn ,∇ϕR,δ) − ωR(δ) − ω(R)

= lim
n→∞

Ã(χRμ, η
εn ;χRρ

εn ,∇ϕR,δ) − ωR(δ) − ω(R)

=
ˆ

Rd

∇ϕR,δ · TR∇ϕR,δχRdρ− ωR(δ) − ω(R)

δ→0 −→
ˆ

Rd

∇ϕR · TR∇ϕRχRdρ− ω(R) R→∞−→ DT (ρ). �

4.2. Wasserstein gradien-flow structure for (NLIET )

In order to prove Theorem 2.25, it remains to show that the local De Giorgi functional GT is non-negative. 
This is a consequence of a chain rule inequality proven in Proposition 4.3. Afterwards we prove Theorem 2.26
by establishing convergence of gradient flows of E in the Finslerian spaces (P2(Rd), Tε) towards gradient 
flows of the same energy, E , in the Riemannian space (P2(Rd

T ),WT ) as ε → 0, using the concept of curves 
of maximal slope in the corresponding spaces, following [3].

Proposition 4.3. (Chain-rule inequality) Assume K satifies (K1) -- (K4). For any ρ ∈ AC2([0, T ]; (P2(Rd
T ), 

WT )) the following chain rule inequality holds
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GT (ρ) = E(ρT ) − E(ρ0) + 1
2

T̂

0 

(
DT (ρt) + |ρ′t|2T

)
dt ≥ 0.

Proof. Let us remind the reader the tensor T is continuous, symmetric, and uniformly elliptic, cf. Propo
sition 3.8. According to [55, Theorem 2.4], if ρ ∈ AC2([0, T ]; (P2(Rd

T ),WT )), there exists a unique vector 
field u : [0, T ] ×Rd → Rd such that (ρ,ρu) ∈ CET and

|ρ′t|T = ‖ut‖L2(ρt;Rd
T ) a.e. t ∈ [0, T ].

The uniform ellipticity of T (Proposition 3.8) implies

1 
C

T̂

0 

ˆ

Rd

|ut|2dρtdt ≤
T̂

0 

ˆ

Rd

〈T−1ut, ut〉dρtdt =
T̂

0 

|ρ′t|
2
Tdt < ∞,

by assumption. Since (ρ,ρu) ∈ CET such that |u|L2(ρ;Rd) ∈ L1(0, T ), due to the previous inequality, [3, 
Theorem 8.3.1] implies W2-absolute continuity of the curve ρ = (ρt)t∈[0,T ] ⊂ P2(Rd).

Due to Proposition A.1 and the fact that T is symmetric and uniformly elliptic, for any 0 ≤ s ≤ t ≤ T , 
we obtain the result from

E(ρt) − E(ρs) =
t ˆ

s 

ˆ

Rd

∇K ∗ ρτuτdρτdτ

=
t ˆ

s 

ˆ

Rd

〈T 1/2∇K ∗ ρτ ,T−1/2uτ 〉dρτdτ

≥ −1
2

t ˆ

s 

[ˆ
Rd

〈∇K ∗ ρτ ,T∇K ∗ ρτ 〉dρτ
ˆ

Rd

〈T−1uτ , uτ 〉dρτ
]
dτ

= −1
2

t ˆ

s 

(
DT (ρτ ) + |ρ′τ |2T

)
dτ. �

We now combine the lower limits of Section 4.1 with the chain-rule inequality from Proposition 4.3 to 
prove Theorem 2.25.

Proof of Theorem 2.25. Continuity of the energy with respect to narrow convergence, [30, Proposition 3.3], 
and the lower limits for the metric derivatives and the slopes, Propositions 4.1 and 4.2, imply

0 = lim inf
ε→0 

Gε(ρε) ≥ GT (ρ).

With this, the chain-rule inequality proven in Proposition 4.3 ensures GT (ρ) = 0. �
Next, we want to establish the connection between the zero level sets of GT and weak solutions of (NLIET ). 

To this end, we first show that 
√
DT is a strong upper-gradient for E .

Corollary 4.4 (Strong upper gradient). Assume K satifies (K1) -- (K4). For any ρ ∈ AC2([0, T ]; (P2(Rd
T ), 

WT )) it holds 
√
DT is a strong upper gradient for E in the sense of Definition 2.21, i.e.,
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|E(ρt) − E(ρs))| ≤
t ˆ

s 

√
DT (ρτ )|ρ′τ |dτ, ∀ 0 < s ≤ t < T.

Proof. Arguing as in Proposition 4.3, we infer that there exists a unique vector field u : [0, T ] ×Rd → Rd

such that (ρ,ρu) ∈ CET with ‖u‖L2(ρ;Rd) ∈ L1(0, T ), hence the curve (ρt)t∈[0,T ] ⊂ P2(Rd) is W2-absolutely 
continuous. Therefore, by applying Proposition A.1, we infer what is claimed, i.e.,

|E(ρt) − E(ρs)| =
∣∣∣∣

t ˆ

s 

ˆ

Rd

∇K ∗ ρτuτdρτdτ
∣∣∣∣

≤
t ˆ

s 

ˆ

Rd

∣∣〈T 1/2∇K ∗ ρτ ,T−1/2uτ

〉∣∣dρτdτ
≤

t ˆ

s 

ˆ

Rd

∣∣〈T∇K ∗ ρτ ,∇K ∗ ρτ
〉∣∣ 12 ∣∣〈uτ ,T

−1uτ

〉∣∣ 12 dρτdτ

≤
t ˆ

s 

√
DT (ρτ ) |ρ′τ |dτ. �

We are now able to identify weak solutions of (NLIET ) as curves of maximal slope of E with respect to 
the strong upper gradient 

√
DT , thus gradient flows in (P2(Rd

T ),WT ).

Theorem 4.5. Assume K satifies (K1) -- (K4). A curve ρ ⊂ P2(Rd) is a weak solution of (NLIET ) if 
and only if it is a curve of maximal slope for E with respect to its strong upper gradient 

√
DT , i.e., ρ ∈

AC2([0, T ]; (P2(Rd
T ),WT )) and GT (ρ) = 0.

Proof. According to Definition 2.24, for a weak solution of (NLIET ) we have

djt(x) = −T∇δE
δρ 

(x)dρt(x).

By again setting ut := −T∇ δE
δρt

the density of jt with respect to ρt, we notice

‖ut‖L2(ρt;Rd
T ) = DT (ρt) =

ˆ

Rd

〈
∇ δE
δρt

,T∇ δE
δρt

〉
dρt < ∞.

The metric slope is uniformly bounded as follows as consequence of the uniform ellipticity of T and As
sumption (K4):

DT (ρt) =
ˆ

Rd

〈
∇ δE
δρt

,T∇ δE
δρt

〉
dρt

≤ C

¨

R2d

|∇K(x, y)|2 dρt(y)dρt(x)

≤ C

¨

R2d

(1 + |x| + |y|)2 dρt(y)dρt(x)

≤ C̃ (1 + M2(ρt)) ≤ C̄(ρ0, T ).
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The uniform bound on the second order moments of ρt can be proven by a standard procedure, which we 
include for completeness. Upon considering a smooth cut-off function, by Remark 2.20 we have

d 
dt

ˆ

Rd

(
1 + |x|2

)
dρt(x) = −2

ˆ

Rd

〈
x,T∇ δE

δρt

〉
dρt

≤ 2

⎛⎝ ˆ

Rd

〈T−1x, x〉dρt

⎞⎠
1
2
⎛⎝ ˆ

Rd

〈
∇ δE
δρt

,T∇ δE
δρt

〉
dρt

⎞⎠
1
2

≤ C

ˆ

Rd

|x|2dρt(x) + DT (ρt)

≤ C̃

ˆ

Rd

(
1 + |x|2

)
dρt(x).

Gronwall’s inequality provides propagation of second order moments for weak solutions of (NLIET ).
We have ρ ∈ AC2([0, T ]; (P2(Rd

T ),WT )) by the uniform bound on the metric slope DT . Since (0, T ) � t �→
‖ut‖L2(ρt;Rd

T ) ∈ L2(0, T ) and by arguing as in the proof of Proposition 4.1, we obtain |ρ′t|T ≤ ‖ut‖L2(ρt;Rd
T ). 

In turn, uniform ellipticity of T gives ‖ut‖L2(ρt;Rd) ∈ L2(0, T ), thus W2-absolute continuity of ρ, due to [3, 
Theorem 8.3.1]. Exploiting the chain rule from Proposition A.1, we obtain, for any 0 ≤ s ≤ t ≤ T ,

E(ρt) − E(ρs) = −
t ˆ

s 

DT (ρτ )dτ ≤ −
t ˆ

s 

√
DT (ρτ )|ρ′τ |dτ.

Being 
√
DT a strong upper gradient by Corollary 4.4, we infer GT (ρ) = 0.

Let ρ be a curve of maximal slope for E with respect to its strong upper gradient, 
√
DT , cf. Definition 2.22. 

More precisely, ρ ∈ AC2([0, T ]; (P2(Rd
T ),WT )) such that GT (ρ) = 0. Arguing as in previous proofs, there 

exists a unique vector field u : [0, T ]×Rd → Rd such that (ρ,ρu) ∈ CET and |ρ′t|T = ‖ut‖L2(ρt;Rd
T ) for a.e. 

t ∈ [0, T ]. Furthermore, uniform ellipticity of T implies W2-absolute continuity. Proposition A.1 gives, for 
any 0 ≤ s ≤ t ≤ T ,

E(ρt) − E(ρs) =
t ˆ

s 

ˆ

Rd

∇K ∗ ρτuτdρτdτ

=
t ˆ

s 

ˆ

Rd

〈
T 1/2∇K ∗ ρτ ,T−1/2uτ

〉
dρτdτ

≥ −
t ˆ

s 

ˆ

Rd

∣∣〈T∇K ∗ ρτ ,∇K ∗ ρτ
〉∣∣ 12 ∣∣〈uτ ,T

−1uτ

〉∣∣ 12 dρτdτ

≥ −1
2

t ˆ

s 

ˆ

Rd

〈
T∇K ∗ ρτ ,∇K ∗ ρτ

〉
dρτdτ − 1

2

t ˆ

s 

ˆ

Rd

〈
uτ ,T

−1uτ

〉
dρτdτ

= −1
2

t ˆ

s 

(
DT (ρτ ) + |ρ′τ |2T

)
dτ.
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Since GT (ρ) = 0, the inequalities above are equalities, which is true if and only if ut(x) = −T∇K ∗ ρt(x)
for ρt-a.e. x and a.e. t ∈ [0, T ]. In particular, (ρ, j) ∈ CET for j = −ρT∇ ∗ ρ. �

Finally, we conclude with the proofs of Theorem 2.26 and Theorem 2.27.

Proof of Theorem 2.26. The proof is a graph-approximation of (NLIET ). Consider (μ, ϑ) satisfying (μ1), 
(μ2) and (ϑ1) -- (ϑ6), and let ηε be given by (η). Theorem B.3 provides a sequence (ρε)ε of weak solutions 
to (NL2IE), which are curves of maximal slope for E in (P2(Rd), Tμ,ηε), hence such that Gε(ρε) = 0, for any 
ε > 0, cf. [30, Theorem 3.9]. The graph-to-local limit proven previous to this subsection, Theorem 2.25, 
implies existence of a limiting curve ρ ∈ AC2([0, T ]; (P2(Rd

T ),WT )) which is ρ is a gradient flow of E in 
(P2(Rd

T ),WT ), i.e., GT (ρ) = 0. In particular, Theorem 4.5 asserts this is a weak solution of (NLIET ). �
Proof of Theorem 2.27. Let ρ be as in Theorem 2.26 with initial datum 
0 ∈ P2(Rd), and let (ρε)ε>0 be 
the approximating sequence of graph gradient flows from Theorem 2.25 with initial data 
ε0 ∈ P2(Rd). In 
particular, we have (along a subsequence) for all t ∈ [0, T ]

ρεt ⇀ ρt narrowly as ε → 0,

and

sup
ε>0 

M2(
ε0) < ∞

On the other hand, by the proof of Theorem B.3, for any ε > 0 there exists a sequence (με,n)n of finite 
base measures such that με,n ⇀∗ με weakly-∗ as n → ∞, corresponding initial data 
ε,n0 ∈ P2(Rd), and 
gradient flows ρε,n. From the same proof we can further conclude that for all ε > 0 and all t ∈ [0, T ] (up to 
an unrenamed subsequence) it holds

ρε,nt ⇀ ρεt narrowly as n → ∞,

and

sup
ε>0 

sup 
n∈N

M2(
ε,n0 ) < ∞.

Observe that by [30, Lemma 2.16], this implies a uniform moment bound also in time, i.e.,

sup 
t∈[0,T ]

sup
ε>0 

sup 
n∈N

M2(ρε,nt ) < ∞. (4.5)

Indeed, keeping in mind that (int) does in fact not depend on ε, this is a consequence of the metric slopes 
being uniformly bounded with respect to ε and n for any finite time horizon T .

From the uniform bound (4.5), we deduce by [3, Proposition 7.1.5] that narrow convergence is equivalent 
to convergence with respect to the W1 metric.

Next, we observe that by Proposition [30, Proposition 2.21] (where the constant is again independent of 
ε by (int)) for every ε > 0, n ∈ N, and 0 ≤ s ≤ t ≤ T it holds

W1(ρε,ns , ρε,nt ) ≤ Tμn,ηε(ρε,ns , ρε,nt ) ≤
t ˆ

s 

|(ρε,nτ )′|ε,ndτ ≤
√
t− s sup 

n∈N

√√√√√ T̂

0 

|(ρε,nτ )′|2ε,ndτ ,
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where supε>0 supn∈N
´ T

0 |(ρε,nτ )′|2ε,ndτ < ∞ by [30, Lemma 3.13]. Indeed, the De Giorgi functionals are 
uniformly bounded by assumption and a uniform bound on the energies, also with respect to time, is a 
consequence of (4.5). The same argument yields for every ε > 0 and 0 ≤ s ≤ t ≤ T

W1(ρεs, ρεt ) ≤
√
t− s sup 

n∈N

√√√√√ T̂

0 

|(ρετ )′|
2
ε,ndτ,

where supε>0
´ T

0 |(ρετ )′|
2
ε,ndτ < ∞. In particular, the set {ρε,n : n ∈ N, ε > 0} ∪ {ρε : ε > 0} of maps 

ρ : [0, T ] → ((P(Rd),W1))N is uniformly equicontinuous, so that the above pointwise in time convergence 
results are in fact uniform in time. This allows us to conclude with the following diagonal argument: For 
every k ∈ N there exists εk > 0 and nk ∈ N such that for every t ∈ [0, T ] we have

W1(ρεk
t ,ρt) + W1(ρεk,nk

t ,ρεk
t ) ≤ 1 

k
.

Consequently, the sequence (ρ̄k)k dfined by ρ̄k := ρεk,nk
t satifies the claimed conditions. �
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Appendix A. Chain-rule for the nonlocal interaction energy

Below we provide a general chain-rule result for the energy (1.2) using CE, as alternative to [3, Section 
10], where convexity is required.

Proposition A.1 (Chain-rule continuity equation). Let K satisfy assumption (K1) -- (K4) and ρ ∈
AC2([0, T ]; (P2(Rd),W2)). Then, for any 0 ≤ s ≤ t ≤ T , the following chain-rule holds

E(ρt) − E(ρs) =
t ˆ

s 

ˆ

Rd

∇K ∗ ρτ (x)djτ (x), (A.1)

being (jt)t∈[0,T ] ⊂ M(Rd;Rd) such that (ρ, j) ∈ CET .

Proof. Assumption (K3) ensures E(ρt) < ∞ for all t ∈ [0, T ], since ρ ⊂ P2(Rd). Having ρ ∈
AC2([0, T ]; (P2(Rd),W2)) implies there exists a unique Borel vector field u ∈ L2([0, T ];L2(ρt;Rd)) such 
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that (ρ,ρu) ∈ CET as well as |ρ′t| = ‖ut‖L2(ρt;Rd) for L 1-a.e. t ∈ [0, T ], cf. [3, Theorem 8.3.1, Propo
sition 8.4.5]. For consistency with our notation we denote j := ρu and ut := djt

dρt
for a.e. t ∈ [0, T ]. We 

follow the procedure in, e.g., [30, Proposition 3.10], applying two regularization arguments. First, for all 
(x, y) ∈ Rd × Rd we dfine Kε(x, y) = K ∗ mε(x, y) =

˜
Rd×Rd K(z, z′)mε(x − z, y − z′)dzdz′, where 

mε(z) = 1 
ε2d

m( zε ) for all z ∈ R2d and ε > 0, being m ∈ C∞
c (R2d) a standard mollfier. We also introduce 

a smooth cut-off function ϕR ∈ C∞
c (R2d), which is such that ϕR(z) = 1 on BR, ϕR(z) = 0 on R2d \ B2R

and |∇ϕR| ≤ 2 
R . We set Kε

R := ϕRK
ε and note that it is a C∞

c (R2d) function. We now introduce the 
approximate energies, indexed by ε and R,

Eε
R(ν) = 1

2

ˆ

Rd

ˆ

Rd

Kε
R(x, y)dν(y)dν(x) for all ν ∈ P2(Rd).

Next, we extend ρ and j to [−T, 2T ] periodically in time by setting ρ−s := ρT−s and ρT+s := ρs for all 
s ∈ (0, T ] and likewise for j. We regularize ρ and j in time by using a standard mollfier n ∈ C∞

c (R), 
supported on [−1, 1], by setting nσ(t) = 1 

σn( t 
σ ) and

ρσt (A) = nσ ∗ ρt(A) =
σ̂

−σ

nσ(t− s)ρs(A)ds, ∀A ⊆ Rd,

jσt (A) = nσ ∗ jt(A) =
σ̂

−σ

nσ(t− s)js(A)ds, ∀A ⊆ Rd,

for any σ ∈ (0, T ) and any t ∈ [0, T ]; whence ρσt ∈ P2(Rd) for all t ∈ [0, T ] and it is straightforward to check 
that (ρσ, jσ) ∈ CET . Furthermore, we observe

T̂

0 

ˆ

Rd

∣∣∣∣ djtdρt

∣∣∣∣2 dρtdt =
T̂

0 

ˆ

Rd

α

(
dρt
d|λ| ,

djt
d|λ|

)
d|λ|dt,

where |λ| ∈ M+(Rd) is such that ρt, jt � |λ| for a.e. t ∈ [0, T ], where

α(a, b) :=

⎧⎪⎪⎨⎪⎪⎩
|b|2
a if a > 0,

0 if a = 0 and b �= 0,
+∞ if a = 0 and b �= 0,

is lower semicontinuous, jointly convex, and one-homogeneous, see [22]. Arguing as in [30, Proposition 3.10], 
Jensen’s inequality and Fubini’s Theorem ensure

T̂

0 

ˆ

Rd

∣∣∣∣djσtdρσt

∣∣∣∣2 dρσt dt ≤ c

T̂

0 

ˆ

Rd

∣∣∣∣ djtdρt

∣∣∣∣2 dρtdt,

for a constant c > 0. In view of the regularity we have for ε > 0 and σ > 0, we compute

d 
dtE

ε
R(ρσt ) =

ˆ

Rd

∇Kε
R ∗ ρσt (x)djσt (x),

whence, by integrating in time for 0 ≤ s ≤ t ≤ T , it holds



42 A. Esposito et al. / J. Math. Pures Appl. 194 (2025) 103663 

Eε
R(ρσt ) − Eε

R(ρσs ) =
t ˆ

s 

ˆ

Rd

∇Kε
R ∗ ρστ (x)djστ (x). (A.2)

The proof will be completed once we let ε and σ to 0 and R to ∞ in the equality above. In this regard, 
we first note that [22, Corollary 4.10] gives ρσt ⇀ ρ̃t weakly-∗ in M+

loc(Rd), for any t ∈ [0, T ], and jσ ⇀ j̃

in M+
loc(Rd × [0, T ];Rd), being (ρ̃, j̃) ∈ CET . On the other hand, since nσ ⇀ δ0 weakly-∗, as σ → 0, we 

have ρσt ⇀ ρt weakly-∗ in M+
loc(Rd) and jσt ⇀ jt weakly-∗ in M+

loc(Rd;Rd), so that ρ̃ = ρ and j̃ = j by 
uniqueness of the limit. Since K ∈ C1(Rd ×Rd), it is well known that Kε → K uniformly on compact sets 
as ε → 0. In particular, on both sides of (A.2) we can send σ → 0 and ε → 0. By further using Lebesgue 
dominated convergence theorem on the R → ∞ limit �- exploiting the moment control established in 
Remark 2.5 in conjunction with Assumption (K4) �- we obtain the desired result, i.e. (A.1). �
Appendix B. Extension of [30] to regular σ-finite base measures

Here we extend the results from [30], shown for finite base measures μ, to σ-finite base measures μ satis
fying (μ1), (μ2). For the readers convenience, we remind the relevant assumptions in [30] for the pair (μ, η):{

η is continuous on the set {η > 0},
η(x, y) = η(y, x) for all x, y ∈ Rd;

(B.1)

the moment bounds

sup 
(x,y)∈R2d

?

|x− y|2 ∨ |x− y|4η(x, y) ≤ Cη, (B.2)

sup 
x∈Rd

ˆ

Rd\{x}

|x− y|2 ∨ |x− y|4η(x, y)dμ(y) ≤ Cμ
η , (B.3)

and the local blow-up control

lim
δ→0

sup 
x∈Rd

ˆ

Bδ(x)\{x}

|x− y|2η(x, y)dμ(y) = 0. (B.4)

Assumption (B.2) is required in [30, Theorem 3.15] to show existence of weak solutions to (NL2IE). Instead 
of μ(Rd) < ∞, we assume (μ1), (μ2) and that Gx = {y ∈ Rd\{x} : η(x, y) > 0} ⊂ Rd is a bounded set. 
Note that by Lemma 2.1 and Remark 2.2 all the above conditions are satified under the assumptions (μ1), 
(μ2) and (ϑ1) -- (ϑ6).

In order to reprove the results from [30] under the altered assumption on μ, we need to ensure that the 
lower semicontinuity of the De Giorgi functional [30, Lemma 3.13] holds true when the sequence (μn)n ⊂
M+(G) converges weakly-∗ to μ ∈ M+(Rd), instead of narrowly, and it satifies the above assumptions 
uniformly in n. We notice this is already pointed out in [44, Proposition 2.22], namely the action A(μ, η; ρ, j)
is in fact weakly-∗ lower semicontinuous with respect to the base measure μ (see e.g. [2, Theorem 2.34] 
or [11, Theorem 3.4.3]). Due to the identity |ρ′|2μ,η = A(μ, η; ρ, j), for a specific j ∈ M(R2d

?
) (see [30, 

Proposition 2.25] or [44, Proposition 2.31]), weak-∗ lower semicontinuity is inherited by metric derivatives. 
Moreover, for the sake of completeness we also mention compactness for weak solutions of the continuity 
equation still holds true as weak-∗ convergence is only needed when showing lower semicontinuity of the 
total action, see [30, Proposition 2.17].

It remains to show lower semicontinuity of the metric slope with respect to weak-∗ convergence for the 
base measure μ.
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Proposition B.1 (Weak-∗ lower semicontinuity of the metric slope). Let K satisfy (K2), (K3) and η : R2d
?

→
[0,∞) satisfy (B.1). Assume that (μn)n∈N ⊂ M+(Rd) is such that (B.3) and (B.4) hold uniformly in n and 
μn ∗⇀ μ, as n → ∞. Let (ρn)n∈N ⊂ P2(Rd) such that ρn ⇀ ρ, as n → ∞ for some ρ ∈ P2(Rd). Then, the 
metric slope is weak-∗ lower semicontinuous

lim inf
n→∞ 

D(μn, η; ρn) ≥ D(μ, η; ρ).

Proof. We argue similarly to the proof of Proposition 4.2. Let R > 0. We set GR :=
{
(x, y) ∈ R2d

?
: |x−y| ≥ 

1/R
}

and choose χ̄R ∈ C∞
c (R2d

?
; [0, 1]) such that χ̄R|GR∩(BR×BR) ≡ 1 and supp χ̄R ⊂ G2R ∩ (B2R ×B2R). 

Further, we choose χR ∈ C∞
c (Rd; [0, 1]) such that suppχR ⊂ B2R, χR|BR

≡ 1 and |∇χR| ≤ 2/R. Arguing 
analogously to the derivation of (4.3), we obtain

D(μn, η; ρn) ≥
¨

R2d
?

((
∇ϕn

R

)
+

)2
χ̄Rηd(ρn ⊗ μn) − ω(R) =: Ã(χ̄R(μn ⊗ ρn),∇ϕn

R) − ω(R),

where ϕn
R := −K ∗ χRρ

n. Setting ϕR := −K ∗ χRρ, for any R > 0, we have∣∣Ã(χ̄R(μn⊗ ρn),∇ϕn
R) − Ã(χ̄R(μn⊗ ρn),∇ϕR)

∣∣ ≤ 8RLKCμ
η ‖ϕn

R − ϕR‖L∞(B2R),

where we used that |x − y| > 1/2R for any (x, y) ∈ supp χ̄R and (B.3). Arguing as in the proof of (4.4)
we find ‖ϕn

R − ϕR‖L∞(B2R) vanishes as n → ∞. Due to the cut-off χ̄R, the weak-∗ convergence of ρn ⊗ μn

towards ρ⊗ μ yields

lim
n→∞

Ã(χ̄R(μn ⊗ ρn),∇ϕR) = Ã(χ̄R(μ⊗ ρ),∇ϕR).

Furthermore, denoting ϕ := −K ∗ ρ, employing again (K3) as well as (B.3) and arguing similar to the 
estimate (4.2), for every R > 0 we find∣∣∣Ã(χ̄R(μ⊗ ρ),∇ϕR) − Ã(χ̄R(μ⊗ ρ),∇ϕ)

∣∣∣ ≤ 2L2
KCμ

η ρ(Bc
R).

For the outer cut-off, we employ again (K3) and (B.3)

∣∣Ã(χ̄R(μ⊗ ρ),∇ϕ) − Ã(μ; ρ,∇ϕ)
∣∣ ≤ ∣∣∣∣¨

Gc
R

((
∇ϕ
)
+

)2
ηd(ρ⊗ μ)

∣∣∣∣+ ∣∣∣∣ ¨

Bc
R×Bc

R

((
∇ϕ
)
+

)2
ηd(ρ⊗ μ)

∣∣∣∣
≤ L2

K sup 
x∈Rd

ˆ

BR−1 (x)\{x}

(
|x− y|2 ∨ |x− y|4

)
η(x, y)dμ(y) + L2

KCμ
η ρ(Bc

R),

which all vanish as R → ∞ due to the tightness of ρ and (B.4). Combining all the previous estimates, we 
obtain

lim inf
n→∞ 

D(μn, η; ρn) ≥ lim inf
n→∞ 

Ã(χ̄R(μn ⊗ ρn),∇ϕn
R) − ω(R)

≥ lim inf
n→∞ 

Ã(χ̄R(μn ⊗ ρn),∇ϕR) − ω(R)

= Ã(χ̄R(μ⊗ ρ),∇ϕR) − ω(R)
R→∞−→ Ã(μ; ρ,∇ϕ) = D(μ, η; ρ). �
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The final step is adapting [30, Theorem 3.15] to the altered framework. In order to obtain an n-uniform 
bound similar to [30, Eq. (3.31)], we will use a finite approximation.

Lemma B.2 (Finite approximation). Let μ ∈ M+(Rd) such that (μ1), (μ2) hold. For every m ∈ N dfine 
μ̄m := μ|Bm

. There exists a sequence (μ̄m,n)n∈N given by

μ̄m,n =
Nm

n∑
k=1

μ̄m,n
k δxm,n

k
,

for suitable Nm
n ∈ N, μ̄m,n

k ∈ [0,∞), xm,n
k ∈ Rd, such that supp μ̄m,n ⊂ supp μ̄m = Bm for all n ∈ N and 

μ̄m,n → μ̄m with respect to W2 as n → ∞. These measures have equal total mass, i.e. μ̄m(Rd) = μ̄m,n(Rd)
for all n ∈ N. Furthermore, there is a constant C̄μ > 0 such that

sup 
m,n∈N

sup 
x∈Rd

μ̄m,n(Gx) ≤ C̄μ and sup 
m∈N

sup 
x∈Rd

μ̄m(Gx) ≤ C̄μ, (B.5)

where we recall that Gx = {y ∈ Rd\{x} : η(x, y) > 0}. In particular, (μ̄m,n, η) and (μ̄m, η) satisfy (B.3) and 
(B.4) uniformly in m and n.

Proof. A possible approximation is the d-dimensional midpoint Riemann sum, which is obtained by choosing 
the evaluation points {xm,n

k : 1 ≤ k ≤ Nm
n } = Zd/2n ∩ Bm and the weights μ̄m,n

k = μ̄(xm,n
k )/2dn, where 

we recall that μ̃ is the density of μ with respect to L d. Since the ball Bm is compact, W2 convergence 
holds as consequence of weak-∗ convergence and its equivalence with the narrow convergence, plus that of 
second order moments. The equal total mass is ensured by a standard rescaling argument. Regarding the 
inequality (B.5), we notice that G0 = {y ∈ Rd \ {0} : η(0, y) > 0} ⊂ Rd is a bounded set, hence so is 
GR

0 := G0 +BR for any R > 0. Therefore μ̄m(GR
0 ) and μ̄m,n(GR

0 ) are bounded uniformly with respect to m
and n, by construction of the measures μ̃m,n. Moreover, we notice that

sup 
x∈Rd

diam(Gx) = sup 
x∈Rd

diam({y ∈ Rd\ {x} : η(x, y) > 0}) < ∞,

so that, by the construction of the measures μ̃m,n, there is an R > 0 such that for any x ∈ Rd and any 
m,n ∈ N we have μ̃m,n(Gx) ≤ μ̃m,n(GR

0 ). Here, R > 0 compensates for the fact that more points xm,n
k might 

lie inside Gx than inside G0 and for fluctuations in μ, keeping in mind, the uniform bounds cμ ≤ μ̃ ≤ Cμ. �
Now we are in the position to show existence of solutions to (NL2IE) in the adapted setting.

Theorem B.3 (Existence of weak solutions to (NL2IE)). Let K satisfy (K1) -- (K3), μ ∈ M+(Rd) be σ-finite, 
and assume that (μ, η) satisfy (B.1) -- (B.4). Consider 
0 ∈ P2(Rd) with 
0 � μ. Then there exists a 
narrowly continuous curve ρ : [0, T ] → P2(Rd) such that supp ρt ⊆ suppμ for all t ∈ [0, T ], which is a weak 
solution to (NL2IE) with initial datum ρ0 = 
0.

Proof. By Lemma B.2 we obtain for every m ∈ N the finite measure μ̄m with bounded second moments, 
as well as finite combinations of Dirac measures μ̄m,n with μ̄m,n(Rd) = μ̄m(Rd) = μ(Bm) that converge to 
μ̄m in W2 as n → ∞. Moreover, they satisfy (B.3) and (B.4) uniformly in m and n. Let m0 ∈ N such that 

0(Bm) > 0 for all m ≥ m0. For m ≥ m0 the truncated and renormalized initial data 
̄m0 := 
0|Bm

/
0(Bm) ∈
P(Rd) satisfying 
̄m0 � μ̄m for every m ∈ N. They converge to 
0 in (P2(Rd),W2), since 
0 ∈ P2(Rd) by 
assumption. The above objects allow us for each m,n ∈ N, m ≥ m0 to employ the construction in the proof 
of [30, Theorem 3.15] to obtain initial data 
̄m,n

0 � μ̄m,n which converge to 
̄m0 as n → ∞ in (P(Rd),W2). 
Therefore, for any k ∈ N there exist m,n ∈ N such that
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W2(
̄m,n
0 , 
̄m0 ) + W2(
̄m0 , 
̄0) ≤

1 
k
.

Denote 
k0 := 
̄m,n
0 for this m,n. These initial data satisfy all the conditions required to follow the remainder 

of the proof of [30, Theorem 3.15] and obtain the result. �
Appendix C. Relation to EDP convergence for gradient structures

In this part of the appendix, we translate the gradien-flow formulation in terms of curves of maximal slope 
for the quasi-metric provided in Section 2.4 into the recent notion of gradient flows in continuity equation 
format [65, Definition 1.1]. The starting point is an abstract continuity equation including the conservation 
laws of the systems under consideration; both the nonlocal (1.1a) and local continuity equation (1.4a)
represent indeed examples of that formalism.

The flux formulation has the advantage that the kinetic relations (1.1b) and (1.4b) can be encoded as 
the subdifferential of a suitable convex functional. For (1.1b) those functionals can be formally dfined by 
(see Definition 2.6 for how undfined cases are handled)

R(ρ, j) =
¨

G 

1
4

∣∣∣∣∣
(

dj
dρ⊗ μ

)
+

∣∣∣∣∣
2

ηd(ρ⊗ μ) +
¨

G 

1
4

∣∣∣∣∣
(

dj
dμ⊗ ρ

)
−

∣∣∣∣∣
2

ηd(μ⊗ ρ), (C.1)

R∗(ρ, v) =
¨

G 

|v+|2

4 
ηd(ρ⊗ μ) +

¨

G 

|v−|2

4 
ηd(μ⊗ ρ). (C.2)

Hereby, the formal duality is understood in the η-weighted dual product 〈v, j〉η = 1
2
˜

G
v ηdj and it is easy 

to verify (see Remark C.1) that

R∗(ρ, v) = sup 
j∈M(G)

(
〈v, j〉η −R(ρ, j)

)
.

Hence, we have always the bounds

〈v, j〉η ≤ R(ρ, j) + R∗(ρ, v). (C.3)

Remark C.1 (Duality). Given r, s ∈ [0,∞], dfine the function f : R → [0,∞] by

f(j) := 1
2 [α(j, r) + α(−j, s)],

with α : R× [0,∞] → [0,∞] dfined in (2.3). For any r, s ∈ [0,∞) the function f is proper, lsc. and convex, 
so that by the Fenchel-Moreau theorem f is its own convex biconjugate. The convex conjugate of f is given 
by

f∗(v) = 1
2
[
r(v+)2 + s(v−)2

]
.

To see this, at first we assume that r, s > 0 and calculate

f∗(v) = sup
j∈R 

[v · j − f(j)] = sup
j∈R 

[
v · j − (j+)2

2r − (j−)2

2s 

]
= 1

2
[
r(v+)2 + s(v−)2

]
.

By the definition of α, the cases r = 0 and s = 0 satisfy the same equality, since the supremum is then 
achieved at j+ = 0 or j− = 0 respectively.
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This provides a robust formulation thanks to the characterization of the subdifferential through Legendre
Fenchel duality: any pair (v, j) ∈ C0(G) ×M(G) satifies the identity (1.1b) if and only if

j ∈ ∂2R∗(ρ, v) ⇔ v ∈ ∂2R(ρ, j) ⇔ 〈v, j〉η = R(ρ, j) + R∗(ρ, v), (C.4)

where ∂2R and ∂2R denote the subdifferential for the second argument, which for (C.1) and (C.2) are 
single-valued. We note that R(ρ, j) = 1

2A(μ, η; ρ, j) from Definition 2.6 and we have thanks to Corollary 2.9
the improved integrability of the flux whenever R(ρ, j) < ∞ of the type

1
2

¨
|x− y|η(x, y)dj(x, y) ≤

√
2CintR(ρ, j) < ∞.

In particular, this allows to extend the test-function class in (C.3) to nonlocal gradients of the type ∇ϕ

with ϕ ∈ C1
b (Rd), since we can estimate

∣∣∣〈∇ϕ, j〉η
∣∣∣ ≤ 1

2

¨

G 

|ϕ(y) − ϕ(x)|
|x− y| |x− y|η(x, y)dj(x, y) ≤ ‖ϕ‖C1(Rd)

1
2

¨

G 

|x− y|η(x, y)dj(x, y) < ∞.

With this observation, we find in equation (1.1a) another duality structure between the nonlocal divergence 
div and the nonlocal gradient ∇. Both satisfy, for any test function ϕ ∈ C1

b (Rd), the identity 
〈
ϕ,div j

〉
=

−
〈
∇ϕ, j

〉
η
.

Let us suppose that the variational derivative of the energy E ′(ρ) ∈ C1
b (Rd), which is usually not the 

case. Then, we can connect the continuity equation (1.1a) with the specific choice for the velocity in (1.1c)
as gradient of the derivative vt = −∇E ′(ρt) via the identity

dE(ρt)
dt = 〈E ′(ρt), ∂tρt〉 = −〈E ′(ρt),div jt〉 = −〈−∇E ′(ρt), jt〉η ≥ −R(ρt, jt) −R∗(ρt,−∇E ′(ρt)), (C.5)

where equality holds if and only if jt and vt are related through (C.4) and hence equivalently by (1.1b). 
By integrating the estimate (C.5), we obtain an energy-dissipation functional dfined for solutions (ρ, j) ∈
NCET to (1.1a) by

L(ρ, j) = E(ρT ) − E(ρ0) +
T̂

0 

(
R(ρt, jt) + R∗(ρt,−∇E ′(ρt))

)
dt.

This is connected to the De Giorgi functional G by the relation

G(ρ) = inf
{
L(ρ, j) : j such that (ρ, j) ∈ NCET

}
.

The previous considerations lead to the following definition of a nonlocal gradient system in continuity 
equation format in our setting.

Definition C.2 (Nonlocal gradient structure). A nonlocal gradient structure in continuity equation format 
has the building blocks:

1. A graph structure induced by (μ, η) defining the nonlocal divergence div (implicity depending on η) 
and providing a notion of solutions for (ρ, j) ∈ NCET given in (1.1a) through the duality product 
C1

b (Rd) ×M(Rd) � (ϕ, j) �→ 〈∇ϕ, j〉η.
2. An energy functional E : P(Rd) → [0,∞).
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3. A dissipation functional R : P(Rd) ×M(G) → R: For any ρ ∈ P(Rd), the map R(ρ, ·) is convex and 
lower semicontinuous with minR(ρ, ·) = R(ρ, 0) = 0.

The gradient structure ((μ, η),∇, E ,R) is called good, provided that for any (ρ, j) ∈ NCET , one has 
L(ρ, j) ≥ 0.

A curve (ρ, j) ∈ NCET is an EDP solution of the good gradient structure ((μ, η),∇, E ,R) provided that 
L(ρ, j) = 0.

Since, in general the variational derivative of the driving energy is not in the class of admissible test 
functions, in our case E ′(ρ) / ∈ C1

b (Rd), the goodness of the energy-dissipation functional L has to be proven. 
This is typically done with the help of establishing the chain rule inequality

E(ρt) − E(ρ0) ≥
t ˆ

0 

〈
∇E ′(ρs), js

〉
η
ds a.e. t ∈ (0, T ).

One of the main results of [30] can be restated as follows:

Theorem C.3 (Variational characterization of NL2IE   [30]). Any measure-valued solution of (1.1) is an 
EDP solution for the gradient structure ((μ, η),∇, E ,R), with elements given by (1.1a), (1.2) and (C.1).

Having established the variational formulation for (1.1), we can ask about the variational convergence for 
the ε-rescaled version, where now η is replaced by ηε from (1.3) and hence, we study the gradient structure 
((μ, ηε),divε, E ,Rε) and ask about its limit as ε → 0. From the heuristics in the introduction, we expect a 
limit of the form (Rd,div, E ,RT ), where the graph structure is replaced by a T -weighted Euclidean structure 
with respect to the limiting tensor in (T ) and the nonlocal divergence by the standard one div j =

∑d
i=1 ∂iji. 

The limiting dissipation potential dfines a dynamic dissipation after Otto and co-authors [48,63] giving 
rise to the Wasserstein distance [8], which in its T -weighted form was studied in [55] and is given by

RT (ρ, j) =
ˆ

Rd

1
2

∣∣∣djdρ (x)
∣∣∣2
T(x)

dρ(x),

where the weighted Euclidean norm is given by |ξ|2T = ξ · T−1ξ for ξ ∈ Rd. The limiting gradient structure 
(Rd,div, E ,RT ) is good thanks to the chain rule proven in Proposition 4.3, implying that for (ρ, j) ∈ CET

the ED functional LT (ρ, j) given by

LT (ρ, j) = E(ρT ) − E(ρ0) +
T̂

0 

(RT (ρt, jt) + R∗
T (ρt,−∇E ′(ρt)))dt

is non-negative, i.e. LT (ρ, j) ≥ 0, with the dual dissipation functional R∗
T (ρ, ξ) =

´ 1
2 〈ξ(x),T (x)ξ〉dρ(x). 

Hence, any curve (ρ, j) ∈ CET with LT (ρ, j) = 0 is a measure-valued solution to (NLIET ).
For the EDP convergence statement, we need a common notion of curves for ε > 0 and the limit. 

This is possible thanks to the reconstruction of the flux in Proposition 3.1, where we showed that any 
(ρε, jε) ∈ NCEε

T can be associated with a curve (ρε, ĵε) ∈ CET . In this way, we arrive at a notion of 
convergence, which we call τ -convergence

NCEε
T � (ρε, jε) τ−⇀ (ρ, j) ∈ CET
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provided that ρεt −⇀ ρt narrowly in P(Rd) for a.e. t ∈ [0, T ] and 
´
· ĵ

ε
tdt

∗−⇀
´
· ĵdt weakly-∗ in M((0, T ) ×

Rd;Rd).
With these preliminary considerations, the main result of this work contained in Theorem 2.25 can 

be recast in terms of Γ-convergence of gradient flows after [69,73], which implies the EDP-convergence
after [59,54,60,65]. As a consequence of the EDP-convergence statement, the solutions converge narrowly 
and thanks to the continuity of the energy in the narrow topology, our result also implies the evolutionary 
Γ-convergence after [59].

The EDP convergence statement is formulated in terms of the total dissipation functional of a curve 
(ρε, jε) ∈ NCEε

T dfined by

Dε(ρε, jε) =
T̂

0 

(
Rε(ρεt , jεt ) + R∗

ε(ρεt ,−∇E ′(ρεt ))
)
dt.

Now, we can restate the Theorem 2.25 in the language of EDP convergence. Typically, the energy E is 
dependent of ε, and the EDP convergence statement contains a Γ-limit statement of the type Eε Γ−→ E0. In 
our case this is not necessary, since the driving energy E does not depend on ε and is continuous.

Theorem C.4 (EDP convergence of (NL2IEε) to   (NLIET )). Let (μ, ϑ) satisfy (μ1), (μ2) and (ϑ1) -- (ϑ6). 
Let ηε be given by (η) and assume K satifies (K1) -- (K4). Then, the sequence of gradient struc
tures ((μ, ηε),divε, E ,Rε) for (NL2IEε) EDP converges to the limiting gradient structure (Rd,div, E ,RT )
for (NLIET ) as ε → 0.

Let (ρε, jε) ∈ NCEε
T with sup0<ε≤ε0 Dε(ρε, jε) < ∞, then there exists a subsequence such that NCEε

T �
(ρε, jε) τ−⇀ (ρ, ĵ) ∈ CET and

lim inf
ε→0 

Dε(ρε, jε) ≥ DT (ρ, ĵ),

where the limiting total dissipation function is dfined by

DT (ρ, ĵ) =
T̂

0 

[
RT (ρt, ĵt) + R∗

T (ρt,−∇E ′(ρt))
]
dt,

provided (ρ, ĵ) ∈ CET .

Proof. The compactness and convergence of solutions to the continuity equation is contained in Proposi
tion 3.3. The lower semicontinuity of Dε is a consequence of the individual lower semicontinuity statements 
for Rε and R∗

ε, which follow from Proposition 4.1 and Proposition 4.2, respectively. �
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