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Abstract

This thesis aims to investigate the asymptotic behavior of solutions to opinion formation and
flocking models. In particular, we study the effects of time delays, which represent either the
reaction time of agents or the time required for information to propagate between them. Even
arbitrarily small delays can induce instability phenomena in the system’s dynamics, making the
stability analysis of such models a crucial topic of study.

We establish consensus results for both the Hegselmann—Krause opinion formation model and
the Cucker—Smale flocking model, examining several distinct scenarios. Specifically, we consider
cases involving non-universal interactions between agents and communication failure. Further-
more, we extend our analysis to settings that include leadership structures and investigate the
associated control problems arising in these frameworks.

In addition, we study a Kuramoto model with non-universal interactions and time-delay effects,
for which we provide an exponential decay estimate toward synchronization.






Chapter 1

Introduction

This Thesis is devoted to analyzing different kinds of multi-agent systems and their controllabil-
ity. An important feature often analyzed is the possible emergence of self-organization leading
the group’s agents to globally collective behaviors.

Here, we are interested in the celebrated Hegselmann-Krause model for opinion formation, orig-
inally proposed in [53]. Moreover, we study the second-order version of such a model, the
Cucker-Smale model [36] describing flocking phenomena, and the Kuramoto model [58] for syn-
chronization.

This research aims to study the asymptotic behaviour of interacting systems in different frame-
works. In particular, we study systems where the interaction between the particles is delayed,
due to the effects on process information, considering a response time in the model. This pro-
vides a natural extension of the models cited above.

Moreover, we consider a scenario of non-universal interaction and/or lack of communication.
These are all assumptions suggested by real-world problems, like the presence of leaders, who
can control the dynamics of the particles.

We pursue two main objectives: (i) to define a model representing a real-world situation, and (i7)
to study the asymptotic behavior of the associated dynamical system. The latter is described
by a system of ordinary differential equations modeling the interactions among a finite number
of agents.

1.1 An Overview of Recent Results for Multi-agent Systems

Due to applications in various scientific fields, multi-agent systems have become, in recent years,
a very attractive research topic. They naturally appear e.g. in biology [12, 17, 36], ecology
[71], economics [17, 60], social sciences [6, 7, 8, 19, 39, 59, 66|, physics [40, 73], control the-
ory [2, 38, 43, 64, 65, 74], engineering and robotics [11, 37]. For other applications, see also
[54, 57, 75].

In the context of multi-agent systems, we focused our study on the analysis of the well-known
Hegselmann-Krause model, proposed by R. Hegselmann and U. Krause in 2002 to study the
opinion formation in an interactive group [53]. They were interested in investigating different
frameworks where the interaction led to a unique consensus, polarization, or fragmentation,
through computer simulations. Since then, several generalizations have been proposed (see e.g.
[6, 7, 13, 14, 20, 56]). Later on, the second-order version of this model was proposed by F.
Cucker and S. Smale in 2007 to describe flocking phenomena, like schooling of fish, flocking of

11



12 CHAPTER 1. INTRODUCTION

birds, or swarming of bacteria [36].

Another well-known system that we describe is the Kuramoto model, first proposed by Y. Ku-
ramoto to describe synchronization phenomena [58]. It provides a simple yet powerful framework
for studying the emergence of synchronization in large ensembles of coupled oscillators. Over
the years, the Kuramoto model has found applications in various fields, including neuroscience
[10, 77] and power grids [26, 42], among others. Indeed, synchronization phenomena appear in
nature, ranging from the rhythmic flashing of fireflies to the coordinated beating of the heart
muscle cells. The mathematical tractability and versatility of the Kuramoto model make it a
valuable tool for theoretical investigations as well as for interpreting experimental observations
of synchronization phenomena.

One of the most natural extensions of this model concerns the analysis of the time-delayed

interactions. Incorporating time-delayed mathematical formulations is crucial for capturing the
dynamics of real-world systems accurately. Time delays are prevalent in various physical and
biological systems, stemming from finite signal propagation speeds, processing times, or com-
munication latencies. Neglecting these delays can lead to inaccurate predictions and overlook
essential aspects of system behavior. Of course, the presence of a delay in the interaction can
make the problem more difficult to analyze, since the delay, even if it is small, can destroy some
geometric property of the system, as symmetry. In fact, in the Hegselmann-Krause model with
positive and symmetric interaction, it is easier to show the convergence to a consensus due to
this feature. Adding the delay in this system destroys the symmetric structure and, in turn, the
asymptotic analysis requires a finer argument.
Opinion formation models in the presence of time delay effects have already been studied by
several authors, see e.g. [28, 34, 35, 43, 50, 52, 63, 64]. Concerning the Cucker-Smale model,
delayed interactions have also been considered in many papers, see e.g. [21, 24, 25, 27, 33, 44,
51, 67, 68, 70]. In most of these papers, a smallness assumption on the size of the time delay is
assumed to prove the asymptotic consensus. However, very recently, Rodriguez Cartabia proved
in [70] the asymptotic flocking for the Cucker-Smale model with constant time delay without
assuming any restrictions on the time delay size. Moreover, a similar result was achieved by J.
Haskovek in [50] for a consensus result for the Hegselmann-Krause model.

In this thesis, we present some recent results we obtained ([18, 22, 30, 31, 32]), in which gen-
eralizations of first and second-order alignment models like Hegselmann-Krause, Cucker-Smale,
and Kuramoto models involving time delay effects are considered. In particular, extending some
argument used in [50] and [70], we were able to prove an exponential decay estimate to consensus
for the Hegselmann-Krause type model and to synchronization for the Kuramoto type model.
Moreover, we proved the exhibition of flocking for a Cucker-Smale type model. All of these
results are obtained without any smallness assumptions over the time delay size.

In Chapter 2, we are interested in describing the opinion dynamics of two different pop-
ulations that interact thanks to the presence of a small group of leaders with a time-delayed
coupling [32]. It is natural to assume that, while one can consider almost instantaneous the
influence among agents in the same population, a certain time lag appears in the interaction
among individuals of different populations. A more general model would include time delays
(eventually smaller) also in the interactions within the same population. Here, for simplicity, we
choose to consider delay effects only in the interactions among agents of different populations.
An analogous analysis could also be performed in the more general situation with multiple de-
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lays. This framework can be translated into a network topology over the structure of the model:
we do not have a universal interaction between the agents, since a follower of the first population
does not interact directly with a follower of the second population. To deal with the network
structure, we modify the mathematical tools used in [70]. We adapt the step-by-step argument
in [50], using the connection of the graph.

In Chapter 3, inspired by this result, we present a Kuramoto-type model with non-universal
interaction and time-delayed coupling [18], to establish synchronization. First, we show a
uniform-in-time bound estimate of the phase diameter. In particular, we will prove that the
diameter is bounded by a constant lower than 7 /2 for sufficiently large times. Then, we can use
such a bound to deduce an asymptotic synchronization result. Moreover, we consider the case
of an all-to-all connection, i.e., the oscillators are all connected. Thanks to the larger number of
connections between the agents, we can obtain a stronger result, namely an exponential asymp-
totic synchronization estimate.

In Chapter 4, trying to relax the hypothesis of a strong connection on the graph associated
with the system, in [30] we analyze a situation in which two agents in the same population always
have a common influencer. In this contest, we considered different frameworks with leadership
and, in particular, we considered the case of a leader with a controlled trajectory.

A possible scenario that can also occur in the analysis of such models is the one in which
the system’s particles sometimes suspend the interactions they have with the agents they are
linked to. As a consequence, there is a temporary lack of connection between the system’s
elements that, of course, hinders the convergence to consensus, for the first-order model, or
the flocking for the second-order one. Then, it is important to find conditions guaranteeing
the system’s alignment. In [9], the convergence to consensus and the asymptotic flocking for a
class of Cucker-Smale systems under communication failures, namely with interaction weights
possibly degenerating among the system’s agents, have been proved under suitable assumptions
in the case of symmetric interaction coefficients. The convergence to consensus for a first-order
alignment system involving weights depending on the couple of agents that can eventually de-
generate has also been proved in [3] under the so-called Persistence Excitation Condition. In
the case of nonsymmetric interaction coefficients, the exponential convergence to consensus for
the Hegselmann-Krause model with time delay and possible communication failures has been
obtained in [34].

In Chapter 5, we investigate another generalization of the Hegselmann-Krause model, in which
we consider, other than time-delayed interaction and graph topology, also a lack of communi-
cation [31]. We establish the convergence to consensus for this model. We complete the study
considering the same framework for the second-order model, proving the exhibition of flocking.

In Chapter 6, we consider a time-delayed variant of the Hegselmann-Krause opinion for-
mation model featuring a small group of leaders and a large group of non-leaders [22]. In this
model, leaders influence all agents but only interact among themselves. At the same time, non-
leaders update their opinions via interactions with their peers and the leaders, with time delays
accounting for communication and decision-making lags. We prove the exponential convergence
to consensus of the particle system, without imposing smallness assumptions on the delay pa-
rameters. Furthermore, we analyze the mean-field limit in two regimes: (i) with a fixed number
of leaders and an infinite number of non-leaders, and (ii) with both populations tending to in-
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finity, obtaining existence, uniqueness, and exponential decay estimates for the corresponding
macroscopic models. Moreover, we analyze the stability of the mean-field system, which rigor-
ously establishes the mean-field limit procedure.

For well-posedness results for alignment models in the presence of time delay effects, we
refer to classical texts on functional differential equations [48, 49]. Here, we will focus on the
asymptotic behavior of the solutions.

1.2 The Hegselmann-Krause model

From now on, we shall denote with |-| and (-,-) the usual norm and scalar product in IR?,
respectively, and let us denote with Ny := N U {0}. Consider a finite set of N € N agents,
with N > 2. Let z;(t) € R? be the opinion of the i—th agent at time . Then, the classical
Hegselmann-Krause reads as follows:

Zit) = > a(t)(ai(t) —zit), t>0,i=1,...,N. (1.2.1)
Ji J#i
Typically, the weights a;;(t) are defined as

ais(t) 7= bl (1) — D), (122)
where we call ¥ : R — R influence function and is a nonnegative continuous function depending
on the distance between two agents. In the classical framework, we require that the influence
function is nonincreasing. In this way, each particle can influence only a group of particles within
a certain radius of confidence.

However, in the following discussion, we can deal with more general weights, defined as

1

aij(t) == ﬁ¢(iﬂi(t)v$j(t))a (1.2.3)

where 1 : R x R — R is a continuous, positive and bounded function, with
K =] |- (1.2.4)

So, the influence function does not depend anymore on the distance between the states, but
could be a generic function of the opinions. Moreover, the monotonicity assumption is no longer
required. This implies that a larger class of influence functions is included in our analysis, like
the oscillatory or Gaussian ones.

As we specified above, in this thesis, we deal with different types of the Hegselmann-Krause
opinion formation model. In the more general framework, we describe the Hegselmann-Krause
model with time-delayed coupling as follows:

d
—i(t) = D aii(t) (@it — (1) —xi(t), t>0,i=1,...,N, (1.2.5)
ji j#i
with the communication rates given by
1
aij(t) = 71?(371(’5)7 xj(t - T(t)))a (126)
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and a continuous and time variable time-delay function 7 : [0, +00) — [0, 4+00), such that
0<r(t) <7 Yt>0, (1.2.7)

for some positive constant 7. In our studies, we consider constant time delays or state-dependent
time delays too. The general case with the time-dependent function 7(t) is in [31].

The most general case we consider in this thesis is a Hegselmann-Krause type model with pair-
dependent time-variable time delay, with non-universal interaction and communication failure.
The system reads as

%.%Z(t) = Z Xijaij(t)aij(t)(xj(t — Tij(t)) — .%'Z'(t)), t 2 0, 1= 1, ey N, (1.2.8)
Ji g#i

where the time delay function 7;; : [0, +00) — [0, +00) is continuous and satisfy (1.2.7) with a
suitable positive constant 7. Here, the terms y;; are so defined

1, if j transmits information to i,
Xij = : (1.2.9)
0, otherwise,
and, the communication rates a;; are of the form
1 .
a;ij(t) == N_1 11/J(I‘i(t),$j(t —1(t)), t>0,Vi,j=1,...,N, (1.2.10)

where the influence function ¢ : IR x IR — IR is positive, bounded and continuous with (6.1.14)
as upper bound. Moreover, the weight functions «;; : [0, +00) — [0,1] are £!-measurable and

describe the lack of communication. «;; satisfy the following Persistence Excitation Condition
(cf. [3,9]):

(PE) there exist two positive constants 7" and & such that

t+T
/ a;j(s)ds > @, Yt>0, (1.2.11)
t

for all 2,5 =1,..., N such that x;; = 1.

Without loss of generality, we can assume that the positive constant & appearing in (1.2.11)
satisfies @K < 1. Let us note that (1.2.11) becomes relevant when T is large and & is small. In
this case, the agents could eventually suspend their interaction for long enough. We also point
out that, in the case in which «;;(t) = 1, for a.e. t > 0 and for any 4,j = 1,..., N, i.e., in the
case in which the agents do not interrupt their exchange of information, the condition (1.2.11)
is of course satisfied.

Due to the presence of the time delay, the initial conditions are functions defined in the interval
[—7,0]. The initial conditions

zi(s) = 2(s), Vse[-7,0,Vi=1,...,N, (1.2.12)

are assumed to be continuous functions.

Notice that the functions (x;;);; describe a (0, 1)—adjacency matrix and define a graph topology
over the model structure. Let G = (V, ) be a digraph consisting of a finite set V = {1,..., N}
of vertices and a set £ C V x V of arcs. We assume that the agents are located at the vertices
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and interact with each other via the underlying network topology. For each vertex ¢, we denote
by N; the set of vertices that directly influence the vertex i, namely

Ni={j=1,...,N:x;; =1}. (1.2.13)

The set N; can also be defined in the following way: j € A if and only if (z,7) € £. Also, we

denote with
N; == |N|. (1.2.14)

Throughout the dissertation, we will exclude self-loops, i.e., we assume that i ¢ N; for all
1 <4 < N. A path in a digraph G from iy to i, is a finite sequence ig,1,...,7, of distinct
vertices such that each successive pair of vertices is an arc of G. The integer p is called length of
the path. If there exists a path from 7 to j, then vertex j is said to be reachable from vertex
and we define the distance from 7 to j, in notation dist(i, j), as the length of the shortest path
from 7 to j. A digraph G is said to be strongly connected if each vertex is reachable from any
other vertex. We assume that our digraph G is strongly connected. We define the depth v of
the digraph as follows:

v = Z‘jlrinlax dist(i, 7). (1.2.15)
Thus, any particle can be connected to the other individuals of the system via no more than
intermediate agents. By definition, since ¢ ¢ N;, for all ¢ = 1,..., N, we have that v < N — 1.
Also, since the digraph is strongly connected, v > 1.
For existence results about the above model, we refer to the classical books [48, 49]. Here, we
want to establish the convergence to consensus for the Hegselmann-Krause type model (1.2.8).
Let us define the diameter function as

d(t) := i,jI:nl?j%,N |zi(t) — x(t)]. (1.2.16)

We have the following definition.

Definition 1.2.1. We say that a solution converges to consensus if

lim d(t) = 0.

t—o00

1.3 The Cucker-Smale model

Consider a finite set of N € N particles, with N > 2. Let z;(¢) € IR? and v;(t) € IR? denote the
position and the velocity of the i-th particle at time ¢, respectively. The classical Cucker-Smale
model takes the following form

Lai(t) = vi(t), t>0, Vi=1,...,N,
oi(t) = 3 bii(0)(0j(8) —vi(t)),  t>0,Vi=1,...,N, (1.3.17)
jeji

where the communication weights are defined by

1 - .
bij(t) == mwﬂml(t) —z;(t)])), t>0,Vi,j=1,...,N, (1.3.18)
and the influence function ¢ : R — R is a non-negative, continuous and non-increasing function.
As we made for the first-order model, we defined a Cucker-Smale type model that describes
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a more general situation, in which there is non-universal interaction between the agents, time
variable time delays, and communication failure. The system reads as follows:

%Jri(t):vi(t)7 t>0,Vi=1,...,N,
gty = 3 xijei (O (v5(t =75 (1) —vs(t),  £>0, Vi=1,...,N, (1.3.19)
jeii

where the time delay functions 7;; : [0, +00) — [0, +00) are state-dependent continuous func-
tions, satisfy (1.2.7), and the terms y;; are defined as in (1.2.9).
Here, the communication rates c;; are of the form

cor(t) = ﬁaij(t)i/;(\xi(t) (=), t>0.¥ij=1,....N, (1.3.20)

where 9 : [0, +00) — IR is a positive, bounded, and continuous function, with
K = ||¢]| oo, (1.3.21)

and the weight functions ayj : [0,+0c) — [0,1] are £'-measurable and satisfy the Persistence
Excitation Condition (PE). Again, without loss of generality, we can assume that the positive
constant & appearing in (1.2.11) satisfies ak < 1.

The initial conditions

zi(s) = 20(s), wvi(s) =v%(s), Vse[-7,0,Vi=1,...,N, (1.3.22)

are assumed to be continuous functions.
For this general framework, we want to describe the exhibition of flocking. We define the space
and velocity diameters as follows

dx(t) == 'mlaxN]:Ui(t) —xzj(t)], Vt>-7, (1.3.23)
Z?]: ARG

dy(t) == 'InlaXN|Ui(t) —v;(t)], Vt>-T. (1.3.24)
Z7‘7: 1

Definition 1.3.1. We say that a solution {(x;,v;) }i=1,.. .~ to system (1.3.19) ezhibits asymptotic
flocking if it satisfies the two following conditions:

1. there exists a positive constant d* such that

sup dx (t) < d*;
t>—7

2. tllglodv(t) = 0.

1.4 The Kuramoto model

Consider a finite number N € N, NV > 2. of coupled oscillators. The classical formulation of the
Kuramoto model takes the following form

d

1 ) .
20t =2+ > Kijsin(0(t) — 0;(t)), i=1,...,N, t>0, (1.4.25)

J: j#i
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where 6; = 6;(t) represents the phase of i—th Kuramoto oscillator at time ¢ > 0. Here, {Q;}¥
are the natural frequencies of the oscillators, which are assumed to be random variables extracted
from a given distribution g = ¢(12), and {Kj;};; are positive constants describing the coupling
strength between the oscillators.

In the present work, as we discussed above, we analyze the emergence of synchronization in
the Kuramoto model on directed graphs, considering the effects of time delays in the coupling
between oscillators. More precisely, we investigate the conditions under which synchronization
emerges in such systems and explore the influence of network topology and time delays on the
synchronization dynamics. To present our model, we consider a digraph G = (V,£) consisting
of a finite set V = {1, ..., N} of vertices and a set £ C V x V of arcs. We assume that Kuramoto
oscillators are located at the vertices and interact with each other via the underlying network
topology. For each vertex i, let \; be the set of vertices that directly influence the vertex i, as
defined in (1.2.13), and we denote by N; the number of oscillators in the set A;, as in (1.2.14).
Then, our main system reads

d K . .
dtei(t)_Q,~+Nl%Xijsm(ek(t—n])—9,(75)), i=1,...,N, t>0, (1.4.26)

where 7;; > 0 denotes communication time delay in the information flow from vertex j to ver-
tex ¢, and, for simplicity, we assumed them to be positive constants. Notice that the result
can be extended to the case of a time variable time delay. Once again, the network topol-
ogy is given by its (0, 1)-adjacency matrix (;;). Notice that self-time delay is not allowed, i.e.
7i; = 0 and we exclude a self-loop, i.e. i ¢ N for all i« = 1,..., N. Moreover, x > 0 is the
coupling strength. The classical Kuramoto model, extensively studied in literature (see, e.g.
[1, 5, 15, 16, 23, 29, 47, 61, 72]), corresponds to the cases where x;; = 1 and 7; = 0 for all
i,7 =1,...,N. However, in our formulation (1.4.26), we introduce two additional structures,
namely the time delay effect and network topology.

Taking into account the network topologies in the interaction is very natural. The connectivity
structure dictates which oscillators directly influence each other’s phases. In (1.4.26), the net-
work connectivity determines the phase relations between connected oscillators and influences
the overall synchronization behavior. For recent results and more detailed background regarding
these extensions, we refer to [26, 27, 41, 42, 45, 76, 78, 79] and references therein.

We supply the system (1.4.26) with the initial data:

0;(s) = 09(s) for se€[-7,0], (1.4.27)

where 09 € C}(—7,0) NC[-7,0],i=1,...,N, and 7 := max; j_1,. N Tij.
For a solution 0(t) := (01(t),--- ,0n(t)) to (1.4.26), we denote the phase and velocity diameters
by

dg(t) := | Dnax |0;(t) — 0;(t)] and du(t):= | Dax lwi(t) — wj(t)], (1.4.28)
respectively, where w;(t) := 6;(t) = daégt) with w;(0) := lim;_o_ 6;(t). We provide a notion of

our complete frequency synchronization in the definition below.

Definition 1.4.1. Let 0(t) := (61(¢),...,0n(t)) be the global classical solution to the system
(1.4.26)-(1.4.27). Then the system ezhibits the complete frequency synchronization if and only
if the velocity diameter tends to 0, as the time goes to infinity:

tli)rgo d,(t) =0.



Chapter 2

Opinion dynamics of two populations

In this chapter, we are interested in studying the convergence to consensus for a Hegselmann-
Krause type opinion formation model involving two populations with time-delayed coupling.
It is natural to assume a time-delay effect in this type of interaction. Indeed, while one can
consider almost instantaneous the influence among agents in the same population, a certain
time lag appears in the interaction among individuals of different populations. A more general
model would include time delays (eventually smaller) also in the interactions within the same
population. Here, for simplicity, we choose to consider delay effects only in the interactions
among agents of different populations. An analogous analysis could also be performed in the
more general situation with multiple delays.

Consider two finite sets of NV and M agents respectively, with N, M € IN, N, M > 2 . Without
loss of generality, we assume M < N. Let z;(t) € IR%,4 = 1,..., N, be the opinion of the i-th
particle of the first family at time ¢ and y;(t) € IR?, i = 1,..., M, be the opinion of the i-th
particle of the second family at time ¢. We consider that a (small) group of agents of the first
family interacts with another (small) group of the second family, with a time delay appearing as
the time needed for an agent of a population to receive information from agents of the other one.
The time delay is assumed to be a positive constant, 7 > 0. Given h,k € IN, h < M and k < N,
the opinions of the two populations evolve following the Hegselmann-Krause opinion formation
model:

t) =Y ai(t)(x;(t) — (1) + Zew (yi(t —7) —zi(t)), >0, i=1,..,k,
J#i

t)=> ai(t)(z;(t) — xi(t), t>0,i=k+1,.,N,
JF#
wa ) — it —1—277” (xj(t —7)—wi(t)), t>0,i=1,..,h,
J#i

)= bi(t)(y;(t) — wi(t), t>0, i=h+1,..,M,
J#i

(2.0.1)

19
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with the interaction weights a;;(t),t > 0, of the form:

1 . .
al](t) L mw(‘rl(t)7$](t))? 1= ]-7 "’7k7 J= 17 oo 7N7
1 (2.0.2)
aij(t) = N_1¢(xi(t),xj(t)), i=k+1,.,N, j=1,...,N,
and the weights b;;(t),t > 0, of the form:
bij(t) 1= —— " (O (1), =Lk G= Lo M
(] _M+k—1 y’t ayj 9 = URRRS] 7]_ 9ttty ’
1 (2.0.3)
bij(t) == 7= 1w*(y,~(t),yj(t)), i=h+1,.,M, j=1,..., M.

Here, ¥ : IR x IR? - IR and ¢* : IR? x IRY — IR are continuous, positive and bounded
functions. Moreover, the interaction coefficients €;;(t) and 7;;(t), for ¢ > 0, among individuals
of different populations have the form:

1
“t) =y no1
1 . . .
nij(t) = 7M n k — 1¢ (yi(t),xj(t — T)), 1 = 1, ...,h, ] = 1,. . .,k,

P(xi(t),y;(t — 7)), i=1,..,k j=1,...,h,
(2.0.4)

where ¢ : R? x R? — IR and ¢* : IR x IR? — IR are continuous, positive and bounded
functions. Note that the different normalization factors in the above coefficients correspond,
for each group, to the number of agents involved in the interaction. We emphasize that, in our
model, the influence functions do not necessarily depend on the distance between the agents;
instead, in most of the related literature. Moreover, we do not require symmetry or monotonicity
assumptions.
Let us denote

A t= max { oo, 4" ooy 18] 16 }

Let us assume the initial conditions:

zi(t) =20(t), i=1,...,k, te€[-7,0],
(0) =2 i=k+1,...,N,

0 , (2.0.5)
yz(t):y’[, (t)7 ZZ]‘?"'?h? te [_T’O]7
yi(0) =2, i=h+1,.,M,
where 29(-),i = 1,...,k, y?(:),i =1,..., h, are continuous functions defined on [—,0], 2 € RY,

i=k+1,...,N,y? e R i=h+1,..., M.

For well-posedness results for model (2.0.1)-(2.0.5), we refer to classical texts on functional
differential equations [48, 49]. Related to the system (1.2.8), we are here in the case with
a;j(t) =1,7i(t) =7 >0foralli,j=1,..., N+ M, and v = 3. We will focus on The asymptotic
behavior of the solutions. For this aim, we assume the continuity of the involved influence
functions only. Of course, the continuity alone does not ensure uniqueness. For solutions to
(2.0.1)-(2.0.5), we want to prove the convergence to consensus. For this case, let us define the
diameter of each population as
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de(t)i= | max fai(t) a0, dy(t) = max | [i(t) — (1)

Moreover, let us define the global diameter as

d(t) := max {dx(t), dy (1), max max [ai(t) - yj(t)|}.

To achieve the consensus result, for this particular model, we have to show the convergence state
in Definition 1.2.1 with the global diameter defined above.

This kind of model can have applications in social sciences, economics, politics, and ecology.
Indeed, it is reasonable to try reaching a global consensus among individuals of different coun-
tries, or different groups of individuals in the same country, about important questions such
as, e.g., ecological behaviors, climate change’s reasons, appropriate strategies to reduce COs
emissions, etc. The proof of a consensus result for model (2.0.1) can be considered as a first
insight for more quantitative studies aiming to design appropriate control strategies.

For other consensus results for opinion formation models on a network in the presence of
time delays, see [62]. However, we deal here with more general interaction coefficients. In
particular, the influence functions depend on both arguments, x;, z;, and not necessarily on their
distance. Moreover, we do not require any lower bounds, Lipschitz continuity, or monotonicity
assumptions.

2.1 Preliminaries

In this section, we present some preliminary results useful for studying the consensus behavior.
Firstly, for any fixed a vector v € R%, let us define the following quantities:

o o
mo = min{ min min (@:(t),0), _min  (zi(0),0),

(2.1.6)
i 1 i(T 5 y i (0 9 }7
A RO i, 0
and
My := max { zgaxk tgi%}(%(ﬂ,“%i:kIE%?wa@i(O)»U% 2.1.7)

(1), v), i(0), }
SIS Ry 0 e () 0)

Note that mg and My should be m{ and M. For simplicity of notation, we omit the depen-
dency on the vector v. The following estimates hold.

Lemma 2.1.1. Let (z;(t),y;(t)), i=1...,N, j=1,..., M, be a global classical solution of the
system (6.1.15)-(2.0.5). Then, for all v € R% we have that

mo S <:1:Z-(t),v> S .1\407 (218)

and
mo < (y;(t),v) < Mo, (2.1.9)

forallt>—7,i=1,...)k, j=1,...,h, and for allt >0,i=k+1,...,N, j=h+1,..., M.
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Proof. Fix a vector v € R% and let mg, My be the constants defined in (2.1.6), (2.1.7). By
definition of mgy and My, we have that the inequalities (2.1.8) and (2.1.9) are trivially satisfied
fort € [-7,0], i =1,...,k and j = 1,...,h. Then, we want to prove (2.1.8) and (2.1.9) for
t > 0. Let us prove (2.1.8); (2.1.9) follows analougously.

For a fixed parameter € > 0, let us define the following set:

T :={t>0 : (zi(s),v) < Mo+e¢ Yi=1,...,N,
(yi(s),v) < Mo +e, Yi=1,...,M, Vs €[0,t)}.

By continuity, 7€ # (). Let us call S€ := sup 7. We want to prove that S¢ = +o00. Let us suppose
by contraddiction that S¢ < +o0o0. Then,

'_nllaxN(sci(t), vy < My +e€, Vt€[0,59, (2.1.10)
and
lim  max (z;(t),v) = My +e. (2.1.11)

t—Se—i=1,...,.N

For all t € [0,5¢) and i =k +1,..., N we have

< ai () (Mo + € — (24(t),v)) (2.1.12)

< A(Mo + € — (x;(t),v)).
Applying the Gronwall’s Lemma over ¢ € [0, 5€), we find

(zi(t),v) < e M (2;(0),0) + (Mo + €)(1 — e™™)

E 2.1.13
§M0+6—667At§M0+6—667AS, ( )
for all t € [0,5¢) and i = k + 1,..., N. Therefore, we deduce that
. __—AS* €
’L*}CI—I‘:%).?.,N<$Z(t)’v> < Mo+ e —ee , Vt € (0,5°).
Consider now t € [0,5¢) and ¢ = 1,..., k. Then, we have
d h
g wit),v) = D ai(t) (@) — @ilt),v) + Y e (8){y;(t — 1) — i(t), v)
i =1
h (2.1.14)
< 3 a0y + e~ (m(t).0) + D e Oy + ¢~ frilt). v)
j#i j=1

< A(Mo + € — (4(t),v)).

Therefore, we can find analogously that

‘max (z;(t),v) < Mo+ e —ee ™ vt €0, 5.

i=1,...,k

Then, we have that
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‘max_(z;(t),v) < Mo+ e —ee ™ Vit €0, 59).

i=1,...,N

Passing to the limit for t — S¢~, we find

AS

lim  max (x;(t),v) < Mo+ e —ee”™ < My +¢,

t—Se—i=1,....IN
and this gives a contradiction. Then, we have that S¢ = +o0o. Hence, by arbitrarity of €, we
have that

' r]lrlaxN<:ci(t),v> < My, ¥Vt >0, veR%
i=1,...,

Therefore, we have that.

(xi(t),v) SM[), VtZ—T, iZl,...,k,

and

<xi(t),v) < My, V¥t >0, 2=k+1,...,N.
To prove the other inequality, we observe that, by the proven estimate,

= {zi(t),v) = (wi(t), —v)

< (1), — (0), —
< max{ max max {ni(0), ~o), _mox | (i(0), ~0),

max  max (y;(f), —v), max (yi(()),—v>}

i=1,...,h te[—7,0] i=h+1,...M (2.1.15)
— — min { Z:Irllmk te?ligo]@i(t)’ v), l:erIrlllnN@Z(O), v),
i, i (0),0), _min | ((0), 0} = —mo
This concludes the proof. ]

The above lemma allows us to deduce a bound on the states.

Lemma 2.1.2. Let (z;(t),y;(t)), i=1...,N, j=1,..., M, be a global classical solution of the
system (2.0.1)-(2.0.5). Then,

zi(t)] < Co,  y;(t)| < Co, (2.1.16)

Vt> —1, fori=1,....k, j=1,...,h, and YVt >0, fori=k+1,...,N,j=h+1,..., M,
where Cy is given by

_ . )] (5l o).
Co maX{i max, max |2i(t)] i:kTi?f,,NWO)' jfax, max |y;(s)] o max 4190l
Proof. We prove the first inequality of (2.1.16). The second one for |y;(t)|, j =1,..., M, follows

analogously. For ¢ = 1,...,N and t > —7, if |z;(t)| = 0, the result is trivial. Let us suppose
|z;(t)| > 0 and define the vector
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oo Zilt)
)]

Then, applying (2.1.8) and the Cauchy-Schwarz inequality, we get

|z ()] = (zi(t), v) < Mo

:max{ max max (z;(t),v), max (z;(0),v), max max (y;(t),v),

i=1,....k te[—,0] "i=k+1,..,N i=1,....h te|—7,0]
x| (il0), ”>} (2.1.17)
< max { Jmax, | max Ixi(t)llvl,izkgiﬂ Iwi(O)Ilvlngf}?ihtgl_%] lyi(s)v],
_max |y (O)]fol} = Co,
being v a unit vector. So, the first inequality of (2.1.16) is proven. O

Remark 2.1.3. From Lemma 2.1.2, since the influence functions ¥ and ¥* are continuous, we
deduce that

Y((t), 2j(t) > o := min  (z1,22) >0,
[#1hlz2l<Co (2.1.18)
GO0 (0) 2 05— min 0z > 0

foreacht >0,4,5=1,....N and l,7 = 1,..., M. Moreover, since the functions ¢ and ¢* are
continuous too, again we deduce that

d(xi(t),yij(t—7)) > o= min  ¢(z1,22) >0,
|211,]22|<Co (2.1.19)
¢"(yi(t),zr(t = 7)) 2 ¢p:= min _ ¢*(z1,22) >0,
|z11],]22|<Co
foreacht>0,i,r=1,...k and j,l =1,..., h.
From Remark 2.1.3, we can define the positive constant
I := min {%,qu,gbo,gb;;}. (2.1.20)

Now, fix v € R? and let mg, My be as in (2.1.6) and (2.1.7) respectively. Since, up to changes
of influence function, system (2.0.1) is invariant by translation, without loss of generality, we
may assume

0 < mg < M.

Inspired by [50], we can prove the next lemma. Note that [50] deals with a Hegselmann-
Krause model with all-to-all connection, namely, each agent is influenced and influences any
other agent. In our model, we have four different agent groups: two populations and, in each
population, leaders and non-leaders. This requires finer and trickier analysis: our estimates can
be deduced through careful arguments involving the different agents’ groups in the appropriate
order.
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Lemma 2.1.4. Let (x;(t),y;(t)), with i = 1,...,N and j = 1,..., M, be a global classical
solution of the system (2.0.1)-(2.0.5). Then, for t € [57,67], we have

mo + %(MO — mg) < <1‘Z( ) > < My — 7(M0 — mg) (2.1.21)
and r, r
my+ L (Mo —mo) < (y;(t),v) < My — —I(MO — mp), (2.1.22)

for a suitable constant T'; € (0,1).

Proof. Let us proceed by steps.
Step 1: Suppose that exists L € {k + 1,...,N} such that (z1(0),v) = mg. Then, since
[(z;(t),v)| < 2AM)y, Vt > 0, we have that

My +mo

mo < (x(t),v) < 5

, t€10,0],

where o is a positive number such that

o < min {T, Am} (2.1.23)
Consider i € {k+1,...,N}\ {L} and t € [0, 0]. Then,
%m(t),w = Zaij(t)(%'( —zi(t),v) + aip(t)(zr(t) — z:(t),v)
jin)
Moy + mg
<3 gt (My — (i), 0) + ain (1) (S0 — (wi(0),0))
4
= (X ais(8) - (6)) (Mo — (wi(1).v)) + aiL(t)(M ~(@i).v) (2129
J#i
< (A — a0 (Mo — Gr0), 0)) + ain (1) (M ™0 (ai(t), )
= MMy = (@3(1),0) = ain ()0
< (AMo — ) M), v)
Integrating over [0,¢] with ¢ € [0, o], we find
(25(t), v) < e M(2;(0),v) + (Mo - Nl_ 1%M° ; mo)(1 — e M,
Taking ¢ = o in the above inequality, we can find
<$i<0'),U> < MO o (1 o e—Aa>N1_ 1£MO ; mo
Denoting . .
§Li=(1- e—"")mX (1 - %) (2.1.25)
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we have the inequality
(zi(o),v) < (1 =)Moy, Vi€ {k+1,...,N}\ {L}. (2.1.26)

Consider now t € [o, 67].

d
z azg itav
%; w0 (2.1.27)

< A(Moy — (z4(t),v)), Vie{k+1,...,N}\ {L}.

Integrating over [o,t] with ¢ € [0, 67|, we have

(wi(t),0) < e M (wy(0), 0) + Mo(1 — e A7)

e M= (1 — 5L Y My 4 Mp(1 — e A=)
— M, <1 _ 51_€—A(t—0)>

< Mo (1—6te 847,

IN

Then,
(xi(t),v) < Mp(1 — (51676/\7’), Vie{k+1,...,N}\{L}, Vt € [o,67]. (2.1.28)

Consider now i € {1,...,k} and fix i; € {k+1,..., N} \ {L}. Taking ¢ € [0, 67], we have

h

%(l‘i(t)a v) = Z aij(t)(z;(t) — xi(t),v) + Z € () (y;(t — 7) — z:(t), v)
+ @iy () (w4, () — 24(), v)

< (D ais0) — i ) (Mo — (w3(0),0)) + 57— Ay — Gaa(8), )
e (2.1.29)
+ aii, (8)(Mo(1 — 6L %) — (a;(t), v))
< ML A (Mo — (it), ) + A (Mo — (mi(t),0))
SN+h—1 0D Nh—1 0 s
- S Mate
_ AMo(l - N+1h—111;5£6_6ﬂ\> — Azi(t), v).

Integrating over [o, t] with ¢ € [0, 67] we find

1
(i(t), v) < €N (wi(0),0) + Mo( e ol ) (L A
N+h—1A

) (2.1.30)

< Y —GTA —A(t—O') .

—MO( N+h—1A5_ (1= ))

Shrinking to ¢ € [27,67] we find that
@())<A@O———i———&‘“ﬂl *M» Vie {1,...,k}. (2.1.31)
’ N+h—1A " ’ T
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Using the state i; € {k+1,...,N}\ {L}, we can find an upper bound for i;, too. Indeed, for
t € [0,67], analogously to (2.1.27), we obtain

d
Z{rn(),0) = Y ari(ai(t) = wo(t),v) + api (@i (1) = 20(8),v)
JJ;“; (2.1.32)
< AMo(1- B M) — Aler(1).v).
—1A " ’
Integrating over [o,t] with t € [0, 67|, we find
1
(rr(t),v) < e 2= (z) (), 0) + M0<1 -3 Aai —GAT)@ _ emAt-0)y, (2.1.33)
Shrinking to ¢ € [27,67], we have the estimate
_ 1 61 —6AT (1 _ —AT
(w1(0),0) < Mo(1 - 508 e (1 —e)). (2.1.34)

Consider now i € {1,...,h} and fix is € {1,...,k}. Taking ¢ € [37,67], we have

Z bzg z + Z 771] w] t - T) yi(t), U>
J#i
37512
+ iy (0) (@3, (T — 7) — yi(t), v)
< M=y M,
_m ( 0— (ZWU 77%2 )( 0_<yz(t) >)
+ nii2(t) [MO( N+1h—1A61_ _GTA(l e_AT)) - (yi(t),v)]
< AMy(1 - (N+h- 1)1(M Fay— G)Q‘Ee%m(l =) = Alwi(t),v)

(2.1.35)
Integrating over [37,t], with ¢ € [37,67], we find that

<yi(t)v U> < e_A(t_sT) <yi(37—)a U>

1
+MO<1_(N+h—1)

e — (%)2&@_&/\(1 _ e—A'r))(l _ e—A(t—3T))

" (%) SLe67A(1 — ¢=AT)(1 — e—A(t—sr)))_

(2.1.36)

< M0<1—

(M
1
(N+h—1)(M

Shrinking to ¢ € [47,67] we find that

(i(t), ) < Mo<1 - RS 1)1(M T (%)2516—67A(1 - e_AT)2>, Vie {1,...,h).

(2.1.37)
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Finally, consider ¢ € {h +1,..., M} and fix j; € {1,...,h}. Taking ¢t € [47,67], with analogous
computation, we find

d

o i), v) = Z bij (£)(y; (1) = i (1), v) + bijy (8) (Y5 (8) — wi(L), v)
7,
1 '3 —67 —AT
< AMy(1- e e (X) SLeON (1 — €M) — Afyi(1), v).
(2.1.38)
Integrating over [47,t] with ¢ € [47,67], we have that
(yi(t),v) < e M4 (yi(4r), 0)
1 '3 —60AT —AT —A(t—4T1
+ Mol 1~ (M -DN+h DM+ k1) (7) LM et - )

1 T\3 1 _ear e s
(M—1>(N+h—1)(M+k—1)<K> 6Le (1 — e AT)?(1 — 7N 4>)]

gMo[l—

Shrinking to ¢ € [57,67], we find that

1 '3 —6AT —AT\<
(M-1)(N+h—1)(M+k-1)(X) SO (1= ey,

{yi(t),v) < My [1 - (2.1.39)

Vie{h+1,...,M}.

Then, the inequality (2.1.39) holds for all the non-leaders of the second population, for t €
[67,67]. Moreover, one can notice that the right-hand side of (2.1.39) is larger than the right-
hand side of (2.1.37). Thus, the estimate (2.1.39) holds for all the states of the second population.
Since the right-hand side of (2.1.39) is larger than that one of (2.1.31) and (2.1.34), we have
that (2.1.39) holds for all the states of the first population too, for ¢ € [57, 67].

Step 2: Assume now that L € {1,...,k} is such that (z1(s),v) = mg for some s € [—7,0].
By continuity, then there exists a closed interval [ar, 8] C [—7,0] such that

Moy +m,
mo < (rp(t),v) < =, € [ag, Br.
Eventually choosing a smaller ¢ in (2.1.23), we may assume 31 —«ay, = 0. Consider ¢ € {1,...,h}
and t € [ + 7, 81, + 7]. Then,
d k
o wi(t), v) = D b0y () = wit),0) + > i (8 (¢t — 7) — wi(t), 0)
i i=1
J#L
+ i ()Lt —7) — yi(t),v)
k
M—-1
< - - — A o m. — Ay
< 37 r Ao — (). 0) + (jzzjlm] mie) (Mo = {yi(t).v))

Mo+7710_

()5 = wl0),0)),
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and so,

M-1 k

%<y¢(t),v> < mf\(Mo —(yi(t),v)) + m(Mo — (vi(t),v))

(Mo — ((0) 0)) e (1) (T 4yi0), )

= A(Mo — (yi(t),v)) — mL(t)M
1 Mo —m
TR T ) - Aw().0)

< (AMO —

Integrating (2.1.40) on [af, + 7,t] with t € [ar + T, B + 7], we have that

1 FMO_mO)(l

(wi(t).v) < M yilap +1),0) + (Mo — T

Putting ¢ = Br, + 7 in the equation above, we find

1 I' My —mg

. < _ - _ —Ao .
(yi(BL +7),v) < My M h_1A 2 (I—e)
From (2.1.41), denoting,
1 T m
2 == ———— 1 — 70 1 —_ —Ao
o= 2(M+k:—1)A< MO>( )

we deduce that
(yi(BL + 7),v) < (1 —62)My, Vi€ {1,...,h}.

Consider now t € [, + 7,67]. Then,

d szj _yz +Z771] .TJ t—T) yz(t),U

J#i
< A(Mo — (i(t), v)).

Integrating on [Br, + 7,t] with t € [8 + T, 67|, we have that

(yi(t),v) < e AP (Br, 4 7),0) + Mo(1 — e~ A0PL7))

< e MEBLTT (1 = 62 ) My + Mo(1 — e AE=Fr=7))
= Mpy(1 — 6% e Mi=PL=))
< Mo(1 —62e ™),

where the last inequality is obtained by observing that ¢ — 8, — 7 < 67. Then,

(yi(t),v) < Mo(1 —62e™ ™), Vie {1,...,h}, t € [BL +7,67], ie{l,...,

29

(2.1.40)

— e Altmar=m)y,

(2.1.41)

(2.1.42)

(2.1.43)

(2.1.44)

(2.1.45)

h}.  (2.1.46)
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Consider now i € {h+1,..., M} and fix i; € {1,...,h}. Taking t € B + T, 67], we have

%@i(t)m = > b (£) (i (1) — wilt), ) + bai, ()i, (1) — va(1), )

J#i
J#u
< (2 bag(0) = iy (8)) (Mo — {wi0) ) + i, (O[Mo (1 — 62.¢7™) — (s (1), v)]
J#i
< AMo[1— T h 22O — Afyi(h), v}

(2.1.47)
Applying the Gronwall inequality on [f7, + 7,t] with ¢ € [8f + 7,67], from (2.1.47) we find that

@@@samwﬂ@@ﬁﬂw+mﬁ— 0] (1 - NP

1 2 —67A —A(t—Br—7)
< _ L
_Mo[l _1A5, (1-e )]

Shrinking to ¢ € [27,67], noticing that t — S, — 7 > 7, we have that

(yi(t),v) < My [1— ilKa% —6TA (1 — *AT)}, Vie {h+1,...,M}. (2.1.48)

Consider now ¢ € {1,...,k} and fix io € {1,...,h}. Notice that could be that iy = i;. For
t € [27,67], we have

S ai(0),0) = Y a0 (0) — it +§j% (w3 = 7) = wi(0) )
J#

J#lz
+ €iiy (1) (i (1) — 2i(t), v)
1 r
< A M, T 527N At .
<AMo|1 = o 5020 = M), 0)
Integrating over [27,t] with ¢ € [27,67], we find
1
) < o~ At=27) (.. 2 —6TA —A(t—27) ]
(zi(t),0) < € (wi(2r) ) + Mo (1 = 75— A5_ Ja-e )
Shrinking to t € [37,67] we have
1 6 o
(z:(t), v) §M0< mﬁ 6rA(] — e=A )), Vie {1,... k). (2.1.49)

Finally, we consider i € {k+1,..., N} and fix i3 € {1,...,k}. Taking t € [37,67] we have

%(wi(t), v) = Z ag(t)(x;(t) — zi(t), v) + iy () (zs5 (1) — i(t), v)
T
M1 G () -] s,
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Integrating the inequality above over [37,¢] for t € [37,67], we find that

(zi(t),v) < e M3 (2:4(37), )

+ My [1 N 1)(]17 e (%)2(536_67—/\(1 B e—AT):| (1 — e~ A=37)y,

Shrinking to ¢ € [47,67], we finally have that

(z:(t), ) < Mg(l - 1)(;, oy (%)253(“(1 - e—AT)Q), Vie {k+1,...,N}.
(2.1.50)

As in the previous case, the estimate (2.1.50) holds for all the possible states of the system for
t € [5T,67].

Step 3: From Step 1 and Step 2, using the definitions (2.1.25) and (2.1.42), we have then

(t < Mp|1 ! 1)
(@i(t),v) < 0[ C2(N-1)(M —-1)(M +k—1)(N+h—1) <K) : (2.1.51)
% €—6TA(1 _ 6—Ao)(1 _ 6—AT)3 (1 _ ﬁ(o))}’
Vie{l,...,N}, t € [57,67], and
1 4
(yi(t),v) < Mo|1— 2(N —1)(M —1)(M +k—1)(N +h—1) <K) x (2.1.52)

x e 6T (1 — e=A7)(1 - e_AT)3(1 - %)}

Vi e {l,...,M}, t € [57,67]. Analogous estimates can be obtained if mg or M is attained by
scalar products (y;,v), i = 1,..., M. Since

(N-1)(M =1)(N+h—1)(M+k—1) <4N*,

from (2.1.51) and (2.1.52), we obtain the second inequalities of (2.1.21) and (2.1.22), respectively,
with

- 1 I'\4 —67TA —AT\3 —Ao
Ty = 8N4(A) e 0™ (1 — eAT)3(1 — e~A9), (2.1.53)

Step 4: Now, we focus on the lower bound in (2.1.21) and (2.1.22).

Assume that there exists R € {k+1,..., N} such that (zr(0),v) = My. Then, as before, we
have that

M,
% S <xR(t)7U> S M07 te [070]7

with o as in (2.1.23). Using similar arguments to the ones in Step 1, we find that, for t € [57, 67],

(xi(t),v) > my [1 + 1 (£>35_1i_e_6”\(1 B e—A’T)3 7

(M =1)(N+h—=1)(M+k-1)\A (2.1.54)

Vie{l,...,N},
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and
1 F 3 —0T — AT
ilt), o) 2 mo |1+ o N T S D T 1 k= 1) (3) e -], (2.1.55)
Vie{l,...,M},
with
oL = 2(]\]1_1)11;(1 — A7) (;ﬁ] . 1). (2.1.56)

Suppose, instead, that (xr(t),v) = My for some R € {1,...,k} and for some ¢ € [—7,0].
Then, by continuity, there exists a closed interval [ag, Bgr| C [T, 0] such that

My + mg

5 < (xzgr(t),v) < My, t € [ar, BRr].

Eventually choosing a smaller o in (2.1.23) above, we may assume that Sr — ar = 0. Arguing
analogously to Step 2, we can obtain, for t € [57,67],

(zi(t),v) > mg [1+ v 1)(;7 E— (%)25_%56”(1 —e—AT)Q}, Vie{l,...,N}, (2.1.57)
and
(i(t),0) > m [1+ = (5)252 e—ﬁfAu—e—AT)ﬂ Vie {1,..., M)}, (2.1.58)
Yi\t),v) = Mo (N—l)(N+h—1) A + , e , (2.1,
with
5% = 2(M+1k_1)i(1 p— @fg - 1). (2.1.59)

Now, note that the right-hand side of (2.1.54) and (2.1.55) are smaller than the right-hand side
of (2.1.57) and (2.1.58) and so, using the definitions (2.1.56) and (2.1.59), we have that, for
t € [5T,67],

1 4
(2i(t),v) = mg 1+2(N_1)(M_1)(M+k—1)(N+h—1)<X) %

6r Ao s/ M
x e 01 — gAY (1 e A)3(W3_1)]’

1 [y4
(yi(t),v) 2m0[1+ Q(N—1)(M—1)(M+k_1)(N+h_l) (K) %

x e 5T (1 — eA7)(1 — e_AT)3(]ﬂ\f§ - 1)]

Vi e {1,...,M}. Using the definition (2.1.53), from the last two inequalities we obtain the lower
bounds in the lemma’s statement. This completes the proof. ]



2.2. ASYMPTOTIC CONSENSUS 33

2.2 Asymptotic consensus

In this section, we will show the asymptotic convergence to consensus of solutions to (2.0.1).

Definition 2.2.1. For fired v € R? unit vector, for all n € N, one can define the quantities M,
and my, as follows:

=
=)
T
=
S
3
<

m, ;= min< min min{(z;(¢
" {z‘:l,...,kteln< i(®):v) i=k+1,..,N

(2.2.60)
in min{y;(t), v), o pmin 4 \vi(6nT), v) }
M,, ;= max { zirll’ax,k Itréz}ic@z(t), v), i:ﬁli)f.,zv@"wm)’ v), 2261

2, ) ) e (i 6n) o

with I, = [(6n — 1)7,6n7]. Notice that for n = 0 we recover (2.1.6) and (2.1.7).
Theorem 2.2.2. Let (z(t),y;(t)), i = 1,...,N, 7 = 1,...,M, be a global classical solu-

tion to the system (2.0.1) with continuous initial conditions (2.0.5).Then, (x;(t),y;(t)), i =
1,...,N, j=1,..., M, achieve an asymptotic consensus in the sense of Definition 1.2.1.

Proof. Using (2.2.60) and (2.2.61), we define the quantities D,, := M,, — m,,. Moreover, let us
denote

1 /I'\4
T — (7) —67TA 1 — —AT\3 1 — —Aop, ’
1n 8N4 A € ( € ) ( e )

where o), = min{T,A{fA;A}gm}, for n > 1, and 09 = o as in (3.2.14). Then, I} = T'jp and

'y, € (0,1) if M,, > m,,. Now, we use Lemma 2.1.4 with ¢ € I,,, n € N. For n = 1, we have

r r
Dy =M, —my < MO—%(MO—mO)—mO—f(MO—mO) = (Mo—mo)(1—T10) = Do(1—Ty).

So, we find that Dy < (1 —T'19)Dy. Iterating the process of Lemma 2.1.4 we can find

Dypy1 £ (1 =T1,)Dyp, ¥n € N.
Let us denote
D
&(D) := min {7—, m},

so that o, = d(Dy,), Vn € N, n > 1. Moreover, let be

2 L DNt g “AT\3 —A&(D

(D) = W<X) e 01 — emATY3(] — —AG(D)y,
so that I'y,, = f‘l(Dn), Vn € N. Therefore, we have

Dyi1 <(1-T(Dy))Dy.

Then, { Dy, }nen is a non-negative and decreasing sequence. Let us calling D the limit of {D,, }en
and, passing to the limit as n goes to +oco in the above estimate, we find
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D < (1-Ty(D))D,
that is true if and only if T'; (D) < 0. This gives D = 0 and, noticing that,

(xi(t) — xj(t),v) < My —my =D,
for all i,j =1,..., N, we have that (z;(t) — x;(t),v) = 0ast — 4oo and for all 4,j =1,..., N.
The same holds for (y;(t) — y;(t),v), with 4,5 = 1,..., M, and for (x;(t) — y;(t),v), with i =
1,...,Nandj=1,..., M.
Notice that the result above can be obtained for each unit vector v € R?. In particular, by
considering the canonical basis of RY, {e;}¢_,, and taking v = e, we have that

|(zi(t) — x(t),en)| — 0,

ast — +oo, for all 4,5 =1,...,N and h = 1,...,d. The same happens to [(y;(t) — y;(t),en)|,
for all i,j = 1,..., M, and to |(z;(t) —y;(t),en)|, forall i =1,...,N and j = 1,..., M. Then,
the system achieves asymptotic consensus. O

2.3 Numerical simulations

In this section, we present some numerical tests for the system (2.0.1) in the one-dimensional
case, i.e., d = 1. We consider the weight functions a;;(t) and b;;(t) defined by

Y(r,r') =*(r,r’) = 1;(]7“ —7'), r,r’ €[0,+00).

Meanwhile, the weight functions €;;(t) and 7;;(t) are assumed to be constant.
In particular, we consider the functions

G(r) = e~ e [0, +00),

K, . .
K, . .
nzj(t).—m,VZG{l,...,h},]G{l,...,k},

with K5, Ko positive constants.

In Figure 2.1, the top two graphics illustrate a scenario where one population is larger than
the other, yet the influence of the leaders from the smaller population overpowers that of the
larger one (K; > Kj). As expected, the larger population tends to converge towards the
consensus of the smaller population. The bottom two graphics depict a similar scenario but
with equal influence from both sets of leaders (K; = K2). In this case, it is observed that the
larger population pulls the smaller one towards its consensus.

Moving to Figure 2.2, the top two graphics illustrate a scenario where the total number
of agents in both populations is equal, but the distribution of leaders differs (k = 4, h = 1).
Furthermore, the solitary leader in the second population holds more influence than the others
(K2 > K;). It is noticeable that the system tends towards a consensus closer to the initial aver-
age of the population with only one leader. This is due to the different normalization factors of
the weight functions. In the bottom two graphics of Figure 2.2, a similar scenario is presented,
but with equally strong influence from leaders on both sides (K; = K3).
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Figure 2.1: Time evolution of solutions with different time delays, number of agents N =

50, M = 5, number of leaders k = h = 1.
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Figure 2.3: Opinion formation in an ecological discussion: to the left, number of agents N =
M = 20, number of leaders k = h = 20; to the right, number of agents N = M = 20, number of
leaders k = 4, h = 20.

Here, it is observed that the consensus converges towards a mean value of the initial states.

In this work, we used a Hegselmann-Krause type model to explore social dynamics and
opinion formation in a set of two interacting populations, particularly in the context of discussing
ecology strategies and sustainable development. We conducted simulations to investigate two
different scenarios:

1. Equal Influence Scenario (Figure 2.3, Left): In this scenario, all agents are considered
equal, meaning the total population coincides with the leaders’ subgroup. However, only
one group has a mild influence on the other group (k =h =N = M, K; = 0.3, K3 = 0).
This could represent a situation with only one group spreading ecological information on
social media.

2. Asymmetric Influence Scenario (Figure 2.3, Right): In this scenario, one group has a
significant influence over a subgroup of the other population (K; = 30, K5 = 0, k < h).
This could represent a scenario where a community of scientists interacts with a leading
group in the other population, e.g., a politician’s group.

We observed that with a fixed time delay (7 = 5), consensus is reached more rapidly in the
second scenario. This implies that exerting a strong influence on decision-makers who, in turn,
influence the entire population, leads to faster consensus formation. Therefore, we conclude that
the most effective strategy for raising awareness on ecological topics is to exert a strong influence
on key decision-makers who can influence the entire population. This highlights the importance
of targeting influential individuals or groups in shaping public opinion and fostering consensus
on issues, e.g., related to ecology and sustainability.
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Chapter 3

Asymptotic synchronization of
Kuramoto oscillators

In this chapter, we focus on the emergence of frequency synchronization in (1.4.26) with some
interaction network and time delay, namely, we identify the class of initial configurations leading
to the fact that all oscillators tend to have the same frequency as time goes to infinity. To begin
with, we refer to basic concepts related to the direct graphs introduced in Chapter 1 Section
1.2.

For a solution 0(t) := (01(t),--- ,0n(t)) to (1.4.26), we want to prove the complete frequency
synchronization in the sense of Definition 1.4.1. We consider the phase and velocity diameters
as in (1.4.28). Along with those notations, we also set

D) = max. €2 — 1,

Dy(0) := max 0i(s)—0,(t and D,(0):= max wi(s)—w;(t)]. (3.0.1
o(0) 1§i,j§N,s,te[77,0]’ i(#)=6; (1)l w(0) 1§i,j§N,s,t€[f7-,0]| i(s)=w; (@) ( )
Let us now state our main asymptotic frequency synchronization results in a somewhat

rough manner. The precise statements are given in Theorem 3.2.7 (strongly connected case)
and Theorem 3.3.1 (all-to-all connected case).

Theorem 3.0.1. Let {0;(t)}Y., be a solution to the Kuramoto model (1.4.26) with initial data
(1.4.27). We have the following asymptotic frequency synchronization results.

(i) (strongly connected case) Assume the digraph G is strongly connected, i.e., each verter can
be reached from any vertex. Suppose that Dg(0) < m, 7 is sufficiently small, and K is
large enough. Then the time-delayed Kuramoto oscillators (1.4.26) achieve the asymptotic
complete frequency synchronization in the sense of Definition 1.4.1.

(it) (all-to-all connected case) Assume that all oscillators are connected, i.e., xi; = 1 for all
i,j = 1,...,N. Suppose that Dy(0) < m, T is sufficiently small, and k is large enough.
Then the time-delayed Kuramoto oscillators (1.4.26) achieve the asymptotic complete fre-
quency synchronization in the sense of Definition 1.4.1 exponentially fast.

The initial step of our analysis involves establishing a uniform-in-time bound estimate of
the phase diameter. Specifically, we demonstrate that for sufficiently large times, the oscillators
will be confined within a region of a quarter circle under suitable assumptions on the initial

39
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configurations. This bound estimate plays a critical role in unveiling the dissipation structure
of (1.4.26), and thus it serves as a foundational element for deriving the asymptotic frequency
synchronization result. Notably, our strategy improves the previous work [41] where the initial
phase diameter Dy(0) is assumed to be less than 7/2. In the case of an all-to-all connection,
i.e., the oscillators are all connected, we achieve a more robust result, namely an exponential
asymptotic synchronization estimate. These results extend previous results in the literature. In
particular, compared to [27], we introduce considerations for the network structure and pair-
dependent delays. Moreover, we significantly relax previous assumptions on the time delay size
(see e.g. [27, 79]).

3.1 Uniform-in-time bound of phase diameter

In this section, we provide the uniform-in-time bound estimate of the phase diameter. Specif-
ically, our goal of this section is to show that the phase diameter dy(¢) is bounded by some
de € (0,%) for any ¢ large enough under suitable assumptions on the initial configurations.
For this, we first start with the estimate providing the bound on the difference between the
time-delayed and non-time-delayed phases. Note that we can easily find

|wi ()] <[] + £ < max |Q] + k&,
1<i<N

foralli=1,---,N. Let us denote

R, := max || + &, (3.1.2)
1<i<N
then
wi(t)] < Ru, Yt >0. (3.1.3)

From (3.1.3), we deduce that for all i = 1,..., N,

/S t wi(r)dr

In particular, for all 4,7 = 1,..., N, we have

|0:(t) = 0i(s)| =

< Rylt—s|, Vs, t>0.

\Qi(t—nj)—ei(tﬂ SRWT, tzO

For the uniform-in-time bounded estimate of phase diameter dy(t), we need to use the dis-
sipative structure of the system (1.4.26). For this, motivated by [76], we define an ensemble of
oscillators as a convex combination denoted by

K
LI (Cip) =) e, 1<I<E<N,
i=l

where all ¢; are non-negative and Zf:l ¢; = 1. We also introduce notions of root and general
root in the definition below.

Definition 3.1.1 (Root and General Root).

(i) We say 0y is a root if it is not influenced by any other oscillators, i.e., i ¢ Ny for all i # k.
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(ii) An ensemble of oscillators Lf (Cik) is a general root if it is not influenced by any oscillators
excluded from the ensemble, i.e. j ¢ N; foralli € {l,...,k} andj € {1,... , N}\{l,... k}.

For the analysis, we use the following algorithm, denoted by .4, proposed in [46] for con-
structing convex combinations of oscillators.

Step I For any time ¢, we reorder the oscillator indices such that the phases are increasing
from minimum to maximum:

B1(t) < Ga(t) < - < On(1).

For the next steps, we introduce the following sub-algorithms:
(Aq): If fo (Ck,n) is not a general root, then we construct (from top to bottom)

N A
ax—1Ly (Cr,n) + Or—1
ap_1+1 '

Zn ) (Croan) =

(Ag): If L} (Cy,) is not a general root, then we construct (from bottom to top)

a1 LY (Cry) + 0141
£+ (o _ a1k (L +1

Step II  Since G is strongly connected, we have that Ziv (C’LN) is a general root, and ZkN (C’k,N)
is not a general root for k > 1. Therefore, we may start from 6y and follow the process A; to
construct ZkN (C_'k’N) until k£ = 1.

Step IIT Similarly, £V (QLN) is a general root and £} (Ql,l) is not a general root for [ < N.
Therefore, we may analogously start from #; and follow the process Ay until [ = N.

Remark 3.1.2. The coefficients in the above constructions are determined inductively according

to
Loy (Crorn) withay =0, Gy =n(2N —k+2) (@ +1), 2<k<N,

LYTHC i) withay =0, gy =n(k+14+N) (g +1), 1<k<N-1
or in summation form:

N—k+1

ar1= Y, WPEN-k+2j), 2<k<N,
j=1
k .

Qk+1:Z77]P(k+1+N7j)a 1§kSN_1>
j=1

where n is a positive parameter and P(m, k) denotes the k-permutations of m, i.e. the number
of permutations of k elements arranged in a specific order in a set of m elements:

m!

P(m, k) := k)

=m-(m—1)---(m—Fk+1).
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We now set
O =Ly (Cr), 0p=LE(Ciy). 1<k<N,

and define a non-negative gg(t) quantity which will be used to control the phase diameter:
qe ‘= gl - QN-

By using those newly defined notations, we state two lemmas on a monotone property of the
interaction term and a relation between gg(t) and dg(¢) whose proofs can be found in [76, Lemma
4.1] and [76, Lemma 4.2], respectively. Here, we notice that these lemmas depend only on the
graph structure.

Lemma 3.1.3. Consider the strongly connected network G, with phases well-ordered according
to A. Moreover, we assume that the phase diameter and free parameter n satisfy

1 1 2
1.4
do(t) < ¢ <&<m and n>max{sin§’cos(Rw7)’1—5}’ (3.1.4)

respectively. Then, we have

N
Z " ]12}\1} sin (0; — 6;) | <sin (0,;% —6n)
1=n jgil
and
n
Z v gl»lg?\;{ sin (9? — (9?) > sin (9@71 - 91) )
=1 =i
where
kn:= min j and k,:= max j forl<n<N.
SRV Y " GEULN

Lemma 3.1.4. Consider the strongly connected network G, with the coefficients of the convex
combinations satisfying the conditions according to algorithm A. Then we have

Bdy(t) < qo(t) < d(t) with =1 — 727,

where n satisfies (3.1.4).

We next provide a result concerning the dynamics of gy(t), which will serve as a cornerstone
in deriving our phase bound.

Lemma 3.1.5. Let {0;(t)}, be a solution to the Kuramoto model (1.4.26) on a strongly con-
nected digraph G, with initial conditions satisfying

DQ(O) <.

Let ¢ and & such that Dy(0) < ¢ < & <7 and let dso,n be two parameters such that

T 1 1 2
doo i 77d ) i ’ ’ ’
<In11’l{2 9(0)} 7]>H1&X{Sln€ cos (RyT) 1—2}
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where Ry, is the bound on the velocities defined in (3.1.2). Assume the following conditions hold:

Bdso
(1 + %) 2N — e

¢ ) (D() 4+ 2k sin(R,7)) (N —1)c 1
¢ — Dy(0) 2 cos(R,,T) Bdso’

tan(R,7) <

doo+RwT<g, /-c><1+

where
(S5 PN, +1)¢

sin &

C =

Then we have
do(t) < &, Vite[0,00)

and

2k cos(Ry,T)

do(t) < D(Q2) + 2k sin(Ry,T) — V- 1)c

q(t), a.e. te0,+00).

Remark 3.1.6. From Lemma 5.1.5, by applying the Gronwall’s lemma, we find

In particular, we obtain

(D(2) 4 2k sin(Ry,7)) (N — 1)c
2k cos(Ry,T)

w() SmaX{de(O), } vt € [0, 00).

Proof of Lemma 8.1.5. Let us denote Q3; and €2, the maximal and minimal natural frequency,
respectively, i.e.
Qup = max Q; and Oy := min €.

i=1,....N i=1,...,

We proceed with the proof in three steps.

Step I We first define a set S := {T' > 0:dp(t) <&, VYt €[0,T)}. Since Dy(0) < & and dp(t)
is continuous, the set S is non-empty. Thus, we can set T* := supS. We claim that T* = +oo.
Suppose not, i.e. T* < +o00, then by the continuity of dy(t) we get

do(t) < & Vte[0,T), do(T*) =¢.

Next, we divide the time interval into sub-intervals in which no two oscillators overlap,
'
0,7 =J 7, Ji=[t1,t),
=1

where the end-points ¢; are the times at which such an overlap occurs. We then apply the
well-ordering of phases in each interval:

91(15) < 92(t> <...< QN(t), teJ.
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Step II We claim that for 1 <n < N

- . K cos(R,T) al i—n e
On(t) < Qur + Ksin(R,7) + N =)@+ 1) ;n ]Hel/l\rflz sin (0;(t) — 6;(t)) - (3.1.5)
- J<i

For this, we use the inductive argument. Note that 6y = 0y, and thus by mean-value theorem,
we obtain

On(t) =Qn + NK_ 1 Z sin (0;(t — 7jn) — On(t))
JENN
= Qg 2 sin (6,00 = On(0) = 5(t50)73 )
JENN
< Qb e 3 [sin (6,(0) — (1) cos(d () mav) — cos (65(0) — Oy (1) sin(d (E}) )
N -1
JENN

< Qur + ksin(R,T) +

K o
N1 cos(Ry,T) min sin (0;(t) —On (1))

for some ¢y € (t —7jn,t) and all t € [0,7*). This shows that (3.1.5) holds for n = N. Now we
assume that (3.1.5) holds for n € [2, N — 1]. Note that

K .
N1 > sin(6;(t — (1)) — On-1(t))
jE./V’n71

< ksin(R,T) + ﬁ Z + Z sin(0;(t) — 0,—1(t)) cos(éj(t;(n_l))Tj(n,l))

jEanl je./\/nfl
j<n—1 j>n—1

K

< i (0 () — 6. (0. (1) — . '

< ksin(R,T) + N1 COS(RwT)jEIIlN}nn_I sin(0;(t) — On—1(t)) + N1 jGNE sin(0;(t) — Op—1(1))
j<n—1 CNn—1

By using the above together with

Gn—1

n + 1

=n2N —n+2)=nN+n+n(N—-n-+1),
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we estimate

A d C_lnflg_n"i_gnfl an—1 7 1 i
en, = — e 977, _7977‘7
! dt < Ap-1+1 ) Ap—1+ 1 + Ap—1+1 !
a Kcos(RuT) o
n—1 . w i— . .
— [ @ w e 0:(t) — 0;(t
N M + ksin(R T)+(N—1)(Ezn+1)zn 31221\/1151n(]() (1))
=" j_'l
1 K )
o [ty Z sin(0;(t — Tjn_1)) — On—1(t))
]Eanl
K cos(R,T)N al
1 w i—n+1 _ - . ) .
< Qpr + wsin(R,7) + N D@ 1) Zn ]rgi\rfll sin (0;(t) — 6;())
=n jii
kK cos(Ry,T) al
) 1—n+1 0. _9 . (0. ( _en_ "
(N — D(ap_1 + 1) 277 JII'EIJI\%SIH( ;(t) ())—i—jelenrilsm(J() 1(1))
1=n ]SZ ]Sn—l
K N
T D@t "W T D eos(Rer) Zn“” ]rgér; sin (6; — 0;) + jG; lsin (0; — 1)
i=n j<i e

j>n—1

Here, the third term on the right-hand side is nonpositive, and the fourth term can be written
as

K cos(Ry,T) i—(n—1)
0;(t) — 0;(t
(N—l)(an_1+1) Z n ;TEI}\%SIH( J() l( ))

1=n—1 j<i
Thus, to prove (3.1.5), it suffices to show that the last term is nonpositive.

We first observe from Lemma 3.1.3 that

Zn mlnsm (6; —0;) <sin (912 —HN), k,:= min j.
" jeUN  N;
JSZ
We then consider the case { > 5. If Oy —0; < 7, then by noticing k, <n—1and ncos(R,7) > 1,

= 9
we find

N
n(N —n+1)cos(R,T) Z n" ]IIGI}\% sin (0; — 6;) + | Z sin (0; — 6p—1)
i=n j<i JENn—_1
j>n—1
< (N —n+1)cos(Ry7)sin (0, —0n) + (N —n+1)sin(0n — On_1)

<0.

On the other hand, if § <6y — 0 <&, we use

1 . .
n> SnE and  sin (0y — 6y, ) > sing

to see 7 sin (QEN — GN) < —1, and this gives the nonpositivity of the last term. The case for
§ < 5 follows similarly.



46 CHAPTER 3. ASYMPTOTIC SYNCHRONIZATION OF KURAMOTO OSCILLATORS

We now use (3.1.5) and Lemma 3.1.3 for n = 1 and find that

~ ) K cos(Ry, i1
< .
01 < Qu + ksin(R,7) + N 1)(a1 + Zn JHGZ\% sin (0; — 6;)
A
. IiCOS( T) )
< Qur + ksin(R,T) + N D@ +1) sin (9,;1 — HN)
K cos(Ry,T)

= Qu + ksin(R,7) + sin (01 — 6n),

(N—=1)(a; +1)

where we used the strong connectivity of G, and which completes the process for A;.

Step III  We can similarly build from bottom to top with Ao to arrive at

On(t) > Qp — ksin(R,7) + o RCOS)((GN ) an 1;%1\1/1 sin (0; — 6;)
§>i
> Qpy — ksin(R,7) + (NH_C(iS)(f;T_i)_ 0 sin (HEN — 91)
= Q — ksin(R,7) + (NH—COlS)((Rci::? 0 sin (Oy — 61),
from which we obtain
Go(t) < D(Q) + 2k sin(R,T) — (iicijgiw:—)l) sin (Oy — 61)
2k cos(RyT) 1

< D(Q) + 26sin(R,T) —

— . sin (O — 61),
N—-1 ¥ lpiP(2N,j)+1

where we used

N-1
a = » WP (2N,j).
=1

Since the function Sh;x is monotonically decreasing in (0, 7], we obtain

sin (O — 01) > 225 (9 — 61) .
Moreover, since qg(t) < On(t) — 601(¢),
do(t) < D(Q) + 2k sin(Ror) — Wq(t) (3.1.6)

for a.e. t € (0,7*). Then, by Lemma 3.1.4 and Remark 3.1.6, we further have

(D(Q) + 2k sin(R,7))(N — 1)0}
2k cos(Ry,T) '

Bdg(t) < qo(t) < maX{DQ(O),

On the other hand, by the hypotheses, we get

Dy(0) < ¢ ¢ (D(2) 4 2k sin(R,7)) (N — 1)c

B B 1-2 28k cos(R,T)

n

<& and < doo < (<,
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and hence,
1 (D(2) 4 2k sin(R,7))(N — 1)c
=dy(T") < = D .
§=do(T7) < B max{ 0(0), 2k cos(R,T) <¢
This is a contradiction, and thus 7% = oo, i.e. dy(t) < £ for all [0,00). Moreover, (3.1.6) holds
for a.e. t € (0,00). O

Lemma 3.1.7. Let {0;(t)}, be a solution to the Kuramoto model (1.4.26) on a strongly con-
nected digraph G and assume the hypothesis of Lemma 3.1.5 holds. Then, there exists a finite
time t,. such that
do(t) < dss  fort € [ts,+00). (3.1.7)
Proof. We first observe that
(D(2) 4+ 2k sin(R,7))(N — 1)
2k cos(Ry,T)

© < Bdao < Bdy(0) < go(0). (3.1.8)

Now, we set

Then f(t) is continuous on [0, c0), monotonic, and

tllglo F(t) = (D(2) + ifzsclons((];z:—)))(]\f — l)c.

Here, in the limit’s formula, we dropped an intermediate step not clear to us. This together
with (3.1.8) yields that there exists ¢, > 0 such that

F(t) < Blus, V€ [t 00).
Then, we now use Lemma 3.1.5 and our Grénwall inequality to conclude
1
S —
g
This completes the proof. O

do(t) < = f(t) < doo, V1t E [te,0).

3.2 Asymptotic synchronization: strongly connected case

In this section, we discuss the asymptotic frequency synchronization result for solutions to
system (1.4.26), i.e., the frequency-diameter decays to zero as time tends to infinity. For this,
by differentiating the system (1.4.26) with respect to ¢, we obtain

d .
%Hi(t):w(t), 1=1,...,N, t>0,
d K (3.2.9)

ZXik COS(Qk(t — Tz’k) — Hz(t))(wk(t — Tik) — wi(t)).
k#i

In order to prove the diameter decay estimate for solutions to the above second-order system,

=5

we need some preliminary results.

In the rest of this section, we assume that the hypotheses of Lemma 3.1.5 are satisfied. Then,
(3.1.7) holds for t > t, > 0. Without loss of generality, we may assume ¢, > 7, and we deduce
the following estimates.
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Remark 3.2.1. If {0;(t)}Y, is a global solution of (1.4.26), then
10:(t = 7ir) = 05(8)] < 10:(t — 7ir) — 0a()] + 16:(2) — 6;(2)]
< R,T+ d@(t)
g}@7+dm<gQVt2m.

Thus, if we denote &, = cos (RMT + doo>, we have that

cos(B;(t — 7i) — 0;(1)) > &, > 0, Vit > t,. (3.2.10)

Let us denote

Tj = Q%{Tﬁ} and 19 = i_min {m:}.

Definition 3.2.2. We define two numbers, My and myg, as

0 iy g ) and o= i, iy ) (3:21)

respectively, where I} := [t. — 7;, t.].
First, we show that the velocities remain bounded. Indeed, we have the following lemma.

Lemma 3.2.3. Let {0;(t)}Y, a global classical solution of (1.4.26). Then, for alli=1,...,N,
we have
mo < w;(t) < Mo, (3.2.12)

for all t > t, — 7;, with mg and My given by (3.2.11).

Proof. Fix € > 0 and let us set

TC {t>t* : ‘7maXNwi(s)<M0+e Vse[t*,t)}.

i=1,...,
Since the inequality (3.2.12) is trivial in [t, — 74, t4], 2 = 1,..., N, by continuity we deduce that
T¢ # 0. Let us denote 8¢ := supT¢. By definition of 7€, trivially S¢ > 0. We claim that
S€ = 400. Assume by contradiction that §¢ < 400. By definition of §¢ we have that
‘ qlawai(t) < My+e, Vi€ [t,S°),
i=1,...,

and

lim max w;(t) = My +e.
t—Se— i=1,....IN

For every i = 1,..., N, Vt € (t,,S¢), we obtain

Senlt) = o
"""’ N-1

Z Xik COS(Qk(t — Tik) — Gz(t))(wk(t — Tik) — wi(t)).
k#i

Note that, from (3.2.10), cos(0x(t — 7)) — 0i(t)) > 0, for all i,k = 1,..., N, and for every ¢ > t,.
Moreover, if t € (t,,S¢), then t — 7, € (t, — 7,S¢) and thus,

Wk(t_Tz‘k) < My+e VE=1,.. N.
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Then, it follows from (3.2.9) that

iw-(t)< r
- "7~ N-1

ki

49

> Xk cos(O(t — i) — 0:() (Mo + € — wi(t)) < k(Mo + € — wi(t)),

where we used that also w;(t) < My + €, for all i« = 1,..., N, and thus, My + € — w;(t) > 0.

Moreover, we used the fact that Zk# ik <N —1,foralli=1,... N.
Using the Gronwall’s lemma, we find that

t
wi(t) < e—li(t—t*)wi(t*) + w(My + E)/ o—H(t=5) 4

t*
= e*“(t*t*)wi(t*) + (Mo +e€)(1 — e*”(t*t*))
< e—ﬁ(t—t*)MO + My +e— e—n(t—t*)MO _ Ee—n(t—t*)
= My+e— ceMlt—te) < Mo+ € — ce (St
This implies
. I{laXNwi(t) < Mo+ e—ee "5 vie (t,,89.
i=1,...,
Taking the limit for ¢ — S¢, we have that

lim  max w;(t) < Mo+e—ee ")

t—S¢— 7/:177N

< My + e,

and this gives a contradiction. Then, §¢ = +00, and subsequently, we arrive at

‘max w;(t) < Mp+e, Vit>t,.

i=1,...,N
Since € > 0 is arbitrary, we conclude that

(t) < M,
i:rféwaz( ) < My,

and then
wi(t>§M0, VtZt*—Ti, Vi:1,...,N.

Applying the above argument to —w;(t), t > t., we have

—wi(t) < max  max {-w;(s)} =— min min  w;(s) = —my.

=1, ;N s€[ts—Ti,ts] J=1,...,N s€[ts—T4,tx]

Hence we deduce
wi(t) Zmo, Vtzt*—n, Vi:1,...,N.

This concludes the proof.

O]

Without loss of generality, being system (1.4.26) invariant by translation, we may assume

0 < mg < M.
Definition 3.2.4. For all n € N we define the quantities M,, and m,, as

M, := max max w;(t) and my:= min min w;(t),
i=1,....,N tel} i=1,....N tel}

respectively, where If := [2ynT + t,. — 73, 2ynT + t.].

(3.2.13)
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Note that, for n = 0, from (6.2.36) we obtain the constants already defined in (3.2.11).
Remark 3.2.5. Arguing as in Lemma 3.2.3 we have that
mp, < wi(t) < My,
for alln e N and t > 2ynt + t, — 7;.

Now, recalling the definition of R, (3.1.2), we define the quantities:

. My —mg
_ Mo —mo 3.2.14
0 := min {To, iR }, ( )
and
Pim (L5 ) o1 - ey - o), (3:2.15)
N-1

The following lemma extends to the network structure an argument of [50], as we did in
Chapter 2.

Lemma 3.2.6. Let {0;(t)}}Y, a global classical solution of (1.4.26). Then,

r

T
mo + E(MO —myg) < w;i(t) < My — §(M0 —mg), tE [te+ (27— 1), ts + 2797],

foralli e {1,...,N}, where T is defined by (3.2.15).

Proof. Let L € {1,...,N} such that wy(s) = mg for some s € [t. — 71,t.]. Since it is true
that wr(t) < R,, then we have that |wr(t)| < 2kR,,. Therefore, one can find a closed interval
[ar, BL] C [t« — 7L, t«] of length o, defined as in (3.2.14), such that

My + mg

2 ) le [aLvﬁL]‘

mo < wr(t) <

Let i1 € {1,..., N} \ {L} such that x;;, = 1 and 75, = 77. Consider ¢ € [ar + 71, 51, + 71
From the equation (3.2.9) we have:

(1) = 5 3 iy 080300 = 7s) = 05 () st — i) — i, 1)
+ Nﬁ_ 7 cos(OL(t = 7iiz) = 00y () (W (¢ = 7ir1) = wir (¢)).

Notice that

> xijcos(85(t — i) — 0:(t) <> xi5 = Ni.
j#i J#
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Then, using Remark 3.2.1, for t € [ar, + 71, B + T1], we estimate

W) = 2 (t = 7irj) = 03y (1)) (Mo — wi (1))
J#L

b cos(Ot — 7iyn) — 01, () (g 0 i, (1)
< g (Niy = cos(OL (¢ = 73,.) = 03, (1)) (Mo — wi, ()

e cos(0L(t = 7i,1) — 05, (1) (M ~wi (1))
= = (N, = cos(OL(t = 7,2) = b (£))) (Mo — wy, ()

+ 7 cos(BL(t = 7iy) - eil(t»(Mo -2F 0 — i (1)) + e cos(0L(t = Tinz) — 05, () Mo
= S N Mo — cos(B1(t — 7in) — 0, (1) s 0 — TN, (1)
Y e )

Integrating the above inequality over ¢ € oy, + 71, 81, + 71| gives

5N (l—or — 1 My — KN (l—ar—
Wiy (t) < efﬁNzl(t ar, TL)Wil (aL + TL) + Ni(NhMO 5* 0 mo)(l e = Nig (t—ar TL))'
i1
Putting t = B, + 71 we find
-5 Ny o 1 O—mO — =N, o
wiy (Bp +71) < e NI lwil(aL+TL)+N. i )(1 —e N-1717)
M " . (3.2.16)
< Mn — 1_6—ﬁNi1‘7 *M
< Mo — ( )€ 2N,
Denoting
5* E o mo
5_ 1 — e va (1——),
N e =3
from (3.2.16) we have that
wiy (Br +71) < (1 —0-)Mp. (3.2.17)
Consider now t € [Br, + 71, t« + 27y7]. Note that
d
L (1) = 1 05t — 7i13) — O1y () (05t — 75 — 1, (1)
J#Fu
K
< ﬁNil(Mo — wi, (t)).

Integrating over (81 + 71,t] with ¢t € [ + 71, t« + 27|, we obtain

wiy (t) < em v NP, (B 4y 4 (1 — em mr N (=TT g
< efﬁNﬁ(t*BL*TL)(l _ 5—)MO + (1 e N’i1Ni1(t*BL*TL))M

< My(1 — e~ m1Vu27s_ ),
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where we used (3.2.17). Using 1 < N;, < N — 1, we find
wi, (1) < Mo(1 — e "76_), t € [Br + 71, ts + 277). (3.2.18)

Consider now iy € {1,...,N} \ {i1} such that x;,;, = 1 and consider ¢ € [t. + 27,t, + 2v7].
Again, from equation (3.2.9) we have

d K

GWie(t) = v ; Xing €08(0(t — Tigj) — 0y () (w; (t — Tizj) — win (1))
i
g €080 (= i) = O (1) iy (1 = Tigiy) = win (1)
< g (Nia = cos(Bi (£ = Tigi) = 05, (1) (Mo — i (1)
g 008(Bi, (¢ = Tiiy) = 0ia(£) [Mo(L = €776 iy 1)
< NH_ 1MO(Ni2 —e TS ) — ﬁNizwiz (t),

where we used (3.2.18). Integrating over [t, + 27,t] with t € [t. + 27, ¢, + 27| deduces

1— e N (t—t—27)
N-1

wiy (t) < My [1 — e TTES (

Then, for t € [t. + 37,t,« + 27|, we have
—K2vT l1—e ]\?Zl
win(t) < Mo (1= 768 (=)

Iterating this process, along the path starting from 4;, we obtain the following upper bound:

KT n—1
1—e N1
i (t < M |1= —H2’y7‘6_ n—1( > ~ = -
W n( ) = 0 € 5* < N_—1 ) )
with n such that 2 <n <~ and t € [t + (2n — 1)7, t« + 2797].
Note that, being the digraph strongly connected, from 7; one can reach any other state along
a path of length less than or equal to the depth ~. Therefore, for all i = 1,..., N, we have

1—e N-1

wi(t) < Mo 1—6—“2”6_63‘1< "

v—1
) . te b4+ (2y = D7t +297]. (3.2.19)

Now, consider the state R € {1,..., N} such that wgr(s) = My for some s € [t, — TR, ts].
Again, we can find a closed interval [ag, Sr] C [t« — TR, t«] such that

mo + My

5 <wr(l) < Mo, t € [ar, Br]

Using arguments analogous to the previous ones, we find a lower bound for all w;(t),7=1,..., N:

KT
1—e ~-1

wi(t) >mo |1 +e ™75, 6)7" ( N1

v—1
> , tE [t + (27— D)7, ts + 297, (3.2.20)
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with

- 2(N§*_1)(1 - ezv“l")(”]\i) - 1).

Finally, recalling definition (3.2.15), from (3.2.19) and (3.2.20), we can find the final estimate
r r
mo + 5 (Mo —mo) < wi(t) < Mo — o (Mo — mo),
fori=1,...,N and t € [t + (27 — 1)7, tsx + 277]. O

We are now able to prove the main result of this paper.

Theorem 3.2.7. Let {0;(t)}}Y, be a solution to the Kuramoto model (1.4.26) on a strongly
connected digraph G, with initial data (1.4.27). Assume that the hypotheses of Lemma 3.1.5 are
satisfied. Then, the Kuramoto oscillators with delayed coupling achieve the asymptotic complete
frequency synchronization in the sense of Definition 1.4.1.

Proof. We define the quantities D,, := M,, — m,, and

Ly = (Néi 1)76_5277(1 — e M) — TN,

where o, := min{, A{ﬁ{%’f” }. Then, I'y is the constant I' defined in (3.2.15) and T',, € (0,1) for
all n > 0. Now, we use Lemma 3.2.6 on the intervals J,, := [t. + (2yn — 1)7,ts + 2yn7], n € N.
For t € J; we get

D1 = M1 — ma
= max max w;(t) — min min w;(t)
i=1,...,N teI} i=1,...,N ¢t}
Lo I'o

< M, — 7(M0 —mp) — mg — ?(Mo — my)
= (Mo — mo)(1 —T)
= Dy(1 — Tp).

Thus, we find that Dy < (1 — T'g)Dyg. Iterating the argument gives

Dn+1 < (1 - Fn)Dm Vn € N.

Let us denote

(D) := min {7’0, 4’5%},

so that o, = 6(D,,) for n € N. Similarly, let us denote

~ * _ _ _KT _ 7@
T I )

so that T',, = T'(D,,) for n € N. Then we find

Dn+1 < (1 - F(Dn))Dnu
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and subsequently, {D,},en is a non-negative and decreasing sequence. Passing to the limit
n — oo in the above estimate, and denoting D the limit of {D,, },ecn, we have

that is true only if f‘(D) < 0. This gives D = 0 and, noticing that, from Lemma 3.2.3 and
Remark 3.2.5, for further times to respect J,,, we have w;(t) — w;(t) < M, —m, = D, for all
1,7 =1,..., N, we conclude that

jwi(t) = wj ()] = 0,

ast — +ooand forallé,j = 1,..., N. Then, the system achieves asymptotic synchronization. [

3.3 Asymptotic synchronization: all-to-all connected case

In this section, we consider the Kuramoto oscillators with delayed coupling in the case of all-

to-all connection, i.e. x;; =1, for all 4,5 = 1,..., N. In this case, the system (1.4.26) reduces
to
d K . ,
—0it) = Qi+ gsm(ek(t — k) — 0i(t)), i=1,...,N, t>0, (3.3.21)
7

subject to the initial data (1.4.27).

Different from the strongly connected case, in the all-to-all connected case, we prove the
exponential frequency synchronization of system (3.3.21), i.e., the frequency-diameter decays to
zero exponentially fast as time goes to infinity.

To be more specific, our main result of this section is the following.

Theorem 3.3.1. Let {0;(t)}}, be a global-in-time solution to the Kuramoto model (3.3.21)
with initial data (1.4.27). Assume that the hypotheses of Lemma 3.1.5 are satisfied. Then, the
time-delayed Kuramoto oscillators achieve the asymptotic complete frequency synchronization in
the sense of Definition 1.4.1 exponentially fast. More precisely, we have

dy(t) < Ce M forall t>0,
where ¥ and C are positive constants depending on R, k, and T.

To prove Theorem (3.3.1), we need some preliminary lemmas (cf. [27, 70]). In the whole
section, we assume that the hypotheses of Lemma 3.1.5 are satisfied.
First, extending (3.0.1), we define, for n € N,

Dy(n) = i(s) — 6,

j = max 16() 0,00
$,tE[tx+(n—1)Ttx+nT]

Din)= max — |wi(s) —wi(t)]

s, tE€[tx+(n—1)T,tx+nT]

where t, is the time in (3.1.7).
The following lemma generalizes Lemma 3.2.3. We omit the proof since it is analogous to
the previous one.
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Lemma 3.3.2. Let {0;(t)}, be a solution to the Kuramoto model (3.3.21) with initial condi-
tions (1.4.27). Then, for any T > t., we have

min _~ min  w;(s) <w;(t) < max  max w;(s)

j=1,...,N se[T—,T] j=1,..,N s€[T—7,T]
forallt>T —7 andi=1,...,N.
From Lemma 3.3.2, we deduce the properties below.
Lemma 3.3.3. For everyn € N andi,j=1,...,N, we get
lwi(s) —w;(t)| < D(n), Vs, t>t,+(n—1)r

Proof. Fixn € Nand i,j = 1, ..., N. Without loss of generality, taken s,¢ > t,+ (n—1)7, we can
suppose w;(s) > w;(t). Then, using the Lemma 3.3.2 with 7' = ¢, + n7 and Cauchy-Schwartz
inequality, we have

wils) = wj(t)] = wils) — w;(t)

< max max wi(r) — min min wi(r)
I=1,...,N r€[ts+(n—1)7,tx+n7] I=1,...,N re€[ts+(n—1)7,t«+nT7]
< max max lwi(r) —wi(o)| = D5 (n).

T Lk=1,..,N r.o€[ts+(n—1)T,t+nT]
This completes the proof. O

Remark 3.3.4. Note that, from Lemma 3.3.3, for n = 0, we find |w;(s) — w;(t)| < DZ(0).
Moreover,
Dl (n+1) < Dl(n), Vn e N.

Lemma 3.3.5. Foralli,j=1,...,N and n € N, we have that
wilt) = w;(t) < e 0 (wi(ty) — wj(to)) + (1 — e =)D (n), (3.3.22)
for all t > to > t. + nt. Moreover, for all so,to € [t« + n7,tx + (n + 2)7], we obtain
wi(te + (N +2)7) — wj(ts + (n+2)7) < e 27 (w;(to) — w;(s0)) + (1 — e 2*T)Df(n).  (3.3.23)
Proof. Fix n € N and let us denote

M} = max max wi(t) and m; := min min w;(t).
i=1,..,N t€[tx+(n—1)7,tx+n7] i1=1,..,N t€[tx+(n—1)7,tx+n7]

Note that M) —m» < D} (n). For alli=1,...,N and t > tg > t, + n1, we write
d K

%wi(t) = N_1 %ﬁ:@ COS(Qk(t — Tz’k) — Hz(t))(wk(t — Tik) — wi(t))
<+ g cos(0k(t = 7ik) — 0:(6)) (Myi_y = wi(1),

where we used the fact that t — 75 > ¢, + (n — 1)7. By Lemma 3.3.2, since ¢t > ¢, + n7, we get
wi(t) < My¥_,, that implies M*_; — w;(t) > 0. Then we write

n

wi(t) < w(My_y —wi(t)).

dt
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Applying Gronwall’s lemma, we find
wi(t) < e "ty (1) + (1 — e F ol agx (3.3.24)
Similarly, for all ¢ = 1,..., N and t > tg > t, + n7, we deduce
wi(t) > e 0w, (o) + (1 — e 0y

(3.3.25)

Therefore, for i,5 =1,...,N and t > tg > t. + n7, we have

wilt) — w;(t) < e H(t=to) , i(to) + (1 — —H(t—to))M* - —n(t—to)wj(to -1 _e—n(t—to))m*
= e ") (wito) — wj(to)) + (1 — e ") (M —
< e 1 (wi(to) — wj(to)) + (1 — ) Dy ().

This gives the first assertion (3.3.22).
For (3.3.23), from (3.3.24) with t¢ € [t« + n7,t« + (n+2)7] and ¢ := t, + (n + 2)7 we find

Wil + (n+2)7) < R EFEFIT0) (1) 4 (1 — Rt (T2 T—t0))
= e Rt (H2)7—10) (u(40) — M*_ ) + MF_,

)
my,_1)

n—1

Y ) ) (3.3.26)
< e M(wilto) — My ) + My,
= e 2 Tw;(to) + (1 — e "T)M;_,.
Similarly, from (3.3.25), for any j =1,..., N and sg € [t + n7,t. + (n + 2)7]| we have
wilts + (4 2)7) > e 2 Twi(s) + (1 — e 2 )yms_;. (3.3.27)
Combining (3.3.26) and (3.3.27), we arrive at (3.3.23), and this completes the proof. O

Lemma 3.3.6. For alln € N, we have that
Di(n+1) <e "d,(ti + nT)+ (1 — e "")D} (n).

Proof. Fix n € N and let 4,5 = 1,..., N, s,t € [tx + n7,t. + (n + 1)7], such that D} (n+ 1) =
lwi(s) — wj(t)]. Notice that if |w;(s) —w;(t)| = 0 then it is obvious that

0=D;(n+1) <e "dy,(ts +n1) + (1 — e ") D} (n).

Then, we now suppose |w;(s) — w;(t)| > 0 and, without loss of generality, we may assume
wi(s) > w;(t). From (3.3.24) with tg = t, + n7, we get

wi(s) < e_”(s_t*_m)wi(t* +n7)+ (1 — e_”(s_t*_"T))M:;

= e (i (b, + 7)) — M) + M.

Thus, since s < tx + (n + 1)7, we obtain
wi(s) < e "(wi(te +nr) — M) + My = e "wi(ts +n1) + (1 — e ") M.
Analogously, we have that
wj(t) > e Twi(ty +nt)+ (1 —e "")my,.
Therefore, we conclude that
Di(n+1) <e "(wi(ts + n1) —w;(te + n1)) + (1 —e ") D} (n)
< e "dy(ty +n7) 4+ (1 — e "7)DJ(n).



3.3. ASYMPTOTIC SYNCHRONIZATION: ALL-TO-ALL CONNECTED CASE o7

Before proving our main result, we need a further lemma.
Lemma 3.3.7. There ezists a constant C € (0,1) such that
dy(ts +n7) < CD}(n —2),
for all n > 2.

Proof. 1f d,(t. + nT) = 0, then the assetion is obvious for all C' € (0, 1). Then, let us suppose
dy(ts«+mn7) > 0. Fix i,j =1, ..., N such that d,(t, + n7) = |w;(tsx +n7) —w;(t. + n7)|. Without
lost of generality, we may assume w;(t« +n7) > w;(t, +n7). As before, we consider the following
quantities:

»_ 1= max max wi(s)
I=1,...,N s€[ts+(n—2)T,tsx+(n—1)7]

and

min min wi(s).
I=1,...;N s€[tx+(n—2)7,tx+(n—1)7]
Then we get M*_ | —m»_; < D} (n—1).

Let us distinguish two cases.

Case I: Suppose that there exist tg, sg € [t« + (n—2)7, t, +n7] such that w;(ty) —w;(so) < 0.

Then, due to (3.3.23) we have
du(ts +n7) < e 2 (w;i(to) — w;(s0)) + (1 — e *T)D}(n — 2)
<(1—e D} (n —2).

Then, the assertion follows in this case.
Case II: Suppose that w;(t) —w;(s) > 0 for all t,s € [t. + (n — 2)7,t, + n71]. Then, for
t € [ty + (n — 1)7,tx + n7] we obtain

* J—
Mp—1 =

d K
0= 0) = 57 3 eosOu(t =7 =00k~ ) —al0)
_ N“_ - > " cos(O(t — k) — 0;() (Wit — k) — w;(t)
k#j
= Nli 1 g&; cos(Ok(t — mir) — 0;(¢))(wi(t — Ti) — My + M1 — w;(t)) (3.3.28)
™ ﬁ Z cos(Ok (t — Tjk) — 0;(8))(wj(t) — my_q +my_y — wi(t — 7jx))
k#j
=51+ 5.

Since t € [ty +(n—1)7, t,+n7], we get t — 735 € [ts +(n—2)7, t,+(n—1)7] foralli,j =1,...,N.
Thus, it follows from Lemma 3.3.2 with T = t, + (n — 2)7 that

mi_y <wp(t) <M, and mi_; <wp(t— 1) < My,

for all i,k =1, ..., N. Then, we estimate

1= g cos(O1(t — 7ik) — 0:(£)) (wi(t — 7)) — M)
T > eos0ut =) =B My o) (33,20
< NF”_ & D (Wil = 7ik) = M) + K(M;;_; — wi(t)),

ki
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and
K *
S2i= 1 Z cos(0x (t — Tjk) — 0;(2)) (w;(t) —my, 1)
k#j
R *
TN 1 Z cos(O(t — ) — 0;(t)) (Mg 1 — wi(t — Tjx)) (3.3.30)
k#j
* K *
< Klwj(t) —my, 1) + ﬁf* Z(mn—l — wi(t = Tjk)),
Py

where &, is the positive constant given in (3.2.10). Putting (3.3.29) and (3.3.30) in (3.3.28), we
have

) =a05(1)) < KMy — i) = K(en(t) — (1)
+ N/i & ;(Wk(t — Tik) — My_y)
e 2 (mi —wnlt = ).

k#j

Notice that, since wi(t —7) — M _; <Oforalli,k=1,...,N and t € [t,+ (n—1)7,t.+nT7]
and j # ¢, we can write

D (wn(t = 7in) = M) < wj(t —7i5) — Myy_y.
ki

Analogously,

D iy = wi(t =) < mih_y — wilt = 750).
k#j
Therefore, we obtain

L nlt) — ws(0) < w1 = 22 ) Moy — i) — (en(t) — (1)

g st = 7ig) = wilt = 7))

< (1 2 ) My i) — snt) — w5 (1),

where we used the assumption w;(t) —w;(s) > 0 for all t,s € [ty + (n — 2)7,t, + n7].
Applying now the Gronwall’s lemma over [t,t, + n7], with ¢ € [t. + (n — 1)7,t, + n7], we
deduce

wi(t) — w;(t) < e "D ik, + (n = 1)7) — wj(te + (n — 1)7))

-
+(1-

MLy = _y)(1 = T,

&x
N -1
For t =t, + n7, we get

dy(te +n7) <e " (wi(ts + (n — 1)7) —w;(ts + (n — 1)7))

' <1 - Ngi 1>(M571 —my 1)1 —e")

< (1- 3250 ) Do - 2).
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*
n—1

where we used that M} _; —m’_; < D} (n — 1) and the monotonicity property of D} (n).

Finally, we set

€
N -1

to conclude the desired result. O

C = max{l—e*Q’”,l— (1—67'{7)} >0

Now, we are ready to prove the exponential synchronization estimate for the system (3.3.21)
with (1.4.27).

Proof of Theorem 3.3.1. Let {0;(t)}Y, a global classical solution of (3.3.21). We claim that
Di(n+1)<CDi(n—2), ¥Yn>2
for a suitable constant C' € (0,1). Indeed, for n > 2, applying Lemmas 3.3.6 and 3.3.7, we obtain

< e "Tdy,(ty +n1)+ (1 — e ") D (n)

<e "CDL(n—2)+ (1 —e "")D}(n)

<e "CDL(n—2)+(1—e "")D}(n—2)
=D (n—2)[1—e " (1-C)].

Denoting

Ci=[1—e"(1-0C),

we have the claim. This implies that
D! (3n) < C"D!(0), Vn>1.

Then, we have that
DX (3n) < e 3" DE(0), VneN,

‘—iln l
Y=\ E)

Now, fix i,j = 1,..., N. For all t > t, — 7, we get t € [t. +3nT — 7,1, + 3nT + 27] for some n € N.
Then, by applying Lemma 3.3.3, we can write

with

wi(t) = w; ()] < D(3n) < e D(0).
Since t < ty, + 3n7 + 27, we have that
Jwi(t) = w;(B)] < e 72D (0).
Finally, passing to the maximum on ¢,j = 1, ..., N, we find that
du(t) < e 12 D2 (0),

and this completes the proof. ]
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Figure 3.1: The strongly connected digraph and its adjacency matrix used in our simulations.

3.4 Numerical experiments

In this section, we present numerical experiments concerning the dynamics of solutions to the
system (1.4.26) depending on the network structure and magnitude of time delays.

3.4.1 Strongly connected case

We perform simulations on the strong digraph consisting of 10 oscillators according to Figure
3.1, with time delays 7;; generated according to random uniform distributions in [0, 1] and [0, 0.1]
and coupling constant "5 = 1.

The natural frequencies 2 = (1, ..., 10) are generated according to a zero-centered uniform
distribution, to three decimal places,

2~ (—0.0687,0.511,0.826, —0.604, —0.371, —0.582, —0.146, 0.889, 0.535, 0.006).

The initial data are set to be constant and drawn from a random uniform distribution in the
half circle:

Bo(s) ~ (1.632,0.202,0.801, 1.059, 1.391, 3.133, 0.637, 2.580, 1.264, 2.789), s € —[r,0].

We make use of the JITCDDE package from the JITC*DE toolbox [4] for Python, which provides
an extension to the commonly used SciPy ODE, allowing for the simulation of delay differential
equations.

As illustrated in Figure 3.2, we observe the oscillatory behavior of frequencies when 7 =1,
and we cannot have the complete frequency synchronization behavior of solutions. On the other
hand, when the magnitude of the time delay is small enough, we see the complete frequency
synchronization as depicted in Figure 3.3. We also compare the time evolution of frequency
diameters with 7 =1 and 7 = 0.1 in Figure 3.4.

3.4.2 All-to-all connected case

In this subsection, we perform simulations for the all-to-all coupled system of 10 oscillators, with
time delays 7;; generated according to random uniform distributions in [0, 1] and [0,0.1] and
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Oscillator Phases t=1.0
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Figure 3.2: Time evolution of phases and frequencies in the case of R,7 ~ 1.803 > §

Oscillator Phases T=0.1
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Oscillator Frequencies T=10.1

Figure 3.3: Time evolution of phases and frequencies in the case of R,7 ~ 0.230 < §
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30 Frequency Diameter Dynamics
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Figure 3.4: Comparison of frequency diameter in the large and small time delay regimes

coupling constant x = 1. The natural frequencies were generated according to a zero-centered
uniform distribution, to three decimal places.

Q ~ (—0.349, —0.635, 0.248, —0.639, —0.537, 0.145, —0.433, 0.236, 0.584, —0.114).

The initial data was set to be constant and drawn from a random uniform distribution in the
half circle:

0o(s) ~ (2.050,1.169,0.065, 2.948, 2.737, 0.669, 0.080, 2.860, 0.704, 2.228), s € —[r,0].

Oscillator Phases 1=0.1 Oscillator Frequencies T=0.1
1.0
6_
57 0.5\
4_
= T 00+
S 37 3
2-\ ~0.5
1_
_1.0_
0_
00 25 50 75 100 125 150 17.5 20.0 00 25 50 75 100 125 150 175 20.0
t t

Figure 3.5: Frequency synchronization in the case of R,7 ~ 0.161 < §
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Figure 3.6: Time evolution of phase and frequency diameters
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Figure 3.7: Logarithmic plot of frequency diameter exhibiting exponential decay
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Chapter 4

Opinion Dynamics under Common
Influencer Assumption

In this chapter, we examine scenarios where interactions are not universal but where a common
influencer always exists between any two different agents. As always, we focus on studying the
convergence to consensus for some Hegselmann-Krause opinion formation models with time-
delayed coupling in this framework. We assume that the time delay between two agents is
dependent on the agents themselves.

Consider a finite set of N € N, N > 3, agents. Let z;(t) € R? be the opinion of the i-
th agent at time t. We assume that there is a time lag in the interaction between the agents,
described by positive constants 7;;, 4,5 = 1,..., N. Moreover, we assume that the interaction
is non-universal. Then, the interaction between the particles of the system is described by the
following Hegselmann-Krause type model:

d 1 .
i) = > Xijaii(8) (@t — 7ij) — xi(t)), >0, i=1,.,N, (4.0.1)

J#
with weights a;;(t) of the form
aij(t) == ij(xi(t), 2t = 7i)), 67 =1,..., N, (4.0.2)

where the influence functions 4;; : R? x R — R are positive, bounded and continuous. We
denote
Kij = ¥ij lloos Vi,j=1,...,N,

and let
K = K. 4.0.3
1]I:nlaXN *J ( )
The function x;; for i,j =1,..., N, j # i, is defined as in (1.2.9). Moreover, let us assume the
following initial conditions:

zi(t) =a9(t), i=1,...,N, te€[-7,0], (4.0.4)
where
T =  max T4,
ij=1,....,N

65
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and z? : [-7,0] — R? i = 1,...,N, are continuous functions. Here, we are interested in
convergence to consensus results.

We make the following assumption about the structure of the system:

(CI) For all 4,5 € {1,..., N} there exists k € {1,..., N} \ {4,7} such that x;z = xjx = 1
and 7;, = 7;,. This means that for each pair of agents (z;,z;) there’s another agent xy, that we
call common influencer of x; and x;, that transmits information to both of them with the same
time delay.

Note that the assumption (CI) does not imply that the underlying graph is strongly con-
nected, except for a system of only 3 agents. Then, our arguments here are different from
the ones in Chapter 2 or Chapter 3, where the convergence to consensus is investigated for a
strongly connected digraph (see [31, 32, 58]). Our analysis is more in the spirit of [34], which
deals with the all-to-all case, i.e., each agent influences and is influenced by any other agent.
We use some arguments developed, but due to the lack of connections among some agent pairs,
a more delicate and finer analysis is required.

After preliminary estimates, we will prove the convergence to consensus for solutions to
system (6.1.15). As an example, falling in the previous setting, we will consider a model for a
population with a leader subset. When the leaders’ numbers are 1 or 2, the common influencer
assumption is not satisfied. So, we will study these cases using different appropriate arguments.
In the case of a unique leader, we will also analyze a control problem (cf. [43, 64, 74]).

4.1 Preliminaries

In this section, we present some preliminary results concerning system (6.1.15). We omit the
proofs since they are analogous to the ones of Lemma 2.2, Lemma 2.3, and Lemma 2.5 of [34].

Lemma 4.1.1. Let {x;(t)}}, be a solution to (6.1.15)-(4.0.4). Then, for each v € R? and
T >0, we have

i i : < (zi(t),0) < : 4.1.5
[ pin o min (wj(s),v) < (xi(t),v) < max seg%@ﬁs),w, (4.1.5)

forallt>T —7,i=1,...,N.
We now introduce the following notation.

Definition 4.1.2. We define

Dy = i(8) — ()], 4.1.6
0 i’jg§§7N87tg§§70}lwz(S) z;j(t)] (4.1.6)

and in general for all n € N,

D, = i(s) — ()] 4.1.7
M I ey 1)~ 2 ) (4.1.7)

Let us denote with Ny := NU {0}.

Lemma 4.1.3. Let {z;(t)}}Y, be a solution to (6.1.15)-(4.0.4). For each n € Ny and V i,j =
1,...,N we get
|zi(t) —xj(t)| < Dp, Yt>nt—r1. (4.1.8)
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Remark 4.1.4. Let us note that from Lemma 4.1.3 it follows, in particular,
|I1(S)_xj(t)|§D07 \V/S)tZ_T7 Vl,]:].,,N

Moreover, it holds that
Dypi1 < Dy, Vn € Ng. (4.1.9)

As in [34], one can find a bound on |x;(¢)| uniform with respect to t and i = 1,..., N. We
have the following lemma (cf. [34, Lemma 2.5]).

Lemma 4.1.5. Let {x;(t)}}¥, be a solution to (6.1.15)-(4.0.4). For alli = 1,..., N we have
|lzi(t)] < Mo, Y t>0, (4.1.10)

where

My := i:nll,?j.}fN Sen[l_aT}’(O} |2;(0)]. (4.1.11)

Remark 4.1.6. From Lemma 4.1.5, since the influence functions 1;; are continuous, we deduce
that
ii(xi(t), zi(t —Ti5)) = 9o = i i i >0 4.1.12
sz] (-73@( )7 xy( 7_2])) > o ng}?ﬂ]\] |Z1|,T?21\I;MO Qﬁw (Zlv 22) ) ( )

foreacht>0andi,j=1,...N.
Now, we need the following estimates.

Lemma 4.1.7. Let {x;(t)}Y, be a solution to (6.1.15)-(4.0.4). For all i,j = 1,..., N, unit
vector v € R% and n € Ny we have that

(zi(t) — 2;(t), v) < e EET0)N (g (40) — zi(to),v) 4+ (1 — e KN D, (4.1.13)

for all t > tg > nr. Moreover, for all n € Ny we get
Dpy1 < e Ed(nt)+ (1 — e 57)D,,. (4.1.14)
Proof Let us fix v € R? such that |v| = 1 and n € Nyg. We denote by

M, = a a (1), v),
" i:nll’“i(N tE[TIL?—i{,nTﬁxl( ) U>
and
= i i i(t .
TN e mrne] (#i(e),v)
Note that M,, — m,, < D,,. Now, fix i =1,...,N and t > ty > n7. Then, by definition of the
system (6.1.15) and applying Lemma 4.1.1 with 7" = n7, we have that

@ failt),v) = 3 01— ) = (0.0
Ve
< 7 YOy — (@i(0), )
J#

< K(M,, — (xi(t), v))
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where we used that ¢ — 7;; > n7 — 7 and that

sz‘jSN—l-

JFi

By applying Gronwall’s Lemma, we find that

(zi(t),v) < e KU (g (t),v) + (1 — e KUY Ay, (4.1.15)
On the other hand, for i =1,..., N and t > ¢y > nr, following a similar argument, we have that
d
(1), v) = K (my — {5(0),0)

and applying again Gronwall’s Lemma,
(x5 (t),v) > e EE0 (1(tg),0) + (1 — e Kt )y (4.1.16)
From (6.1.24) and (6.1.25), we have that

(@i(t) = zj(t),0) < e MOy (bo) — a;(to), ) + (1 — e KET) (M, —my)
e E0) (25 (t0) — (t0), v) + (1 — e KD,

IN

So, we have (4.1.13). The inequality (4.1.14) follows as in the second part of the proof of Lemma
2.6 in [34]. O

The following result is crucial to proving the exponential convergence to the consensus esti-
mate.

Lemma 4.1.8. Let {z;(t)}Y, be a solution to (6.1.15)-(4.0.4) and let us assume (CI). Then,
there exists a constant C € (0,1) such that

d(nt) < CDp_s, (4.1.17)
for all n > 2.

Proof Notice that if d(n7) = 0, the result is trivial. Suppose d(n7) > 0 and let be 7,5 =
1,..., N such that d(n7) = |z;(nT) — xj(nT)|. We set

. xi(nt) — zj(nT)

~ Jai(nr) s (nr)]
Then, d(nt) = (z;(nT) — xj(n7),v). Consider,

M,—1 := max max (xi(s),v)
i=1,...,N s€[(n—2)7,(n—1)7]
and

Mp—1 = min min zi(S),V).
! i:17---7NSE[(n—2)T,(n—1)T}< () >
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It holds that Mn,1 — Mp—-1 < anl‘
From (6.1.15), for ¢t € [(n — 1)7,n7], we can write

d
%<$1(t) — .%'] (t Z leazl .T[ t - Tzl) Z(t)v U)
ll;é'L
- — Z Xj1aji () (xi(t — 150) — (), v)
ll#ﬂ
N Z leazl $l t - Tzl) > - Mn—l)
i (4.1.18)
L ; M, (t
+ ﬁ Z Xilazl(t)( n—1 — <$2( )7U>)
l:l#£1
1
N1 Z Xjrazi(t) (2t = 1), v) — mp_1)
l:l#]
1
] > X1t (#) (a1 — (x;(t),v)).
I:l#7
Let us define the sums S; and Se and, using Remark 6.1.5, we have
Z Xirait (t) (w1 (t — 7ir), v) — Mp—1)
ll;ﬁz
1 D Xanaa(t) (Mo = (xi(t), v) (4.1.19)
ll;éz
Yo
< . _ T _ o — Ay
=N_1 Z'le“xl(t Tzl)>v> Mnfl)'i'K(Mn 1 <:L'1(t),v>),
l:l#4
and
1
=N 1 > xjiasi(t) (mn—1 — (it — 7j1),v))
L:l#£]
1
+ N_1 Z Xragi(t) ({25 (1), v) — mn-1) (4.1.20)
l:l#j
< Y0 Z Xt (mp—1 — (21t = 7j0),v)) + K ({2 (), v) — mn-_1),
ll#]

where we used the fact that, being t € [(n — 1)7,n7], it holds that
t—7ij € [(n—2)7,n7], Vij =1,..., N, and then

Mp—1 < (@(t —73),0) < M1, mp_1 < (2(t —150),v) < Mp_1,
for all  =1,..., N. Then, using (4.1.19) and (4.1.20) in (4.1.18), we have that

%m(t) — (1), 0) < K(My_y — m1) — K (m(t) — 2;(t), v)
S it~ 7). )~ Ma)
l:l#£1
N1 1 — (@t — m50),v)).

Lil#]
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Now, we use the assumption (CI). Let xy, for some k& € {1,..., N}, be a common influencer
between x; and x;. Using that, for all [ =1,..., N,

(z(t — 731),v) — M1 <0

and
Mp—1 — (x1(t — 75),v) <0,
we find that
%(M(t} —xj(t),v) < K(Mp—1 —mn_1) — K(zi(t) — x;(t),v)
40 (= i) ) — Mo+ s — (el — 750), )

Yo
= <K ~ W1 (Mp—1 —mp—1) — K(z;i(t) — z;(t), v).
Applying the Gronwall’s Lemma in [(n — 1)7,t], with ¢ € [(n — 1)7, n7], we find that
(@it) = (), v) < e KT g (nr — 1) — 2(nT — 1), 0)
%o —K(t—n1+T)
1l— ———— -1 — Myp—1)(1— .
—i—( KN —1) (My—1 —mp—1)(1—e )

Since this is valid V ¢t € [(n — 1)7,n7], let us consider ¢t = n7. Then,

d(nt) < e KT (xi(nT — 1) — zj(nT — 7),0)

+ (1 - f((]if/)()—l)> (Mp—1 —mp—1)(1 — e_KT)

<e KT\:cz(nT —7)—xj(nt —7)|[v|
+ ( > (My—1 — mp_1)(1 — e K7) (4.1.21)
1/)0 —KT
<D,_ [ —l—l—K(N_l)(l—e )}
Yo _Kr
< Dp2 [1_1((]\7—1)(1_6 K )}
Therefore, (4.1.17) follows with
. o CKr
C._1—m(1—e KTy, (4.1.22)

4.2 Consensus under Common Influencer assumption

We are ready to give our convergence to the consensus estimate, using the same argument that
we used in Chapter 3 for the all-to-all connected case.
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Theorem 4.2.1. Assume (CI). Then, every solution {z;(t)}¥, to (6.1.15)-(4.0.4) satisfies the
exponential decay estimate

d(t) < Doe =27 for all t > 0, (4.2.23)

for a suitable positive constant v depending on N and on the value My defined in (4.1.11).
Proof Let {ml(t)}fil be the solution of (6.1.15)-(4.0.4). We claim that
Dypi1 <CDyo, ¥n > 2, (4.2.24)
for some constant C' € (0,1). Using (4.1.9),(4.1.14) and (4.1.17) we get

Dpi < e 57d(nt) + (1 —e 57D,

<e®7CD, s+ (1 -e XD,
< eiKTCDn_Q + (1 — 67KT)Dn_Q
=(1-e57(1-C)) Dy-s,
where C' is defined in (6.1.28). So, setting
C=1-e¢%1-0),
we have the claim. This implies that
Ds, < C™Dy, Vn > 1. (4.2.25)

From (6.1.32), we have that
Ds,, < e 37Dy, ¥n € Np.

‘—iln l
Y=\ E)

Now, fix 7,j = 1,...,N and ¢ > 0. Then one can find ¢t € [3nT — 7,3n7 + 27| for some n € Nj.
Therefore, using Lemma 4.1.3, we find that

where

\xz(t) — a:j(t)\ < D3, < 673n’y7—D0.
Thus, being t < 3n7 + 27, we get
|zi(t) — x;(t)| < e 77 Dy,

and, finally, we find that
d(t) < e 2Dy, V> 0.
So, (4.2.23) is proved. O

Remark 4.2.2. Note that the convergence consensus estimate (4.2.23) depends on the time
delay size. In particular, a large time delay slows the convergence to consensus.
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As a particular case of such a model, we can consider a system in which there is a (eventually
small) group of m leaders, m € N. These agents influence all other agents in the population,
but they are influenced only by the other leaders. Let ;(t) € R%,4 = 1,...,m, be the opinion
of the i-th leader at time ¢ and z;(t) € R?, i = 1,..., N be the opinion of the i-th non-leader
at time t. We assume a non-universal interaction between the non-leaders. We still consider a
time delay in the interaction between the agents to appear as the time needed to discuss and
make a decision. Then, the opinions of the population evolve following the Hegselmann-Krause
opinion formation model:

St = S et~ 7) —w(0), >0, i=1,m,
J#i
d 1
i) = O — ; Xijbij () (2 (t = 7ij) — (1)) (4.2.26)

+N+71n—1 ; cij(t) (y;(t = 75) — @i(t)),

t>0,i=1,..,N,

with the interaction weights a;;(t), b;;(t), c;j(t) t > 0, defined analogously to (4.0.2), namely

aij(t) =i (i (1), y;(t = 7)), 4,5 =1,...,m, (4.2.27)
bij(t) v= ij(@i(t), z;(t — 735)), 4,5 =1,... N, (4.2.28)
cij(t) = V(i) y;(t — 7)), i=1,...,m, j=1,..,N, (4.2.29)

being the influence functions w,zﬁ,w* positive, continuous and bounded. Let us assume the
initial conditions

yi(t) =92(t), i=1,...,m, t€[-T,0], (4.2.30)
and
zi(t) =20(t), i=1,...,N, te€[-T,0], (4.2.31)
where
T = max{ max T, max ?j} ,
i,7=1,...,N Jj=1,....m
and y2(-),i =1,...,m, and 29(-),i = 1,... N, are continuous functions.

Remark 4.2.3. Note that system (6.0.1) satisfies the assumption (CI) if m > 3. Then, in that
case, the agents exponentially converge to an asymptotic consensus.

The special cases with only one or two leaders deserve different analyses that will be developed
in the next two sections.

4.3 A HK-model with one leader

Here, we will focus on the case in which only one leader, influencing the other agents but not
influenced by anyone, is present in the agents’ group. First, we consider the leader to have a
fixed opinion; then, we will deal with a controlled leader.
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4.3.1 A unique leader with constant trajectory

In this case, the system reads as:

d

d 1

%l'l(t) = N ; Xijbij(t)(l‘j(t — Tij) — l’l(t)) +
i

Ci;)\([t) (° — zi(1), (4.3.32)

t>0,i=1,..,N,

where b;;(t), i,j = 1,...,N, are defined as in (6.1.1) and c;(t) = ¢oi(zi(t),y"), with ¢g; :
R? x R? — R continuous, positive and bounded. Let us assume the initial conditions

yo(0) =" and wx;(t) =20(t), te[-7,0], Vi=1,...,N, (4.3.33)

being, as before, 7 = max; j—1 .. n 7;;. We want to study the convergence to consensus of system
(4.3.32). The diameter function for solutions to (4.3.32) can be defined as

d(t) := (1) —1° (1) — ()| ¢
()i ma { s Ja) = ] max o) — ;0] }

Note that, in this case, assumption (CI) is not satisfied. Indeed, for each i = 1,..., N, the
pair (z;,yo) does not admit a common influencer.
Let us define the following quantities:

M7 := max {J:HllaXN Se[r;@);ﬂ(:rj(s), v), (yo7 v)} ) (4.3.34)

and

L . . . . 0
mp := min {J:qnnN se[III“lB,T]@J (s),v),(y ,v>} . (4.3.35)

Moreover, let us define

=1l,..., =1l,...

K = ” oo ¢ - 4.3.36
e e (4.3.36)
Similarly to the previous case, we can state the following results.

Lemma 4.3.1. Let ({xi(t)}ij\il,yo) be a solution to (4.3.32)-(4.3.33). Then, for each v € R?
and T > 0, we have
mr < (zi(t),v) < Mr, (4.3.37)

forallt>T —7,i=1,...,N.
Remark 4.3.2. Notice that, from the definition (4.3.34) and (4.3.35), it is trivial that
my < (y°,v) < My.

Let us specify the notation in Definition 4.1.2 for this case.
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Definition 4.3.3. We define

D = a. { a. a. ) - t 9
0= A AN o g 171 (8) — 5 )] (4.3.38)

0
zr{{a),(NSEH[la:(O]’xz( ) y ‘}’

and, in general for allmn € N,

D, = max{ max max |z;i(s) — x;(t)],
i,j=1,-,N s,t€[nT—7,n7] (4.3.39)
max max _|z;(s) _yo‘}. -
i=1,...,N s€[nT—7,n7]

As before, we need preliminary estimates to prove the consensus result.

Lemma 4.3.4. Let ({xi(t)}£17y0> be a solution to (4.3.32)-(4.3.33). For each n € Ny and
Vij=1,...,N, we get
|zi(t) —2;(t)| < Dp, Vt>nr—m, (4.3.40)

and, similarly, Vi = ..., N,
lzi(t) —3°| < Dp, YV t>nT—T. (4.3.41)

Let us note that, as in Remark 6.1.3, Lemma 4.3.4 implies that {D), }nen, is a non-increasing
sequence.

Lemma 4.3.5. Let ({xi(t)}f\;l,y0> be a solution to (4.3.32)-(4.3.33). For alli =1,...,N, we

have
|l‘z(t)| < Oo, Vvt > 0, (4.3.42)
and, in particular,
y°| < Co, V>0, (4.3.43)
where
Co:= max{ max  max |x;(0)], |y0|} . (4.3.44)
17 7N SE[ }

Remark 4.3.6. As in Remark 6.1.5, from Lemma 4.3.5, since the influence functions v;; and
¢o; are continuous and positive, we deduce that

wij(ﬂj‘i(t), l‘j(t — Tij)) > 1,[)(] H min @Z}zj (Zla 22) > 0 (4'3'45)
4,J=1,....N |z1],]22|<Co

for eacht >0 andi,j=1,....N, and

i(x;(t), 0y > = min m i(z1,22) > 0, 4.3.46
doi(zi(t),y") = do HN|Z1H22‘<CO¢0(1 2) ( )

foreacht>0andi=1,....N.

Let us denote

tho == min{to, ¢o}- (4.3.47)
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Lemma 4.3.7. Let ({a:i(t)},fil,yo> be a solution to (4.3.32)-(4.3.33). For all i,7 =1,...,N,

unit vector v € R* and n € Ny we have that
(i(t) — z;(),v) < e KO10) (0 (40) — m(to), v) + (1 — e K00y D, (4.3.48)

forallt >ty >nr, i,5=1,...,N, and

(z5(t) — y°,v) < e KO0 (g(4) — 40, 0) + (1 — e Kt D, (4.3.49)
for all t > tg > nt. Moreover, (4.1.14) holds true for all n € Ny.

Proof The estimate (4.3.48) can be proved analogously to (4.1.13). So, let us prove (4.3.49).
Let us fix v € R? such that |v| = 1 and n € Ng. We denote by

M, = rnax{.max max <xi(t),v),(y0,v)}

1=1,...,N t€[nT—7,nT]

and

My i= min{ min  min (z;(t),v), <y0’v>} '
i=1,..,N te[nt—7,n7]

Note that M,, —m,, < D,,. Now, fixi=1,..., N and t > ty > n7. Then, as before, we have that

b)) = 5 Y b (e~ 75) = ), 0) + o — (), 0
j#i
< (N = D (My = (23(0),0)) + 3 (Mo = (@3(0), )
< R (Mo = {20, 0)).
By applying Gronwall’s Lemma, we find that
(z:(t),v) < e KO0 (2 (40), v) + (1 — e K1) pg, . (4.3.50)

On the other hand, notice that it holds that

%< O0) = 0> K(my — (y°,0)).

Then, applying again Gronwall’s Lemma,
(3%, v) > e_f((t_to)(yo, v) + (1 — e_k(t_to))mn. (4.3.51)

From (4.3.50) and (4.3.51), we have find (4.3.49). O
Finally, we have the following result.

Lemma 4.3.8. Let ({xi(t)}f\il,yo) be a solution to (4.3.32)-(4.3.33). There exists a constant

C € (0,1) such that
d(nt) < CDyp_a, (4.3.52)

for all n > 2.
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Proof Let us assume that d(nt) = |z;(n7) — y°| for a given i = 1,..., N. We set

zi(nt) —3°
V=
|zi(nT) — 3|
Then, d(nt) = (x;(nT) — y°,v). Consider,
M, 1 :=max 4 max max z;(s),v), O,U }
v mac{ e w60 ()

and

Mp_q = min{. min min <z-(s),u>,<y0,v>}.

1,...,N s€[(n—2)7,(n—1)7]

It holds that M,,_1 —mp_1 < D,_1.
From (4.3.32), for ¢t € [(n — 1)7,n7], we can write

D) —o.0) = %injbij<t><xj<t i)~ mit) ) + C@'ﬁf) W — ), v)
J#i
= 3 b (Gt — 7)) — 3 X (6) (M1 — ) )
J#i J#z
400 (g0 ) — g,y + S0 (g, ), )

< SR (Mt = {aa0), 0) + 3 (Mo = (a0, ) = 20050, 0) = M),
Then,
2 (ai(t) =100 < R(Mycr — {a3(8),0)) + 2000, 0) — M)
+ co(t) (Y0 v) = mp—1 +ma-1 — (4°,0))
< R(Myor — (l0). )+ 22((10) = M)
R 0) — ma) + ol — (,0) a5
1/10

+ 22040 0) = My)

+ K (4", 0) = mn1) + 7 (s = (4%, 0)
< (f( — ﬁ?) (Mp—1 — mp—1) — K(z;(t) — y°, v),

where we used the fact that m,_1 — (y°,v) <0.

Notice that, repeating the argument in the proof of Lemma 4.1.8, from the estimate above,
applying Gronwall’s Lemma, we can obtain a similar estimate as (4.1.21). Finally, assuming
that d(n7) = |z;(n7) — xj(n7)| for some 4,5 = 1,..., N, and using similar steps as above, we
can find that

D aalt) — 5(1),0) < (ff - }/’V> (M1 — mo1) — K ai(t) — (1), 0).
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Therefore, we have the result with

o Yo . ke
Ci=1-—(1—e ). (4.3.54)

Then, the exponential consensus result follows, arguing as in the previous section. O

Theorem 4.3.9. Every solution ({xi(t)}ﬁ\il,yg> to (4.3.32)-(4.3.33) satisfies the exponential

decay estimate i
d(t) < Doe 10727 v ¢ >0, (4.3.55)

for a suitable positive constant 4 depending on N and on the value Cy defined in (4.3.44).

4.3.2 A unique leader with controlled trajectory

Consider now an HK-model with a unique leader following a controlled trajectory:

%yo(t) =u(t) eRY,  t>0,
%xi(t) - % Z Xijbij (8) (5 (t = 7i5) — 2i(t)) + Ci(])\gt) (yo(t — Tio) — xi(t)), (4.3.56)

i
t>0,i=1,..,N,

where b;(t), i,j = 1,..., N, are defined as in (6.1.1) and co;(t) = ¢oi(zi(t), yo(t)), with ¢g; :
R? x R¢ — R continuous, positive and bounded, as before. Let us assume the initial conditions

y0(0) =4°(t) and z;(t) =2%(t), te€[-7,0], Vi=1,...,N, (4.3.57)

being, as before, 7 = max {max; j—1,. n Tij, max;—i . N Tjo} . Here, we want to study the con-
vergence to any consensus state for solutions to system (4.3.56). In this case, the definition of
the diameter function can be written as

att) = max { o, [25(6) = (O, max o) ~ 2,001}

Note that, also in this configuration, assumption (CI) is not satisfied.
Consider, again, the appropriate definitions of mp and Myp:

My := ma ma. ma. i(s),v), ma s), ,
r X{j:l,..??Nse[T—z—(,T]<xj( )v) se[T_}f,T}@O( )

mp = min< min min (z,;(s),v), min s),v) ¢ .
T {j:l,...,NsE[T—T,T]< ]( ) > SE[T—T,T]<yO( ) >}

and let K be the constant defined in (4.3.36).

Definition 4.3.10. Fiz a constant M > 0. We say that a L'-measurable strategy u(-) is admis-
sible if ||u)|oo < M.

We will prove that, given any state Z € R?, there exists an admissible strategy that steers
each agent to Z. Firstly, in the following lemma, we prove that there exists an admissible strategy
that steers the leader to € R? and the other agents stay close enough to Z.
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Lemma 4.3.11. Let us consider the system (4.3.56)-(4.3.57) and let & € R, Then, there exists
an admissible control strategy u : [0, +00) — R? such that yo reaches T in finite time, i.e. there
exists to > 0 such that yo(t) = = for all t > ty. Moreover, if we denote

R:= i(s) — 7, — b, 4.3.58
moc{ e e (o)~ al,_ma, )~ 1} (43.58)
then
i(t) —z| <R, 4.3.
max |zi(t) — | < R (4.3.59)
for allt > 0.

Proof Let us define, for ¢t > 0, the admissible control

(4.3.60)

where y° = y(0). Consider the unit vector v € R? defined as

Y-z

v — 2|’
so that (y" — z,v) = |y° — Z|. Therefore, from the definition of the system (4.3.56) and (4.3.60),
we have for ¢ > 0 that

d M

_ tff :77—0 = — 7*0:*M
dt<y0( ) ZL‘,U> |j—y0‘<x ) ,U> |1—:_y0||5C Yy ’
Therefore,
(yo(t) — 2,v) < |yo(t) — & < [y — 2| — Mt, € [0,tg],
where o
ly” — 2
to : = ——.
0 M

It is immediate to see that
(yo(t) — z,v) = |yo(t) — 2|,

then the first part of the lemma is proven. Notice now that by definition [y° — Z| < R, then

for all t > 0. Now, let v € R% be a unit vector and let us define the set

Ke:= {t € [0, +00)

.j{laXN@i(S) —Z,0) < R+¢€, Vs € [O,t)} .

By continuity, K # (). Let S := sup K.. We claim that S = +o00. In order to prove it, suppose
by contradiction that S < 4o00. Then,

lim max (x;(s) —z,v) = R+e.
t—S— i=1,...,N
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Consider ¢ € [0, 5). Then, from (4.3.56), we have that

%<$i(t) —Z,v) = % > xighig (D) (w (t = 735) — @i(t), v)
i
+ C@)\(]t) (yo(t — Ti0) — w4(t),v)
_ % S Xisbis () (@5t — 735) — F,0) — (2(t) — 7, 0))
i
+00 (40t~ 70) ~ 2,0) — {zs(t) — 2,0)

< K(R+e— (mi(t) — z,0)),

where we used the fact that, if t € [0,5), then t—7;; € [-7,5),foralli=1,...,N, j=0,...

and, by definition of K, we have

<.%'j(t — Tij) — :E,v) < R+,
and

(yo(t —Tio) —@,v) < R+e

Using the Gronwall inequality, we get

(zi(t) — 7,v) < e KUz;(0) — ,v) + (R+¢)(1 — e KY)
< eiKtR + R+e— eff(tR — eeii{t

:R—Fe—ee*f(t

§R+6—667KS < R+e
Therefore, sending ¢ — S~, we finally find

li (t) —z,v) <R
L

that gives the contradiction. Thus, S = +oo and

i(t) —x,v) <R
max (zi(t) —,0) <R+e,

for all t > 0 and v € R%. Because of the arbitrarily of v € R? we can choose

. xi(t) — T
() — )

so that (z;(t) — Z,v) = |z;(t) — Z|. Hence, we have that

max |z;i(t) — | < R+ .

i=1,...,

Finally, sending € — 0, we have the result.
We are now able to prove the following result.
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Theorem 4.3.12. Let us consider the system (4.3.56)-(4.3.57) and let = € R Then, there
exists an admissible control strategy u : [0, +00) — R? such that the leader yo reaches T in finite
time, and

d(t) < C*e 7t Vit>0, (4.3.61)
for suitable positive constants v* and C*.

Proof Notice that with the preliminary lemma we prove that the leader reaches in a finite
time t( the state € R? and stays there for all t > tg, and the other agents maintain the distance
from 7 less than or equal to R. Now, to prove the consensus result, one can apply the results in
Section 4.3.1, since

73/0(1:) = 07
for all t > . O

Remark 4.3.13. Note that the above result extends the one in [74], which proved the consensus
in the absence of time delays, and the one in [64], considering delay effects, since now we do not
need any restrictions on the time delay size. We point out that [64, 74] assume the coefficients
bij(t) are compactly supported, while here they are always positive. However, it is easy to see
from the proof that our result is valid also in the case b;j(t) is compactly supported. What we
need is, indeed, that the leader’s influence is always positive, only, exactly as in [64, T4].

4.4 A HK-model with two leaders

Now, we want to analyze the case of a Hegselmann-Krause model in the presence of two leaders.
The system reads as follows:

d

b

yi(t) = a "()(yj( —7) —wit), t>0,i=12

7x7, ZXU ’Lj Tij) - xz(t))
dt N +1 J?él (4.4.62)
N+1ZCU — 7)) —xi(t)), t>0,i=1,..N,

with the interaction weights a;;(t), b;;(t), cij(t), t > 0, defined as in (4.2.27), (6.1.1), (4.2.29).
Also, in this case, the assumption (CI) is not satisfied. Indeed, the two leaders do not admit a
common influencer. Let us assume the initial conditions

yi(t) = y0(t), te[-7,0], i=1,2,
zi(t) =20(t), te[-7,0,Vi=1,... N,

(4.4.63)

being 7 = max {71, 7, max; j—1,.. N T;j} . We want to study the convergence to consensus of
system (4.4.62). The diameter function can be written, in this case, as

d(t) :==max { max_|z;(t) —y(t)], max |z;(t) —x;(t)],|y1(t) — ya(t)|
i=1,....,N i,j=1,....N
j=1,2
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Again, let us define the following quantities:

My = max{'max max_(z;(s),v), max max <yi(t),v>},

j=1,...,N se[T—+,T] i=1,2 te[—,0]
and
mr = min< min min (x;(s),v), min min (y;(¢),v
{in, min (2,(9).0) min, min (5(0)0) }.
and let

R i e {0l 001 s, 00, [ -

Analogously to the one-leader case, we can prove the following preliminary lemmas.

Lemma 4.4.1. Let ({z;(t)}Y,, {y;(t)}2_, ) be a solution to (4.4.62)-(4.4.63). Then, for each
=1 J j=1

veR and T >0, we have
mrT S <l‘i(t),’l)> S MT, (4.4.64)

and
my < (y;(t),v) < Mr, (4.4.65)

forallt>T —7,i=1,...,N and j =1,2.
Let us introduce the appropriate notation:

Definition 4.4.2. We define

Dy := max{ max  max |z;(s) —x;(t)|, max  max |z;(s) — y;(t)],

3,j=1,...,N s,t€[—7,0] i;l,...,N s, te[—T,0]
j=12 (4.4.66)
a — t },
s fs) ~ (o)
and in general for alln € N,
D, = { i(s) —z;(2)],
pi=max( max oomax |zi(s) — x;(t)]
(4.4.67)
_max max |z;(s) —y;(t)], max |yi(s)— yg(t)|}
z:.I,I.,QN s,t€nT—7,nT] s,t€[nT—7,n7]
J=1,

Lemma 4.4.3. Let <{$Z(t)}ii17 {yj(t)}§:1> be a solution to (4.4.62)-(4.4.63). For each n € Ny,
we get

|zi(t) —2;(t)| < Dn, Vi, j=1,..,N,
wi(t) —y;()| < Dny, Vi=1,...,N, j=1,2, (4.4.68)
ly1(t) — y2(t)| < Dy,

forallt >nt — 7.

Again, as a consequence of Lemma 4.4.3 we have that {D,, }nen, is a non-increasing sequence.
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Lemma 4.4.4. Let ({xi(t)}fil,{yj(t) J2~:1> be a solution to (4.4.62)-(4.4.63). Then, for all

1=1,....,N and j = 1,2, we have
- (4.4.69)

for allt > 0, where

Co := (0)], (0)] 5.
o= e, 0l s, 0

From Lemma 4.4.4 we deduce again a positive lower bound, 1[)0, as in (4.1.12), for the
interaction rates. Moreover, we can prove the following estimates.

Lemma 4.4.5. Let ({xl(t) N oAy ?:1> be a solution to (4.4.62)-(4.4.63). For any unit

vector v € R% and n € Ny we have that

(i(t) = z;(t),v) < e KO0 (@, (ko) — 2;(to), v) + (1 — e K= D,
ij=1,...,N
(2:(t) = y3(t),0) < e KUy (t0) — g (to), v) + (1 — e KD, (4.4.70)
i=1,...,N, j=1,2,
(w1(t) = (), 0) < e KTy (t0) = y(to), ) + (1 — KD,
for allt > tg > nt. Moreover, (4.1.14) holds true for all n € Ny.
Proof Notice that the first two inequalities in (4.4.70) can be obtained by arguing as in
Section 4.1. For the last inequality in (4.4.70), we want to emphasize that the equations for the

leaders y; (t) and yo(t) are independent from the other agents {x;(¢)}},. Therefore, it represents
a Hegselmann-Krause 2 x 2 system itself. So, the estimate follows as in [34]. O]

Lemma 4.4.6. Let ({xl(t)}f\;l, {yj(t)}]z:1> be a solution to (4.4.62)-(4.4.63). Then, there exists
a constant C € (0,1) such that
d(nt) < CDy_o, (4.4.71)

for allmn > 2.
Proof Let us suppose, as before, without loss of generality, that d(n7) > 0. Let us assume

that d(nt) = |zi(nT) — yj(n7)|, for some ¢ = 1,...,N and j = 1,2. In particular, suppose
d(nt) = |z;(nT) — y1(n7)|. Let us define the unit vector v € R? as

V= zi(nT) — y1(n7)
i) —pi(nr)|

Then we have that d(n7) = (z;(n7) — y1(n7),v). Consider, as before,
My, 1= ) ’
oo e ey e (o0}

and

Mn—1 = {l:rlr}.l.r.}N se[(n—IQI)lﬂl',I%n—l)T]<xl(8)’ U>7 lril%g sE[(n—IQI)I‘}',I%n—l)T]<yl(S)’ U>} .
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Again, we have that M,,_1 — m,—1 < D,_1. For t € [(n — 1)7,n7] we have that

d

k#i

1 2

dt< (t) yl( N +1 Z sz‘bzk xk t - Tzk) — &y (t) U)

+ o D ()t — ) — @i(t), v) — ara(t){ya(t — 72) — w1 (1), v)

N—{—lk .

N+1Zszbzk (p(t — Ti
k#1

2
+— Zcik(t)«yk(t - k),

) >_Mn—

1+ My — (x(t),v))

v) — Mp—1 + Mp_1 — (x:(t),v))

1
— alz(t)( y2(t - 7:2)a U> —Mp—1+Mp-1 — <y1(t), U>)

Since t € [(n —1)7,n7], then t — 7, t — 735 €

we can write

[(n—=2)r,nr] forall k=1,2,4,j =1,...

S1 = N+1 > xakbin () (@ (t = Tik) v) = M)

k#i

9D

k;él

N+1Z

1 2

Xik bzk

Czk yk

My—1 = (i(t),v))

t — Tk) ) - Mn—l)

g e (0),0))

N—}—lk,:1

So, we find that

<LZ 5Uk t_Tzk) >_Mn—1)
ki

> 2
71/} Z (yr(t — T1),

= f((Mn71 — (zi(t),v))

N+1
1; 2
g7 2t =70

Analogously, we can estimate

So := a12(t)(mp—1 — (y2(t — T2),
< Po(mp—1 — (ya(t — 72),

Mn—l) +

k#i

~ M,_1).

+ x:mMn_l — (xi(t),v))
2 .
WK(Mn_l - <xi(t)?v>)

ZX@]@ xk’(t_Tzk) ) Mnfl)

v) + a12(t) ((y1(t), v) — Mmp-1)
v) + K ((n

(t),v) — mp_1).
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(4.4.72)

, N. Then,

(4.4.73)

(4.4.74)

(4.4.75)
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Putting (4.4.74) and (4.4.75) in (4.4.72), we can write

D ai(t) = 11 (0).0) < KOs = ms) = Rlailt) — (1))

7 52

Nwi 7 2 Xk (it = Tin), v) = Myo) + Nd:rol D ({wnlt =), 0) = Mar)

k#i k=1
+ o (Mmn—1 — (y2(t — 72),v)

_l’_

(4.4.76)

k=1
Notice that, since (yx(t — 7%),v) — Mp—1 <0 for k = 1,2 and ¢ € [(n — 1)7,n7], we have that

2

Z(<yk‘(t = Tk),v) — Mn—1) < (y2(t — 72),v) = Mp—1.
k=1

Therefore, we have that

D ai(t) ~ 0 (0).0) < KOs = mr) = Klailt) — a(0).v)

%o
N +1

:<g;ﬁJumlmnnkmmm@m»

+

(y2(t = T2),v) — My—1 +mu—1 — (y2(t — 72),v)) (4.4.77)

where we used that 1o (mn—1 — (y2(t — 72),0)) < 32 (mn_1 — (y2(t — 72),0)).
Applying now the Grénwall inequality over [(n — 1)7,t|, with ¢ € ((n — 1)7,n7], we have

(@i(t) —y1(t),0) < e KD (a((n — 1)) — y1((n — 1)7), 0)

%o —m _ o K=(n-1)7) (4.4.78)
+<1mN+n>M%* o)1= T,
For t = n7, we have
d(nt) < e K (2i((n — 1)7) = y1((n — 1)7), v)
77;0 Kt
+ (1_ K(N—}—l)) (Mnfl_mnfl)(l_e ) (4.4‘79)

< (1o _q_Eny)p, .,
K(N+1)
where we used that M,,_1 — m,_1 < D,,_1 and the monotonicity property of D,,.

Notice that if d(n7) = |x;(n7) —xj(n7)|, for some fixed 7,j = 1,..., N, using a similar argument,
we can find again that

im@—wwws(K—;ﬁJumq—m%n—m@w—%@m»
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for t € [(n — 1), n7].
Finally, assume that d(n7) = |y1(n7) — y2(n7)|. Let us define again an unit vector v € R¢ as

_ (nr) — ()
[y (n7) — ya(nm)|

Then, we can write d(n1) = (y1(n7) — y2(n7),v). Consider t € [(n — 2)7,n7|. Let us distinguish
two cases.
Case 1. There exists ty € [(n — 2)7,n7] such that (yi1(to) — y2(to),v) < 0. Applying Lemma
4.4.5, we get

d(nr) < e K0T (g (t0) — ya(to). v) + (1 — e KT D,
(1— e Kor=toyp (4.4.80)

< (1 - 672RT)DTL—27

IN

and we have the statement.
Case 2. Assume that (yi(t) — y2(t),v) > 0, Vt € [(n — 2)7,n7]. Consider t € [(n — 1), nT].
From (4.4.62) we have that

%<y1(t)—yz() v) = a12(t)(y2(t = 72) = 41(t), v) — ax () {1 (t = 71) = v2(t), v)
(

= a12(t) ((y2(t — T2,v) — Mn—1) + ar2(t) (Mn—1 — (y1(t), v))

+ a1 (1) (mn—1 — (y1(t — 71),v)) + a21(t) ((y2(t), v) — Mp—1)

< o ((y2(t — 72),v) = Mn—1) + K (M1 — (y1(t),v))

+ 3o (mn—1 — (y1(t — 71),0)) + K ((ya(t),v) = mn1).
Then,

() — 12l 0) = (K — ) (Mys = mna) = Klyn(0) — 2(0),0)
—o({y1(t = 71),0) = (ya(t = 72),0))
< (B =0) Moy = mar) = K (t) = 2(0).).
where, since t — 71,t — 7o > (n — 2)7, we use the initial assumption. Therefore, applying the
Gronwall inequality, we find that, for ¢t = nr,

d(n) < (1 _ ‘;’;( e—f“)> Dy o,

Thus, the result follows for a suitable constant C. O
Again, from this result, we can deduce the exponential consensus estimate for the case of
two leaders.

Theorem 4.4.7. Every solution ({:L‘l(t)}fil, {yj(t)}?:l) to (4.4.62)-(4.4.63) satisfies the expo-

nential decay estimate
d(t) < D(O)B_W(t_%) for allt >0,

for a suitable positive constant 7.
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4.5 Numerical tests

In this section, we present some numerical simulations illustrating the theoretical results. To
produce our simulations, we used the MATLAB environment. The solutions of the system
are computed thanks to the MATLAB function dde23, which computes the solution of delay
differential equations (DDEs) with constant time delays. Moreover, for our simulations, the time
step is 0.3, and we consider the size of the followers’ population as N = 10.

In Figure 4.1, we plot a case in which the common influencer assumption (CI) holds. In
particular, we assume

xj1 =1, for j=2,34,10,

Xj10 = ]_, for j = 1,2,6, 7, 8,9,
Xij = 17 for 7’7] = 2737475767778797

and x;; = 0 in the remaining cases. We consider weight functions a;;(t) in the form
aij(t) = 1/1(7“, T,) = QZ)(V - T/|)’ Ty e [O’ +OO),

where

U(r) = e =1 e [0, 4+00), (4.5.81)
and as time delays 7;; =5 for all 4,5 = 1,..., N.

From Figure 4.1, we can see that in the case of the common influencer assumption, the

consensus is finally achieved, but first, the agents tend to form subgroups, depending on their
mutual relations.
To underline the dependence of the rate decay v on the norm of the initial data (i.e., the
constant My given by (4.1.11)), we performed in Figure 4.1 two simulations for the system
under the common influencer assumption with different initial data. One can notice that the
convergence to the consensus is achieved, with different rates in the two cases. Note that, in
both cases, the time delay reduces the convergence rate (cf. Remark 4.2.2).

In Figure 4.3, we present the case with one leader with a controlled trajectory. Here, we use
the weight functions defined in (4.5.81) and a constant time delay 7;; = 1, foralli =1,..., N, j =
0,...,N.In Figure 4.2, we consider the case of one leader with a constant trajectory. We consider
the weight functions b;;(t) defined by (4.5.81) again for all ¢, 5 = 1,..., N. Meanwhile, the weight
functions ¢;o(t) are assumed to be the same for all : = 1,..., N and it is defined by a constant
function. In particular, we assume

Cio(t) = , Vie {1, e ,N}, (4.5.82)

N
with K is a positive constant. Moreover, for simplicity, we assume a constant time delay 7;; = 5,
foralli,j=1,...,N.

Finally, in Figure 4.4, we consider the case with two leaders. Again, we choose the functions
a;j(t) for 4,j = 1,2, and b;;(t) for i,5 =1,..., N, equal to the function #(r) in (4.5.81). Mean-
while, the function ¢;;(t) is supposed constant and equal to NLH The time delays 7; for j = 1,2
is constant and 7; = 5. For simplicity, we assumed x;; = 1 in all the figures above.
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Chapter 5

Opinion dynamic with
communication failure

In this chapter, we analyze the asymptotic behavior of the solutions to first and second-order
alignment models, i.e., Hegselmann-Krause and Cucker-Smale models, in the presence of (pair
and time-dependent) time delays, non-universal interaction, and possible lack of interaction
among connected agents during the evolution. Namely, in these models, time- and pair-dependent
weight functions that can degenerate are considered. In this case, the interaction can be missing
sometimes, not only among agents that are not linked to each other but also among agents
that are generally able to exchange information. Under a Persistence Excitation Condition, we
establish the exponential consensus and flocking for the Hegselmann-Krause opinion formation
model and the Cucker-Smale model whenever the digraph that describes the interaction among
the agents is strongly connected.

This is done by dealing with a general influence function (no symmetry or monotonicity
assumptions are needed) and without requiring any smallness assumptions on the time delay
size. Our result seems very general and greatly improves previous related works [3, 9, 34]. Indeed,
in [3] only the first-order model is analyzed, with a less general influence function, in the case of
all-to-all interactions. Furthermore, time delay effects are not considered, and the convergence
to consensus is not achieved exponentially fast. Here, we deal with non-universal interaction,
in the presence of time delays, pair and time-dependent, and very general influence functions.
This generality requires finer and more sophisticated arguments. Concerning [34], where only
the first-order model is analyzed, the main novelties are the more general weight and time delay
functions (now pair-dependent). Moreover, here, we work in the network topology setting. For
the first-order model, we also mention [69] where a consensus result for a linear version of the
model is obtained, under a weaker network topology assumption. Finally, the paper [9] deals
with the second-order model too. However, the analysis requires symmetry conditions on the
weight functions and all-to-all interaction. Moreover, no time delays are included.

5.1 The first-order alignment model

Consider a finite set of N € N agents, with N > 2. Let z;(t) € IR? be the opinion of the
i-th agent at time ¢. The interactions between the elements of the system are described by the

89



90 CHAPTER 5. OPINION DYNAMIC WITH COMMUNICATION FAILURE

following Hegselmann-Krause type model:

d .
@Sﬂi(t) = by (D) (s (t = 75(t) — 2a(t)), t>0, Vi=1,...,N, (5.1.1)
JigFi
where the time delay functions 7;; : [0, +00) — [0, +-00) are assumed to be continuous and satisfy

the following:

for some positive constant 7, and the terms y;; are defined by (1.2.9). Moreover, the communi-
cation rates b;; are of the form

bij(t) == ﬁaij(t)w(xi(t),xj(t - 1;(1)), t>0,Vi,j=1,...,N, (5.1.3)

where the influence function ¢ : R? x IR¢ — IR is positive, bounded and continuous with
constant (6.1.14), and the weight functions a;; : [0, +00) — [0, 1] are £!-measurable and satisfy
the Persistence Excitation Condition (1.2.11). Remember that we can assume that the positive
constant & appearing in (1.2.11) satisfies @K < 1.

The initial conditions

zi(s) = a29(s), Vse[-7,0,Vi=1,...,N, (5.1.4)
are assumed to be continuous functions.
We set
= ; .
Co = max ~ max [z:(s)] (5.1.5)
= min ,Z). 5.1.6
Vo= min, v:2) (5.16)

We will consider a graph topology over the model structure, as we described in Section 1.2.
Given the definition of the diameter of the system (6.0.5), we want to prove the convergence
toward consensus of this type of system, in the sense of Definition 1.2.1.

We will prove the following exponential convergence to the consensus result.

Theorem 5.1.1. Assume (5.1.2) and that the digraph G over the structure of the model is
strongly connected. Let ¢ : R x R — TR be a positive, bounded, continuous function. Assume
that the weight functions a;; : [0,400) — [0,1] are L'-measurable and satisfy (PE). Let x¥ :
[—7,0] = IR be a continuous function, for anyi=1,...,N. Then, every solution {zi}i=1,.. N
to (5.1.1) with the initial conditions (5.1.4) satisfies the following exponential decay estimate

d(t) < ¢ < max  max |z;(r) — xj(s)|> e~ 2t vt >0, (5.1.7)
i,j=1,...,N r,s€[—7,0]
where C1,Co are the positive constants defined as
1
Cy = : — (5.1.8)
1 — e KGOP430)(T+7)4+7) ( od > 7

1 1
Oy = 1 : 5.1.9
PTAT T T\ | e KGO T ( bod )” (519)

being v > 0 the depth of the digraph, T and & the positive constants in (1.2.11), and g the
positive constant in (5.1.6).
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Remark 5.1.2. Let us note that the velocity decay Co in (5.1.9) decreases for increasing values
of v, 7, and T and decreases for decreasing values of &. Indeed, for fixed values of 7, T and &,

we have
1

—————— =0, asy— +oo.
YT +71)+7 7

Moreover, being N > 2 and aK < 1, we have }50_&1 < Ypa < Ka < 1, from which

=\
<1/)0a) —0, asvy— 4oo.

N -1

Also, o~ KGO H3)(T+r)+r) 0, as v — 400. Thus, In < 1 )7> — 0, as

1—e— K (3 (2437)(T+7)+7) ( Yo&

N—-1
v — 4o00. Therefore, Co — 0, as v — +00.
Analogously, Co — 0, as 7 — 400 or T — +oo. Finally, for & — 0, it is easy to see that
Cy — 0. So, Cy decreases as v, T, grow and as & decays. This is expected since, for large
values of v and T and for small values of &, the conmection among the agents can be very
weak. Furthermore, increasing time lags in the interaction among the agents slows down the
convergence to consensus for the Hegselmann-Krause model.

5.1.1 Preliminary lemmas

Let {z;}i=1,. .~ be solution to (5.1.1) under the initial conditions (5.1.4). We assume that the
hypotheses of Theorem 5.1.1 are satisfied. We present some auxiliary lemmas.

Definition 5.1.3. Given a vector v € R, for all n € Ny we define

I,=[n(y(T+71)+7)—71,n((T+71)+7)]

v .
my = min, min (z;(s), v),
M) := max max (z;(s),v).

j=1,..,N s€l,
Also, we define, for all n € Ny,
= min (z;(n((T +7) +7)),0),
J=1

M) = j:nllﬁicN(xj(n(y(T +7)+7)),0).

<

Lemma 5.1.4. For each vector v € IR?, we have that
mg < (xi(t),v) < My, (5.1.10)
forallt > —7 and for anyi=1,...,N.

Proof. First of all, we note that the inequalities in (5.1.10) are satisfied for every t € [—7,0].
Now, let v € IR%. For all € > 0, we define

K¢ := {t >0: max (x;i(s),v) < My +e€ Vs e [O,t)},

i=1,...,
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and
S€:=sup K*.

By continuity, we have that K¢ # () and S¢ > 0.
We claim that S€ = +oo. Indeed, suppose by contradiction that S¢ < +o00. By definition of S€,

it turns out that
max_(z;(t),v) < Mj +e€, Vte (0,59, (5.1.11)

i:17"'7

lim  max (z;(t),v) = MJ +e. (5.1.12)

t—Se—i=1,....IN
Foralli=1,...,N, for ¢t € (0,5¢), we have that
d 1
et v) = 5— D Xijai (0w (i(t), it — 73 (8)) (2 (t — 7355(2)) — wi(t), v).
Jig#
Now, being ¢ € (0,5), it holds that t — 7;;(t) € (—7,5). Then, from (5.1.11)
<l’j(t—7'z'j(t)),’l)> <My+e Vj=1,...,N, (5.1.13)

where we have used the fact that the second inequality in (5.1.10) is satisfied in [—7, 0].
Therefore, using (6.1.14), (5.1.11), (5.1.13) and recalling that x;;, a;; < 1, for a.e. t € (0,5¢) we
can write

9 fwi(t).v) < e 3 X0 25t = DS+ (8
< K(Mgy 4 € — (xi(t),v)).

Thus, Gronwall’s inequality yields

(zi(t),v) < e KNz;(0),v) + K (M +€) /0 K=y

= e K2;(0),v) + (M + e)e KR — 1)

= e K2;(0),v) + (MY + €)(1 — e KY)

< e BIME + MY 4 € — MYe Kt — e K1

=M +e—ee

< MY +e—ee” 55
for all t € (0,5¢). We have so proved that, Vi = 1,..., N,

(zi(t),v) < MY + € —ee K5 Wt e (0,59.
Thus, we get
i:I%%?fN@i(t),v) <MY +e—ee 55 Vie (0,59, (5.1.14)

Letting t — S~ in (5.1.14), from (5.1.12) we have that

MY +e< MY +e—ee K5 < MY 4 ¢,
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which is a contradiction. Thus, S¢ = +o00 and

‘max_(x;(t),v) < My +¢€, Vt>D0.

i=1,...,.N
From the arbitrariness of € we can conclude that

max (z;(t),v) < MJ, Vt>0,
i=1,..,N

from which
(xi(t),v) < My, Vt>0,Vi=1,...,N.

So, the second inequality in (5.1.10) is proven.
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Now, to show that the other inequality holds, fix v € IR?. Then, for all i = 1,..., N and t > 0,

by applying the second inequality in (5.1.10) to the vector —v € IR% we get

~@i(t).0) = (@), ~0) € max max {r(s), —v)

= — mln Inln xi(s). v) = _m,U
j=1,-~~,Nse[_7—,0]< ]( ),v) 05

from which
(xi(t),v) >mgy, Vt>0,Vi=1,...,N.

Thus, also the first inequality in (5.1.10) is fulfilled.

O

Using the same arguments employed in the proof of the previous lemma, one can prove the

following more general result.
Lemma 5.1.5. For each vector v € IR? and for all n € Ny, we have that
mz < <l’i(t),’l)> < Mg?
forallt >n(y(T'+7)+7)—7 and for anyi=1,...,N.
Now, we define the following quantities.

Definition 5.1.6. For all n € Ny, we define

D = . - ) .
TRl N e, |zi(7) — z(s)]

Let us note that, for n = 0,

Dy := max max|z;(r) —z;(s)|= max  max }|:c,-(r) —zj(s)|-

i,j=1,....N r,s€lp i,j=1,....N r,s€[—7,0
So, the exponential decay estimate in (5.1.7) can be written as
d(t) < e=“?'C Dy, Wt >0,
where C1 > 0 and Cy > 0 are the constants in (5.1.8) and (5.1.9), respectively.
Lemma 5.1.7. For each n € Ny, we have that
[a3(s) — 2;(1)] < D,

forall s,t >n(y(T'+7)+7)—7 and for anyi,j=1,...,N.

(5.1.15)

(5.1.16)
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Proof. Fixn € Ng. Leti,j =1,...,N and s,t > n(y(T+7)+7)—7. Then, if |z;(s) —x;(t)| = 0,
(5.1.16) is obviously satisfied. So we can assume |z;(s) —x;(t)| > 0. Let us define the unit vector

_ ais) — (1)
[i(3) — (1))

Then, using (5.1.15) and Cauchy-Schwarz inequality, we have that

v

[2i(s) — a;(8)] = (wils) — 2;(t), v) = (2i(s),v) — (2;(),0) < MZ —m}

n n

< — =D,,.
= k,zgff]vrf?gﬁ‘xk(r) ()] "

O
Remark 5.1.8. Note that (5.1.16) yields
d(t) < D, Vt>n(y(T+71)+71)—T (5.1.17)
Moreover, from (5.1.16) it comes that
Dyi1 < Dp, Vn e Ng. (5.1.18)

Next, we show that the agents’ opinions are bounded by a constant that depends on the
initial data.

Lemma 5.1.9. For everyi=1,..., N, we have that
|zi(t)] < Co, ¥t > -7, (5.1.19)
where Cy is the constant defined in (5.1.5).

Proof. Giveni=1,...,N and t > —, if |x;(¢)| = 0, then trivially Cy > |z;(t)|. On the contrary,
if |z;(t)| > 0, we define
_mi(t)

|z (2)|”

which is a unit vector. Then, by applying (5.1.10) and by using the Cauchy-Schwarz inequality,
we get

(Y

. — . < v o_ .
)] = (ai(8).0) < Mg = mae, max (a;(s). 0

< ma max |x;(s)|lv]| = ma max |z:(s)| = C,
_j:1,..?st€[—7?’(0}’ ]( )H | jzl»n?fNSE[—;{O}’ J( )| 0

and (5.1.19) is satisfied. O

Remark 5.1.10. From the estimate (5.1.19), since the influence function v is continuous, we
deduce that

Y(wi(t), z;(t — 7i5(t))) > vo, (5.1.20)
for allt >0, for alli,j =1,..., N, where 1 is the positive constant in (5.1.6).
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5.1.2 Consensus estimate

To prove the consensus result, we need the following crucial proposition, inspired by a previous
argument in [50], and that we used in Chapter 2 and Chapter 3.

Proposition 5.1.11. For all v € R?, it holds
mg + D(Mg —m§) < (wi(t),v) < Mg — T(Mg —mg), (5.1.21)

forallt € I1 and for alli=1,...,N, where I is the positive constant defined as follows

Fzze_xgvﬁ+&nu4¢w¢)<£ﬁf}>7, (5.1.22)

Remark 5.1.12. Let us note that I' € (0,1) since we have assumed &K < 1. Moreover, by
definition of T, the positive constants Cy,Cy in (5.1.7) can be rewritten in the following way (see

(5.1.8) and (5.1.9)):

1 1
= 1 .
C ’)/(T—I—T)—l-Tn(l—F)

Proof. Fix v € R% Let L = 1,..., N be such that (z(0),v) = my. Note that from (5.1.10),
Mg > mf. Then, for a.e. t € [0,7(T + 7) + 7], using (5.1.10) we have

%m(t),w = > xwi (b () (s (t — 715(8)),v) — (wL(t),v))
AL
<3 X () (Mg — (xL(t), v))
jii#L
< g 3 (M = (o)) = KO — (w0, ).
jii#L

Thus, Gronwall’s inequality yields
(wr(t),v) < e "ap(0),v) + Mg (1 — e ™)
= e Bpy + M (1 — e KY)
= M — UM — )
< Mé} o e—K(’y(T+T)+T)(M(’L)} _ mg)

Hence,

(zr,(t),v) < MY — e KOTFDIED (©po ) Vit e [0,9(T +7) + 7). (5.1.23)
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Now, let i1 = 1,..., N\ {L} be such that x;, = 1. Such an index i; exists since the digraph is
strongly connected. Then, for a.e. t € [7,v(T + 7) + 7], from (5.1.23) we get

(0,0 = Y X (O~ 75(0),0) — (1, (0),0)
J#in,L

oL (@2t = T (8)),v) = (i (8),0)
< Y7 Xaasbas OO = (@, (1), v)
J#i1,L
i () (Mg — KO (Mg — 1) — (i, (1), v) )

_ v
= (Mg — (@i, (t Z Xi1jbinj (
J#Zlv

i (t) (Mg — e FOTEED Mg — i) — (i, (8),0))

Note that
KN;
D Xigbii(t) = Xirsbini(t) = biy L(t Z Xirj — bir(t N—le i (t)-
J#i1,L J#i 37'511

Thus, it comes that

i T (MG = Gty (0),0) = iy (DM — (03, (0),0)

Mg — e FOTEDED M — ) — (i, (1),0))

= (@i, (1), 0)) — e KOOI (MG — g )by, 1.(1)

L) v LS
(ZL‘“(t),U> <e NI <$11(T),U>+M0(1—6 N-1 )
Yo ! KNy
e ROTE gy — i) O [ (e T s

KNy KNy
<em TR L MY(1 — e T (7))

t
—K(y(T+7)+71) (M(T)) _ mg)e—KW/(T-‘rT) & / ailL(s)dS

—° N_1

t
_ Mé} - e—K(2’Y(T+T)+T)(M6) _ mg)N¢O : / OéilL(S)dS,
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for all t € [1,v(T + 7) + 7]. In particular, for ¢t € [T+ 7,v(T + 7) + 7], we find

(x4, (t),v) < My — e—K(zv(T+T)+T)(Mg — mg)%a, (5.1.24)

where here we have used the fact that, from (1.2.11),

t T+t
/ i, r(s)ds > / o, 1(s)ds > a.

Let us note that, if v = 1, estimate (5.1.24) holds for each agent. If v > 1, let us consider an
index i € {1,..., N} \ {i1} such that x;,;; = 1. Then, for a.e. t € [T+ 27,v(T + 7) + 7|, from

(5.1.24) it comes that

d
T (,0) = Y Xigbiag (8) (w5 ( = 7023 (1), 0) — (win (1), 0))
J#i1,i2
+biziy (t)((le (t — Tiziy (t))’ U> - <$i2 (t)v v))
< (Mg — (w4, (2 Z Xizjbia (
J#iL
+%hw(Mg—me““Hﬂwm—m@N@ld—wuwmo.

Thus, arguing as above,

D i (0)0) < 2 (MY — Gy (1), ) — by ()M — iy (1), 0)

v — T)+7 v ~ v ¢0 ~
i (1) (215 = e KETN0 — ) 6 (00 )

= BN g (i (8),0)) — g (e KT (g iy Y0

N-—170 N -1
KNi, 0 - N A TR

< N_21(MO - <l’1'2(t),’0>) — gy (t)e K@y (T+n)+ )(MO _mO) <N— 1) «
KN; v — )41 v ~ v Yo 2~ KN;

= MG = o (0 KO0ty gy (1) - G 0,0

Again, using Gronwall’s estimate, it comes that

KN KN
<$i2(t) ><€_N 1(t T— 27)<xi2(T—|—27’) >+M0(1—6_N 1(t T— 27—))

Yo 2 t KNj,
—e gy — ) () eg/ g (8)e™ s
- T+21

> Qiyiy (8)ds,
T+21

for all t € [T + 27,v(T + 7) + 7]. In particular, for t € [2T" + 27,v(T + 7) + 7|, the condition
(1.2.11) yields

< Mg . efK(3'y(T+T)7T)(M0 v (

2
(24, (1), v) < MY — e KOWTH=T) (ppo ) ( wa 1) a2, (5.1.25)
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Finally, iterating the above procedure along the path g, i1, ...,%., r < -, that starts from ¢g = L
we find the following upper bound
N\ k
(m;, (t),v) < Mg — e—K((k+1)v(T+T)—(Zf;01z)(T+T)+r)(M6) — @) <]\;ﬁ0a1> ’ (5.1.26)
for all 1 <k <r and for all t € [k(T' + 7),v(T + 7) 4+ 7]. In particular, if the path has length ~,
for k = ~, since 27;01 = 7(7; D inequality (5.1.26) reads as
=\
(w5, (t),v) < Mg — o~ K (G (P +37)(T+7)+7) (MY —my) <J\1[ﬁ0_041> , (5.1.27)

forall t € [y(T'+ 7),v(T +7) + 7].
Let us note that (5.1.27) holds for every agent in the path starting from ig = L for t € [y(T +
7),¥(T + 7) + 7]. Then, from the arbitrariness of the path and since the digraph is strongly
connected, (5.1.27) holds for all the agents.

Now, let R =1,..., N be such that Mg = (zg(0),v). Then, arguing as before, we get

(zp(t),v) > my(1 + e KOOI (N0 )y Vit € [0,4(T 4 7) + 7). (5.1.28)

Employing the same arguments used above, we can conclude that

=\
(wi(t),v) > m§ + e—K(%(72+3~/)(T+T)+T)(Mé, —mY) <]\1rboa1) ’

forallt € [y(T'+7),v(T'+7)+ 7] and for all i = 1, ..., N. Finally, we can deduce that estimate
(5.1.21) holds. O

The following proposition generalizes the previous one in successive time intervals. Its proof
is analogous to the previous one, so we omit it.

Proposition 5.1.13. Let v € R%. For any n € Ny, it holds
ml +T(MY —m®) < (x;(t),v) < MY — (M —m?l), (5.1.29)
forallt € Iny1 and for alli=1,...,N, where I' is the positive constant in (5.1.22).
Now, we can prove the consensus Theorem 5.1.1.
Proof of Theorem 5.1.1. Fix v € IR%. Let us define the quantities
D, .= M; —m,, VYn € Ny,

where MY, m? are the constants introduced in Definition 5.1.3. Note that, for all n € Ny, we
have D} > 0, being M7 > m;,.
Let I' € (0,1) be the constant in (5.1.22). We claim that

DY, < (1-T)DY, VneN. (5.1.30)
Indeed, fix n € Ng. Let 4,5 = 1,...,N and s,t € I,11 be such that (z;(s),v) = M}, , and
(z;(t),v) = my . Then, applying Lemma 5.1.13, we can write
i1 =My —my g = (xi(s),v) — (z;(t),v)

i (5.1.31)
< My —my = T(My — i) = (M) —my).
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Now, we distinguish four cases. )
Case I) Assume that M —mP =0 and M} —m? = 0. Then, since from (5.1.15)

we get

As a consequence, (5.1.31) becomes

DY, <0=(1-TI)D..

n

Case II) Assume that MY —m? = 0 and M? — m® > 0. Then, since from (5.1.15)

~ v v v _ o~
’rnnS nSMn_mnv
we can write
v o v
M, =M,

As a consequence, (5.1.31) becomes

DYy < MP —ml —TM? +Tm? = (1-T)(M —mZ) = (1-T)DL.

n

Case IIT) Assume that MY —m? > 0 and M? — m? = 0. Then, from (5.1.15) we have

v

v ~ v v
777‘n§7nnS n = Mp,

from which
m, =m,.
As a consequence, (5.1.31) becomes

Dy <M, —m, —TM;+Tm, =(1-T)M;—m,)=(1-I)D,.

n

Case IV) Assume that M; —m; > 0 and M? —m? > 0. In this case, using the fact that
MY >m?, from (5.1.31) we get

Dyy1 < (1=T)(My —my) — TMy + Tiy, < (1= T)(M,, — my) = (1 -T)Dj,.

n

Hence, (5.1.30) is fulfilled.
As a consequence, since the positive constant I" in (5.1.30) does not depend of the choice of the
vector v, we find the following estimate :

Dpt1 <(1-T1)D,, VYneN,. (5.1.32)
To see this, fix n € N. Let 4,5 =1,..., N and s,t € I, be such that
D = |ai(s) — ;1)
Let us define the unit vector

i(s) — ()

U s — @)
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Then, using (5.1.15) and (5.1.30),
D1 = (wi(s) — xj(t),v) = (xi(s),v) — (2;(t), v)
<My —mp =Dy
<(1-D)D, = (1 -I)(M; —my)

<(1-D) max = max |zi(r) — zy(w)] = (1 - T)Dy.

Thus, (5.1.32) holds.
Now, from (5.1.32) it comes that

D, <(1-T)"Dy, ¥n e Np. (5.1.33)
Let us note that (5.1.33) can be rewritten as
D,, < e "C20(T+1+7) Dy € N, (5.1.34)

where Cs is the positive constant in (5.1.9).
Now, let t > 0. Thus, ¢t € [n(y(T'+7)+7),(n+1)(y(T + 1)+ 7)], for some n € Ny. Then, using
(5.1.17) and (5.1.34), it comes that

d(t) < Dy < e "C:0THD+) D < o=Calt=(T+1)=1) ) — o=Cat Dy
where C] is the positive constant in (5.1.8). This concludes our proof. ]

Remark 5.1.14. Assume that x;; = 1, for all i,j = 1,...,N, @ # j, i.e. assume that the
interaction is all-to-all. Then, if for all i,5 = 1,..., N we have o;;(t) = a(t), for a.e. t >0,
and 7;5(t) = 7(t), for allt > 0, where a(-) and 7(-) are suitable functions satisfying (1.2.11) and
(5.1.2) respectively, the constants Cy,Co in Theorem 5.1.1 can be chosen independently of the
number of agents (see [34]).

5.2 The second-order alignment model

Consider a finite set of N € N particles, with N > 2. Let z;(t) € IR? and v;(t) € IR? denote the
position and the velocity of the i-th particle at time ¢, respectively. The interactions between
the elements of the system are described by the following Cucker-Smale type model with pair
and time variable time delays,

Lai(t) = vi(t), t>0,Vi=1,...,N,
gty = 3 xijei () (5(t —7j (1) —vi(t),  £>0, Vi=1,...,N, (5.2.35)
Jij#i

where the time delay functions 7;; : [0,4+00) — [0,400) are as in (5.1.2) and the terms x;; are
defined as in (1.2.9).

Here, the communication rates c;; are of the form (1.3.20). Once again, the weight functions
@ij : [0,+00) — [0,1] are £L'-measurable and satisfy the Persistence Excitation Condition (PE).
The initial conditions

zi(s) = 22(s), wvi(s) =v)(s), Vse€[-7,0],Vi=1,...,N, (5.2.36)
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are assumed to be continuous functions.
We set
CY := max max |v;(s), 5.2.37
o= max s [0(s) (5.2.37)

Mg* ;= max max |z;(s) — x;i(t)|. 5.2.38

0 =, max Sie[_ﬂo}l i(s) — zi(1)| ( )

We define the space and velocity diameters as in (1.3.23) and (1.3.24), respectively. We want to
prove the unconditional flocking as in the Definition 1.3.1. Our main result is the following.

Theorem 5.2.1. Assume (5.1.2) and that the digraph G is strongly connected. Letzﬁ : [0, 400) —
IR be a positive, bounded, continuous function that satisfies

400 - v

/ < min w(’r)> dt = +o0, (5.2.39)
0 r€[0,t]

where 7y is the depth of the digraph. Assume that the weight functions oy : [0,400) — [0, 1] are

L'-measurable and satisfy (PE). Moreover, let 20,09 : [—7,0] — IR? be continuous functions, for

anyi=1,...,N. Then, for every solution {(x;,v;) }i=1,..n to (5.2.35) with the initial conditions

(5.2.36), there exists a positive constant d* such that

sup dx(t) < d*, (5.2.40)

t>—1

and the following exponential decay estimate holds
dy(t) <Cs ( max max |v;(r) — vj(s)|> e Gt vt >0, (5.2.41)
i,j=1,....N rse[—7,0]
where C3,Cy are the positive constants defined as
1

. (5.2.42)
1— e*K(%(72+3’y)(T+T)+T) ( a )7 (minre[(),d*] @b(T))v

N—-1

1 1

Cy = In
P AT K Germ@ee (1o )T

, (5.2.43)
mian[O,d*] 7/’(7“))W

being v > 0 the depth of the digraph, T and & the positive constants in (1.2.11).

Remark 5.2.2. Let us note that, if the function U s nonincreasing and the interaction s
universal, i.e. v =1, then the condition (5.2.39) reduces to

“+oo

J(t)dt = +oo,
0

which is the classical assumption to obtain unconditional flocking (see e.g. [70]). Since here we

deal with an influence function not necessarily monotonic and the interaction is not universal,

we require the stronger assumption (5.2.39) (cf. [33] for the case of universal interaction).

Remark 5.2.3. Let us note that, analogously to the first-order model (see Remark 5.1.2), the
decay velocity Cy tends to 0 as v, T or T goes to +00 and as & — 0. Therefore, Cy decreases
for increasing values of v, T and 7 and for decreasing values of &.
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5.2.1 Preliminary lemmas

Let {x;, v;}i=1,.. n be solution to (5.2.35) under the initial conditions (5.2.36). We assume that
the hypotheses of Theorem 5.2.1 are satisfied. The following lemmas hold. We omit their proofs
since they can be proved using the same arguments employed in Section 5.1.

Definition 5.2.4. Given a vector v € R, for all n € Ny we define

rp 1= tain min (v;(s), v),
R, = max_max (v;(s),v),

7j=1,...,N sel,
where, as in the previous section,

In=[n(y(T+7)+7) = 7,0(y(T +7) +7)].

Also, we define, for all n € Ny,

T = min (v (n(Y(T +7) + 7)), v),

Ry = max_ (vj(n(v(T +7)+7)),v).

j=1,...,N
Lemma 5.2.5. For each vector v € R? and for any n € Ny, we have that
ry < (vi(t),v) < Ry, (5.2.44)
forallt >n(y(T'+7)+7)—7 and for anyi=1,...,N.
Definition 5.2.6. For all n € Ny, we define

F = . _ ) .
ni=, max  max[vi(r) —v;(s)

Remark 5.2.7. Let us note that

Fy:= max max|v(r)—v:(s)|= ma max  |v;(r) — vi(s)].
0 i,j:l,.}f,Nr,sei| i(r) = vi(s)] i,j:l,.}f,NT,se[—iO}’ i(r) = vj(s)]

Then, the exponential decay estimate in (5.2.41) can be written as
dy (t) < e O3 Fy, Yt >0,
where C3 > 0 and Cy > 0 are the constants defined in (5.2.42) and (5.2.43), respectively.
Lemma 5.2.8. For each n € Ny, we have that
lvi(s) —v;(t)| < F, (5.2.45)

forall s,t >n(y(T'+7)+7)—7 and for anyi,j=1,...,N.
Remark 5.2.9. Let us note that (5.2.45) yields

dy(t) < F,, Vt>n(~T+7)+71)—T (5.2.46)
Furthermore, from (5.2.45) it follows that

Foy1 < F,, VneN,. (5.2.47)
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Also, arguing as in Section 5.1, we can find a bound on the velocities |v;(t)], which is uniform
with respect tot and ¢ =1,..., N.

Lemma 5.2.10. For everyi=1,..., N, we have that
()| < Cy, Vt> -, (5.2.48)
where CJ is the constant defined in (5.2.37).

Now, we provide the following result, in which an estimate of the position diameters is
established.

Lemma 5.2.11. For everyt,j=1,...,N, we get

23 (t) — 2t — 735(t))| < 7CY + Mg +dx(t), Vt>0, (5.2.49)
where CJ and Mg are the positive constants in (5.2.37) and (5.2.38), respectively.
Proof. Given i,j =1,...,N and t > 0, we have

|i(t) — z;(t — 7i5(0)| < |zi(t) — 2 (O] + |25 () — (¢ — 735 (2))]

J
<dx(t) + |$j(t) — xj(t — Tij (t))]. (5250)

Now, we estimate
|5 (t) — @5 (t — 735(2))].
If t — 735(t) > 0, from (5.1.2) and (5.2.48) we get

t

o0~ =@ < [ s

S 08/7'@']'(25) S TC(Y

On the other hand, if ¢ — 7;;(¢) <0, then ¢t < 7 and

o3(0) 50 = 0] < 50) =6 = 7)1+ [ o)l
< M +tCy < Mg~ + 70y
Therefore, in both cases,
Jarj (8) — z;(t — 73;(t))| < Mg* +7Cy
from which (5.2.50) becomes

|2i(t) — 2j(t — 7i5(1)] < Mg* +7Cy + dx (1)
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5.2.2 The flocking estimate

To prove the flocking result, we need, as before, a crucial proposition. First of all, we give the
following definition.

Definition 5.2.12. We define

$(t) := min {;Z(r) re [O,TCOV + M$ + max dX(s)] } ,

sE€[—T,t]
forallt > —7.
Remark 5.2.13. Let us note that from (5.2.49)

from which

1 ~
eyt) > (MR, VE=0,Vij=1,...,N. (5.2.51)

Proposition 5.2.14. For all v € R?, it holds

1+ TL(RS — 8) < (uilt),v) < Ry — Ty (Ry — %), (5.2.52)

for allt € Iy and for all i =1,..., N, where I'y is the positive constant defined as follows

~ ~\7
I = e KGO2H39)(T+7)+7) (‘?(V(T;_T);r 7)0‘> , (5.2.53)

Remark 5.2.15. Let us note that Iy € (0,1) since we have assumed &K < 1.

Proof. Fix v € R%. Let L = 1,..., N be such that (v.(0),v) = 7J. Note that from (5.2.44),
Ry > 7. Then, for a.e. t € [0,7(T + 7) + 7], from (5.2.44)

d

Z(on(0),0) = 3 xrer; (0 (vt = 115(1),0) = (or(8), v)
JiiAL
< xrjern (0)(RE — (v (t),v))
j:g#L
< K > (RY — (vp(t),v) = K(R§ — (vL(t),v))
=N_1 0 L ) 0 L ) .

jii#L

Thus, Gronwall’s inequality yields

(o (t),v) < e (v (0),v) + Rj(1 — e ™)

= R — e N(Ry - %)

< RY — e—K(w(T+T)+7—) (Rb) o fg)

Therefore, we have

(vp.(t),0) < Ry — e KOTHAD (RY _58Y - Vit € [0,7(T + 7) + 7. (5.2.54)
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Now, let i1 = 1,..., N\ {L} be such that x;, = 1. Such an index i; exists since the digraph is
strongly connected. Then, for a.e. t € [7,v(T + 7) + 7], from (5.2.54) we get

4 = Y i (005t = 7ins (1)), 0) — (s (£),0))

(v, (t
dt
Jj#i1,L

e (8)((vn(t = T (®)), v) = (v (5, )
< 3 g (RS = (v (8),0))
Jj#i1,L
L (t) (Rg — e RO (Ry — i) — (03, (1), v) )

_ v
= (RO (vi, (t E XHJCMJ
]757’17

teinr(t) (By — e KOTTI(RY - ) — (v, (1), 0))

Note that
KN,
D XigCini(t) = D XinCinj(t) = €1 (t) < Z Xinj = Car(t) = 37— — car(t)-
J#i1,L J#u J#i1,L
Thus, from (5.2.51) it comes that
d KNZ v v
i (1), 0) < = (R = (viy (), 0) — e L ()(RE = (vir (£), )
teinr(t) (R — e KOTT(RY — 7)) — (v, (1), 0))
R—NIL U gg(t) —K T T U U
< 2N (R {1y (1), 0)) — v, 0) 22 e RO (g g
KN@ v d;(t) - K )+ v ~v f{NZ

Hence, Gronwall’s estimate yields

KNy, KN;

(viy (t),v) < e N1 H- T)<’U7;1(7'),’U> +Ry(1—e” N=1 (t*T))

KN

~ t~
—e ROT Ry i)y [ dans(s)e s

i KN,
<o w IR 4 RY(1— ¢ 1 077))

_ ; t
—e RO gy — e T L [ Gs)a(s)ds

~ t ~
=Ry — e—K(Q’Y(T-i-T)-‘rT)(RS _ 7:3) 1 / ¢(s)ai1L(s)dS7

2
|
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for all ¢ € [r,7(T 4 7) + 7]. Note that, since ¢ is a nonincreasing function,
o(t) > ¢(N(T +7)+71), Vtel0,y(T+r7)~+1] (5.2.55)

Then, we can write

U K T T v U (;;fyT—’_T +T !
(o (0).0) < Ry — e Kenenen g —iy COUELDED [ (5yas

for all t € [7,7(T + 7) + 7. In particular, for ¢t € [T+ 7,y(T + 7) + 7], we find

(T +7)+7)
N -1 ’

(vi, (£),v) < Ry — e K@D gy — i) (5.2.56)

where here we have used the fact that (1.2.11) implies the following inequality

t T+1
/ a;,.(s)ds > / a;,(s)ds > a.

Now, if v = 1, (5.2.56) holds for each agent. On the other hand, if v > 1, let us consider an
index iy € {1,..., N} \ {i1} such that x;,;, = 1. Then, for a.e. t € [T+ 27,v(T + 7) + 7], from
(5.2.56) it comes that

d
T (0):0) = D7 Xiajing ({05 (t = Tiaj (1), 0) — (w3 (£), )
J#i,i2
*Ciyiy (t)(<vi1 (t — Tigiy (t))v v) - <vi2 (t)v v))
< (R — (viy (¢ Z XinjCinj (t
JFi1,02

T Cigiy (t) <R8 - G_K(?Y(T—H—)—’_T) (RS - 7:0) ¢( (1]1V+—Ti - 7_) a— <Ui2 (t), U>) .

Hence, arguing as above, we obtain

L v 0),0) < 22 (R, (6), 1) — iy (OB — (a0, )

dt
+Ciyiy (t) (Rg o e—f((QW(T-‘rT)'FT) (RS _ ,,:E))) (b(f)/(j;v—i__’rz + T) & — <'Ui2 (t), U>>
f{Niz v —K )T v ~v 5 T T4\~
< N = (0 (0),0) — i (e KT g - ) P D ED G0y

Again, using Gronwall’s estimate, it comes that

KN; KN;

N1 (t=T~27) (viy (T + 27),v) + R§(1 — e~ N1 (FT*%))

<Ui2 (t)v U) <e

_K T)+7 v ~U T +T)+T) ' % 5
e R@UT4) Ry _ )qb(vEN 1))2 )a/ ¢(S)Oéi2i1(3)e s
- T+21

_ oy t
< Ry — e K@ T+D-T)(go _ fg)cb(v(T +7) j 7) 5 / 3(5) i, (5)ds,
(N - 1) T+21
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for all t € [T + 27,v(T + 7) + 7]. In particular, for t € [217" + 27,v(T + 7) + 7|, the condition
(1.2.11) and the inequality (5.2.55) imply that

- 2
% T
(03, (t),v) < RY — e KGWTHN)=T) (R _ ) ( el N+ Ti - T)> a2, (5.2.57)
Finally, iterating the above procedure along the path ig,i1,...,4., with r < ~, starting from

i0 = L we find the following upper bound

- Nk
(03, (£),0) < RY — e~ KGHDAT47)~(T+0) (SIS ) +7) (e _ ) (‘bﬁ(TNf T)1+ T>O‘> . (5.2.58)

forall 1 <k <randforallte[k(T+7),7(T+7)+ 7]. In particular, if the path has length -,

for k = v, since 30 | = 7(72_1), inequality (5.2.58) reads as
- N\
(00, (8),0) < RY — e KGOHIT4r40) (g _ oy (cb(v(T )+ T)a> | (5259

for all t € [y(T' + 7),v(T + 7) + 7]. Arguing as in Proposition 5.1.11, we can say that (5.2.59)
holds for every ¢ = 1,..., N. )
Now, let R =1,..., N be such that Rf = (vr(0),v). Then, arguing as before, we get

(vr(),0) = 1§ + e KOTID(RY o), Ve € [0,(T +7) + 7). (5.2.60)

Employing the same arguments used above, we can conclude that

~ 2l
v — 142 V+7) r DU v ¢(7(T+T) +7—)d
<mmwz%+e“m+ww”+m%ﬂw< N1 ’

forallt € [y(T+7),y(T'+7)+ 7] and for all i = 1,..., N. Finally, we can deduce that estimate
(5.2.52) holds. 0

The following proposition extends the previous one in successive time intervals. We omit its
proof since it is analogous to the previous one.

Proposition 5.2.16. Let v € R?. For any n € N, it holds

ry 4+ Dpp1(Ry — ) < (vi(t),v) < Ry —Tpy1(Ry — 7)), (5.2.61)
forallt € I,y1 and for alli=1,..., N, where I'y 11 is the positive constant defined as
~ A\
T,y e e KGOPHBT+0+7) <¢((” + ”%T +7)+ T»“) . (5.2.62)
—1

Remark 5.2.17. Let us note that from (5.2.61) it comes that

RY ., —12, < (1—Tp)(RL—18), ¥neN,. (5.2.63)
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where T'y11 € (0,1) is the constant in (5.2.62).
Indeed, given n € Ny, leti,j = 1,...,N and s,t € I,41 be such that (vi(s),v) = Ry, and
(vj(t),v) =1y 1. Then, applying Lemma 5.2.16, we can write

Ryp1 = g1 = (vils),0) = (v5(t), v)

i (5.2.64)
< RS~ 18 = Ty (RS — 72) — Dot (R — 12).
Then, arguing as in the proof of Theorem 5.1.1, we get that estimate (6.1.29) holds.
Also, setting C* := e~ KGO 43 (T+7)+7) (%)7, it holds that
Lot = C*(d((n+1)(A(T+7)+7))), VneN. (5.2.65)
As a consequence, (6.1.29) can be written as
RYpy =10 < (1= C@((n+ D) (T +7) + D) )L —12), ¥neNp.  (5.2.66)
In particular, from (6.1.29) and (5.2.66), arguing as in Theorem 5.1.1, it comes that
Fop1 < (1 —=Tpi1)E,, Yne N, (5.2.67)
or, equivalently,
Fpt < (1=C*(@((n+ D)(A(T +7)+ 7)) Fn, ¥n e Ny, (5.2.68)

Now, we can prove Theorem 5.2.1.

Proof of Theorem 5.2.1. Let {(z;,v;)}i=1,.. N be solution to (5.2.35) under the initial conditions
(5.2.36). Let us define

Ty = —imtl

V(T HT)+7

Let us introduce the function & : [—7, +00) — [0, +00),

,  Vn € Ny.

F07 te [_777(T+7)+T]7
£(t) = { EOOT +7) + 7)) (1= Pasa(t = n(3(T +7) + 7))
te(n((T+7)+7),(n+ VT +7)+7)],n=1
By definition, £ is continuous, nonnegative, and nonincreasing. Moreover, we claim that
F,<&@t), Vite|-r,n(y(T+71)+71)], Vn € Ny. (5.2.69)
We prove this by induction. For n =1, from (5.2.47) we can immediately say that
L <Fy=E&(), Vie|[-m,y(T+71)+T1]

Now, assume that (5.2.69) holds for some n > 1. We have to show that (5.2.69) is true also for
n + 1. From the induction hypothesis and by using again (5.2.47), we have that

Foy < F, <E(1),



5.2. THE SECOND-ORDER ALIGNMENT MODEL 109

for all ¢t € [—7,n(y(T + 7) + 7)]. It lasts to prove that F,11 < E(t), for all t € (n(y(T + 1) +
7)y (n+ 1) (v(T + 7) 4+ 7)]. From (5.2.67), it comes that

E(t) 2 E((n+1)(y(T+7)+7)) = E(Y(TH+7)+7)) (=Lt (Y(T+7)+7)) = (L-Ts1) F = Fo,

forallt € (n(y(T'+7)+7), (n+ 1)(v(T + 1)+ 7)], where in the above inequalities we have used
the fact that £ is nonincreasing. Hence, (5.2.69) is proven.
Now, for almost all time (see [33] for further details)

d d
— < |— < . 2.
i ma, dx(6) < | x| < v (5.2.70)

Next, let us define the function W : [—7, +00) — [0, +00),

TCY +M+ max dx(s) B vy
W(t) := (v(T+ 1) +7)E(L) + C*/ sElmm )] < m[%]n} 1/}(0)) dr,
0 oe|0,r

for all t > —7. By construction, W is continuous. Also, for each n > 1 and for a.e.
te(n(y(T+7)+71),(n+1)((T +7)+ 7)), from (5.2.46), (5.2.69) and (5.2.70) it follows that

d d - d
SW(t) = (T — * T v
VO =0T+ +nZ O+ C@E+(T+n+n)) g max | dx(s)

< —EMY(T+7) +7)C(G((n+ 1)(V(T +7) + 7))

+C* (Pt +v(T+71)+7)dv(t+ (T +7)+ 7))

< C*Fa(=(@((n + D)(AT +7) + 7)) + (&((n + (AT +7) +17))7)) = 0.

Then,
d
%W(t) <0, ae t>y(T+71)+T, (5.2.71)
which implies
W) WO (T +7)+7), VEizZy(T+7)+T (5.2.72)

Now, by definition of W, being £ a nonnegative function, we have

TCY +M&+ max dx(s) B vy
C*/ s€l=mtty(THm)+7] ( min 1/1(0)) dr <WH(T +71)+71),
0

o€l0,r]

for all t > v(T' + 7) + 7. Letting t — oo in the above inequality, we can conclude that

TC(‘)/+M6X+ sup  dx(s) 5 Y
c | T (min (0))dr < WO )47, (5:2.73)
0 oe|0,r

Finally, since the function 1 satisfies property (5.2.39), from (5.2.73), we can conclude that there
exists a positive constant d* such that

TOY + M +  sup  dx(s) < d*. (5.2.74)
SE[—T,+00)
Now, let us define R .
¢:= min (r).

rel0,d*]
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Note that ¢ > 0. Also, (5.2.74) yields
< o(t), Vt>-—r. (5.2.75)
Then, from (5.2.68) and (5.2.75) we have
Fpi1 < (1—C*¢$")E,, VneN. (5.2.76)
Thus, thanks to an induction argument, we can write

F,<(1-C*¢")"Fy, VneNp. (5.2.77)

1
stants C3 and Cy in (5.2.41) can be rewritten in the following way (see (5.2.42) and (5.2.43)):

Note that C*¢7 = KGO +3)(T+7)+7) (NL—)V (minre[o,d*] @(r))ﬁy Thus, the positive con-

1
O3 = ———,
1-C*o

CrEsortl <1 - é’gf)) |

As a consequence, inequality (5.2.77) can be rewritten as

Cy =

F, < e 0T+ By i e N, (5.2.78)

where Cy is the positive constant in (5.2.43).
Finally, let t > 0. Then, t € [n(y(T + 1) 4+ 7),(n + 1)(v(T + 7) + 7)], for some n € Ny. Then,
using (5.2.46) and (5.2.78)

dv(t) <F,< efnC4('y(T+T)+T)FO < 676’4(t7’y(T+7')7T)F0 _ efC4tC3FO’

where Cs is the positive constant in (5.2.42). This concludes our proof. O

5.3 Numerical simulations

In this section, we present some numerical simulations for the first-order model (5.1.1) and the
second-order model (5.2.35) in the one-dimensional case, i.e., d = 1, to give evidence to the
theoretical results. We consider the influence functions in the definitions (6.0.2) and (1.3.20)
defined by

P(r,r") = (r,r") =*(Jr —7']), 70" €]0,+00).

In particular, we assume that the function ¢*(-) takes the form
() =e D p e [0, 400). (5.3.79)

Meanwhile, for simplicity, the weight functions «;;(-) for all 4,5 = 1,..., N coincide with a piece-
wise functions a(-) equal to 1 or 0 alternately in time intervals of length 2. The initial conditions
were set to be constant and drawn from a random distribution in the interval [0, 1]. To produce
the tests, we used the MATLAB environment. The solutions of the systems are computed using
the MATLAB functions dde23, which computes the solution of a given delay differential equation
(DDE) with a constant time delay vector, and ode45, which performs the solution of an ordinary
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Figure 5.1: Strongly connected digraph and its adjacency matrix, v = 6

differential equation (ODE). In all our simulations, we consider a discretization of the time with
a time step of 0.1 and the size of the population N = 10. For any agent i € {1,..., N}, we
assume the time delays 7;; given by a constant vector in which each entrance takes value in the
interval [0, 1] as follows:

(i1, ..., 7n) = (0.3804, 0.5678, 0.0759, 0.0540, 0.5308, 0.7792, 0.9340, 0.1299, 0.5688, 0.4649).

In Figure 5.1, we draw the network structure that describes the interaction between the
agents and the adjacency matrix associated with that structure. For this particular case, the
depth of the graph is v = 6. In this framework, in Figure 5.2 we perform the dynamics of the
solution for the first-order Cucker-Smale, and in Figure 5.3 we compute the solutions for the
second-order model. One can see that the opinion and velocity trajectories of all the agents
converge to the same limit, ensuring consensus in the first case and flocking in the second case.
Notice that we can see the effect of the presence of the function «(-), which causes a lack of
connection in some time intervals.

Another strongly connected digraph is considered in Figure 5.4, with depth v = 3. Figure 5.5
and Figure 5.6 provide numerical tests for such a network structure for the first and second-order
models, respectively.
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Figure 5.2: Numerical solution of the first-order model in the case v = 6.
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Figure 5.3: Numerical solution of the second-order model in the case v = 6.
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Figure 5.4: Strongly connected digraph and its adjacency matrix, v = 3
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Figure 5.5: Numerical solution of the first-order model in the case v = 3.
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Figure 5.6: Numerical solution of the second-order model in the case v = 3.



Chapter 6

Consensus, stability and mean-field
limit

In this chapter, we investigate a time-delayed opinion formation model in which a population is
divided into two groups: a small number of leaders and a larger group of followers (non-leaders).
Specifically, we consider m € N leaders and N € N non-leaders, with

N >m > 2.

The defining feature of our setting is the asymmetric interaction structure: while leaders influ-
ence all agents in the system, they themselves are influenced only by their fellow leaders. This
model’s situations where opinion leaders, such as political figures, experts, or influencers, shape
the views of the broader population but are insulated from the direct influence of non-leaders.
Let
y(t)eRY, i=1,...,m,

denote the opinion of the i-th leader at time ¢, and let
zi(t) eRY, i=1,..., N,

denote the opinion of the i-th non-leader at time ¢. To account for the time required for
discussion and decision-making, we introduce time delays into the interactions among agents.
Consequently, the evolution of opinions is governed by the Hegselmann-Krause opinion formation
model with delays:

%yi(t) _ %Zw; Ot —71) = galt), >0, i=1,.m,
j=1
N
Lailt) = 5 D0 0050t — ) — ilt) (6.01)
=1

1 o= ,
+m2pi;(t)(yj(t—7'1)—xi(t))7 t>0,i=1,..,N,
‘7:

where the interaction weights are defined by
%T; (t) == ¥ (yi(t), yj(t — 1)),
qszz- (t) == o(x4(t), z;(t — 1)), (6.0.2)
pij (t) := p(wi(t), y; (t — 1)),

115
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and 1, ¢, p : R x R — R are assumed to be positive, Lipschitz continuous, and uniformly
bounded. We want to emphasize that, to prove the convergence to consensus, we do not need
the Lipschitz property for the communication rates v, ¢, p. We will require the Lipschitz
continuity only later on, to deal with the mean-field approximations. We denote the maximal
delay by

T := max{7, T2},

and prescribe the initial data on the interval [—,0]:
yi(t) =92(t), i=1,...,m, t€[-T,0], (6.0.3)

and
zi(t)=29(t), i=1,...,N, te[-7,0], (6.0.4)

where Y and z{ are continuous functions from [—, 0] to R%.

Under the above framework, we aim to show that the system achieves consensus in the long
run (cf. [30] for a related approach with different normalization factors).

To precisely formulate the consensus result, we introduce the following notions.

Definition 6.0.1. The global diameter of the system is defined as

d(t) = max { | max foi(t) — 25(0)],, max ((0) ~y;(0)]. max |uit) — 2} 505
j=1,...,.N

Moreover, for each n € Ny, we define the diameter over the time interval [nT — 7,n7| by

D= max  { max |oi(s) — ;(t)], max |yi(s) - y;(0)], max |yils) — ()]}
sitenr—r,n7] Lij=1,..N i,j=1,....m %:irf\z]
=150

We are now in a position to state our first main result regarding the exponential convergence
to consensus.

Theorem 6.0.2. Let {y;(t)}", and {z;(t) é-V:l be the global-in-time classical solution to the
system (6.0.1) with initial conditions (6.0.3)—(6.0.4). Then, there ezists a constant v > 0,
independent of N and m, such that the global diameter decays exponentially:

d(t) < e 7¢=27) Dy,

Similarly to the analysis of the previous chapters, the proof of Theorem 6.0.2 builds upon
the analysis of the global opinion diameter functional d(t), which measures the maximal de-
viation of opinions across all agents. A central challenge lies in controlling the evolution of
d(t) under delayed interactions, especially between leaders and followers. To address this, we
derive a Gronwall-type inequality for d(¢) by decomposing the interaction terms and estimating
their influence across time intervals of length 7. Through a stepwise contraction argument and
bootstrapping, we establish that d(¢) decays exponentially after a transient layer, independently
of the delay size. This approach allows us to obtain consensus convergence without imposing
smallness assumptions on the delay parameters.

To understand the collective behavior of a large number of interacting agents, we next study
the mean-field limit of the delayed particle system introduced in (6.0.1). The goal of this
analysis is twofold: first, to derive macroscopic equations that describe the evolution of the
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system when the number of agents becomes large; and second, to establish convergence results
toward consensus at the mean-field level.
We investigate two distinct asymptotic regimes that reflect different population structures.

Case (i): few leaders and many non-leaders. In this regime, the number of leaders m remains
fixed, while the number of non-leaders N tends to infinity. This setup reflects situations in which
a small number of influential individuals shape the dynamics of a much larger population. In the
mean-field limit, the leaders retain their finite-dimensional dynamics, whereas the non-leaders
are described by a probability density v, governed by a continuity equation. The limiting system
reads: .

Sty = S AR )~ w(h), >0, i=1.m,

dt (6.0.6)

with the initial data
Gi(s),vs) =: (39(s),95), i=1,...,m, x€R? forse[-7,0].

The interaction weight is given by @Z;l (t) == ¥(ui(t),y;(t — 1)), and the velocity field for the
non-leader density is given by

W)= [ o=+ 2 et - )@ —n) —a). (607)
j=1

In this formulation, the leaders remain finite-dimensional agents evolving under delayed mu-
tual interactions, while the non-leader population evolves continuously in time and space under
the influence of both the leader group and its own internal dynamics. This hybrid description
allows for a tractable yet rich model of hierarchical opinion dynamics.

Case (ii): infinite population limit for both leaders and non-leaders. In this fully macroscopic
regime, both groups are described by probability densities. The mean-field limit then yields a
pair of continuity equations for fi; (leaders) and 7, (non-leaders):

., zeRY t>0,

0
(6.0.8)
8t7jt+v‘(7t®t):07 %ERd, t >0,
subject to the initial data

(fis, 7s) =: (fs,3s), x€R? forse[-7,0]. (6.0.9)

Here, the velocity fields are defined as
inla) = [ D)y =) e (), (6.010)
o) = /R 0w 0)y — 1) P () + /R Pl )y — ) e (). (6.0.11)

This fully macroscopic description is particularly useful for analyzing large-scale patterns and
stability properties of the system when the number of interacting agents is extremely high.

To study convergence and decay to consensus in these mean-field models, we introduce
diameter-like quantities that measure the spread of the distributions.
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In Case (i), we define:

@) =max{ s Jz—yl max |u(t) - y(t)], max sup () x|}
z,y€supp(vt) v m Z:L”"miesuPp(Vt)

J=1y.00

In Case (ii), the diameter becomes

() =max{ s |o—yl, sw |e-yl, sw |z—yl}.

z,y€supp(vt) x,y€supp(ue) x€supp(vt),
yEsupp(pit)
To measure initial discrepancies, we define:
vo..__
D§ := max max{ sup |z —y|, max |y(s)—y;(t)], max  sup |yi(s) —x\},
5,t€[~7,0] x€supp(gs), b =Ly =L gesupp(gr)
y€Esupp(gt)

DY := max max{ sup |z —vy|, sup |zx—y|, sup |:L‘—y|}
s,t€[~7,0] rESupp(gs ), zesupp(fs), zesupp(fs),
y€Esupp(gt) y€Esupp(ft) y€Esupp(gt)

We now recall the standard notions of push-forward and measure-valued solutions to make
the above formulations precise.

Definition 6.0.3. Let pu be a Borel measure in R? and T : R* — R? be a measurable map. The
push-forward of p by T is the measure T#u defined by

T#u(B) := (T~ 1(B)),
for every Borel sets B C R%.

Definition 6.0.4. Let T > 0 and let P(R?) denote a set of probability measures in RY. We
say that p, € C([0,T); P(RY)) is a measure-valued solution to a continuity equation of the form
(6.0.6) or (6.0.8) if for every ¢ € C(R? x [0,T)), the following weak formulation holds:

T
/ / (006 + v(z) - V) pa(da)dt + / 6(z, 0)io(dz) = 0, (6.0.12)
0 R4 R4

where v is the velocity field defined as (6.0.7), (6.0.10), or (6.0.11).

Theorem 6.0.5. Assume that the initial data for the particle system (6.0.1) satisfy one of the
following:

Case (i): few leaders and many non-leaders: The leader initial data are given by
v € C([-n,0), i=1,...,m,
and the non-leader initial distribution is
g € C([-72,0); Poo(R?)).
Here Poo(R?) denotes the space of all probability measures on RY with bounded support.

Case (it): infinite population limit for both leaders and non-leaders: The initial
densities satisfy

f € C(I=m, 0 Po(RY)  and g € C(1=72,0; Poo(RY).
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Then, for any finite time T > 0, the corresponding mean-field model admits a unique solution
of equations (6.0.6) or (6.0.8) on the interval [0,T) with the following regularity properties:

e In Case (i), the leader trajectories §;(t) belong to C1([0,T)), and the non-leader distribution
v belongs to C([0,T); Poo(RY)), with uniformly compact support. Moreover, the solution

satisfies the relation:
vy = X (t;-)#w0, (6.0.13)

where X (t;-) is the flow map generated by v{".

e In Case (ii), the measure-valued solutions fi(t) and v(t) belong to C([0,T); Po(R%)), with
uniformly compact support, and the solutions satisfy

ﬂt :X(t7)#ﬂ07 Dt - Z(ta ')#I;Oa
where X and Z are the flow maps associated with u; and vy, respectively.

Moreover, denoting by d(t) the global diameter of the solution (i.e., d”(t) in Case (i) and dH"(t)
in Case (ii)) and by Dy the corresponding initial discrepancy (i.e., DY in Case (i) and D" in
Case (i1)), there exists a constant v > 0 such that

d(t) <e "2 Dy V> 0.

Theorem 6.0.5 addresses both the well-posedness and large-time behavior of the mean-field
systems derived from the interacting particle dynamics. The proof proceeds in two steps. First,
we establish the existence and uniqueness of measure-valued solutions by constructing them as
push-forwards of initial measures under characteristic flows. The well-posedness is shown in the
space of probability measures endowed with the p-Wasserstein distance. A key ingredient is
a Lipschitz-type stability estimate, derived using optimal transport techniques, which ensures
continuous dependence on the initial data. Second, to analyze the large-time behavior, we com-
bine the exponential decay estimate for the particle system (Theorem 6.0.2) with a quantitative
mean-field limit argument. In both regimes, (i) with finitely many leaders and infinitely many
followers, and (ii) with both populations tending to infinity, we prove that the macroscopic dy-
namics inherit the consensus property from their particle counterparts. This two-step approach
highlights the robustness of consensus formation under time delays and scaling limits.

6.1 Exponential consensus in the time-delayed particle system

In this section, we establish exponential convergence to consensus for the delayed leader-follower
system defined in (6.0.1). Our analysis proceeds by constructing suitable upper and lower bounds
for directional components of the trajectories and showing that the overall diameter contracts
over time. We begin with a preliminary lemma that ensures directional components of agent
positions remain uniformly bounded over delayed intervals.

For convenience, we set the uniform bound on interaction strengths:

K= max{[[¢[| e, 4]l Lo, lpll 2 }- (6.1.14)
Lemma 6.1.1. Let {z;(t)}}¥, and {y;(t) L1 be the solution to (6.0.1) with the initial conditions
given by (6.0.3)(6.0.4). For any vector v € RY and time T > 0, define the quantities

m7 = min min min {(x;(s),v min min i(s),v
pimmin{ min v (00, winwin (560,00}
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and

My = : ; .
T := max {FrrllaxN se[r;liliﬂ@j@), v),jzfglfc}jfm se%lé)f,ﬂ@](s)’ v>}

Then, for allt >T — 7:
mr < <:L‘Z'(t),’U> SMT, 1= 1,...,N, (6.1.15)

and
mr < (yi(t),v> < MT, 1= 1, cee, M. (6.1.16)

Proof. We prove (6.1.15); the proof of (6.1.16) follows analogously. Fix v € R? and T > 0. By
definition, the inequalities in (6.1.15) are trivially satisfied for ¢t € [T'—7,T]. Fort > T, let ¢ > 0
be arbitrary and define the set

S, = {t >T: ‘nllaxN<:cj(5),v) < Mg +e se [T,t)} :
J=1

Since the trajectories are continuous, S, is nonempty. Denote
S :=supS..

We now claim that S = +o0o. Assume, by contradiction, that S < +oc. Then, for all s € (T}, 5)
we have
< M
jmax (x(s),v) < Mr +e¢,

and, by continuity,

lim max (x;(s),v) = Mr +e€.

S e (i(s) v) = M e
Now, take any ¢t € (T,S). Using the second equation in (6.0.1) and noting that ¢t — 71, t — 79 €
(T —1,5), we differentiate to obtain

< att) >—1i¢”<t>< (t— ) Z 1) — (1), v)
T tait),v) =+ x; To) — x;(t p zi(t),v

1

&7 () (Mr + € — (i(1) Zp )(Mr + € — (2(t),v))

IN
=| -

< 2K (Myp + € — (z;(t),v)),

where we used the bound QSZJ? (1), PZ'T; (t) < K. Then,

%(:L‘i(t), v) < 2K (Mg + €) — 2K (z(t),v),
and applying Gronwall’s inequality on (7', t) yields

(i(t), v) < e 2K (@, (T),0) + (M + €) (1 e 2KCD).
Since (z;(T),v) < My, by the definition of S, we find

_max (x;(t),v) < Mr + e~ ee2K(S=1)  wr e (T, S).
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Taking the limit as t — S~, we get

lim max (z;(t),v) < Mp+e—ee 2K < My 4¢,
t—S—i=1,....N

which contradicts the earlier limit. Therefore, we must have S = +o00, and consequently,

4 I{laXN<$i(t),’U> < Mr+e Vt>T.
i=1,...,

Since € > 0 is arbitrary, it follows that

max (z;(t),v) < My, Vt>T.
i=1,...,N

In particular,
(x;(t),v) < Mp, Vt>T,i=1,...,N. (6.1.17)

Now, we apply (6.1.17) with a vector —v € R? to get

~ai(t).0) = {rilt), ) < max max (r(s), —v)

< — _qlin min _(z;(s),v) = —mr.

j=1,...N s€[T—7,T)

Then, we have the second inequality
(xi(t),v) >mp, Vt>T,1=1,...,N.

Thus, (6.1.15) is established. O

6.1.1 Uniform boundedness and influence positivity

Building on Lemma 6.1.1, we now establish uniform bounds on the pairwise distances between
agents’ opinions. This is key to showing that the diameter of the system does not increase over
time and will ultimately decay exponentially.

Lemma 6.1.2. For each n € Ny, the following estimates hold:

|zi(s) —x;(t)| < Dn, Vs,t>nr—7,4,5=1,..,N, (6.1.18)
lyi(s) —y;(t)| < Dy, Vs,t>nr—1,4,5=1,...,m, (6.1.19)

and
lyi(s) —xzj(t)| < Dy, Vs,t>nr—7,i=1,...,m, j=1,...,N. (6.1.20)

Remark 6.1.3. An immediate consequence of Lemma 6.1.2 is that the sequence {Dpy}nen, S
Non-increasing:
Dy < Dy, forall n € Ng.

Then, in particular,
|$Z(S)—l'j(t)| SDO? Vi?jzla"wN)

’yl(s)_yj(t” §D07 Viajzla"'amv

and
lyi(s) —x;(t)| < Doy, Vi=1,..,m, j=1,...,N,

for all s,t > —.
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Proof of Lemma 6.1.2. We present the proof of (6.1.18); the proofs of (6.1.19) and (6.1.20) are
analogous. Fix s,t > —7 and suppose that |z;(s) — z;(t)| > 0 (the case when this difference is
zero is trivial). Define the vector

v = x;(s) — x;(t).

By applying Lemma 6.1.1 and the Cauchy-Schwarz inequality, we obtain

jwi(s) = 2; (B = (wi(s) — 2;(t),v)

< maX{ max max  (y;(s),v), max max (xi(s),v)}
1=1,...,m s€[nT—7,n7| i=1,...,N s€[nT—7,n7|
— min min min (t),v min min xi(t),v }
{[min _omin (y(0)0), minmin - {z;(0),v)
< max{ max max  (yi(s) —y;(t),v), max max  (x;(s) — z;(t),v),
'i,j:l,...,m S,tE[anT,TLT i,jZl,...7N S,tE[TLTfT,nT}
ma, ma; ma, i(s) —x;(t),v }
i=1,...),(mj:1,..i(N s,te[nTji—,nT}<yZ( ) J( >7 >
<ma{ ma; ma; i(s) —yi(t)| - ma; ma; x;(s) —xi(t)|-
- * i,j:l,.}.ims,te[nT—}i,nﬂ ‘yz( ) y]( )| |v’7i,j:l,.}.iNs,tG[nT—)g',nT]’ Z( ) ]( )’ |U‘7
max max max i(s) —xi(t)| - |v }
e max e Ju(s) (1) - o)
< D2,
This completes the proof. O

We next show that the agents’ trajectories remain uniformly bounded in time.
Lemma 6.1.4. For alli=1,...,N and j =1,...,m, the solutions of (6.0.1) satisfy
lz; (1) < Co  and y(t)| < Co, Vt=>0,

where

Cp = ; ; )
0= Inax, {i:r{{?{(N lzi(s)],  max \yz(S)!}

Proof. We prove the bound for z;(t); the corresponding estimate for y;(t) follows similarly. Fix
ie{l,...,N}and ¢t > 0. If |z;(¢)| = 0, the bound is trivial. Otherwise, set

v = z4(t).
Then, using Lemma 6.1.1, we obtain

<ma{ma ma; i(s),v ma. ma. xi(s U}
— X j=1,..?,(mse[—:,(0]<y]( )7 >’j:1,..?st€[7:,(O]< ]( )7 >

<ma{ma ma. i\S)| - |v ma. ma. CU‘S"U}
<max{ max | max ()] -l max max ()] -

<C§.

This completes the proof. ]
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From Lemma 6.1.4 we immediately obtain a useful lower bound for the influence functions.
This bound is crucial, as it ensures that the interactions among the agents remain uniformly
positive throughout the evolution of the system.

Remark 6.1.5. Since the influence functions are continuous, we deduce that

P(yi(t),y;(t —71)) > o= min  ¢(21,22) >0,
|21],]22|<Co

d(xi(t), z;(t —12)) > ¢o := min  P(21,22) >0,
|z1],]22|<Co

p(xi(t),yj(t — 7)) > po:= min  p(z1,22) >0,
|21],]22]<Co

for each t > 0. This positivity is crucial since it prevents the influence terms from degenerating,
thereby ensuring effective information exchange across the network.
6.1.2 Directional contraction estimates

With these lower bounds in hand, we now turn our attention to establishing contraction estimates
that describe how the differences between agent states decay over time. These estimates will
serve as the cornerstone of the consensus result.

Lemma 6.1.6. For all unit vector v € R* and for every n € Ny, the following inequalities hold:
(zi(t)—xj(t),v) < e 2EKE0) (0 (t0)—x(to), v)+(1—e 2K\ D, - Wi j=1,... N, (6.1.21)

(yi(t) —y;(t), v) < e 2K (s (t0) —yi(to), v) +(1—e KON D, Wi j=1,...,m, (6.1.22)
and, Vi=1,...,N, j=1,...,m,

(i(t) — y;(t),v) < e KON a5(t0) — y;(to), v) + (1 — e KN D, | (6.1.23)
for all t > ty > nr.

Proof. We divide the proof into two steps. In the first step, we obtain contraction estimates for
the differences among agents within the same group (both non-leaders and leaders), and in the
second step, we treat the mixed case involving a non-leader and a leader.

Step 1. We first derive the contraction estimate for the non-leader agents. Fix a unit vector
v € R? and a given n € Ny. To quantify the maximal and minimal projection values along v
over the time interval [nT — 7, n7|, define

Myim _max { max ((9,0) max 90}

s€nt—7,n7] j=1,....N ji=1,...m

and

My = min { min_(z;(s),v), min <yj<s),v>}.

s€nt—7,n7] (j=1,....N j=1,...m

It is clear that M,, — m, < D,,. Now, fix an index ¢ € {1,..., N} and consider t >ty > nr.
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By the definition of system (6.0.1) and applying Lemma 6.1.1, we have

d N
L ail0),0) = ¢ 30RO s(t — ) — (), 0) + zp )ws(t —m) — (1), v)
=1
1 & 1
<% ZQSTQ-(t)(Mn —(@i(t),v)) + — ZPZ- (1) (My — (x3(t),v))
j=1 j=1
< 2K (My, t),)),
where we used that ¢;7(t) and p[}(t) are bounded by K, and that t —71,t — 72 > nT — 7. By

applying the Gronwall s lemma, We find
(z4(t),v) < e 2KE0) (2:(tg), v) + (1 — e 2KCEt)pp, (6.1.24)
Similarly, for any j € {1,..., N} and t > ¢y > n7, we derive the lower bound
(z;(t),v) > e 2KUE0) (g(1g),v) + (1 — e 2Kt )y (6.1.25)
Subtracting (6.1.25) from (6.1.24) yields
(wit) —a;j(),v) < e 2K (ay(to) — wj(t0), ) + (1 — e 2KE1) (M, —my)
< e U0 (1 (40) — 25 (t0), v) + (1 — e 2Kl .

Thus, we have obtained the contraction estimate for the non-leader agents as stated in (6.1.21).
By an analogous argument applied to the leader dynamics (using the first equation of (6.0.1)
and the corresponding influence function 1), one obtains a similar contraction estimate (6.1.22)
for the leader agents.

Step 2. We now consider the mixed case involving a non-leader and a leader. For a leader
y;(t), we use the first equation in system (6.0.1) and apply Lemma 6.1.1 to obtain

Sui(0),0) = S UT Ol 1) 5 (0),0)
=1
> S 0mn — (550, 0)

K(mn - <yj (t)7 U>)
2K(mn - <yj(t)7 U>),

where we used m,, — (y;(t),v) <0 forall j =1,...,m and for all t > n7. Applying Grénwall’s
inequality then gives

(y;(t),v) > e ) (41 (10, v) + (1 — e 2K )y (6.1.26)
Subtracting (6.1.26) from the bound for (z;(t),v) in (6.1.24) yields

(wi(t) = (8),v) < e 2RO i (ko) — yj(to), v) + (1 — e 2K ) (M, — )
< e KO0 (5(t) — y;(to), v) + (1 — e 2KE—)) D

This completes the proof of inequality (6.1.23). O
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Remark 6.1.7. It is worth noting that for pairs of leaders, one may also derive a sharper
contraction estimate that depends only on the leader group:

(i(t)—y;(t),v) < e KON (yi(t)—y;(to), v)+ (1—e KTy max  max |yu(r)—ui(s)|,

hk=1,...m r,s€[nT—7,n7|

for all i,57 = 1,...,m. However, for the overall consensus result, it is essential to work with
unified estimates (as in Lemma 6.1.6) that simultaneously control all interactions in the mized
leader-follower system.

6.1.3 Recursive control of diameter

To estimate the evolution of the system diameter in discrete time, we now investigate how the
maximum distance between any two agents at time nr relates to earlier diameters. The following
lemma provides a key step toward establishing exponential contraction of the global diameter.

Lemma 6.1.8. There exists a constant C € (0,1) such that
d(m') S CDn_Q,
for all n > 2.

Proof. We prove the lemma by considering three distinct cases, each corresponding to a different
configuration in which the diameter d(n7) is achieved.

Case 1. Assume that
d(nt) = |z;(nT) — xj(nT)]
for some i,j = 1,..., N. Since the case |z;(n7) — z;(n7)| = 0 is trivial, we suppose |x;(n7) —
xj(n7)| > 0. In this case, we first normalize the difference by setting

_ zi(nt) —xj(nT)

 zi(nt) — 2 (nr)|
To capture the spread of agent opinions over a preceding time interval, we now introduce
the quantities

Moo= e {j max (a5(s), ), max (y;(s), v>} ,
and
Mnoyi= L omin {j:rﬁ};} V\@i(8),), jmin(y;(s), v>} :

It is clear that
My 1 —my—1 < Dy,

Next, we analyze the evolution of the projection differences along v during the time interval
t € [(n — 1)7,n7]. Using the system dynamics, we write the time derivative of the projection
difference between agents z; and x; as follows:

d
$<xi<t> — 2(t),v)

N
_ qu )yt —71) — 2i(t) Zp )t = m2) — wit),v)

l*l

1 N
N; — 1) — x;(t) ZP 2) — x;(t), v).
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We now regroup the terms by introducing the shift M,,_; (which represents an upper bound on
the projections during [(n — 2)7, (n — 1)7]). In particular, we rewrite the above derivative as

%m(t) (), 0)
N
Z $l t*Tl) > Z¢ Mp—1 — <xi(t)vv>)
=1
+ = Zp ((yi(t = 72),0) — ZP My = (zi(t), v)) (6.1.27)
—I—]b;qbﬁ( My — 1—<£L‘l(t—7'1 NZ¢ >_mn—1)
F 3 @) 0ma — (e = 72),v Zp ) = ).
=1

At this point, it is convenient to introduce two auxiliary sums, S; and Ss, corresponding respec-
tively to the contributions involving the upper bound M,,_; and the lower bound m,_;. Using
Remark 6.1.5 and the fact that the weights are bounded by K, we obtain

N N
S = %Zqﬁ%)«xl(t 1)) = Maa) + o DGOt — (ail0), )

=1
o 2o Ot =) ) = M)+ 23000t = i)

1 & L
Sy = N Zéf)ﬁ(t)(mn 1 — (z(t —11),v)) + N ng)ﬁ(t)((a:j(t),v) —My_1)
=1 =1
+ = PO (a1 — (it —72),0)) + — > pi (6 ({5 (1), 0) — M)
, 1—1\1[ ) =1
< Y (= @t = 71),0) + 22D (may = (it = 7))
=1 I=1

where we used the fact that, being ¢ € [(n — 1)7,n7], it holds that t — 71,¢t — 72 € [(n — 2)T, n7].
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Combining the estimates from S; and S2 in (6.1.27), we deduce that
d

7 (2i(t) = 5(t), v) < 2K (M1 — 1) — 2K {zi(t) — 2;(2), v)
N m
+ % (@it — 1), 0) = Mp—1) + %2 D (= 72),v) = My 1)
=1 =1
+@ S ( _ — @ . —_ —
N 2 (-1 = (@it = 7) o)) + > (mn1 = (it = 72),v))

=1

o~
Il

1
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< 2K (Mp—1 — mp—1) = 2K (2i(t) — x;(t),v) 4 (¢ + po) (= Mpn—1 + mn_1).

For notational simplicity, we set
A := min{vy, ¢o, po}-
Then, the inequality simplifies to

d

7 (xi(t) —a;(t),v) <2(K —A) (Mp—1 — mp—1) — 2K (z;(t) — z;(t), v).

Applying the Gronwall’s lemma on the time interval [(n — 1)7,¢] with ¢ € [(n — 1)7, n7], we find

that

(xi(t) —xj(t),v) < e 2K (t—n+T) (xi(nT — 1) —zj(nT —7), V)

Since this is valid for all ¢ € [(n — 1)1, n7], taking t = n7, we obtain

{zi(n7) = ;(n7),v)
< e T gint — 7) — zi(nT — T), V) + <1 — 2) (Mp—1 —mp1)(1 — e ?57)
< e T gi(nr — 1) — zj(nT — T)||V| + (1 — 2) (Mp—1 —myp_1)(1 — e 257)

A
S anl |:e—2KT + (1 _ K) (1 _ €_2KT):|
A
< Dy [1 - (- e—2KT)] ,

where we used Remark 6.1.3. Consequently, we deduce that

d(nt) < Dy [1 — %(1 — e—QKT)} :

Thus, we obtain the desired estimate for the case when the maximum diameter is determined

by non-leader agents.
Case 2. Now, assume
d(n7) = [yi(n7) — y;(n7)|,
for some 7,7 =1,...,m. As in Case 1, we begin by normalizing the difference. Define
_ Yi(nT) —y;(n7)
" yi(nr) = yi(nr)|
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For t € [(n — 1)7,n7], similarly as in Case 1, using the definition of the system, we write the
time derivative of the projection difference between the leaders y; and y; as

d m m

S(0) = 53(0),0) = = S VROl — )~ 5(0),0) — > YR Ol )~ yi(0), )

=1 =1
S RO =)0~ Mo+ S U O(May — (1))
=1 =1
b S R Omas — (e = 72),0) + 2 SO0, )~ o)
=1 =1
< 05 (Gl = 72),0) = M) + K (M1 — (). 0)

This implies

Sl0) = 330 0) < K (Mot = 1) = K{gi(0) = (0,0
+ LS Gt = 72), ) = M) + 225 s — (e = 72),0)
=1 =1

< K(Mn—l - mn—l) - K<yz(t) - y](t)7v> + A(_Mn—l + mn—l)
= (K - A) (Mn—l - mn—l) - K<yz(t) - yj(t)7v>'

Applying the Gronwall’s lemma over the interval [(n —1)7,t] with ¢ € [(n—1)7, n7], we find that
(Wi(t) — y;(t),v) < e KONy (nr — 1) — y;(n7 — 1), 0)

+ <1 - 2) (Mn—l - mn_l)(l — e_K(t—nT_;'_T))'

Taking ¢t = n7, this simplifies to
(yi(nT) — y;(n7),v)

< e M (yi(nt — 1) —y;(nT — 7),0) + (1 - ) (Mp—y = mn-1)(1 = "7)

> x| =

< Klptor =) = gytar = Dllol+ (1= 5 ) oy = )1 - )

K
A
< Dy [eKT +1-— ?(1 — eKT)]

< Dp_9 [1 - %(1 - e_KT)} :

Thus, we conclude that,

d(nt) < Dy_s [1 — %(1 - e_KT)} .
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This completes the derivation for Case 2.
Case 3. Now, assume that there exist indices i € {1,...,N} and j € {1,...,m}
d(n7) = |zi(nT) — y;(n7)|.
In this mixed case, the maximum diameter is achieved by a non-leader and a leader. As before,
we begin by normalizing the difference; define
_ xi(nt) — y;j(nT)
|zi(n7) — y;(n7)]

Then, the distance can be expressed in the direction v as

|zi(nT) — y;j(nT)| = (xi(nT) — y;(n7), ).

For t € [(n — 1)7,n7], by using almost the same arguments used in the previous cases, we
deduce

NS A
TN D (@it = 2),v) = Myo1) + o D ({yult = 71),0) = M)
=1 =1
S s~ — 7))

o~
Il

1

< (2K = A) (Mp—1 — mp—1) — 2K (z;(t) — y;(t),v),
where we used that for all [ =1,..., N,
(xl(t — 7’2), ’U) — Mn—l S 0.

Again, analogously, we obtain

d(nt) < e KT (xi(nT — 1) — y;(nT — 7),0) + <1 - ;}) (Mp_1 —my_1)(1 — e 2E7)
< e BTz (nT — 1) — yi(nT — 7)||v] + <1 - 211\(> (M1 —my_1)(1 — e 2ET)

A
S anl |:e—2K’T + (1 _ 2[() (1 _ €—2KT):|

A —2K
<Dp_o|l—=—(1- .
<D, 2[1 2K(l e )]

Finally, to complete the proof of the lemma, we define

Ci=1- %(1 - e_KT>, (6.1.28)

which yields the desired estimate. O

Remark 6.1.9. From the proof of Lemma 6.1.8, it becomes evident that the normalization
chosen for the weight functions in (6.0.2) plays a crucial role in the dynamics. Roughly speaking,
this normalization ensures that the influence exerted by the leaders constitutes half of the total
influence on any non-leader. This balanced distribution of influence is essential for deriving the
homogeneous contraction estimates that lead to consensus.
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6.1.4 Exponential consensus: Proof of Theorem 6.0.2

Now, we prove the consensus result stated in Theorem 6.0.2.

Let (xi(t),y;(t)), with ¢ = 1,...,N and j = 1,...,m, be the solution of (6.0.1) with the
initial conditions (6.0.3) and (6.0.4). Our goal is to show that the diameter of the system decays
exponentially. To achieve this, we first claim that there exists a constant C' € (0,1) such that

Dypi1 <CDy_o, Vn>2. (6.1.29)
We start by observing that from Lemma 6.1.6 the following estimate can be deduced:
Dpy1 < e ?57d(n1) + (1 — e 257\ D,,.

To illustrate this, assume that for some n € Ny, there exist s,t € [n7,nT + 7| and indices
i,j € {1,..., N} such that

Dpy1 = |xi(s) — x;(t)].
Assume that |z;(s) — x;(t)| > 0, since the case |z;(s) — x;(t)| = 0 is trivial. Define the unit

vector
p i Fils) —ai(t)
|zi(s) — 2;(t)]
Then, by definition,
D1 = (wi(s) — (1), v).

Using (6.1.24) with top = n7, we obtain

(@i(s),v) < e 2RO gi(nr),0) + (1 - e 2KET )0,

_ e_QK(S_nT)(<£L'i(nT),U> _ Mn) + M, (6130)
< e KT (@y(nT), 0) + (1 — e *KT) M,

Analogously, using (6.1.25) we have
(2;(1),v) > e 2K (x;(n1),v) + (1 — e 2ET)my,. (6.1.31)
Subtracting (6.1.31) from (6.1.30) yields
D, < 6_2KT<$Z'(TLT) —zj(nT),v) + (1 — e_QKT)Dn
< e K7d(nr) + (1 — e 2KT\D,,.

A similar reasoning applies if D, 11 is defined by the other two possible forms (involving leader-
leader or leader-non-leader differences).
From this and Lemma 6.1.8, we get that

Dpy1 < e E7d(n7) + (1 — e 257D,
< e ?KTCD, o+ (1 - e 57D,
< 6_2KTCDTL_2 + (1 _ 6_2KT)Dn_2
=(1-e?*"(1-0C)) Dy,
where C' is defined in (6.1.28). Thus, setting

~ A
=1 — —2KT 1— —KT
C e —QK( e ),
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we obtain the claim (6.1.29).
This recursive inequality implies that

D3, <C"Dy, Vn>1. (6.1.32)
Since C' € (0,1), we can rewrite (6.1.32) as

D3, < e3™M7 Dy,

_i l __i o 72K7A _ —Kr
’y.—STln(é>— 37_111(1 e 2K(l e ).

Finally, fix any time ¢ > 0. Then there exists n € Ny such that ¢ € [3n7 — 7,3n7 + 27]. By
Lemma 6.1.2 and the definition of the global diameter (6.0.5), we have

where

d(t) < Ds,, < e 3™7 Dy,
Since t < 3n7 + 27, it follows that
d(t) < e =27 Dy,

This completes the proof of Theorem 6.0.2.

6.2 Global existence of measure-valued solutions of the mean-
field models

In this section, we establish the global-in-time existence and uniqueness of measure-valued so-
lutions to the mean-field systems (6.0.6) and (6.0.8), which arise as formal limits of the particle
system (6.0.1) when the number of agents tends to infinity.

We begin with the analysis of the first model (6.0.6), which describes a system with a finite
number of leaders interacting with a continuum of followers.

6.2.1 Few leaders and many followers system

We consider the mean-field equation (6.0.6), which models the collective behavior of a large
population of followers influenced by a finite number of leaders. The leaders follow prescribed
trajectories {g;(t)}72;, while the followers evolve according to a transport equation driven by
the interaction terms. The velocity field v}"(x) is defined by the interaction kernel (6.0.7), which
combines leader-follower and follower-follower interactions.

To ensure the well-posedness of the transport equation, we require that the influence func-
tions ¢ and p satisfy the aforenoted regularity and boundedness conditions. We denoted by L
and L, the Lipschitz constants of ¢ and p, respectively. We also write p}' (z) := p(x, y;(t — 71))
for the interaction term between the followers and the j-th leader.

We now prove that the velocity field vj"(z) is globally Lipschitz and bounded under the
assumption that the follower density 14 has compact support.

Lemma 6.2.1. Let v, € C([0,T); P(RY)) be a family of probability measures with compact
support, i.e.,

supp v; C B0, R), Vte [0,T],
where B4(0, R) denotes the ball of radius R > 0 centered at the origin in R%. Then the velocity
field vi*(z) defined by (6.0.7) satisfies the following properties:
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(i) (Lipschitz continuity) There exists a constant K > 0 such that
o (z) — v(2)| < K|z — Z|, Ya,% € BY0,R), t €[0,T). (6.2.33)
(i) (Uniform boundedness) There exists a constant C' > 0 such that

lo(z)| < C, Ve BY0,R), tel0,T)]. (6.2.34)
Proof. Fix x,% € B0, R). We split the difference [v]"(x) — v/*(#)| into two parts:

@) = @I = | [ o= on(dn) = [ @) - il

R4
+‘fzfﬁ )(y;(t —71) —x——Z’Tl y]t—ﬁ)—:c)‘
::I+II.

Using the Lipschitz continuity of ¢(x,y) and the compact support of the measure v, we find
that

1< ’/Rd (¢(z,y) — 0(T,Y)) YVt (dy)) + ‘ /]Rd d(z,y)zvi—ry (dy) — » ¢(3~U,y)561/t_72(dy)‘
< RLyle — | + | /R (0la,y) = 9@, y)) avin (dy)| + | /R (@)@ = )i (dy)|
< (K + 2RLy)|z — .

Similarly, we estimate I as

H<*Z|p (@)[]g;(t = )| + — Z\‘ﬁ )|z + — Z\ )|x — |
<L p(Co+R)+K]|:c—5r|,

where Cp > 0 is the bound on leader trajectories from Lemma 6.1.4. Combining the bounds
yields (6.2.33) with K :=2RLy + 2K + L,(Co + R).
To prove (6.2.34), we estimate directly:

|y (x \<’/ d(x,y)(y — )Vp—py ( dy’ —’Z’ﬁ )yt —71) — )
<2KR+ K(Cy+ R),

which gives (6.2.34) with C' := K(3R + Cj). O

Now, we are in a position to prove the global existence and uniqueness of solutions stated in
Theorem 6.0.5 for the mean-field system (6.0.6).

Proof of Theorem 6.0.5: existence and uniqueness in Case (i). We begin by considering the ODE
system describing the evolution of the leaders {y;(¢)}7";. Since the interaction functions are Lip-
schitz continuous and bounded, standard results from the theory of delay differential equations
(see, e.g., [48, 49]) ensure the existence and uniqueness of solutions. Specifically, by applying
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the Banach fixed-point theorem on small time intervals and iterating the solution step-by-step,
we can construct a unique global-in-time solution for the leader dynamics.

We now turn to the second component of the system (6.0.6), which is a continuity equation
driven by a delayed, nonlocal velocity field. To obtain local-in-time existence and uniqueness
of measure-valued solutions, we apply Lemma 6.2.1, which provides Lipschitz and boundedness
estimates on the velocity field v (x), together with [17, Theorem 3.10], which guarantees well-
posedness under such conditions, provided that the solution remains compactly supported.

Thus, to extend this local-in-time solution to a global one, it is sufficient to control the growth
of the support of v;. We do this by estimating the maximal spatial extension of the support.
First, since the leaders’ dynamics do not directly depend on the follower particles {xi}i]\;p we
focus on the leader dynamics and define the bound

CY:= max max |y:(s).
0 SE[*T,O]J:177m|y]( )’

By Lemma 6.1.4, we then have the uniform-in-time bound
ly; ()] < C§, forallt>0 and j=1,...,m.

Next, define the maximal radius of the support of the measure v, as

Rx(t) :==maxq max sup |z|, Cf . (6.2.35)
s€[-7.t] cSUPP vs

We now perform a continuity argument to control Rx(t). Similarly to Lemma 6.1.1, for a fixed
€ > 0, we define a set

T¢:={t>0:Rx(s) <Rx(0)+e¢, Vse0,t)}.

By continuity of trajectories, 7€ is nonempty. Let T, := sup7T¢. Our goal is to show that
T. > 7*, where 7* := min{7y, 72 }. Suppose, for contradiction, that T, < 7*. Then, we find

lim Rx(f) = Rx(0) + ¢ (6.2.36)
t—Te
and
Rx(t) <Rx(0)+€, Vit<T,

Consider the system of characteristics X (¢;z) : [0,7.] x R? — R? associated to the continuity
equation in (6.0.6), given by

LX(t;7) = v(X (t;2)),
X(0;2) ==

for £ € R% Then, applying Lemma 6.2.1, this system admits a unique solution on the time
interval [0,7]. Note that the measure-valued solution is transported by the characteristic flow,
namely

vy = X (t;)#10, t € [0,T.

In particular, if 2 € supp vy then X (¢;x) € supp v for all t € [0, T].
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Let us simplify notation by writing X (¢;x) as X (¢) and denote p}' (X(t)) := p(X(¢),7;(t —
71)). Then, we estimate

Ld

S SIX @ = (X(0), X (1)

= /R B, )y — X, X))+ — S 57 (XONgt — 7) — X(0), X (1)
j=1
= [ G(X(),9) (0, X (1)) r(dy) — /R O(X (1), 9)IX (1) Py ()

S X)) (- 7). X () ~ X (@)P)

Using the definition (6.2.35) and the fact that |y, |y;| < Rx(t), we deduce

57 X @)
1 m
< [X(#)] y AX (), y)(Bx (t) = [X () )re—r, (dy) + — DX 0)(Rx (1) - [X(1)]
j=1
Since Rx(t) — [X(t)| = 0 for ¢ <T, and ¢ and p;' are bounded by K, we find

%|X(t)| < 4K (Rx(0) + € — |X(t)]).

By Gronwall’s inequality, this implies that | X (¢)| < Rx(0) + € on [0, T¢], contradicting (6.2.36).
Thus, T > 7*. Since € > 0 was arbitrary, we conclude that the support of ¥4 remains uniformly
bounded on [0,7*], and the solution can be extended beyond 7*. Repeating this argument

iteratively on time intervals of length 7*, we construct a unique global-in-time solution.
Finally, as recalled above, following [17], we obtain that the measure-valued solution satisfies
the weak formulation (6.0.12), and that the corresponding push-forward relation (6.0.13) holds.
O

6.2.2 Infinite population limit for both leaders and followers

We now consider the case in which both populations, leaders and followers, consist of infinitely
many agents. For the mean-field system (6.0.8), we establish the existence and uniqueness of
measure-valued solutions, using arguments analogous to those employed in the previous subsec-
tion.

As before, we assume that the interaction kernels ¢ (x,y), ¢(z,y), and p(z,y) appearing in
the fluxes (6.0.10) and (6.0.11) are positive, bounded, and Lipschitz continuous. Let us denote
by

L :=max{Ly,Lg, Ly},

where Ly, Ly, L, are the respective Lipschitz constants.
We begin with a regularity estimate on the velocity fields induced by the measure solutions.
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Lemma 6.2.2. Consider the system (6.0.8) subject to the initial data (6.0.9). Given a time

T > 0, suppose that fi, v € C([0,T); Poo(RY)) are measures with uniformly compact supports:
supp fu C B0, R1), supp i C BY(0,R), Vt€[0,T),

where BY(0, R;) denotes the ball of radius R; > 0 centered at the origin in R for i =1,2.
Then, the velocity fields u; and v, defined in (6.0.10)—(6.0.11) satisfy the following estimates:

e (Lipschitz continuity) There exist constants K1, Ko > 0 such that
ag(x) — ue(7)] < Kalw — 2, |oi(2) — 0:(2)] < Kalz — 2],
for all ,& € B0, Ry), 2,2 € BY0, Ry), and t € [0,T].
e (Uniform boundedness) There ezist constants Cy,Co > 0 such that
()] < C1, Joi(2)] < Ca,
for all z € B4(0, Ry), z € B¥0, Ry), and t € [0,T).

Proof. Arguing in the same way as in the proof of Lemma 6.2.1, we estimate the differences in
the velocity fields with constants:

Ky :=K+2R(L, Ky =2K + L(Ry + 3R3).
The uniform boundedness of the velocity fields follows similarly with constants:
C1:=2KRy, Cy = K(R;1 + 3R»).
This completes the proof. ]

With the above estimates in hand, we now prove the existence and uniqueness result for the
mean-field system (6.0.8).

Proof of Theorem 6.0.5: existence and uniqueness in Case (ii). We proceed in parallel to the
argument for Case (i) in the previous subsection. Applying Lemma 6.2.2 and the framework
established in [17], we first deduce the global-in-time existence and uniqueness of a measure-
valued solution fi € C([0,T); Peo(R9)).

We then define the support control quantity

Rx(t) := max { max |z|, max \z|},
—7<s<t (z€SUDPD s 2€SUPP vs

and show that Ry (t) remains uniformly bounded in time. The regularity of the velocity fields
and compact support of the initial data then yield global-in-time existence and uniqueness of
the second component 7 € C([0,T); Pso(R?)), thereby completing the proof. O

6.3 Stability and consensus in the mean-field regime

In this section, we analyze the stability and asymptotic behavior of solutions to the mean-field
systems introduced in Section 6.2. We begin by establishing a stability estimate with respect to
initial data, measured in the Wasserstein distance. This will be followed by an investigation of
long-time consensus behavior.
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6.3.1 Wasserstein stability estimate

We establish a continuous dependence result for solutions of the mean-field model (6.0.6) in
terms of their initial data, using the Wasserstein distance framework. We begin by recalling the
definition of the Wasserstein distance.

Definition 6.3.1. Let v}, v? € P(R?) two probability measures in RE. We define the Wasserstein
distance of order 1 < p < oo between v} and v} the quantity

1
. p
hd )= _nt ( /R ol y|7r<dx,dy>) ,

and for p = 0o, limiting case p — +00,

doo(utl,uf) = inf sup lz —yl -
nell(v}v?) (z,y)esupp(r)

The following lemma provides a stability estimate for solutions of (6.0.6) with respect to
initial perturbations.

Lemma 6.3.2. Let (¢*,1}) and (y%,v}) be two solutions of (6.0.6) constructed in Theorem
6.0.5, corresponding to initial data (740, g1 and (7*°, g?), respectively. Then, there exists a
constant C > 0, depending on T but independent of p, such that for allt € [0,T] and p € [1,00),

1< ) ’
dp (v, v7) + pon PHOEFAG]
j=1
1
1 & '
1,0 _2.0
<C| sup dp(gh,g2)+ sup | =D 17:°(s) — 57 ()
s€[—1,0] se[-7,0 \ ™ =1
In the case p = oo, the following bound holds:
_ _ ~ _1,0 2.0
doo (v}, 1)+ max |gf(t) —gi(t)] < C | sup do(gs,g2) + sup  max [5;°(s) =5, (s)] | -
i=1,....m s€[—7,0] s€[—7,0] i=1,....m

Proof. We begin by constructing the system of characteristics associated with each solution. For
i =1,2, define X'(t;2) : [0,T] x R? = R? as the flow map solving
d . o
%X’(t; z) =) (XU (t; ), x€RY
X4 0;2) = =,

where v, g given by the formula (6.0.7). By Theorem 6.0.5, the flows X* are well-defined on the
interval [0, T]. By standard properties of transport by characteristics, we have v} = X*(¢; ')#Vé,
for all t € [0,7] and ¢ = 1,2. As before, we define the quantity R%(¢) as in (6.2.35). Let
So : R? — R? be the optimal transport map pushing 1/& to V02 with respect to the p-Wasserstein
distance, i.e.,

1
=S, o) = ([ o= SoPidan))
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Therefore, defining a map 7* := X2(t;-) 0 So o (X! (¢;-))7 1, for t € [0, 7], we have
T'Hy =17, (6.3.37)

and thus

dtod) < ([ o= T = 6,0

Using the identity 7% o X!(¢;-) = X2(t;-) o Sp, we rewrite 0,(t) as

6,0 = ( [ 1X @50 - s suta) Pr(an) )

To incorporate the time-delay structure, we extend 7° on [—7,0] as the optimal transport map
between gl and g2, and define

0,(5) = dylat ) = ([ 1o~ Ts<x>rpg§<dx>)’l’ Cselrol

Next, we estimate the time derivative of 6,(¢)P. For t € (0,T), using Holder inequality,

00 = Py (0 0()
< [ BB - XSl (X (50) — o0 So(0) )

=p/ @ = T @) o™ (@) — o (T (2)) | (dx)
Rd

1
P

o™ (z) — v?%*(w))\pué(dx)) ,

o0 < ([ 1@ = 27y )
Now, we estimate the velocity difference as
v (@) — v (T ()
= [t =i = [ oT@). )= Tk, ()
£ ol b= )@~ )~ 2) = S p(T @), B~ ) FE — 1) — T @)
j=1 Jj=1

=:I+1I.
Here, using (6.3.37),

1= [ o= ok o)~ [ 6T @ T )T ) - T, )
Rd R4
= [ (0lawa) = 6T @), T ) (3 = )k oy )
+ [ ST @) T ) (= 2) = (T ) = TH @) ).
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Using the Lipschitz continuity and boundedness of the function ¢, we find
[ 1ol = T @) T )l = el ()
< Lol + Ry(0) lo = T@1+ [ = T @)l
and
[ 6T @ T W)l 2 = (T70) = T @) ()
<Ko =T@I+K [ ly= Tl ().

This implies

1] < (Lo(lz] + Rx (1) + K) [\x— |+/ ly — v, (dy) |-

Similarly, we estimate

111 < =" ot 73— 7)) = (T @), 5306~ )|} (¢ — 1) — 2]
j=1
+ LS (T ), 52— )| @A — ) — ) — @2t — ) — TH@))]

m
=1

< (Lp(Co + |z|) + K)

o =T ()| + %Z 75t = 71) = 75 (t = n)] :
j=1

Combining the estimates for I and I, we deduce

o (@) — v (TH (2))]
jz =T |+/ ly — Y|ty (dy) + — Z!y] (t—m1)— y?(tﬁ)}

] 1

C(1 + |x)

for some constant C' > 0 independent of p. Using Hoélder’s inequality, we get

LT ntin < ([ =T @)

and

RS

1 o=, i}
EZW;@—H yj(t—Tl | < ( Z|y] (t—m11) y?(tﬁ)p) =: &(t —11).
j=1

This, together with the boundedness of the support of v}, yields

d

dte (t) < COL(t) + COp(t — 2) + C&(t —T1)
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for some constant C' > 0 independent of p. To close the estimate, we estimate &,(¢) using the
leader dynamics. Arguing similarly to above, we first get

m

%Zw@%(t),@}(t 7)) (5 (t = 71) — Z ), U5 (t — 1)) (5 (t — 1) — G (1))
Jj=1 =1
< % D @), gj(t—71)) — @), 75 (t — 7)) 1gj (t — 1) — 75 (2)]
j=1
+ %Zw(y?@) gi(t = )|t =) =5 (1) = (@t = m) = 7 (1))
j=1

B =

1 m
< CLy + K) |5 () = g7 @) + | > gt =) — g5t = )P
j=1

This yields
d
@fp(t) <C (fp(t) + fp(t - 7'1)) )
where C' > 0 is a constant independent of p. Following arguments in [24, 28], we set
wy(t) := e~ g, (1),

From the above, we obtain

d
%wp(t) < Ce 9wyt — 7).
Now, consider ¢ € [0, 71]. Therefore, we get
d
—wy(t) < Ce ™ sup  £y(s).
dt s€[—71,0]

Integrating the above estimate, we find

§p(t)§c sup fp(s)a

86[771,0]
for a suitable constant C' > 0. This further gives

d

% s€[—71,0]

0,(t) <C <9p(t) +60,(t —7)+ sup fp(s)> ,
and again, following a similar argument, we deduce

0,(t) < C( sup Op(s)+ sup §p(s)> ,

sE[—T2,0] s€[—71,0]

for some constant C' > 0 independent of p. Hence, we have
1

dp(ytvyt Z|yj _yj

R A

1 m
<C| sup dplgh o))+ sup [ =D 157%(s) =g (s)P
s€[—7,0] se[-7,00 \ M j=1
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This completes the proof. O

We conclude this section by stating the stability result for the system (6.0.8). The proof
follows from a direct adaptation of the arguments developed in Lemma 6.3.2, using the same
strategy based on Wasserstein distance estimates and characteristic flows. Since no essential
new difficulties arise in this case, we omit the detailed proof.

Lemma 6.3.3. Let T > 0, and let (i}, v}) and (jif,7?) be two measure-valued solutions of
(6.0.8) on the time interval [0,T7], constructed according to Theorem 6.0.5. Then, there exists a
constant C > 0, depending on T but independent of p € [1,00], such that

dp(/jtl“ﬂ,?) + dp(ptl7ljt2) S C S[upo] dp( 317f32) + C_’ S[upo] dp(inQ?)
se|—, se|—T,

for allt €[0,T).

6.3.2 Mean-field limit and emergence of consensus

In this part, we provide the details on the proof of the consensus estimate in Theorem 6.0.5
establishing the consensus behavior of measure-valued solutions to the mean-field systems (6.0.6)
and (6.0.8), based on a rigorous passage from the particle model (6.0.1). The key ingredient
in the argument is the stability results obtained earlier, which allow us to control the distance
between the empirical measure solutions of the particle system and the limiting measure-valued
solutions.

We divide the argument into two cases corresponding to the systems (6.0.6) and (6.0.8).

Proof. Case (i). Let (39(s),gs) € C([—,0];RY) x C([—T,0]; Poo(R?)) be given initial data. For
each N € N, we construct a particle approximation of g; by defining

N
1
gé\] = N ;615]’0(3)’ s € [_7_7 0]7
i—

where xév’o € C([-7,0];R?) are chosen such that

max deo(gs, g ) = 0 as N — oo.
s€[—7,0]

Likewise, we choose le Ve O([-7,0];RY) satisfying

max max ]le’O(s) —72(s)] =0 as N — .
s€[—7,0]i=1,....m

Remark 6.3.4. In principle, one could simply set le’O = g? for all i and N. However, we keep
the above more general approximation procedure, since in the treatment of Case (ii) below, we
do not rely on such an identification and instead work with general approrimating sequences.
Adopting the same framework here makes the two cases fully parallel and simplifies the presen-
tation.

Let {yN(t)}™, and {xév(t)}évzl denote the solution to the particle system (6.0.1) corre-
sponding to these initial data. Then, by Theorem 6.0.2 and the definition of the diameter d(t)

in Definition 6.0.1, we have
d(t) < e 727Dy, (6.3.38)
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for all t € [0,T).
We now define the empirical measure

1 N
N ._
Vt _N;(;va(t)’

which is the measure-valued solution to the system (6.0.6) in the sense of Definition 6.0.4. By
Lemma, 6.3.2, there exists a constant C > 0, independent of N, such that

doo(v¥, ) + max |y (t) = Gi(t) < C | sup doolgl,gs) + sup  max [y(s) = 50 (s)] | .
i=1,....m s€[—7,0] s€[—7,0] i=1,....m

This implies that d(t) — d”(t) and Dy — Df as N — oo, and thus, passing to the limit in
(6.3.38), we obtain
dv(t) < e =20 py.

Case (ii). The argument is analogous. For given initial data (fs,gs) € C([—7,0]; Poo(R%)) x
C([~7,0]; Ps(R?)), we consider approximations

_ 1 &
fir = P, 2592”’0(8) and g™ € C([—T,0]; Poo(R?))
i=1

with gjlm’o(s) € O([—,0];RY) satisfying

max doo(fI", fs) + max doo(g,gs) — 0 as m — oo.
s€[—1,0] s€[—7,0]

Let {y/"}7", and v denote the solutions to the system (6.0.6) corresponding to this initial data.
Then, applying the result of Case (i), we obtain

" (t) < e =21 pr™

Next, define the empirical measure

1 m
=Yg
1=

so that the pair (a;",v]") solves the system (6.0.8). Then, applying the stability estimate in
Lemma 6.3.3, we get

doo (1", [it) + doo (", 1) < C( sup doo(f3", fs) + sup doo(g?,gs)> :
s€[—,0] s€[—,0]
As before, taking the limit as m — oo, we conclude

d,u,z?(t) < 67’7(t72T)D8L,D'

This completes the proof. O
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Chapter 7

Conclusion and future directions

The contribution of this thesis lies at the intersection of mathematical analysis, control theory,
and network science. It focuses on multi-agent systems with time delays and non-universal inter-
action frameworks, that model consensus formation, synchronization, and alignment in social,
biological, and engineered networks. Through rigorous proofs supported by numerical valida-
tion, this work established precise convergence and stability conditions for delayed, directed,
and leader-driven dynamics.

7.0.1 Key Scientific Contributions

The results presented in this thesis consistently advance understanding of how delays, topology,
and partial information affect collective outcomes.

In [32], we developed and analyzed Hegselmann-Krause type models for two interacting popu-
lations and leader-follower structures, and proved asymptotic consensus under heterogeneous,
time-delayed couplings, and we validated the results numerically. From the knowledge of the
author, this is the first work introducing in the HK opinion formation model a non-universal
interaction, including time delayed coupling. Therefore, it represents a novelty in the field of
multi-agent systems, which is particularly important for the applications.

In [18], we generalize the Kuramoto model with a network structure. We established uniform
phase-diameter bounds and asymptotic frequency synchronization for oscillators on directed
graphs with non-universal coupling, and we demonstrated exponential convergence in the com-
plete graph case. This result extends the result of [40] to a more general network structure (i.e.,
to a strongly connected digraph) and with a non-universal interaction.

In [30], we extended the analysis to cases with non-universal interaction patterns and either
a common influencer or multiple independent leaders, and established conditions guaranteeing
convergence to consensus even when delays depend on agent pairs. We focused on the fact that
the (CI) condition does not imply that the underlying graph is strongly connected, except for
a system of only 3 agents, and, more than this, does not imply the presence of leadership. In
particular, the presence of one or more leaders could be a subcase of the common influencer
assumption. The common influencer framework makes the model more heterogeneous, and for
this reason, it extends the previous work we presented. Indeed, in the (CI) framework, all
agents are “peers,” but must share common influencers; meanwhile, with leaders, we have an
explicit hierarchy: a few leaders influence followers. Moreover, in the first case we have sym-
metric interaction between the agents, while with leaders the influence is anti-symmetric. The
analysis here is enriched with the case of the control trajectory of a unique leader, that is a
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particular case in which the (CI) assumption does not hold.

In [31], we derived exponential consensus and flocking results for first- and second-order systems
subject to intermittent communication and delay, under persistence-of-excitation and connec-
tivity assumptions. This work extends previous result, like [9], to the case of delayed and
non-universal interaction, with communication failures.

Finally, in [22], we obtained the exponential convergence to consensus of the Hegselmann-Krause
with leadership and time-delayed interaction. Moreover, we established the well-posedness of
the continuum description, and we rigourously justified the mean-field limit procedure. The
validity of this work rests on several key aspects. First, many previous opinion dynamics models
incorporating delays required restrictive hypotheses, typically “small delay” conditions, to guar-
antee convergence to consensus. This paper overcomes that limitation by proving convergence
without imposing any smallness assumptions on the delay, thereby substantially broadening the
applicability of delayed interaction models. Secondly, the introduction of a leader-follower hier-
archy with asymmetric interactions adds a layer of realism. In many real social systems (such as
contexts involving experts, influencers, or opinion’s of leaders), th information flow is strongly
asymmetric: leaders influence many individuals while being only marginally influenced them-
selves. Modeling this structure explicitly makes the dynamics more relevant for empirical and
sociological scenarios. Finally, the paper’s derivation and analysis of the mean-field limit provide
valuable insights into large scale behavior. By characterizing the continuum limit of systems
with finitely or infinitely many leaders and followers, we established a theoretical framework
capable of describing the emergent behavior of very large populations.

7.0.2 Future Research Directions

A natural continuation of the research presented in this thesis is to incorporate stochastic and
adaptive interactions into the existing models. This extension would generalize the current
deterministic framework to account for random delays, communication noise, and adaptive cou-
pling weights that evolve in response to the system’s dynamics. In the mean-field and PDE limit
setting, a promising direction is to extend the results in [22] to second-order models, deriving
the corresponding continuum equations for large-population limits that include leader dynamics
and time delays.

Another line of research is to consider the mean-field limit with network topology. This analysis
could provide new insights into the emergence of clustering phenomena and phase transitions in
delayed multi-agent systems. This is a more challenging scenario, because sparse or local connec-
tivity may produce persistent multi-cluster patterns instead of full consensus, and correlations
induced by the graph can persist as N — oo, potentially preventing convergence of the empirical
measure. Moreover, the classical mean-field approach, which for the Hegselmann—Krause model
leads to a Vlasov-type transport equation, fails for the network system.

Another significant research avenue concerns the optimal control of collective dynamics. This
would enable the design of minimal cost intervention strategies accounting for time delays and
network heterogeneity, with potential applications to social, biological, and engineered systems.
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