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Abstract: We consider the functional

Fw) = [f(x, Due))ax,
Q

where f(x, z) satisfies a (p, q)-growth condition with respect to z and can be approximated by means of a
suitable sequence of functions. We consider Bz € Q and the spaces

X = WYP(Bg, RY) and Y= WP(Bg, RY) N Wid(Bz, RY).

We prove that the lower semicontinuous envelope of ¥ |y coincides with ¥ or, in other words, that the
Lavrentiev term is equal to zero for any admissible function u € WP(Bg, RY). We perform the approxima-
tions by means of functions preserving the values on the boundary of Bj.
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1 Introduction
Let X be a first countable topological space and ¥ : X - R U {+}. The sequentially lower semicontinuous
(s.l.s.c.) envelope of ¥ is defined as

Fx=sup{G : X~ [0,+o]: G slsc, G<F on X} (4h)
Analogously, if Y is a dense subspace of X the s.1.s.c. envelope of & with respect to Y is

Fy=sup{G : X - [0,+o] : G slsc., G<F on Y} )
We obviously have that

Fx(u) < Fy(u), forany u € X, 3)

and the strict inequality may occur.
Buttazzo and Mizel in [15] introduced the notion of Lavrentiev term, namely: for every u € X,

Fy - Fx, I Fx < +oo

4
0, lf 7_:X = +o00, ( )

L(u) =
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Moreover, they also say that there is a Lavrentiev gap at u whenever £(u) > 0. In this article, we are concerned
with the functional

Fw) = [£x, D),
Q

and we aim to show that, under suitable assumptions, the Lavrentiev term is identically zero.

In the framework of the Calculus of Variations the first example in which it is shown that £(u) can be
strictly greater than zero is due to Lavrentiev [33] and it has been simplified by Mania [34]. He considered the
functional

1
) = @ - 0y,
0

the spaces

X ={ue Ww([0,1,R) : u(0)=0, ul) =1}
Y ={u € wh([0,1,R) : u(0) =0, u(l) =1},

and he proved that £(u,) > 0, where u.(x) = X3 is the minimum of # on X.

The problem of understanding how much the occurrence of this phenomenon is related to the special
structure of the functional led the search of different kinds of examples. We list here the most significant ones
underlying that in all these cases, the Lavrentiev term is computed on the minimum and it is strictly positive.
As far as the one-dimensional case is concerned, Ball and Mizel [5] added a coercive term to the Mania
functional. Zhikov [43] treated a functional depending only on the variables x and Du(x), in the case where
X € Q C R2, This example has been suitably generalized to the n-dimensional scalar case in [22]. It is worth to
mention that, still in the vectorial case, there are examples exhibiting the phenomenon for functionals
depending on (u, Du) (see [2]) and also depending just on Du [29]. We refer to the article by Belloni and
Buttazzo ([6], 1995) for a more extensive list of references; as regards more recent examples we just mention
[4,7,17,19,20,24,27,35].

Another important direction of research is devoted to identify assumptions on the Lagrangian f that
imply that the Lavrentiev term in (4) is zero for the minima. Moreover, Lavrentiev himself [33] took into
account this problem in dimension one. Obviously, a consequence of results concerning regularity or higher
integrability is the absence of the Lavrentiev phenomenon for minima. Another almost trivial remark is that,
at least for the one-dimensional and the multidimensional scalar cases, if

a + b [EP <f(x,u, &) < ap+ by €],

where a;, b;, i = 1, 2, are the suitable positive constants, the dominated converge theorem implies that £(w) is
identically equal to zero. In Section 4 of the article [6], there is a survey of many results regarding the absence
of the Lavrentiev gap for the minima. We underline that in the one-dimensional case, Alberti and Serra
Cassano [3] proved the nonoccurrence of the gap for any autonomous functional. An analogous result has
been recently obtained for the multidimensional scalar case in [10] and [11]. Further results in this framework
can be found in [9,38,39].

The problem of identifying classes of functionals such that £(u) is equal to zero for every functionu € X is
less studied. For some results in this direction, see, for example, [1,6,10-13,40].

In this article, we deal with functional of type

) = [0, D)), ©)
Q

where @ C R"is a bounded openset,u : @ - RY, f: Q x R¥" - R is a Carathéodory function,n > 2and N > 1.
The Lagrangian f satisfies the so-called (p, q)-growth conditions, according to Marcellini’s terminology [36]:

1zIP < f(x,z) L + |z|7), L € [1, +). (6)
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In the realm of functions that satisfy (6), we find the double-phase functional
fO2) = 2P + a0zl ™

where 1< p < q<+o and the coefficient a(x) is C%%(Q) and non-negative, a € (0,1]. The example of
Lavrentiev phenomenon presented by Zhikov [43] falls in this class. We remark that he considered the
case:n=2,N=1,a=1,and 1< p <2 andq > 3. In [22], the authors showed that when p and g are not so
close, precisely when

q_ n+a

p e (8)
itis possible to find an example presenting the Lavrentiev phenomenon. This example is a extension ton > 2 of
the Zhikov’s one. The main result in [22] shows that, when q/p < (n + a)/n, if u is a minimizer and £(u) = 0,
then u € WLP(Bg, RY) N Wil (Bg, RY). Moreover, they also proved that £(u) = 0 for some model cases.

As far as we are interested in results proving that the Lavrentiev term is identically zero, we have to
mention [23] where they considered the case of a Lagrangian that satisfies, among other assumptions, also the
following: the minimum point ¥ of y = f(y, z) on small balls does not depend on z; we underline that they
consider X = W'P(Bg, RY) and Y = WLP(Bg, RY) N Wid(Bg, RY). The same kind of hypothesis is used in [31]
and [32], to prove again that £(u) = 0 taking into account suitable spaces similar to the previous ones. We also
point out that in the recent work [14], under suitable assumptions, it is shown that (3) is zero when calculated
on the minimum point. The same thing on minimizers happens in [8], where the authors consider a Lagran-
gian controlled by a function, which is convex and anisotropic in z, with X a Sobolev-type space and Y = C*.
We remark once again that whenever one obtains a result on the regularity of the minimizers, one also rules
out the Lavrentiev phenomenon. We point out the fact that regularity of the minimizers of functionals with
(p, @)-growth has been widely studied. We refer to [41] for an extensive survey on this subject and to [37,42] for
more recent references (see also [26] and [30]).

In [21], it has been proved that the Lavrentiev term £(u) is equal to zero when u is a minimizer of # under
a suitable set of assumptions on the Lagrangian. To be more precise, the authors assume that f has the
(p, @)-growth and also satisfies the following conditions on its derivative with respect to the gradient:

- 0, 0
L (u* + |z + |Zz|2)p72|21 -l < <6_};(X’ 7n) - a—];(X, 2), 7 Zz>, 9

of f

9 a -1
275D = 5,0 LI -yl + [zt 10)

Moreover, they also assume that there exists a sequence f, of convex functions approximating the Lagrangian
f from below, sharing the same hypothesis of f with the peculiarity that (10) holds also with p instead of g, for
a new constant L(p, k) depending also on k.

In this article, we consider the functional (5) with (p, q)-growth under the same set of assumptions as in
[21] and we deal with the spaces

X = WYP(Bg, RY) and Y= WbP(Bp, RN) N Wid(Bg, RY). an

We prove that £(u,) is zero for any u, € W(Q,RY). We remark that (9) implies that z = f(x, z) is
convex and then Fx(u) = 7(u) for every u € X.

The first step of the proof consists in considering a sequence {Vkjxen C Y converging to u, € X with
respect to the strong topology of X. Then, we introduce the perturbed functional

Gr(w) = J| £ Duoo) + 3.1+ k2 1DuGo) - DuCoR) fx,

Bp

and we apply Remark 4.4 in [21] to Gy, so that Gy admits a minimizer uy that belongs to Y. The proof is
concluded showing that the sequence u; converges strongly to u, and approximates u, in energy, i.e.,

Flug) = Fuy).
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In Section 4, we apply the penalizing method to prove that the gap is identically zero for other functionals: in
particular, those previously considered in [25] and [16]. In the first case, a vectorial problem set in Morrey
spaces is considered. In the second one, we are concerned with a multidimensional scalar problem whose
Lagrangian is of sum type.

Let us end this introduction by remarking the difference between [21] and this article. In [21], it is shown
that £(u) = 0 when u is a minimizer for #; in this article, we show that £(u) = 0 for every u € W', More-
over, while in [21], the proof makes strongly use of the minimality property of the minimizer u, here we cannot
proceed in the same way and we need to modify the functional to construct a sequence converging both
strongly and in energy to the fixed function u.

2 Notation and preliminary results

We denote by Q C R", n > 2, a bounded open set. We define the functional

7w, Q) = [f0r, Dutx))dx,
Q

where the Lagrangian f: @ x RV — R is of Carathéodory type, N > 1. We adopt the usual definition of local
minimizer.

Definition 2.1. A functionu € Wlloi (Q, RY) is a local minimizer of #(-,Q) if and only if x ~ f(x, Du(x)) € L1.(Q)
and

| roopueax < [ fox, bueo + Docax,
suppe suppe
for any ¢ € W(Q, RY) with suppe C Q.

In particular, we fix xo € Q and we indicate by By = Br(Xg) € Q, R € (0, 1], the ball of center x, and radius
R. From now on, we set

) = 7, By = [fx, DuCo)dx,

By
and we consider the spaces
X = WY(Bg, RY) and Y= WP(Bg, RY) N WiI(Bg, RM).
For a Lagrangian satisfying the (p, q)-growth condition, our aim is to show that the term
£ = ‘Oﬁ R

is equal to zero for allu € X, where the relaxed functionals ¥y and ¥y are defined in (1). For this purpose, we
will use the following lemma.

Lemma 2.2. Let ¥ : WP(Bg, RY) — R U {+} be sequentially lower semicontinuous, and let u € WP(Bg, RY)
be such that F(u) < +. Then,

L(w)=0
if and only if there exists a sequence {Uy}xen € Y such that u, — u weakly in WP(Bp, RY) and

Flux) = Fuw).
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3 Main theorem

The most part of this section is devoted to the proof of the main result of this article, stated in Theorem 3.1. We
shall assume the existence of a suitable sequence f, that approximates the density f from below. This
assumption will be replaced appropriately in Corollary 3.2. The example at the end of the section clarifies
the relations between our assumptions and those of [8,18,23]. We shall assume that there exist constants
L € [1,+») and u € [0, 1] such that the density f satisfies

z ~ f(x,z) € CYRM™M); (AP1)
L zlP < f(x,2) < LA + |z|7); (AP2)
p-2 0 0
L + |z + 1z 2 |z - ol < <6_];(X’ ) - O_J;(X’ ), 4 - Zz>; (AP3)
of f

<L x =yl + Jz7™). (AP4)

(o)
E(X) Z) - E(y’ Z)

Theorem 3.1. Let @ C R" be a bounded open set, and let a € (0, 1] and p, q be such that

n+a

1< p<q<p .
Let f: QxRN*" > R be a Carathéodory function satisfying (AP1)-(AP4). Assume also that there exists a
sequence of Carathéodory function f! : Q x RV > R satisfying (AP1)-(AP4), with the same p, ¢, a, L, and u
as for f. Assume, moreover, that, for every | € N, there exists c(l) € (0, +x) such that

‘a—fl(X, z)| <c(DQA + [z|P1); (AP5)
oz

‘Z—C(x, z) - Z—]:(y, )| < cDx =yl @+ |zlP™); (AP6)

flx,2) < f(x, 2); (AP7)

Lim f1(x, 2) = f(x, 2); (AP8)

fix, 2) < f*1(x, 2). (AP9)

Let uy, be a function in WY?(Bg, RY) such that F(u) < +c, where By € Q, R € (0, 1]. Then,
L(uy) = 0.
Proof. By Lemma 2.2, we need to show that there exists a sequence {uyjxen € WP(Bg, R¥) N Wll(;?(BR, RM)
such that
Up — Uy, weaklyin WP(Bg, RY),
and
Flur) = Fu).

We divide the proof into two steps.
Step 1: we construct a suitable sequence

{tidken © (Uy + WoP(Bg, RY)) N Wiel (Bg, RY).

We start observing that by Theorem 3.10 in [28], it is possible to find a p >0 and a function
i, € W&’p (Br+p» RY): i, = u, in Bg. Moreover, ii, can be extended to all of R" by setting i, = 0 outside Bg+p,
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and such an extension belongs to WP(R", RY); we keep calling this extension u,. Now, let k €N, and we
define vy, the regularized of u,, in the following way:

vl = [ w ks - y)ady,

X

where ¥ € CZ(B(0,1),R), ¢ = 0 and B0.1 Y(x)dx = 1. Then, suppvy is compact in R" and vx € CZ(R", RY) C
WbP(Q, RM). Since vi — u, strongly in WP(Bg, RY), up to subsequence, still denoted vy, we have

1
”u* - Vk”Wl’p(BR) < E (12)

We define

Grw) = J| Fx Duo) + 3.4+ K2 1DuCo) - DuGoP)fa,

By

we call g (x,z) = f(x,z) + %(1 + k2 |z - Dv(x)]?)?, and we observe that

¢ 8(x,z) 20, V(x,z)€QxRN"

¢z~ g(x,z) € CYRMM), VxeQ;

* z = g(x,z) is convex Vx € Q (inasmuch as sum of convex functions);

¢ 80, z) 2 L |zP + %(1 +k?|z - ka(x)|2)§ >LTzPP, V (x,z) € Q x RV,

* Gr(U) = Fuy) + %JBR(l + k2 |Duy(x) = Dvg(x)P)edx < +oo,

Therefore, we can apply the direct method of the calculus of variations: for any k € N, there exists
Ux € Uy + WyP(Bg, RV) such that

min )Qk(u) = Gr(Ug).

USU+ M/(%yp(BR,[RN

Now, let us observe that g, : Q x RM" > R is a Carathéodory function, and let us define hi(x,z) =
%(1 + k2 |z - Dvg(x)])?, then by the convexity of z = hy(x, z), we have

a ) F) ) oh oh
<%(x, ) - %(x, 2),7 Zz> = <a—];(x, ) - a—];(x, ), 75~ ZZ> + <a—Zk(x, ) - a—z"(x, 2),7 ~ 22>

p-2
2L+ |z + |z |z - P

We point out that since v, € C°(R", RV), there exists M = M(k) € [0, +») such that |Dvi(x)| + |D>v(x)| < M,
for all x € R™. Hence, we have

G0 2)= f062) + 21+ K21z - Du(op)E
2%

< fx,z) + ?(1 + kP |z = Dvr(X)IP)
2,

<L+ |z]9) + =} 2:kP7ILf (x, z — Dvi(X))
2% p

SL(A+ |z]9) + " + 22kP7IL2(1 + |z - Dv(x)|9)
2%

S LA+ [2[7) + P G + [z|7 + [Dv()|T)

SLA+ [z]7) + &0 + |z19)

<L+ G)A+ 2|7,
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where ¢ = ¢(k,p,q,L) and & = &(k,p, q, L, M) are suitable posi_tzive constants. Now, let us compute the
derivative with respect to x of Zjh_’;(x, z)=pk(1+Kk?|z - D)) (z{ = Dg(x)):
0%hy
ox;0zf

(X, 2) = pk|K*(p - )1 + K* |z - Du(OP)>

N n
x (28 = D)) Y. ¥ (2 - DvfO)-DDvf (x0))+
p=1r=1

+(1 + K2 |z - Due()P)' (-DiDwE(x))|.

Since x ~ aa—hz"(x, z) is C}(R™), we can conclude that aa—hzk is a-Holder continuous with respect to x; more precisely,
we find that

oh oh .

]a—;‘(x, 2) = 0, 2)| < H =y + |22 < H x -yl + 127,

where H and H are the positive constants depending on k, @, p, g, n, N, and M. Consequently,

of f

0
Zwn-Loo)|+ O

ohy
32 5, X85, 0.9

SLx -y + 1z + H [x - y]*(L + [zl
<L+ B -y + |z,

‘aZ(X,Z) aZ(y,Z)

Now, let us define
1
8i%,2) = f1(x,2) + 3 (1 + K |z = DueCoP,

where {f'}ey is the approximating sequence defined in the statement of the theorem. First of all, we observe
that g,i is C! with respect to z and it satisfies (AP3) with the same constant L™'. Moreover, we note that g,ﬁ
satisfies (AP2), (AP4), and (AP6), to be more precise,

L7 |2lP < gi(x, 2) < Li(1 + |2]9),

og, og,
B2 - Sy, )] < @+ D=yl + 2,

og, og,
S0 = Sy, 2)| < (e + 27D -yl + 12,

where L, depends on L, k, p, q, and M. As far as (AP5) is concerned, we observe that

ag} of!
—_— s —_ s +
32 (x,2) 32 (x,2)

dh
g("’ z)

<cD( + [2P71) + pk(L + K? |z - DveGOR) 1z = Dvie(x)|
<c(D + [zP1) + pk(L + k2 |z = D)’z (1 + K? |z - Dy )}
<cD( + [2lPY) + q(1 + |2P1 + [DuCOPD)

<cD( + [2IP) + (1 + [zP)

<@+ B)(L+ [zP),

with @ = G(p, k) and ¢ = &(p, k, M) suitable positive constants. In the end, it is straightforward to check that
gli satisfies (AP7), (AP8), and (AP9); more precisely,

g(x, 2) < g(x, 2);
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: l — .
ll_lil;logk(x’ Z) - gk(x) Z))

gi(x,z) < gl'(x, 2).

Observing that G(u,) < +o, we are at last in position to apply Remark 4.4 in [21] to the functional G.

We recall [21, Remark 4.4] for the convenience of the reader: let i be a function satisfying (AP1)-(AP4) with

numbers p, q, a, L, and u as in Theorem 3.1. Let {)};en be a sequence of functions satisfying (AP1)—(AP9). If
Up € WP(Bg, RV) with F(ug) < +oo, let u € ug + WyP(Bz, RY) be a minimizer of

Jwox, Duoyax,

B
then u € WiY(Bg, RM).

Here, g, plays the role of i and {g,f}leN the one of the approximating sequence {¢'}en. SO We obtain
that ux € Wil (Bg, RM).

Step 2: we show that uy — uy strongly in W P(Bg, RY) and F(uy) — F(uy).
Let us consider the following chain of inequalities:

14
22meas (B
Flup) < Gl < Gr(uy) < Fluy) + % + 2:k? )| Du,, - DVkl7o(s)
P p 13)
< Fuy+ Zmetl X,
> k k
Therefore,
ngeas(B ) 2
limsupF(u) < limsup|F(u,) + % + 0| = T, 14)
k—+00 k—+o0
Bearing in mind the positivity of #, we observe that
- 1 »
k7 [1Dw0) = DuoPdx < [+ K2 1Due) = Dy’
By By
= Gr(ur) — F(uk)
» »
< Fu) + 2zmeas(Bg) . 22
13)
namely,

k k’

£ 4
IlDuk(X) - Dy(x)|Pdx < Fuy) | 22meas(Bp) , 22
By

kp~1 kP

ﬁ.

semicontinuity of ¥, we can write

So we have that||Duy — Dv||rrg, — 0 as k = +o. We keep in mind (12) that guarantees ||Dvy — Duy||z2@,) — 0,
then Duy — Du, in LP(Bg). Since uy = u, on 9, we have uy — u, in W-P(Bg, RY). Consequently, by the lower

Fluy) < likminf‘f'(uk).
Taking into account (14), we obtain

limsupF(uy) < Fuy) < likminf Fuy),
k—+00 —+00
ie.,

Fue) = Fuy).
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This result holds true for all u, € WLP(Bg, RY) such that F(u,) < +o. This ends the proof. O

In [21, Section 5], it has been proved that there is a special case in which it is possible to construct the
approximating sequence f! that fulfills the assumptions of Theorem 3.1. We recall here that this is the case
where f is radially symmetric with respect to the second variable, i.e.,

fx,2) = f(x, 1z, V(x,z) € Q x RV, )
for some f : Q x [0, +) » R, and besides assumptions (AP1), (AP3), and (AP4), f satisfies also
L2 + 2P < f(x,z) < L(L + |z|7), (AP2’)

where u is the same as in (AP3). We note that if we consider a function f that satisfies (AP2) and (AP3) then, if
p = 2, it obviously satisfies (AP2) and (AP3) with u = 0. In the case where p < 2, we can consider f =f+c,
where c is a suitable constant, and now, f satisfies (AP2’) and (AP3). Moreover, changing f with f does not
affect our problem. Then, we can state the following corollary.

Corollary 3.2. Let @ C R" be a bounded open set, and let a € (0, 1] and p, q be such that

n+a

I<p<q<p

Let f: Q x R¥" - R be a Carathéodory function such that there exist constants L € [1, +o) and u € [0,1]:f
satisfies (AP1), (AP2), (AP3), (AP4), and (S). Let u be a function in W P(Bg, RN) such that F(u,) < +o. Then,

L(uy) = 0.

Remark 3.3. We note that the proof of Theorem 5.1 in [21] gives us a constructive way to define the
sequence {f!}en.

Remark 3.4. Let us highlight the fact that we show more than what is needed to have the absence of the gap £
between the spaces X and Y. Indeed, for everyu € WP(Bg, RY), we find a sequence u; that coincides with u on
the boundary of By, i.e.,

e € (u+ Wo"(Br, RM) N Wigl (B, RY),
and converges strongly to u in WbP(Bg, RV).

We conclude this section giving an example of integrand f that satisfies the hypothesis of Theorem 3.1.

Example 3.5. For Q and p, ¢, a as in Theorem 3.1, we define a density f: Q x R¥" - R as

fx,2) = g(x, 2) + (2 + 2P ),
with g(x, z) = §(x,zY) and § : Q x R - R given by

T [0 CA P O LA 'S A P
g(X: Zrl ) = : N a
0, if z; <|x%,
zi .. oz}
where x = (), ...,.x;) EQCR"and z=| : . : |€ RN The function ¢ behaves as in Figure 1.
z zN
w Zp

The Lagrangian f satisfies hypothesis (AP1)-(AP4) of Theorem 3.1, the calculations follow from those of [21,
Section 6]. We point out that f still satisfies neither hypothesis (4) of [23, Theorem 3.1] nor hypothesis (1.8) of
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[18, Theorem 1.1], see [21, Section 6]. Moreover, the density f does not verify Assumption (2) of [8] that we write

for the convenience of the reader: there exist 0 < v, 8 <1 < V < +o such that
VM(x, Bz) < f(x,z) < V(M(x,z) + 1), V(x,z) € Q x RN,
where M : Q x RV*? — [0, +») is a weak N-function so, in particular,

M(x, z) = M(x, -z),

(15)

(16)

for almost every x € Q and every z € RN*". Let us see in detail that f does not verify (15). If z¥ < |x|? then

VM(x, Bz) < f(x, 2) = (U2 + |z)2.

Accordingly

MG, ) < %[uz " IEIZ]

for all € € RV such that &Y < B |x|% Now if &Y > B |x|% then, by (15) and (16), we still obtain

r
2
bl

M(x, &) = M(x, =) < %[ﬂz + % IEIZ]Z-

Hence, for z¥ > |x|?,

fO,2) = Pal*(zY - Pal®) + (2 + |22
SVM((x,z) + 1)

+ 1).
v B?

1 1
% —[uz + — |z

Recalling that q > p, the aforementioned inequality is not in force if z — +oo; thus, Assumption (15) is not

valid for f.

sz

~ [0
g=lz1|* (2 —|z1|*) |1

1

Figure 1: Strictly above z = |x|% the function g is equal to |x|%(z,Y-|x|%)?, while below § is zero.



DE GRUYTER Nonoccurrence of Lavrentiev gap = 11

4 Application of the penalization technique to other functionals

In this section, we want to examine if a suitable penalization can be applied to other functionals in order to
obtain L(u) = 0 between suitable spaces X and Y. In particular, we analyze two situations. The first one
concerns a functional in the vectorial case, with the density f = f(x, z) satisfying the hypotheses of the article
[25]. In this setting, the approximating sequence belongs to the Morrey space. The second framework regards
the scalar case and deals with densities like f(x, u, z) = d(z) + h(x, u) that verify the assumptions of [16]. Here,
the approximating sequence has bounded gradients.

4.1 Vectorial functionals and Morrey space

In the following, we take into account again

[rox, Dugoax,
Q

withu : Q - RY, where @ C R" is open and bounded, n > 2 and N > 1. In this section, we need to specify the
integration domains; for this reason, we use the following notation:

T, 4) = [f(x, DuGo)dx.
A

We will deal with the notions of Morrey space and Morrey-Sobolev space; we recall here the definitions.

Definition 4.1. (Morrey space) For each p € [1, ») and 0 < A < n, we define the Morrey space

1
LPAQ,RY) = {u € LP(Q,RY) : sup — j uPdx < ool.
XEQ,p>0 QNBy(x)

Definition 4.2. (Sobolev-Morrey space) For each p € [1, +«) and 0 < A < n, we say that a mapping u € WP
(Q, RM) belongs to the Sobolev-Morrey space WX(PN(Q, RN) if u € LPA(Q, RY) and Du € LPA(Q, R¥*™),

We consider f: Q x R¥" > R as in Theorem 1.1 of Fey-Foss [25], namely: there exist numbers 1< p < g,
0<A<n,L =1, and a convex function f : [0, +00) — [0, +o0) satisfying, for all R > 0,

F € CY([0, +%)) N CX((0, +0)), f* € L((0, R)),

(p - l)f’t(t) <f'<@- 1)@, t>0, an

f =f©=0 f@>o,

such that for every € > 0 and x € Q, there exists g.(x) € [0, +):

If(x, 2) = F (2l < &f (Iz)), (18)
whenever |z| > d.(x). Moreover, there exist a(x) € [0, +) such that
If(x, 2)] € L |z + a(x), 19)

for every x € Q and z € RV, In addition, ¢, € L94(Q, R) and a € L*(Q, R). We strengthen the hypothesis of
asymptotically convexity of f given by (18) assuming that z ~ f(x, z) is convex. Moreover, we impose
f(x,2) 2 0 for all x € Q and z € RV, Note that the previous assumptions imply, by Lemma 3.1 in [25],
that the function f is increasing and

ft+ ) <29(f(t) +f(t), forall t,62>0, (20)
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fct) <cif(t), forallt>0 and c>1, (4]
f®) <fM@A + 1), forall t>0. (22)

Let us add another assumption, which is a slight modification of [25, Lemma 3.1 (iv)],
LUtP < (). (23)

We aim to approximate every u, € WP(Bg, R™) with a sequence in the Morrey space {uy ey € (Us + Wol’p B,, RM))
N I/Vllg,(cp ”\)(Bp, RM), p < R, showing also the convergence in energy. For this purpose, let us take any u, € WP(Bg)
such that #F(u,, Bg) < +o. First of all, we prove that for any p € (0, R), there exists a suitable sequence
{Vidken € Lip(B,, RN) such that vi — uy strongly in WP(B,, RV) and

~ 1
JFapu.c) - Duieonax < . 04)
BP
Indeed, we start defining
S1= Bgr N X : |Du(x)| < O'%(X)
and
Sy = Bg N 1x : |[Duy(x)| > o%(x) .

Now, using (22) and (18) with ¢ = % we obtain

%BIf(wu*(x)Ddx - %ijqnu*(xmdx + ijun*(x)Ddx <3 f(l)!(o;(x»qu + meas (By)| + [/(x, Du,()dx.

Bp

Recalling that g, € L% and IB Rf (X, Du,(x))dx < +o, we obtain

[Fapu,conax < +e.

By
Now, as in the proof of Theorem 3.1, for every0 < § < R%, we mollify u, and we obtain ws € Lip (Ep, RM) such
that ws — u, strongly in W(B,, RY). Then, Jensen’s inequality and Fubini’s theorem lead to

[Fapwsconax < [ Fapu.conax. 5)
BP Bp+<5

We pick a subsequence {wg}jen such that

Dwg(x) = Duy(x), fora.e.x € B,.

Using (25) together with Fatou’s lemma, we obtain

[F apusconax < liminf [Fapwsconax
Bﬂ

B,

< limsup If(|Dw5j(x)|)dx
B

j—>+oo
p

< limsup I F(IDu,(x))dx

j—+00
) Bp+<S]-

= lim [ f(Du.00pax

Byug

= [Fapu,conax,
B,

p
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since §; — 0 as j — +c and f(|Du*|) € L'(Bg). Namely,

[Fapwsonax ~ [Fapuconax.
B B

P P

At this point, we can apply the generalized dominate convergence theorem to obtain

[F D) - Dwsopax - o.

B,

Then, there exists {ws, }xen such that
1

JFaDu.co - Dws, Conax < 5.
B

]
Hence, the sequence {vi}xen We were looking for is defined by
Vi = W5jk'
At this point, we consider the following perturbed functional:
Grw) = [[f 0, Du(x)) + KF (IDuCx) - Du(x))]dx.
BP

Let us set
8%, 2) = f(x,z) + kf (|2 = Dv(X))).

It is easy to see that, by the direct method of the calculus of variations, for any k € N there exists
Uy € uy + WyP(B,, RY) such that
min - Gy(u) = G(ux).
u€u,+ Wy (B, RNy
To obtain Morrey regularity for the minimizer uy, we aim to verify that g, satisfies the same hypothesis of f, in

order to apply Theorem 1.1 in [25]. Recalling that f is increasing and using (20), we achieve the existence of a
constant Ly > 1 and a function a; € L* both depending on k such that

&(x,z) < Ly |z|? + ar(x),
for all x € Q and z € R¥*", Now, by (21), we obtain that for all £ € (0, 1],

A= &Y (2D) < f(A - Bzl < flz - Du)D) < F (@ + B)z]) < (A + &)f(J2]),

whenever |z| > %. Then, for all ¢, & € (0, 1], there is &, #(x) = g.(x) + %

have

such that if |z| > &, s(x), we

8.(x,2) = f(x,2) + kf (1Du(x) - Dv(x)|)
<1+ ef (lzl) + k(@ + &)f (Iz])
=[1+ e+ k(1 + &)f(z)),

and, in a similar fashion,
&(x,2) = [(1 - &) + k(1 - &)F(|z)).
Taking

&=min{l - (1- &), (1+e) -1,
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we obtain
A - o)+ kf (z]) < g, 2) < (1 + &)1 + k)f (|z]).
Let us set
fe® =@+ BF©.

It is straightforward to check that ﬁ{ is convex and satisfies (17). Therefore, by [25, Theorem 1.1], the minimizer
Uy enjoys

1, 1,(p,A
Uy € (uy + Wy p(Bp: RY) N Wlofzp )(Bp: RY).

Now, bearing in mind (23) and (24) and following Step 2 of Theorem 3.1, we obtain that uy — u, strongly in
WP(B,,RY) and F(ux, B,) » F(ux, B,). We have just proved the following theorem.

Theorem 4.3. Let f: Q x RV — [0, +) be a Carathéodory function such that z ~ f(x, z) is convex and (18),

(19) are satisfied with f as in (17) and (23). Let uy, be a function in W(Bg, RN) such that F(us, By) < +%, where
Br C Q. Fix p < R. Then, there exists a sequence

{Uidken C (U + WEP(B,, RY) N Wi V(B,, RY)
such that uy — u strongly in WP(B,, RN) and
7:(uk: Bp) - 7:(”*: Bp)-

An example of function that satisfies the hypotheses of Theorem 4.3 is

fx,2) = f(lz| + b(x)),
for a suitable b(x) > 0, where

f(t) =tPIn(e + t).

4.2 Scalar functionals and bounded gradients

In this last section, we consider an example in the multidimensional scalar case. We deal with the following
functional:

) = [0r ue0), DuCodx,
Q

with u : Q@ - R, where @ C R" is open and bounded, n > 2. We assume that the density f has the following
form:

f(x,u, z) = d(z) + h(x, u),

and satisfies the hypotheses of Theorem 1.1 in [16], which we recall here for the convenience of the reader. Let
p and q be such that

1<p<q<p[n+1], (26)
The function d : R" — [0, +) has the (p, q)-growth (AP2) and is p-uniformly convex at infinity, i.e., there exist
v, R > 0 such that

+ 1 1 -2
f[‘z1 2 ZZ‘] < Sf @)+ Sf@) - vt + |4l + 2P 14 - 2f @n
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when the line segment joining z and z is all outside B(0,R). The function h: Q x R — [0, +) is of
Carathéodory type and x — h(x, 0) € LY(Q, R). Moreover, there exists a function a € Ly;.(2, R) such that

|h(x, u) = h(x, w)| € a(x)|uy — |, fora.e. x € Q, forall uy, u, € R. (28)

We stress that, unlike [16], we require that d is also convex everywhere. Moreover, here we ask that h(x, u) = 0.
Our target is to approximate every u, € WP(Bg, R) with a sequence {lxen C (s + WyP(Br, R)) N Wise(Bg, R)
and show the approximation in energy. So, let u, € WP(Bg, R) be a function such that F(u,) < +.

We consider the following penalization of ¥ :

G = 1£06 u00, D) + Klu(x) = u,(0lldx.

Bg

By Ehe direct method of the calculus of variations,~we obtain, for every k € N, a minimizer ux € u, + W&’p (Bg,R)
of G . Now, in order to apply [16, Theorem 1.1] to G, we just need to observe that h(x, u) + kju(x) - u.(x)| keeps
checking (28) and that x ~ h(x, 0) + k|u.(x)| € L'(Bg, R). Then, the minimizer u; enjoys

U € (Uy + WyP(Br, R)) N Wise(Bg, R).

At this point, following Step 2 of Theorem 3.1, we obtain that u; — u, strongly in L'(Bg, R). But, by (AP2), we
have

LY Duylrgs,y < Fti) < Grwi) < Gie(t) = F(uw),

then, by the previous inequality, up to not relabeled subsequences, we may suppose that there exists
U € Uy + WyP(Bg, R) such that

Uk = Uw, Stronglyin LP(Bg,R),
Duy — Du., weaklyin LP(Bg, R™).
Therefore, due to the uniqueness of the limit, we can say that u. = u, and
Duy — Du,, weaklyin LP(Bg, R).
Thus, the following theorem holds true.

Theorem 4.4. Let p and q be as in (26). Let d : R" — [0, +=) be a function that verifies (AP2) and (27), and let
h:Q xR — [0, +%) be a Carathéodory function such that x — h(x, 0) € LY(Q, R) and (28) is satisfied. Let us set

Fw) = [[d@u(x)) + hex, u())]dx.

By
Let u, be a function in WY?(Bg, RY) such that F(u,) < +o, where By C Q. Then, there exists a sequence
{Uidken © (s + Wp"(Br, R)) N Wige (By, R)
such that uy — u weakly in W(Bg, R) and
Flux) = F(u).
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