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Abstract: We consider the functional

∫≔u f x Du x x, d ,

Ω

�( ) ( ( ))

where f x z,( ) satisfies a p q,( )-growth condition with respect to z and can be approximated by means of a
suitable sequence of functions. We consider ⋐B ΩR and the spaces

= = ∩X W B Y W B W B, and , , .

p

R

N p

R

N
q

R

N1, 1,

loc

1,

� � �( ) ( ) ( )

We prove that the lower semicontinuous envelope of Y� ∣ coincides with � or, in other words, that the
Lavrentiev term is equal to zero for any admissible function ∈u W B ,

p

R

N1, �( ). We perform the approxima-
tions by means of functions preserving the values on the boundary of BR.
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1 Introduction

Let X be a first countable topological space and → ∪ +∞X: �� { }. The sequentially lower semicontinuous
(s.l.s.c.) envelope of � is defined as

≔ → +∞ ⩽X X¯ sup : 0, : s.l.s.c. , on .X� � � � �{ [ ] } (1)

Analogously, if Y is a dense subspace of X the s.l.s.c. envelope of � with respect to Y is

≔ → +∞ ⩽X Y¯ sup : 0, : s.l.s.c. , on .Y� � � � �{ [ ] } (2)

We obviously have that

⩽ ∈u u u X¯ ¯ , for any ,X Y� �( ) ( ) (3)

and the strict inequality may occur.
Buttazzo and Mizel in [15] introduced the notion of Lavrentiev term, namely: for every ∈u X ,

≔
⎧
⎨
⎩

− < +∞
= +∞

u

¯ ¯ , if ¯

0, if ¯ .

Y X X

X

�
� � �

�
( ) (4)
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Moreover, they also say that there is a Lavrentiev gap atu whenever >u 0�( ) . In this article, we are concerned
with the functional

∫≔u f x Du x x, d ,

Ω

�( ) ( ( ))

and we aim to show that, under suitable assumptions, the Lavrentiev term is identically zero.
In the framework of the Calculus of Variations the first example in which it is shown that u�( ) can be

strictly greater than zero is due to Lavrentiev [33] and it has been simplified by Manià [34]. He considered the
functional

∫= − ′u u x u xd ,

0

1

3 2 6�( ) ( ) ∣ ∣

the spaces

= ∈ = =
= ∈ = =∞

X u W u u

Y u W u u

0, 1 , : 0 0, 1 1

0, 1 , : 0 0, 1 1 ,

1,1

1,

�

�

{ ([ ] ) ( ) ( ) }

{ ([ ] ) ( ) ( ) }

and he proved that >u
*

0�( ) , where =u x x
*

1

3( ) is the minimum of � on X .
The problem of understanding how much the occurrence of this phenomenon is related to the special

structure of the functional led the search of different kinds of examples. We list here the most significant ones
underlying that in all these cases, the Lavrentiev term is computed on the minimum and it is strictly positive.
As far as the one-dimensional case is concerned, Ball and Mizel [5] added a coercive term to the Manià
functional. Zhikov [43] treated a functional depending only on the variables x and Du x( ), in the case where
∈ ⊂x Ω

2� . This example has been suitably generalized to the n-dimensional scalar case in [22]. It is worth to
mention that, still in the vectorial case, there are examples exhibiting the phenomenon for functionals
depending on u Du,( ) (see [2]) and also depending just on Du [29]. We refer to the article by Belloni and
Buttazzo ([6], 1995) for a more extensive list of references; as regards more recent examples we just mention
[4,7,17,19,20,24,27,35].

Another important direction of research is devoted to identify assumptions on the Lagrangian f that
imply that the Lavrentiev term in (4) is zero for the minima. Moreover, Lavrentiev himself [33] took into
account this problem in dimension one. Obviously, a consequence of results concerning regularity or higher
integrability is the absence of the Lavrentiev phenomenon for minima. Another almost trivial remark is that,
at least for the one-dimensional and the multidimensional scalar cases, if

+ ⩽ ⩽ +a b ξ f x u ξ a b ξ, , ,

p p

1 1 2 2
∣ ∣ ( ) ∣ ∣

where a b,i i, =i 1, 2, are the suitable positive constants, the dominated converge theorem implies that u�( ) is
identically equal to zero. In Section 4 of the article [6], there is a survey of many results regarding the absence
of the Lavrentiev gap for the minima. We underline that in the one-dimensional case, Alberti and Serra
Cassano [3] proved the nonoccurrence of the gap for any autonomous functional. An analogous result has
been recently obtained for the multidimensional scalar case in [10] and [11]. Further results in this framework
can be found in [9,38,39].

The problem of identifying classes of functionals such that u�( ) is equal to zero for every function ∈u X is
less studied. For some results in this direction, see, for example, [1,6,10–13,40].

In this article, we deal with functional of type

∫≔u f x Du x x, d ,

Ω

�( ) ( ( )) (5)

where ⊂Ω

n� is a bounded open set, →u : Ω

N� , × →×
f : Ω

N n� � is a Carathéodory function, ⩾n 2 and ⩾N 1.
The Lagrangian f satisfies the so-called p q,( )-growth conditions, according to Marcellini’s terminology [36]:

⩽ ⩽ + ∈ +∞z f x z L z L, 1 , 1, .

p q∣ ∣ ( ) ( ∣ ∣ ) [ ) (6)
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In the realm of functions that satisfy (6), we find the double-phase functional

= +f x z z a x z, ,

p q( ) ∣ ∣ ( )∣ ∣ (7)

where < < < +∞p q1 and the coefficient a x( ) is C Ω

α0, ( ) and non-negative, ∈α 0, 1( ]. The example of
Lavrentiev phenomenon presented by Zhikov [43] falls in this class. We remark that he considered the
case: = = =n N α2, 1, 1, and ⩽ ⩽p1 2 and >q 3. In [22], the authors showed that when p and q are not so
close, precisely when

>
+q

p

n α

n

, (8)

it is possible to find an example presenting the Lavrentiev phenomenon. This example is a extension to ⩾n 2 of
the Zhikov’s one. The main result in [22] shows that, when ∕ < + ∕q p n α n( ) , if u is a minimizer and =u 0�( ) ,
then ∈ ∩u W B W B, ,

p

R

N
q

R

N1,

loc

1,

� �( ) ( ). Moreover, they also proved that ≡u 0�( ) for some model cases.
As far as we are interested in results proving that the Lavrentiev term is identically zero, we have to

mention [23] where they considered the case of a Lagrangian that satisfies, among other assumptions, also the
following: the minimum point ỹ of ↦y f y z,( ) on small balls does not depend on z; we underline that they

consider =X W B ,

p

R

N1, �( ) and = ∩Y W B W B, ,

p

R

N
q

R

N1,

loc

1,

� �( ) ( ). The same kind of hypothesis is used in [31]
and [32], to prove again that ≡u 0�( ) taking into account suitable spaces similar to the previous ones. We also
point out that in the recent work [14], under suitable assumptions, it is shown that (3) is zero when calculated
on the minimum point. The same thing on minimizers happens in [8], where the authors consider a Lagran-
gian controlled by a function, which is convex and anisotropic in z, with X a Sobolev-type space and = ∞

Y C .
We remark once again that whenever one obtains a result on the regularity of the minimizers, one also rules
out the Lavrentiev phenomenon. We point out the fact that regularity of the minimizers of functionals with
p q,( )-growth has been widely studied. We refer to [41] for an extensive survey on this subject and to [37,42] for
more recent references (see also [26] and [30]).

In [21], it has been proved that the Lavrentiev term u�( ) is equal to zero whenu is a minimizer of � under
a suitable set of assumptions on the Lagrangian. To be more precise, the authors assume that f has the
p q,( )-growth and also satisfies the following conditions on its derivative with respect to the gradient:

+ + − ⩽
∂
∂

−
∂
∂

−− −
L μ z z z z

f

z

x z

f

z

x z z z, , , ,

1 2

1

2

2

2

1 2

2

1 2 1 2

p 2

2( ∣ ∣ ∣ ∣ ) ∣ ∣ ( ) ( ) (9)

∂
∂

−
∂
∂

⩽ − + −f

z

x z

f

z

y z L x y z, , 1 .

α q 1( ) ( ) ∣ ∣ ( ∣ ∣ ) (10)

Moreover, they also assume that there exists a sequence f
k
of convex functions approximating the Lagrangian

f from below, sharing the same hypothesis of f with the peculiarity that (10) holds also with p instead of q, for
a new constant L p k,( ) depending also on k .

In this article, we consider the functional (5) with p q,( )-growth under the same set of assumptions as in
[21] and we deal with the spaces

= = ∩X W B Y W B W B, and , , .

p

R

N p

R

N
q

R

N1, 1,

loc

1,

� � �( ) ( ) ( ) (11)

We prove that u
*

�( ) is zero for any ∈u W
*

Ω,

p N1, �( ). We remark that (9) implies that ↦z f x z,( ) is
convex and then =u u¯

X� �( ) ( ) for every ∈u X .
The first step of the proof consists in considering a sequence ⊂∈v Yk k �{ } converging to ∈u X

*

with
respect to the strong topology of X . Then, we introduce the perturbed functional

∫≔ ⎡
⎣ + + − ⎤

⎦u f x Du x

k

k Du x Dv x x,

1

1 d ,k

B

k

2 2

R

p

2� ( ) ( ( )) ( ∣ ( ) ( )∣ )

and we apply Remark 4.4 in [21] to k� , so that k� admits a minimizer uk that belongs to Y . The proof is
concluded showing that the sequence uk converges strongly to u

*

and approximates u
*

in energy, i.e.,

→u u
*

.k� �( ) ( )
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In Section 4, we apply the penalizing method to prove that the gap is identically zero for other functionals: in
particular, those previously considered in [25] and [16]. In the first case, a vectorial problem set in Morrey
spaces is considered. In the second one, we are concerned with a multidimensional scalar problem whose
Lagrangian is of sum type.

Let us end this introduction by remarking the difference between [21] and this article. In [21], it is shown
that =u 0�( ) when u is a minimizer for � ; in this article, we show that =u 0�( ) for every ∈u W

p1, . More-
over, while in [21], the proof makes strongly use of the minimality property of the minimizeru, here we cannot
proceed in the same way and we need to modify the functional to construct a sequence converging both
strongly and in energy to the fixed function u.

2 Notation and preliminary results

We denote by ⊂Ω

n� , ⩾n 2, a bounded open set. We define the functional

∫=u f x Du x x, Ω , d ,

Ω

�( ) ( ( ))

where the Lagrangian × →×
f : Ω

N n� � is of Carathéodory type, ⩾N 1. We adopt the usual definition of local
minimizer.

Definition 2.1. A function ∈u W Ω,

N

loc

1,1

�( ) is a local minimizer of ⋅ ,Ω�( ) if and only if ↦ ∈x f x Du x L, Ω
loc

1( ( )) ( )

and

∫ ∫⩽ +f x Du x x f x Du x Dφ x x, d , d ,

φ φsupp supp

( ( )) ( ( ) ( ))

for any ∈φ W Ω,

N1,1 �( ) with ⊂φsupp Ω.

In particular, we fix ∈x Ω
0

and we indicate by ≡ ⋐ ∈B B x RΩ, 0, 1R R 0
( ) ( ], the ball of center x

0
and radius

R. From now on, we set

∫= =u u B f x Du x x, , d ,R

B
R

� �( ) ( ) ( ( ))

and we consider the spaces

= = ∩X W B Y W B W B, and , , .

p

R

N p

R

N
q

R

N1, 1,

loc

1,

� � �( ) ( ) ( )

For a Lagrangian satisfying the p q,( )-growth condition, our aim is to show that the term

=
⎧
⎨
⎩

− < +∞
= +∞

u

¯ ¯ , if ¯ ,

0, if ¯ ,

Y X X

X

�
� � �

�
( )

is equal to zero for all ∈u X , where the relaxed functionals ¯
X� and ¯

Y� are defined in (1). For this purpose, we
will use the following lemma.

Lemma 2.2. Let → ∪ +∞W B: ,

p

R

N1, � �� ( ) { } be sequentially lower semicontinuous, and let ∈u W B ,

p

R

N1, �( )

be such that < +∞u�( ) . Then,

=u 0�( )

if and only if there exists a sequence ∈∈u Yk k �{ } such that ⇀u uk weakly in W B ,

p

R

N1, �( ) and

→u u .k� �( ) ( )
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3 Main theorem

The most part of this section is devoted to the proof of the main result of this article, stated in Theorem 3.1. We
shall assume the existence of a suitable sequence f

k
that approximates the density f from below. This

assumption will be replaced appropriately in Corollary 3.2. The example at the end of the section clarifies
the relations between our assumptions and those of [8,18,23]. We shall assume that there exist constants
∈ +∞L 1,[ ) and ∈μ 0, 1[ ] such that the density f satisfies

↦ ∈ ×
z f x z, ;

N n1 ��( ) ( ) (AP1)

⩽ ⩽ +−
L z f x z L z, 1 ;

p q1 ∣ ∣ ( ) ( ∣ ∣ ) (AP2)

+ + − ⩽
∂
∂

−
∂
∂

−− −
L μ z z z z

f

z

x z

f

z

x z z z, , , ;

1 2

1

2

2

2

1 2

2

1 2 1 2

p 2

2( ∣ ∣ ∣ ∣ ) ∣ ∣ ( ) ( ) (AP3)

∂
∂

−
∂
∂

⩽ − + −f

z

x z

f

z

y z L x y z, , 1 .

α q 1( ) ( ) ∣ ∣ ( ∣ ∣ ) (AP4)

Theorem 3.1. Let ⊂Ω

n� be a bounded open set, and let ∈α 0, 1( ] and p, q be such that

< < < ⎛
⎝

+ ⎞
⎠p q p

n α

n

1 .

Let × →×
f : Ω

N n� � be a Carathéodory function satisfying (AP1)–(AP4). Assume also that there exists a
sequence of Carathéodory function × →×

f : Ω

l N n� � satisfying (AP1)–(AP4), with the same p q α L, , , , and μ

as for f. Assume, moreover, that, for every ∈l �, there exists ∈ +∞c l 0,( ) ( ) such that

∂
∂

⩽ + −f

z

x z c l z, 1 ;

l

p 1( ) ( )( ∣ ∣ ) (AP5)

∂
∂

−
∂
∂

⩽ − + −f

z

x z

f

z

y z c l x y z, , 1 ;

l l

α p 1( ) ( ) ( )∣ ∣ ( ∣ ∣ ) (AP6)

⩽f x z f x z, , ;

l ( ) ( ) (AP7)

=
→+∞

f x z f x zlim , , ;

l

l ( ) ( ) (AP8)

⩽ +
f x z f x z, , .

l l 1( ) ( ) (AP9)

Let u
*

be a function in W B ,

p

R

N1, �( ) such that < +∞u
*

�( ) , where ⋐ ∈B RΩ, 0, 1R ( ]. Then,

=u
*

0.�( )

Proof. By Lemma 2.2, we need to show that there exists a sequence ⊂ ∩∈u W B W B, ,k k

p

R

N
q

R

N1,

loc

1,

� ��{ } ( ) ( )

such that

⇀u u W B
*

, weakly in , ,k

p

R

N1, �( )

and

→u u
*

.k� �( ) ( )

We divide the proof into two steps.
Step 1: we construct a suitable sequence

⊂ + ∩∈u u W B W B
*

, , .k k

p

R

N
q

R

N

0

1,

loc

1,

� ��{ } ( ( )) ( )

We start observing that by Theorem 3.10 in [28], it is possible to find a >ρ 0 and a function
∈ +u W B

¯

*

,

p

R ρ

N

0

1,

�( ): =u u
¯

* *

in BR. Moreover, ū
*

can be extended to all of n� by setting =ū
*

0 outside +BR ρ,
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and such an extension belongs to W ,

p n N1, � �( ); we keep calling this extension u
*

. Now, let ∈k �, and we
define vk , the regularized of u

*

, in the following way:

∫= −
⎛
⎝

⎞
⎠

v x u y k ψ k x y y
*

d ,k

B x
k

n

,

1

( ) ( ) ( ( ))

where ∈ ⩾∞
ψ C B ψ0, 1 , , 0

c
�( ( ) ) and ∫ =ψ x xd 1.

B 0,1

( )
( )

Then, vsupp k is compact in n� and ∈ ⊂∞
v C ,k c

n N� �( )

W Ω,

p N1, �( ). Since →v u
*

k strongly in W B ,

p

R

N1, �( ), up to subsequence, still denoted vk , we have

− ⩽u v

k*

1

.k W B
p

R

1,‖ ‖ ( ) (12)

We define

∫≔ ⎡
⎣ + + − ⎤

⎦u f x Du x

k

k Du x Dv x x,

1

1 d ,k

B

k

2 2

R

p

2� ( ) ( ( )) ( ∣ ( ) ( )∣ )

we call ≔ + + −g x z f x z k z Dv x, , 1
k k

k

1

2 2

p

2( ) ( ) ( ∣ ( )∣ ) , and we observe that
• ⩾ ∀ ∈ × ×

g x z x z, 0, , Ω ;
k

N n�( ) ( )

• ↦ ∈ ∀ ∈×
z g x z x, , Ω

k

N n1 ��( ) ( ) ;
• ↦z g x z,

k
( ) is convex ∀ ∈x Ω (inasmuch as sum of convex functions);

• ⩾ + + − >− −
g x z L z k z Dv x L z, 1

k

p

k
k

p1

1

2 2 1

p

2( ) ∣ ∣ ( ∣ ( )∣ ) ∣ ∣ , ∀ ∈ × ×
x z, Ω ;

N n�( )

• ∫= + + − < +∞u u k Du x Dv x x
* *

1

*

dk
k B

k

1

2 2

R

p

2� �( ) ( ) ( ∣ ( ) ( )∣ ) .

Therefore, we can apply the direct method of the calculus of variations: for any ∈k �, there exists
∈ +u u W B

*

,k

p

R

N

0

1,

�( ) such that

=
∈ +

u umin .

u u W B

k k k

,

*

p

R

N

0

1,

�

� �( ) ( )
( )

Now, let us observe that × →×
g : Ω

k

N n� � is a Carathéodory function, and let us define ≔h x z,k( )

+ −k z Dv x1

k
k

1

2 2

p

2( ∣ ( )∣ ) , then by the convexity of ↦z h x z,k( ), we have

∂
∂

−
∂
∂

− =
∂
∂

−
∂
∂

− +
∂
∂

−
∂
∂

−

⩾ + + −− −

g

z

x z

g

z

x z z z

f

z

x z

f

z

x z z z

h

z

x z

h

z

x z z z

L μ z z z z

, , , , , , , , ,

.

k k k k

1 2 1 2 1 2 1 2 1 2 1 2

1 2

1

2

2

2

1 2

2

p 2

2

( ) ( ) ( ) ( ) ( ) ( )

( ∣ ∣ ∣ ∣ ) ∣ ∣

We point out that since ∈ ∞
v C ,k c

n N� �( ), there exists = ∈ +∞M M k 0,( ) [ ) such that + ⩽Dv x D v x Mk k

2∣ ( )∣ ∣ ( )∣ ,
for all ∈x

n� . Hence, we have

= + + −

⩽ + + −

⩽ + + + −

⩽ + + + + −

⩽ + + + + +

⩽ + + +
⩽ + +

−

−

g x z f x z

k

k z Dv x

f x z

k

k z Dv x

L z

k

k Lf x z Dv x

L z

k

k L z Dv x

L z

k

c z Dv x

L z c z

L c z

, ,

1

1

,

2

1

1

2

2 ,

1

2

2 1

1

2

˜ 1

1 ˜ 1

˜ 1 ,

k k

p

k

p

q p

k

q p

k

q

q q

k

q

q q

q

2 2

1

1 2

1

2

2

p

p

p

p

p

p

p

2

2

2

2

2

2

2

( ) ( ) ( ∣ ( )∣ )

( ) ( ∣ ( )∣ )

( ∣ ∣ ) ( ( ))

( ∣ ∣ ) ( ∣ ( )∣ )

( ∣ ∣ ) ( ∣ ∣ ∣ ( )∣ )

( ∣ ∣ ) ( ∣ ∣ )

( )( ∣ ∣ )
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where =c c k p q L˜ ˜ , , ,
1 1

( ) and =c c k p q L M˜ ˜ , , , ,
2 2

( ) are suitable positive constants. Now, let us compute the
derivative with respect to x of = + − −∂

∂
−

x z pk k z Dv x z D v x, 1

h

z
k i

α

i k

α2 2
k

i

α

p 2

2( ) ( ∣ ( )∣ ) ( ( )):

∑ ∑

∂
∂ ∂

= ⎡⎣ − + −

× − − − +

+ + − − ⎤⎦

= =

−

−

h

x z

x z pk k p k z Dv x

z D v x z D v x D D v x

k z Dv x D D v x

, 2 1

1 .

k

j i

α k

i

α

i k

α

β

N

r

n

r

β

r k

β

j r k

β

k j i k

α

2

2 2 2

1 1

2 2

p

p

4

2

2

2

( ) ( )( ∣ ( )∣ )

( ( )) ( ( ))( ( ))

( ∣ ( )∣ ) ( ( ))

Since ↦ ∂
∂x x z,

h

z

k

( ) isC
n1 �( ), we can conclude that ∂

∂
h

z

k is α-Hölder continuous with respect to x ; more precisely,
we find that

∂
∂

−
∂
∂

⩽ − + ⩽ − +− −h

z

x z

h

z

y z H x y z H x y z, , 1
˜

1 ,

k k
α p α q2 1( ) ( ) ∣ ∣ ( ∣ ∣) ∣ ∣ ( ∣ ∣ )

where H and H˜ are the positive constants depending on k p q n N, Ω, , , , , and M . Consequently,

∂
∂

−
∂
∂

⩽
∂
∂

−
∂
∂

+
∂
∂

−
∂
∂

⩽ − + + − +
⩽ + − +

− −

−

g

z

x z

g

z

y z

f

z

x z

f

z

y z

h

z

x z

h

z

y z

L x y z H x y z

L H x y z

, , , , , ,

1
˜

1

˜
1 .

k k k k

α q α q

α q

1 1

1

( ) ( ) ( ) ( ) ( ) ( )

∣ ∣ ( ∣ ∣ ) ∣ ∣ ( ∣ ∣ )

( )∣ ∣ ( ∣ ∣ )

Now, let us define

≔ + + −g x z f x z

k

k z Dv x, ,

1

1 ,

k

l l

k

2 2

p

2( ) ( ) ( ∣ ( )∣ )

where ∈f
l

l �{ } is the approximating sequence defined in the statement of the theorem. First of all, we observe
that g

k

l is C
1 with respect to z and it satisfies (AP3) with the same constant −

L
1. Moreover, we note that g

k

l

satisfies (AP2), (AP4), and (AP6), to be more precise,

⩽ ⩽ +−
L z g x z L z, 1 ,

p

k

l q1

1
∣ ∣ ( ) ( ∣ ∣ )

∂
∂

−
∂
∂

⩽ + − + −
g

z

x z

g

z

y z L H x y z, ,
˜

1 ,

k

l

k

l

α q 1( ) ( ) ( )∣ ∣ ( ∣ ∣ )

∂
∂

−
∂
∂

⩽ + − +− −
g

z

x z

g

z

y z c l H x y z, , 2 1 ,

k

l

k

l

p α p1 1( ) ( ) ( ( ) )∣ ∣ ( ∣ ∣ )

where L
1
depends on L k p q, , , , and M . As far as (AP5) is concerned, we observe that

∂
∂

⩽
∂
∂

+
∂
∂

⩽ + + + − −

⩽ + + + − + −
⩽ + + + +
⩽ + + +
⩽ + +

−

−

− − −

− −

−

−

−

g

z

x z

f

z

x z

h

z

x z

c l z pk k z Dv x z Dv x

c l z pk k z Dv k z Dv

c l z c z Dv x

c l z c z

c l c z

, , ,

1 1

1 1 1

1
¯

1

1
¯

1

¯
1 ,

k

l
l

p

k k

p

k k

p p

k

p

p p

p

1 2 2

1 2 2 2 2

1

1

1 1

1

2

1

2

1

p

p

2

2

2

2

1

2

( ) ( ) ( )

( )( ∣ ∣ ) ( ∣ ( )∣ ) ∣ ( )∣

( )( ∣ ∣ ) ( ∣ ∣ ) ( ∣ ∣ )

( )( ∣ ∣ ) ( ∣ ∣ ∣ ( )∣ )

( )( ∣ ∣ ) ( ∣ ∣ )

( ( ) )( ∣ ∣ )

with =c c p k¯ ¯ ,
1 1

( ) and =c c p k M¯ ¯ , ,
2 2

( ) suitable positive constants. In the end, it is straightforward to check that
g

k

l satisfies (AP7), (AP8), and (AP9); more precisely,

⩽g x z g x z, , ;

k

l

k
( ) ( )

Nonoccurrence of Lavrentiev gap  7



=
→+∞

g x z g x zlim , , ;

l
k

l

k
( ) ( )

⩽ +
g x z g x z, , .

k

l

k

l 1( ) ( )

Observing that < +∞u
*

k� ( ) , we are at last in position to apply Remark 4.4 in [21] to the functional k� .
We recall [21, Remark 4.4] for the convenience of the reader: letψ be a function satisfying (AP1)–(AP4) with

numbers p q α L, , , , and μ as in Theorem 3.1. Let ∈ψ
l

l �{ } be a sequence of functions satisfying (AP1)–(AP9). If
∈u W B ,

p

R

N

0

1, �( ) with < +∞u
0

�( ) , let ∈ +u u W B ,

p

R

N

0 0

1,

�( ) be a minimizer of

∫ψ x Du x x, d ,

B
R

( ( ))

then ∈u W B , .

q

R

N

loc

1,

�( )

Here, g
k
plays the role of ψ and ∈g

k

l

l �{ } the one of the approximating sequence ∈ψ
l

l �{ } . So we obtain

that ∈u W B ,k

q

R

N

loc

1,

�( ).
Step 2: we show that →u u

*

k strongly in W B ,

p

R

N1, �( ) and →u u
*

k� �( ) ( ).
Let us consider the following chain of inequalities:

⩽ ⩽ ⩽ + + −

⩽ + +

−
u u u u

B

k

k Du Dv

u

B

k k

* *

2 meas

2

*

*

2 meas 2

.

k k k k

R
p

k L B

p

R

1

12

p

p

p

R

p p

2

2

2 2

� � � �

�

( ) ( ) ( ) ( )
( )

‖ ‖

⏟ ( )
( )

( )

( )

(13)

Therefore,

⎜ ⎟⩽
⎛

⎝
+ +

⎞

⎠
=

→+∞ →+∞
u u

B

k k

ulimsup limsup

*

2 meas 2

*

.

k

k

k

R

p p

2 2

� � �( ) ( )
( )

( ) (14)

Bearing in mind the positivity of � , we observe that

∫ ∫− ⩽ + −

= −

⩽ + +

−
k Du x Dv x x

k

k Du x Dv x

u u

u

B

k k

d

1

1

*

2 meas 2

,

p

B

k k

p

B

k k

k k k

R

1 2 2

13

R R

p

p p

2

2 2

� �

�

∣ ( ) ( )∣ ( ∣ ( ) ( )∣ )

( ) ( )

⏟ ( )
( )

( )

namely,

∫ − ⩽ + +−Du x Dv x x

u

k

B

k k

d
*

2 meas 2

.

B

k k

p

p

R

p p1

R

p p

2 2�
∣ ( ) ( )∣

( ) ( )

So we have that − →Du Dv 0k k L B
p

R
‖ ‖ ( ) as → +∞k . We keep in mind (12) that guarantees − →Dv Du

*

0k L B
p

R
‖ ‖ ( ) ,

then →Du Du
*

k in L B
p

R( ). Since =u u
*

k on ∂Ω, we have →u u
*

k in W B ,

p

R

N1, �( ). Consequently, by the lower
semicontinuity of � , we can write

⩽
→+∞

u u
*

liminf .

k

k� �( ) ( )

Taking into account (14), we obtain

⩽ ⩽
→+∞ →+∞

u u ulimsup

*

liminf ,

k

k

k

k� � �( ) ( ) ( )

i.e.,

→u u
*

.k� �( ) ( )
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This result holds true for all ∈u W B
*

,

p

R

N1, �( ) such that < +∞u
*

�( ) . This ends the proof. □

In [21, Section 5], it has been proved that there is a special case in which it is possible to construct the
approximating sequence f

l that fulfills the assumptions of Theorem 3.1. We recall here that this is the case
where f is radially symmetric with respect to the second variable, i.e.,

= ∀ ∈ × ×
f x z f x z x z,

˜
, , , Ω ,

N n�( ) ( ∣ ∣) ( ) (S)

for some × +∞ →f˜ : Ω 0, �[ ) , and besides assumptions (AP1), (AP3), and (AP4), f satisfies also

+ ⩽ ⩽ +−
L μ z f x z L z, 1 ,

q1 2 2

p

2( ∣ ∣ ) ( ) ( ∣ ∣ ) (AP2’)

where μ is the same as in (AP3). We note that if we consider a function f that satisfies (AP2) and (AP3) then, if
⩾p 2, it obviously satisfies (AP2) and (AP3) with =μ 0. In the case where <p 2, we can consider = +f f cˆ ,

where c is a suitable constant, and now, fˆ satisfies (AP2’) and (AP3). Moreover, changing f with fˆ does not
affect our problem. Then, we can state the following corollary.

Corollary 3.2. Let ⊂Ω

n� be a bounded open set, and let ∈α 0, 1( ] and p, q be such that

< < < ⎛
⎝

+ ⎞
⎠p q p

n α

n

1 .

Let × →×
f : Ω

N n� � be a Carathéodory function such that there exist constants ∈ +∞L 1,[ ) and ∈μ 0, 1 :[ ] f

satisfies (AP1), (AP2), (AP3), (AP4), and (S). Let u
*

be a function in W B ,

p

R

N1, �( ) such that < +∞u
*

.�( ) Then,

=u
*

0.�( )

Remark 3.3. We note that the proof of Theorem 5.1 in [21] gives us a constructive way to define the
sequence ∈f

l

l �{ } .

Remark 3.4. Let us highlight the fact that we show more than what is needed to have the absence of the gap �

between the spaces X andY . Indeed, for every ∈u W B ,

p

R

N1, �( ), we find a sequenceuk that coincides withu on
the boundary of BR, i.e.,

∈ + ∩u u W B W B, , ,k

p

R

N
q

R

N

0

1,

loc

1,

� �( ( )) ( )

and converges strongly to u in W B ,

p

R

N1, �( ).

We conclude this section giving an example of integrand f that satisfies the hypothesis of Theorem 3.1.

Example 3.5. For Ω and p q α, , as in Theorem 3.1, we define a density × →×
f : Ω

N n� � as

≔ + +f x z g x z μ z, , ,

2 2

p

2( ) ( ) ( ∣ ∣ )

with ≔g x z g x z, ˜ ,
n

N( ) ( ) and × →g̃ : Ω � � given by

≔
⎧
⎨
⎩

− >
⩽

g x z

x z x z x

z x

˜ ,

, if ,

0, if ,

n

N

α

n

N α q

n

N α

n

N α

1 1 1

1

( )
∣ ∣ ( ∣ ∣ ) ∣ ∣

∣ ∣

where = ∈ ⊂x x x, …, Ωn

n

1
�( ) and =

⎛

⎝

⎜
⎜ ⋮ ⋱ ⋮

⎞

⎠

⎟
⎟ ∈

×
z

z z

z z

…

…

n

N

n

N

N n

1

1 1

1

� . The function g̃ behaves as in Figure 1.

The Lagrangian f satisfies hypothesis (AP1)–(AP4) of Theorem 3.1, the calculations follow from those of [21,
Section 6]. We point out that f still satisfies neither hypothesis (4) of [23, Theorem 3.1] nor hypothesis (1.8) of

Nonoccurrence of Lavrentiev gap  9



[18, Theorem 1.1], see [21, Section 6]. Moreover, the density f does not verify Assumption (2) of [8] that we write
for the convenience of the reader: there exist < < < < +∞ν β ν0 , 1 ˜ such that

⩽ ⩽ + ∀ ∈ × ×
νM x βz f x z ν M x z x z, , ˜ , 1 , , Ω ,

N n�( ) ( ) ( ( ) ) ( ) (15)

where × → +∞×
M : Ω 0,

N n� [ ) is a weak N -function so, in particular,

= −M x z M x z, , ,( ) ( ) (16)

for almost every ∈x Ω and every ∈ ×
z

N n� . Let us see in detail that f does not verify (15). If ⩽z x
n

N α

1
∣ ∣ then

⩽ = +νM x βz f x z μ z, , .

2 2

p

2( ) ( ) ( ∣ ∣ )

Accordingly

⎜ ⎟⩽ ⎛
⎝

+ ⎞
⎠

M x ξ

ν

μ

β

ξ,

1 1

,

2

2

2

p

2

( ) ∣ ∣

for all ∈ ×
ξ

N n� such that ⩽ξ β x
n

N α

1
∣ ∣ . Now if >ξ β x

n

N α

1
∣ ∣ , then, by (15) and (16), we still obtain

⎜ ⎟= − ⩽ ⎛
⎝

+ ⎞
⎠

M x ξ M x ξ

ν

μ

β

ξ, ,

1 1

.

2

2

2

p

2

( ) ( ) ∣ ∣

Hence, for >z x
n

N α

1
∣ ∣ ,

⎜ ⎟

= − + +
⩽ +

⩽
⎡

⎣
⎢
⎛
⎝

+ ⎞
⎠
+
⎤

⎦
⎥

f x z x z x μ z

ν M x z

ν

ν

μ

β

z

,

˜ , 1

˜

1 1

1 .

α

n

N α q

1 1

2 2

2

2

2

p

p

2

2

( ) ∣ ∣ ( ∣ ∣ ) ( ∣ ∣ )

( ( ) )

∣ ∣

Recalling that >q p, the aforementioned inequality is not in force if → +∞z
n

N ; thus, Assumption (15) is not
valid for f .

Figure 1: Strictly above =z x
n

N α

1
∣ ∣ , the function g̃ is equal to x z x‒

α

n

N α q

1 1
∣ ∣ ( ∣ ∣ ) , while below g̃ is zero.
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4 Application of the penalization technique to other functionals

In this section, we want to examine if a suitable penalization can be applied to other functionals in order to
obtain ≡u 0�( ) between suitable spaces X and Y . In particular, we analyze two situations. The first one
concerns a functional in the vectorial case, with the density =f f x z,( ) satisfying the hypotheses of the article
[25]. In this setting, the approximating sequence belongs to the Morrey space. The second framework regards
the scalar case and deals with densities like = +f x u z d z h x u, , ,( ) ( ) ( ) that verify the assumptions of [16]. Here,
the approximating sequence has bounded gradients.

4.1 Vectorial functionals and Morrey space

In the following, we take into account again

∫f x Du x x, d ,

Ω

( ( ))

with →u : Ω

N� , where ⊂Ω

n� is open and bounded, ⩾n 2 and ⩾N 1. In this section, we need to specify the
integration domains; for this reason, we use the following notation:

∫≔u A f x Du x x, , d .

A

�( ) ( ( ))

We will deal with the notions of Morrey space and Morrey–Sobolev space; we recall here the definitions.

Definition 4.1. (Morrey space) For each ∈ ∞p 1,[ ) and ⩽ ⩽λ n0 , we define the Morrey space

∫⎪

⎪

⎪

⎪
≔
⎧
⎨
⎩
∈ < ∞

⎫
⎬
⎭∈ > ∩

L u L

ρ

u xΩ, Ω, : sup

1

d .

p λ N p N

x ρ

λ

B x

p,

Ω, 0

Ω ρ

� �( ) ( ) ∣ ∣

( )

Definition 4.2. (Sobolev-Morrey space) For each ∈ +∞p 1,[ ) and ⩽ ⩽λ n0 , we say that a mapping ∈u W
p1,

Ω,

N�( ) belongs to the Sobolev-Morrey space W Ω,

p λ N1, , �( )( ) if ∈u L Ω,

p λ N, �( ) and ∈ ×
Du L Ω,

p λ N n, �( ).

We consider × →×
f : Ω

N n� � as in Theorem 1.1 of Fey-Foss [25], namely: there exist numbers < <p q1 ,
< <λ n0 , ⩾L 1, and a convex function +∞ → +∞f˜ : 0, 0,[ ) [ ) satisfying, for all >R 0,

⎧

⎨
⎪

⎩
⎪

∈ +∞ ∩ +∞ ″ ∈

−
′

⩽ ″ ⩽ −
′

>

= ′ = >

f C C f L R

p

f t

t

f t q

f t

t

t

f f f

˜
0, 0, ,

˜
0, ,

1

˜

˜
1

˜

, 0,

˜
0

˜
0 0,

˜
1 0,

1 2 1([ )) (( )) (( ))

( )
( )

( ) ( )
( )

( ) ( ) ( )

(17)

such that for every >ε 0 and ∈x Ω, there exists ∈ +∞σ x 0,ε( ) [ ):

− <f x z f z εf z,
˜ ˜

,∣ ( ) (∣ ∣)∣ (∣ ∣) (18)

whenever >z σ x .ε∣ ∣ ( ) Moreover, there exist ∈ +∞a x 0,( ) [ ) such that

⩽ +f x z L z a x, ,

q∣ ( )∣ ∣ ∣ ( ) (19)

for every ∈x Ω and ∈ ×
z .

N n� In addition, ∈σ L Ω,ε

q λ, �( ) and ∈a L Ω,

λ1, �( ). We strengthen the hypothesis of
asymptotically convexity of f given by (18) assuming that ↦z f x z,( ) is convex. Moreover, we impose

⩾f x z, 0( ) for all ∈x Ω and ∈ ×
z

N n� . Note that the previous assumptions imply, by Lemma 3.1 in [25],
that the function f˜ is increasing and

+ ⩽ + ⩾f t t f t f t t t˜
2

˜ ˜
, for all , 0,

q

1 2 1 2 1 2
( ) ( ( ) ( )) (20)
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⩽ ⩾ ⩾f ct c f t t c˜ ˜
, for all 0 and 1,

q( ) ( ) (21)

⩽ + ⩾f t f t t˜ ˜
1 1 , for all 0.

q( ) ( )( ) (22)

Let us add another assumption, which is a slight modification of [25, Lemma 3.1 (iv)],

⩽−
L t f t˜

.

p1 ( ) (23)

We aim to approximate every ∈u W B
*

,

p

R

N1, �( ) with a sequence in theMorrey space ∈ +∈u u W B
*

,k k

p

ρ

N

0

1,

��{ } ( ( ))

∩ W B ,

p λ

ρ

N

loc

1, ,

�( )
( ) , <ρ R, showing also the convergence in energy. For this purpose, let us take any ∈u W B

*

p

R

1, ( )

such that < +∞u B
*

, R�( ) . First of all, we prove that for any ∈ρ R0,( ), there exists a suitable sequence
∈∈v BLip ,k k ρ

N��{ } ( ) such that →v u
*

k strongly inW B ,

p

ρ

N1, �( ) and

∫ − ⩽f Du x Dv x x

k

˜

*

d

1

.

B

k
p

ρ

(∣ ( ) ( )∣) (24)

Indeed, we start defining

≔ ∩ ⎧
⎨
⎩

⩽ ⎫
⎬
⎭

S B x Du x σ x:

*

R1

1

2

∣ ( )∣ ( )

and

≔ ∩ ⎧
⎨
⎩

> ⎫
⎬
⎭

S B x Du x σ x:

*

.R2

1

2

∣ ( )∣ ( )

Now, using (22) and (18) with =ε
1

2

, we obtain

∫ ∫ ∫ ∫ ∫=
⎛

⎝
⎜ +

⎞

⎠
⎟ ⩽

⎛

⎝
⎜ +

⎞

⎠
⎟ +f Du x x f Du x x f Du x x f σ x x B f x Du x x

1

2

˜

*

d

1

2

˜

*

d
˜

*

d

1

2

˜
1 d meas ,

*

d .

B S S S

q

R

B
R R1 2 1

1

2

(∣ ( )∣) (∣ ( )∣) (∣ ( )∣) ( ) ( ( )) ( ) ( ( ))

Recalling that ∈σ Lε

q λ, and ∫ < +∞f x Du x x,

*

d

BR

( ( )) , we obtain

∫ < +∞f Du x x˜

*

d .

B
R

(∣ ( )∣)

Now, as in the proof of Theorem 3.1, for every < < +
δ0

R ρ

2

, we mollify u
*

and we obtain ∈w BLip ,δ ρ

N�( ) such
that →w u

*

δ strongly in W B ,

p

ρ

N1, �( ). Then, Jensen’s inequality and Fubini’s theorem lead to

∫ ∫⩽
+

f Dw x x f Du x x˜
d

˜

*

d .

B

δ

B
ρ ρ δ

(∣ ( )∣) (∣ ( )∣) (25)

We pick a subsequence ∈wδ jj �{ } such that

→ ∈Dw x Du x x B
*

, for a.e. .δ ρj
( ) ( )

Using (25) together with Fatou’s lemma, we obtain

∫ ∫

∫

∫

∫

∫

⩽

⩽

⩽

=

=

→+∞

→+∞

→+∞

→+∞

+

+

f Du x x f Dw x x

f Dw x x

f Du x x

f Du x x

f Du x x

˜

*

d liminf
˜

d

limsup
˜

d

limsup
˜

*

d

lim
˜

*

d

˜

*

d ,

B

j

B

δ

j
B

δ

j
B

j

B

B

ρ ρ

j

ρ

j

ρ δ
j

ρ δ
j

ρ

(∣ ( )∣) (∣ ( )∣)

(∣ ( )∣)

(∣ ( )∣)

(∣ ( )∣)

(∣ ( )∣)
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since →δ 0j as → +∞j and ∈f Du L B˜

*

R

1(∣ ∣) ( ). Namely,

∫ ∫→f Dw x x f Du x x˜
d

˜

*

d .

B

δ

B
ρ

j

ρ

(∣ ( )∣) (∣ ( )∣)

At this point, we can apply the generalized dominate convergence theorem to obtain

∫ − →f Du x Dw x x˜

*

d 0.

B

δ

ρ

j
(∣ ( ) ( )∣)

Then, there exists ∈wδ kj
k

�{ } such that

∫ − ⩽f Du x Dw x x

k

˜

*

d

1

.

B

δ
p

ρ

j
k

(∣ ( ) ( )∣)

Hence, the sequence ∈vk k �{ } we were looking for is defined by

≔v w .k δ j
k

At this point, we consider the following perturbed functional:

∫≔ + −u f x Du x kf Du x Dv x x˜
,

˜
d .k

B

k

ρ

� ( ) [ ( ( )) (∣ ( ) ( )∣)]

Let us set

≔ + −g x z f x z kf z Dv x˜ , ,
˜

.
k k( ) ( ) (∣ ( )∣)

It is easy to see that, by the direct method of the calculus of variations, for any ∈k � there exists
∈ +u u W B

*

,k

p

ρ

N

0

1,

�( ) such that

=
∈ +

u umin
˜ ˜

.

u u W B

k k k

,

*

p

ρ

N

0

1,

�

� �( ) ( )
( )

To obtain Morrey regularity for the minimizer uk , we aim to verify that g̃
k
satisfies the same hypothesis of f , in

order to apply Theorem 1.1 in [25]. Recalling that f˜ is increasing and using (20), we achieve the existence of a
constant ⩾L 1k and a function ∈a Lk

λ1, both depending on k such that

⩽ +g x z L z a x˜ , ,
k k

q

k( ) ∣ ∣ ( )

for all ∈x Ω and ∈ ×
z

N n� . Now, by (21), we obtain that for all ∈ε̃ 0, 1( ],

− ⩽ − ⩽ − ⩽ + ⩽ +ε f z f ε z f z Dv x f ε z ε f z1 ˜
˜ ˜

1 ˜
˜ ˜

1 ˜ 1 ˜ ,

q

k

q( ) (∣ ∣) (( )∣ ∣) (∣ ( )∣) (( )∣ ∣) ( ) (∣ ∣)

whenever >z
Dv x

ε̃

k

∣ ∣
∣ ( ) ∣ . Then, for all ∈ε ε, ˜ 0, 1( ], there is ≔ +σ x σ x˜ε ε ε

Dv x

ε
, ˜

˜

k

( ) ( )
∣ ( ) ∣ such that if >z σ x˜ε ε, ˜

∣ ∣ ( ), we
have

= + −

⩽ + + +
= + + +

g x z f x z kf Du x Dv x

ε f z k ε f z

ε k ε f z

˜ , ,
˜

1
˜

1 ˜
˜

1 1 ˜
˜

,

k k

q

q

( ) ( ) (∣ ( ) ( )∣)

( ) (∣ ∣) ( ) (∣ ∣)

[ ( ) ] (∣ ∣)

and, in a similar fashion,

⩾ − + −g x z ε k ε f z˜ , 1 1 ˜
˜

.
k

q( ) [( ) ( ) ] (∣ ∣)

Taking

= ⎧
⎨
⎩
− − + − ⎫

⎬
⎭

ε ε ε˜ min 1 1 , 1 1 ,
q q

1 1

( ) ( )
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we obtain

− + ⩽ ⩽ + +ε k f z g x z ε k f z1 1
˜

˜ , 1 1
˜

.
k

( )( ) (∣ ∣) ( ) ( )( ) (∣ ∣)

Let us set

≔ +f t k f t˜
1

˜
.

k
( ) ( ) ( )

It is straightforward to check that f˜
k
is convex and satisfies (17). Therefore, by [25, Theorem 1.1], the minimizer

uk enjoys

∈ + ∩u u W B W B
*

, , .k

p

ρ

N
p λ

ρ

N

0

1,

loc

1, ,

� �( ( )) ( )
( )

Now, bearing in mind (23) and (24) and following Step 2 of Theorem 3.1, we obtain that →u u
*

k strongly in
W B ,

p

ρ

N1, �( ) and →u B u B,

*

,k ρ ρ� �( ) ( ). We have just proved the following theorem.

Theorem 4.3. Let × → +∞×
f : Ω 0,

N n� [ ) be a Carathéodory function such that ↦z f x z,( ) is convex and (18),
(19) are satisfied with f˜ as in (17) and (23). Let u

*

be a function inW B ,

p

R

N1, �( ) such that < +∞u B
*

, R�( ) , where
⊂B ΩR . Fix <ρ R. Then, there exists a sequence

⊂ + ∩∈u u W B W B
*

, ,k k

p

ρ

N
p λ

ρ

N

0

1,

loc

1, ,

� ��{ } ( ( )) ( )
( )

such that →u uk strongly in W B ,

p

ρ

N1, �( ) and

→u B u B,

*

, .k ρ ρ� �( ) ( )

An example of function that satisfies the hypotheses of Theorem 4.3 is

≔ +f x z f z b x,
˜

,( ) (∣ ∣ ( ))

for a suitable ⩾b x 0( ) , where

≔ +f t t e t˜
ln .

p( ) ( )

4.2 Scalar functionals and bounded gradients

In this last section, we consider an example in the multidimensional scalar case. We deal with the following
functional:

∫≔u f x u x Du x x, , d ,

Ω

�( ) ( ( ) ( ))

with →u : Ω � , where ⊂Ω

n� is open and bounded, ⩾n 2. We assume that the density f has the following
form:

≔ +f x u z d z h x u, , , ,( ) ( ) ( )

and satisfies the hypotheses of Theorem 1.1 in [16], which we recall here for the convenience of the reader. Let
p and q be such that

< < < ⎛
⎝

+ ⎞
⎠p q p

n

n

1

1

. (26)

The function → +∞d : 0,

n� [ ) has the p q,( )-growth (AP2) and is p-uniformly convex at infinity, i.e., there exist
>ν R, 0 such that

⎛
⎝

+ ⎞
⎠ ⩽ + − + + −

−
f

z z

f z f z ν μ z z z z

2

1

2

1

2

1 2

1 2

2

1

2

2

2

1 2

2

p 2

2( ) ( ) ( ∣ ∣ ∣ ∣ ) ∣ ∣ (27)
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when the line segment joining z
1
and z

2
is all outside B R0,( ). The function × → +∞h : Ω 0,� [ ) is of

Carathéodory type and ↦ ∈x h x L, 0 Ω,

1 �( ) ( ). Moreover, there exists a function ∈ ∞
a L Ω,

loc
�( ) such that

− ⩽ − ∈ ∈h x u h x u a x u u x u u, , , for a.e. Ω, for all , .
1 2 1 2 1 2

�∣ ( ) ( )∣ ( )∣ ∣ (28)

We stress that, unlike [16], we require that d is also convex everywhere. Moreover, here we ask that ⩾h x u, 0( ) .
Our target is to approximate every ∈u W B

*

,

p

R

1, �( ) with a sequence ⊂ + ∩∈
∞

u u W B W B
*

, ,k k

p

R R0

1,

loc

1,

� ��{ } ( ( )) ( )

and show the approximation in energy. So, let ∈u W B
*

,

p

R

1, �( ) be a function such that < +∞u
*

�( ) .
We consider the following penalization of � :

∫≔ + −u f x u x Du x k u x u x x˜
˜

, ,

*

d .k

B
R

� ( ) [ ( ( ) ( )) ∣ ( ) ( )∣]

By the direct method of the calculus of variations, we obtain, for every ∈k �, a minimizer ∈ +u u W B
*

,k

p

R0

1,

�( )

of ˜
˜

k� . Now, in order to apply [16, Theorem 1.1] to ˜
˜

k� , we just need to observe that + −h x u k u x u x,

*

( ) ∣ ( ) ( )∣ keeps
checking (28) and that ↦ + ∈x h x k u x L B, 0

*

,R

1 �( ) ∣ ( )∣ ( ). Then, the minimizer uk enjoys

∈ + ∩ ∞
u u W B W B

*

, , .k

p

R R0

1,

loc

1,

� �( ( )) ( )

At this point, following Step 2 of Theorem 3.1, we obtain that →u u
*

k strongly in L B ,R

1 �( ). But, by (AP2), we
have

⩽ ⩽ ⩽ =−
L Du u u u u˜

˜
˜
˜

* *

,k L B

p

k k k k

1

p

R

� � � �‖ ‖ ( ) ( ) ( ) ( )( )

then, by the previous inequality, up to not relabeled subsequences, we may suppose that there exists
∈ +∞u u W B

*

,

p

R0

1,

�( ) such that

→ ∞u u L B, strongly in , ,k

p

R �( )

⇀ ∞Du Du L B, weakly in , .k

p

R

n�( )

Therefore, due to the uniqueness of the limit, we can say that =∞u u
*

and

⇀Du Du L B
*

, weakly in , .k

p

R �( )

Thus, the following theorem holds true.

Theorem 4.4. Let p and q be as in (26). Let → +∞d : 0,

n� [ ) be a function that verifies (AP2) and (27), and let
× → +∞h : Ω 0,� [ ) be a Carathéodory function such that ↦ ∈x h x L, 0 Ω,

1 �( ) ( ) and (28) is satisfied. Let us set

∫≔ +u d Du x h x u x x, d .

B
R

�( ) [ ( ( )) ( ( ))]

Let u
*

be a function in W B ,

p

R

N1, �( ) such that < +∞u
*

�( ) , where ⊂B ΩR . Then, there exists a sequence

⊂ + ∩∈
∞

u u W B W B
*

, ,k k

p

R R0

1,

loc

1,

� ��{ } ( ( )) ( )

such that ⇀u uk weakly in W B ,

p

R

1, �( ) and

→u u
*

.k� �( ) ( )
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