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Abstract

We present an effective construction of non-Kihler supersymmetric mirror pairs in the
sense of Lau, Tseng and Yau (Commun. Math. Phys. 340:145-170, 2015) starting from
left-invariant affine structures on Lie groups. Applying this construction we explicitly find
SYZ mirror symmetric partners of all known compact 6-dimensional completely solvable
solvmanifolds that admit a semi-flat type IIA structure.
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1 Introduction

The Strominger-Yau-Zaslow (SYZ) conjecture (see [24]) tries to describe mirror symmetry
of Calabi-Yau manifolds in terms of dual Lagrangian torus fibrations.

In this paper we deal with a non-Kéhler version of SYZ mirror symmetry where the
correspondence between symplectic and complex structures of the partners is made explicit
through Fourier-Mukai transform. The SU (n)-structures involved are type IIA and type IIB
structures (see subsection 2.2 for the definition for n = 3). The role of the Dolbeault coho-
mology is replaced by the Bott-Chern cohomology on the complex side and by a refined
version of the Tseng-Yau cohomology on the symplectic side. The procedure is thouroghly
explained in [21]. Here we will mainly stick to the case of manifolds of real dimension 6,
which is the ambient where originally mirror symmetry made its appearance.
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One of the aims of the present paper is to show that, unlike in the Kihler case, it is
possible to find many interesting mirror pairs of compact 6-manifolds without the need of
singularities in the fibrations. The first and only example of this kind known so far is the
nilmanifold featured in [21].

Nilmanifolds and more generally solvmanifolds are of course a natural ambient to look at
in the seek of such structures. For example there are plenty of explicit symplectic structures
on non-abelian nilmanifolds and none of these can be Kéhler.

Moreover an important special case of type IIA structure is given by symplectic half-flat
structures and all 6-dimensional solvable Lie algebras admitting such structures are classified
(see [14]).

Compact quotients of the corresponding simply connected Lie groups are the best known
explicit examples of compact manifolds carrying a type IIA structure.

While reinterpreting the example given in [21], the aim of the present paper is to explic-
itly find SYZ mirror symmetric partners (in the sense of [21]) of all known compact
6-dimensional symplectic half-flat completely solvable solvmanifolds that admit a semi-flat
structure.

The starting observation is that all such examples are indeed quotients of Lie groups having
a particular structure of semi-direct product. This semi-direct product structure is intimately
related to a left invariant affine structure on 3-dimensional solvable Lie groups, hence to a
Lagrangian torus bundle on suitable quotients of it.

It is this semi-direct product structure that allows us to explicitly find the non-singular
(i.e. semi-flat) dual torus fibrations, hence the mirror partner. This is explained in section 4.

The first main result is summarized in the following

Theorem 1 Let (X, w, 2) be a compact solvmamfold endowed with a semi-flat left-invariant
1IA structure. Then its SYZ mirror partner (X ®, ) is a compact solvmanifold endowed
with a semi-flat left-invariant IIB structure.

In table 2 we list all the IIB mirror partners of completely solvable semi-flat 6-dimensional
1IA Lie algebras.

The second main result is the explicit construction of all the mirror pairs and the relevant
structures coming from left-invariant affine structures on completely solvable 3-dimensional
unimodular Lie groups. This is carried out in section 6.

In table 2 we also write down the Tseng-Yau and Bott-Chern numbers of the algebras
involved that realize the mirror symmetric non-Kdhler Hodge diamonds.

As an upshot of our constructions we find a compact type IIA manifold X admitting
two inequivalent Lagrangian torus fibrations giving rise to two non-isomorphic semi-flat
mirror pairs: the complex IIB partners X and X are not even diffeomorphic (see 6.1.2 and
6.2.2).

As a by-product we also find a new balanced metric on a nilmanifold which is missing
from the classification given in [20], see subsection 6.3.2, Remark 15.

A systematic study of all the semi-flat SU (3)-mirror pairs coming from left-invariant affine
structures using the classification of [16] is carried over in a forthcoming paper.

Several related results should be mentioned. Firstly in [7] invariant symplectic structures
on T*G are constructed on a Lie group G carrying an invariant affine structure. The analogous
construction of invariant complex structures for 7G can be found in [5].

Moreover in [9] the authors list all the pairs of nilpotent 6-dimensional Lie algebras
constructed via dual semi-direct product and show that they have isomorphic differential
Gerstenhaber algebras realizing a sort of algebraic weak mirror symmetry.
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2 Preliminaries
2.1 Affine structures and dual torus bundles

For details about affine structures see [18, 25], here we will just recall the notions relevant
to our construction.

An affine structure on a n-manifold is an atlas whose transition functions are restrictions
of affine maps.

Any affine structure on a n-manifold M defines a developing map D : M — R", where
M — M is the universal covering, and a holonomy representation & : 71 (M) — Aff(R")
(for the precise definition see [25] or [18]).

The affine structure is said to be complete if the developing map is a homeomorphism.
Viceversa starting from a pair (D, k) where h : 71 (M) — Aff(R") is a homomorphism and
D:M— R'isa homeomorphism equivariant with respect to the 1 (M) and h (w1 (M))
actions one can recover a unique complete affine structure on M such that D is the induced
developing map and £ is the induced holonomy representation.

An affine structure is integral if the linear part of transition functions is integral (i.e. takes
values in GL(n, Z)). Any integral affine structure .4 on a manifold B defines a Lagrangian
bundle X — B over B in the following way. Let r1, ..., r, be local affine coordinates on
U < B. Then for every g € U we can define A7 to be the integral lattice of 7,7 B generated
by dry, ..., dr,. This definition does not depend on the choice of the local affine chart. The
manifold 7*B/A* will be an n-torus bundle over B. Furthermore the canonical symplectic
structure of 7* B passes to the quotient and the fibers are indeed Lagrangian with respect to
1t.

Viceversa every Lagrangian torus bundle X — B induces an integral affine structure
on B. Over the affine coordinate charts the torus bundle is locally isomorphic to one of
the form T*B/A* — B: this is a consequence of the famous Arnol’d-Liouville Theorem
in classical mechanics which in particular establishes the existence of the so-called action-
angle coordinates. We remark here that the action coordinates are exactly the coordinates
associated to the developing map of the integral affine structure.

Again for details about Lagrangian torus bundles we refer to the classical paper of Duis-
termaat [13]. See also [8, section 3] for a good presentation of this topic.

Given any Lagrangian torus bundle X — B together with its action-angle coordinates
Fly ..., tn,01,...,0, we can define the dual torus bundle X > B simply by dualizing the
transition functions. Locally this is isomorphic to the torus bundle 7B /A —> B obtained by
considering the fiberwise lattice A C T B locally generated by %, R 3r . If we denote

by 6y the fiber coordinates corresponding to the action coordinates r¢, we get local complex
coordinates z; = ék +iry on T B/ A hence on X. With respect to this complex structure the
fibers of X — B are totally real.

If we assume that the integral affine structure of X is special, that is the linear part of the
transition functions lies in SL(n, Z), the complex (n, 0)-form on X

dzi N+ Ndzy,

is globally defined. We will call it Q.

A symplectic manifold (X, ) together with a Lagrangian torus fibration and its complex
dual endowed with the holomorphic volume (X, Q) are said to form a semi-flat mirror pair
in [21].
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2.2 Non-Kahler SYZ mirror symmetry

Here we briefly describe the non Kéhler version of SYZ mirror symmetry as presented in
[21]. First recall that an SU(n)-structure is determined on a real 2n-manifold X by a pair of
differential forms (w, 2), where

(1) 2 1is a nowhere vanishing decomposable complex n-form such that setting
TO'X ={(veTXQC:,Q=0}
and T19X = 701X we have a splitting
TX®C=T""Xx@1%Xx

inducing an almost complex structure J.
(2) wis apositive (1, 1)-form with respect to J.

We will denote by F the conformal factor defined by

n

QrQ=i"F .
n!

It is easy to prove that the almost complex structure J defined by 2 is integrable if and
only if €2 is closed.
In the 3-dimensional case we have the following

Definition 2 An SU(3)-manifold (X, w, 2) is said to be supersymmetric of type IIA if dw =
Oand dRe Q2 = 0.

Definition 3 An SU(3)-manifold (X, w, 2) is said to be supersymmetric of type IIB if
d(@?) =0and dQ = 0.

Note that type IIB manifolds are balanced complex manifolds with holomorphically trivial
canonical bundle while type IIA manifolds with constant F' are often called symplectic half-
flat manifolds.

Let 7 : (X, w) — B be a Lagrangian torus bundle

and let 77 : ()v(, SVZ) — B be its dual so that (X, w) and (}v(, Svl) form a semi-flat mirror
pair.

We denote by Ag (X, C) the space of complex-valued k-forms on X which depend only
on the base, also called semi-flat forms. An element ¢ € A/fg (X, C) is locally written as

¢ =Y ar(r)do; ndr;

1,J

where I = (iy,...,ip), J = (j1,..., Jq) are multi-indices and p + q = k, (r;,6;) are
action-angle coordinates and ay j (r) are complex-valued functions on B.

Analogously we will denote by A%7(X) the semi-flat (p, ¢)-forms on the SYZ-dual X
which are locally written as:

$=> ars(r)ydz ndZ,

I,J

In the 3-dimensional case of we can refine the previous definition of SU(3)-structures:

Definition 4 An SU (3)-manifold (X, w, Q) is said to be semi-flat supersymmetric of type
A if dw = 0 and d Re Q = 0 and both @ and Q are in A% (X, C)
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Definition 5 An SU (3)-manifold (X, w, Q) is said to be semi-flat supersymmetric of type
IIB if d(w?) = 0 and d2 = 0 and both w and Q are in A% (X, C).

We further define the polarization switch operator P on A%®(X) in the following way:

QEZ Za”(r)dzl /\de = 'P~¢v>: Za”(r)déI /\er.
1,J 1,J

2.3 The Fourier-Mukai transform

Let (X, w) and ()V( , SVZ) be a semi-flat mirror pair on a n-dimensional base B. Consider their
fiber product over B:

On the Poincaré line bundle over X x p X there is a universal connection which locally is
written as d + i(@dek + deek). Its curvature form is

3
F=2i d ndb;. 1)

1

Let¢ € A3 (X) and qu € Ay ()V( ). Their Fourier-Mukai transforms are defined as

¥y vk v F
FT - = pu((5* (P $) nexp )
@
. * —F
FT ¢ := p=L. (p*((p @) Aexp T )) ,

where the pushforward maps p., p, are just the integration along the fibers.
The main results by Lau, Tseng, and Yau exploiting the Fourier-Mukai transform involve
a refined version of the symplectic cohomology developed by Tseng and Yau in [26, 27].
Let A C T M be the Lagrangian distribution coming from the Lagrangian bundle structure
of (X, w) — B. In the presence of a metric we have also its orthogonal A+, This choice
allows us to decompose the space of differential forms:

A0 = P AR (X)
rtq

where Ag’q ranges over p A-directions and over ¢ A'-directions.
The A-refined Tseng-Yau cohomology of (X, w) is

Ker(d +d™) N AR (X)
Im(dd®) N AR (X)

pq —
Hp'ry(X) 1=
where d® = dA — Ad and A is the adjoint of the Lefschetz operator L = w A -.
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We also recall that the (semi-flat) Bott-Chern cohomology of ()? , KVZ) is
Kerd N Ag’q ()V()
Im(39) N AR (X)

Pad ¥y .
HB,BC(X) =

Theorem 6 (Theorem 4.5 and Theorem 6.7 [21]) Fourier-Mukai transform is an isomorphism
of double complexes

D" (="

. A\ ~ ° v a
(A5, ©), a5 at) = (A%, ©).8.9)
and at level of cohomologies gives
Hy 89X, C) ~ HY% (%) 3)

Theorem 7 (Theorem 5.1 [21]) Let (X, a)v) and ()V(, Q) be a 3-di5nensi0nal semi-flat mirror
pair. Let o be a real (1, 1)-form in A};l(X) and set Q@ = FT(e*®). Then

(1) The triple ()V(, o, SVZ) defines a SU(3)-structure if and only if (X, w, ) defines a SU(3)-
structure. 5 5

(2) (X, w, Q) is supersymmetric of type IIA if and only if (X, », Q) is supersymmetric of
type IIB.

Note that we stated the last Theorem in the 3-dimensional case since in this paper we are
not dealing with general type IIA and type IIB SU(n)-structures.

3 Known type IIA manifolds

Few non-Kihler type IIA manifolds are known. Main examples are symplectic half-flat
nilmanifolds and solvmanifolds.

The first nilpotent example was found in [6], the case of nilpotent Lie algebras is considered
in [10], while the case of solvable non-nilpotent Lie algebras is treated in [14]. Important
contributions with explicit examples are [11], [12] and [28]. As far as we know there is still
no classification up to isomorphism of symplectic half flat structures on any solvable Lie
algebra.

In table 1 we give the complete list of non-abelian unimodular solvable Lie algebras
admitting invariant symplectic half flat structures. For each of them we also provide an
example of type IIA structure. At present to our knowledge it is not known if any of these
Lie algebras admits a type IIA structure inequivalent to those in table 1.

We also specify if the algebras are completely solvable.

Following the usual convention we present a Lie algebra choosing a left-invariant coframe
el ..., e and listing their differential. As usual ¢/ stands for ¢! A e/,

More compact examples are provided by twistor spaces of compact 4-dimensional self-
dual Einstein manifolds of negative scalar curvature, see [29]. For interesting non-compact
examples see [22, 23].

In section 6 we will apply the construction of section 4 in order to obtain the mirror partners
of the compact type IIA solvmanifolds arising from the completely solvable algebras of table
1 except case 3.

Case 3 is excluded because our construction cannot be applied (see beginning of section
6). We also leave out from our treatment the non-completely solvable cases for reasons
concerning the cohomology of the quotients, see [1] and [2].

@ Springer



SYZ mirror symmetry of solvmanifolds
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4 Solvmanifolds, semi-direct products and equivariant dual torus
bundles

Let G be a simply connected n-dimensional Lie group endowed with a complete left-invariant
affine structure with developing map D : G — R”". Without loss of generality we may assume
D(1g) =0.

Note that such a group is necessarily solvable. Indeed left invariant complete affine struc-
tures on Lie groups correspond to simply transitive subgroups of Aff(R") (see [16]) and
these are solvable (see [3]).

Let us call « the faithful affine representation « : G — Aff(R") given by a(g) =
DoLgo D~ where Lg : G — G is the left-multiplication by g. Let p : G — GL(n, R) be
its linear part. Of course p need not be faithful.

Choosing alattice (i.e. a co-compact discrete subgroup) I' < G whose left multiplications,
read through D, are integral affine gives a well defined integral affine structure A to the set of
right cosets B. (Throughout the paper we will always use the non-customary notation G/ I"
for the quotient space with respect to action of I on G by left multiplication, that is the set
of right cosets). Of course, for such a I' to exist, the group G needs to be unimodular. The
holonomy representation of this structure is the restriction of « to I'.

According to the construction defined in section 2.1 we thus have a well defined lattice
A* C T*B, a Lagrangian torus fibration X = T*B/A* — B and its dual torus fibration
X =TB/A — B.

We will work for simplicity on the latter. Let w : G — G/ T be the canonical projection.
Let us identify B x R" with T B via the map

(TCh,v) > d(moLyoD Hyv.
Using this identification we define an action of G X, R" on T'B by
(8. ¥)(Th,v) = (Thg ™',y + p(g)v).
The lattice A C T B is defined as follows:
Arn =Z{d(w o D™ Vpaye; i =1,...,n)

Of course here ¢; is thought of as an element of 7, G = T, R" = R". Note that the lattice is
well defined exactly because p(y) € GL(n, Z) forevery y € I'.
Now we claim that the previous action descends to the quotient T B/A.
In order to prove it we must show that forevery g € G,y e R", h € G, w € Tr;, B and
A € Arp, we have
(& (W +A) — (g, y)w € Apjg-1.
Now letm = (my, ..., my,) € Z":

(& Y)W +21) = (g, y)(d@woLyo D Nov+ Y mid(w o D pmyer)

1

= (g, M(d(moLyoD g+ Y mi(d(D oLy 0D Hpwer))

l

=d(w oLy 0D oy + p@v+ Y mid(e(gh™)) pgg-nei)

1

=d(moLye1 0D o(y+p(gv+ Zmi(d(D 0 Lyp-1 0 D™N) pg-1yei)

4

= (g7 y)w + Zm,d(]‘[ [e] D_I)D(hg—l)el‘.

4
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Finally we note that the action G X, R" ~ T B/A is clearly transitive, and the stabilizer at
(T, 0) is exactly I' x , Z".
Dualizing everything we obtain the following

Theorem8 Let X — G/T be thevtorus bundle induced by the integral affine structure
defined by the triple (G, T', D). Let X — G/ T be its dual. Then

(1) The total space X is acted on transitively by the semidirect product G % ,+ (R™")* with
stabilizer T' X o« (Z")*, where p* : G — Aff((R")*) is the dual representation induced
by p. y

(2) Thetotal space X is acted on transitively by the semidirect product G X ,R" with stabilizer
I'x,Z".

Remark 9 From the argument preceding Theorem 8 it is apparent that the same construction
can be applied in the slightly more general case in which «r lies in the automorphism group
of a lattice E in R” conjugated to Z". In this case the stabilizers mentioned in Theorem 8
willbe I X px E* and I %, E.

4.1 SU(n)-manifolds from affine structures

As above we assume that G is a simply connected n-dimensional unimodular Lie group
endowed with a complete left-invariant affine structure with developing map D : G — R".

Let us endow T*G with the Lie group structure induced by the identification 7*G =
G %+ (RM)*. LetT" < G be alattice whose left multiplications, read through D, are integral
affine.

The canonical symplectic structure w on T*G passes to the quotient X = 7*B/A* and
the induced projection X — B (that we are going to call again ) becomes a Lagrangian
torus bundle.

In the previous section we proved that X itself is a solvmanifold under the action of
TG = G X (RM)*.

Proposition 10 The canonical symplectic form w on T*G = G X ,+ (R")* is left-invariant.

Proof The important fact is that the local action-angle coordinates ry, ..., ry,01,...,6,
coming from Arnol’d-Liouville theorem become globally defined functions once lifted to the
universal cover X which coincide with G i, R".

On X globally w = Y, d6; A dr;.

Leth = (g,v) € G X+ (R")*. Let L, be the n x n matrix representing (L) in the global
%, o, % of G = B. Now from the definition of the group law on G X+ (R")*
one gets Lj(dr;) = Zj(ﬁg);.ldrj and L} (d6;) = Zj(cg)i,dej. From this the result
immediately follows since the matrix representing L} w.r.t. dr, ..., dr,, d61, ..., d6), is of

T\—1
the kind |:(A )7 0

frame

0 A:| hence symplectic. O

Dualizing each ingredient we get a left-invariant holomorphic structure on 7G = G x ,R"
hence on X = (G x, R") /(T x, Z").

Proposition 11 The tangent bundle TG = G % , R" has a canonical left-invariant integrable
complex structure.
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Proof On TG we have the global coordinates r1, ..., ry, Qv], o, én where the ék’s are the
dual coordinates corresponding to the 6 ’s. The coordinates zx = ék +irg,k=1,...,ngive
T G an integrable complex structure. Now we prove that the complex volume Q= Nie1 dzk
is left-invariant on G x, R".
Leth = (g,0) € G X, R". From the definition of the group law on G x ,+ R" one gets
Ly (déi) = Zj (ﬁg);.1 dé,-.Thus the matrix representing L} w.r.t.dry, ..., dry, dé1 e dén
ATyt 0

0 (A T)fl
complete affine structure on a compact solvmanifold is in fact special, that is the linear part
of the transition functions lies indeed in SL(n, Z) (see [17, Theorem 2]). ]

is of the kind |: ] hence complex. Moreover this lies in SL(#, C) since every

The left-invariant symplectic structure on X and the left-invariant complex structure on
X defined above only depend on the affine structure and not on the choice of D. Though
the choice of the developing map D allows us also to define distinguished left-invariant
SU(n)-structures on X and X.

Let us start from the symplectic side X. Fori = 1...,n define ¢; to be the global left-
invariant 1-form on T*G = G X+ (R")* such that ey, = d6j |, and €k+n|e = drije- Note
that in these coordinates the canonical symplectic form is w = ), ex A ep1k. Now set
Q= /\Z=1 (ek + iek+n)- Clearly (w, 2) defines a symplectic SU (n)-structure on X.

The construction is analogous on the complex side. Fori = 1..., n define ¢; to be the
global left-invariant 1-form on TG = G x, R" such that €}, = dék|e and é; e = drgj,.
Note that in these coordinates the canonical complex n-form takes the expression §2 :=
Nie1 @r + i€rgn)-

Now set @ := Y y_; (€ A €k+n). Clearly (&, €2) defines a complex SU(n)-structure on X.

In dimension 3 we have the following lemma that gives the link with Theorem 7.

Lemma 12 Let (X, w) and ()V(, SVZ) be thve 3-dimensional semi-flat mirror pair induced by
(G,T, D). Let w be the (1, 1)f0rm on X as above. Then the form Q2 defined above is the
Fourier-Mukai transform of ¢2®.

Proof Tt is enough to express the two relevant forms in action-angle coordinates. First set
S=cTc7 and n; = 3, Sjkdry.

Let us also introduce the following basis of (1, 0)-forms y* = &k +i&**3. They are related
to the differential of complex coordinates via ¥* = ZZ: 1 Ek_jldz i = Z,i:] Ek_jl (dé i+
idr;). Then we have

R 3
&b = %Z;ﬁkk = %Z(dzk A Skdej) = Zdek A Tk
i=l k=1 k=1

Q = N\ +in)
k

k+3

Now we can do the following straightforward computation
FT(EM)) = p. (p* (P~e2“v’) Aez%) = p. (ei 3 dbAm /\ezizldémdek>

3
= ps (ezizldem(dek-s-ink)) = ps (/\ dék A (d6; + i,,k))
k=1

3
=\ @ +im)=Q.
k=1
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5 Affine 3-dimensional solvmanifolds

Up to isomorphisms there are only four simply connected unimodular solvable Lie groups
of dimension 3 (see [4]):

e The abelian Lie group (R3, +);

e The 3-dimensional real Heisenberg group 73 (R), that is the group of upper uni-triangular
3-by-3 real matrices.

e Sol3 = E(1, 1): The group of rigid motions of the Minkowski plane. Explicitly it is R
with the product

L,y ox(x, Y, ) =@+ X,y Fe iy, 2+ 7).

The group may also be seen as R x, R? where u(z)(x', y') = (e%x’, e~%y’). This is
completely solvable.
A matrix representation is the following

e 0 Ox
0e*0y
0 0 1z
0 001

. EEZ/): The universal cover of the group of rigid motions of the Euclidean plane. Explicitly
it is R? with the product

(x,y, 2)x(x", ¥, 7)) = (x +x"cosz — y'sinz, y + y' cosz + x'sinz, z + 7).

The group may also be seen as Rx , R? where 14(z) (x', y') = (x"cos z—y'sinz, ¥’ cos z+
x’sin z). This is non completely solvable.

The lattices of such solvable groups are classified up to conjugacy in [4].

Complete left-invariant affine structures on 3-dimensional simply connected unimodular
solvable Lie groups are classified in [16].

Now we present the complete left-invariant affine structures giving rise to type IIA com-
pletely solvable solvmanifolds.

5.1 (R3, +)

The standard trivial affine structure of R3, together with the standard lattice Z> C R> gives
rise, via the construction of section 4, to the trivial flat SU(3)- structure on the 6-dimensional
torus 7°°. However it is possible to twist the affine structure of R3 to get a non-trivial compact
type ITA manifold.

Consider the affine structure A g3 .y given by the following developing map:

X1 X1
D:lx|+r— X2 “4)
X3 X3 4 X1X2

The corresponding representation o : (R?, +) — Aff(R?) is given by

X1 V1 100 V1 X1
a | x n|l=1010 v | + X2 (5)
X3 v3 x2 xp 1 V3 X3+ X1x2
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Choosing again the standard lattice Z> € R3 we get the following affine holonomy of
T3 =R3/7%

ni V] 1 00 V] ni
o | np v]|l=1010 v | + ny 6)
n3 U3 nynpl U3 n3 +niny

In the next section we will prove that this affine structure gives rise to the type ITA
nilmanifold corresponding to the algebra (0, 0, 0, 0, e!2, e'3).

5.2 H3(R)
Consider first the developing map

D: HsR) — R?

1X1 X3 X1 (7)
01 x| x2
001 X3
1x1 X3 V1
Forg=|01 x]andv= |1 ER3wecomputea:DoLgoD_1:
001 V3
100 V] X1
a(@W) =010 {v]+]|x]. ()
O0x;1 V3 X3

Choosing the standard lattice H3(Z) C H3(R) of matrices with integral entries we get
the following affine holonomy of the Heisenberg manifold 3 (R)/H3(Z):

1nyn3 1] 100 U1 ni
a |01 np v|]=1010 ml+ln]. )
00 1 V3 Onp 1 V3 n3

In the next section we will prove that this affine structure, denoted with A(3¢;(wr),0), gives
rise to the type IIA nilmanifold corresponding again to the algebra (0, 0, 0, O, el?, 613), but
with a choice of Lagrangian fibration different from the one obtained from the twisted affine
structure on the torus.

Consider now the following family of developing maps parametrised by A € R\ {0, 1}:

D : H3(R) — R3

1X1 X3 X1 (10)
01 x]+— AX2
001 (A = Dx3 +x1x2

In this case for the affine representation o we get:

1 00 U1 X1
a(@dv)=1010 v | + AX2 (11
x2 x1 1 V3 (A —Dx3 4+ x1x2
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Choosing again the standard lattice H3(Z) C H3(R) we get the following affine holonomy
of the Heisenberg manifold H3(R)/H3(Z):

1 ny n3 V1 1 00 1] ni
a0 1 no mw|l=1010 v | + Any (12)
00 1 v3 ny np 1 V3 (A —Dns +nino

In the next section we will prove that this family of affine structures, denoted with
AH;R), 1), gives rise to three inequivalent type IIA nilmanifolds, all of them with underlying
algebra (0, 0, 0, el2 13 23,

53E,1)

Choose as developing map

D:E(1,1) — R3

et 0 0xo

0 e 0 x3 i‘ (13)
0 0 1x x2
0 0 01 3
et 0 0x .
—X1 1
Thus for g = (0) 60 ?f and v = [ vy | € R3 we have
1
0 001 v3
10 O V] X1
a(g)(v)=10e" 0 vl+1x (14)
00 ™ v3 X3

Let ¢ be a real number such that ¢’ + e~ is an integer bigger than 2. We call T'; the
subgroup of E(1, 1) made by the elements of the form

e™ 0 0 np+e'ns

| 0 e™ O0ny+e'n3
Zlo o1 m ’
0 0 0 1

with n1, ny, n3 € Z. It is easy to verify that I'; is a lattice of E(1, 1). If we compute again
the integral affine representation «(y)(v) we get

1 0 0
0e™ 0
0 0 e 'm

as linear part which does not lie in GL(3, Z). Nevertheless it is conjugate to an element of
GL(3, Z) as the following identity shows

-1

10 0 10 0 10 0 10 0
0Oe 0 |]=1]01 ¢ 00 -1 01 € . (15)
00 ¢! 01e! 01le +e! 0le?
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Therefore, though the linear part has not integer entries, it represents an automorphism of
the lattice

1\ /0
E,=< ol. 1. ] e >
0 1 )7

inside R3. This is exactly the situation described in Remark 9.
In the next section we will prove that this affine structure, denoted with A£(1,1),0), gives
rise to the type IIA solvmanifold corresponding to the algebra (15, —25, —35, 45, 0, 0) (see

[14]).

5.3.1 Twisted developing map for E(1, 1)

Take now as developing map

D:E(1,1) — R3

et 0 0xp

0 e 0x 1+ x273 (16)

0 0 1x 2

0 0 01 3

Again we compute
1 x3e™ xpe™! V1 X1 + x2x3
a(@) =0 % 0 v |+ X2 (I7)

0 0 e™ v3 X3

Take y € I';. If we compute o(y)(v) we obtain as linear part

1 e (ny 4+ e 'n3) e ""(ny + e'n3)
0 e 0 (18)
0 0 e~

which, again, does not lie in GL(3, Z). Nevertheless the following identities on the generators

of T';
-1

10 0 100\ /10 0 10 0
0Oe" 0 | =101 ¢ 00 —1 01 ¢

00! 01e! 01el et 01e!

111 100\ /12 4+e"\ /10 0\ "

010l =(o1¢ |lo1 o 01 ¢ (19)
001 o1et) \oo 1 01et

le et 10 0\ [let+eteX+e 2\ (10 0\ "

01 0 )|=[o1e]lo 1 0 01 ¢

00 1 o1e)J\o o 1 01e!

show that we can interpret the matrix (18) as an automorphism of the lattice E;.

In the next section we will prove that this affine structure, denoted with A(£(1, 1)),
gives rise to the type IIA solvmanifold corresponding to the algebra (16 + 35, —25 +
45,36, —46, 0, 0) (see [14]).
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Remark 13 For the purpose of this paper we just considered the completely solvable case,
nevertheless the construction of section 4 can be successfully applied to the complete left-
invariant affine structures of E(2). This will be the subject of a forthcoming paper.

6 Semi-flat six-dimensional mirror pairs

In this section we apply Theorem 8 to build the six-dimensional Lie groups G(A) = G X p
(R3)* and G(A) =G X, R3 where A is one of the affine structures presented in section 5.
We describe the group law and its Lie (co)algebra. Also we relate the algebras obtained with
the ones from the various classifications.

Note that we recover all of the type IIA completely solvable Lie algebras listed in table 1
except case 3. The corresponding Lie group (which is isomorphic to E(1, 1) x E(1, 1)) does
not admit a semidirect product decomposition G x R3 giving rise to a Lagrangian fibration
with respect to the relevant symplectic structure.

We will not consider

6.1 Twisted affine structure of T3
6.1.1 G(A(R3,><))

The six-dimensional Lie group G (Ags3 ,.) associated to the twisted affine structure of the
abelian R is R® with the multiplication

(X1, X2, X3, Y1, y2, y3)(X], X3, X3, V1, Y3, ¥3)
= (x1 + X}, X2 + x5, X3 + x5, Y1 + Y] — X205 v2 + ¥ — X195, 3 + ¥5)

which gives the following basis of left-invariant 1-forms

el =dy +xadys, € =dy, +x1dys, € =dys

(20)
et = dxy, & = dxy, e = dxs
with
de' = —e¥, de? =—&*, de* =0 1)
de* =0, de® =0, de®=0
The algebra obtained is isomorphic to (0, 0, 0, 0, 12, 13), see table 1.
The action-angle coordinates are
r=x 01 =1
r=x s 1= (22)
r3 = x3 + x1x2 03 =y3
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In these coordinates the coframe of left-invariant 1-forms rewrites as
el = doy + rydos
&2 = doy + r1dos

&3 = dobs

4_ (23)
e’ =dr;
65 = dr2

6‘6 = dr3 — I‘2dr1 — rldl‘z
The induced left-invariant symplectic structure is w = e!* + €23 4 ¢3¢ = Z?:l do; ndr;.
Now consider the distinguished 3-form
Q= (' +ie) A +ie) A& +ied)

induced by the choice of the developing map.
One easily verifies that d Re 2 = 0 and this indeed corresponds to case 1 in table 1.

6.1.2 G(Ags )

The dual six-dimensional Lie group (V}(A(Ragm)) associated to the twisted affine structure of
the abelian R3 is R® with the following multiplication

[ A

(x1, X2, X3, ¥1, Y2, 3)(x], X5, X5, Y1, Y5, V3)
= (x1 + X1, x2 + x5, X3 + X3, Y1 + V1, Y2 + V5, Y3 + V3 + 025 + x13))

which gives the following basis of left-invariant 1-forms

et =dy, F=dy, & =dj—xidyr—x2dh

H=dx;, & =dxy, & =dx e
with differentials
det =0, =0, d& =4 05)
dét =0, d& =0, d®=
The dual action-angle coordinates are
r =X 9:1 =y
r=x2 ) h =2 (26)
r3 = X3 + X1X2 3 = Y3
In these coordinates the coframe of left-invariant 1-forms rewrites as
¢! = aé
& =db,
.3 X X
: =dO3 — ryd6) — r1d6; o7
et =dry
& =dry

éﬁ = dr3 — I’zdrl — rldrz
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The induced left-invariant complex structure is induced by 2 = (¢! +ié*) A (82 +i&°) A
(& +i8°) = Ni_; (dbk + idry).
Now consider the distinguished 2-form

o= 4P+
One easily verifies that do?* = 0.The algebra obtained is listed as h3 = (0, 0,0, 0, 0, 12+
34) in table 1 of [20].

6.2 Untwisted affine structure of H3(R)

6.2.1 G(A 3,3 ®),0)

The six-dimensional Lie group G (A7, (r),0)) associated to the untwisted affine structure of
the Heisenberg group H3(R) is R® with the following multiplication

(X1, X2, X3, Y1, y2, y3)(X], X3, X3, V1, V3, ¥3)
= (x1 + X7, X2 + x5, x3 + x5 + X155, 1 + Y], v2 + ¥h — X195, ¥3 + ¥3)

which gives the following basis of left-invariant 1-forms

el =dy, & =dy,+xidys, € =dys

(28)
et = dxy, e = dxy, e = dx3 — x1dxy
with
de' =0, de* =—e*, de* =0 29
de* =0, de’> =0, deb=—e*.
The algebra obtained is isomorphic to (0, 0, 0, 0, 12, 13), see table 1.
The action-angle coordinates are
r =X 01 =y1
rn=x , 1b=»n (30)
r3 = x3 03 = y3
In these coordinates the coframe of left-invariant 1-forms rewrites as
el =de
e* = dbs + r1dbs
e =dos
. 31
e’ =dry
e = dry

e = dry — ridr

The induced left-invariant symplectic structure is w = e'* + ¢ 4¢3 = Z?:l dé; Ndr;.
Now consider the distinguished 3-form

Q= (e +ieYh)y A* +ied) A +ied)

induced by the choice of the developing map.
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One easily verifies that d Re 2 = 0 and this again corresponds to case 1 in table 1.

As type ITA manifolds G (A3 (®),0)) and G (A g3 ) are equivariantly isomorphic but the
Lagrangian fibrations are different. In other words the relevant compact six-dimensional type
ITA manifold X admits two inequivalent Lagrangian torus fibrations giving rise to two non-
isomorphic semi-flat mirror pairs. This is also reflected in the refined Tseng-Yau cohomology
of the two cases.

We will see in the next subsection that the two mirror complex partners are even not
diffeomorphic.

6.2.2 G(A34,®).0)

The dual six-dimensional Lie group G (A5 (r),0)) associated to the untwisted affine structure
of H3(R) is R with the following multiplication

v v ~ / / / v/ ~ v/
(x1, X2, X3, Y1, Y2, Y3) (X1, X3, X3, V1, ¥25 ¥3)
= (x1 + X1, X2 + X3, X3 + X3 + X1X5, Y1 + Y1, Y2 + V3, V3 + V5 + x173)

which gives the following basis of left-invariant 1-forms

el =dy), &P =dy, & =dy—xidy

(32)
& = dxy, & = dxy, & = dx3 — x1dxy
with
de' =0, dé* =0, d&* =& 33
Azt =0, d&® =0, d&®=-&%.
The dual action-angle coordinates are
ri=xi 61 =y
n=x , h = Vo (34)
r3=Xx3 3= )3
In these coordinates the coframe of left-invariant 1-forms rewrites as
¢l = de,
&* = db,
v3 b4 ~
e’ =dby —ridb,
. (35)
e’ =dr
& =dry

0 = dry — ridry

The left-invariant complex structure is induced by € = (&' +ig*) A (2 +i&) A (&3 +i&®) =

/\221 (dék + idrk).
Now consider the distinguished 2-form

d):él4+525+é36.
One easily verifies that d? = 0. The algebra obtained is listed as hg = (0, 0, 0, 0, 12, 13)
in table 1 of [20].
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Remark 14 The mirror pair arising from this affine structure is special in many respects. First it
corresponds to the only known six-dimensional example as presented in [21, section 7]. Here
we additionally recognize that the total spaces T*B/A* and T B/ A are both diffeomorphic
to the nilmanifold G/ I" where G is the group of matrices of the form

IX1XQX300
01 x4x500
001000
000100
00 0 0 1xe
000001

and I' is the lattice given by the same matrices with integral entries.
Moreover as anticipated in subsection 6.2.1 X = G/ T provides an example of a type IIA
manifold having two inequivalent torus Lagrangian fibrations with two different IIB partners.

6.3 Twisted affine structure of H3(R)

6.3.1 G(A 343 (R),pa,1))

The six-dimensional Lie group G (A;(R),,1)) associated to the twisted family of affine
structures of the Heisenberg group H3(R) is R® with the following multiplication

(X1, X2, X3, Y1, ¥2, ¥3)(X], X3, X3, Y1, ¥2, ¥3) =
(x1 + X7, X2 + x5, x3 + X5 4+ X1X5, Y1 + Y] — X25, y2 + Y5 — X1Y5, ¥3 + ¥5)

A basis of left-invariant 1-forms is given by

fl=dyi+xdys, fP=dy,+xdys, f>=dy;

4 5 6 (36)
f :dxl, f :dxz, f :dX3—x1dx2
with
4 5 6 45 (7
df*=0, df° =0, df°=—-f".
The algebra obtained is isomorphic to (0, 0, 0, 12, 13, 23), case 2 in table 1.
The action-angle coordinates are
ry=Xx1 o1 =
ry = Axy y Y=y (38)
r3 =4 — Dxz+x1x2 03 =y3
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In these coordinates the coframe of left-invariant 1-forms rewrites as

l=ao, + 2ae
= 1+A 3

2 =db + ri1dbo;

fP=dbs

ft=dn
drp

5_ 22

f= X
1

f6: dr3— 2 drl— dl
A—1 A —1) A—1

dry

(39)

The induced left-invariant symplectic structure is w; = Z?:l do; Adri = f14 4+ AP+
A= 1)f36. Note that the frame e, .. ., e of section 4.1 is given by

d=fl R A=
€4=f4 €5=)\f5 362()»—1)_](‘6

One easily checks that the distinguished 3-form

Q= (' +ieYA@+ied) A +ied)

induced by the choice of the developing map has closed real part for every A € R\ {0, 1}.
This type IIA algebra indeed corresponds to case 2 in table 1 and appears for the first time
in [11]. According to the value of the parameter A we obtain non-equivalent ITA algebras,

see the discussion in remark 15.

6.3.2 G(A (345 (R).0e.0)

The dual six-dimensional Lie group G(A(M(R),M, 1)) associated to the twisted family of
affine structures of the Heisenberg group H3(R) is R® with the following multiplication

v v v / ! ’ v/ v/ v/
(x1, X2, X3, Y1, ¥2, ¥3) (X1, X3, X3, Y, ¥2, ¥3)

= (x1 + x], X2 + x5, X3 + X3 + X1X5, Y1 + Y}, Y2 + 5, V3 + Y3 + X195 + x257)

A basis of left-invariant 1-forms is given by

fl=dy, fP=dp, f2=dy—xdy —xidy

fr=dx, fP=dx, f®=dx3—xidx;

with

dft =0, df?=0, df=7*+7

15

(40)

(41)

The algebra obtained is isomorphic to hs = (0, 0, 0, 0, 12, 14 4 23) in [20].

The dual action-angle coordinates are

re=x 0 =
r = Ax) . 1=
r3 =0 — Dx3+xx2 03 =y3

@ Springer

(42)



SYZ mirror symmetry of solvmanifolds

In these coordinates the coframe of left-invariant 1-forms rewrites as

f1=aé

f*=db,

f3=dé3—%dél—r1dé2

f4:dr1 (43)
¥ dry

5__ 202

f= A

o 1 r r

6 __ _ _

P=ids s -pin -

The induced left-invariant complex structure is §2;, = /\,3(’:1 (dék+idrk) = ( Fl4i f“) A
(fz + ikfs) A (f3 +i(A— l)fé). Again the frame ¢y, . . ., &g of section 4.1 is given by

él — f‘-’l é2 — ]Z-'Z é3 — JZ-’3 (44)

é4:f4 ész)\fs éGZ()»—I)‘]Z%

Now consider the distinguished 2-form
@y =M P 4 &%
One easily verifies that da? = 0.

Remark 15 According to the value of the parameter A we obtain non-equivalent IIB algebras.
More precisely the Bott-Chern numbers distinguish 3 different cases:

e A = —1. This type IIB algebra is missing in the classification of [20].
o A= %, 2.
o A FE—1,5.2.

6.4 Untwisted affine structure of E(1, 1)

6.4.1 G(AE(1,1),0))

The six-dimensional Lie group G (Ag(1,1,0)) associated to the untwisted affine structure of
the group E(1, 1) is R® with the following multiplication
(X1, X2, X3, Y1, ¥2, ¥3) (X], X3, X3, Y1, V5, ¥3)
= (x1 +x},x2 + x5, x5 + e xS, v+ ¥, 2
+e My, 3+ etyy)

which gives the following basis of left-invariant 1-forms

el = dy1, 2= e‘ldys, e = e “ldys

(45)
et =dx;, & =e Mdxy, € =eMdxs
with
de' = 0, de? = —e24, de’ = 46)
de* = 0, de’ = —6‘45, deb = %
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The algebra obtained is isomorphic to (15, —25, —35, 45, 0, 0), see table 1.
The action-angle coordinates are

r =X 01 =y
n=x , 1h=mn 7
r3 = x3 03 =

In these coordinates the coframe of left-invariant 1-forms rewrites as

el = do,

&2 = ¢do,

e =e1do,

et = dry “8)
& =e dr,

0 =¢'drs

The induced left-invariant symplectic structure is w = el* + ¢ + ¢3¢ = Z?:l do; Adri.
Now consider the distinguished 3-form

Q= (e +ieYh) A? +ied) A +ied)

induced by the choice of the developing map.
One easily verifies that dRe 2 = 0 and this indeed corresponds to case 4 in table 1

6.4.2 G(A(E(LU,O))

The dual six-dimensional Lie group é(.A E(1,1),0)) associated to the untwisted affine structure
of the completely solvable E(1, 1) is R® with the following multiplication
(X1, X2, X3, Y1, Y2, ¥3) (X1, X5, X5, 1. V9, 3)
= (x1 +x], X2 + Mg, 03+ e X Y1+ VL
+ ey, ¥z +e My
which gives the following basis of left-invariant 1-forms

S =dy, F=eMdy,, & =evdys

(49)
H=dx), & =eNdxy, &= edx;
with
dd' =0, d&* =38, a8 =-&* (50)
de* =0, d& =—e¥, de® =%
Note that the algebra obtained is again isomorphic to (15, —25, —35, 45, 0, 0).
The dual action-angle coordinates are
r=Xx1 0 =3
rn=x , h =2 G
r3 = X3 3 =33
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In these coordinates the coframe of left-invariant 1-forms rewrites as

¢t = db,

&2 = e_rldéz

& = e"dbs

" (52)
¢’ =dr

& =edr

& = e"drs

The induced left-invariant complex structure is induced by §2 = (él +i é4) A (éz +i&) A
(& +i®) = Nj_; (dbk + idry).
Now consider the distinguished 2-form

d)=é14+525+é36

One easily verifies that dw? = 0 and this case corresponds to g; in [15, Theorem 2.8].

6.5 Twisted affine structure of E(1, 1)
6.5.1 G(AEa,1),09)

The six-dimensional Lie group G (A(E1,1),«)) associated to the twisted affine structure of
the group E(1, 1) is R® with the following multiplication

! ’ ! / ’ /
(x1, X2, X3, Y1, 2, y3)(X], X2, X3, V1, ¥2, ¥3)
/ / - / /
= (1 +x,x2 e xy, x3+ e Xy, i+ v, 2

+eMy) —x3y1, y3 + € ys — x2y))

which gives the following basis of left-invariant 1-forms

e' =dy, & =e"dy, +x3e¥dyr, € =eMdys +x2e7 M dy, (53)
e =dx;, & =e Ndxy, € =eMdxs
with
de' =0, de? =—&*—e'® de’ = —eld
(54)
de* =0, de® = —e*, de® =e*

The algebra obtained is isomorphic to (16 4 35, —26 4 45, 36, —46, 0, 0), see table 1.
The action-angle coordinates are

rr=X1+ X2X3 01 =y
r=x s 1= (55)
r3 = Xx3 03 =y3
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In these coordinates the coframe of left-invariant 1-forms rewrites as
el =do
&2 = "R, + 3™ T2,
&3 = e Ghs 4 e 3240,
(56)
e’ =dry —rydry —ridry
e = e N3y,
e =1y

The induced left-invariant symplectic structure is w = e'* +¢> + ¢3¢ = Z?:l dé; ndri.
Now the distinguished 3-form

Q= (e +ieYHh) A? +ied) A +ied)

induced by the choice of the developing map has closed real part. This type IIA algebra
indeed corresponds to case 7 in table 1 and appears for the first time in [28].

6.5.2 é(A(E(1,1),><))

The dual six-dimensional Lie group G (A(E@,1),0)) associated to the twisted affine structure
of the group E(1, 1) is R® with the following multiplication

N

(x1, X2, %3, V1, Y2, ¥3) (X1, X3, X3, 31, ¥3, ¥3)
= (x1 +x1,x2 + €'y, x3 + eV xg, Y1 4 Y]+ x3et vy
+x2e7 Ny, Yo + €M, 3 + e )
which gives the following basis of left-invariant 1-forms
2

ol = dy) — x3dyy — xpdys, ¢ =e “ldy, &= e*ldys 5
H=dx;, & =eNdxy, & =eMdxs o7
with
e\ = _3B5 _ 56 g2 =24 4P = 54
det =0, d& =P, &b =& o9
The dual action-angle coordinates are
rp = X1+ x2x3 1=y
r2 =X 1= (59)
r3=x3 03 = ¥s
In these coordinates the coframe of left-invariant 1-forms rewrites as
= dél — r3dé2 — r2dé3
2 = e gy
B = 40,
(60)

& =dry — radry — ridr
éS — €7r1+r2r3d}’2

& =1 drs
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The left-invariant complex structure is induced by € = (&' +ig*) A (2 +i &) A (&3 +ie) =

Ni—i (d0c + idry).
Now consider the distinguished 2-form

14

=384+

One easily verifies that d»? = 0 and this case corresponds to gs in [15, Theorem 2.8].

7 Table of mirror pairs

In table 2 we present all the mirror pairs of solvable Lie algebras constructed in the previous
section and the dimension of their (refined) Tseng-Yau and Bott-Chern cohomology groups.
This computation is valid also for all the corresponding compact solvmanifolds except for
the complex side of the pair arising from A(g(1,1),0«), se€ [1, 2] where also the complete
solvability plays a role.
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