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Abstract A nonlinear constitutive model, combined
with an ad-hoc developed numerical strategy, is pro-
posed to study the nonlinear dynamics of masonry
buildings approached through single degree-of-freedom
systems (1-dof). This proposal is explicitly aimed at
providing enhancements in designing tools for seis-
mic structural health monitoring in large-scale urban
contexts. The model incorporates plasticity and dam-
age induced by friction and wear, and it is capable of
capturing the nonlinear response of structures subject
to general external time-dependent loads. A numeri-
cal algorithm to solve the ensuing piecewise nonlinear
equations is devised and explicitly implemented in a
low-level language, thus being optimized for specific
hardware systems for structural health monitoring. The
proposed formulation is initially tested to validate the
model’s constitutive parameters by identifying them in
pseudo-static regimes, according to the experimental
behavior of a real-scale single-storey masonry build-
ing. Then, the numerical stability of the proposed code
is examined in comparison with traditional numerical
solvers. Finally, the effects of real seismic actions are
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investigated, with particular emphasis on the accumu-
lated damage when subsequent quakes are considered.

Keywords Nonlinear dynamics · Masonry buildings ·
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1 Introduction

Seismic structural health monitoring (SHM) provides a
comprehensive framework for evaluating the structural
integrity and performance of civil infrastructures, uti-
lizing data collected from sensors during routine opera-
tions and under extreme conditions [1–3]. Specifically,
for masonry buildings and in broader applications,
SHM tools not only assess seismic vulnerability but
also enable real-time monitoring of building response,
optimization of retrofitting strategies, and enhance-
ment of overall resilience to seismic hazards [4,5].
Recent seismic events have highlighted the importance
of addressing this emerging research challenge, espe-
cially in Italy, where the structural vulnerabilities of
old historic centers reveal significant seismic resilience
deficiencies [6–8]. Typically, these small towns, char-
acterized by poorly constructed masonry buildings, are
located in medium to high seismic hazard zones, such
as those of the Alpine and Apennine chains. Mitigat-
ing this seismic risk is crucial for preserving the struc-
tural, cultural, and functional integrity of these histor-
ical areas.
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There is indeed a growing demand for streamlined
methodologies to assess the seismic vulnerability of
groups of masonry buildings on a large scale. This is
essential for equipping municipalities with effective
management tools, particularly in the pre-earthquake
prevention phase, to guide retrofitting efforts, as well
as identifying the most vulnerable building clusters for
a more rational allocation of aid resources during the
post-earthquake emergency response phase (to cite a
few recent contributions, see [9–12]).

In the context of large-scale urban monitoring, the
development of 1-degree-of-freedom (1-dof) nonlinear
models, alongside ad-hoc low-level software codes and
hardware systems, is crucial [13]. These models and
systems efficiently process sensor data, perform anal-
ysis algorithms, and relay results within the specific
hardware constraints of the monitoring system. This
approach is particularly suited for real-time monitor-
ing applications where timely and accurate detection
of structural issues is necessary [14].

Within this framework, simplifiedmodels formasonry
buildings are developed as equivalent nonlinear 1-dof
systems, which directly provide structural capacity
curves (resulting shear-force versus tip-displacement).
These systems are definitely described by constitutive
laws incorporating both stiffness and strength deteri-
oration. Among the most popular, there are hysteretic
models [15] or, in general, elasto-plastic models incor-
porating both hardening and softening responses—
see, for instance, [16,17] for a recent review on this
topic. It isworthmentioning that international technical
standards typically adopt equivalent 1-dof models for
design purposes (e.g., ATC-40 [18], FEMA-273 [19]),
as well as in Italy, see NTC 2018 [20]. In particular, the
friction-driven response along with damage processes
plays a key role in the global behavior ofmasonry build-
ings, as proved either by experimental tests [21–25]
and by enhanced numerical modelings [26–28]. Such a
behavior is the result of complex nonlinear phenomena
taking place at the interfaces localized in single failure
parts of the walls or, in general, on large failure sur-
faces, leading to a base-shear resulting response under
seismic excitations which allows to validate the afore
mentioned 1-dof models.

Recent works in the field of interface models have
delved into the complexities of friction,wear, and stick-
slip phenomena occurring at the interface between dif-
ferent materials [29–33]. This area, situated within
Mechanical Sciences, addresses a wide array of appli-

cations, ranging from seismic analysis to historical
building conservation, friction in medical devices, and
more [34–37]. The exploration of non-smooth laws in
dynamic problems introduces complex scenarios that
require enhanced methodological attention [38–41]. A
critical factor in these analyses is a thorough under-
standing andmodeling of interface phenomena, such as
friction and abrasion, necessitating sophisticated con-
stitutive models to accurately depict the time evolution
of the contact interface and its resultant strong nonlin-
ear behaviors [42].

Particularly, wear—defined as the degradation of the
force opposing motion between in-contact bodies—is
scrutinized, especially when resulting from abrasion
due to stick-slip phenomena [43,44]. The mathemat-
ical modeling of these contact phenomena is framed
within the Thermodynamics of Irreversible Processes
and Damage Mechanics, yielding a comprehensive
insight into interfacial phenomena [45–47]. Although
much of the research on sliding and friction has focused
on quasi-static conditions, there’s an increasing neces-
sity to explore their effects in dynamic regimes. Initial
studies on the nonlinear dynamics of oscillators utilized
bilinear constitutive laws and experimental approaches
[48–50]. Moreover, elasto-plastic oscillators, discrete
systems exhibiting hysteresis, and systems accounting
for damage have also been considered [51–54].

As highlighted in various structural health moni-
toring contexts, such as [55,56], and specifically in
[57] within the domain of cultural heritage preserva-
tion, it is crucial to develop ad hoc algorithms explic-
itly implemented in low-level programming languages.
This approach allows optimization for specific hard-
ware systems used in SHM applications. On the other
hand, althoughnumerous numerical schemeshavebeen
developed over the years to accurately reproduce the
behavior of elastoplastic materials in computational
environments for solving engineering problems, the
numerical solution of such problems remains non-
trivial. It requires careful analysis to ensure algorithm
robustness, accuracy, and convergence within a reason-
able computational time [58].

In particular, within the framework of macroscopic
phenomenological modeling, approaches based on the-
ories with internal variables, which describe rate-
independent material responses, offer several advan-
tages for engineering simulations. These include mod-
eling simplicity, easier numerical implementation, and
reduced computational costs compared toother approaches
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(e.g., microscopicmodels). In rate-dependent contexts-
such as the one addressed in the present paper-the reg-
ularization of the material response through appropri-
ate algorithms, capable of maintaining computational
costs under controlwhile ensuring adequate robustness,
becomes even more challenging [59,60].
Contribution
In this paper, we propose a numerical strategy for both
fast and robust simulations of the nonlinear dynamic
behavior of masonry buildings under dynamic loads,
by formulating a reduced-order model coupled with an
efficient numerical approach developed for implemen-
tation in low-level programming languages.

The proposed 1-dofmodel is specifically designed to
capture the global nonlinear behavior ofmasonry build-
ings, incorporating a nonlinear constitutive law that
accounts for friction and wear phenomena. This consti-
tutive law is reformulated within a strain-driven frame-
work, a strategy successfully applied in various con-
texts (see, e.g., [60–62]). This reformulation enables
the use of an incremental numerical scheme that avoids
iterative procedures to achieve convergence, thereby
reducing overall computational time. Specifically, the
nonlinear response is integrated within a Runge-Kutta
method, which demonstrates competitive performance
when expressly tailored for elastoplastic constitutive
laws, particularly when embedded within systems of
differential-algebraic equations, offering higher-order
accuracy and superior stability properties [58].

Moreover, we tailor here the model response to be
adapt for simulating the nonlinear structural response
of masonry structures as a single degree-of-freedom
system (1-dof). To this purpose, the identification of
constitutive parameters based on real-world case stud-
ies demonstrates the applicability of the 1-dof system
in representing real buildings, facilitating their moni-
toring and assessment.

Finally, we emphasize how the proposed numeri-
cal scheme is expressly developed as a C++ library,
which can be compiled and utilized on all compatible
hardware, from desktops to microcontrollers such as
Arduino or Intel Galileo. By relying solely on portable
C++, the implemented code runs without limitations,
except those due to the specific chosen hardware (e.g.,
RAM availability). The code is freely and publicly
available at https://zenodo.org/records/10808423.

Although an explicit structural health monitoring
simulation is not presented in the paper, the numerical
investigations here conducted are aimed to be pivotal

for innovative methodological approaches, offering an
open source software based on an ad hoc mechanical
formulation aiming at fast computations, and then opti-
mized for specific hardware commonly used in mon-
itoring applications. As part of future developments,
we intend indeed to investigate the intrinsic vulnera-
bility of entire building aggregates to seismic events.
In this perspective, the preliminary investigations we
here provide, covering a wide spectrum of simulations,
are considered to be crucial for pursuing such goals.
Outline

The paper is organized as follows. In Sec. 2, the
1-dof model is introduced. Sec. 3 details its numer-
ical formulation and the ensuing algorithm. All the
numerical tests are compiled in Sec. 4: the model is ini-
tially validated by identifying the constitutive param-
eters that resemble the experimental behavior of a
real-scale single-storey masonry building; the numer-
ical stability of the proposed code, in both static and
dynamic regimes, is demonstrated through compari-
son with standard numerical solvers; finally, the effects
of real seismic actions are examined, with particular
emphasis on the accumulated damagewhen subsequent
quakes are considered. Some concluding remarks are
offered in Sec. 5.

2 A nonlinear 1-dof model for masonry buildings

As described in the Introduction, we here present the
1-dof system adopted to simulate the nonlinear struc-
tural response of masonry structures. In particular, we
take as reference a single-storey masonry building that
has alreadybeen the subject of several experimental and
numerical investigations [63]. Thebenchmark structure
has an overall height of 4.42 m and is characterized by
plan dimensions 4.115×3.905 m2, built with 0.228 m
thick walls, with multiple openings as door and win-
dows. The roof is composed by a 0.152 m thick rein-
forced concrete slab. A schematic representation of the
structure is given in Fig. 1; for a complete geometric
and mechanical details please refer to [63].

2.1 Constitutive model description

The 1-dof reduced order model is schematically repre-
sented in Fig. 2 as an interface model. The stress at the
interface, namely τ , evolves in time according to the
law:
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Fig. 1 Plan view (a) and vertical cross section (b) of the one-storey masonry building taken as reference. For further details, see [63]

Fig. 2 Schematic representation of the 1-dof model

τ̇ = ka(1 − w)(u̇ − ġ) − kaẇ(u − g) . (1)

Denoting with g, α, w the internal variables associ-
ated to the inelastic displacement, hardening and wear,
respectively, their evolution is governed by the follow-
ing rate equations:

ġ = sw
H

(1 − w)2
τ̇ ,

α̇ = sw
H

1 − w
sign(τ )τ̇ ,

ẇ = sw
H

(1 − w)

(
W

�

)γ

sign(τ )τ̇ ,

(2)

where H represents the so-called hardening function,
while A andW are the forces thermodynamically asso-

ciated toα andw, respectively, according to the expres-
sions reported below:

H =
{
a

(
A∞ − A

1 − w

)

+
[
A∞ − 2A∞(1 − w + a

2
α)e− a

1−w α + ||τ ||
(1 − w)2

]
(
W

�

)γ }−1

, A = A∞(1 − w)
[
1 − (1 − w)e− a

1−w
α
]

,

W = 1

2
ka(u − g)2

+ A∞

[
α − 3

a
+ 3(1 − w)2 + a α(1 − w)

a
e− a

1−w α

]
.

(3)

Note that the linear elastic phase is characterized by the
stiffness coefficient ka , representing the perfect adher-
ence of the interface, and by the stress threshold τ0.
The nonlinear post-elastic phase has an exponential law
with a rate a and an upper bound A∞. The evolution of
wear is governed by the parameters� and γ , while sw is
a boolean function which determines whether the state
evolves according to an elastic regime or inelastic, i.e.,
{ġ, α̇, ẇ} �= 0 only when sw = 1 (true condition, see
eqs. (2)). To ensure the admissibility of the stress state,
appropriate consistency conditions must be maintained
on the slip function, defined as:
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F(τ̃ , A) = ||τ̃ || − (τ0 + A) with τ̃ = τ

1 − w
. (4)

The consistency conditions thus read:

• when F(τ̃ , A) < 0, the interface is in adherence
condition, therefore sw = 0, which entails that the
internal variables g, α,w do not evolve in time, τ̇

is linear, i.e., eq. (1) reads as τ̇ = ka(1 − w)u̇;
• when F(τ̃ , A) = 0, but Ḟ(τ̃ , A) < 0 the stress
state is on the boundary of the slip function, whose
evolution in time is negative, thus corresponding to
an elastic return phase; same as above, sw = 0 and
g, α,w do not evolve in time;

• when F(τ̃ , A) = 0 and Ḟ(τ̃ , A) = 0 the stress
state results on the boundary of the slip function,
therefore sw = 1 and g, α,w do evolve in time.

Finally, consistently with the 1-dof nature of themodel,
the resulting force T associated to τ can be represented
as τ multiplied by a nominal contact interface area Ac,
thus giving rise to the expression T = τ Ac.

2.2 Model parameter identification from experiments

A simple linear displacement ramp u(t) = umax/tmaxt
(umax = 18 mm and tmax = 300 s) simulating
a (pseudo-static) monotonically increasing loading is
adopted to identify the constitutive parameters of the
proposed model. In particular, we reproduce the exper-
imental outcomes reported in [63]. The results are
depicted in Fig. 3 in terms of (a) τ vs. u; (a) g vs. t ; (a)
α vs. t ; (a) w vs. t . The measured response (depicted
in red) was obtained to investigate the global behav-
ior of the structure up to failure, thereby pushing the
structure beyond the elastic limit to observe plastic-
ity and damage. As expected, the force-displacement
curve is first linear, followed by a plastic phase until
reaching its maximum value. As the prescribed dis-
placement increases, the global force decreases due to
the onset of damage. It’s noteworthy that the numeri-
cal curve (illustrated in blue) aligns perfectly with the
experimental curve in red, see Fig. 3(a). This indicates
that the adopted constitutive model effectively cap-
tures the global behavior of the considered masonry
building. The so identified constitutive parameters will
be utilized in subsequent analyses to simulate the
global static and dynamic behavior of the single-storey
masonry building examined in [63]. We report in Table

1 their values, and in the next Section the resulting
responses details.

Note that the interface model, giving rise to the 1-
dof system, is constitutively defined in the context of
a phenomenological problem of a rigid body sliding
on an interface substrate [64,65]. As discussed in the
Introduction, the behavior of the entire building should
be assessed through numerical investigations or exper-
imental campaigns, modeling it as a multi-dofs system.
In the following,we assume that the constitutive param-
eters of the 1-dof system reported in Table 1 are repre-
sentative of the more complex friction-based behavior
of the whole building: this assumption is consistent
with the 1-dof approaches commonly adopted in the
literature and technical codes [16–20].

3 Numerical scheme for time integrating of the
Equations of Motion

We consider the following equation of motion

m ü + Ac τ(u, w, g, α) = f (t) (5)

together with initial value conditions for u(0) and u̇(0).
The numerical time integration of this problem is han-
dled by an Explicit Runge-Kutta method. As demon-
strated in several studies (see, for instance, [66,67]),
this method offers superior performance for problems
involving complex constitutive laws, and it is gener-
ally regarded as well-suited for any rate-type constitu-
tive model, providing a good balance between the need
for high accuracy, strong stability properties, and lim-
ited computational costs. Thus, by adopting an explicit
Runge-Kutta method of order s, the general formula
for the (n+ 1)th time solution can be rewritten as (see,
e.g., [68]):

yn+1 = yn + h
s∑

i=1

bi ki , (6)

being y = {u, u̇}� the solution vector, and h the time
step employed to obtain the (n + 1)th solution at the
time tn+1 = tn+h, starting from the knownnth solution
at the time tn . The slope ki at the i th stage is obtained
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Fig. 3 Identification results (in blue) by comparison with refer-
ence experiments in [63] (in red). Force-displacement curves (a),
evolution in time of inelastic displacement, hardening and wear

variables (b), (c), (d), respectively. Tests obtained by prescribing
linear monotonic displacement ramp

Table 1 Interface constitutive parameters

Ac [m2] ka [N/m3] τ0 [N/m2] a [1/m] A∞ [N/m2] � [N/m0.5] γ [-]

16.07 6.438 × 106 3734 500 2489 4 2

by the expression

ki = f

⎛
⎝tn + ci h, yn + h

i−1∑
j=1

ai j k j

⎞
⎠ , (7)

where

f = {u̇, ( f (t) − Ac τ(u, w, g, α)) /m}� (8)

is the vector field of the equation of motion (5) recast
into ẏ = f (t, y). The coefficients ai j , ci and bi are
derived from the so-called Butcher tableau, according
to the stage s (and then to the order) of the Runge-
Kutta method adopted [69]. In particular, the proposed
method employs a fourth-order scheme, corresponding
to s = 4 in eq. (6). The choice of a fourth-order scheme

is a widely recognized compromise between accuracy
and computational efficiency (see [68]). However, it is
well known that these properties are highly sensitive to
the time-step size, h, which, in the proposed algorithm,
is directly defined by the total number of time steps
specified for the analysis. In the next section,wepresent
detailed computations on this aspect, including specific
comparisons with other available solvers.

Like most nonlinear material models [59], the con-
stitutive law employed here does not admit an explicit
expression of the form τn = τ(un, wn, gn, αn).
Instead, the stress τn is determined numerically by inte-
grating the rate equations (1) and (2) over time. Fol-
lowing [60–62], we therefore use the approximation
induced by the time integration scheme (7). Specifi-
cally, we have to compute τk+1 at the time step tk+1,
starting from a known value computed at tk . Assum-
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ing a strain-driven approach, we initially keep all the
internal variables constant at tk to calculate the stress
increment as:

τk+1 = τk +
∫ tk+1

tk
τ̇ (uk, wk, gk, αk) dt

≈ τk + �τ(uk + �u, wk, gk, αk) , (9)

and then we evaluate the evolution of the internal vari-
ables, thus completing the computation of τk+1 via a
procedure of return mapping. By doing so, we intro-
duce the quantities governing the internal variable evo-
lutions from (2) respectively as

�w = jwk �τ , �g = jgk �τ , �α = jαk �τ ,

(10a)

where

jgk := ∂gτ (uk, �u, τk + �τ trial, wk, gk, αk)

= Hk

(1 − wk)2
,

jαk := ∂ατ (uk, �u, τk + �τ trial, wk, gk, αk)

= Hk

1 − wk
sign(τk) ,

jwk := ∂wτ (uk, �u, τk + �τ trial, wk, gk, αk)

= Hk

(1 − wk)

(
Wk

�

)γ

sign(τk) ,

(10b)

with �τ trial being a trial increment of the stress. The
correct stress τk+1 is then computed as detailed in
Algorithm 1. In particular, the trial stress increment
�τ trial, corresponding to a purely elastic extrapolation
associated with the displacement increment �u, i.e.,
�τ trial = ka(1−wk)�u, is first computed. If the result-
ing trial stress, τk+1 = τk + �τ trial, violates the con-
sistency conditions, i.e., Fk+1 ≥ 0 and Ḟk+1 ≥ 0, the
flow laws (2) and (3) are activated, and the corrected
stress increment �τ can be provided. In fact, the flow
laws hold when the inelastic increments can take place
, i.e., the consistency conditions are identically satis-
fied, F(τ̃ , A) = 0 and Ḟ(τ̃ , A) = 0; the correct stress
can be then derived by the equation (1), which can be
recast numerically in

�τ = ka (1 − wk) (�u − jgk �τ) − ka jwk �τ

(uk + �u − gk) , (11)

according to (10), and thus solved for �τ .

Algorithm 1 Return-Mapping Algorithm.

function STRESS(uk , �u, wk , gk , αk )

�τ ≡ �τ trial = ka(1− wk) �u � purely elastic (trial) step
�g = �α = �w = 0
jgk , jαk , jwk � assembly rates for internal variables as in

(10)

Fk+1 := F

(
τk + �τ trial

1 − wk
, Ak

)
, Ḟk+1 :=

Ḟ

(
τk + �τ trial

1 − wk
, Ak

)
� compute slip function and its

derivative (see eq. (4)

if Fk+1 ≥ −tol. and �τ trial Ḟk+1 ≥ −tol. then �
check flow consistency

�τ = �τ trial

1 + ka jwk (uk + �u − gk) + ka jgk (1 − wk)
�

correct stress increment solving (11) for �τ

�w = jwk �τ � correct internal variables
�g = jgk �τ

�α = jαk �τ

end if

τk+1 = τk + �τ, wk+1 = wk + �w, gk+1 = gk +
�g, αk+1 = αk + �α � update all variables

return (τk+1, wk+1, gk+1, αk+1)

end function

Note that in Algorithm 1, the numerical tolerance
tol for accepting violations of the consistency condi-
tions is set to 10−6, which has been found sufficient for
the analyses performed. In particular, by applying the
same threshold tol to both consistency conditions,
the second condition Ḟk+1 > 0 is implemented as
�τ trial Ḟk+1 ≥ −tol, thus ensuring that both con-
ditions are numerically consistent.

4 Numerical simulations

All the numerical tests have been conducted on the set
of constitutive parameters, reported in Table 1, which
we identified as described in Sec. 2.2, according to the
behavior experimentally observed by Ravichandran et
al. in [63]. Note that, in all the forthcoming figures, time
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is expressed in s, the displacement u in m, stresses τ

and F in N/m2, while w is nondimensional.
Initially, numerical simulations are performed in

the quasi-static conditions, neglecting inertial forces,
in order to validate the algorithm developed to solve
the interface equations; both monotonic and cyclic
displacement histories are examined. Then, the full
dynamic problem is addressed to analyze the system
response under both harmonic and random excitations,
with seismic actions also taken into account.

It isworth noting that, to enable a clearer comparison
between the proposed algorithm and existing solvers,
and to emphasize the sensitivity of the overall structural
response to accuracy, the proposed algorithm is run
with a fixed time-step size h.

4.1 Comparative benchmarking

Preliminary validation
Three sets of numerical tests are carried out to inves-

tigate the numerical stability of the proposed strategy
by considering different displacement loading histo-
ries. The solution is systematically compared with that
obtained via well-known and powerful solvers of com-
mercial softwares, i.e., Wolfram Mathematica
and MATLAB. Specifically, in the former we employ
the NDSolve numerical solver in conjunction with the
WhenEvent function for handling the changes in the
behavior of the ODE system for satisfying the con-
sistency conditions discussed in Sec. 2.1; analogously,
in the latter the ode45 solver is combined with the
Events option function.

The considered sets of loading conditions are reported
in Table 2. In particular, three sets of numerical tests
were conducted to investigate the numerical stability
of the proposed strategy across different displacement
loading histories. The tests cover a range of loading
conditions, all conducted over a time interval [0, tmax],
with tmax = 500 s.

The analysis reveals that for the monotonic and
cyclic ramps 1 and 2 of Set 1, represented by purely lin-
ear and purely sinusoidal functions over time, respec-
tively, the results of the proposed numerical scheme
align perfectly with those from NDSolve and ode45
solvers, as shown in the pairs of plots (a), (b) and (c),
(d) in Fig. 4.

However, a noticeable deviation occurs with ramp 3,
which involves approximately doubling the sinusoidal

load frequency, as illustrated in subplots (e) and (f) of
Fig. 4. This discrepancy is attributed to an accelerated
damage velocity induced by the higher load frequency.
Notably, both standard solvers exhibit signs of numer-
ical instability, indicated by warning messages alerting
to typical issues such as low numerical stability and
ill-conditioned matrices involved in the computations.

In this context, the proposed code reveals to be a
reference solution as proved by a convergence analysis
conducted on the Test Set 1 ramp 3 by varying the num-
ber of steps in the range nstep = [400, 20000], see Fig.
5. The figure illustrates the percentage variation of the
final damage value, �w, evaluated with respect to the
number of time steps. For nstep > 2000, the variation in
w remains below 1%. As a side note, this result demon-
strates the robustness of the algorithm concerning the
choice of step size.
Focused Benchmarking
To better understand the numerical stability issues of
the Matlab solver, additional comparisons are per-
formed using various alternative solvers. The analyses
focus on Test Set 1, ramp 3, with the results summa-
rized in Table 3, which reports the number of time steps
required to reach tmax and the percentage variation�w

in the final damage value. Specifically, �w represents
the difference between the final value of w computed
by the i th solver and the reference value obtained with
the algorithm proposed in this work. It is important to
note that all values of �w reported in Table 3 are neg-
ative, indicating that the final damage predicted by the
Matlab solvers is consistently lower than the refer-
ence solution.

The results reveal that the solvers ode23s and
ode15i are unable to handle this type of problem.
The solver ode15s provides a response very similar
to that of the previously used ode45; however, both
fail to accurately detect the transitions between the
linear and nonlinear regimes, leading to a significant
error in the overall response, i.e., more than 45%. On
the other hand, the solvers ode23, ode113, ode78,
and ode89 are able to accurately capture the transi-
tions between the adherence and slip phases, providing
results in good agreement with those obtained from the
in-house code, with an error of less than 1%.

However, the accuracy of the various solvers cannot
be assessed solely by monitoring the final value of w.
As it will be described in more details next, the switch
between the adherence phase and the slip phase is iden-
tified when the slip function approaches zero. This
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Fig. 4 Test Set 1, see Table 2: (a),(b) ramp 1; (c), (d) ramp
2; (e), (f) ramp 3. In the left column, stress-displacement curves
(τ, u); in the right column,wear damage evolution in time (w, t).

Results obtained by the proposed solver (cyan) compared with
Wolfram Mathematica and MATLAB (dark and light blue,
respectively)

Fig. 5 Convergence
analysis of the in-house
code with reference to the
number of steps nstep
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Table 2 Description of test sets and associated loading ramps, all working with a time integration over the time interval [0, tmax] with
tmax = 500 s. Displacement values umax in mm

Test Set loading expression main pars.

Test Set 1: preliminary monotonic and cyclic ramps

ramp 1: u(t) = umax
tmax

t umax = 50

ramp 2: u(t) = umax sin(ω f t) ω f = π/2+2πk
tmax

, k = 2, umax = 3

ramp 3: u(t) = umax sin(ω f t) ω f = π/2+2πk
tmax

, k = 5, umax = 2

Test Set 2a: cyclic ramps with linearly increasing amplitude up to umax = 1

ramp 1: u(t) = umax
tmax

t sin(ω f t) ω f = π/2+2πk
tmax

, k = 1

ramp 2: u(t) = umax
tmax

t sin(ω f t) ω f = π/2+2πk
tmax

, k = 3

ramp 3: u(t) = umax
tmax

t sin(ω f t) ω f = π/2+2πk
tmax

, k = 4

Test Set 2b: cyclic ramps with nonlinearly increasing amplitude up to umax = 1

ramp 1: u(t) = umax

(
t

tmax

)β

sin(ω f t) ω f = π/2+2πk
tmax

, k = 3, β = 1.25

ramp 2: u(t) = umax

(
t

tmax

)β

sin(ω f t) ω f = π/2+2πk
tmax

, k = 3, β = 0.75

Test Set 3: convergence analysis to time step (only in-house code considered)

same as ramp 2, Set 2b

Table 3 Comparison between the different ode solvers in terms of the number of time steps nstep and the percentage difference �w%
in the final value of the damage variable w, relative to the reference solution obtained with the proposed algorithm

Solver nstep �w%

Mathematica 5587. 0.1087

Matlab ode45 1449. 45.6362

Matlab ode23 7942. 0.0992

Matlab ode113 1038. 0.0992

Matlab ode78 921. 0.0992

Matlab ode89 985. 0.0992

Matlab ode15s 1813. 45.6362

Matlab ode23s na na

Matlab ode23t 14782. 0.0992

Matlab ode23tb 11142. 0.0992

Matlab ode15i na na

marks a critical point,which can introduce errorswhen-
ever the solver must handle this event, i.e., determining
the exact moment at which the state change occurs. To
better highlight this type of difficulties encountered by
these solvers, the timehistory of F is shown inFig. 6(a).
It can be noted that the in-house code and theNDSolve
are in good agreement, whereas the solution given by
ode45 remains in the nonlinear phase, thus missing
two elastic return phases. Fig. 6(b) instead shows the
difference between F evaluated in the ode45 (red),

ode23 (green), ode15s (magenta), and that obtained
via the in-house code, reported as a fraction of τ0. As
discussed above, solvers ode45 and ode15s fully
overlap and are affected by errors above 30%, while,
despite giving an overall good response, solver ode23
is also characterized by an error of approximately 5%.
The error given by the remaining solvers ode113,
ode78 and ode89 is not reported here, since it is
very similar (overlapping) to that given by ode23.
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Fig. 6 On the left (a): time history of F for Test Set 1 ramp 3
(see Table 2) using the same three solvers shown in Fig. 4. On
the right (b): time history of the percentage difference between

F computed by the i th solver (ode45 in red, ode23 in green,
ode15s in magenta) and the in-house code, expressed as a frac-
tion of τ0

As a final remark, it should be clarified that all
Matlab solvers require the use of the Events sub-
routine to identify the time instants at which a transi-
tion between the elastic and slip phases occurs. When
the subroutine successfully detects these events and
evaluates the solution at the corresponding time, it
halts the integration process. Consequently, to com-
pute the entire time history, each Matlab solver must
be embedded within an external loop that manually
restarts the integration from updated initial conditions
after each event. This, combined with the need for ad
hoc solver parameter tuning,makes theMatlab-based
approach significantly more problem-dependent com-
pared to the method proposed in this work.
Stability and Convergence Analysis

Toaddress the issues of numerical instability encoun-
teredwith standard solvers like NDSolve and ode45,
especially under conditions like ramp 3, there are rec-
ognized strategies. These involve adjustments to solver
parameter settings or appropriate rescaling of the prob-
lem’s equations. However, such solutions might not
align well with the aims of this study, which seeks to
propose an efficient solution method that is straight-
forward to implement in a low-level programming
language and suitable for specific hardware environ-
ments. Given this context, we decide to focus on using
NDSolve exclusively as a benchmark. This decision
is guided by the intention to simplify comparisons and
underscore the practical advantages of the proposed
approach in terms of stability and accuracy.

In Fig. 7, utilizing the functions defined by Set 2a,
we delve into the impact of damage velocity on the
stress response by examining a sinusoidal loading his-

tory with a linearly increasing amplitude and loading
frequency. The analysis focuses on two energy vari-
ables, Eint = ∫ tmax

0 Aτ u̇ dt and W , which represent
the internal work performed by the stress τ and the
wear energy associated with the damage variable w,
respectively. As energy quantities, their evolution over
time offers valuable insights, albeit indirectly, into the
numerical stability of the solvers.

For comparison purposes, the proposed solver is set
to execute the same number of steps as NDSolve,
which employs adaptive step-size procedures, whereas
the proposed method uses a constant step-size.

Plots (a)–(d) in Fig. 7 illustrate that at a moder-
ate loading frequency, the energy responses from both
solvers align perfectly, affirming stable behavior. How-
ever, as the loading frequency increases by approxi-
mately 30%(from k = 3 to k = 4), the response from
NDSolve starts to diverge, while the proposed code
maintains a coherent behavior comparable to that at
lower loading frequencies, as depicted in Fig. 7(e) and
Fig. 7(f).

Similar performance are achieved when the damage
velocity ismodulated by keeping the loading frequency
constant and by growing nonlinearly the amplitude of
the sinusoidal loading condition, ranging from slower
to faster than linear growth. This approach allows for
the examination of the solver adaptability to changes in
the rate of damage accumulation without altering the
cyclic frequency of the applied load.

This dynamic is illustrated in Fig. 8, based on the
functions outlined in Set 2b. For scenarios where the
loading amplitude increases with an exponent of 1.25,
bothNDSolve and the proposed solver exhibit compa-
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Fig. 7 Test Set 2a, see Table 2: (a),(b) ramp 1; (c), (d) ramp
2; (e), (f) ramp 3. In the left column, evolution in time of the
internal work Eint ; in the right column, evolution in time of the

damage-associated energy W . Results obtained by the proposed
solver (cyan) compared with Wolfram Mathematica (dark
blue)

rable performances, as shown in plots (a) and (b). This
indicates a stable and consistent energy response from
both solvers under conditions of moderately acceler-
ated loading amplitudes.

However, a different picture emerges when the
amplitude growth exponent is reduced to 0.75, repre-
senting a more gradual increase in loading amplitude.
In this scenario, NDSolve exhibits a divergent energy
response, suggesting potential instability or an inability
to accurately capture the effects of sub-linear growth
in loading amplitude. In contrast, the proposed solver
maintains the expected behavior, delivering a coherent

and stable response to the varying loading conditions,
as shown in curves (c) and (d) of Fig. 8.

To delve into the stability and convergence perfor-
mance of the proposed numerical scheme, we explore
the last type of loading histories (Set 2b, ramp 2) by
employing different values of time step sizes. Specif-
ically, we use {1/2, 2, 4} �t , where �t denotes the
average time step size calculated to ensure an equal
number of time steps as those provided by NDSolve.
The outcomes of this investigation are illustrated in Fig.
9.

The in-house code proves to be able to effectively
reproduce the same curves even with the coarsest
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Fig. 8 Test Set 2b, see Table 2: (a),(b) ramp 1; (c), (d) ramp 2. In
the left column, evolution in time of the internal work Eint ; in the
right column, evolution in time of the damage-associated energy

W . Results obtained by the proposed solver (cyan) compared
with Wolfram Mathematica (dark blue)

time discretization, unless some slight variations in the
energy plots of Fig. 9(a) and Fig. 9(b). These differ-
ences mainly appear near the switching points of load-
ing/unloading paths, as evident in the zoomed stress-
vs-time curves featured in plots (c) and (d) of Fig. 9.
Remarkably, even with a time discretization that is four
times coarser, these plots unveil only a negligible 3%
discrepancy in the stress response.

This analysis highlights the robustness of the pro-
posed numerical scheme, demonstrating its ability to
maintain accuracy and stability across a range of dis-
cretization levels. The minor deviations observed at
critical transition points in the loading history under-
score the importance of time step selection in capturing
the intricate dynamics of the system, while also affirm-
ing the method’s overall reliability and effectiveness in
simulating complex loading conditions.

4.2 Application-oriented tests

This section investigates the system response under
real seismic actions, with particular attention to the
effects of accumulated damage due to multiple suc-
cessive events. To this end, the full dynamic problem is
addressed by the proposed numerical strategy, thus ana-
lyzing the behavior under different loading conditions:
both single and multi-frequency harmonic excitations,
random excitations, and eventually seismic excitation
sequences.
Harmonic excitations
The dynamic response of the system is initially inves-
tigated under a single harmonic excitation, i.e., f (t) =
A f cos� f t . Posing that the natural frequency of the
1-dof oscillator is defined as ω0 = √

Ac k/m, the
dynamic force is adjusted to induce resonance by set-
ting � f = ω0.
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Fig. 9 Test Set 3, see Table 2: (a),(b) ramp 1; (c), (d) ramp 2. In
the first row, evolution in time of energy variables, namely Eint
(a) and W (b); in the second row, subset of the evolution in time

of τ . Solutions obtained with the proposed solver by considering
different time step sizes

As previously noted in [70], the onset of dam-
age leads to a reduction in the oscillator frequency,
as reflected by the increase in the damage variable
w, causing a detuning from the excitation frequency.
This phenomenon results in the system behaving sim-
ilarly to a damped oscillator, which eventually reaches
a steady-state response characterized by an hysteretic
force-displacement diagram. In this state, damage pro-
gression halts. Essentially, the system’s plasticity and
damage mechanisms serve to dissipate energy, allow-
ing for the stabilization of the system response despite
the initial resonance conditions.

In Fig. 10(a), the time evolution of the damage
variable w is depicted, revealing that it stabilizes to
a constant value after a certain period. This indi-
cates that the oscillator has entered a damped har-
monic response phase (not shown here), prompting
further investigation under excitations with multi-
ple frequencies near the oscillator natural frequency.
To explore this, an excitation of the form f (t) =
A f
3

(
cos� f t + cos 0.95� f t + cos 0.9� f t

)
is also con-

sidered. This configuration allows for resonance main-

tenance and delays detuning as damage progresses and
the oscillator’s frequency decreases. The smallest fre-
quency components of f (t) remain in resonance with
the system even as its natural frequency shifts due to
damage accumulation.

As illustrated in Fig. 10(b), the system continues
to accumulate damage. This indicates that excitations
with multiple frequencies can lead to significant dam-
age evolution even if the average amplitude of the exci-
tation is not necessarily high. The presence of multi-
ple frequencies enables continuous resonance with the
evolving system, thereby increasing the damage under
conditions that might not be as damaging with a single-
frequency excitation.
Random excitations
Building on the insights gained from the previous sec-
tion, the focus now shifts to understanding system
behavior under random excitations, such as seismic
actions. To explore this, the system response to a ran-
dombase excitation is examined. Specifically, the force
applied to the system is modeled as f (t) = −mag(t),
where ag(t) represents the ground acceleration. The
system response is depicted inFig. 11 in termsof (a), (b)
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Fig. 10 Damage time evolution under harmonic load with same overall excitation amplitude and different frequency spectrum, (a)

f (t) = A f cos� f t , (b) f (t) = A f
3

(
cos� f t + cos 0.95� f t + cos 0.9� f t

)
, respectively

Fig. 11 System response under random base excitation, curves
in blue line: (a), (b) displacement vs. time, and (c), (d) damage
vs. time. Gray lines in (a), (b) denote the selected ground accel-

eration; in (b), (d) the dashed red gridline indicates the time at
which the first signal ends

displacement (blue line) and (c), (d) damage. Specif-
ically, a single seismic event is considered in graphs
(a) and (c) of Fig. 11, where both displacement and
damage evolve over time until the signal ceases, result-
ing in the oscillator undergoing linear undamped free
oscillations while damage levels off.

Conversely, when the system is subjected to three
independent subsequent accelerograms (the same sig-
nal repeated), it’s observed that the second and third

occurrences lead to larger oscillations and further dam-
age, as shown in graphs (b) and (d) of Fig. 11. In this
scenario, a noticeable increase in damage is observed,
despite the three subsequent events comprising the
same acceleration signal. This highlights the cumula-
tive effect of repeated seismic events on the structural
integrity of the system, emphasizing the importance of
considering such scenarios in seismic resilience and
damage assessment studies.
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Fig. 12 Accelerograms from the seismic sequence of the
L’Aquila earthquake (a), corresponding to the four most sig-
nificant foreshocks {S1, . . . , S4} after followed by the primary

shock S5 [71]. Seismic intensity measures (b) associated with
the considered foreshocks [72] , with AI representing the Arias
Intensity

Fig. 13 System response to the seismic accelerograms in Fig.
12. Left column: the accumulated α (a) and w (c) in time during
the foreshocks S1,4. Right column: the accumulated α (b) and w

(d) in time as a consequence of the primary shock considered as
a single event Sa5 (dashed gray line) and as a consequence of the
full seismic sequence S5 (solid gray line)

It should be noted from Fig. 11 that, after the input
signal stops, undamped free vibrations are observed.
This occurs because the oscillator is vibrating in its
linear regime, as dissipation is not considered in the
model. Indeed, the focus here is specifically on ana-
lyzing the behavior of the oscillator by considering
the nonlinear constitutive response as the sole source

of dissipation. Naturally, other phenomena (e.g., soil-
structure interaction, clearance/impact in connections,
and so on), which are not considered in the present
study, could introduce additional dissipation, poten-
tially modeled as linear viscous damping.
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Seismic sequence
The analyses conducted thus far lay the groundwork
for simulating seismic sequences that are typical of real
events, where minor shocks often precede or follow a
major earthquake. Such sequences are characterized by
multiple low-amplitude events that, when considered
individually, may not appear to pose significant threats
to structural integrity. In contrast, the proposed model
captures a damage accumulation process that can pro-
gressively evolve, even under minor, repeated, seismic
events. This can lead to compounded structural effects
and, in some cases, premature failures that might not
have been anticipated if only the isolated impacts of
minor events or the main shock were considered.

For the subsequent analyses, the seismic sequence
leading up to the L’Aquila earthquake, documented in
[71], serves as the test case. The sequence involves
strikes 1-4 (foreshocks) followed by the primary shock.
The input signals, i.e., the ground accelerations, are
illustrated in Fig. 12(a), with the key characteristics of
the signals summarized in Fig. 12(b), where AI index
represents the Arias Intensity, see [72].

The dynamic nonlinear response of the system is
showcased in Fig. 13 through the variables α and w.
Specifically, the left column depicts the response up to
the fourth shock (S1 to S4), whereas the right column
shows the response to the main shock S5 following the
sequence (solid gray line). This response is compared
to a hypothetical scenario where S5 acts alone (dashed
gray line), assuming no prior plasticity or damage.

Notably, the seismic sequence induces minor plas-
ticity and damage to the structure. As a result, by the
time the main shock occurs, the system already pos-
sesses non-zero initial values of α and w, leading both
plasticity and damage to gradually accumulate over
time. Specifically, α sees a 9% increase, while the dam-
age variable w ends up 50% greater than it would have
been had the main shock occurred individually. This
highlights the significant impact of seismic sequences
on the structural integrity and the critical importance of
accounting for such sequences in seismic analysis and
design.

5 Conclusions

This study introduces a numerical strategy for both fast
and robust simulations of the nonlinear dynamic behav-
ior of masonry buildings subjected to general external

time-dependent loads. Tooptimize solvers for fast com-
putations suitable for seismic structural healthmonitor-
ing in large-scale urban contexts, a 1-dof model incor-
porating a nonlinear constitutive law that accounts for
plasticity and damage induced by friction and wear
is employed. The solution is obtained numerically
through a custom-developed algorithm designed to
handle the piece-wise nonlinear equations effectively.
The code, implemented in C++, is capable of run-
ning on common hardware and microcontrollers (e.g.,
Arduino,Asus TinkerBoard, Raspberry Pi), and is pub-
licly available at https://zenodo.org/records/10808423.

The model was validated in pseudo-static regimes
based on the experimental behavior of a real-scale
single-storeymasonrybuilding. Subsequently, the numer-
ical stability of the developed algorithm was assessed
under both static and dynamic conditions by compari-
son with standard numerical solvers found in popular
commercial software like Wolfram Mathematica
andMATLAB. Despite employing afixed time-step size,
the proposed solver demonstrated high stability across
a variety of loading conditions, outperforming standard
solvers in different scenarios. Moreover, it accurately
converged to the expected solution, even as the time
discretization was progressively coarsened.

The investigation further explored the response to
seismic sequences that typically affect real buildings,
highlighting the accumulation of damage and plasticity
after each seismic event. Notably, the outcome after a
sequence of seismic events differs significantly from
that of a solitary strong shock. The pre-existing dam-
age and plasticity alter the initial conditions when the
main shock occurs, leading to significantly increased
damage.

In future work, the authors plan to apply the pro-
posed strategy to monitor real cases, including the seis-
mic impact at the urban scale of ancient towns in Italy.
Given the demonstrated vulnerability of historic cen-
ters and their lack of seismic resilience, this research
addresses an urgent need for advanced and efficient
methods. These methods aim to provide municipalities
with effective tools for seismic vulnerability assess-
ment, especially pertinent in Italy, where recent seis-
mic activities have underscored the critical challenge
of enhancing structural resilience.
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