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Abstract

The aim of this thesis is to investigate the asymptotic behavior of solutions to opinion
formation and flocking models and to abstract evolution equations. Most of the models we
will deal with involve time delay effects. Time delays, even arbitrarily small, may induce
instability phenomena. Hence, the stability analysis for delayed systems is an important
issue to deepen.

In this thesis, we will establish consensus results for the Hegselmann-Krause opinion
formation model and the Cucker-Smale flocking model, investigating different scenarios.
Namely, we will analyze situations where lack of connections, non-universal interactions
or repulsive dynamics may occur among the system’s agents.

Also, we will provide suitable decay estimates for solutions to linear evolution equations
with time-dependent time delays and to semilinear evolution equations with memory and
time-dependent time delay feedback.

iv






Introduction

This thesis is devoted to the study of the asymptotic behavior of solutions to multiagent
systems, namely the Hegselmann-Krause opinion formation and its second-order version,
the Cucker-Smale flocking model, and to abstract evolution equations.

In particular, we investigate the convergence to consensus for solutions to Hegselmann-
Krause type models and the asymptotic flocking for solutions to Cucker-Smale type mod-
els.

On the other hand, we establish exponential decay estimates for solutions to some
abstract evolution equations and for the correspondent energies.

Most of the models we deal with involve time delay effects. The analysis of time
delays both in multiagent systems and in evolution equations has aroused a substantial
interest in the scientific community. Indeed, time delays often appear in many biological,
sociological, and engineering applications.

In many cases, even when the time delay is arbitrarily small, the presence of time
delays may destabilize the system. Therefore, the stability for systems with time lags is
an important issue to deal with.

For a detailed insight into delay differential equations, we refer to [61, 62|. Also,
we refer to [73| for the discussion of several applications of delay differential equations,
especially to population dynamics.

0.1 Multiagent systems

In these last years, multiagent systems have caught the attention of many researchers,
due to their wide application to several scientific disciplines, such as biology [23, 46],
economics |2, 67|, robotics |21, 68|, control theory [14, 20, 105, 94, 93, 8|, social sciences
[16, 99, 29, 3, 74].

Among them, there is the celebrated Hegselmann-Krause model [66], proposed by
Hegselmann and Krause in 2002. Later on, the second-order version of the Hegselmann-
Krause model was introduced by Cucker and Smale in [46] for the description of flocking
phenomena (for instance, flocking of birds, schooling of fish or swarming of bacteria).
Typically, for the solution of such models, the convergence to consensus, in the case of
the Hegselmann-Krause model, and the exhibition of asymptotic flocking, in the case of
the Cucker-Smale model, are investigated.

In the analysis of such models, it is important to introduce time delay effects. Indeed,
one has to take into account certain time lags due to the propagation of the information

vi



0.1. MULTIAGENT SYSTEMS vii

or to reaction times.

The presence of a delay makes the models more difficult to deal with since a delay,
even small, can destroy some geometric features typical of the undelayed models. In
particular, for Hegselmann-Krause models with always positive symmetric interactions,
it is easy to show that the system converges to consensus due to symmetry reasons. If we
add a delay in such models, then the symmetry is broken and, in turn, the asymptotic
analysis requires finer arguments. On the other hand, despite mathematical difficulties to
overcome, the presence of time delays, which naturally appear in applications, allows us
to better describe the real features of the models.

The analysis of the Hegselmann-Krause model and the Cucker-Smale model in presence
of time delays (that can be constant or, more realistically, time-dependent), has been
carried out by many authors, 35, 36, 37, 38, 53, 63, 64, 65, 76, 77, 87, 98]. Most of them
require a smallness condition on the time delay size in order to prove the asymptotic
consensus. However, very recently, Rodriguez Cartabia proved in [101] the asymptotic
flocking for the Cucker-Smale model with constant time delay without assuming any
restrictions on the time delay size (see also [64] for a consensus result for the Hegselmann-
Krause model).

In this thesis, we will present some results taken from recent papers ([41, 40, 42, 39])
in which first and second-order Cucker-Smale models involving time delay effects are
considered. In particular, generalizing and extending the arguments in [101], we are able to
establish the exponential consensus for the Hegselmann-Krause model with time-variable
time delay and the exponential flocking for the Cucker-Smale model with time-variable
(see [41, 40]), without assuming the time delay size to be small. Smallness conditions on
the time delay size are not required either in the results from [42, 39].

For the two aforementioned systems, we will examine different scenarios. First of all,
we will investigate the situation in which the agents involved in the opinion formation
or flocking process suspend their interaction at certain times. Namely, weight functions
that are pair-dependent and that can eventually degenerate are included in the considered
models. Then, it is important to find conditions ensuring the convergence to consensus
despite the lack of connection among the agents. Particular attention has been paid
in these last times to the analysis of the asymptotic behavior of solutions to first and
second-order Cucker-Smale models under communication failures (see [19, 12]).

Also, it could happen that the agents are not able to exchange information with all the
other components of the system. In this case, we are in the presence of a non-universal
interaction, so that the agents are able to influence only the opinions or the velocities of
the particles they are linked to. To deal with this kind of interaction, a graph topology
over the structure of the model has to be considered (see [27]).

In this thesis, we will establish consensus estimates for first and second-order align-
ment models with time delay, non-universal interaction, and communication failures by
assuming that the digraph describing the interaction among the agents is strongly con-
nected and that the weight functions satisfy a so-called Persistence Excitation Condition.
These results are mainly contained in [39).

Another scenario we will consider is the one in which the agents involved in the opin-
ion formation or flocking process have positive-negative interaction, namely the system’s
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particles attract each other in certain time intervals and repeal each other in other ones.
Of course, the fact that the agents repeal each other at certain prevents the asymptotic
consensus for solutions to the Hegselmann-Krause model and to the Cucker-Smale model.

In this case, in order to get the asymptotic consensus or the asymptotic flocking,
one has to compensate the behavior of the solutions to the considered model in the bad
intervals, i.e. the intervals in which the agents repeal each other, with the good behavior of
the solutions in the intervals in which the influence among the agents is positive. Under
suitable assumptions, we will establish the asymptotic consensus for both models with
attractive-repulsive interaction. To this aim, some restrictions on the length of the bad
time intervals will be required. The consensus results related to first and second-order
Cucker-Smale models with attractive-repulsive interaction are contained in [43].

Finally, in all the results we will present, on the influence function, that describes
the interactions among the agents involved in the opinion formation or flocking process,
monotonicity assumptions, which are usually required when dealing with such models,
are removed, namely the influence function is assumed to be just positive bounded and
continuous.

0.1.1 The Hegselmann-Krause model

Consider a finite set of N € N agents, with N > 2. Let x;(t) € IR be the opinion of
the i-th agent at time ¢. Then, the undelayed Hegselmann-Krause model reads as follows:

d .
—ai(t) = > by (t) () — wi(t), t>0, Vi=1,...,N. (0.1.1)

JigFe
Generally, the communication rates b;; are of the form

by(t) == s llat) — 2 (B]), V> 0,0 =1 N, (0.1.2)

where the influence function ¢ : IR — IR is a nonnegative continuous function that is
required to be nonincreasing. In this way, each agent is able to influence only the opinion
of particles that belong to a certain radius of confidence.

However, in this thesis we will be able to deal with more general influence functions,
namely the communication rates b;; are given by the following expression

1
sz(t) = m?/}(IZ(t),l’J(t)), vVt >0,Vi,5=1,..., N, (013)
and the influence function ¢ : IR? x IRY — IR is a positive continuous and bounded
function and

K = [t} . (0.1.4)

So, the influence function does not depend anymore on the distance among the agents’
opinions but can be a generic function of the opinions. Moreover, monotonicity assump-
tions on the influence functions are no longer required. By doing so, a larger class of
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influence functions is included in our analysis, for instance of type gaussian or oscillatory
(see Chapter 1 for some numerical simulations involving not monotonic influence func-
tions).

In this thesis, we will deal with different Hegselmann-Krause type models. First of all,
we will focus on a Hegselmann-Krause model with time-variable time delays:

d
—i(t) = > by () (it — 7(t) — (1), t>0,Vi=1,...,N, (0.1.5)
jiji
where the communication rates are defined as follows
1
and the time delay function 7 : [0, +00) — [0, +00) is continuous and satisfies
0<7(t) <7, Vt>0,Vi,j=1,...,N, (0.1.7)

for some positive constant 7.
We will also analyze a Hegselmann-Krause type model with pair-dependent and time-
dependent time delay, communication failures and non-universal interaction:

d .
Jilt) = > i (Obi () (a (¢ — 75(t)) — 2:(t)), t>0, Vi=1,...,N.  (0.L8)
G
where the time delay functions 7;; : [0, +00) — [0, +00) are continuous and satisfy
0<my(t) <7, VtE>0,Vi,j=1,...,N, (0.1.9)
for some positive constant 7.
Here, the communication rates b;; are of the form
1

The terms y;; are so defined

(0.1.11)

~J 1, if j transmits information to i,
Xii 0, otherwise.

Thus, there could be agents that could never communicate among themselves and, in this
case, the interaction will be non-universal.

The weight functions «;; : [0, +00) — [0,1] are £'-measurable and satisfy the following
Persistence Excitation Condition (cf. [19, 12]):

(PE) there exist two positive constants 7" and & such that
4T
/ a;i(s)ds > a, Yt >0, (0.1.12)
t

for all 4,7 = 1,..., N such that x;; = 1. Without loss of generality, we can assume
that @K <1 and that 7" > 7.
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So, the interaction is missing not only among agents that are not connected but also among
agents that can generally communicate. Let us note that (0.1.12) becomes relevant when
T is large and & is small. In this case, the agents could eventually suspend their interaction
for long enough. We also point out that, in the case in which «;;(t) = 1, for a.e. ¢ >0
and for any ¢, = 1,..., N, i.e. in the case in which the agents do not interrupt their
exchange of information, the condition (0.1.12) is of course satisfied.

To deal with the non-universal interaction, we will consider a graph topology over the
model structure. Let G = (V, ) be a digraph consisting of a finite set V = {1,..., N} of
vertices and a set £ C V x V of arcs. We assume that the agents are located at the vertices
and interact with each other via the underlying network topology. For each vertex i, we
denote by N; the set of vertices that directly influence the vertex i, namely

Nii={j=1,...,N:x; =1} (0.1.13)

The set N; can also be defined in the following way: j € N if and only if (i,7) € £. Also,

we denote with
N; = |NV]. (0.1.14)

We will exclude self loops, i.e. we assume that i ¢ A for all 1 < i < N. We also denote
the network topology via its (0, 1)-adjacency matrix (x;;)i;- A path in a digraph G from
ip to i, is a finite sequence g, 71, ..., ¢, of distinct vertices such that each successive pair
of vertices is an arc of G. The integer p is called length of the path. If there exists a path
from ¢ to 7, then vertex j is said to be reachable from vertex ¢ and we define the distance
from i to j, in notation dist(, j), as the length of the shortest path from i to j. A digraph
G is said to be strongly connected if each vertex is reachable from any other vertex. We
assume that our digraph G is strongly connected. We define the depth v of the digraph
as follows:

v:= max dist(, 7). (0.1.15)

i,7=1,...,
Thus, any particle can be connected to the other individuals of the system via no more
than 7 intermediate agents. By definition, since i ¢ N, for all i = 1,..., N, we have that
v < N — 1. Also, since the digraph is strongly connected, the depth v > 1.
Due to the presence of the time delay, the initial conditions for both systems (0.1.5)
and (0.1.8) are functions defined in the time interval [—7,0]. The initial conditions

zi(s) = 2%(s), Vse[-7,0],Vi=1,...,N, (0.1.16)

are assumed to be continuous functions.
Finally, we will consider the following Hegselmann-Krause model with attractive-
repulsive interaction:

d .
Zai(t) = ];ia(t)aij(t)(xj(t) —z(t), t>0,Vi=1,..., N. (0.1.17)

with initial conditions
z:(0) =2 €RY Vi=1,...,N. (0.1.18)
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The communication rates are as in (0.1.3). Moreover, the weight function « : [0, +00) —
{—1,1} is defined as follows

{1’ t e (tgn,th-i-l)a n € No, (O 1 19)

-1, t € [tant1, tonya], n € N,

where {t,}, is a sequence of nonnegative numbers such that ¢, = 0, ¢, — o0 as n — oo
and 2
n
tonto — topy1 < 7, Vn € Np. (0120)
In this thesis, we will establish the convergence to consensus for the aforementioned
Hegselmann-Krause type models. To this aim, we define the diameter d(-) of the solution
as
d(t) == maXN|x,»(t) —x;(t)].

Definition 0.1.1. We say that a solution {z;};—
or (0.1.17) converges to consensus if

-----

lim d(t) = 0.

t——+00

0.1.2 The Cucker-Smale model

Consider a finite set of N € N particles, with N > 2. Let (2;(t)) € IR* and (v;(t)) € IR?
denote the position and the velocity of the i-th particle at time ¢, respectively. Then, the
undelayed Cucker-Smale model takes the following form:

Lai(t) = (1), t>0,Vi=1,...,N,
Loty = 3 ag(t)(v;(t) —vs(t)), >0, ¥i=1,... N, (0.1.21)
JigFi

where the communication rates a;; of the form

ais(t) = ﬁ&(m(t) (b= r())]), VE>0,¥ij=1,...,N, (0.1.22)
and the influence function ¢ : IR — IR is a nonnegative continuous nonincreasing function.
Also in this case, we will be able to remove monotonicity assumptions on the influence
function. Indeed, we will require the influence function to be only positive and bounded.
However, in order to establish the asymptotic flocking for solutions to the Cucker-Smale
model, the influence function must depend on the distance among the agents’ positions.
We will denote by . .

K = ||¢]so- (0.1.23)

As for the first-order model, we will investigate a Cucker-Smale model with time
variable time delays:
La;(t) = vi(2), t>0,Vi=1,...,N,
Do(t) = 3 ay(t) (vt —7(t) —wit)),  t>0, Yi=1,...,N, (0.1.24)
Jig#
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where the weights a;; of the form
1 -
a;;(t) = mw(m(t) —z;(t—7(t)]), Vt>0,Vi,j=1,...,N, (0.1.25)

and the time delay function 7 : [0, 00) — [0, 00) is continuous and satisfies (0.1.7). More-
over, we will focus on a Cucker-Smale model with pair-dependent and time-dependent
time delay, communication failures and non-universal interaction:

La;(t) = v (2), t>0,Vi=1,...,N
%Uz@) = Z;éxwozw(t)a”(t)(vj(t — sz(t)) - Uz(t))a t > 0, Vi = ]., cee N, (0126)
JJFT

where the time delay functions 7;; : [0, +00) — [0, +-00) are continuous and satisfy (0.1.9),
the terms x;; are as in (0.1.11) and the weight functions a;; : [0,400) — [0,1] are
L'-measurable and satisfy the Persistence Excitation Condition (PE). Moreover, the
communication rates a;; are of the form

1 -
Due to the non-universal interaction, also in this case a graph topology will be considered
over the structure of the model.

Furthermore, both for systems (0.1.24) and (0.1.26), since time delays are involved, the
initial conditions

zi(s) = 2)(s), wvi(s) =0v)(s), Vse€[-7,0,Vi=1,...,N, (0.1.28)

are assumed to be continuous functions.
Finally, a Cucker-Smale model with attractive repulsive interaction will be considered:

La;(t) = vi(t), t>0,Vi=1,...,N,
Lo(t) = Y alt)ay(t)(v;(t) —wi(t)), >0, Vi=1,...,N, (0.1.29)
jeji

with initial conditions

(0.1.30)

5(0) =2 €RY,  Vi=1,...,N,
v;(0) =00 € R4, Vi=1,...,N.

Here, the communication rates are as in (0.1.22). Furthermore, the weight function « :
[0,4+00) = {—1,1} is defined as in (0.1.19), where the sequence of nonnegative numbers
{t,} satisfies

In2
tonto — lopt1 < %, Vn € Np. (0131)

For the second-order model, in order to study the exhibition of asymptotic flocking,
we define the space and velocity diameters

d(t) == max foi(t) - ()],

2,j=1,...,

dy(t) == maxN|vi(t) —v;(1)].
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Definition 0.1.2. (Unconditional flocking) We say that a solution {(z;,v;)}iz1, N to
system (0.1.21), (0.1.24), (0.1.26) or (0.1.29) exhibits asymptotic flocking if it satisfies the
two following conditions:

1. there exists a positive constant d* such that

sup dX (t) < d*7

£>0
in the case of the undelayed systems (0.1.21) and (0.1.29), or

sup dX (t) < d*>

t>—7
in the case of the delayed systems (0.1.24) and (0.1.26);

t—o00

0.2 Abstract evolution equations

The study of evolution equations in presence of delay or memory terms attracted,
in recent years, the interest of many researchers. The presence of a time delay makes
the problems more difficult to deal with and, of course, it is important to include in the
models time delays/memory terms to take into account time lags, such as reaction times,
maturation times, times needed to receive some information, etc., commonly present in
real life phenomena.

On the other hand, it is well-known that a time delay may induce instability phenom-
ena. In particular, for the damped wave equation, it has been proven that an arbitrarily
small delay can make the model unstable even if it is uniformly asymptotically stable in
absence of delay effects (see e.g. [49, 50, 81, 106]). Nevertheless, suitable feedback laws
can ensure the delayed model has the same stability properties as the undelayed one (see
[81, 106]).

Stability results for abstract evolution equations with delay have been already studied
in [83, 84, 72|. In |83, 84| it is analyzed the case of a single constant delay and also the
delay damping coefficient is assumed to be constant. The analysis has then been extended
in [72] by considering, as here, (multiple) time-dependent time delays.

However, in this thesis we will work in a more general setting. Indeed, in [72], the
classical set of assumptions usually employed to deal with wave-type equations in presence
of time variable time delays (see e.g. |85, 33, 55| ) is used. In particular, it is required
that the time delay function 7 € W>(0, +00) and that 7/(f) < ¢ < 1. On the contrary,
in the results we will present in this thesis, that are taken from [44] and [45], we will only
assume that the time delay function is continuous and bounded from above.

Also, in the case of semilinear wave equations with memory damping, usually an extra
frictional not delayed damping is needed (see also [72, 83, 84]). In this thesis, we will
consider wave-type equations with viscoelastic damping, delay feedback and source term,
establishing well-posedness and stability, for small initial data, without adding any extra
frictional not delayed dampings.
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0.2.1 Linear evolution equations
Let us consider the following abstract model:
U'(t) = AU(t) + k(t)BU(t — 7(t)), t € (0,00),
Ut) = f(t) tel-7,0],

where the operator A generates an exponentially stable Cy-semigroup (S(t)):>o in a Hilbert
space H, and B is a continuous linear operator of H into itself. The time delay function
7 : [0, +00) — (0,+00) belongs to C(0,+00) and we assume that

(0.2.32)

0<7(t) <7, Vt>0, (0.2.33)

for some positive constant 7. Moreover, the delay damping coefficient & : [—7,400) — IR
belongs to L} ([—7, +o0);IR). We denote with Uy := f(0).

loc
By the assumptions on the operator A, there exist two positive constants M and w such
that

1SE) || ey < Me™*, Vit > 0. (0.2.34)

Moreover, on the delay feedback coefficient, we assume that the integrals on intervals of
length 7 are uniformly bounded, namely,

¢
/ |k(s)|ds < K, Vit>0, (0.2.35)
t—

7

for some K > 0.

In this thesis, under some mild assumptions on the involved functions and parameters,
we will establish the well-posedness of the problem (0.2.32), and we will obtain exponential
decay estimates for its solutions.

A concrete model that can be rewritten in the form (0.2.32) is, e.g., the wave equation
with frictional damping and delay feedback. In the case of constant delay feedback coeffi-
cient and constant time delay, this model has been first studied in [95]. Under a suitable
smallness condition on the delay term coefficient, an exponential decay estimate has been
proven. This result has then been extended to linear wave equations with internal delay
feedback and boundary dissipative condition in [11]. In [7, 58] it is instead analyzed the
case of the wave equations with delay feedback and viscoelastic damping.

For other stability estimates in the presence of time delay effects, for specific models,
mainly in the case of constant time delay and constant delay damping coefficient, we
quote, among the others, [1, 10, 13, 9, 47, 86, 102, 79]. We mention also the recent papers
[71] and |26] dealing with delayed Korteweg-de Vries-Burgers and higher-order dispersive
equations, respectively.
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0.2.2 Semilinear evolution equations with memory and time delay

Let H be a Hilbert space and let A be a positive self-adjoint operator with dense
domain D(A) in H. Let us consider the system:

ug(t) + Au(t) — 0+°0 B(s)Au(t — s)ds + k(t) BB u(t — 7(t)) = Vip(u(t)),
€ (0,400),
u(t) = UO(t)v te (_007 O]a
u(t) =g(t), tel[-7,0]
(0.2.36)

where 7 is a fixed positive constant and the function 7 : [0, +00) — [0, 4+00) represents
the time dependent time delay. We assume that the time delay is a continuous function
satisfying

Tty <7 Yit>0. (0.2.37)
In (0.2.36), B is a bounded linear operator of H into itself, B* denotes its adjoint. Let us

denote
1Bl = 1B ||z = b. (0.2.38)

Also, (ug(+),g(:)) are the initial data taken in suitable spaces and we denote with u; :=
9(0).

Moreover, on the delay damping coefficient & : [—7,4+00) — IR we assume that k(-) €
L} .([-7,+00)) and the integral on time intervals of length 7 is uniformly bounded, i.e.

there exists a positive constant K such that

t
/ k(s)|ds < K, Vit > 0. (0.2.39)
tf

7

The memory kernel 3 : [0,4+00) — [0, +00) satisfies the following classical assumptions:
(i) § e CH(R*) N L(RY),

(i) ( ) Bo > 0;

(i) [ B(t)dt = B < 1;

(iv) 5 (t) < =66(t), for some § > 0.

On the nonlinear term, as in [6, 89|, we assume that ¢ : D(A2) — IR is a functional
having Gateaux derivative Di)(u) at every u € D(A?). Moreover, we assume the following
hypotheses:

(H1) For every u € D(A?), there exists a constant ¢(u) > 0 such that
IDy(u)(v)] < c(lolly Yo € D(A?),

Then, 1) can be extended to the whole H and we denote by Vi(u) the unique vector
representing Di(u) in the Riesz isomorphism, i.e.

(Vip(u),v)yg = D(u)(v), Yo e H;
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(H2) for all r > 0 there exists a constant L(r) > 0 such that
IV (u) = Vo (u)lla < Lr)||A2 (u = 0)||u,
for all u,v € D(A?) satisfying ||A2ul|y < r and ||Az0||g < r.

(H3) ¢¥(0) = 0, V(0) = 0 and there exists a strictly increasing continuous function h
such that ) )
IV (u)lla < h([|A2ulla)||A2ulla, (0.2.40)

for all u € D(A?2).

In this thesis, we will study well-posedness and exponential stability, for small initial
data, for model (0.2.36). The results we will establish extend the ones in [89], where the
time delay is assumed to be constant (see also [31] for the constant delay case). The
extension is not trivial since the classical step-by-step argument, often used to deal with
time delay models, does not work in this case.

Other models with memory damping and time delay effects have been studied in the
recent literature. The first result is due to [69], in the linear setting. In that paper, a
standard frictional damping, not delayed, is included in the model to compensate for the
destabilizing effect of the delay feedback. As later understood, the viscoelastic damping
alone can counter the destabilizing delay effect, under suitable assumptions, without the
need for any artificial extra dampings. This has been shown, e.g., in |7, 47, 58, 107]. The
case of intermittent delay feedback has been studied in [87] while the paper [80] analyzes
a plate equation with memory, source term, delay feedback and, in the same spirit of [69],
an extra not delayed frictional damping. Models for wave-type equations with memory
damping have been previously studied by several authors in the undelayed case (see e.g.
[5, 6, 28]). See also [4] for results on the Timoshenko model, also in the undelayed case,
and extensions to the time delay framework (see e.g. [102, 13]).

More rich is the literature in the case of frictional/structural damping, instead of
a memory term, which compensates for the destabilizing effect of time delays and, for
specific models, various stability results have been quite recently obtained under suitable
assumptions (see e.g. |1, 10, 13, 34, 22, 81, 86, 72, 26, 96, 106|).

0.3 Outline

This thesis is organized as follows. In Chapter 1 we prove the exponential convergence
to consensus for the Hegselmann-Krause model with time-variable time delays. The con-
sensus result we establish in this chapter improves several previous related works, due to
the very general setting we consider. Indeed, no smallness assumptions are required on
the time delay size. Moreover, the influence function is a generic function of the agents’
opinions which is assumed to be only positive, bounded and continuous, and no symme-
try or monotonicity requirements have to be satisfied. Then, we introduce the continuum
model associated with the particle system under consideration, obtained as the mean-field
limit of the particle system when the number of agents goes to infinity, and we state a
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consensus theorem for the PDE model. Finally, extensions of the results presented in the
chapter to a Hegselmann-Krause model with distributed delay are provided.

In Chapter 2, we establish the exponential flocking for the Cucker-Smale model with
time-variable time delays. Again, the main result of this chapter is proved without as-
suming any restrictions on the time delay size and without requiring any monotonicity
properties on the influence function.

In Chapter 3, we focus on first and second-order Cucker-Smale models with non-
universal interaction, pair and time-dependent time delays and communication failures.
Due to the presence of a non-universal interaction, we consider a network topology over
the structure of the model. The asymptotic consensus is established for both systems
by assuming that the digraph that describes the interaction among the agents is strongly
connected and that the weight functions, that are related to the possible lack of connection
among the agents, satisfy a Persistence Excitation condition.

In Chapter 4, we still deal with a Hegselmann-Krause model with time delay and
communication failures. With respect to Chapter 3, we work in the case of all-to-all
interaction, namely each agent can exchange information with all the other components
of the system, and we assume that the time delay functions and the weight functions are
not pair-dependent. Although the analysis we carry out in this chapter is less general
with respect to the one in Chapter 3, the consensus result we establish in this chapter
improves the one in Chapter 3 in the case of universal interaction. Indeed, we provide
exponential decay estimates for solutions to the considered Hegselmann-Krause model
that are independent of the number of agents, whereas in Chapter 3 the constants that
appear in the proof of the consensus result depend on the number of agents. This allows
us to obtain consensus estimates for the related PDE model.

In Chapter 5, we deal with first and second-order Cucker-Smale models with attrac-
tive repulsive interaction. We provide conditions ensuring that both models achieve the
asymptotic consensus. The asymptotic consensus is proven by compensating for the bad
behavior of the solutions in the intervals of negative interaction with the behavior of the
solutions in the intervals of positive interaction.

In Chapter 6, we consider a linear evolution equation with time-dependent time delay.
We establish well-posedness and exponential stability for the considered abstract model.
This is done by dealing with a very general time delay function, namely the time delay
function is just a continuous function bounded from above. The results that hold for the
linear model are then extended to a nonlinear model. Finally, applications of the results
established in this chapter are provided.

Finally, in Chapter 7 a semilinear evolution equation with memory and time-dependent
time delay feedback is analyzed. Under suitable assumptions on the delay feedback coef-
ficient and on the nonlinear term, we prove well-posedness and exponential stability for
solutions to the considered model corresponding to sufficiently small initial data. Also,
applications to the wave equation with memory and different source terms are discussed.






Chapter 1

The Hegselmann-Krause model with
time variable time delays

In this chapter, we will establish the exponential consensus for solutions to the Hegselmann-
Krause model with time variable time delay (0.1.5). All the results contained in this
chapter are taken from [41].

The consensus result we will prove is the following.

Theorem 1.0.1. Assume that ¢ : IRY x RY — IR is a positive, bounded, continuous
function and that T : [0,+00) — [0,+00) is a continuous functions for which (0.1.7)
holds. Moreover, let 29 : [—7,0] — IR¢ be a continuous function, for any i = 1,...,N.
Then, for every solution {x;}i—1 . n to (0.1.5) under the initial conditions (0.1.16), the
diameter d(-) satisfies the exponential decay estimate

d(t) < ( max  max |z;(r) — x](s)|) e V=2t >, (1.0.1)

i,j=1,..N 7,s€[—7,0]

for a suitable positive constant v, independent of N.

1.1 Preliminary results

In order to prove the consensus result 1.0.1, we need some auxiliary lemmas. We
assume that the hypotheses of Theorem 1.0.1 are satisfied. Let {z;};,=1,. n be solution to
(0.1.5) under the initial conditions (0.1.16).

The following results generalize and extend the ones developed in [101] in the case of a
Cucker-Smale model with constant time delay. In particular, to deal with time-dependent
time delays, in the next lemma, we combine arguments from [101] with a continuity
argument used in [37] for a Hegselmann-Krause model with time-dependent time delay.

,,,,,

Lemma 1.1.1. For each v € R* and T > 0, we have that

nin min - {2(s), v) < (xi(t),v) < Jmex mex (z(s),v), (1.1.1)

forallt>T —7 and for allt=1,... N.
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Proof. Fix T > 0. First of all, we note that the inequalities in (1.1.1) are satisfied for
every t € [T —7,T].
Now, given a vector v € ]Rd, we set

My = . .
r= max, max (2;(s),v)

K€ .= {t >T: IIllaXN<{L‘i(S),U> < Mr+e Vs e|T, t)} :

By continuity, we have that K€ # (). Thus, denoted with
S¢ :=sup K¢,

it holds that S¢ > T.
We claim that S¢ = +o00. Indeed, suppose by contradiction that S¢ < +o00. Note that by
definition of S€ it turns out that

‘_maxN(xi(t),w < Mr+e Vte(T,5, (1.1.2)

and
lim max (z;(t),v) = My +e. (1.1.3)

Notice that, being ¢t € (T, 5¢), then t — 7(t) € (T — 7, 5) and
(xj(t —7(t),v) < Mp+e, Vj=1,...,N. (1.1.4)
Moreover, (1.1.2) implies that
(xi(t),v) < Mr + €,
so that
Mr + € — (z;(t),v) > 0.

Combining this last fact with (1.1.4), we can write

C(0),0) < g a0,y (¢ — 7)) (M €~ ((0), )
jii (1.1.5)
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Then, from Gronwall’s inequality we get

t
(@i(t)v) < KD (T),0) 4 KM+ €) [ s
T

= e KD (2,(T),v) + (Myp + €)e K (Kt — KT)

= e KU (g,(T),v) + (Mr + €)(1 — e K1)

< e KEDNL 4+ My + € — Mpe KT — o KUT)

= My +e— ee KT

= My + e — e KT,
for all t € (T, 5¢). We have so proved that, Vi =1,... N,

(2:(t),v) < Mp + e —ee KT vt € (T, 5.
Thus, we get
‘maxN(xi(t),w < Mp+e—ee KTyt e (T, S9). (1.1.6)

Letting t — S in (1.1.6), from (1.1.3) we have that
Mr+e< Mp+e— ce K51 Mr + €,
which is a contradiction. Thus, S¢ = +o00, which means that

‘_rglaXN@i(t),v) < Mp+e Vt>T.

From the arbitrariness of € we can conclude that
;nllaXN@,-(t), v) < My, Vt>T,
from which
<$i(t)7U>SMT, Vt>T,\V/i:1,...,N7

which proves the second inequality in (1.1.1). Now, to prove the other inequality, let
v € IR and define

= j:r?,.l_r.}N SE[I:IFEI%T} <xj (s),v).

Then, for all i =1,..., N and t > T, by applying the second inequality in (1.1.1) to the
vector —v € IR, we get

~(oy(0),0) = (@(t),—v) < max max_(z(s).—v)

= —j:I{I’.l.I}N Se[r%li1;7T]<$j(S), v> = —mr,

from which
(z(t),v) = mr.

Thus, also the first inequality in (1.1.1) is fulfilled. O
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We now introduce some notation.

Definition 1.1.1. We define

Do = max = max |vi(s) = 2;(t)],

and, in general, we define the sequence

D, := max max |z;(s) —z;(t)], VYneN (1.1.7)

i,j=1,...,N s t€[nT—7,n7|
Let us denote with Ny := NU {0}.
Lemma 1.1.2. For eachn € Ny and i,5 =1,..., N, we get
|zi(s) —x;(t)| < Dy, Vs,t>n7—T. (1.1.8)

Proof. Fix n € Ny and 4,5 = 1,...,N. Given s,t > n7 — 7, if |2;(s) — z;(t)| = 0 then of
course D, > 0 = |z;(s) — x;(t)|. Thus, we can assume |z;(s) — z;(t)| > 0 and we set

L mils) = (0
24(s) = 2,

It turns out that v is a unit vector and, by using (1.1.1) with 7" = n7 and the Cauchy-
Schwarz inequality, we can write

|2i(5) = x5(8)] = (wi(s) = 2;(1), v) = (i(s),v) = (;(1),v)

< _ . )
= SN e (), v) =L refnr—tn] (za(r), v)
< max max  (z(r) — zx(0),v)

L,k=1,...,N r,o€[nT—7,n7|

< max max 7}\331(7”)—%(‘7)“7}‘213717

l,k=1,...,N r,oc€[nT—7,n7

which proves (1.1.8). O

Remark 1.1.3. Let us note that from (1.1.8), in particular, it follows that
|zi(s) — z;(t)] < Do, Vs,t>—T. (1.1.9)
Moreover, for the sequence {D,},, defined in (1.1.7), it holds
Dyi1 < D, VneN,. (1.1.10)

With an analogous argument, one can find a bound on |z;(¢)|, uniform with respect
totand 2 =1,..., N. Indeed, we have the following lemma.
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Lemma 1.1.4. For everyt=1,..., N, we have that
lzi(t)] < M°, ¥t > -7, (1.1.11)

where
M":= max max |z;(s)|.
i=1,...,N s€[-7,0]
Proof. Given i =1,...,N and t > —7, if |z;(¢)| = 0 then trivially M° > 0 = |z;(¢)|]. On
the contrary, if |z;(t)| > 0, we define

which is a unit vector for which we can write

|z (t)] = (xi(t),v).
Then, by applying (1.1.1) for 7= 0 and by using the Cauchy-Schwarz inequality we get

(1)) < ; < ;
i(t)] < max max (z;(s),v) < max max |z;(s)[[v

= (s)| = M°
A Bl =40

which proves (1.1.11). O

Remark 1.1.5. From the estimate (1.1.11), since the influence function ¢ is continuous,
we deduce that

lal)ay(t - 1) > o = min (y,2) >0, (1.1.12)

ly], 2| < MO
forallt >0, foralli,57=1,..., N.

The following lemma extends and improves an analogous result in [101] for the Cucker-
Smale model with constant time delay.

Lemma 1.1.6. For alli,j=1,..., N, unit vector v € IR? and n € Ny we have that
(2:(t) — x;(t),v) < e K (ai(t0) — a;(to), v) + (1 — e KEND, | (1.1.13)
for all t > tq > n7, where D,, is as in (1.1.7). Moreover, for all n € Ny, we get
D1 < e X 7d(n7) + (1 — e 57)D,. (1.1.14)
Proof. Fix n € Ny and v € IR? such that |v| = 1. We set

My, = z=ml,a},<N te[gi}*fnﬂ@i(t)’ U>7
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o . PRuY
my = min te[nr;l_lg’nﬂm( ),v)

Then, it is easy to see that M,, —m,, < D,,. Now, forallt=1,..., N and t > ty > n7 we
have that

w(t),0) = 3 by(0) a0 = 7(0)) — (1))

Ji#i

Z P(ai(t), x;(t = () (2 (¢ = 7(8)), v) — (:(t), v))

J JF

(1)) (M, = (2:(t), ).

Jig#

Note that, being t > n7, (z;(t),v) < M, from (1.1.1). Therefore, we have that M, —
(x;(t),v) > 0 and we can write

%%(t% v) < ﬁKj:j#(Mn — (zi(t),v)) = K(My, — (2:(t),v)).

Thus, from the Gronwall’s inequality it comes that
(xi(t),v) < G_K(t_t0)<$z(t0 / K M, ¢~ Kt=to)+K(s=t0) g g

— 67K(t7t0)<$i(t0),v> + e*K(t*to)Mn<€K(t*to) . 1>,

that is
(z;(t),v) < e K0 (g (1), v) + (1 — e Kl M, (1.1.15)

On the other hand, for all+=1,..., N and t >ty > n7 it holds that

jtm(t =~ Z (i (t), w;(t = 7(1))) (25t = 7(8)), v) = (1), v))
'L];éz
% S 0li(t), 5 = (0))) e — Gri(8), )
JijFi

Note that, from (1.1.1), (z;(t),v) > m, since ¢ > n7. Thus, m,, — (z;(t),v) < 0 and, by
recalling that 1 is bounded, we get

%(xi(t%w > K(my, — (z(t),v)).

Hence, by using Gronwall’s inequality, it turns out that

(2:(t),v) > e K (g (t0),0) + (1 — e KUy (1.1.16)
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Therefore, for all 4,5 = 1,..., N and t > tq > n7, by using (1.1.15) and (1.1.16) and by
recalling that M, — m, < D,,, we finally get

(i(t) — (1), v) = (zi(t), v) — (z;(t),v)
< e Kt=0) (2:(t),v) + (1 — e K AL,
—e M5 (tg), v) — (1 — e *Uhym,
— O 1) — a(t0), ) + (1 — e <)M, — m,)

< e_K(t_tO) <I’Z(t0) — l’j(to), U> + (1 - B_K(t_to))Dn,

i.e. (1.1.13) holds true.
Now, we prove (1.1.14). Given n € Ny, let 7,5 = 1,..., N and s,t € [nT,nT + 7] be such
that D,,+1 = |z;(s) — z;(¢)|. Note that, if |z;(s) — z;(¢)| = 0, then obviously

0= Dy <eXdn7)+ (1 —e*7)D,.

So, we can assume |z;(s) — x;(t)| > 0. Let us define the unit vector

e )
|i(s) — ()|
Hence, we can write
Dyy1 = (2i(s) — z;(t),v) = (wi(s),v) — (z;(t),v).
Now, by using (1.1.15) with o = n7, we have that
(z:(s),v) < e K (g(nF),v) + (1 — e KM,

= e K6 (2, (n7),v) — M) + M,

Thus, since s < n7 + 7 and (z;(n7),v) — M, <

) 0 from (1.1.1), we get
((z:(n7), v) — My) + M,

(wi(s),v) < e
e i (1.1.17)
<e T (xi(nT),v) + (1 —e "7 )M,.
Similarly, by taking into account (1.1.1) and (1.1.16), we have that
(z;(t),v) > e 5T {z;(n7),v) + (1 — e *)m,,. (1.1.18)

Therefore, combining (1.1.17) and (1.1.18), we can write
Dyy1 < e ¥ {z(n7),v) + (1 — e KM, — e K7 (2;(n7),v) — (1 — e XT)m,,
= e 57 (2;(nT) — z;(n7),v) + (1 — e KT) (M, — m,,).

Then, by recalling that M,, — m,, < D,, and by using the Cauchy-Schwarz inequality, we
can conclude that

Dy < e_K%|x,~(n%) —zj(nT)||lv] + (1 — e_K%)Dn

< e Mdn7) + (1 - e XD,



1.2. PROOF OF THE CONSENSUS ESTIMATE 8

1.2 Proof of the consensus estimate

Finally, we need the following crucial result.
Lemma 1.2.1. There exists a constant C' € (0, 1), independent of N € N, such that
d(nT) < CD,,_s, (1.2.1)
for all n > 2, and the sequence {D,}, is as in (1.1.7).

Proof. Trivially, if d(n7) = 0, then of course inequality (1.2.1) holds for any constant C' €
(0,1). So, suppose d(n7) > 0. Let i, = 1,..., N be such that d(n7) = |z;(n7) — z;(n7)|.

We set
B z;(nT) — x;(nT)

 zi(nT) — (07|
Then, v is a unit vector for which we can write
d(nT) = (x;(nT) — x;(n7),v).

Let us define

M _ =
n-l lznlli),(Nse[nfrg?,;%—%]@l(s)’v>’

Mn—1 = ZZIEH}N se[nfgl‘lil,ln?f‘?']<xl(8)’ U>.

So, M,,_1 —my,_1 < D,_1. Now, we distinguish two different situations.
Case 1. Assume that there exists ty € [n7T — 27, n7] such that

(xi(to) — xj(to),v) <O0.
Then, from (1.1.13) with n7 >ty > n7 — 27, we have that
d(n7) < e K0T (3:(t0) — z;(to),v) + (1 — e KT=N\D,
<(1—e K=t p o <(1—e (7D, _,.
Case II. Suppose that

(wi(t) — 2;(t),0) > 0, Vi€ [nF— 27, n7). (1.2.2)
Then, for every t € [n7 — 7,n7] we have that
t) — 2y(1),0) = 5 >0t = )l = 0) = (0,0
o S lalt) it = ) e = () = (0,0
- ﬁ;ﬂwww,xza — 7))t = 7(8)), 0) = Moy + Moy = {i(8), 0))
b S (a(e), mlt — TO) ({5 (1),0) — s + s — e — 7(6), )
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Now, being t € [nT — 7,n7], it holds that ¢t — 7(t) € [nT — 27,n7]. Therefore, both
t,t — 7(t) > n7T — 27 and from (1.1.1) we have that

M1 < <$k(t)av> < Mn—b Mp—1 < <$k(t - T(t)),’U> < Mn—la Vk = 17 s >N' (123)

Therefore, using (1.1.11), we get

L1
b S ), (e = 7)) (M1 — (w:(0), )
Ll
< o (@t = 7(2)),0) = Maa) + K (Moo = (0:(2), ),
Ll
and ]
Sy = N_1 Z Ulai(t), mi(t — 7(1))) ((z;(t), v) — Mp-1)

Li#g

LA
Combining this last fact with (1.2.3), it comes that

%(%(t) — (1), v) < K(Mpy = myy — (2:(t) = 25(t), )

gt 3 Gl = r(0)0) = Mo ey = Gt = 7(1). )
1

Yol (t = 7)), 0) = Mooy + my—y — {zi(t = 7(2)), v))

+

= K(My—1 —my_1) — K(z;(t) — x;(t),v) + x : ?wo(—Mnl + mp_1)

+ do({;(t = 7(1)),v) = Moy +mpy — (zi(t = 7(1)), v).

N -1
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Therefore, since from (1.2.2) (z;(t — 7(¢)) — z;(t — 7(¢)),v) > 0, we get

d
S tai(t) = 2(t),0) < K(Myy = ma) = K{zi(t) — 25(t), v)
% : i@bo(—Mn—l +my,_1) + Nl_ 1¢0(—Mn—1 + My_1)
1

(ot () = = 7(0).0)
< K(Mpy—y —my—q1) — K{(xi(t) — x;(t),v) + o(—Mp_1 + mp_1)
= (K — o) (Mp—1 — mp—1) — K(z(t) — 2;(t),v).

Hence, from Gronwall’s inequality it comes that
(2:(t) — z;(t),v) < e KT (gi(nF — 7) — x;(nT — 7),v)

t

+ (K - ¢0) (Mn—l - mn—l)/ e_K(t_S)dS7

nT—T7

for all t € [nT — 7,n7|. In particular, for ¢ = n7 it comes that

_ K — _
d(n7) < e K™ (x;(n7 — 7) — x;(nT — 7),0) + K% (My—1 — mp_1)(1 — e 57)
_ K — _
< e M7 — 7) — 2;(n7 — 7)[[o] + K% (My —myy)(1— e 57)
_ K — _
< e ®d(nt —7) + K¢O (Mp_y —mp_1)(1 — e 57),
Then, by recalling that M,, 1 —m,,_1 < D, _1 we get
_ K — -
d(n7) < e XTd(nT — 7) + Yo Dy_1(1—e 57
_ K — _
<e ™d(nT —7)+ K1/10 Dy _1(1—e 7).
Finally, by using (1.1.8) and (1.1.10) we have that that
_ K — _
d(n7) < e *7D, + Kwo D,_1(1 —e 57
_ K — _
<e ™D, s+ Yo D, _o(1— e F7) (1.2.4)
¢0 —K7
=|1- —=(1- )| Dy
- 20— o
Now, we set
C' = max {1 —e T 1~ %(1 — e_KT)} € (0,1). (1.2.5)

Then, taking into account (1.2.4), we can conclude that C' is the constant for which
inequality (1.2.1) holds. O
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Proof of Theorem 1.0.1. Let {x;}i—1.. n be solution to (0.1.5), (0.1.16). We claim that

-----

Dpi1 < CDyy, V> 2, (1.2.6)

for some constant C' € (0, 1). Indeed, given n > 2, from (1.1.10), (1.1.14) and (1.2.1) we

have that B B
Dy < e ®7d(n7) + (1 —e *7)D,

<e™CD, o+ (1 -e D,

<e®CD, s+ (1-e D,

<(1—-e ™1 -0C)D, s,
where the constant C' is defined in (1.2.5). So, setting

C=1-e"(1-0),

we can conclude that C' € (0,1) is the constant for which (1.2.6) holds true.
This implies that )

Indeed, by induction, if n = 1 we know from (1.2.6) that
D3 < CDy.

So, assume that (1.2.7) holds for n > 1 and we prove it for n + 1. By using again (1.2.6)
and from the induction hypothesis it comes that

D3ny1) < CDy, < CC"Dy = C™™ Dy,

ie. (1.2.7) is fulfilled.
Notice that (1.2.7) can be rewritten as

D5, < e®™7Dy,  Vn € Ny, (1.2.8)

11 1
=—In|l=]).
77537 C

Now, fix i,5 = 1,...,N and t > 0. Then, t € [3nT — 7,3nT + 27|, for some n € Ny.
Therefore, by using (1.1.8) and (1.2.8), it turns out that

with

|$Z(t) —Z;j (t)| S Dgn S 6_317'77_—D0.
Thus, being t < 3n7T + 27, then —3n7T < —t + 27 and we get
2a(t) = 2,(8) < €Dy,

Therefore,
d(t) < e Dy Wt >0,

and (1.0.1) is proved. O
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1.3 The continuum model

In this section, we consider the continuum model obtained as the mean-field limit of
the particle system when N — oco. Let M(IR?) be the set of probability measures on the
space IR?. Then, the continuum model associated with the particle system (0.1.5) is given
by

Oppi + div (F[p—rpy)pte) =0, ¢ >0,

ps=gs, r€RY se[-7,0] (1:3.1)
where the velocity field F' is defined as
Fl—rp)(z) = / Sl )y — ) du—r (y), (1.3.2)
R

and g, € C([~7,0]; M(R")).
We assume that the potential ¢(-,-) in (1.3.2) is Lipschitz continuous, namely there
exists L > 0 such that, for any (z,y), (/,9') € IR** ,

[h(z,y) — (@, y)| < L(ly — ¢ + v — 2'|).

Definition 1.3.1. Let 7' > 0. We say that u, € C([0,T); M(IR%)) is a measure-valued
solution to (1.3.1) on the time interval [0, T) if for all ¢ € C°(IR? x [0,T’)) we have:

/oT /]Rd (O + Flp—rn)(2) - Vo) dp()dt + /

» o(x,0)dge(z) = 0. (1.3.3)

Before stating the consensus result for solutions to model (1.3.1), we recall some basic
tools on probability spaces and measures.

Definition 1.3.2. Let pu, v € M(IR?) be two probability measures on IR?. We define the
1-Wasserstein distance between p and v as

di(p,v) = inf / |z — yldr(z,y),
m€ (V) JRA % RE

where II(u,v) is the space of all couplings for p and v, namely all those probability

measures on IR*! having as marginals p and v:

/RdXRdSO(x)dw(m,y) = /}Rd o(z)du(z), /Rdxmgo(y)dﬂ(ﬁy) :/]Rd e(y)dv(y),

for all ¢ € C,(IRY).

Let us introduce the space P; of all probability measures with finite first-order moment.
It is well-known that (P, (IR%),d,(,-)) is a complete metric space.
Now, we define the position diameter for a compactly supported measure g € P, (]Rd)
as follows:
dx[g] := diam(supp g).
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Since the consensus result for the particle model (0.1.5) holds without any upper
bounds on the time delay 7(-), one can improve the consensus theorem for the PDE
model (1.3.1) obtained in [37] removing the smallness assumption on the time delay 7(¢).
We omit the proof since, once we have the result for the particle system (0.1.5), the
consensus estimate for the continuum model is obtained with arguments analogous to the
ones in [37] and [88].

Theorem 1.3.1. Let y1; € C([0,T]; Pi(IRY)) be a measure-valued solution to (1.3.1) with
compactly supported initial datum g, € C([—7,0]; P1(IR?)) and let F as in (1.3.2). Then,
there exists a constant C' > 0 such that

dx () < ( max dX(gs)> e C vt >0.

s€[—7,0]

1.4 The distributed time delay case

Now, we extend the results obtained for the Hegselmann-Krause model with a point-
wise time delay to a model with distributed time delay. In particular, we consider the
system

d 1 t—71(t)
—x;(t) = — / Bt — s)bij(t; s)(xj(s) — xi(t))ds, t>0, Vi=1,...,N,
dt () == S

JigFi 2

(1.4.1)
where the time delay functions 7; : [0,+00) — [0,400), 72 : [0,400) — [0,+00) are
continuous and satisfy

0< () <m(t) <7 Vt>0, (1.4.2)

for some positive constant 7.
The communication rates b;;(¢; s) are of the form

1
sz(t, S) = mw(xl(t), xj<8)), Vi > 0, VZ,] = 1, ey N, (143)

where the influence function v : IR? x IR — IR is positive, continuous and bounded.
Moreover, §: [0,7] — (0, +00) is a continuous weight function and

T2(t)
ht) = / , Pads, vezo (1.4.4)

Note that, since we assume 71(t) < 72(t) and G(t) > 0, Vt > 0, then the function h(t) is
always positive.

As in Section 1.1, one can prove the following crucial lemma.

Lemma 1.4.1. Let {x;},—1.._n be a solution to system (1.4.1) with the continuous initial
conditions (0.1.16). Then, for each vector v € RY and for any T > 0, we have that

(%—(s),v) < <xi(t)vv> <  max s fnéf__C’T]<$j(S>’v>v (145)

min min
j=1,...,N se|T—7T] j=1,...,N s¢[T

forallt>T —7 and for allt=1,... N.
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Proof. First of all, we note that, for each v € IR? and T > 0, the inequalities in the
statement are satisfied for every ¢t € [T — 7, T.

Now, fix T > 0, a vector v € IR? and a positive constant e. Define the constant My and
the set K€ as in the proof of Lemma 1.1.1. Then, denoted as before S¢ := sup K¢, it holds

that 5S¢ > T.
We claim that S¢ = +o00. Indeed, suppose by contradiction that S¢ < +o00. Note that by
definition of S it turns out that

‘maXN(xi(t),w < Mrp+e, Vte(T,S), (1.4.6)

and
lim max (z;(t),v) = My +e. (1.4.7)

Foralli=1,...,N and t € (T, S), we compute
d 1 t—71(t)
T {wi(t),v) = W% /t_w) a(t — s)ag(t; §)(x;(s) — z;(t), v)ds
t—71(t)
ST O el 0. () ()0} — (o). ).

g 7m0
Notice that, being ¢t € (T, 5¢), then t — 7(t),t — 7 (t) € (T —7,5°) and
(xj(s),v) < Mp+e, Vse[t—m(t),t—7(t),Vj=1,...,N. (1.4.8)
Moreover, (1.4.6) implies that
(xi(t),v) < Mr+e€, Vte (T,59.

so that
Mr +e€— (z;(t),v) >0, Vte(T,5.

Combining this last fact with (1.4.8) and by recalling of (1.4.4), we can write

t—71(t)
< (t)v) < ﬁﬁg |l = syt () (M -+ = (). o)

—T2 (t)

K 1 t—m1(2)
— 1W(MT + e — (2;(1), v>)]%;i /tTZ(t) a(t — s)ds

IN
=2

t—11 (t)

1
= KW(MT +e— (x;(t),v)) /trg(t) at — s)ds

= K(MT +e€— <(L’Z~(t),1)>),

for all t € (T,5¢). Then, Gronwall’s Lemma allows us to conclude the proof of the second
inequality arguing analogously to the proof of Lemma 1.1.1. Also, the proof of the first
inequality is obtained similarly with respect to the pointwise time delay case. We omit

the details.
O]
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As before, one can define the quantities D,,, n € Ny, and prove the analogous, for
solutions to the model with distributed time delay (1.4.1), of the lemmas in Section 1.1
and in Section 1.2. Then, the following exponential convergence to consensus holds.

Theorem 1.4.2. Assume that ¢ : IR x R — IR is a positive, bounded, continuous
function and that the time delay functions 7 : [0,+00) — [0,+00), 7o : [0,+00) —
[0,4+00) are continuous functions and satisfy (1.4.2). Let « : [0,7] — (0,400) be a
continuous function. Moreover, let 2% : [—-7,0] — RY be a continuous function, for
any i = 1,...,N. Then, every solution {z;},—1__n to (1.4.1), with the initial conditions
(0.1.16) satisfies the exponential decay estimate

7'7]:1 77777 N T,Se[—%,o]

d(t) < ( max  max |z;(r) — x](s)\) e V2 >0,
for a suitable positive constant vy, independent of N.

The related PDE model is now:

] 1 t—Tl(t)
Oty + div (m/t at — s)F|us)ds ut> =0, t>0, (1.4.9)

—T9 (t)

ps =gs, x€IRY  se[-7,0],
where the velocity field F' is given by

Finl(@) = [ i)ty =) di o). (1410

and g, € C([—7,0]; M(IR?)).
As before, we assume that the potential ¢(-,-) in (1.4.10) is also Lipschitz continuous
with respect to the two arguments.

Definition 1.4.1. Let T > 0. We say that u, € C([0,T); M(IR%)) is a measure-valued
solution to (1.4.9) on the time interval [0, T) if for all ¢ € C*(IR? x [0,T)) we have:

T 1 t—71(t)
/0 /le (at(p i Wt) /tTg(t) a(t — s)Fps)(z)ds - Va:80> dﬂt<$)dt+/]Rd ¢(x,0)dgo(z) = 0.

Since the consensus result for the particle model (1.4.1) holds without any upper
bounds on the time delays 7(-), 72(-), one can improve the consensus theorem for the
PDE model (1.4.9) of [87]. Indeed, in [87], where the author concentrates in the case
71(t) = 0, the consensus estimate is obtained under a smallness condition on the time
delay. The proof is analogous, then we omit it.

Theorem 1.4.3. Let y1; € C([0,T]; P1(IRY)) be a measure-valued solution to (1.4.9) with
compactly supported initial datum g, € C([—7,0); PL(IRY)) and let F as in (1.4.10). Then,
there exists a constant C' > 0 such that

dx () < < max dX(gS)) et Wt >0.

s€[—7,0]
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1.5 Numerical tests

In this section, we present some numerical tests for the particle system (0.1.5) with
weights b;; in (0.1.3) defined via functions

¢<T7 T/) = 772(’70 - T/|) )

always positive but nonmonotonic.
In particular, we consider an oscillatory function

Y(r) = sin’r + T2 " € [0, 4+00), (1.5.1)
and a translated gaussian function like
D)y =e " re0,+00). (1.5.2)

These are significant examples since, besides the more studied case with 1/; monotonic,
it is important to consider some oscillatory behaviors in the agents’ interaction or interac-
tions which are more relevant when the distance between the agents is close to a certain
value.

In Figure 1.1 we see the evolution of agents’ opinions in the case of the interaction
potential of an oscillatory type defined in (1.5.1), respectively for N = 4 (in the top) and
N =7 (in the bottom), considering time delays 7 = 3 and 7 = 10. We see that, after
an initial oscillatory behavior, the system tends towards consensus. In case of the larger
time delay, in order to observe the consensus behavior we have to wait a larger time (we
take the time ¢ € [0,60] in the case 7 = 10 while ¢ € [0, 40] is enough for 7 = 3.).

In Figure 1.2 we observe the opinions’ evolution in the case of the potential function
(1.5.2). We consider different time delays and, as in the previous case, N =4 or N = 7.
Also in such a case, we can see that the system converges to consensus after an initial
oscillatory behavior. In the case of a larger delay, the convergence to consensus can be
observed after a larger time. In particular, in the case of N = 7 agents, we first observe
the formation of two clusters. This is related to the form of the influence function.
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Figure 1.1: Communication rates (1.5.1): time evolution of solutions with different time
delays and number N of agents; 7 = 3, N = 4 (top left), 7 = 10, N = 4 (top right),
T =3,N =7 (bottom left), 7 = 10, N = 7 (bottom right).
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Chapter 2

The Cucker-Smale model with time
variable time delays

In this chapter, we will prove the exponential flocking for the Cucker-Smale model
with time variable time delay (0.1.24). All the results we will present in this chapter are
contained in [40].

Theorem 2.0.1. Assume that 2/? : IR — IR s a positive, bounded, continuous function
that satisfies

+o0o
/ min (r)dz = 400, (2.0.1)
0 rel0,z]
Assuma that T : [O o0) — [0,+00) is a continuous functions for which (0.1.7) holds.
Moreover, let 29,00 : [-7,0] — RY be continuous functions, for anyi=1,...,N. Then,
for every solution {(xz,vz)} ..... ~ to (0.1.24) with the initial conditions (0.1.28), there
exrists a positive constant d* such that
sup dx(t) < d*, (2.0.2)
t>—7

and there exists another positive constant C, independent of N, for which the following
exponential decay estimate holds

dy(t) < ( max  max |v(r) — vj(s)|) e U2t > 7 (2.0.3)
t,j=1,....,N rse[-7,0]

Remark 2.0.2. Let us note that, if the influence function ¢ is nonincreasing, then the
assumption (2.0.1) reduces to

+oo

Y(x)dr = +oo. (2.0.4)

The condition (2.0.4) is the one assumed in [101] in order to achieve the unconditional
flocking for solutions of the Cucker-Smale model.

18
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2.1 Preliminaries

We now present some auxiliary lemmas that generalize and extend the analogous
results in [101]. We omit some of their proof since they can obtained with analogous
arguments to the ones employed in Chapter 1. We assume that the hypotheses of Theorem
2.0.1 are satisfied. Let {z;,v;},—1._n be solution to (0.1.24) under the initial conditions
(0.1.28).

Lemma 2.1.1. For each v € IR? and T > 0, we have that

1 1 ; < (v; < ; 1.
[nin min (i), v) < (vilt),v) < max,  max (vi(s),v), (2.1.1)

forallt>T -7 andi=1,...,N.
We now introduce some notation.

Definition 2.1.1. We define

Do = e, fei(s) = i (O,

and in general, Vn € N,

D, = i(s) —v;(t)].
el ()

Notice that inequality (2.0.3) can be written as
dy(t) < Doe €2 vt > 7,
Lemma 2.1.2. For each n € Ny we have that
D1 < Dy (2.1.2)
Also, one can find a bound on |v;(t)|, uniform with respect to ¢t and i =1,..., N.

Lemma 2.1.3. For everyt=1,..., N, we have that

lvi(t)| < Ry, Yt > -7, (2.1.3)
where

R(‘)/ = z:r111a><;N Sér[l_a;(()]|vi(s)|.

The previous lemma does not allow us to deduce a bound from below for the commu-
nication rates, as we did in Chapter 1. Indeed, in the case of the Cucker-Smale model,
the communication rates depend on the distance between the agents’ positions. To find
a bound from below for the influence function, we need instead the following estimate.
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Lemma 2.1.4. For everyi,j =1,..., N, we get
lzi(t — (1)) — 2;(t)] < 27RY +4AMS +dx(t —7), Vt >0, (2.1.4)

where
0 ._ .
My = imhoy sé?_a?fm‘xl(s)"
Proof. Given i,7 =1,...,N and t > 0, we have
|zi(t = 7(t)) — x;(0)] < |2t = 7(t)) — @it = 7)]
+lzi(t —=7) —x;(t = 7)| + |z;(t = T) — z;(t)] (2.1.5)
<ot = 7(t) — @it = 7)| + dx (t — 7)|a;(t = 7) — ()]

Now, assume ¢ > 7. Then both ¢t — 7,¢ — 7(¢) > 0 and from inequality (2.1.3) we get

t—7(t)
/ vi(s)ds| <
t—7

jzi(t = 7()) = zi(t = 7)| =

and .
it =) =01 = |- [ oiras] <

Thus, (2.1.5) becomes

l2i(t — 7(t)) — 2;(t)| < 27RY, + dx(t — 7).

On the contrary, assume that ¢ < 7. Then t — 7 < 0 and from (2.1.3) we get

|2t = 7) — ;)| =

%@—ﬂ—%w—évmmS

t
sm@—ﬂ—%mwﬁ/mwwS
0
<2MY +tRY), < 2MY + TRY.

Note that our assumption, ¢t < 7, does not imply that ¢t — 7(¢) < 0. So we can distinguish
two cases.
If t —7(t) > 0, then

jzi(t = 7(t)) = wi(t = 7) =

t—7(t)
mm+£ vi(s) ds — ay(t — 7)

t—7(t)
<Sln —ntt=D+ [ luolds

<2MY + (t—T()RY, < 2MY +tRY, < 2M$S + 7RY,,
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and (2.1.5) becomes

lzi(t — 7(t)) — 2;(1)] < AMY + 27R) + dx(t — 7).
On the other hand, if t — 7(¢) < 0, we have

lzs(t — 7(t)) — 23 (t — 7)| < 2MY,,

and we can write

2 (t — 7(t)) — 2;(t)| < AMS + TRY, + dx(t — 7).
We have so proved that, in all cases,

lzi(t — (1)) — ()| < AMS + 27RY, + dx(t — 7),

which proves (2.1.4).

21

]

In the following, given t > —7, i,j = 1,..., N and a vector v € IR?, we shall denote

with -
A (1) = (v,(t) — vy(1),v).

Lemma 2.1.5. For alli,j =1,..., N, unit vector v € R? and n € Ny, we have that

dgj)v (t) < e—k(t—to)dgj)v (t[)) + (1 _ e—f((t—to))Dm

for allt >ty > n7. Moreover, for each n € Ny it holds

Dn+1 S G_K‘de(’fwt) + (1 — Q_K?)Dn.
Proof. Given n € Ny, for each v € IR? unit vector, let denote with

M =
l:r{l,a{(N se[gﬁgnf] <Ul(5>, U>,

m= min _min _(u(s)v).

Then M —m < D,,. We claim that, for all 7,7 =1,...,N, t > tqg > nT,

(v;(t),v) < G_R(t_t0)<vi(t0)7v> T (- e—f((t—to))M7

<Uj<t), U> > e—K(t—t0)<Uj (to), U> + (1 _ G_K(t_t0)>m,
So, fix 4,7 =1,...,N and t > ty > n7. Then, being t > 0, we have

2 fwi(t),v) = > aa(t)(ult — () — vi(t),v)

(2.1.6)

(2.1.7)

(2.1.8)

(2.1.9)
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We recall that a;(t) = N— U(|zi(t) — 2yt — 7(t))]). Thus, being ¥ a bounded function,
we can write a;(t) < . Furthermore, t > n7, which implies that ¢ — 7(t) > n7 — 7.
Then, by virtue of (2.1. e have that

m < (vp(t —7(t)),v) <M, m < {v(t),v) <M, Vk=1,... N.

So, combining all these facts, (2.1.9) becomes

2 (wi(t),v) = Y aa®)((u(t = 7(1),0) = M + M — (vi(t), v))

dt l:l#1
< Zaﬂ(t)(M - <Uz(t)vv>)
IHE
< e ST (1))
l:#4

= K(M — (vi(t),v)).

Then, from the Gronwall’s inequality with ¢ > ¢, we get
<Ui<t>7v> < e_ftto de('Uz(tO / KM@ fto Kdv— ft Kd”

_ eff((t—to)@i(to) >+M€ K(t— t0)< K(t—to) _ 1)
= e KO=10) (4, (tg), v) + (1 — e K=Y pr,
Hence, it holds )
(i), v) < e K (0 (t0), v) + (1 — e K=, (2.1.10)

for every i = 1,...,N, t > ty > n7 and unit vector v € IR?Y which proves the first
inequality in (2.1.8).

Now, to prove the second inequality in (2.1.8),let j =1,..., N, t > t; > n7 and a unit
vector v € IR%. Then, we can apply (2.1.10) to the unit vector —v € IR¢ and we get

(vi(t), —v) < e_f((t_t())(vj(to), —v) + (1 — e_f((t_t())) ( max  max (u(s), —U>) :

I=1,...,N s€[nT—7,n7]

from which

(v(t),v) > e_k(t_t(’)(vj(to), vy + (1 — e_f((t_t[’)) (— max - max (vi(s), —v))

=1,...,N s€[nT—7,n7]

= e‘K(t_tO)(vj(to), vy + (1 — e_f{(t_t‘)))m.
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Therefore (2.1.8) holds true.
Now, from (2.1.8), for each i,j = 1,..., N, v € IR? unit vector and t > t, > n7, we have

dy (1) = {uilt) = v;(1),0) = (wa(t)(1),0) = (v, (t), )
< e KW (i), 0) (1= e KM — K0 0, (10), ) = (1= e K )m
= KU (o) — vy (to), v) + (1= e KT (M —m)
= e Kt giv (10) 4 (1 — e KE0)) (M — m).
Then, by recalling that M —m < D,,, we finally get
Ay (1) < e KUd (1) + (1 — e KU D,

which proves (2.1.6).
Finally, we prove (2.1.7). Let 4,5 = 1,..., N and t1,t3 € [nT,nT + 7] be such that

Dyy1 = [vi(ty) — v;(t2)].
Note that, if D, = 0, then trivially
e‘fﬁdv(m_') + (1 - e_fﬁ)Dn >0=D,4.
So we can assume D, 1 > 0 and we define the unit vector

vi(t1) — v;(t2)

O ot — ()]

By applying (2.1.8) with tg = n7 < t1, s, we get

(vi(t),v) < e KO (4 (n7), v) + (1 — e KO g
= e K0=nD) (4, (n7),0) — M) + M
< e K7 ((v;(nF),v) — M) + M

= e 5T {v;(n7),v) + (1 — e *T)M,

where we used the fact that ¢, < n7 + 7 and (v;(n7),v) — M <0, and

<vj(t2),v> > e~ K(t2—n7) (vj(n?‘),w + (1 o e—k(t2_n;))m

= ¢ K7D (4, (n7),v) —m) +m
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where we used the fact that ¢t < n7 + 7 and (v;(n7),v) —m > 0.
As a consequence, it holds

)
< e KT wy(n7) = v;(n7)|[v] + (1 — e K7 (M — m)
| )

< G_R%dv(nf + (1 — e *7)D,,

which concludes our proof. ]

2.2 Proof of the flocking estimate

Now, we give the following definition.
Definition 2.2.1. We define
R L 6—2[(?
o(t) :=min { e KTy, — )

7

where

)y = min {z/;(r) e [0, 27 Ry, +4MY + max]dx(s)] } ,

SE[—T,t
for all t > —7.

By definition, being 1/; a positive function, we have that 1@ > 0, for all t > —7. Thus,
the function ¢ is positive too.

Remark 2.2.1. Let us note that from estimate (2.1.4), forallt >0 and i, =1,..., N,
it holds that

D(|ai(t) — xi(t —7()]) = s,
from which

Y(lzi(t) — 25t = 7()]) = Tt — 7). (2.2.1)

Lemma 2.2.2. For each integer n > 2, we have that

D, < (1 e / W_T(;s(s)ds) D, . (2.2.2)

727

Proof. We first show that, for each n > 2,

dy (n7) < (1 — / " é(s)ds) D, _s. (2.2.3)

VT —2T
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To this aim, let n > 2. Note that, if dy(n7) = 0, by definition of ¢ we have that

nF—7 _ nF—7 6—21?%
(1 —/ (b(s)ds) D, o> |1 —/ —ds | D,,_»
nF—27 nF—27 T

e—2K7
=|1——WM7T—T7—n7+27) | D>

e
= (1 - e_ﬂﬁ) D, 5> 0=dy(n7).
So we can assume dy (n7) > 0. Moreover, let ¢, j = 1,..., N be such that
dy (nT) = |v;(nT) — vj(nT)|.

We set,

v;(nT) — v;(nT)

" ) =y (7))

Then v is a unit vector for which we can write
dy (n7) = (vi(n7) — v;(n7),v) = d\7" (n7).

At this point, we distinguish two cases.

Case I. Assume that there exists ¢ty € [nT — 27, n7| such that dgj)”(to) < 0. Note that

(1 — /n::; qz(s)ds) > 1 — e 267,

Then, by using (2.1.6) with n7 >ty > n7 — 27, we have

dgj)u (m_') < 6—K(m‘—7t0)d§/ivj)u (to) + (1 . eff((m‘—fto))Dn_2

<(1- e_R("%_tO))Dn_g <(1- e_ﬂﬁ)Dn_g < (1 —/ qg(s)ds) D, 5.

727

Case II. Assume that dgj)” (t) > 0, for every t € [nT — 27, n7]. We set

M = l:I{l’a%(N sE[n?IPQ%-}’%;fﬂ <Ul<5)7 ’U>,

me= l:r{}.l{lN sG[nFI—gli—l,ln’F—ﬂ <UZ(S)7 U>‘

Then, M —m < D,,_;. Notice that, from (2.2.1), for each [,k =1,..., N and t > 0,

a(t) > %_

> (2.2.4)
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Thus, for every t € [nT — 7,nT|, it comes that

d

S =3 aal)(wt — (1) = vilt), ) + 3 aa(t)(es(6) — it - 7(t)), v)
Ll L:li
= 3 aa(t)((unlt = 7(8)),v) = M + M ~ (ui(t), )
Ll
+ 3 ant)((w5(0),0) = m+m — (ult = (1)), )
L:li

= Sl + 52.
We recall that ¢ is bounded and that, from (2.1.1),
m < (vg(s),v) < M, Vs>nT—-27Vk=1,..., N.

Combining these facts with (2.2.4), for every ¢t € [nT — 7,n7], it holds that ¢,¢t — 7(¢t) >
nT — 27 and we can write

s Lili
< ¢ Tzirb(: ™) %((vl(t — (1)), 0) — M) + %%}M — (ui(t),v))
KT H(t — 7) 2

and

L:l#j L:1#j
K "ot —7)
< m”gj(@g(t),’l/) )+ N1 ”gj(m— (v (t —7(t)),v))
KTt — 7)
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Hence, we get
S1+ 8 < K(M — (vi(t),0) + (v;(t), v) —m)
KTt —7)

e > (ot = 7(t),0) = M +m— (u(t — 7(t)),v))
Ll#i,j
P (e (1)) — M (e 7(0).0)
7 7)o efﬁﬁg(t —7)
= K(M —m — /" (1) + =77 (N = 2)(m — M)
F T oy b a0 7 (1),

Note that, being t € [nT — 7,n7], it holds that t — 7(¢t) € [nT — 27, n7|. Therefore, from
our assumption, we have d%}j )”(t —7(t)) > 0, from which follows that

KTt — 7)

) 21— 7y < D)

< 1 (m — M).

Thus, taking into account of the fact that M —m < D,,_1, we get

L) < RO - — a(0) + S XDy oy — 2y 4 ST g
= K(M —m —d?"(t)) + e57(t — 7)(m — M)
= (K — eX74(t — 7)) (M —m) — Kd" (t)
< (K = Rt — 7)) Dy — KdiP (1),

for every t € [nT —7,n7|. Then, from the Gronwall’s inequality, for every ¢t € [nT — 7, n7|,
we have

t

dgj)v(t) <e A Tded(ZJ (nT _7_) +D, (K— _ ekfé(s N %))e—(f;;_;Rdv—fiT TKdU)dS
= e_f((t_”ﬂf)d%/ D (nF — 7) 4+ Dn_y )o(s — 7)e” K(t=) 4
o gt o
= e_K(t_”TJ“T)d%/ 28 "(nT —T)+ Dy ( t — 7 / e Kl=9) (s — T)ds)

_ e—f((t—nf-‘r‘f‘)dgj)u (nT . 7_ +D,

Y
—_
I
S
3
\‘
JF
2
o)
b
Bl
3\“
ml
X
T
&
=Y
w
-l
ISH
»
N~
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In particular, for t = n7 it holds

dgj)”(m") < e_fﬁdgj)”(nf —T)+ Dy (1 P efﬁ/ e_k(”?_s)q;(s — T)ds)

< e g (nF — %) + D, (1 — e KT ekT/ b(s — f)ds) :
Notice that d%ﬁj)”(m" —7) < D, and that

K7 /nn_ 3(s — 7)ds > /nn_ 3(s — 7)ds.

7

So we can write

d%}j)”(n?) <e KD, 1+ Dy <1 —e KT - / o(s - T)ds)

= D,y (1 — /nn_ b(s — f)ds) .

Then, with a change of variable, we get

A7 (n7) < D,y (1— / gfs(s)ds),
nT—27

and, being D,y < D,,_5, we can conclude that
A" (n7) < (1 - / é(sms) Dy_s.
nT—2T

Therefore, (2.2.3) holds true.
Now, we are able to prove (2.2.2). Indeed, for each n > 2, from (2.1.7) and (2.2.2), it

immediately follows that

Dypir < e X7dy(n7) + (1 — e 51D,

N nT—T N _
< e K7 <1 — / gb(s)ds) Dy_s+(1—e ™D, _,

727

- <1 _ e K7 /W—T &(s)ds) D, _s.
nT—2T

.....

]

as
Do, t e |[-7,27]

PO =9 ppn) (1= [, dls)as)

1
3

, temrnr+7,n>2
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By construction, D is continuous and nonincreasing. Moreover, we claim that
D, <D(t), (2.2.5)

for all n € Ny and ¢t € [—7,n7]. To prove this, we first show that, for each n > 3,

N D(nT +7)
1—e K7 ds < —————~. 2.2.6
‘ /n%—2f As)ds < D(nT — 27) ( )
So, let n > 3. We split
1— e‘fﬁ/ d(s)ds
nT—27

ol

B B e nT—T ~ % B e nT—T 5 B e nT—T ~ %
a (1 ‘ /7;7_'—27" ¢<S)d$> (1 ‘ /7;?—27_' ¢(5)d$) (1 ‘ /717"—27_' ¢<S)d8) '

Now, it is easy to see that ¢ is a nonincreasing function. Thus, for each m > n,

[ b= [ dsas

727 mF—27

So we can write

1- e‘fﬁ/ o(s)ds
nT—27

< (1 — K7 /”f—* qg(s)ds) ' (1 — K7 /Tﬁ é(s)ds) ’ <1 — K7 /MH é(s)ds) '
nT—2T nT—T nt

_ D(n7—7) D7) Dn7+7) _ D(n7+7)
D(nT —27) D(nT —7) D(nT) Dint —27)

from which (2.2.6) holds true.
At this point, we are able to prove (2.2.5). By induction, if n < 2, from Lemma 2.1.2 we

can immediately say that
D,, < Dy =D(t),

for all t € [—7,27]. So we can assume that (2.2.5) holds for each 2 < m < n and prove it
for n + 1. From the induction hypothesis and by using again Lemma 2.1.2, we have

DnJrl S Dn S D(t)>

for all t € [-7,n7]. On the other hand, for all t € (n7,n7 + 7|, being n > 2, from (2.2.2)

we get o
D, < (1 — ef(T/ é(s)ds) D,,_s.

727
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From the induction hypothesis or from the base case, D,_o < D(t), for each t € [T, n7 —
27| So, in particular, D,,_o < D(nT — 27). Therefore, combining this with (2.2.6) and
with the fact that D is nonincreasing, we have that

D(nT +7) < DT +7)

Dn S ———F=Dn /. - o=\
=D —27) "2 T D(nr — 27)

D(nT —27) =D(nT +7)
for all t € (n7,n7 + 7], which proves (2.2.5).
Now, notice that, for almost all time

— d —d
dt sg[lax] X ’ X ‘

since max,e[—74 dx(s) is constant or increases like dy (t). Moreover, for almost all time

d
(0] < av(o)

To see this, let 7, j = 1,..., N be such that dx (t) = |z;(t)—=;(t)|. Obviously, if | £dx (t)| =

0, then

%dx( )’ =0 < dy(t).

So we can assume |$dy(t)| > 0. Notice that

d d d

S (0)? = Zlai(t) = 2O = 20ai(t) — 2i(0)] 3 hoilt) = 2,(0)
d

= 2|z;(t) — x;(t)] dth( ),

with |z;(t) — z;(t)| > 0, since otherwise dx(-) wouldn’t be differentiable at t. Also,

d
—(dx (1)) = 2(vi(t) — v;(8), @i(t) — (1)),

so that
d

[2i(t) — 2 ()] — dx (8) = (vilt) — v;(t), 2(t) — 2,(t)).
Thus,

o) = 20| x(0)] = (8 = 00 :) = a5(0)] < (0 = (e 0.

from which, dividing by |z;(t) — x;(t)], we get

Lot >' < Jus(t) — v;(8)] < dy(h)
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Therefore, for almost all time

d d

Next, let £ : [—7,00) — [0, 00) be the function given by

e—f(% 2%R9/+4M9(+Sm37§ dx(s) _ - e—ﬂﬁ
1) = D) + / T mind e min (o), S { dr.

3 0 o€[0,r] T

for all t > —7. By definition, £ is continuous. In addition, for each n > 2 and for
a.e.t € (nT,nT + 7), we have that

d d e—K? ] —QKT d
aﬁ(t) =—D(t)+ mln{ Kth, — } asg[la}t]dx( s)

d —Kr_d
= @D+ 500z max, dx(s).
and from (2.2.7) we get
d d e K7 .
L) < 2D + =50y (1),

Now, for a.e.t € (nT,n7T + 7), with n > 2, we compute

th( t) = —%D(nf) (1 _ o k7 /nt $<S)d8)§ )

7

Thus, for each n > 2 and for a.e.t € (n7,nT + 7),

d e KT D(nT)

Sew) < S50 | vt - :

dat k (1 —e~kr [ é(s)ds) ’
< 0 (1)~ D(n7))

Lastly, we can note that dy(t) < D(nT), since dy(t) < D,41 and D, ; < D(nT) from

inequality (2.2.5). Then, we get
d

dt

for a.e.t € (n7,n7T + 7) and for each n > 2. Integrating (2.2.8) over (27,t) for t > 27 it
comes that

Sre) < (2.2.8)

L(t) < L(27). (2.2.9)
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Therefore, from (2.2.9), it holds

o~ K7 [27RY+AMS+ ergt]dx(s) - ~ e2K7T
3 / e min { e %7 min ¥(0), dr < L(27), (2.2.10)
0

o€l0,r] T

for all t > 27. Letting t — oo in (2.2.10), we finally get

K7 27RY, +H4AMS+ sup  dx(s) o ~ eqiﬁ
/ selmmee) min { e *7 min (o), dr < L(27).  (2.2.11)
0

oel0,r] T

3

Finally, since the function ¢ satisfies property (2.0.1), from (2.2.11), we can conclude that
there exists a positive constant d* such that

27RY, +AMY + sup dx(s) < d*. (2.2.12)

SE[—T,00)
Indeed, assume by contradiction that

27RY, +4M% + sup dx(s) = +oo. (2.2.13)

SE[—T,00)

Then, equation (2.2.11) reads as

+o00 _ » e—QRF
/ min { e *7 min ¥(0), — dr < L(27) (2.2.14)
0 o€l0,r] T

Now, two different situations can occur.

Case I) Assume that, for all r € [0, 4+00),
o 2K7 - _

< e 57 min (o).

T o€0,r]

+o00 o ~ e—Zf('F +oo 6—2I~('F
min { e *7 min ¢(0), — dr = —dr = 400,
0 c€l0,r] T 0 T

which is in contradiction with (2.2.14).
Case IT) Assume that there exists 1 € [0, 4+00) such that

Thus,

- e 2K7T
e 5T min (o) <
o€[0,r1]

Note that, for all » > rq, it holds that

min ¥(o) < min (o),

o€l0,r] o€[0,r1]
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from which

- B e 2K7T
e 57 min (o) < ——, Vr>ry.
o€l0,r] T

Thus, using (2.0.1) we can write

+oo _ 5 e 2K7T +00 o ~ o—2K7
/ min { e *7 min ¥(0), — dr > / min { e *7 min ¥(0), — dr
0 o€[0,r] T - o€l0,r] T

400 N
= er/ min ¢ (o)dr = +oo.
- o€l0,r]

Hence, also in this case we get a contradiction.
As a consequence, in all the two possible situations we get a contradiction and we deduce
the existence of a positive constant d* for which inequality (2.2.12) is fulfilled.

Finally, we define
_ 2K
¢* :=min<{ e KTep,, — 5
pe

where

Yy = rg[%)l,{il*] 77[](7“)

Note that ¢* > 0, being ¢ a positive function. Also, from (2.2.12), it comes that
¥, < min {zﬁ(r) T E {O, 27RY, + 4AMY + ér[l_a;(t] dX(S)} } = 1y,

for all t > —7. Thus, we get .
9" < o(t), Vi=-T.

This implies that, for each n > 2

oo o) < (e )

ol

with (1 — e*f(%gb*?)S < 1.
Next, we set

1 1
C = Tln <—~_ ) > 0
37 1 — e_KTﬁb*’?_'

Notice that C' is a constant independent of N. Moreover, we have

- 1
(1 _ e—K?qb*,f) 3 — 6—0?7
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so that (2.2.15) becomes

N nF4F 3 )
(1 — e_Kf/ ¢(s)d8) <e 97, Vn>2 (2.2.16)
Now we claim that, for each n > 2, it holds
D(n7) < Doe C=27, (2.2.17)

Indeed, by induction, if n = 2 then trivially D(27) = Dy and the claim holds. So suppose
(2.2.17) holds true for n > 2 and prove it for n 4+ 1. From the induction hypothesis and
by recalling of (2.2.16), we can write

nF4+7

P =P (1 v é(s)ds) |

< Doe—C(n—2)i—€—Ci- — Doe—C(n+1f2)i—_

7

Hence, from (2.2.5) and (2.2.17) it follows that, for each ¢ > 27, if t € (n7,n7 + 7), for
some n > 2,

dy(t) < Dpi1 < D(nF + 7) < Dye CH1=97 < pe=Cli=27),
Thus, combining this with the fact that, for all [—7, 27],
dy(t) < Dy < DyeCl=27),

we can conclude that estimate (2.0.3) holds too. O



Chapter 3

First and second-order Cucker-Smale
models with non-universal interaction,
time delay and communication failures

In this chapter, we will investigate the asymptotic behavior of solutions to the first
and second-order Cucker-Smale model (0.1.8) and (0.1.26). The aim of the analysis we
will carry out is to find conditions ensuring the asymptotic consensus for both models
(0.1.8) and (0.1.26), although the agents involved in the opinion formation or flocking
process could not communicate with all the other components of the system and could
suspend the interaction also with the agents to whom they are linked. As already pointed
out in the introduction, to deal with the non-universal interaction, we will consider a
network topology over the structure of the model. Moreover, consensus estimate will be
established for the two aforementioned systems under a Persistence Excitation Condition.
The results we will present in this chapter are contained in [39].

3.1 The first-order model

We start dealing with the first-order model. The consensus result we will prove for
system (0.1.8) is the following.

Theorem 3.1.1. Assume that the digraph G is strongly connected. Let ¢ : IRY x R —
IR be a positive, bounded, continuous function. Assume that the weight functions aj :
[0, +00) — [0,1] are L'-measurable and satisfy (PE). Moreover, suppose that the time
delay functions 7;; : [0,+00) — [0,400) are continuous and satisfy (0.1.9). Let a9 :
[—7,0] — IR¢ be a continuous function, for any i = 1,...,N. Then, every solution
{z;}iz1,..~ to (0.1.8) with the initial conditions (0.1.16) satisfies the following exponential
decay estimate

d(t) < < max  max |z;(r) — xj(s)\) e~ CU TN -y >, (3.1.1)

17]:1 7777 N 7’756[_’?70]

where v > 0 is the depth of the digraph, T is the positive constant in (0.1.12) and C' is a
suttable positive constant.

35
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3.1.1 Preliminary lemmas

Let {z;};—1._n be solution to (0.1.8) under the initial conditions (0.1.16). We assume
that the hypotheses of Theorem 3.1.1 are satisfied. We present some auxiliary lemmas.

Definition 3.1.1. Given a vector v € R?, for all n € Ny we define

Ly=n(y(T+7)+7)—7,n(y(T+7) +7)

v ; 1 :
i g, i o (s). ),
M;l’ ‘= max max <33j(5)av>'

j=1,....N sel,
Also, we define, for all n € Ny,

iy = min (z(n(:(T +7) +7),0),

77777

M = ,maXN(xj(n(v(T +7)+7)),v).

Lemma 3.1.2. For each vector v € R and for all n € Ny, we have that

my < (x;(t),v) < MY

n?

(3.1.2)
for allt > n(y(T'+7)+7)—7 and for anyi=1,..., N.

Proof. The proof follows using analogous arguments to the ones employed in Lemma 1.1.1.
However, in this case, with respect to Lemma 1.1.1 the weight functions a;; and the terms
Xij appear in the problem’s formulation. Nevertheless, one can still obtain an estimate
like (1.1.5) by using the fact that both x;;, o, < 1. O

Now, we define the following quantities.

Definition 3.1.2. For all n € N, we define

D = wlznlaXN gg}ﬂxz(r) — z;(s)]-

Let us note that, for n = 0,

Dos=, oy maghelr) = oy(8)l = o, o) = (o)

So, the exponential decay estimate in (3.1.1) can be written as
d(t) < e €T D vt > 0.
As in Chapter 1, from the previous Lemma, the following estimates can be derived.
Lemma 3.1.3. For each n € Ny, we have thal
|zi(s) —x(t)] < D,, (3.1.3)

for all s,t >n(y(T +7)+7)—T and for any i,7 =1,...,N.
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Remark 3.1.4. Note that (3.1.3) yields
d(t) < D,, Vt>n((T+7)+7T)—T. (3.1.4)
Moreover, from (3.1.3) it comes that
Doi1 < D,, VneN,. (3.1.5)

Also, the agents’ opinions are bounded by a constant that depends on the initial data
and, as a consequence, the communication rates are bounded from below.

Lemma 3.1.5. For everyi=1,..., N, we have that
zi(t)] < Co, V> -7, (3.1.6)
where

Co = (). 3.1.7
01= max sg[l_agfo]kv (s)] (3.1.7)

In particular,

@D(‘Tl(t),l’j(t—ﬂ](t))) Z¢0, thO,VZ,j: 1,,N, (318)
where
o := min  P(y, 2). (3.1.9)
lyl,|2|<Co

3.1.2 Consensus estimate

In order to prove the consensus result, we need the following crucial proposition,
inspired by a previous argument in [64].

Proposition 3.1.6. For all v € R?, it holds

mg + (MY —mg) < (z:(t),v) < Mg — (Mg — ), (3.1.10)

for allt € Iy and for alli=1,... N, where I' is the positive constant defined as follows
5\

[ e o KGGR s (Yol )\ 3.1.11

e N1 ( )

Remark 3.1.7. Let us note that, from (PE), I € (0,1) since ayy < aK < 1.

Proof. Fix v € RY. Let L = 1,..., N be such that (z(0),v) = mi. Note that from
(3.1.2), MY > m§. Then, for a.e. t € [0,7(T + 7) + 7], using (3.1.2) we have

S wnlt),v) = 3 xaons (s (s (¢ — 725(0), ) — (s (6),0)
jii#L
< 37 Xy (b ()M — (a1 (), v))
AL
K

<

D (Mg —{an(t),v) = K (Mg — (xL(t), v)).

N—-1 ~
Jg#L
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Thus, the Gronwall’s inequality yields
(zr(t),v) < e "z (0),0) + Mg (1 — ™)
— e—Kt ~ v —I—Mv(l o 6—Kt>
= Mg — e UM i)
< M(q)) e K (T+7)+7) (M(’;) o mg)
Hence,
(xp(t),v) < MY —e” (’7(T+’F)+7_')(MU M), Vit € [0,4(T +7) + 7). (3.1.12)

Now, let 74 = 1,..., N \ {L} be such that y;;, = 1. Such an index i, exists since the
digraph is strongly connected. Then, for a.e. ¢t € [7,v(T + 7) + 7|, from (3.1.12) we get

d
d xll Z X’Ll]allj z1]( )((Z‘](t — Tiyj (t))a U) - <Ii1 <t>7v>)
j#i1,L
a1 (0)bi, L(8) (Lt = 7i,L(1)), v) — (24, (1), )
<D i (O)xabi () (Mg — (@i, (1), 0))
J#i,L
o 1 ()b 2 () (Mg — efK(V(T”)H)(M” my) — (w3, (t),v))
= (Mg — (@, (¢ Z Xinj @iy (£)biy(£)
J#i,L
iy (8)bi (1) (Mg — e K0T (MG —ing) — (@i, (1), 0)) -
Note that
Z Xinj @iy ()i 5 ( Z Xinj iy (£)biyj (1) — iy 1. (1)biy 1.(t)
j#i,L J#i
KN;
Xinj = @ n(0)bip(t) = o= — @ ()bi ().

Thus, it comes that

(1)) < 3 (M — (i, (6, 0)) — a0, (O (M — (i (1), )

g, ()b () (M — e KO (MY —1ig) — (w4, (), v))

KNz v - T)+T v ~ v

= = 1Mo = (i (1), v)) — e XTI — g o, (8)biy 1. (¢)
KN; s 0

< v _ —K(H(T+7)+7) v ~ v 0

< (M = (o, (8),0)) — € (Mg = i) (8)
KN' o KN;,
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Hence, the Gronwall’s estimate yields

KNy

O (7), 0)) o My (1= e

<$i1 (t)vv> <e

- Yo ’ KNy
KO (g _ ey 0 / a1 (s)e™ M) g

KNy ~ KNy B
<e MM 4 ME(1 — e w1 7))

t
_e_K(W(T-H_')-I—T')(Mé’ _ mg)e—Kv(T+?) Yo / o, (s)ds

t
_ Mg . efK(Q’Y(T+7")+7")<M81 N mg)jv?/fo 1 / OzilL(s)ds,

for all t € [7,y(T + 7) + 7). In particular, for t € [T'+ 7,v(T + 7) + 7, we find

(i, (1), v) < Mg — e KOTHID (Mg — i) N¢f1d, (3.1.13)

where here we have used the fact that, from (0.1.12),

t T+7
/ a;,r(s)ds > / a;,(s)ds > &

Let us note that, if ¥ = 1, estimate (3.1.13) holds for each agent. If v > 1, let us consider
an index iy € {1,..., N}\{i1} such that x;,;, = 1. Then, for a.e. t € [T+27,v(T+7)+7],
from (3.1.13) it comes that

d

prCAC = D Xiagiay (Db (8) ((5(8 = 7ig (1)), 0) = (23, (£), 0))
J#i1,02
+ iy, (t)bi2i1 (t) (<xl1 (t — Tigiy (t))7 U) - <:Ui2 (t>7 U>)
< (Mg — (i (t Z Xinj Qg (£)biz ()

J#i,0

v - T)+T v ~ U w ~
T igiy (t)bizh (t) (MO — ¢ KT+ )(MO - mO)N _0 104 - <xi2 (t)v U) .
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Thus, arguing as above,

d KN, v v
g i (), v) < 5 (Mg = (@i (t), v)) = vigin (8)bisiy () (Mg — (202 (t), )

IN

+ai2i1 (t)bmu <t> (M(;) - e_K(Z’Y(T—Hi)—H-) (Mv 7 v) wo a— <xi2 (t)7 /U>>

N —1
KNiQ —K T ~ wo ~
MY — (e o (D AT+ (Mo _ i
N — 1( 0 <$l1 (t)’ U>) Qigiy (t)blzll (t)e ( 0) N — 1a
KNZ v — T)+T v ~ U wO ? ~
< O = (o (0).0) - (e <TI0y i) (21 a
KNZ v — T)+T v 5V 7700 ’ A KNZ
N—QlM — Qi (1) e KT+ )(M my) (m) o — N—21< i (t),v))

Again, using Gronwall’s estimate it comes that

KN;

2 (t—T7—27) - v BN i or)
v (25, (T +27),0)) + Mg (1 — e ¥ )

(23, (1), 0) < e

T 1/} 2 ¢ KNiy
_efK(Q’y(T+T)+T) (Mv ~ v) 0 & / Qi (S)e—ﬁ(t—s)ds
N -1 T

2 t
< MY — o~ KBy (T+7)- )(Mv mg) (N¢O 1) d/ Qiyi, (8)ds,
- T+27

forall t € [T+27,v(T+7)+7|. In particular, for t € [2T+27,v(T +7)+7], the condition
(0.1.12) yields

2
(25, (1), 0) < Mg — e KT (Mg — i) (Nw_ol) a2, (3.1.14)

Finally, iterating the above procedure along the path ig,%q,...,%., r <, that starts from
1o = L we find the following upper bound

~ k
l < MY — —K((k+0)/(T+7)~ (T2 1)(T+7)+7) MY —m Yo 1.1
(24, (1), v) ( 0) N_1)° (3.1.15)

forall 1 <k <randforallte k(T +7),7(T+7)+ 7]. In particular, if the path has

length ~, for k = ~, since E;’:_Oll = 7(72 Y inequality (3.1.15) reads as
~ N\
<$H( ) > < Mv —e K(%(72+37)(T+7")+T)(Mv ~v) (J\;b(fél) 7 (3.1.16)

forallt € [y(T'+7),v(T'+7) + 7.

Let us note that (3.1.16) holds for every agent in the path starting from iy = L for
t € (T +7),v(T +7)+ 7]. Then, from the arbitrariness of the path and since the
digraph is strongly connected, (3.1.16) holds for all the agents.
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Now, let R =1,..., N be such that M{; = (zr(0),v). Then, arguing as before, we get
(zg(t),v) > my(1 4+ e KOTEDD(Npv —mbY)), Vit € [0,7(T + 7) + 7. (3.1.17)

Employing the same arguments used above, we can conclude that

S\
(w5(t),v) > mg + e_K(%(VQJ“SV)(TﬂL*H?)(Mg —my) (J\%Oal) 7

forallt € [Y(T'+7),y(T'+7) + 7] and for all i = 1,..., N. Finally, we can deduce that
estimate (3.1.10) holds. O

The following proposition generalizes the previous one in successive time intervals. Its
proof is analogous to the previous one, so we omit it.

Proposition 3.1.8. Let v € R?. For any n € Ny, it holds

my + (M) —mp) < (z;(t),v) < My} —T(M} —m,), (3.1.18)
for allt € 1,11 and for alli=1,..., N, where I" is the positive constant in (3.1.11).

Now, we are able the consensus Theorem 3.1.1.

Proof of Theorem 3.1.1. Let {x;},—1__n be solution to (0.1.8) under the initial condi-
tions (0.1.16). Fix v € IR%. Let us define the quantities

D, =M —m., Vn e Ny,

where M, m? are the constants introduced in Definition 3.1.1. Note that, for all n € Ny,
we have D; > 0, being M} > m,.
Let I € (0,1) be the constant in (3.1.11). We claim that

DY, < (1-T)D%, VneN,. (3.1.19)

Indeed, fix n € Ng. Let 7,5 =1,..., N and s,t € I,,;1 be such that (x;(s),v) = M}, and
(x;(t),v) = my, ;. Then, applying Lemma 3.1.8, we can write
Dy =My —my iy = (zi(s),v) — (z;(t), v)

< My —mp —D(MY —1mp) — T(MY —mb).

n n

(3.1.20)

Now, we distinguish four cases. )
Case I) Assume that MY — m? =0 and M} —m2 = 0. Then, since from (3.1.2)

we get
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As a consequence, (3.1.20) becomes

D, ,<0=(1-0I)Dj.
Case IT) Assume that M? —m? = 0 and M? —m? > 0. Then, since from (3.1.2)
my, < M) < My =y,
we can write 3
M} = M.

As a consequence, (3.1.20) becomes

v
Dn+1

<MY —m? —TM?+Tm? = (1-T)(M’ —m?)=(1-T)D:.
Case III) Assume that M? — m? > 0 and M? — m? = 0. Then, from (3.1.2) we have

) ~ v rvo v
m, <m, <M, =m

n’

from which
~ U v
m, =m,.

As a consequence, (3.1.20) becomes
Dpyy < My —my — UMy + Ty = (1= T)(M,; —my) = (1-T)D,.

Case IV) Assume that M, —m, > 0 and M? —m? > 0. In this case, using the fact that
M} > mp, from (3.1.20) we get
Dy < (1=T)(My —mp) = TM;, + iy, < (1= T)(M,, —m;) = (1-T)D.

n

Hence, (3.1.19) is fulfilled.
As a consequence, since the positive constant I' in (3.1.19) does not depend on the choice
of the vector v, we find the following estimate:

Dy <(1-T)D,, VneN. (3.1.21)
To see this, fix n € N. Let ¢,5 =1,..., N and s,t € I,,;; be such that
Dy = lai(s) — 2,(0)].

Let us define the unit vector
zi(s) — z;(t)

" s — (0]

Then, using (3.1.2) and (3.1.19),
Dy = (i(s) = 2;5(t),v) = (wi(s),v) = (z;(t), v)
<My =My =Dy
<1 -D)D; = (1 -D)(M; —my)

<(1-T) , fmax  max |zg(r) — z(w)| = (1 = T)D,.
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Thus, (3.1.21) holds true.
Now, from (3.1.21) it comes that

D, < (1-T)"Dy, V¥n € N, (3.1.22)
Let us note that (3.1.22) can be rewritten as
D, < e 0TI D n € Ny, (3.1.23)

where

1 1
C_y(T+%)+fln<1—F)'

Now, let t > 0. Thus, t € [n(v(T+7)+7), (n+1)(v(T +7)+7)], for some n € Ny. Then,
using (3.1.4) and (3.1.23), it comes that

d(t) < Dn < e_nC(W(T—Ht)JF‘F)DO < e_C(t_’Y(T"F’F)—?)DO’

which concludes our proof. O]

3.2 The second-order model

Now, we focus on the second-order model (0.1.26). We will prove the following flocking
result.

Theorem 3.2.1. Assume that the digraph G is strongly connected. Let ¢ : IR — IR be a
positive, bounded, continuous function that satisfies

/Om (min @(r))vdt = +00, (3.2.1)

rel0,t]

where v is the depth of the digraph. Assume that the weight functions oy : [0, 4+00) — [0, 1]
are L'-measurable and satisfy (PE). Moreover, suppose thal the time delay functions
7ij + [0,+00) = [0,4+00) are continuous and satisfy (0.1.9). Let 29,00 : [-7,0] — IR be

continuous functions, for any i = 1,...,N. Then, for every solution {(x;,v;)}iz1,
(0.1.26) with the initial conditions (0.1.28), there exists a positive constant d* such that

sup dx(t) < d~, (3.2.2)

t>—7

and there exists a positive constant | for which the following erxponential decay estimate

holds

dy(t) < ( max  max ]l'UZ'(T) — vj(s)]> e M THN=T) -y >, (3.2.3)

i,j=1,....N rs€[-7,0
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Remark 3.2.2. Let us note that, if the function ¢} is nonincreasing and the interaction
is universal, i.e. v = 1, then the condition (3.2.1) reduces to
+o0
D(t)dt = +o0,
0

which is the classical assumption to obtain the unconditional flocking (see e.g. [101]).
Since here we deal with an influence function not necessarily monotonic and the interaction
is not universal, we require the stronger assumption (3.2.1) (cf. [40] for the case of
universal interaction).

3.2.1 Preliminary lemmas

Let {z;,v;}iz1,. n be solution to (0.1.26) under the initial conditions (0.1.28). We
assume that the hypotheses of Theorem 3.2.1 are satisfied. The following lemmas hold.
We omit their proofs since they can be proved using the same arguments employed in
Chapter 1 and in the previous section.

Definition 3.2.1. Given a vector v € R?, for all n € Ny we define

v o, 3 1 :
i = Imin, min (v;(s), o)
R, = max max (v;(s), v),

j=1,...,.N sel,
where, as in the previous section,

Ly =[n(y(T+7)+7) = 7,n(y(T'+7) + 7)].
Also, we define, for all n € Ny,

rp = min (v;(n(y(T' +7) + 7)), v),

Ry = j:rrll,z%?fN(vj(n(y(T +7T)+7)),v).

Lemma 3.2.3. For each vector v € R? and for any n € Ny, we have that

rn < (vilt),v) < Ry, (3.2.4)
forallt >n(y(T+7)+7)—7 and for anyi=1,... N.
Definition 3.2.2. For all n € Ny, we define

F, = ZnglaxN ggﬁv,(r) —vi(s)].

Remark 3.2.4. Let us note that

Foi= max maxo(r) —v(s)] = max = max [oi(r) = v;(s)].

Then, the exponential decay estimate in (3.2.3) can be written as

dy(t) < e PETHFD=DE - > 0.
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Lemma 3.2.5. For each n € Ny, we have that
vi(s) —v; ()] < Fy, (3.2.5)
forall s,t >n(y(T'+7)+7)—7 and for anyi,j=1,..., N.
Remark 3.2.6. Let us note that (3.2.5) yields
dy(t) < F,, Yt>n((T+7)+7)—T. (3.2.6)
Furthermore, from (3.2.5) it follows that
Fo <F, VYneN, (3.2.7)

Also, we can find a bound on the velocities |v;(¢)|, which is uniform with respect to ¢
and ¢ =1,..., N, and that depends on the initial velocities.

Lemma 3.2.7. For everyt=1,..., N, we have that
lwi(t)| <Gy, Vvt > -7, (3.2.8)
where
CY = max max}|vi(s)|. (3.2.9)

i=1,...,.N se[-7,0

Now, we provide the following result in which an estimate for the position diameters
is established. Since this result can be proved with analogous arguments to the ones
employed in Lemma 2.1.4 of Chapter 2, we omit its proof.

Lemma 3.2.8. For everyi,j =1,..., N, we gel
l2i(t) — 2(t — 755 (1)| < FCY + ME + dx(t), ¥t >0, (3.2.10)
where C) is the posilive constants in (3.2.9) and

MY = (8) — (D). 3.2.11
o = Tax S7trg[§§70]|ﬂc (s) — xi(t)] ( )

3.2.2 Flocking estimate

To prove the flocking result we need, as before, a crucial proposition. First of all, we
give the following definition.

Definition 3.2.3. We define

¢(t) := min {w(r) re [0,%00V + M% + max dX(s)] }

SE[—T,t]

for all t > —7.
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Remark 3.2.9. Let us note that from (3.2.10)
G(|i(t) — a;(t —75(1)]) > (t), VE>0,Vi,j=1,...,N.

from which )

N -1

ag;(t) > o(t), Vt>0,VYi,j=1,...,N. (3.2.12)

Proposition 3.2.10. For all v € R, it holds
rg -+ Tu(Ry — rg) < (ui(t),v) < Ry — Ti(Ry — 7p), (3.2.13)

forallt € Iy and for all 1 = 1,..., N, where I'y is the positive constant defined as follows

~ _ v\
T, = o~ KG (2439 (T+7)+7) <¢(7(T]\Jfr T)1+ T)a) _ (3.2.14)

Remark 3.2.11. Let us note that, from (PE), T'; € (0,1) since &K < 1.

Proof. Fixv € R% Let L =1,..., N be such that (v;(0),v) = 7. Note that from (3.2.4),
R{ > 7y. Then, for a.e. t € [0,7(T + 7) + 7], from (3.2.4)

Slonlt) o) = 3 xasons(Dass () ({us(t — mi5(6)), ) — (en(0) )
AL
< 3 s (Oa (O — (02(0),0)
Jig#L
< o S0 (B~ (un(0),0) = K (R~ (us(6),0)

ji#L

Thus, the Gronwall’s inequality yields

(vr(t),v) < e (vr(0),v) + Ry(L — ™)
= Ry — e N(Ry — 7))
< RS . 6—K(7(T+-F)+7‘—)(RS . 7:(1)})‘
Therefore, we have

(v (t),v) < Ry — e KOTHDAD(Re _ 5y - vt € [0,7(T + 7) + 7). (3.2.15)

Now, let ¢4 = 1,..., N \ {L} be such that y;;, = 1. Such an index 4; exists since the
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digraph is strongly connected. Then, for a.e. ¢t € [T, v(T + 7) + 7|, from (3.2.15) we get

d

d Ull Z Xh]allj all]( )((Uj(t - Tilj(t))7 U> - <Ui1 (t)v U))
Jj#i1,L

+oi, ()i, () (v (E = 73, 1.(2)), v) — (vi, (£),0))

<Y i ()X (D (R — (v, (8),0)

Jj#i,L

o (B)ain(t) (Ry — KO Ry 7)) = (v, (8),0))

= (R — (v (¢ Z Xinj @iy () iy (t)

J#i,L
o (t)ais(t) (B — e KO (Ry — 7)) = (03, (), v))
Note that

Z Xinj @iy (£) @iy (8 Z Xinj @iy (£) @iy (1) — aiqyp(t)ai (1)

J#i1,L YE

K KN,

< N_1 #ZL Xirj — Qiyn(t)ain(t) = i _11 — ay,n(t)ai, L(t).
11,

Thus, from (3.2.12) it comes that

0 (1), 0) < (R — (v (0), ) — () (R — (v, (6, )

i (Das o (1) (Ry — e KOTHIRY — 57) — (0, (1), 0))

RNl 0 (t) — T T U ~U

< N — 11 (RG — (viy (£),v)) — ailL(t)m R((T+7)+7 R - )
KEN;, o, o) _ Ao oy KN

A Ak v KO0 (R — 7p) N1 (v (1) 0)
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Hence, the Gronwall’s estimate yields

KN;

41 RNy, B
(i, (£),0) < ™ TN, (7),0)) + Ry(1 — e 71 77)

KN

_ o 1 N
e MO (R —fg)ﬁ[ ()i, L(s)e” 71 ds
N.

KN,

R+ Ry(1— e v

IA
o

(tff))

_ o _ B 1 t
—e  KOTHD7) (RY fg)e_KV(TM)ﬁ/ o(s)ai,L(s)ds

_ o ~ 1 t
= R! — e—K(Z'Y(T-‘rT)-FT)(Rg — Tg)ﬁ/ o(s)av, L (s)ds,

for all t € [7,v(T + 7) + 7). Note that, since ¢ is a nonincreasing function,

o(t) > o(y(T+7)+7), Vte|0,v(T+7)+T7]. (3.2.16)

Then, we can write

<U11( ) > < Rv K<27(T+‘F)+T (Rv ~v) gb(r)/(j;v_'__fi i 71) /t ahL(S)dS?

for all t € [7,v(T + 7) + 7). In particular, for t € [T+ 7,v(T + 7) + 7], we find

(T +7) +7) -

(03, (1), v) < Ry — e K gy QT T TG,

(3.2.17)

where here we have used the fact that (0.1.12) implies the following inequality

t T+7
/ a;,r(s)ds > / a;,(s)ds > &

Now, if v = 1, (3.2.17) holds true for each agent. On the other hand, if v > 1, let
us consider an index iy € {1,...,N} \ {i1} such that x;,;, = 1. Then, for a.e. ¢ €
[T+ 27,v(T + 7) + 7], from (3.2.17) it comes that

j (Wi (1),0) = Y Xiag i (8)aia (1) ({05 (t = Tig (1), 0) = (via (), 0))

J#i1,52
+ i, (t)aléil (t)<<vi1 (t — Tigiy (t))a U) - <Ui2 (t)7 U>)
< (RS = (Wi (1),0)) ) Xing@in ()5 (1)

JFi1,02

d(v(T +7) + 7)

T iyiy (t)aizil (t) (Rg - eik(Q’Y(TJr%)Jr‘F)(RS - 7;8) a— <Ui2 (t)v 1))) :
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Hence, arguing as above we obtain

d KN, )
a(viz (t)’ ’U> < N — (R <xi2 (t)v U)) — Qyiy (t)aizil (t) (RO - <Ui2 (t)v U))

ST +7)+7),

+ i, (D) aiy, (t) <RS _ 6—1?(27(T+%)+f)(R8 — )

KN;
<

< 0 Ry — (0 (1)) = v (e KT Ry — )

Again, using Gronwall’s estimate it comes that

KN;

- KN; B
=t (T2 0, (T 4 27),0)) + Ry(1 — e vt 7727))

<vi2 (t)vv> <e

¢(ngt?)2+ %)& - d)( igiy (S )e‘%(t—s)ds

oI +7)+7) . [
(N —1)? T427

forallt € [T+27,~v(T+7)+7|. In particular, for t € [2T +27,~v(T +7)+ 7], the condition
(0.1.12) and the inequality (3.2.16) imply that

7K(2’y(T+T +7) (Rv ~61)

< RS . €—I~((3'y(T+‘F)—T) (RS . fg)

¢( )Qiyiy (8)ds,

(11,(1), 0) < R — ¢ KT o _ o) (“3(7(?_? +f>> 2 (3218)

Finally, iterating the above procedure along the path ig,iy,...,7,., with r < v, starting
from ig = L we find the following upper bound

To N1 ;

(3.2.19)

forall 1 <k <randforallt e k(T +7),7(T + 7)+ 7]. In particular, if the path has
length ~, for k =, since » ' = 7(7 U inequality (3.2.19) reads as

~ &
R +1)y(T+ T Skl T4+ 7 _\ ~
<U'Lk< ) > < Ry K((k Dy(T+7)—( +7')( 1=0 l)—i—T (Rv Nv) <¢(7( + 7') 3>O‘

7 _ ~~\7
<Ui7 (t) > < RU — e_K( (V2 43)(T+7)+7) (Rv ~[1))) (Qb(’y(T]\—;_j)l—i_ T)Oé> ’ (3220)

for all t € [y(T'+ 7),7(T + 7) + 7]. Arguing as in Proposition 3.1.6, we can say that
(3.2.20) holds for every i = 1,..., N._
Now, let R =1,..., N be such that Rj = (vg(0),v). Then, arguing as before, we get

(vp(t),v) > ry + e KOTHDD(Rr oty g € [0,7(T + 7) + 7). (3.2.21)
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Employing the same arguments used above, we can conclude that

~ Y
v —K(1(»2 T)+T) ( DY v ¢(’7(T+7_—>+7_—)0~5
(1)) 2 1§ -+ e FEOED) —ro>>< Hnrne)

forallt € [Y(T'+7),y(T'+7) + 7] and for all i = 1,..., N. Finally, we can deduce that
estimate (3.2.13) holds. O

The following proposition extends the previous one in successive time intervals. We
omit its proof since it is analogous to the previous one.

Proposition 3.2.12. Let v € RY. For any n € N, it holds

ot Do (B =) < (ui(t),v) < Ry = T (R — 7)), (3.2.22)

forallt € 1,1 and for allt=1,..., N, where I',11 is the positive constant defined as

~ _ v\ Y
T = e KGOBNTH)+7) <¢((” * 1)(?\[@ Jlr )+ T>>a> , (3.2.23)

Remark 3.2.13. Let us note that from (3.2.22) it comes that

where T', 11 € (0,1) is the constant in (3.2.23).
Indeed, given n € Ny, let i,j = 1,..., N and s,t € I,41 be such that (v;(s),v) = Ry,
and (v;(t),v) =ry,,. Then, applying Lemma 3.2.12, we can write

Rp1 = 1 = (i(s),0) = (v(1), v)

i (3.2.25)
< Ry =1y = Do (R —77) = T (R — ).

Then, arguing as in the proof of Theorem 3.1.1, we get that estimate (3.2.24) holds true.
Also, setting C* := e_K(%(72+37)(T+7:)+7_—) (%)77 it holds that

Lo =C*(p((n+1)(v(T+7)+7)))", VneN,. (3.2.26)

As a consequence, (3.2.24) can be written as

By =7 < (L=C@0((n + (VT +7) + 7)) (R, —7), YneNo.  (3.2.27)
In particular, from (3.2.24) and (3.2.27), arguing as in Theorem 3.1.1, it comes that
Fpi < (1—Thi)F,,  Vn € N, (3.2.28)
or, equivalently,

Foun<(=C*(o((n+1)(v(T+7)+7)))EF,, Vne Ny, (3.2.29)
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Now, we are able to prove Theorem 3.2.1.

Proof of Theorem 8.2.1. Let {(z;,v;) }iz1
ditions (0.1.28). Let us define

~ be solution to (0.1.26) under the initial con-

.....

FnJrl
n - — Vn € Np.

=

Let us introduce the function & : [—7, +00) — [0, +00),

Fo, € -7, (T +7) +7,
£(t) = EMT +7)+7) (1T n+1<t— <<T+T> 7).
€ (T +7) +7), (n+ DT +7) + 7)), n > 1.

By definition, £ is continuous, positive and nonincreasing. Moreover, we claim that
F, <&@), vte[-T,n(v(T+7)+7)],Vn € Ny. (3.2.30)
We prove this by induction. For n = 1, from (3.2.7) we can immediately say that
Fy<Fy=E&t), Ytel|[-T,7(T+7T)+T].

Now, assume that (3.2.30) holds for some n > 1. We have to show that (3.2.30) is true
also for n + 1. From the induction hypothesis and by using again (3.2.7), we have that

Fop < F, <E(1),

n(y(T 4+ 7) + 7)]. It lasts to prove that F, 1 < E(t), for all t € (n(y(T +

for all t € [-7,n
+ 1)(v(T'+ 7) + 7)]. From (3.2.28), it comes that

7)+7),(n
E) > E((n+1)(y(T+7)+7) =EnMT +7) + D)L= Lora(V(T +7) + 7))
=(1—-Tpu1)Fn > Foia,

forall t € (n(y(T+7)+7),(n+ 1)(v(T + 7) + 7)], where in the above inequalities we
have used the fact that £ is nonincreasing. Hence, (3.2.30) is proven.
Now, for almost all time (see Chapter 2 for further details)

d d

Next, let us define the function W : [—7, +00) — [0, +00),

OV ME+ Jjmax _dx(s) - v
W(t) - (,-)/<T 4 7__) + 7_‘)8<t) + C* / €T, t+y(T+7)+7] ( mln w(o—)) dT7
0

o€l0,r]
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for all ¢ > —7. By construction, W is continuous. Also, for each n > 1 and for a.e.
te(n(y(T+7)+7),(n+1)(v(T+7)+7), from (3.2.6), (3.2.30) and (3.2.31) it follows
that

d d d
ad — =) 4 F)— * =) 4 7)) =
dtW(t) V(T +7)+7) dté’(t) + C* (ot + (T +7)+7)) pn Se[iitf(ﬂﬁ;{ﬁ)%)]dx(s)

< —EmYT+7) +7)C*(d((n+ 1)(Y(T +7) + 7))
+CH (Dt + T +7) +7)dy(t+ (VT +7) + 7))

S CF(=(@0((n+ DT +7)+ 7)) + (0((n + (AT +7) +7))7)) = 0.

Then,

d
EW@) <0, ae t>yT+7)+T, (3.2.32)
which implies
W) <WH(T+7)+7), Vt>9(T+7)+7 (3.2.33)

Now, by definition of W, being £ a nonnegative function, we have

7——03/+M5(+§€[_? z?a();—o—-FHf]dX(S) I !
C*/ sE€l-Tt4 (min 1/1(0)> dr <WH(T +7)+7),
0

o€l0,r]

for all t > v(T + 7) + 7. Letting t — oo in the above inequality, we can conclude that

7O§ +Mg*+  sup  dx(s) - v
o / s€[7,+o00) ( min 1/}(0)) dr <W(H(T +7) +7)). (3.2.34)
0

c€l0,r]

Finally, since the function ¢ satisfies property (3.2.1), from (3.2.34), we can conclude that
there exists a positive constant d* such that

7Oy + MF +  sup  dx(s) < d*. (3.2.35)
SE[—T,400)
Now, let us define R .
¢:= min U(r).

Note that ¢* > 0. Also, (3.2.35) yields
b < ot), Vt>—7. (3.2.36)
Then, from (3.2.29) and (3.2.36) we have
Fopy < (1—C*¢")E,, VneN,. (3.2.37)
Thus, thanks to an induction argument, we can write

Fn S (]_ — C*QB,)/)”F(), Vn € No.
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Note that the above inequality can be rewritten as
F, < e 0T+ F - Wp e N, (3.2.38)

where

1 1
W= — —In — .
e (o)
Finally, let t > 0. Then, ¢t € [n(v(T +7) + 7),(n+ 1)(v(T + 7) + 7)], for some n € Nj.
Then, using (3.2.6) and (3.2.38)
dy(t) < F, < e HO(THIHT) pr < o= plt=y(TH7)=7) [

)

which concludes our proof. O



Chapter 4

The Hegselmann-Krause model with
time delay and communication case:
the all-to-all interaction case

In this chapter, we deal again with the Hegselmann-Krause model (0.1.8). In partic-
ular, we consider the case in which x;; = 1, for all ¢,j = 1,..., N, namely the case of
all-to-all interaction. Note that, in this case, 7 = 1. Moreover, we suppose that 7,; = 7(¢),
for a.e. t > 0 and for alli,5 =1,..., N, where 7(-) is a suitable time delay function that
satisfies (0.1.9), i.e.

0<r(t) <7 Vt>0. (4.0.1)

Also, we assume that a;;(t) = a(t), for a.e. t > 0 and for all i,j = 1,..., N, where
a:[0,400) — [0, 1] is a suitable weight function that satisfies the Persistence Excitation
Condition (PE), that now reads as

(PE) there exist two positive constants 7" and & such that
t+T
/ a(s)ds > a, Vt>0. (4.0.2)
t

Without loss of generality, we can assume that K < 1 and that 7" > 7.

In this situation, the results in Chapter 3 for the first-order model can be improved.
Indeed, we have seen in the proof of Theorem 3.1.1 that the constant C' in the exponential
decay estimate depends on the number of agents N. Although the result 3.1.1 is very
general, the dependence of the number of agents in the decay estimate satisfied by the
solution’s diameter is not so good, especially when the number of agents becomes too
large.

So, in this chapter we will show that, in the case of universal interaction, the C' constant
in the exponential decay estimate (3.1.1) can be chosen independent of N, whenever the
time delay and the weight functions are not pair-dependent. The results in this chapter
are the analogous in [42].

The consensus result we will prove now is the following.

54
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Theorem 4.0.1. Assume x;; =1, foralli,j=1,...,N. Let 1 : RYxIR? — R be a pos-
itive, bounded, continuous function. Assume that the weight function « : [0, 4+00) — [0, 1]
is L'-measurable and satisfies (4.0.2) and that the time delay function T : [0, +00) —
[0, +00) is continuous and satisfies (4.0.1). Let 29 : [-7,0] — R? be a continuous func-
tion, for any i = 1,...,N. Then, every solution {z;},—1__n to (0.1.8) with the initial

77777

d(t) < ( max  max |x;(r) — x](s)|) e~ CUTSTHED vyt >, (4.0.3)

where T is the positive constant in (0.1.12) and C is a suitable positive constant, inde-
pendent of N.

4.1 Proof of the consensus estimate

Let {z;}i=1.. n be solution to (0.1.8) under the initial conditions (0.1.16). We as-
sume that the hypotheses of Theorem 4.0.1 are satisfied. Let us first give the following
definitions.

Definition 4.1.1. Given a vector v € IR, for all n € Ny, we define

mz = z:r{%lr,lN se[nrélig,rLT} <$i(8)’ U>7

M? = , .
" j:rrllf.i..)::]\/ se[nrﬂr“l%;(,nT] <117](5), U>

Definition 4.1.2. For all n € Ny, we define

Dn = z,]r:nl?JX,N r,sG[%a—);,nT]ymi(r) ] (S>|

Let us note that

Do= e, o) = ()l

So, the exponential decay estimate (4.0.3) can be rewritten as
d(t) < Doe”CU=3T47) e > 0.

In this chapter, we won’t prove the asymptotic consensus with the method provided in
Chapter 3, namely we won’t refine the estimate in Lemma 3.1.2 to obtain an estimate like
(3.1.18).

We will rather use a similar approach to the one employed in Chapter 1. In particular,
we need the following fundamental results. Since they are analogous to the correspondent
results in Chapter 1 and Chapter 3, we omit their proofs.

Lemma 4.1.1. For each vector v € R® and for all n € Ny, we have that
mt < (a(t), v) < M, (4.1.1)

for allt >nT — 7 and for anyi=1,...,N.
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Lemma 4.1.2. For each n € Ny, we have that
|z;(s) — xj(t)| < D, (4.1.2)
for all s,t > nT — T and for any 1,5 =1,...,N. In particular,
d(t) < D,, Vt>nT-—T. (4.1.3)
Remark 4.1.3. Let us note that from (4.1.2) it comes that
D, <D,, VnéeN,. (4.1.4)
Lemma 4.1.4. For everyi=1,..., N, we have that

|z;(t)] < Cp:= max  max |x;(s)|, Vt>—T. (4.1.5)
i=1,...,.N se[-7,0]

In particular,

(zi(t), xj(t — 135(t))) > o := min Y(y,z), Vt>0,Vi,j=1,...,N. (4.1.6)

|y‘7|Z‘SCO
Lemma 4.1.5. For alli,j =1,..., N, unit vector v € IR? and n € Ny, we have
(i(t) = 2(t),0) < e K ay(F) = a5(8),0) + (1 = e *EI) Dy, (4.1.7)

forallt >t >nT.
Moreover, for all n € Ny, we get

Dus1 < e K7d(nT) + (1 — e ¥7)D,. (1.1.8)
Now, we prove Theorem 4.0.1.

Proof of Theorem 4.0.1. Let {z;},—1_.n be solution to (0.1.8) under the initial conditions
(0.1.16). We first claim that there exist a positive constant C* € (0, 1), independent of
N € N, such that

d(nT) < C*Dy—9, Vn>2. (4.1.9)

Indeed, let n > 2. Note that inequality (4.1.9) is trivially satisfied if d(nT") = 0. So, we
can assume d(nT’) > 0. Let 4,5 = 1,..., N be such that d(nT) = |x;(nT) — x;(nT)|. We

define the unit vector
_xi(n(T) — x5(nT)

"7 e (nT) —;(nT)[

Then,
d(nT) = (x;(nT) — z;(nT),v).

Now, we distinguish two different situations.
Case I. Assume that there exists ¢ € [(n — 1)T — 7,nT] such that

(D) — 2,().v) < 0.
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Note that, being T' > 7, it holds nT > ¢ > (n—1)T — 7 > (n — 2)T. Then, we can apply
(4.1.7) and we get

d(nT) < e Wﬂ@ﬁwﬂmﬂ> (1— e K0T-0)p,
< (1—eKOTD)p, (4.1.10)
S (1 —e K(T+?))Dn72.

Case II. Assume it rather holds
(xi(t) — x(t),v) >0, Vte[(n—1)T—7,nT). (4.1.11)

Then, arguing as in Lemma 1.2.1 we get

%m(t) — (1), 0) < (K = hoa(t)) (M = my,_y) = K(i(t) = 2;(1), ),

for a.e. t € [(n —1)T,nT]. Hence, Gronwall’s inequality yields

(@i(t) = 2;(t),v) < e M ay(n = 1)T) — 2((n — 1)T), v)
M |\ —m, t K —a(s)) e K= (s,
O =) [ (= a(s)

for all t € [(n — 1)T,nT]. In particular, for ¢ = nT, it comes that

d(nT) < e T (z;((n — )T) — zj((n — 1)T),v)

nT
+mwﬁ—man/‘ (K — doals)) e KOT=9ds
(

n—1)T

nT
S (e—KT + K e—K(nT—s)dS
(n—1)T

nT
) / a(s)e_K(”T_s)ds> D, 1
(

n—1)T

nT
< (1 — woeKT/ a(s)ds) D, _,
(n—1)T

Then, since from the Persistence Excitation Condition (4.0.2) we have that
nT
/ a(s)ds > a,
(n—1)T

we get
d(nT) < (1 — e *Ta) Dyyoy < (1 — thoe X TT2DGE) D, s,

Now, we set
C* :=max {1 — e KT woe *Ta}. (4.1.12)
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Then, recalling of (4.1.10), we deduce C* € (0,1) is the constant for which (4.1.9) holds.

Finally, let us define
1 1

C=5 (1_6_”(1_0*)). (4.1.13)

Then, arguing as in Theorem 1.0.1, we can conclude that C', that does not depend on N,
is the positive constant for which the exponential decay estimate (4.0.3) is fulfilled.

O
4.2 The continuum model
Now, the continuum model associated with the particle system (0.1.8) is given by
Oppe + div (Fpp—ry]pe) =0, >0,
s =gs, v €IRY se[-70], (42.14)
where the velocity field F' is defined as
Flitg-ro) () = / ()b, )y — ) dueov), (4.2.15)
R

and g, € C([—7,0]; M(IR?)).
As in Chapter 1, we assume that the potential ¥(-, -) in (4.2.15) is Lipschitz continuous.

Definition 4.2.1. Let 7' > 0. We say that u, € C([0,T); M(IR%)) is a measure-valued
solution to (4.2.14) on the time interval [0, T) if for all ¢ € C>°(IR? x [0,T)) we have:

[ @t Flec o) Vo) s [ ot 0dmir =0, (1216)
Since the consensus result for the particle model (0.1.8) holds without any upper
bounds on the time delay 7, one can deduce the following consensus theorem for the PDE
model (4.2.14) without requiring a smallness assumption on the time delay 7. We omit
the proof since, once we have the result for the particle system (0.1.8) with estimates
independent of the number of agents, the consensus estimate for the continuum model is
obtained with arguments analogous to the ones used in [37] and [88]. On the other hand,
we formulate the theorem since the ones stated in |37, 88| require an upper bound on the
time delay size inherited from the result for the particle system. Now, the more general
result for the ODE system (0.1.8) allows us to extend the applicability of the convergence
result for the continuum model (4.2.14).

Theorem 4.2.1. Let y1, € C([0,T]; PL(IRY)) be a measure-valued solution to (1.3.1) with
compactly supported initial datum g, € C([—7,0]; PL(IRY)) and let F as in (1.3.2). Then,
there exists a constant C' > 0 such that

dx () < ( H[laXO} dX(gs)) e C vt >0.



Chapter 5

Opinion formation and flocking models
with attractive-repulsive interaction

In this chapter, we analyze first and second-order Cucker-Smale models with attractive-
repulsive interaction. We will find conditions ensuring the asymptotic consensus for both
models (0.1.17) and (0.1.29), despite the agents repeal each other in the intervals of neg-
ative interaction, i.e. in which «(t) = 1. Compensating the behaviour of the solutions to
the considered models in the bad intervals, i.e. the intervals in which the agents repeal
each other, with the good behavior in the intervals in which the influence among the agents
is positive, we establish the convergence to consensus for the Hegselmann-Krause model
with attractive-repulsive interaction (0.1.17) and the exhibition of asymptotic flocking for
the Cucker-Smale model with attractive-repulsive interaction (0.1.29) under quite general
assumptions. The results contained in this chapter are taken from [43].

5.1 The Hegselmann-Krause model

In this Section, we deal with the first-order model (0.1.17). For solutions to (0.1.17),
the following consensus result holds.

Theorem 5.1.1. Let ¢ : R? x RY — IR be a positive, bounded, continuous function.
Assume that the sequence {t,}, of definition (0.1.19) satisfies (0.1.20). Assume also that
the following conditions hold:

K (t2pra—tapt1)

Zln <2 _ eK(tngtsz)) < +00, (5.1.1)
p=0

E In (max {1 — € (t2p1—t2p) 1- _1/;0,(1 — € (t2p-+1 t2p))}> = —0 (5 1 2)
s , .
p=0

where
Yo := min ¢(ya Z)v (513)

lyl,|z|<MO

99
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being

MO = K Xp=oltzra=tast) max |3;(0)]. (5.1.4)
i=1,...,N

.....

Then, every solution {x;}i=1
to consensus.

.....

Remark 5.1.2. Let us note that condition (5.1.1) implies that

+oo
Z(t2p+2 — t2p+1) < 400, (515)

p=0

so that the quantity M° in (5.1.4) is finite and it makes sense to consider the minimum
given by (5.1.3). Indeed, being e®(2p+2=%20+1) > 1 it turns out that

9 _ Kltzpra—top1) 1

Then, using (0.1.20), from the above inequality it comes that
1

1
< 2 _ eK(t2p+2_t2p+1) !
from which K( )
toptra—topt1
6K(t2p+2_t2p+1) < € ’ ’
9 _ eK(t2p+2_t2p+l)
Hence,
00 00 K (tapra—tapt1)
K E t —t < E In :
( 2p+2 2p+1) > 2 — eK(tap+2—tap+1)
p=0 p=0

So, (5.1.1) implies (5.1.5). As a consequence, from (5.1.5) we deduce that to, 0—t9,11 — 0,
as p — 0.

Remark 5.1.3. Assume that

1 K
tont+1 — bon > ? In (1 + %> , Vn € Ng. (516)

Note that In (1 + %) > In 2, so that

topt2 — topt1 < togr1 — tog, VD, q € No.

Then, in this situation the condition (5.1.2) can be simplified. Indeed, for all p € Ny,
from (5.1.6) we have that

K
K(t2p+1 — tgp) > In (1 + —) R
Yo
which implies
1

e K(t2pr1—tap) —.
14 =
Yo
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Then,

1#0 —K(t ¢ 1/}0
1 R 2p+1—t2p) < =
( TK)C K’

and this gives
@ (G—K(t2p+1—t2p) _ 1) < —e K(t2pt1—t2p)

K
Thus,
Yo —K(t —tap) —K(t —tap)
1—=—=1(1-— 2p+1—12p <1_ 2p+1—12p
K ( € ) € )
and

max {1 _ e_K(t2P+1_t2p)7 1 — %(1 _ e—K(t2p+1—t2p))} —1— e_K(t2p+1_t2p)'
So, (5.1.2) becomes
“+oo
D I (1— e Klaata)) = oo, (5.1.7)
p=0
However, the above condition (5.1.7) is automatically satisfied. Indeed, we can assume

that
tont2 — tony1 < T, Vn € Ny,

for some T' > 0, eventually splitting the intervals of positive interaction into subintervals
of length at most 7. Then,

Zln (1- eiK(t?f’“*t?P)) < Zln (1- e’KT) = —00,
p=0 p=0
from which (5.1.7) is fulfilled. Thus, (5.1.6) implies (5.1.2).

5.1.1 Preliminary estimates

Let {z;};—1..~ be solution to (0.1.17) under the initial conditions (0.1.18). In this
section, we present some preliminary lemmas. We first give some results that are related
to the behavior of the solution {x;};,—1 _n in the intervals of positive interaction.
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AminN<a:j(t2n),v> < (xi(t),v) < maXN(:cj(tgn),v>, (5.1.8)

for allt € [ton, toni1] and i =1,..., N.

Proof. The proof follows using similar arguments to the ones employed in Lemma 1.1.1
of Chapter 1. O

As in Chapter 1, from the above Lemma one can deduce the following estimates.
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Lemma 5.1.5. For eachn € Ny and i,5 =1,..., N, we get
|zi(s) — z;(t)] < d(tan), Vs,t € [ton, tans1]- (5.1.9)
Remark 5.1.6. Let us note that from (1.1.8), in particular, it follows that
d(tons1) < d(ts,), Vn € Np. (5.1.10)
Now, we deal with the intervals in which the agents repeal each other.
Lemma 5.1.7. For each v € R? and n € Ny, we have that

4_minN<xj(tgn+2),v> < Axi(t),v) < EnaxN(xj(thH),v), (5.1.11)

for all t € [tony1,tonsa] andi=1,... N.

Proof. The proof follows using similar arguments to the ones employed in Lemma 1.1.1
of Chapter 1. O

As in Chapter 1, from the previous lemmas one can prove the following estimates.

Lemma 5.1.8. For eachn € Ny and 1,7 =1,..., N, we get
|zi(s) — z;(t)] < d(tanta), Vs, t € [tant1, tantal. (5.1.12)
Remark 5.1.9. Let us note that from (5.1.12), in particular, it follows that
d(tonio) > d(tani1), VYn € Ny. (5.1.13)

Also, in the intervals in which the particles attract each other, the solutions of the
system under consideration have a bound that is uniform with respect toz =1,..., N,
but that depends on the maximum value assumed by the opinions of the agents at the
left end point of the good interval. To this aim, let us define

M = max_ [z;(tn)], Vn € No. (5.1.14)

=1

-----

which is the same constant that appears in (5.1.4).

Lemma 5.1.10. For everyt=1,..., N, we have that
’xl(t)’ < M20n7 Vt € [t2n7t2n+1]7 (5115)

where MY, is the positive constant defined as in (5.1.14).
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Proposition 5.1.11. For all i,j = 1,..., N, unit vector v € IR? and n € Ny we have
that

(:(t) — 2;(1),0) < D ay(F) — 2y(B),0) + (1 — e K D)d(t,),  (5.1.16)
fO’I’ all t2n+1 Z t Z lT Z tgn.

Now, we find a bound from below for the influence function . As in the previous
chapters, this will be crucial to prove the asymptotic consensus. However, in this case,
the bound from below on the influence function requires finer arguments with respect to
the analysis carried out in the previous chapters. Indeed, in the previous chapters the
fact that the agents’ opinions had a bound, uniform with respect to ¢ and ¢, allowed us
to immediately deduce the existence of a bound from below on the influence function.
Here, the bound on the agents’ opinions depends on the values assumed by the agents
opinions at some points (see estimate (5.1.15)) and holds only on the intervals of positive
interaction.

Proposition 5.1.12. Assume (5.1.5). Then, for all t > 0, we have that
where 1y is the positive constant in (5.1.3).

Remark 5.1.13. Let us note that the previous result holds in particular under assumption
(5.1.1), which implies (5.1.5) as already pointed out.

Proof of Proposition 5.1.12. From (5.1.15), it follows that

max |z;(t)] < M°  Vt>0. (5.1.18)

To see this, fix t > 0. Then, there exists n € Ny such that ¢ € [ta,,ta,12]. Thus, if
t € [tan, tons1], from (5.1.15) we have that
|2 (8)|< M3, = max |z;(ty,)], Vi=1...,N. (5.1.19)

i=1,...,

On the other hand, assume that t € (tony1,tonia). Given i = 1,... N, if |x;(t)|> 0, we
define the unit vector

Then,
|zi(t)|= (i(t), v).

Now, for all s € [tan41,1), it holds that

d 1
gg\ai(s),v) = - > wai(s)w;(s)) ((s), v) = (2i(s), v))

J:g#

1
= 7 2 (), (s) (i(s),0) = ((s), 0)).

Jij#i
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Thus, denoted with
UL ! min <$l(t2n+2)7 U),

=1,...,

the first inequality in (5.1.11) implies that
(1(s),v) > My, n, VS E [tonyr,t], VI=1,... N.
As a consequence, we get
d 1
%<xi(8)7v> < N_1 Z U(@i(s), 2;(s))((@i(s), v) — My, .,)
jii
< K(<Il(8)’ U) - mt2n+2)'

So, the Gronwall’s inequality yields

(i(s),v) <e K t2”+1)<$i(t2n+1),v> _Kmt2n+2/ K= gy

ton+1

= Rt (g (15 11), 0) + My, (1 — e s—tent1))
for all s € [ta,41,t]. In particular, for s = ¢ it comes that
(24(t),v) < P20 (g (2o, 1), 0) + Mgy, o (1 — K ETT2m00))
= U0 (2 (tag1), V) = Mg, ) + My

< R Unt2 =) (5t 1), 0) — Mgy n) + Mty
{

= eK tan+2—tzn+1) € (t2n+1> > + mt2n+2(1 - eK(t2n+2 t2n+1))

IN

eK ton+2—tan+1) <-Tz(t2n+1) >
S eK(t2n+2_t2n+l ’xi<t2n+l)|-

Thus, using (5.1.15) we get

(0] = {a(t), 0) < eFmsaomn gy

Of course, the above inequality is satisfied also if |z;(t)| = 0. Thus, combining this last
inequality with (5.1.19), being eX(2n+2=*20+1) > 1 we can conclude that

|25(2)] < efftanra—tens) 19 Ny € Ny, t € [ton, tonga), i = 1,..., N. (5.1.20)

Now, let us note that, using an induction argument, from (5.1.20) it follows that

M§n+2 n{laXN|xz(t2n+2)| < M) H K(tpra=tops1) gy > (),
p=0
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As a consequence, for all ¢ > 0, it holds

n
|2;()] < MY H K (b2pra—tapt1) — K ZZ=0(’52P+2”52P+1)M8,
p=0

Then, for all t > 0,
lzs(t)] < ]\486[(ZZO:C>(WP+2—t2p+1)7

which proves (5.1.18).
Finally, from (5.1.18), we deduce that

Y(wi(t), zi(t)) = o,
for all ¢ > 0. O

5.1.2 Asymptotic consensus

Now, before moving to the proof of Theorem 5.1.1, we provide some estimates on the
sequence of diameters {d(t,)},. First of all, thanks to the presence of a uniform bound
from below on the influence function v, the following fundamental result holds in the
intervals of positive interaction.

Proposition 5.1.14. Assume (5.1.5). Then, for all n € Ny, there exists a constant
Con € (0,1), independent of N € Ny, such that

d(tans1) < Cond(tan). (5.1.21)

Proof. Let n € Ny. Trivially, if d(te,41) = 0, then of course inequality (5.1.21) holds
for any positive constant. So, suppose d(ta,11) > 0. Let 4,5 = 1,..., N be such that

d(t2n+1) = ’mi(t2n+1) — l’j<t2n+1)’. We set

Ti(tony1) — Tj(tani1)
|Zi(tans1) — 25 (t2ns1)]

v =

Then, v is a unit vector for which we can write

d(tons1) = (@i(tans1) — ;i (tant1), v).
Let us define

,,,,,

.....

Then M, — my,, < d(ta,).
Now, we distinguish two different situations.
Case I. Assume that there exists ¢ € [ta,, t2,41) such that

(D) — 2,().v) < 0.
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Then, from (5.1.16) with to,,1 >t > t3,, we have
d(tans1) < e MU= (a,(8) — a;(8),0) + (1 — e K170 d(ty,,)
< (1 — e K=y g g, ) (5.1.22)
< (1 — e Kltznra=tan)yg(g, .
Case II. Assume it rather holds

(x;(t) — x;(t),v) >0, VtE€E [ton,tant1)- (5.1.23)
Then, for every t € [ton, tan11), we have that
& (t) — (1), 0) = ﬁmz#m(ﬂ,xmt»m(t) ~ilt),v)
1
~y 7 2 U )a) ~0h)
= e D), @) ((8),v) — Moy, + Mo, — (:(6), )
l:l#4
b S, 0) (2 0) ) — e+, — {i(8) )
L:l#g
= Sl + SQ.
Now, being t € [to,, tanr1), from (5.1.8) we have that
My, < (xg(t),v) < My, , Vk=1,...,N. (5.1.24)

Therefore, using (5.1.24), we get

and
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Combining this last fact with (5.1.24) it comes that

%@31@) - xj(t>7v> < K(Mtzn = My, — <xl<t> - QJj(f),U))
+N1— 1¢0 Z ((xl(t)7v> - Mt2n + My, — <xl(t)’v>)
l:l#£14,5
({5 (1), ) = Moy, 4 ey, — {2il1), )

N -2

= K(My, —mu,,) = K(wi(t) = o;(0),0) + 5

1/}0 ( - Mth + mt?n )

+N1— TYo((5(1),v) = Mey, + 1y, — (Tilt20), 0))-

Now, from (5.1.23) we get
d

g i(t) = 2(t),v) < K(Miy,, = muy,) = K{xi(t) = 25(t), )

N -2 1
N o 1w0<_Mt2n + mt2n) + m

1
T ptolai(t) — (1), v)

S K(Mt2n - mt2n) - K<xz(t) - xj(t)> U> + wo(_Mt% + mt2n)
= (K = 4o) (M, — iy, ) — K(zi(t) — 2;5(t), v).

Hence, from Gronwall’s inequality it comes that

(wit) = 2;(t),v) < e MO (a(tn) — a;(tan), v)

+ w()(_Mth + thn)

t
+ (M, —my,, ) / (K — ) e K=9(s,

ton

for all t € [ta,, tans1). In particular, for ¢ = t9,, 1, it comes that

67

tont1
d(tonsr) < e KUt (g () — (), V) + (M, — mtzn)/ (K — pg)e Keni1=2) s

ton

ton41
< e Ky t,) =yt (M, =) [ (K = i) K

ton

tan

_ (eK(tQ"Hth) +1— 6—K(t2n+1*t2n) _ %(1 _ eK(t2n+1t2n))) d(t2n)

1_—41_6melmn)amg

ton+1 lon+1
e—K(t2n+1_t2n) + K/ e—K(t2n+1—S)d8 _ 1/10/ G—K(t2n+1—s)ds) d(th)
ton
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So, if we set

Cyy, := max {1 _ e—K(ltzn-H—tzn)7 1 — %(1 _ e—K(t2n+1—t2n))} 7 (5.1.25)
Cy, € (0,1) is the constant for which (5.1.21) holds. O

In the bad intervals, the previous estimate is not valid, being the diameter of the solu-
tion evaluated at to,,o larger than the diameter evaluated at s, ;. However, the growth
of the diameter in the intervals of negative interaction can be in some way controlled, as
the following lemma shows.

Proposition 5.1.15. Assume (0.1.20). Then, for all n € Ny, we have that

eK(t2n+2*t2n+1)

d<t2n+2) S

2 _ eK(t2n+2_t2n+l)d(t2n+l)~ (5.1.26)
Proof. Let n € Ng. Let all 7,j = 1,..., N be such that

d(tany2) = |Ti(tansa) — 7 (tany2)|-

If d(teni2) = 0, then from (5.1.13) also d(t2,+1) = 0 and of course inequality (5.1.26) is
fulfilled. So, we can assume that d(ta,42) > 0. In this case, let v € R¢ be the so defined

unit vector
 xi(tony2) — 7j(tons2)

zi(tonse) — xj(tont2)|

Then,
d(ton+2) = (@i(tan+2) — j(tant2), v).
Moreover, we set
Mt2n+2 = k{fllaXN<fEk(t2n+2),U>,

S L)

mt2n+2 = kg?inN<$k (t2n+2)a U>-

Thus, from (5.1.11), for all ¢ € [to,11, tante), it holds
My, s < (Tx(t),v) < My, .., VE=1,... N. (5.1.27)

Now, for all t € [to,11,t2,12), using the first inequality in (5.1.27) and the fact that
a(t) = —1, we have that

N — 14~
L:l#1
1
<-w_31 %w<xi<t>, (1) (M, — (2i(),0))
1
=~ Mz#«mw, () (2:(1), 0)) = M4 2)
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Therefore, the Gronwall’s inequality yields

t
xz;(t),v) < el (t=tant1) Ti(tops1),v) — Km / eKt=s) s
< ( ) > = < ( 2 +1) > ton42 - (5.1.28)

= eK(t_t2n+1)<xi(t2n+1)a U) + mt2n+2(1 - eK(t_t%H))'

On the other hand, using the second inequality in (5.1.27), we get

LI#j
1
> 577 2 V0 0) i = (0,11
= g (0, (5 (0),0) — M)

> K((z;(t),v)) = My, ,)-

Hence, using the Gronwall’s inequality, we can write

t
z:(1), v) > Xt ten) (g (1) 0) — KM, / eRK=9) g
< j( ) > = < J( 2 +1) > tan42 - (5.1.29)

= eK(t_thH)(xj(t?n-l—l)v U) + Mt2n+2(1 - eK(t_t%H))'

Thus, combining (5.1.28) and (5.1.29), we can conclude that, for all ¢ € [to,11,tan o], it
holds

(2:(t) — (1), v) = (xi(t), v) — (;(t),v)
< RN (1), 0) A+ Mgy (1 — R0
_eK(t_t2nH)<xj (t2n+1)7 U> - Mt2n+2(1 - eK(t_tan))
< eK(t_t%H)(xi(t?n-i-l) — T (t2n+1)7 U> + (mt2n+2 - Mt2n+2)(1 - eK(t_tan))
= 6K(t_t2n+1)<$i<t2n+1) — Ty <t2n+1>> U> + (Mt2n+2 - mt2n+2>(eK(t_t2nH) - 1)
< eK(t*t2n+1)d(t2n+1) + d(t2n+2)<6K(t*t2n+1) _ 1>.
For t = t9,.2, we obtain

d(t2n+2) _ <xz (t2n+2) . xj (t2n+2)’ U> S 6K(t2n+2—t2n+1)d(t2n+1) +d(t2n+2)(eK(t2n+2—t2n+1) _ 1)’

from which
d(t2n+2)(2 o eK(t2n+2—t2n+1)) < €K(t2"+2_t2n+1)d(t2n+1).

Thus, since 2 — efX(t2nr2=t20+1) > () from (0.1.20), we have that

K (tant2—tant1)

d(tant1),

i.e. (5.1.26) is proven. O

d(th-‘rQ) S 2 _ 6K(t2n+2*t2n+l)
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Proof of Theorem 5.1.1. Let {x;},—1__n be solution to (0.1.17), (0.1.18). Then, for all
n € Ny, using (5.1.21), (5.1.25) and (5.1.26)we have that

eK(t2n+2—t2n+1)
d(tant2) < 5—grmamiary Ubans1)

eK(t27L+27t27L+1 )

1 — —K(tany1—tan) 1— @ 1— — K (tan+1—tan) d(t n)-
max { e , K( e ) ¢ d(tan)

-9 _ eK(t2n+2_t2n+1)

Thus, using an induction argument, we get

n K(t —t )
d(t2n+2) S H (2 e 2p+2—t2p41 max {1 . e_K(tQPJrl_tQp), 1— @(1 o e—K(t2p+1—t2p))}) d(O)
p=0

— eK(tepra—taops1) K

K(t —t )
6220:0 ln( e o432 2ptl max{lfe_K@?PJrl_t2p)717%(176_K(t2p+1—t2p))}>

— oK (t2pta—tapt1) d(O)
oo J(tapra—tapyr) _K(t —t9,) 1 %0 —K(t —t)
_ =0 |:ln(—2_€K(t2p+2_t2p+l) —Hn(max{l—e 2p+1—t2p ,1_?(1_6 2p+1—t2p )}) d(O)
K(topro—topy1) .
(o] e D P
Now, >~ In (2761((,52”2%2%1)) < 400 from (5.1.1). Then, the solution {z;};,—1__n con-

verges to consensus since the following condition is satisfied from (5.1.2):

E In (max {1 — € (t2p1—t2p) 1- _¢0 (1 — € (t2p+1 t2p))}) = —
’ K .
p=0

5.1.3 Exponential consensus

We conclude this Section with another consensus result for the Hegselmann-Krause
model (0.1.17). Namely, under a stronger condition than (5.1.2) on the sequence {¢,},,
we are able to prove that the consensus is achieved exponentially fast.

Theorem 5.1.16. Let ¢ : IRY x R — R be a positive, bounded, continuous function.
Assume that the sequence {t,}, of definition (0.1.19) satisfies (0.1.20). Assume (5.1.5)
and that the following condition holds:

sup

neN

e K (tant2—tant1)
92— eK(tznt2—tant1

; max {1 — e~ Kltanp1=ton) 7 _ %(1 — e_K(t%“_tQ”))} =c<1.

(5.1.30)
Then, every solution {x;}i—1,. N to (0.1.17) with the initial conditions (0.1.18) satisfies
the following exponential decay estimate

d(t) < e =%-T)q(0), vt >0, (5.1.31)

for two suitable positive constants v and T, independent of N.
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Remark 5.1.17. The assumption (5.1.30) implies (5.1.2). Indeed, if (5.1.30) holds,

Zln

p=0

el (tapr2—top+1)
2 _ eK(t2pta—tapt1)

1 — ¢ K(tzpr1—t2p) 11— o 1 — ¢ K(t2pr1—tap)
max{ e K( e )

IN

i _

i.e.

Zln

« 2 — eK(tapra—topta
p=

° ( K (tapra—taps1)
K

y max {1 e K(t21’+1*t21’), 1— @(1 — eK(tQP-‘rthp))}) - — 0.

(5.1.32)

K (tapr2—tapy1)
SRy o=ty > 1 1t comes that

Z In (max {1 — o K(t2pr1—tep) 1 _ @(1 — eK(t2p+1t2p))})
’ K
p=0

> K (t2pt2—tap+1) - ) o . .
S Z (2 _ eK topt2—topt1) max {1 —e K(topi1 t2p)’ 1 — ?(1 e K(tapi1 t2p))}) ‘
p=0
Then, the condition (5.1.2) is satisfied.

Proof of Theorem 5.1.16. Let {z;}i=1
(5.1.5) holds, for all n € Ny,

Therefore, being

~ be solution to (0.1.17), (0.1.18). Then, since

.....

eK(tzn+2*t2n+1)

d(tant2) < y thax {1 S B @(1 - eK(tQ"“tQ"))} d(tan)-

2 — eK(t2nt2—tant1 K
Therefore, using (5.1.30), we get

d(toni2) < cd(tan), (5.1.33)
with ¢ € (0,1). As a consequence, using an induction argument,

Now, let t > 0. Then, there exists n € Ny such that ¢ € [ta,, ta,12). Thus, if t € [to,, tani1],
using (5.1.9),

On the other hand, if t € (t2,41, tans2), from (5.1.12) and (5.1.33) we get
d(t) S d(t2n+2> S Cd(tgn)
Therefore, being ¢ < 1, in both cases

d(t) < d(tan).
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So, using (5.1.34), we can write

d(t) < d(0) = e () dq(0).
At this point, we distinguish two different situations.
Case I) Assume that

T := sup (tanr1 — tan) < +00.
n€Ng

) 1 1
=In(-) ———,
g c 11;(2 —|—T

d(t) < 67”7(1“72*@

So setting

it comes that

Now, using (0.1.20), it holds that ts,+0 < (n + 1) (22 +T). Thus, being ¢ < to, 2, we
can conclude that -
d(t) < e (=% =T) g(0),

which proves (5.1.31).
Case II) Assume that

sup(tony1 — ton) = +o0.
neN

We pick T > 0. Without loss of generality, eventually splitting the intervals in which the
weight function a = 1 in subintervals of length at most 7', we can assume that

t2n+1 — tgn S T, Vn € No. (5135)

1 1
’}/—1 ln2+T

Then, reasoning as in the previous case, we get that

Then, setting

d(t) < e (=% 1) g(0),

which proves (5.1.31). O

5.2 The Cucker-Smale model

In this Section, we deal with the second-order model (0.1.29). The flocking result we
will prove is the following.

Theorem 5.2.1. Let zﬂ : IR — IR be a positive, bounded, continuous function satisfying

/ min ) (r)dz = +oo. (5.2.1)

re[0,z]
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Assume that the sequence {t,}, of definition (0.1.19) satisfies (0.1.31) and

(5.2.2)
Moreover, assume that the following condition hold:
eK(t2p+2 top+1)
Zln < +o0, (5.2.3)
prd 2 — eK(t2p+2 top+1)

Zln (max {1 — e (t2p+l t2p) 1 %(1 _ ek(t2p+1t2p))}> — _OO, (524)

where . -
= 1 5.2.5
Yo 1= min G(y), (5.2.5)
being
o K (tanp2—tant1)
In =
MO — eZp 0 (2€K(t2n+2t2n+1)>dv(0)_ (526)

Then, every solution {x;,v; }i=1.. .~ to (0.1.29) with the initial conditions (0.1.30) exhibits

asymptotic flocking.

.....

Remark 5.2.2. Let us note that (5.2.3) implies (5.1.5). This follows from the same
arguments used in Remark 5.1.2. In particular, from (5.1.5) we have t9, 19 — to,41 — 0,
as p — +o0.

5.2.1 Preliminary estimates

Let {(x;,v;)}iz1.. n be solution to (0.1.29) under the initial conditions (0.1.30). We
present some auxiliary lemmas that will be needed for the proof of Theorem 5.2.1. We
omit some proofs of these preliminary results, since they are analogous to the proofs of
correspondent results in Chapter 1 and in the previous section. In the intervals of positive
interaction, we have the following estimates.

Lemma 5.2.3. For each v € R? and n € Ny, we have that
,minN<Uj(t2n),v> < (vi(t),v) < HlaXN<Uj(t2n),’U>, (5.2.7)
for allt € [ton, toni1] and i =1,..., N.
Lemma 5.2.4. For eachn € Ny and 1,7 =1,..., N, we get
[vi(s) —v; ()] < dy(tan), Vs,t € [tan, tant1]. (5.2.8)
Remark 5.2.5. Let us note that from (5.2.8), in particular, it follows that

dv(t2n+1) < dv(tgn), Vn € No. (529)
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In the intervals on negative interaction, we have rather the following estimates on the
velocity diameters.

Lemma 5.2.6. For each v € R? and n € Ny, we have that

‘min (v;(tans2),v) < (vi(t),v) < max (vj(tony2),v), (5.2.10)
j=1,...,N j=1,..,.N

for allt € [tony1,tonsa] andi=1,... N.

Lemma 5.2.7. For eachn € Ny and 1,7 =1,..., N, we get
[vi(s) —v;(t)| < dv(tante), Vst € [tant1, tontal. (5.2.11)
Remark 5.2.8. Let us note that from (5.2.11), in particular, it follows that
dy (tonsa) > dy(tans1), ¥n € No. (5.2.12)

Now, in the intervals of positive interaction, the agents’ velocities are bounded uni-
formly with respect to7 = 1,..., N by a positive constant that depends on the maximum
value assumed by velocities at the left end point of good intervals. To this aim, let us
define

M? = max |vi(t,)], Vn € N. (5.2.13)

n .
i=1,...,

Lemma 5.2.9. For everyi=1,..., N, we have that
oi(t)] < M3, Vt € [tan, tansa), (5.2.14)
where MY, is the positive constant in (5.2.13).

Now, we prove that the agents’ velocities are uniformly bounded by a positive constant
that depends on the initial data, as we did in the previous section. Indeed, estimate
(5.2.14) provide us a bound on the agents’ velocities which is uniform with respect to
¢t =1,...,N but that is not uniform with respect to ¢, since the constant Mgn depends
on the sequence {t¢,}. To find a uniform bound on the velocities we have to employ finer
arguments, that are the analogous we used to prove estimate (5.1.18) for the first-order
model. The following result holds.

Lemma 5.2.10. Assume (5.2.3). Then, for all t > 0, we have that
max [v;(t)] < M, (5.2.15)

where )
MO = el Zp=oltznratzpa) 0 (5.2.16)

Remark 5.2.11. Let us note that, in the case of the second-order model (0.1.29), estimate
(5.2.15) does not allow us to deduce the existence of a lower bound on the influence
function @Z, as we did in the previous Section. This is due to the fact that now the
influence function depends on the distance between the agents’ positions. So, to get a
bound from below on the influence function 1) we will have to prove that the position
diameters are bounded. The boundedness of the position diameters will follow from the
introduction of a suitable Lyapunov functional.



5.2. THE CUCKER-SMALE MODEL 75

Also, the following fundamental result holds.

Proposition 5.2.12. For all i,j = 1,..., N, unit vector v € IR? and n € Ny we have
that

(wi(t) = v;(t),v) < e KD (0y(E) = v;(), 0) + (1 — e FED)dy (t,), (5.2.17)
fOT all t2n+1 >t > t > toy,.

Now, from (5.2.12) the velocity diameter is nondecreasing in the intervals of negative
interaction. This prevents the decay of the velocity diameters and, as a consequence, the
asymptotic flocking. However, we can control the growth of the velocity diameters, as we
did in the previous section for the first-order model.

Proposition 5.2.13. Assume (0.1.31). Then, for all n € Ny, we have that

6K(t2n+2 7t2n+1)

dy (fansz) < dy (tans1)- (5.2.18)

9 _ eK(tanta—tany1)

Finally, we prove the following crucial result, that provides a bound on the velocity
diameters.

Proposition 5.2.14. Assume (5.2.3). Then, for all t > 0, it holds that

dy(t) < M, (5.2.19)
where o )
~ o (e (font2—tant1

MO — ¢ 2= (2€K(z2n+2—t2n+1)>dv(0)_ (5.2.20)

Proof. For all n € Ny, from (5.2.9) and (5.2.18) we have that

ek(t2n+2_t2n+1) ek(t2n+2_t2n+l)

dy (tan+1) <

dV (t2n+2) < dV (tgn).

9 — eK(tanta—tant1) 9 — eK(tanta—tant1)

Then,

K(t —t
K(tont2—tont1) n 1n< K (tant2—t2ny1)

< — p=0 ,ek(t2n+2_12n+l) )
v(tan) < HJ (2 T t2n+1)> dy(0) =e 2 dy(0)
p=

K(top42—ton41)
Z;O ln( £ =
(t n —ton )
oK (tonq2—ton41 dV<0)

We have so proved that B
dy (tyn) < M°,  Vn € Ny. (5.2.21)

As a consequence, for all £ > 0, since t € [ta,, tont2), for some n € Ny, using (5.1.9) and
(5.1.12) we can conclude that (5.2.19) holds true. O
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5.2.2 Asymptotic flocking

Before moving to the proof of Theorem 5.2.1, we provide an estimate on the velocity
diameters in the intervals of positive interaction, as we did in the previous section.

Now, we pick T > 1“72 We can assume, eventually splitting the intervals of positive
interaction into subintervals of length at most 7', that

tonsr —ton < T, Vn € Njy. (5.2.22)
As a consequence, from (0.1.31) and (5.2.22), being T > 1%2, we can write
thyr —t, < T, Vn e Ng. (5.2.23)

Definition 5.2.1. For all ¢ > 0, we define

Yy := min {1;(7“) T E [0, Srg[%;(] dX(s)} } , (5.2.24)
and i
i —KT
$(t) := min {e—KT@Et, ‘ 7 } : (5.2.25)

Remark 5.2.15. Let us note that, forallt > 0and ¢,7 =1,..., N,

() = (1) < max dx (s).

As a consequence, it holds that
O(|zi(t) — z;(0)) >, >0, Vt>0,4,j=1,...,N. (5.2.26)

Proposition 5.2.16. For all n € Ny,

dy (b ) < (1 _ / o ¢(s)ds> Ay (fan). (5.2.27)

ton

Remark 5.2.17. Let us note that

ton+t1
/ o(s)ds € (0,1), Vn € Ny,

ton

since from (5.2.25), we have that ¢(t) < 1/T and from (5.2.22) it holds top+1 — to, < 7.
Therefore,

1— / o o(s)ds € (0,1).

Proof of Proposition 5.2.16. Let n € Ny. Trivially, if dy(t2,11) = 0, then of course in-
equality (5.2.27) holds. So, suppose dy(ton+1) > 0. Let i,7 = 1,..., N be such that

dV(t2n+1) = |Ui(t2n+1) — Uj(t2n+1)|. We set

_ Vi(ton+1) — vj(tant)
Vi (tant1) — v (tant1)]

v
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Then, v is a unit vector for which we can write

dy (tant1) = (Vi(tans1) — vj(t2nt1),v).
Let us define

=1,...,

=1,...,

Then Mt2n — My, S dV (tgn)
Now, we distinguish two different situations.
Case 1. Assume that there exists t € [to,, tan11] such that

(0i(t) = v;(t),v) < 0.

Then, from (5.2.17) with to,,1 >t > t3,, we have

dy (tans1) < € FErn =Dy (6) —v;(8),0) + (1 — e KO D)dy ()
< (1= e Ken=Dydy (1,
< (1 . eif(T)dV(th) (5.2.28)
<

(1- / o(0)ds ) d ().

Case II. Assume it rather holds
<Ul(t) - Uj(t>,1)> 2 0, YVt € [t2n7t2n+1]. (5229)

Then, for every t € [to,, ta,11], Wwe have that

d 1

— () —vi(0),v) = 5= Hzﬂzﬂ(m(t) — 2, (1)) () — vi(t),v)
S () — (DD () — v, (1))
LiA]
= ST () =y (O (0. ) = Moy, + Moy, — (5(8).0))
Ll
*ﬁ gvﬁﬂ%(t) — (O (v5(1), 0) = My, + 15, — (0i(2),0))

= Sl + SQ.
Now, being t € [ta,, tay11], from (5.2.7) we have that

My, < (g(t),v) < My, , Vk=1,...,N. (5.2.30)
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Therefore, we get

Ll
s S (0) (D (M, = (1(0),0))
Ll
< 3 3 ((0),0) = Mo+ R (M, = (00), )
I:1i
and ] i
S = g 2 F0) = 5Dy (0.0) =)
s S Baalt) — (0, — {ua(0), )
Li#j
s&@ww—wm+N{ﬁ%;w%4mmm.
Combining this last fact with (5.2.30) it comes that

%(vi(t) = (1), v) < K(Myy,, — 1y, — (0i(t) = v;(1),v))

+N1_ 11/:15 l; (<Ul(t)vv> - Mtzn + My, — <Ul(t> U>)
1 -
N 11/;t(<vj(t) v) = My, +mu,, — (vi(t), v))

Now, from (5.2.29) we get

%@z(t) = (1), v) < K(Myy,, —muy,) = K (vi(t) = v;(t), v)

N—-2- 1 -
+N _ 1¢t(_Mt2n + thn) + N _ 1,¢}t(_Mt2n + mt2n)

1
N -1
< K(My,, — my,,) — K(vi(t) — vj(t),v) + (= My, +my,,)

Urfuilt) = (1), v)

= (K =) (Mo, = ma,) = K {s(t) = 5(),0).

78
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Hence, from Gronwall’s inequality it comes that
(wilt) — vj(t),v) < e K (1, (t,) — v(t2n), 0)
3 _
+(Mt2n - mt?n) / (K - 2/)3) eiK(tiS)dS’
ton

for all t € [ta,, tans1]. In particular, for ¢ = t9, 11, from (5.2.8) it comes that

_ lont1 - _
dy (tant1) < e Km0 (4 (15,) — v;(tan), v) + (My,, — mtgn)/ (K — t)e Rlbnr1=s)gg

ton

_ tont1 _
< e R 1) = vyt + (Mg, =) [ (R = e R

tan

N lant1 . lant1 .
< ( K(tont1—ton) K/ e—K(t2n+1—S)ds_/ Q/JSS_K(t2"+1_S)dS> dV(th)
t2n

ton

N ton _

ton

t2n+1 ~
- ( e Rltansa= Sds) dy (ta)

N lan41
S (1 - eKT/ ¢sd8> dV<t2n)
ton

g@—iﬁ%@wymm»

So, taking into account (5.2.28), we can conclude that (5.2.27) holds. O

Proof of Theorem 5.2.1. Let {(x;, v;)}i=1,..n be solution to (0.1.29) under the initial con-
ditions (0.1.30). We define the function D : [0, 0c0) — [0, 00),

dy (0), t=0,
D(t) = 1-— j;t S dS) dv(tgn), t e

€ (tan, tons1], 7 € N,
ftQ +1 dS) dy (tans+2), t € (tant1,tonya], n € No.
By construction, D is piecewise continuous. Indeed, D is continuous everywhere except
at points t,, n € Ng. Moreover, for all n € N, n > 1,

ton

lim D(t) = dy (tan) > (1 -

+
t—ty,

qb(s)ds) dy (tan) = Dl(tay). (5.2.31)

ton—1
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eK(t2n+2*t2n+1)

lim D(t) = dy (tonse) <

e —9_ ek(t2n+2*t2n+1)

2nt1
K (tant+2—tant1) tant1
e ) (1 _/ gb(s)ds) dV(th) (5.2.32)

-9 _ 6K(t2n+2*t2n+1) ton

dy (tant1)

eK(t2n+2_t2n+l)

= D(ton+1)-

2 _ ek(t2n+2 —tont1)

Also, D is nonincreasing in all intervals of the form (t,,t,.1], n € Np.
Now, notice that, for almost all times ¢,

d d
el < |Z
g nax dx () < | gpdx(®)

Y

since maxgejo, dx(s) is constant or increases like dx (t). Moreover, for almost all times

%dx(t)’ < dy(t).

Therefore, for almost all times

d d
— < |= < dv(t). 2.
i dx (s) < dtdx<t>\_ V() (5.2.33)

Next, we define the function £ : [0, 00) — [0, 00) as follows:

Srél[%)i]dX(S) . 5 e—f(T
L(t) :=D(t) +/ ’ min { e *7 min 1(0), dr,
0 0'6[0,7‘] T

for all ¢ > 0. By definition, £ is piecewise continuous, i.e. L is continuous everywhere
except at points ¢, n € Nj.
In addition, for each n € N and for all ¢ € (¢, t2,11), we have that

dﬁ(t) dD(t) +min< e 5Ty il K maxdy (s)
i —_ min J—
di dt 1 P [ dtseion

d d

=—D t)— d

g D)+ o(t) 7 maxdx(s),

and from (5.2.33) we get
d

E[;(t) < %D(t) + ¢(t)dy (1)
= —p(t)dy (tzn) + S(t)dv (t)
= o(t)(dv (t) — dy(tan))-
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Thus, since dy (t) < dy(t2,) from (5.2.8), we can deduce that
d
Eﬁ@) < O, YVt € (t2n7t2n+1).

As a consequence, for all t, < s <t < ty,,1, it comes that
L(t) < L(s).

Letting s — t5. , we get

s—>t;n s—>t;n o€0,r]

Se?gatx ]dx(S) 5 5 €_KT
L(t) < lim £(s) = lim D(s) +/ e min { e 7 min (o), T dr,
0

for all t € (tan, tont1]. Thus, using (0.1.31), (5.2.8) and (5.2.31), we can write

max dx(s)

. _ —-KT
L(t) < dy(tan) + /Se[o’%] min {e‘KT min (o), € 7 }dr

0 o€l0,r]

1 max dx(s)

B —-KT
= D(ton) + /SE[O’%] min { e *7 min (o), ‘ dr
(1 _ [ften ¢<S)d8> 0 o€l0,r] T

toan—1

1

(1 - ;;:4 gb(s)ds)
1

<1 - ;2:71 gb(s)ds)

for all t € (tgn, t2n+1]. SO,

IN

o€l0,r] T

IN

ﬁ(tQTL)a

1
(1 - :22:71 gf)(s)ds)

On the other hand, for all t € (t2,41, tan42), we have that

L(t) <

iﬁ(t) = iD(t) +min{ e 574 e X7 imaxd (s)
e dt S (=
d d
= D) + ¢(t)agg[%§]d)((3)7

and from (5.2.33) we get

SL(0) < 5D(0) + (v (1)

dt
= —o(t)dy (tani2) + ¢(t)dy (1)
= o(t)(dv (t) — dv(tani2))-

81

sel[%%x ]dX(s) . 5 e—f{T
D(tan) +/ e min { e %7 min (o), dr
0

E(tgn), Vt € [tgn, t2n+1]- (5234)
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Thus, since dy (t) < dy(tani2) from (5.2.11), we can deduce that

d
dtﬁ( ) < Vt € (ton+1, tant2)-
As a consequence, for all t9,11 < s <t < {19,190, it comes that

L(t) < L(s).

Letting s — 3,1, we get

s€(Orion ]dX(S) K e KT
L(t) < lim L(s)= lim D(s)+ / e ming e ¥ min (o), dr,
0

5_”5;”1 S*t;nﬂ o€l0,r] T

for all t € (tan41, tant2]. Thus, using (5.2.32), we can write

ek(t2n+2_t2n+1) G[gr}sax ]dx(s) _ ~ G_RT
< _ s€[0,t2n 41 . _KT .
ﬁ(t> - 2 _ 6K(t2n4-2—tzn+1)ZD(t2nJr1) + /0 min § € Urél[érh w<0)7 T d?”

ek(t2n+2*t2n+1)

L(tan+1),

-2 - ek(t2n+2*t2n+1)
for all t € (tan41, tant2]. Therefore,
ek(t2n+2_t2n+1)
L)< Lltonsr)s V€ [tans, bonsal. (5.2.35)

= 9 — eK(tan+2—ton+1)

Now, combining (5.2.34) and (5.2.35), it turns out that

ek(t2n+2_t2n+l) 1

9 — eK(tanta—tant1) (1 _ [ten gb(s)dS)

ton—1

E(t2n+2) S [,(tgn), Vn € N. (5236)

Thus, thanks to an induction argument, from (5.2.36) it follows that

n
L(tanta) < H

for all n € N.
Now, let ¢ > t4. Then, there exists n > 2 such that t € [to,, to,12]. As a consequence, if
t € [ton, tant1], from (5.2.34) and (5.2.37) with n — 1 > 1, we get

K (tap+2—tapt1) 1

eK top+2—topt1) (1 [t gb(s)ds)

t2p—1

L(ts), (5.2.37)

( ) 1 ( ) ek(t2n+2—t2n+l) 1 ( )
£ t S 7 ,C th S = i E t2n
Lo ol A R T B s
ek(t2n+2*t2n+1) 1 n—1 ek(t2p+27t2p+1) 1
= 2 — el (tanto—tznsn) | — [P2n P(s)ds H 2 — eK(tapra—tapt1) top L(t)
tan—1 p=1 (1 ~ Jtop s ¢(S)d$>

K (t2p+2—tap+1) 1

H 9 — eKl(tapra—tapt1) <1_ t2p ¢(S)d8)

p:1 t2p—1

L(ts).
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On the other hand, if ¢ € [to, 11, tont2], from (5.2.34), (5.2.35) and (5.2.37) it comes that

e[{(tszrQ 7t2n+1) ef((tgnJrQ 7t2n+1) 1
< — < —
£<t) - 2 _ eK(t2n+27t2n+1)£(t2n+1> - 2 _ eK(t2n+2*t2n+1) 1 . tt2n ¢<S)d8£(t2n)
2n—1
" K (tapra—tapt1) 1 P
ta).
H 2 — eK(t2p+2 tap+1) (1 [tz (b(s)dS) ( 2)
p=1 top—1
Thus, for all t > t4,
n K (tapra—tapt1) 1 P
t
H 6K top+2— t2p+1) 1 . top (b(s)ds ( 2)
P tap-1 (5.2.38)

2 —
K(t —t
(e Yot )|
_ P P 1—, s)ds
—e 2—e fz2p71 #(s) E(tg)

Now, from (5.2.3), Z+°°l < K;?;Z:ZI;Z)D) < +o0o. Also, ZH’O In (W) <
tap—1

+00. Indeed, from (5.2.23) it turns out that

t2p e—KT
P(s)ds < T(tQp —top1), Vp2>1.

top—1

Then, since from (5.2.3) we have that ¢y, —t9,_1 — 0, as p — oo (see Remark 5.2.2), we

can write
ln( tgl >§1n< 7KT1 )
1- t2:71 P(s)ds 11— (top — top—1)
e—f{T e—f(T
=—In (1 -7 (tap — t2p1)> ~ (tap — tap—1)-

As a consequence, from (5.1.5) it holds Z+°° In (

top— 1

So, setting

. Ktanra—tapy1) 1
>l |In = — +In :
C:=e ’ 0[ (2*EK(t2p+2 t2p+1>) (1 ft;p ‘i’(s)ds)}ﬁ(tz)»
taking into account of (5.2.38), we can conclude that
L(t) <C, Vt>1y. (5.2.39)

So, for all t > t4, by definition of L,

Srél[%ﬁ]dx(s) B G_KT
/ min { e %7 min (o), dr < L(t) < C.
0

o€l0,r] T
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Letting ¢ — oo in the above inequality, we finally get

up_dx (s) : _ET
/Se[om) min { e X7 min (o), dr < C.
0 o€0,r] T

Then, since the function v satisfies (5.2.1), from (5.2.40), there exists a positive ¢
d* such that

sup dx(s) < d*.
s€[0,00)
Now, we define
gr, €7
¢ :=minq e Uy, - ,
where .
o= min $(r)

Note that ¢* > 0, being ¢ a positive function. Also, from (5.2.41), it comes that

¥, < min {1&(7’) re {0, max dX<5)] } = 4y,

s€[0,t]

for all £ > 0. Thus, we get

As a consequence, for all n € Ny,

/2”“ P(s)ds > " (tant1 — tan),

ton

from which

1- / o d(s)ds <1 — ¢ (tans1 — ton).

ton

So, recalling of inequality (5.2.27), we can write

dy (ton+1) < (1 — @™ (tant1 — ton)) dv(tan), Vn € No.

Now, using (5.2.18) and (5.2.42), we have that

eK(t2n+2_t2n+l) eK(t2n+2—t2n+1) ton+1
dy (tant2) < dy (tans1) < (1 —/ P(s)ds

2 — ek(t2n+2_t2n+1) 2 — ek(t2n+2_t2n+l) t
n

K (tant2—t2nt1)

< _ gk o '
T 9 _ eK(tant2—tant1) (1 Qb (t2”+1 t2n)) dV (t2n)

84
(5.2.40)

onstant

(5.2.41)

(5.2.42)

) dy (tan)
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Thus, using an induction argument, we get

eK(t2p+2 tapt+1)
d (t2n+2 < H 5 ) (1 - ¢ (t2p+1 - t2p)) dV(())

— eK(topra—topsa
p=0

o K(topto—topt1) )
Colnl &———"——(1—¢*(¢t —1
= ezPiO n<2,eK(t2p+2*t2p+l>( 9" (tapr1—t2p)) dv(O)

K (tapta—tapt1)
S )>+1H(1*¢*(t2p+1*t2p))

_ (R ]dv(o)-

Now, > > ln( e Sars2tap 1) ) < 400 from (5.2.3). Then, the solution {z;,v;}iz1.. N

p=0 9_Kltopra—topyr) J 1T VI AT SE e A e SRR e =l
exhibits asymptotic flocking if the following condition is satisfied:

Zln 1 — ¢*(taps1 — tap))) = —00. (5.2.43)

However, the above condition is guaranteed since, from (5.2.2),
. ¢
1— ¢ (t2p+1 tgp) <1- E c (0 1) Vp € No.
Thus,

Zhl 1 — t2p+1 — t2p S i (1 — —*) = —0Q,

from which (5.2.43) is fulfilled. O



Chapter 6

Linear evolution equations with
time-dependent time delay

In this chapter, we will study well-posedness and exponential stability for the abstract
model (0.2.32). Also, we will extend the results that hold for the linear model (0.2.32) to
a nonlinear model with a Lipschitz perturbation. Applications to the wave equation and
to an elasticity system will be also provided. All the results contained in this chapter are
taken from [44].

6.1 Well-posedness

In this section, we prove a well-posedness result for the abstract model (0.2.32). Since
we are dealing with time-dependent time delays, so the time delay is not necessarily
constant, we cannot employ the step-by-step procedure that is usually used for delay
equations. Indeed, as we will see in the proof of the well-posedness result, the standard
step-by-step procedure can be used only in the case in which the time delay function is
bounded from below by a positive constant. In the general case, namely in the case in
which the time delay function is a generic continuous function that satisfies (0.2.33), we
have to argue differently and we can prove well-posedness through a fixed point approach.

Theorem 6.1.1. Let f : [-7,0] — H be a continuous function. Then, the problem
(0.2.32) has a unique (weak) solution given by Duhamel’s formula

U(t) =St)Uy + /Ot S(t—s)k(s)BU(s — 7(s)) ds, (6.1.1)

for all t > 0.

Proof. Let f € C(]—7,0]; H). We give two different proofs, the first one only valid
under the additional assumption that the time delay is bounded from below by a positive
constant.
Case 1. Assume that

T(t) > 1 >0, Vt>0, (6.1.2)

86
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for a suitable positive constant 75. We can argue step-by-step, as in the proof of Proposition
2.1 of [72], by restricting ourselves each time to time intervals of length 7.
First we consider ¢ € [0,79]. Then, from (6.1.2), t — 7(t) € [—7,0]. So, setting F(t) =
k(t)BU(t — 7(t)), t € [0,70], we have that F(t) = k(t)Bf(t — 7(t)), t € [0,70]. Then,
problem (0.2.32) can be rewritten, in the interval [0, 7], as a standard inhomogeneous
evolution problem:

U'(t) = AU(t) + F(t) in (0,70),

Since k € L] ([-7,+00);IR), B is a bounded linear operator and f € C([—7,0]; H), we

loc

have that F' € £1((0,7); H). Therefore, applying [92, Corollary 2.2| there exists a unique
solution U € C([0, 7]; H) of (6.1.3) satisfying the Duhamel’s formula

(6.1.3)

Ut)=St)Uy + /tS(t —s)F(s)ds, te€ 0,7
Therefore,
U(t) = St)Uy + /tS(t —s)k(s)BU(s — 7(s))ds, t € [0,

Next, we consider the time interval |1y, 27| and also define F'(t) = k(t)BU(t — 7(t)), for

t € [10,270]. Note that, if t € [1g, 27p], then t — 7(t) € [T, 7] and so U(t — 7(¢)) is known

from the first step. Then F] is a known function and it belongs to £'((79,270); H).
7(0,270]

So we can rewrite our model (0.2.32) in the time interval 7y, 270 as the inhomogeneous

evolution problem

U'(t)y=AU(t) + F(t) for t € (19,27),
U(r) = Ulm).
Then, by the standard theory of abstract Cauchy problems, we have a unique continuous
solution U : |1y, 279] — H satistying

(6.1.4)

Ut)y=St—m)U(ry ) + /tS(t — s)F(s)ds, t € [r,270),

and so
U(t) =St —10)U(7y) —|—/ S(t — s)k(s)BU(s — 1(s))ds, t € [10,270].

Putting together the partial solutions obtained in the first and second steps we have a
unique continuous solution U : [0, 27y] — IR satisfying the Duhamel’s formula

U(t) = S(t)Up + / t S(t — $)k(s)BU(s — 7(s))ds, t € [0,2m).

Iterating this procedure we can find a unique solution U € C([0,+00); H) satisfying the
representation formula (6.1.1).
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Case 2. Let 7(-) be a continuous function satisfying (0.2.33). In this case, since assump-
tion (6.1.2) does not necessarily hold, we cannot use the step-by-step procedure above, as
we did in Case 1. We have rather to employ a different method, based on the use of the
Banach’s fixed point Theorem.

Now, since k € L], ([-7,400);IR), there exists T > 0 such that

T
1
k|| c1 : :/ k(s)|ds < ——+. 6.1.5
We define the set
Ce([=7, T} H) :={U € C([-7,T]; H) : U(s) = f(s), Vs € [-7,0]}.
Let us note that Cy([—7,T]; H) # 0, since it suffices to take
Ut) = U, te (O,_T],
f@),  tel[=7,0],

to have that U € C¢([-7,T); H).
It is immediate to see that Cy([—7,T]; H) with the norm

WUl cq-rm:m) =  dnax |U(r)ll, YU eC([-7,T];H),

is a Banach space.
Now, we define the map I' : C¢([—7,T]; H) — C¢([—7,T]; H) given by
ru) = 4 SO0+ Jo S(t = s)k(s)BU(s —7(s))ds,  te 0,7
f@), te[-7,0).
We claim that I" is well-defined. Indeed, let U € C¢([—7,T]; H). Then, from the semi-
group theory, t +— S(t)Uy is continuous. Also, since U(-) is continuous in [—7,T],
7(-) is a continuous function and B is a bounded linear operator from H into itself,
[0,T] 5t — BU(t—7(t)) is continuous. Moreover, k € L}([0,T];IR). So k(-)BU(-—7(-)) €
LY([0,T); H). Hence, the map t > fot S(t — s)k(s)BU(s — 7(s))ds is continuous in [0, T].
Thus, I'U € C([0,7T]; H). Finally, since I'U = f in [7,0] with f € C([-7,0]; H) and
f(0)=U,, T'U € Cy([7,T]; H) and I is well-defined.
Now, let U,V € Cy([7,T]; H). For all t € [T, 0],
ITU(t) — TV ()| = 0.
On the other hand, for all ¢ € (0, 7],

ITU() =TV ()] < /0 ()15t = $)llean | BU(s = 7(s)) = BV (s — 7(s))|ds
< M|[B| /0 K()U(s = 7(s)) = V(s = 7(s))lds

T
< MIBIIIU = Vlioqraym / Ik(s)|ds

= M Bk zvo,r1:) U = Vleq—r1);m)-
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Thus,
ITU() =TV < MBIk cro,rpm) U = Vle-rmmy, V€ [-7,T1,
from which
ITU = TV ||o=r1:m) < M| B[kl 22 0,mm)1U — V| o710

Now, from (6.1.5) we have that M || B||||k| z(o,m;r) < 1. Hence, I is a contraction. Then,
from the Banach’s Theorem, I' has a unique fixed point U € C¢([—7,T); H), i.e. (0.2.32)
has a unique solution U € C([0,T]; H) given by the Duhamel’s formula

t
U(t) = S(t)U +/ S(t—s)k(s)BU(s —7(s))ds, Vte[0,T].
0
Now, let us note that the solution U is bounded. Indeed, for all ¢t € [0,7],

1T < M|[Uo] +MHBH/0 KU (s = 7(s))[|ds

t
< MU + MBIl oy mas |70+ MIB] | 15(s)] e [0 () ds.
re|—T, 0 rel0,s

Then,
x|V < 31 (1060 + 181 e oy mas 1701

rel0,t]

t
+MHB||/ |k(s)| max [|U(r)]|ds.
0 rel0,s]

Hence, the Gronwall’s estimate yields

max||U(r)]| < M (HUQH + IBINElle: o) rér[l_ixo]ﬂf(r)H) MBI k(s lds

rel0,t]

from which, taking into account of (6.1.5),
U0 < e (M0l + max 170)1) . Ve € .7),

Thus, the solution U is bounded and we can extend it up to some maximal interval [0, d),
0 > 0. We claim that 6 = +00. Indeed, assume by contradiction that 6 < +oo. Then,
being U bounded, we can consider the following problem

V/(t) = AV () + k() BV (t — (1)), t € (0,00),
Vt)=U(t) tels—7,0), (6.1.6)
V(5) = U®5).

Arguing as before, there exists 7" > 0 such that

T/
& 215,771, 1) :/5 k(s)|ds < MB[ (6.1.7)
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We then set
Cy([6 —7,T;H)={Vel([6—7TH):V(s)=U(s),Vs € [0 —7,0),V(0) =U(6)},

which is a nonempty closed subset of C([6 —7,7"]; H).
Next, we define the map I' : Cy([—7,T); H) — Cy([—7,T); H) given by

V() S(t—8)U(™) + [ S(t—s)k(s)BV (s —7(s)),  tel[5T],
U(), telo—7,0).

We have that I" is well-defined and, using the same arguments employed at the beginning
of Case 2, (6.1.7) implies that I' is a contraction. So, I" has a unique fixed point, i.e.
(6.1.6) has a unique continuous V' solution given by the Duhamel formula

V(t):S(t—(S)U(é‘)+/6 S(t — s)k(s)BV (s — 7(s)), t€[6,T].

Thus, putting together the solutions U, V', we get the existence of a unique continuous
solution to (0.2.32) that satisfies the Duhamel’s formula (6.1.1) and that is defined in
[0,0"), with ¢’ > §. This contradicts the maximality of §. Hence, 6 = +o0, i.e. (0.2.32)
has a unique global solution U € C([0, +00); H) given by (6.1.1). O

6.2 Exponential stability

Now, we establish a stability result for the system (0.2.32). Namely, under an ap-
propriate relation between the problem’s parameters we prove that the system (0.2.32) is
exponentially stable. In particular, we assume that

t
M|]B||e°ﬁ/ (s)|ds < 7+ w't, Vit >0, (6.2.1)
0
for suitable constants v > 0 and w’ € [0,w).

Theorem 6.2.1. Assume (6.2.1). Then, for every f € C([-7,0]; H) the solution U €
C([0,+00); H) to (0.2.32) with the initial datum f satisfies the exponential decay estimate

0@l < e (100l + e K81 max Qe fON) ", 622

for any t > 0.

Proof. Let f € C([-7,0]; H). Let U € C([0,+00); H) be the solution to (0.2.32) with the
initial condition f. From Duhamel’s Formula, we have that

t
]|U(t)||SMG_“’tHUOH—I—Me_“’t/ e|k(s)| - ||BU(s — 1(s))||ds, ¥Vt > 0.
0
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Then, for all t > 7, we deduce that

U@ < Me™||Un| +M€“t/0 e[k(s)| - [|1BU(s = 7(s))l|ds

—|—Me_wt/ e“’|k(s)| - ||BU(s — 7(s))]||ds
! (6.2.3)

< Me‘“tlonll+M||B||€_wt€°”/ e CTT k()] - [|U (s — 7(s))l|ds
0

t
+M||BH€°”€‘”/ T k()] - [[U (s = 7(s))[ds.
Now, observe that

/ " T (s)] - [U(s — 7(s)llds

0

< [T max (U + max 100N ) ds g2

re[—7

< K max {e”"|[f(r)[|} +/ |k (s)| max {e"[|U(r)[|} ds.
r€[-7,0] 0 rel0,s]
Then, using (6.2.4) in (6.2.3), we deduce

0@l < e (Iall+ KB o, (1501}
t (6.2.5)
Bl ()] max (U0,
0 T

€[s—7,s]N[0,s]
for all t > 7. On the other hand, for all ¢ € [0, 7], it holds that
~ t
U] < Me™!||U]| + MHBH@_“’tem/O e |k (s)| - ||U (s — 7(s))||ds.
Then, arguing as before,
t
[ O s = () s
t
S/ k()] ( max {e*"[|f(r)|} + max {€“r||U(7“)H}> ds
0 re[—7,0] rel0,s]

t
< K max {€W||f(7”)||}+/ |k (s)] max {e“"|[U(r)]|} ds
re[—7,0] 0 r€|0,s]
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for all ¢t € [0,7]. Hence, (6.2.5) holds also for ¢ € [0,7]. So, we deduce
el < M (1ol + e KB ma, (176
~ t
MBI [ k)| max e U0[}ds, vz 0.
0 T

€[s—7,s]N|0,s]

Now, we note that it also holds

mox (0N < M (100l + e KB ma, (1761

seft—,1N[0,1]

t
+MHBH€‘”/V€(S)\ max  {e”||U(r)[[}ds, ¥t =0.
0 T T,8

€[s—7,s]N|0,s]

Hence, if we denote

N

()= e, eTIUGY

se€[t—7,tN[0,t
Gronwall’s estimate implies
i(t) < MeMIBIT i k@lds vy >
where
=1 (0l + e KB ma, (17} ).

Then, )
| U(1)]] < MIMIBIET S Wlds vy > g

Finally, assumption (6.2.1), yields
U@ < MeMIBIe™ [5 k(s)lds ,—wt
< Metetemwt = Mevem Wt

for all t > 0, which proves the exponential decay estimate (6.2.2). O

6.3 A nonlinear model

As an easy generalization of the previous results, we can prove well-posedness and
exponential stability for the following nonlinear model
U'(t) = AU(t) + k(t)BU(t — 7(t)) + G(U(t)), t € (0,00),
Ut) = f(t) tel-7,0],

where A,B, k(-),7(-) are as before, and we denote U := f(0). Moreover, G : H — H is
Lipschitz continuous, namely there exists L > 0 such that

(6.3.1)

||G(U1) — G(Ug)” < L||U1 — U2||, Y Ul, Us € H, (632)
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and we assume that G(0) = 0.
Analogously to before, one can first give a well-posedness result. See [84] for the proof
in the case of constant time delay.

Theorem 6.3.1. Let f : [—7,0] — H be a continuous function. Then, the problem (6.3.1)
has a unique (weak) solution given by Duhamel’s formula

U(t) = S + /0 S(t— $)[GU(s)) + k(s)BU(s — 7(s))] ds,  (6.3.3)

for allt > 0.

Proof. Let f € C([-7,0], H). As before, we can give two different proofs.

Case 1 Assume that (6.1.2) holds tue. We can argue step-by-step, as before, by restricting
ourselves each time to time intervals of length 7.

First we consider ¢ € [0,79]. Then, from (6.1.2), t — 7(t) € [—7,0]. So, setting F(t) =
k(t)BU(t — 7(t)), t € [0,70], we have that F(t) = k(t)Bf(t — 7(t)), t € [0,70). Then,
problem (6.3.1) can be rewritten, in the interval [0, 7], as a standard inhomogeneous
evolution problem:

U't)y=AU(@t)+GU(t)) + F(t) in (0,7),

U0 = v (6.3.4)

Since k € L} ([-7,+0); IR) and f € C([—7,0]; H), then we have that F € £'((0,79); H).
Therefore, applying the standard theory for nonlinear evolution equations (see e.g. [92]),

there exists a unique solution U € C([0, 70]; H) of (6.3.4) satisfying the Duhamel’s formula
Ut)=St)Uy + /OtS(t —$)[GU(s)) + F(s)lds, t €0,
Therefore,
U(t)=St)U + /Ot S(t —s)[G(U(s)) + k(s)BU(s — 7(s))]ds, t € [0,

Next, we consider the time interval |1y, 27| and also define F(t) = k(t)BU(t — 7(t)), for
t € [70,270]. Note that, if ¢ € [r9, 279], then ¢ — 7(¢) € [T, 0] and so U(t — 7(t)) is known
from the first step. Then Fj_, is a known function and it belongs to L((70,270); H).
So we can rewrite our model (6.3.1) in the time interval |1y, 270] as the inhomogeneous

evolution problem

U'lt)y=AU(t) +GU(t)) + F(t) for te (m,27),

U(r) = Ulry). (6.3.5)

Then, we have a unique continuous solution U : [rg, 279] — H satisfying

U(t) =St —1)U(7y) +/ S(t—s)[GU(s)) + F(s)lds, t € [r0,270],

70
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and so
U(#) = S(t — m)U(r) + / S(t — $)[G(U(s)) + k(s)BU(s — 7(s))]ds, 1 € [ro, 270,

Putting together the partial solutions obtained in the first and second steps we have a
unique continuous solution U : [0,27)) — IR satisfying the Duhamel’s formula

U(t) = S(t)Up + /0 S(t — $)[G(U(s)) + k(s)BU (s — 7(s))]ds, t € [0,27).

Iterating this procedure we can find a unique solution U € C([0,+00); H) satisfying the
representation formula (6.3.3).

Case 2 Let 7(-) be a continuous function satisfying (0.2.33).

Now, since k € L}, ([-7,+00);R), there exists T' > 0 sufficiently small such that

T
1
LT + Bl Fllexoma = LT+ |BI | [k(s)lds < 37 (6.3.6)
where L is the Lipschitz constant in (6.3.2). We define the set
Cy([=7, T H) == {U € C([-7, T H) : U(s) = f(s), Vs € [-7,0]}.

Let us note that C’f([—?, T); H) is a nonempty and closed subset of C'([—7,T]; H). Hence,
(Cy([=7.T]; H), Il c(-#y:m)) is a Banach space.
Next, we define the map I' : C¢([—7,T); H) — C¢(|—7,T]; H) given by

Let us note that T is well-defined. 3
Moreover, I' is a contraction. Indeed, let U,V € Cf([7,T]; H). Then, for all t € [-7,0],

ITU(t) = TV(5)] = 0.

On the other hand, for all ¢t € (0,77, since G is Lipschitz continuous we get
t
ITU(t) =TV ()] < /0 15(t = $)llcanl|G(U(s)) = G(V(s))l|ds

t
T / KIS (E = 8)en | BU(s — (s)) — BV (s — 7(s)) | ds
< M(LT + || B[kl 22 qo,mm) I U =Vl e—r1):m)-

Thus,

ITU = TV |l o(ermym < M(LT + || B)|Ikll 22 o m)IU = Ve(er.y.00)-



6.3. A NONLINEAR MODEL 95

As a consequence, from (6.3.6) f~ is a contraction. Thus, from the Banach’s Theorem,
I' has a unique fixed point U € Cf([—7,T]; H), i.e. (0.2.32) has a unique solution U €
C([0,T7; H) given by the Duhamel formula

U(t) = S(t)Up + /0 S(t — $)[G(U(s)) + k(s)BU (s — 7(s))] ds, ¥t € [0,T].

Now, note that the solution U is bounded. So, arguing as in Case 2 of Theorem 6.1.1,
we can conclude that (6.3.1) has a unique continuous global solution that satisfies the
Duhamel’s formula (6.3.3). O

As in the previous section, under an appropriate relation between the problem’s pa-
rameters, also the system (6.3.1) is exponentially stable.

Theorem 6.3.2. Assume (6.2.1) and L < 2. Then, for every f € C([—7,0]; H), the
solution U € C([0,400); H) to (6.3.1) with the initial datum f satisfies the exponential
decay estimate

U@ < Me? (HUoH +e K| B hax {He‘”sf(S)H}) e~ (M, (6.3.7)

for any t > 0.
Proof. Let f € C([-7,0]; H) and let U be the unique global solution to (6.3.1) with initial
datum f. Then, from Duhamel’s formula (6.3.3), we have that

t
HWWSMKW%WMh%AéWQWWWs

+MHBH€°”/O e[k (s) - 1|U(s = 7(s))l])ds,

for all £ > 0. Now, using the same arguments employed in Theorem 6.2.1, we get

/0 eSk(s)] - [[U(s — 7(s))|| ds < e /0 =) (5] - U (s — 7(s))|| ds

t
we” [ et T N(s)| - [U(s = (s)) s

t
< TK max {Hemf(r)H}ﬂLeM/ k(s)| - max — {e"[[U(r)|[}ds,
re[—7,0] 0 r€[s—7,s]N[0,s]
(6.3.8)
for all t > 7. Also, for all ¢ € [0, 7],

t

Aw%wwmwdwmsw/wHmewwwwws

0

t
< e“”Krg[ngO]{llew’"f(T)ll} +6°”/0 [k(s)] - max ]{ewllU(T)ll}d&

rels—7,s]N[0,s
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i.e. (6.3.8) holds true for all ¢ > 0. Hence, from (6.3.8) we get

o< sre (] + e K181 ma, 1l 01}

: t
+Me_°Jte”T||B||/O k(s)|- max {e”[|U(r )||}ds+Me_“’t/0 e ||G(U(s))]lds.

re[s—7,s]N[0,s]

Now, let us note that, being G(0) = 0 and being G Lipschitz continuous of constant L,

t t t
[ elcwenas<e [ e o<t [ max ool
0 0 0 TE[s—7,s]N[0,s]
As a consequence, we can write

U@ < Me™!([|Us]| + €7 K[| B]]  max {{le f()[[})

t
wMe [NBIIkG + L) max (U s

Then, we have that

ool < o (10l + e K131 ma, (1701}

M [EIBIRE + 1) max (U} ds, V>0

€[s—7,s]N[0

Now, we note that

ma (O < 3 (100l + " KB max (1)) )

reft—7.,)N[0,¢]

t
—|—M/ e“T||BI|k(s)] + L) - max  {e“"||U(r)||} ds, vt > 0.
0

re[s—7,s]N[0,s]
Hence, if we denote with

a(t) = max  A{e|[U(r)|]},

ret—7,t)N[0,¢]
Gronwall’s estimate yields
a(t) < NeMIBIET Jo R@ldstMLt gy >
where
1 = 3 (0l + e KIIBI e e 01} ).

Then,
FHUD)] < NP J et

96

Finally, by the assumption (6.2.1) and the assumption on the Lipschitz constant L, we

get the exponential decay estimate (6.3.7).

]
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6.4 Examples

We conclude this chapter by providing applications of the results established in the
previous sections.

As concrete examples, we will consider the wave equation with localized frictional
damping and delay feedback and an elasticity system with analogous feedback laws.

6.4.1 The damped wave equation

Let Q be an open bounded subset of IR, with boundary 99 of class C2, and let @ C Q
be an open subset which satisfies the geometrical control property in [15]. For instance,
O C Q can be a neighborhood of the whole boundary 9f2 or, denoting by m the standard
multiplier m(z) = x — o, o € IR?, as in [75], O can be the intersection of Q with an
open neighborhood of the set

Fo={zel : m(zx) v(x)>0}.

Moreover, let O C Q be another open subset. Denoting by xo and x5 the characteristic
functions of the sets O and O respectively, we consider the following wave equation

u(x,t) — Au(z, t) + axo(x)ulz, t)

+k(t)xs(@)u(z, t —7(t)) =0, (z,t) € Qx (0,400),
u(z,t) =0, (z,t) € N x (0,400),
u(z,s) =up(z,s), w(x,s)=u(x,s), (x,s)€Qx][-T,0],

(6.4.1)

where a is a positive constant, 7(t) is the time delay function satisfying 0 < 7(¢) < 7, and
the delayed damping coefficient k(-) : [—7, +00) — (0,+00) is a L}, ([—7,+00)) function

satisfying (0.2.35). Denoting v(t) = u(t) and U(t) = (u(t),v(t))T, for any ¢ > 0,, we can
rewrite system (6.4.1) in the abstract form (0.2.32), with H = H}(Q) x L*(Q),

0 Id
A= (A —GXO)

B(“):( 0 ) Vi>0.
v —Xav

We know that A generates an exponentially stable Cp-semigroup {S(¢) }1>¢ (see e.g. [70]),
namely there exist w, M > 0 such that

and

1SO)]| ey < Me™*, YVt >0.

Hence, under the assumption (6.2.1), the stability estimate of Theorem 6.2.1 holds for such
a model. Then, we can deduce an exponential decay estimate for the energy functional

1 1 1 [
E(t) := 5 /Q lug (0, t)[*dx + 5 /Q IVu(z,t)*dx + 5/ /O|k(s)] Nug(w, s)|[*dads.
t—7
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Theorem 6.4.1. Assume (6.2.1). Then, for all initial data (ug,u;) € C([—7,0]; H}(Q) x
L3(2)), the solution to (6.4.1) satisfies the energy decay estimate

E(t) < Cu.e ™™, t>0, (6.4.2)
where C, is a constant depending on the initial data and 5 > 0.

Proof. From the energy’s definition,

B(r) = U + //uc Nz, 5) P dods

' (6.4.3)

< SIU@IF+ §/t_ [k(s)II[U(s)]|*ds.

[\

Then, from Theorem 6.2.1,
|U1)]] < Coe= @t it >0,

for a suitable constant Cj depending on the initial data. So, we can estimate
t N\ = /
/ ()| U (5)[2ds < Coel@=)7 ==t g >
t—7

By using the last two inequalities in (6.4.3), we obtain the exponential decay estimate
(6.4.2). m

Remark 6.4.2. As another example, we could consider the damped plate equation (see
e.g. [82] for the model details). The analysis is analogous to the wave case above. Then,
under suitable assumptions, the exponential stability result holds for that model.

6.4.2 A damped elasticity system

Let Q ¢ RY and let O,O C Q be as in the previous example. We consider the
following elastodynamic system

u(x,t) — pAu(z,t) — (A 4+ p)Vdiv u + axo(x)ul(z, t)

+k(t)xs(@)u(z, t —7(t)) =0, (z,t) € Q x (0,400),
u(z,t) =0, (x,t) € 9 x (0, 4+00),
u(z,s) = ug(x,s), w(z,s)=ui(x,s), (z,s)€Qx|[-7,0]

(6.4.4)

where a is a positive constant, 7(¢) is the time delay function satisfying 0 < 7(t) < 7,
and the delayed damping coefficient k(-) : [—7,+00) — (0,400) is a L} ([-T,+0))
function satisfying (0.2.35). Note that, in this case, the function u is vector-valued and
takes values in IR? while \ and p are positive constants usually called Lamé coefficients.
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Denoting v(t) = u(t) and U(t) = (u(t),v(t))?, for any ¢t > 0,, we can rewrite system
(6.4.4) in the abstract form (0.2.32), with H = HL(Q)" x L2(Q)",

L 0 Id
C\pA+ A+ p)Vdiv - —axo

B(“):( 0 > Yit>0.
v —Xav

We know that A generates an exponentially stable Cy-semigroup {S(t)}+>0 (see e.g. [52]),
namely there exist w, M > 0 such that

and

1Sl ey < Me™", Vit >0.
Hence, under the assumption (6.2.1), the stability estimate of Theorem 6.2.1 holds for

such a model. Therefore, we can deduce an exponential decay estimate for the energy
functional

E(t) := %/Q |ug (0, t)[*dx + %/Q [u Z (aiuj(a:,zf))2 + (A + ,u)\dvu|] dx

n
i.j=1

1 t
+—/ / k()| - |u¢(z, 5)|*dwds.
2Ji7J0

Theorem 6.4.3. Assume (6.2.1). Then, for all initial data (ug,u,) € C([—7,0]; H} () x
L3(Q)%), the solution to (6.4.4) satisfies the energy decay estimate

E(t)y < Ce™t t>0, (6.4.5)
where C' is a constant depending on the initial data and B* > 0.

Proof. The proof comes analogously to the one of Theorem 6.4.1. m



Chapter 7

Semilinear evolution equations with
memory and time-dependent time delay

feedback

In this chapter, we will establish well-posedness and exponential stability for solutions
to system (0.2.36) corresponding to sufficiently small initial data. All the results in this
chapter are contained in [45].

Now, we start our analysis by writing (0.2.36) in abstract form. First of all, in the
spirit of [48]|, we define an auxiliary function and we give an equivalent formulation of
our model (0.2.36). We introduce the energy of the considered model, that takes into
account the memory damping and of the time-dependent time delay feedback. Due to
the presence of time-variable time delays in the feedback law, we define another auxiliary
energy functional, which is instead not needed in [89] since, there, the constant time delay
case is considered. Then, introducing suitable spaces, we write our model in abstract form.

As in Dafermos [48], we define the function
n'(s) == u(t) —u(t —s), s,te(0,+00), (7.0.1)
so that we can rewrite (0.2.36) in the following way:

ug(t) + (1 — ) Au(t) + /0+°° B(s)An'(s)ds + k(t)BB*u(t — 7(t))
= Vi (u(t)), t € (0,+00),

77;( ) —779( ) + ut(t)a tv s € (0’ +OO)7 (702)
u(0) = uo(0),

u(t) = g(t), tel-7,0],

n°(s) = no(s) = uo(0) — uo(~s) s € (0, +00).

100



101

Let us define the energy of the model (0.2.36) (equivalently (7.0.2)) as

E(t) :== E(u(t)) = %Hut(t)H?{ + %Hﬁu(ﬂ!ﬁq — tp(u)
(7.0.3)
L[ Axnt(s)||%d 1tk: B* 2 q
+5 i B(s)1A2n" (s)| I3 s+§/ﬁl ()| - 11B us(s)| [ ds.

Note that, apart from the last term, this is the natural energy for nonlinear wave-type
equations with memory (cf. e.g. [6]). The additional term

I .
3 | K 1B ) ds
t—

7

is crucial in order to deal with the delay feedback in the case of time-varying time delay
(cf. |72, 89| for similar terms).
Moreover, let us define the functional

1
e(t) = max { 5 ma, la) e myx £G6) |
In particular, for ¢t = 0,

£0)i=max {5 mox o) £O)

s€[—7,0]

In order to write (7.2.23) as an abstract first-order equation, we introduce the follow-

ing Hilbert spaces. Let L3((0, +00); D(A?)) be the Hilbert space of the D(A2)—valued
functions in (0, +00) endowed with the scalar product

(@, 1)

and denote by H the Hilbert space

/ B(s)(Ad i, Abp) s

m\»—‘

L2 (0,400);

H = D(Az) x H x L3((0, +00); D(A2)),

equipped with the inner product

u U
< v || @ > = (1 — B)(A2u, AZd) g + va+/ B(s)(Azw, A2ib) s,
w W
H
(7.0.4)
Setting U = (u, us, 1), we can restate (0.2.36) in the abstract form
U't)y=AU(t) — k(t)BU(t — 7(t)) + F(U(t)), (7.0.5)

U(s) = g(s), s€[-7,0]
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where the operator A is defined by

Al v ] = (=0 =B Au— [ Bls)Aw(s)ds
v —Ws + v
with domain
D(A) = {(u,v,w) %) X D(A%) x L2((0, +00); D(A%)) -
(1- u+/ B(s)w(s)ds € D(A), w, € L%((O,%-oo);D(A%))}’ (7.0.6)

in the Hilbert space H, and the operator B : H — H is defined by

U 0
Bl v = | BB*v
w 0

Note that, by (0.2.38), it turns out that || B| s = b*. Moreover, g(s) = (uo(0), g(s), m0)
for s € [—7,0], and we denote Uy := §(0) = (uo(0),u1,n0). Also, F(U) := (0, Veb(u),0)7.
Now, from (H2) and (H3) we deduce that the function F' satisfies:

(F1) F(0) = 0;
(F'2) for each r > 0 there exists a constant L(r) > 0 such that
IF(U) = F(V)lse < LU = V| (7.0.7)
whenever ||U||ly < rand ||V]|x < r.

It is well-known (see e.g. [57]) that the operator A in the problem’s formulation (7.0.5),
corresponding to the linear undelayed part of the model, generates an exponentially stable
semigroup {S(t)}:>0, namely there exist two constants M,w > 0 such that

||S(t>||£(H) < Me_wt, vt > 0. (708)

Our stability results will be obtained under an assumption on the coefficient k(¢) of
the delay feedback. More precisely, we assume (cf. [72]) that there exist two constants
W' € [0,w) and v € IR such that

¢
sze“ﬁ/ |k(s)|ds <~ +w't, forallt>0. (7.0.9)
0

Note that (7.0.9) includes, as particular cases, k integrable or k in L™ with ||k| s suffi-
ciently small.
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7.1 Local well-posedness and preliminary estimates

In this section, we present some preliminary results that will be crucial to prove global
well-posedness and exponential stability for (0.2.36).

First of all, the following local well-posedness result holds. As we pointed out in Chap-
ter 6, since we are dealing with time-dependent time delays, we cannot argue employing
the classical step-by-step argument that is usually used for delay equations. To establish
local well-posedness, we have rather to use a fixed point approach.

Theorem 7.1.1. Let us consider the system (7.0.5) with initial datum g € C([—7,0]; H).
Then, there ezists a unique local solution U(-) defined on a time interval [0,0).

Proof. Let g € C(|—7,0]; H). We set
C:= maX{QM max [[g(s)]|z, max HEJ(S)HH}-
s€[—7,0] s€[—7,0]
Let £ > 0 be a sufficiently small time such that

1

— 7.1.1
4M7 ( )

§L(C) + Ukl 1 ogmy <
with L(C) as in (7.0.7). Let us denote

Cy([=7, & 1) :={U € C([-7,€[;H) - U(s) = g(s), Vs € [T, 0]}.
Note that C;([—7,¢]; H) is a nonempty and closed subset of C([—7,¢]; H). As a conse-
quence, (C ([ L H) | leqeram) is a Banach space. Moreover, let us denote
Oy ([-7. €l H) = {U € Cy([-7,&;H) : [UM)|ln < C, Vt € [-7,¢]}

Let us note that C§ ([—7,&]; H) is nonempty since it suffices to take

<) — Uo, S € [O,f],
v {g<s>, s [-7,0),

to have that U € C3([—7,¢;H) and [[Ut)[|n < l9llc—ragm < C, for all t € [—7,¢].

So, U belongs to Cgc([ 7,&;H). Also, it is easy to see that Cf ([—7,&]; ) is closed in
C([—7,&]; H). Hence, ( gc([ 7, H), H lc(=#,e:%)) is a Banach space too.

Next, we define the map ' : CF'([—7, & H) — CF (-7, £]; H) given by

(t), t e [—7_',0].

Qe

o) - {SWO - Ji S = )FW(E) + KBU(G — ()] ds. € (0.€]

We claim that I" is well-defined. Indeed, let U € Cg([—%, ¢]; H). Then, from the semigroup
theory, t — S(t)Up is continuous. Also, since U(:) is continuous in [-7,&], 7(-) is a
continuous function and B is a bounded linear operator from H into itself, [0,£] > ¢t —
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BU (t—7(t)) is continuous. Moreover, k € £1([0,£];R). So k(-)BU(-—7(-)) € L([0,&]; H).
Also, since U(+) is continuous in [—7, ] and F(+) is locally Lipschitz continuous in H from
(Fy), the map t — F(U(t)) is continuous in [—7,¢&]. So, F((U(-))) € L£Y([0,&];H). As
a consequence, the map ¢ — f(f S(t—s)[F(U(s)) + k(s)BU(s — 7(s))|ds is continuous in
[0,&]. Thus, I'U € C([0,¢]; H). Furthermore, 'U = g in [7,0]. Finally, for all ¢ € [-7, 0],

ITU @7 = lg@)lw < C.

On the other hand, for all ¢ € (0,&], from (F,) with F(0) = 0 and ||U||¢(-7gm) < C, we
can write

ITU@)][n < Me_“tHUoIIHJrM/ N EU ()l + (k)T (s = 7(5) ) ds

< M||Us|l3 + M/O (L(C) + k()N NU ()2 + U (s = 7(5))|2)ds
< M||Uplls + 2MC(EL(C) + VP|[E| 22 jo,.e1:m) )-

Thus, using (7.1.1), by definition of C' we get

C C
ICU@) I < 5 +2MO(EL(C) + B[kl ) < 5 zMom —C.

Thus,

So, we can conclude that I' is well defined.
Next, we claim that I' is a contraction. Indeed, let U,V € C’gc([—f,f]; H). Then, for
all t € [-7,0],
[ITU(t) =TV (t) ]l = 0.
On the other hand, for all ¢ € (0,&], since ||U||lc(—#gm): |V lc(ragm < C, from (Fy) it
follows that

ITU(#) =TV ()]l < /OtIIS(t = S)leanllF(U(s)) = F(V(s))lluds

+/0 1S = s)llcanlk($)[BU(s — 7(s)) = BV (s — 7(s))[lnds
(L(C)

< M(L(C)E + 0*[|k] 21 o.e ) IIU = Vle=r.g:20)-

Thus,
ITU =TV [leq-rgm < M(L(OV + U||kl c1o.gm) 1T — Vlleq-r.g:m)-

As a consequence, since from (7.1.1) M(L(C)¢ + b*||k||ziormy)) < 3 < 1, the map T
is a contraction. Thus, from the Banach’s Theorem, I" has a unique fixed point U €
CS([=7,&];H). So, the fixed point U € Cf ([—7,&]; H) is a local solution to (7.2.23) that
can be extended to some maximal interval [0, ) since ||U||c(ogm) < C.
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Now, we prove that the fixed point U is the unique local mild solution to (7.0.5).
Indeed, assume that (7.0.5) has another local mild solution V' defined in a time interval
[0,0"). Let top > 0 be such that both U and V are defined in the time interval [0,ty]. We
denote with ¢ := max{||U||c(-# ) ||V lc(=#t0)20) }- Then, for every ¢ € [0, o], we have
that

WN@—VUWHSA4AfﬂH@WUQ—T@»—V@—TSDWMS

ML) / 1U(s) — V(5)lds

rels—7,s]

<M [+ L) s [06) VO,
from which :
max U6) = VOl <1 [ GG+ 20) mas [06) = V0.
Thus, the Gronwall’s estimate yields

max ||U(r) —V(r)||x <0,

ret—7,t

and
[U#) = V(t)lls =0, Vte[0to].

So, U and V coincide on every closed interval [0, to] in which they both exist. Then, § = ¢’
and U is the unique local mild solution to (7.2.23). O

Remark 7.1.2. Assume that the time delay function 7(-) is bounded from below by a
positive constant, namely
T(t) > 10, Vt>0, (7.1.2)

for some 79 > 0. In this case, Theorem 7.1.1 can be proved in a simpler way. Indeed, in
[0, 7], we can rewrite the abstract system (7.0.5) as an undelayed problem:

Uty = AU@) —k@t)Bg(t —7(t))+ F(U(®¥)), te(0,7),

Then, we can apply the classical theory of nonlinear semigroups (see e.g. [92, 91]) obtain-
ing the existence of a unique solution on a set [0,6), with § < 7.

Now, we present some preliminary estimates.

Lemma 7.1.3. Let u: [0,T7) — R be a solution of (0.2.36). Assume that
1
E(t) > Z|lw)|lz,  vt=>0. (7.1.3)

Then,
E(t) < C@)E(0), Vt >0, (7.1.4)

where
C(t) = " Jo Iks)lds, (7.1.5)
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Proof. Differentiating the energy, we obtain

dE(t)

— = (), war(0) i+ (1= B)(ARu(t), Aue(t)) i — (V(ut)) ue(t)) s

1 . 1 _ . _
+SIRO] - 1B (DI = 5lk(t =) - | B udlt = DI
+oo

| B(s){Az1!(s), A2l (s)) uds.

Then, since from (7.0.2) it holds that

~ +oo
un(t) = Vo) = (L= HAult) = | Sls)dn (s)ds — k() BE u(t - 7)),
we get
B ), T — (1~ ) (1), Au(t)) s [ b6 () A0 5)) s

—k(#)(us(t), BB uy(t — 7()))m + (1= B){Azu(t), A2u(t))w — (V(u(t)), ue(t))

1 . 1 _ ) _
+5 k@] 1IB wy ()7 — Ikt =) 1B w(t — ol

+oo
+ B(s)(A2n'(s), A2ni(s)) uds.
0
Let us note that, being A a self-adjoint positive operator, also Az s self-adjoint. This
together with the second inequality in (7.0.2), i.e. nf = —n’ + u,, yields
dE(t) oo

oy (8)(ue(t), An'(s)) ads — k(t){u(t), BB uy(t — 7(t)))u

1 . 1 _ . i
+5 RO BTl = Ik =) - 1B ud(t = 7l

+o0

+ B(s)(An' (s),m,(5))rds

= —k(t)(u(t), BB us(t — 7(t)))  + %Ik(t)\ 1B (1) I

“+00

—%Vi(t =) 1B ue(t — )l — i B(s)(An' (s), ny(s)) mds.

Now, we claim that
+oo

i (5) (15, An' (s)) s > 0. (7.1.6)

Indeed, since A3 s self-adjoint, we can write

1d

o |AB (5) [ = (Ab, S (5)) = (s A ()
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Thus, since 5°(0) = 0 and 8(¢)||Azn!(s)||2, — 0, as t — 400, (see [56] for details) it comes
that

+o0 1 [1
() (s An () s = =5 [ B'(s) || A= (s)] [y ds.
0 0
Finally, using again (iv) on the memory kernel §(-), we can say that
o0 1 +o0 1 ;
(s)(n, An'(s))uds = —5 B'(s)||Azn' ()| Frds
0 0
L 1t 2 ,
>3 Bs)[|AZn"(s)||zds = 0,
0

which proves (7.1.6).
Next, from (7.1.6), we can estimate the derivative of the energy in the following way:

di—f) < —k(t)(ue(t), BB uy(t — () + %\k(ﬂl || Buy(8)[[5 — %\w =) - 1B u(t = )l

< =k () (u(t), BB uy(t — 7(t))) m + %Ik(t)l 1B u (1)

Therefore, using the definition of adjoint and Young inequality, we get

B < k() (B ut), But — () + LIk - 1B u(0)]
< RO 1Bl + Sk - [1Budlt — r(e) + 5k 1B (]l
< SR max (18w

Now, let us note that, from (7.1.3), for ¢ > 7 it holds that

max {[|B*u(s)|[3} < max{||B u,(s)|[3} < b max{[|u(s)|[3} < 20 max E(s) < 20%E(t).
sE[t—T,t] s€[0,t] s€[0,t] s€[0,t]

On the other hand, if t € [0, 7), using again (7.1.3), or

max {||Bu(s)|[5} = SHEI[%{IIB*W(S)I@} < 2°E(1),

SE[t—T,t]
or
max {[|B*u(s)|[3;} = max {||B*u(s)|[r} <0° max {[[g(s)|[3} < 20°E(1).
SE[t—T,t] s€[—7,0] s€[—7,0]
Therefore,
max {||B"u(s)][}r) < %), v >0,
selt—T,t
from which
dE(1)

— 3 |k(t)|E(t), Vt>0.
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As a consequence, since £(t) is constant or increases like E(t), it turns out that

%it) < 3V|k(t)|E(), Vt>0.

Then, the Gronwall’s inequality yields
E(t) < 30 fﬂt\k(s)|dsg(0).
By definition of £(t), we finally get
B(t) < £() < T MOItg (),

from which
E(t) < 3 Jo k®)ldsg (),

that ends the proof. O

The following lemma allows us to find a bound from below on the energy of the model,
provided that a smallness condition is satisfied by the initial data.

Lemma 7.1.4. Let U(t) = (u(t),w(t),n") be a non-zero solution to (7.0.5) defined on
an interval [0,9), and let T > 6. Let h be the strictly increasing function appearing in
(0.2.40).

1. If h(||A2up(0)| ) < 552, then E(0) > 0.

2. Assume that h(||Azue(0)||x) < 1%5 and that

W(—2 _ciebo)) < 128, (7.1.7)
(-3 2
for some positive constant C > C(T), with C(-) defined in (7.1.5). Then
1 2 1 —B 1 2 e * 2
E(t) > Jllu®lly + — = [lA2u@)llg + 5 [ k()] [[B uels)|[ds
. o (7.1.8)
1 o 1
1/ B(s)I| Az’ (s)| [ ds,
for allt €0,6). In particular,
1
E(t) > ZHU(t)Hiu vt € 10,9). (7.1.9)
Remark 7.1.5. Let us note that (7.1.7) implies that
2 i, 1-5
(- B): 2

being the positive constant C in (7.1.7) bigger or equal than C(T') and being the function
h strictly increasing.
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Proof. From the assumption (H3) on the function 1, we can write
1
] < [ 100, ulds
0
1 ! 1
< HA?uH%/ h(s||A2u||g)sds (7.1.11)
0

1 1 ! 1 1 1
< h(||A2UI|H)||AQU|I§{/ sds = Sh(||A2ul|w)||A>ul [,
0

where we used the fact that h is a strictly increasing function and the fact that ||ul|
(1 - B)||Azul|i with 3 < 1.

Now, being U a non-zero solution to (7.0.5), the initial datum ¢ satisfies Bg # 0. Indeed,
if the initial datum g is such that Bg = 0, then the unique solution to (7.0.5) is U = 0.
As a consequence B*g # 0 since, otherwise, being B a linear operator, we would have
0 = BB*g = Bj. Hence, from the assumption h(]|Azug(0)|x) < # and from (7.1.11),
we have that

D(A%)

1 1—-8, 1 /0 .
E(0) = 5““1“%{ + THAWO(O)H?I — P (uo(0)) + 3 / k(s)] - || B*g(s)|[5ds
1 [t ) )
+35 B(s)|[Azno(s)|[fds
0
1, n 1=53, , 1 ' ' )
> §Hu1\|H + THAWo(O)HH - §h(||A2uO(0)HH)HA2uO(0)I|H
1 0 . ) 1 +oo 1 )
5/ k()| - || B*g(s)|[fzds + 2/, B(s)I|Azno(s)| [z ds
1 1-3. I \
> §I|ull|?{ + THA?uO(O)H?q + 5/ |k(s)] - || B*g(s)|[3ds
1 [T ) )
+5 B(s)|[Azn(s)|[fds > 0.
0

So, the claim 1 is proven.
In order to prove the second statement, we argue by contradiction. Let us denote

r:=sup{s € [0,0) : (7.1.8) holds, Vt € [0,s)}.
We suppose by contradiction that » < §. Then, by continuity, it holds

1 1—8 ., 1 1 /"
E(r) = =|[u(r)]|} + —ﬁllAM(T)H?q + - k()| - 11 B*uy(s)]|7;ds
4 4 4.

- (7.1.12)
1 [t

cr [ B (5) s
0
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In particular, (7.1.12) implies that

1-7
4

Also, by definition of r, for all ¢ € [0, 7],

|AZu(r)|% < B(r).

1 1—-8, 1
E(t) > leut(t)lﬁf + THAW(t)H%
1 * 2 1[*e 14 2
1 [ KB w(s)llzds + i B(s)|[Azn (s)||5ds
t—7

> (o)l
Thus, the assumption (7.1.3) of Lemma 7.1.3 is satisfied and we can write
E(t) < C(t)E(0), Vtelo,r],
from which, being C(t) < C(T), it comes that
E(t) < C(T)E(0), Vteo,r].

In particular, for ¢t = r, _
E(r) < C(T)&(0).

As a consequence,

!

1—
4
Thus, since h is strictly increasing, from (7.1.7) (which implies (7.1.10)) we have that

|AZu(r)|% < E(r) < C(T)E(0).

; 2 ; 1-8
h(||Azu(r)||g) < h <—~16’2(T)52(0)> < —. (7.1.13)
(1-p)2 2
Finally, using (7.1.11) and (7.1.13) we can conclude that
_1 2 1_5 A3 2 L[ * 2
E(r) = Sllu(r)lfiy + ——lAzu(n)ll = v(ulr)) +5 [ k()] - [|B w(s)|[ds
1 e Lo 2
3 B Azn"(s)|[wds
1 1— B 1 1 " *
> I+ =2 AR+ 5 [ K15 ) s
1 e 1. 2
1) B A2 (s)| [z ds.

This contradicts the maximality of . So, r = ¢ and the proof is completed. O
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7.2 Global well-posedness and stability

Now, we prove our main results. First, we give a stability result for the abstract model
(7.0.5) under suitable assumptions. More precisely, we prove an exponential stability
estimate for solutions to (7.0.5) corresponding to small initial data.

Theorem 7.2.1. Assume (7.0.9). Let g € C([—7,0];H) and let U be a solution to (7.0.5)
with the initial datum g, defined in a time interval [0, T], T > 0, that satisfies

U]l < C, Vtel0,T], (7.2.1)

for some C' > 0 such that L(C) < “3%.
Then, U satisfies the exponential decay estimate

U0l < Me? <||UO||H + e“TKb° Té?%]{ewug(r)uﬂ}) e (W =MLIONE —(7.99)

for all t € 0, 7).

Proof. Let g € C([—7,0];H). Let U be a solution to (7.0.5) with the initial datum g.
From Duhamel’s formula, for all ¢t € [0, 7] we have

U(t) = S(t)Up + /Ot S(t — 8)[—k(s)BU(s — 7(s)) + F(U(s))]ds.
Thus, using (7.0.8), we get
100l < 150l Ualla+ [ 1186 = 5l b5 B = (69 s
+ [ 115t = 9leol POl

< Me[Upllp + Me™! / " k(s)] - [|BU (s — 7(5)) s

t
M / || F(U(s))llnds.

Now, using the assumptions (F}) and (F3) on F' and taking into account of (7.2.1), we
can write

U ()l = [[FU(s)) = FO)][s < LION[U(s)] |34
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This last fact together with (0.2.37) implies that

t
U3 < Me™[|Us |5 + Me“’t/o e[k (s) - [IBU(s = 7(s))lnds

t
SMLC)e [ U (s)ds
0 t (7.2.3)
< Me Ul + Mete" [ O ()] [BULs - 7(5) s
0

¢
+ML(C)e " / e?*||U(s)]]3ds.
0

Now, we assume t > 7. We split

7

/0 T k()| - || BU (s — 7(5))|leds = / T k(s)| | [BU (s — (5)) [ ls

t
+[ TN E(s)] - || BU (s — 7(5))]| | ds.
’ (7.2.4)
We first estimate, using (0.2.39) with ¢ = 7,

/ T k()] - [|BU (s — 7(5)) |2
0

< bz/ |k(s)] ( max {e*"[|g(r)[|2} + max{ewllU(r)IIH}) ds
0 re[—7,0] rel0,s]

< Kb* max {ewllé('f’)HHHbQ/ k()| max {e*"[|U(r) |5 }ds.
re[—7,0] 0 r€|0,s]

= K max (e |glhe} + 0 [ k) max (UG s
re|—T, 0

rels—7,s]N|0,

Also,

/ TN (s)] - ||BU (s — 7(5))|[pds < b7 / TNk (s)] - ||U (s — 7(5))]|uds
/ k()] max {]|U(r)l}ds

_ b2/ ()] AT edds.
7 re[s— Ts]ﬂ
Therefore, (7.2.4) becomes

t
e T IBU(s = (5)) s < K8 e {61 o)
’ ’ (7.2.5)

t
[ PRI max U s
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for all ¢t > 7.
On the other hand, if t < 7, using (0.2.39) it rather holds

t
e T 1BUs = ()l
0
t t
< / k()] max {e[|(r) |} ds + / k()] max {e | U () e s
0 re[-7,0] 0 ref0,s]

=0 [ 1) s (150 ks +8° [ 14 {1 )y

rE[s 7,8 ﬂ[O s]

T t
<8 [ ko) max (e lamlhads + 8 [ ] max {00 ds
0 rel-, . 0

re[s—7,s]N[0,s]

< Kb* max {e“"[|g(r)[[5} +b2/ [k(s)] _ max  {e[|U(r)[|x}ds.
r€[—7,0] 0 re[s—7,s]N[0,s]
So, (7.2.5) holds for every ¢ € [0,T]. Putting (7.2.5) in (7.2.3), we can write

0@ < Me (1l + e K9 ma. (0]l

re[s—7,s|N

. t
Me_“te“ﬁbz/ k()] maX {ewTHU( )||H}d5+ML(C)€_“’t/ e*||U (s)]|nds,
0 0
< are (i + K7 rgg;m{ewug(muy})
t
—|—e_°"t/(Me‘ﬁb2|/€(s)|+ML(C)) max[ ]{GWHU(T)HH}CZS,
0

re[s—7,s]N[0,s

from which

0@l < M (ol -+ e K8 mo (110 )

—l—/ (Me“Th?|k(s)| + ML(C))  max {ewHU( V|2 tds,

0 rels—7,s|N|o,
for all t € [0, T]. Thus,

A0 ) <01 (10l + K12 s (130} )

re[t—7,tN
t —
+ [ IETRIG) + ML) _ max {10 s
0 rels—7,s ,S

Hence, denoted with )
Ut) .= max  {e[|U(r)s},

re[t—7,t)N[0,t]
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using Gronwall’s inequality we get
HﬁaﬂhtﬁA4(HMMH—%#”K?ngﬁﬁéﬂ@Oﬂh&)eMﬁwme$“+MM@?

Finally,

MUl < M (||Uo\|H TR r;?ago]{eww|a<r>||ﬂ}) M S I ML,
which implies that

”L“t”hiS-N[(HC%HH‘+€WT519Tgﬁ§h{€”H§OﬁHH})eﬂ“QWTLHM$d&HWMC”e‘“?
From (7.0.9), we can conclude that

000 < 26" (0l K8 ma, {300 ) €0,

for all t € [0, 7], which proves the exponential decay estimate (7.2.2). ]

Now, we prove that, for sufficiently small initial data, the system (0.2.36) has a unique
global solution that satisfies (7.2.1), whenever the coefficient of the delay feedback k(t)
satisfies (7.0.9).

Theorem 7.2.2. Assume (7.0.9). There exist p >0 and C, > 0, with L(C,) < =%, for
which, if § = (uo(0),g,m0) is such that

IWM%+O—@W@%®N%+/IMﬂWBWSM%

-7

(7.2.6)

—+00

+ B(s)||A2no(s)| 4ds < p?
0

and
max |[g(s)||un < p, (7.2.7)
s€[—7,0]

then the problem (7.0.2) with the initial datum § has a unique global solution U €
C([0,+00)),H) that satisfies

[UOn<C,, VE>0. (7.2.8)
Proof. Let us fix a time T sufficiently large, T' > 7, such that
Cr := 4M?*e* max {(1 + Kb*e*7), e“f} (1 + 62M%K2b4) e (W=T 1, (7.2.9)

Also, we set
CT = sup {6362 LT Ik)lds gy N} . (7.2.10)
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The assumption (0.2.39) ensures that C < +oc. Note that C; > C(T), where C(T) is
defined in (7.1.5). Now, we pick p > 0 in such a way that

p < @h‘l <ﬂ> : (7.2.11)

Let (uo(0),u1,n0) and g be such that (7.2.6) and (7.2.7) holds true. Then, the initial
datum g satisfies the following smallness condition:

mmax, 13(s)||2 < V2p. (7.2.12)

Now, from Theorem 7.1.1 there exists a unique local solution U(-) to (7.0.5) with the
initial datum g(s), s € [—7, 0] which is defined on a time interval [0,0) and that satisfies
the Duhamel’s formula

Ut)=St)Uy + /0 S(t—s)[—k(s)BU(s —7(s)) + F(U(s))] ds, (7.2.13)

for all t € [0,d). Without loss of generality, we can suppose that 6 < 7. Also, we
can assume that U is a non-zero solution to (7.0.5), since, otherwise, (7.2.8) is trivially
satisfied. Thus, using (7.2.11), the assumption (7.2.6) on the initial data, and recalling
that h is a strictly increasing function, we get

1

were in the above inequality we used the fact that 2(C7)2 > 1. Hence, since we have
h(||Azug(0)]|5) < =8 from Lemma 7.1.4 it follows that E(0) > 0.
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Also, using (7.1.11) and the fact that h(][A2u(0)||x) < I%B, we can write

1 1_6 1 *
B0) = 3l + 252 14O — 600 + 3 [ KO 187w s
1 +oo ) )
+3 | ARG s
1 1—5, 1 1 1 1
< gllurlBy + 252 AR w0} + Sl A3 uo(0) 1)l Ao 0
1 [T 1
* 2 = 2
vy [ WO B 5 [ st s
1 1-8, 1 1-8, 1
< SllurlFy + 252 AR )1 + 2 AR 0) I
1 [T 1
* 2 = 2
S N mmm+5 [ B A (o) s
= Sl + 30— DATONE + 5 [ 180 s
1 +oo ) ) )
3 | AR ds < 7

The above inequality, together with (7.2.11), implies that

2 2 L (1=8)) _1-8
h(m(cﬁ ()) <h<m(cﬂ >§h<h <T>) =—5

Furthermore, from (7.2.7),
TSRS T Vi) 1=
h(ﬂ—@ﬁ«%) %Lga]w(MH><h<u Bﬁuzop)g—3—. (7.2.15)

[NIE
(NI
l\.’)\»—A

E

Then, from (7.2.14), (7.2.15) and by definition of £(0), we have that

NI

2 )

_
: 0) <=5 (7.2.16)
1-j)z

Since C% > C(T), the above inequality (7.2.16) allows us to apply Lemma 7.1.4, that
ensures that (7.1.8) is satisfied for all ¢t € [0,0). In particular,

B(t) > ()l ¥ € [0,6)
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Combining (7.1.4) and (7.1.8) with C(t) < C(T) < C%, it turns out that

2 t “+oo
@I+ Aol + 5 [ RO B w5 [ Ak ) s
t—7 0
< E(t) < C7€(0),

(7.2.17)
for all t € [0,d). Thus, since the solution U is bounded from (7.2.17), we can extend it in
t = ¢ and in the whole interval [0, T]. Moreover, (7.2.17) holds for all ¢ € [0, 7.

Now, using (7.2.16) and (7.2.17) with ¢ = T, we can write

N

(-5’ 2

Furthermore, from the smallness assumption (7.2.6) on the initial data and from (7.2.17),
it comes that

(1 A3uo(T)] 1) < b (%(O;ﬁe <o>) ] (7.2.18)

1 *
HU@IE, < B0 < G
where here we have used the fact that £(0) < p*. Thus,
iyl
U@l < Cp = 2(C3) . (7.2.19)

Next, eventually choosing a smaller value of p, we can suppose that L(C,) < “2;1\2’/ We
have so proved that there exist p > 0, C, > 0 such that, whenever the initial data
(uo(0), g,mo) satisfy the smallness condition (7.2.6) and (7.2.7), then the system (7.0.5)
with the initial data Uy, g, has a unique solution U defined in the time interval [0, T] such
that U (1) | < C.

As a consequence, from Theorem 7.2.1, being L(C,) <

w—w’

“57 > the following estimate holds

’
w—w
5
)

000 < 316" (11Walla-+ e K8 e (e |30 )

for all ¢ € [0, T]. Thus, using (7.2.12), we can write

1) e < Me (|1Uol e+ 7 K82V2p) 5,
for any t € [0,7]. Then,

U@, < M2 (Unll+ e KBV3p) e
< 2022 (||Uolf, + (e Kb2V/2p)?) et
= 2M?e? (||U0H3_t + e2w%K2b42p2) e~ (W=t

from which, taking into account (7.2.12) with Uy = §(0),

[U@)|I3, < 4M?e® p? (1 + T K2") e @t (7.2.20)
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for all ¢t € [0, T7.
Also, for all s € [T'—7,T] C[0,7], (1.1.18) yields
[lue(s)[1 < U ()13,
< 4MZe* p? (1 + 62‘”?}(21)4) e~ (w=ws
< AMZe*p? (1 + ™7 K*b") e~ (W—w)(T-7)
< 4M26276W,02 (1 + eQw%KQbZL) e~ (w=)T,
As a consequence, from (0.2.39)

T T
/ k()] - (| Brua(s)| s < AM2TeT17 (1 4+ 27 K2) ¢~ @7 / (s)|ds

T—7 T—7
< 4KM262'yew?62p2 (1 + €2w?K2b4> ef(wfw’)T.
This last fact together with (7.2.20) implies that
T
U@+ [ ] 1B w()l s
T (7.2.21)
< 4M2€2’yp2 (1 + eZw‘FKQb4) (1 + KbZGw'F) 6—(w—w’)T < CTp2 < pQ.
Moreover, (7.2.20) implies that

max [Ju(s)|ff; < AV (14 ST @I < g <
se|l'—T,

from which

<p. 7.2.22
max (o)l < p (7.2.22)

The conditions (7.2.21) and (7.2.22) allow us to apply the same arguments employed
before on the interval [T, 2T]. Namely, we consider the initial value problem

V'(t) = AV (t) — k(t)BV (t — 7(t)) + F(V(t)), teT,2T],

V(s)=U(s), s€[T—7T) (72.23)
where U(+) is the solution to (7.0.5) in the interval [0, 7.
We define now the energy of the solution
- = B 1 9 1 —B A; 9
E(t) = E(v(t)) = Sllu@®ll + —— 1420l — v (v)
(7.2.24)

1 +oo 1 1 t i}
w5 | BENAR s + 5 [ ) IB s,
t—

7

where n'(s) = v(t) — v(t — s), and the functional

E(t) := max {% max ] lu ()3, max E(s)} . (7.2.25)

se[T—7,T s€[Tt]
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Let us note that E(T) = E(T).

Now, from Theorem 7.1.1, the problem (7.2.23) with the initial datum U(s), s € [T —7, T,
has a unique local solution V'(+) defined on a time interval [T, T+4) given by the Duhamel’s
formula

V() = S(t — T)U(T) + /0 St —T — 8)[—k(s)BV (s — 7(s)) + F(V(s))]ds, (7.2.26)

for all t € [T, T+ ¢). We can assume that 6 < 7 and that V' is a non-zero solution, since,
otherwise, (7.2.8) is obviously satisfied for all t > T

First of all, the inequality (7.2.18) yields E(T) > 0.
Let us note that, if £(t) > I|lv.(¢)||3;, for all ¢t € [T, T + §), arguing as in Lemma 7.1.3,

E(t) < ' JF0lds £(T) i e [T, T +6). (7.2.27)
Also, using the same arguments employed in Lemma 7.1.4 and observing that

2T
C’; > 63b2 Jr |k(s)\ds’

h (%(0;)%%)) < 1%5, (7.2.98)

then

- 1 1—8, 1 [
E(t) > ZHvt(t)H%I + TEHAW(t)H% + —/t k()| - || B vi(s)][3,ds

1)
(7.2.29)
1 +o0 Iy )
1/, Bs)l[ A2 (s)l[5ds,
for all t € [T, T 4 ¢). In particular,
~ 1
E(t) > ZHV(t)H%{, vt € [T, T +9). (7.2.30)
Now, from (7.2.21), we have E(T) < p?. This together with (7.2.22) implies that
E(T) < p*. (7.2.31)
Hence, using (7.2.11) we get
2 s, 2 . 1-8
h| ———=(C7)2E(T)2 | <h| ——=(C})2 < —. 7.2.32
((1—5)5”) <>) <(1_5)é<ﬂ p> 2 (7.2:3)

So, (7.2.28) is satisfied. As a consequence, inequalities (7.2.29) and (7.2.30) hold for all
t € [T, T +0). In particular, from (7.2.30) we get

s 1
E(t) > Z—ll\vt(t)H?{, vt e [T,T +9).
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Therefore, also inequality (7.2.27) is fulfilled. Combining (7.2.27) and (7.2.29), we finally
get
1

1_3 1 1 t . 1 +oo 1
S+ AR+ 7 [ IR IB s+ [ A6 AR 6 s
t—T7

< B(t) < I K@l g1y < Cré(T).
(7.2.33)
Thus, the solution V is bounded and we can extend it in ¢t = T + ¢ and in the whole
interval [T, 2T]. Moreover, (7.2.33) and (7.2.30) hold true for all ¢ € [T,2T]. So, taking
into account of (7.2.31), it holds

IV®) e < 2(C7)2E2(T) < 2(C)2p = C. (7.2.34)

Putting together the two partial solutions (7.2.13) and (7.2.26) to (7.0.5) obtained in the
time intervals [0,7] and [T, 2T, respectively, we get the existence of a unique solution
U € C([0,2T];H) to (7.0.5) that is defined in the time interval [0,27] and that satisfies
the Duhamel’s formula (7.2.13), for all ¢ € [0,27]. Moreover, from (7.2.19) and (7.2.34),
the solution U satisfies (7.2.1) with C' = C,. Thus, since L(C,) < %%, the exponential
decay estimate (7.2.2) is satisfied by the solution U, i.e.

U@l < Me (HUOHH - TKY T;r[lgxo]{eWT||§<r>\|H}) 5 e e [0,21)

Again, we deduce that (7.2.20) holds for all ¢ € [0,27]. Furthermore, for all s € 2T —
7,27,
()|l < 11U (s)[[3 < 4M7ee7p? (14 HTK!) e (T,

As a consequence,

2T
UCDIR+ [ K] 1B (o) fyds < M2 (1 4 TR o

2T -7
+4M26276wFKb2p2(1 + 62wa2b4)67(w7w/)2T
< 4M2€27p2(1 + €2wa2b4)(1 + Kb2€w?)e—(w—w’)2T

< 4M262'yp2(1 + 620.;7_'K2b4)<1 + KerwF)e—(w—w')T

< CT,02 < p2.
(7.2.35)
Also,
2 < 4M2 2y wT 2 1 Qoﬁ-bi4 —(w—w)2T
se[Qr?E_D;QT] Hut(‘g)HH > e'e” p ( +e )6
< AMZe T p? (1 + 62MK2b4) T Crp? < .
from which

. 2.
scpnax, e ()|l < p (7.2.36)



7.2. GLOBAL WELL-POSEDNESS AND STABILITY 121

The conditions (7.2.35) and (7.2.36) allows us to apply the same arguments employed
before on the interval [27, 37, obtaining the existence of a unique solution to (7.0.5)
defined in the time interval [0,37] and that satisfies (7.2.8) for all ¢t € [0,37]. Iterating
this procedure, we finally get the existence of a unique global solution U € C([0, +00); H)
to (7.0.5) with the initial datum §(s), s € [—7, 0], that satisfies (7.2.8). O

We have then proved that, for suitably small initial data, solutions to problem (7.0.5)
are globally defined and bounded by a positive constant C, that satisfies Lg, < “’;—f/ (see
Theorem 7.2.2). Thus, solutions to problem (7.0.5) satisfy the exponential decay estimate

(7.2.2). Therefore, we are ready to prove the energy decay for model (7.0.2).

Theorem 7.2.3. Let us consider model (7.0.2) and assume (7.0.9). There exists p > 0
such that, if the following smallness conditions on the initial data are satisfied:

[l + (1 = B)[|AZuo(0) +/ [k(s)l - 11B"g(s)| I

. (7.2.37)

+ B(s)|| Ao (s)|[3rds < o,
0

and
max ||g(s)||u < p, (7.2.38)
s€[—7,0]
then (7.0.2) has a unique solution globally defined. Moreover, the energy satisfies the
exponential decay estimate
E(t) < Ce ™, (7.2.39)

where 1= w —w' and C is a constant depending on the initial data.

Proof. Let p > 0 be the positive constant in Theorem 7.2.2. Let us consider initial data for
which the smallness conditions (7.2.37) and (7.2.38) hold true. Then, from Theorem 7.2.2,
the problem (7.0.5) has a unique global U(-) solution that satisfies ||U(¢)||x < C,, with
L(C,) < =" and the exponential decay estimate (7.2.2). From (7.1.11) and (7.2.17), we

Ik
have that
1 1-8, 1 1 [t L
E(t) = §|Iut(t)||?{ + TIIAW(Z?)H?{ — P(u(t)) + 2 ), B(s)l| A2 (s)|[3ds
1 ! * 2
+5 [k(s)] - [| B us(s)|[rds
t—7
1 1-8, 1 1—8, 1 [+ 1
< §Hut(t)H?q + THAW(t)H?I + THAW(t)H?{ t3 i B(s)||A2n'(s)[|7ds
b2 t )
tg K (s)] - [|ue(s)|[7rds
t—7

S+ [ k] UGB

-7
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for any t > 7. Now, applying Theorem 7.2.1, there exists a positive constant C such that

U] < Oe*“%”, Wt > 0, (7.2.40)

where here we have used the fact that L(C,) < “57. Thus,

~ / C2p? , . ) 02b2
E(t) < (2o (w—w')t + 5 / ‘k(5)|€*(w7w ) ds < o )t Y R ewTe—(w—w )t7
t—

7

for all ¢ > 7. Setting

we can write

from which, .
E(t) <Ce™ ™ Vt>7,

where = w — . Hence, (7.2.39) holds true for all ¢t > 7. O

7.3 Examples

We conclude this chapter by providing two applications of the previous results. In
both examples, we establish global well-posedness and exponential stability for the wave
equation with memory and different source terms.

7.3.1 The wave equation with memory and source term

Let Q be a non-empty bounded set in IR™, with boundary I" of class C?, and let O C Q
be a nonempty open subset of 2. We assume n > 3. The lower dimension cases could be
studied analogously. We consider the following wave equation:

ug(x,t) — Au(z, t) + +OO B(s)Au(x,t — s)ds + k(t)xou(x, t — 7(t))
0 = Jule, ) u(e, 1), in 9 x (0,+00),
u(z,t) = 0, in I" x (0, 4+00), (7.3.1)
u(z,t) = u’(z,t) in Q2 x (—o0, 0],
Ut(ZE,O> = U ZE), in Q7

u(z,t) = g(x,t), in Q x [—7,0],

where the time delay function 7(-) satisfies (0.2.37), 8 : (0,+00) — (0, +00) is a locally
absolutely continuous memory kernel satisfying the assumptions (i)-(iv), ¢ > 0 and the
damping coefficient k(-) is a function in L] ([—7,400)) for which (0.2.3 ) holds. Then,
system (7.3.1) falls in the form (0.2.36) with A = —A and D(A) = H?*(Q) N H}(Q).
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Moreover, D(Az) = HL().
Here, the operator B : L*(Q) — L*(Q) is defined as

st =xonte) = (1 TS0

for all w € L*(2). By definition, B is a bounded linear operator from L?({2) into itself.
Furthermore, it is easy to see that B* = B.
Let us define  as in (7.0.1). Then, system (7.3.1) can be rewritten as follows:
400
uy(x,t) — (1 — B)Au(z, t) — / B(s)An'(z, s)ds + k(t)xous(z,t — )
’ — Ju(z, O)|7u(z, 1), in Q x (0, 400),

ni(x,s) = —n'(x, 8) + us(w, t), in © x (0,400) x (0,+00),

u(z,t) =0, in I x (0, +00),

n'(z,s) =0, inI'" x (0,+00), fort>0, (7.3.2)

u(z,0) = ug(z) = u’(x,0), in

ou’

u(z,0) = uy(x) :== W@’t) : in Q,
t=0
n°(z,5) = no(x,s) == u’(x,0) — u’(z, —s), in Q x (0, 400),
w(z,t) = g(x,t), in Q x [—7,0].
In order to reformulate (7.3.2) as an abstract first order equation, we introduce the Hilbert
space L3((0,400); Hj(2)) endowed with the inner product

+o0
(o, ¢>L§((o,+m);Hg(Q)) ;:/ ( i (S)qu(:c,s)Vgo(x,s)ds) dz,

Q
and the Hilbert space

H = Hy(Q) x L*(2) x LE((0, +00); Hy(2)),

equipped with the inner product

u R +00
=(1- VuViud vd. VwVwdsdz.
< Z} : > ( ﬁ)/ﬁuum%—/ﬂvvx—l—/ﬁ/ﬂ B(s)VwVwdsdx

H
We set U = (u, us, ). Then, (7.3.2) can be rewritten in the form (7.0.5), where

2, = &

u v
Alv] =10 -pAu+ f0+oo B(s)Aw(s)ds | ,
w —Wg + U

with domain

D(A) = {(u,v,w) € Hy(Q) x Hy(Q) x L%((O,—i—oo);H&(Q)) :
(1—pBu+ i (s)w(s)ds € HA(Q) N Hy(Q), wy € L3((0,+00); Hy(Q))},
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B(u,v,1")" := (0, xov,0)", § = (ug, g,1°)", in [~7,0], and F(U(t)) = (0, Ju(t)|"u(t),0)".
Now, we consider the functional

1
W) = — /Q ()| 2de,  Yu e HY(Q).
By Sobolev’s embedding theorem, 1) is well-defined for 0 < 0 < ﬁ. Also, the Gateaux
derivative of ¢ at any point u € H} () is

= /Q |u(z)|"u(z)v(z)de

for all v € HJ(2). Moreover, as in [6], if 0 < 0 < —25, then ¢ satisfies the assumptions
(H1), (H2), (H3).
Let us define the energy in this way:

/|utxt|dx—|——/|Vuxt|dx b(ulz, 1))

1 [T
/ / |k(s)| - |ue(x, 8)|*dwds + = 5 6(5)/ V' (z, s)|*dwds.
0 Q
Then, from Theorem 7.2.3 we have that (7.3.1) is well-posed and that, for solutions
corresponding to suitably small initial data, an exponential decay estimate holds provided
that the condition (7.0.9) is satisfied.

7.3.2 The wave equation with memory and integral source term

Let © be a non-empty bounded set in IR™, with boundary I" of class C?. Moreover,
let O C €2 be a nonempty open subset of 2. We consider the following wave equation:

+oo

u(z,t) — Au(x, t) + B(s)Au(z,t — s)ds + k(t)xous(z,t — 7(t))

0 b
2
_ (/ |u(x,t)|2> w(z, ), in Qx (0, 400),
u(z,t) =0, in I x (0, 4+00), ;
u(z,t) = uo(z,t) in Q x (—o0,0],
ur(z,0) = uy (), in €,
u(z,t) = g(x,t), in Q x [—7,0],

(7.3.3)
where the time delay function 7(-) satisfies (0.2.37), § : (0, +00) — (0, +00) is a locally
absolutely continuous memory kernel such that the assumptions (i)-(iv) are fulfilled, p > 1,
and the damping coefficient k(-) is a function in L} ([—7, +o0)) for which (0.2.39) holds
true. Then, system (7.3.3) falls in the form (0.2.36) with A = —A, D(A) = H*(Q)NH (D)
and D(A2) = HJ (). Also, the operator B is as in the previous example.

Let us note that system (7.3.3) is analogous to system (7.3.1), with the only difference



7.3. EXAMPLES 125

given by the nonlinearity. So, arguing as in Example 7.3.1, (7.3.3) can be rewritten as
(7.3.2) and then as an abstract first order equation.
Now, consider the functional

v =— ([ ru<x>\2dx)p;2= Ll vu e L2@).

Note that ¢ is well defined. Also, the Gateaux derivative of ¢ at any point u € L*() is

given by .
_ (/Q\u(x)ﬁdxy/Qu(x)v(x)dx,

for any v € L?(2). Then, v is defined in the whole L?*(§2) and

- (/ﬂ |u(m)|2dx>gu($)7 Yu € L*(Q),

is the unique vector representing Di(u) in the Riesz isomorphism. So (H;) is trivially
satisfied. Arguing as in [78], we can find a positive constant C' > 0 such that

193 (u) = V(o) 3a < Cllul o) + 10l o)l — ol (7.34)

for all u, v € Hj(Q). Thus, for any r > 0 and for all u,v € Hg(Q) with | Vu|| 120, [[ V0| r2(0) <
r, since from Poincaré inequality ||-|| 1) and ||V (-)[|z2(q) are equivalent norms on Hg(€2),
from (7.3.4) we get

IV (u) = Vip(v) || T2y < 2rPClIVu — Voll72 (g
from which
Vih(u) — V()| 2@y < V2077 ||Vu — Vol 2

Hence, (Hs) is satisfied.
Finally, we prove that (Hj3) holds true. Note that ¢(0), V¢(0) = 0. Also, using (7.3.4)
with v = 0 and Poincaré inequality, for all u € H}(2) we can write

IV (@)l[F2) < ClIVulls o) | Vullfa)

which implies

IV ()l 2@y < VOVl IVl 2y

Thus, (Hs) is fulfilled with h(z) = v/Cz?, for all z > 0, which is a continuous and strictly
increasing function.
Let us define the energy as follows:

/]utxt\dx—i-—/\Vuxt\dx— W(u(x,t))

1 [t
/ / |k(s)| - |u(z, 8)|*dwds + = 5 B(s)/ V' (z, s)|*dvds.
t—T1 Q

0
Then, applying Theorem 7.2.3 to this model, we get well-posedness and exponential decay
of the energy for solutions corresponding to suitably small initial data provided that the
condition (7.0.9) is satisfied.
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