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Abstract

In this thesis, we provide a probabilistic characterization of the class of probability measures
that can be represented by the Matrix Product Ansatz (MPA). We introduce a constructive
procedure, based on a suitable enlargement of the state space, showing that a probability
measure admits a representation in terms of non-negative matrices via the MPA if and only if
it can be expressed as a mixture of inhomogeneous product measures, where the mixing law is
given by a Markov bridge. We illustrate this construction by applying it to several examples of
interacting particle systems. Finally, we exploit the resulting probabilistic structure to derive
large deviation principles for this class of measures.







Introduction

In equilibrium statistical mechanics, the Gibbs distribution provides a complete probabilistic
description of a system. This measure, determined by the Hamiltonian rather than by the
underlying dynamics, describes the probability of each configuration and allows one to derive
macroscopic quantities from the microscopic behavior.

By contrast, in non-equilibrium statistical mechanics no universal principle exists; when a
system is out of equilibrium very little is known about the statistics of its microscopic states,
even in the stationary case. The stationary measure of a driven system is not known a priori
and, in general, cannot be expressed in closed form: it depends on the specific microscopic
dynamics.

To illustrate this setting, consider a finite volume containing interacting particles in con-
tact with different reservoirs at the boundaries or under the action of external fields. In this
situation currents ( heat, electrical currents,...) are generated throughout the system. In gen-
eral, when heat, particle or volume exchanges are reversible, the system is at equilibrium with
its environment; when the exchanges are irreversible, the system is driven out of equilibrium.

The simplest non-equilibrium states are the stationary states of systems that do not con-
serve the total number of particles due to the interaction with different external reservoirs.
This provides a way to model the external world: reservoirs can be viewed as mechanisms
that inject and remove particles from the system.

In this context, stochastic lattice gases have provided useful tools for the study of prop-
erties of non-equilibrium states. Among them, there exists a class of models that admit a
representation of the stationary measure in terms of a product of matrices, a construction
known as the Matriz Product Ansatz (MPA) which provides an exact solution for the steady
state.

The MPA is a remarkable algebraic construction which enables one to get a combinato-
rial representation of the invariant measure of a variety of non equilibrium stochastic particle
systems. The power of this method is manifold: it has not only allowed to study several
macroscopic quantities, such as density profiles, correlation functions, large deviations func-
tionals, but it has also revealed the deep connection with some combinatorial objects, thus
enlightening the mathematical structure behind the stationary states.

The aim of this thesis is to explore the probabilistic structure underlying the matrix
product ansatz. Specifically, we provide a probabilistic characterization of the set of measures
that can be represented in terms of product of matrices. By suitably enlarging the state space,
we show that a probability measure can be described in terms of non negative matrices by the
MPA, if and only if it can be written as a mixture of inhomogeneous product measure where
the mixing law is a Markov bridge. Moreover, as we shall see, the measure on the enlarged
state space is itself a Markov bridge.



2 Introduction

We give a constructive procedure to identify such probabilistic features, based on the en-
largement of the state space by a special coupling and on a spectral conjugation that produces
stochastic matrices. We illustrate the result by examples and show that existing probabilistic
representations of the invariant measures of non equilibrium interacting particle systems can
be obtained from the matrix product ansatz by this general procedure.

Finally, we shall see that this construction, highlighting a hidden Markovian structure
underlying the MPA, provides a suitable setting for deriving large deviations principles.

This thesis is organized as follows.

The first two chapters provide the necessary background and review known results that
will be used in the sequel.

In Chapter 1, we introduce several examples of stochastic lattice gases that will be used
throughout the thesis. Specifically, we deal with the exclusion processes (TASEP, ASEP and
the 2-TASEP) and the harmonic process.

Chapter 2 is dedicated to the Matrix Product Ansatz. We first recall its application to the
TASEP and explain how the stationary measure can be obtained explicitly. We then discuss
its generalization to the ASEP and finally describe the case with second-class particles.

In Chapter 3 we investigate the probabilistic structure underlying the MPA, [43]. We state
and prove a characterization theorem for the family of measures which can be represented in
terms of a product of matrices. Using the constructive procedure on which the proof is based,
we illustrate the result by applying the construction to some examples: the TASEP, the
ASEP with two and four boundary parameters, the 2-TASEP on a ring and the harmonic
process. Moreover, we show that, starting from the corresponding MPA representation and
applying our transformation, one can recover some remarkable probabilistic representation of
the invariant measure of the open TASEP and of the 2-TASEP, namely the two lines ensemble
and the queue representation, respectively.

In Chapter 4, building on the construction introduced in the previous chapter, we derive
some large deviation principles for MPA measures. We present several results that appear in
[44]. Specifically, exploiting the Markov bridge representation on the enlarged state space we
study the large deviations for this class of measure. We focus on the major distinction when
the matrices are finite or infinite. In the finite case, we give a variational formula both for
the algebraic and the spatial empirical measures that can be solved in special cases. For the
infinite case we illustrate the method by an example, namely the invariant measure of the
boundary driven TASEP model in a special regime.



CHAPTER 1

Models and Preliminaries

The aim of this chapter is to present the definitions and basic properties of the stochastic
models that will be central to this work. We begin with the exclusion processes (TASEP and
ASEP) and the notion of second—class particles, and then briefly recall the harmonic models
that will also play a role in later chapters.

Informally, stochastic lattice gases are models of interacting particles evolving on a discrete
lattice, whose evolution is governed by probabilistic local dynamics.

Time is continuous and each site or edge is equipped with an independent exponential
clock. When the clock at site 4 rings, the configuration is updated: particles at that site
may attempt to move to neighboring locations, or interact with the surrounding environment,
depending on the dynamical rules of the process.

The models we will introduce are not only a common framework for the matrix product
approach, but also the systems on which new results will be developed in the subsequent
chapters.

1.1 The totally asymmetric simple exclusion process

The totally asymmetric exclusion process (TASEP) is a stochastic system of hopping particles
which evolve according to a continuous—time Markov process. It is a fundamental and widely
studied model of interacting particle systems and represents one of the simplest examples of
a non-equilibrium system. For this reason, it has become a paradigm for the mathematical
analysis of non—equilibrium phenomena. The TASEP belongs to the class of exclusion pro-
cesses in which each site of the lattice can be occupied by at most one particle, in accordance
with the exclusion principle that forbids multiple occupancy.

The particles are indistinguishable and the configuration space is {0, 1} with A a countable
set. A particle configuration is defined by n = (n; : i € A) where n; = 1 denotes the presence
of a particle at site ¢ and n; = 0 denotes an empty space. The lattice can, in principle, be any
countable set: typical examples are regular lattices Z?, subsets of Z¢, or the vertex set of a
graph; in the one-dimensional TASEP, the latter choice is the most common. Depending on
the choice of A one can consider different boundary conditions. In one dimension, for instance,
if A ={1,..., N} the process is defined on a finite 1-dimensional open system with reservoirs
attached to the boundaries; if instead A = Zy = Z/NZ the dynamics are imposed on a ring,
corresponding to periodic conditions.

In the present work, we will focus on 1-dimensional systems; for the TASEP and ASEP
we consider the open system on the finite lattice {1,..., N} where particles can enter and exit
through the boundaries, while for the 2-TASEP we will work on a 1-dimensional torus.

The TASEP is a continuous time Markov chain on {0,1}" and it is totally asymmetric,
which means that the particles can move just in one direction. They jump with rate one to
the nearest neighbor site to the right (i.e. from site i to site i + 1) and the jump is suppressed
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Figure 1.1: Dynamics of the TASEP on the finite lattice {1,..., N}

if this state is already occupied. At the boundaries, particles are injected with rate o on the
leftmost site 1, when empty, and particles in the rightmost site N are destroyed with rate 3,
see Figure 1.1. Formally, the bulk rates of jump of one particle are:

ciivi(m) = (1 —nit1) ciy1:=0 i=1,.,N—1
and the boundary rates are:
coa(m) =1 —m)a, enny1(n) =nnB,  c10(n) = ent1,n(n) = 0.

where 0 < a, 8 < 1 are parameters. To clarify the notation we may think the reservoirs as
site 0 with density a and site N41 with density 1 — 5. The generator is given by

N-1
LR ) = D mi(1 = mivn) [f(ni’i“) - f(n)} (1.1.1)
=1
+ (U =m)a [f(n" ) = fm)| +nnB (£ ) = f)] (1.12)
with:
N e ik #i,j
=< m ifk=j (1.1.3)
77j k=1
and
i+ _ ) mk Lk#d i o ifk#£d
"l _{1 ifh=i _{o if k=i, (1.14)

The process is irreducible except in the two degenerate cases @ = 0 or 8 = 0 for which the
system admits absorbing states (e.g. 00---011---11). The measures concentrated on these
states are invariant. While, if & = 1 — 3 the invariant measure of the process is Hf\; 1 Ba(mi),
where B, denotes the Bernoulli measure of parameter «.

In general, for any values of «, 8 # 0, the invariant measure of the system admits a matrix
product representation, as we shall see in more detail in the next chapter. Moreover, we
will briefly explain that Catalan numbers, surprisingly, appear within the MPA formulation.
This has led to the study and development of many combinatorial structures underlying the
TASEP, thus providing several different expressions for the invariant measure.

Many works have focused on this topic, involving Catalan combinatorics of weighted paths
and Catalan tableaux, in relation to different solutions of the matrix ansatz; we mention only
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Figure 1.2: Example of two compatible paths w (black) and w’ (blue), with w’ lying below w.
The red segments correspond to the common horizontal steps counted by f(w,w’)
, while the green segment indicates the vertical steps contributing to g(w,w’).

a few of them.

In [15, 16], Corteel and Williams proved a close connection between the permutation
tableauxr and the Matrix Product Ansatz, providing an interpretation of the invariant measure
in terms of Catalan tableauz. Subsequently, Viennot [62], building on this work, interpreted
the measure in terms of binary trees and consequently, in terms of paths.

In particular in [62] he provided an alternative characterization of the stationary distribu-
tion by establishing a correspondence between particle configurations and certain families of
lattice paths (w;)Y, € (Z1)2. The path w starts at wy = (0,0) and is composed of horizontal
steps denoted by e(!) = (1,0) and vertical steps denoted by e(?) = (0,1). In this representa-
tion, each upward step encodes the presence of a particle, while each horizontal step encodes
an empty site. More precisely, w, — wz—1 = e if and onlyif n, =1, and w, —wg_1 = e if
and only if n, = 0.

Therefore, a trajectory w uniquely represents a configuration n and vice versa. Two tra-
jectories are said to be compatible if they have the same endpoints and if one remains below
the other. For a compatible pair (w,w’) one defines f(w,w’) the number of common horizontal
steps and g(w,w’) the number of final vertical steps in w’ after its last horizontal step (see
Figure 1.2). This construction allows one to express the invariant measure in purely combina-
torial terms. In particular, a probability measure depending on two parameters can be defined
on pairs of compatible paths by:

O[—f(w,w')ﬁ—g(w,w')

1.1.5
Zo (1.1.5)

ﬁaﬁ(w,w’) =

Denote by v g(w) = > Vo g(w,w’), its marginal distribution. Since particle configurations
and lattice paths are in bijection, this marginal directly induces a measure on configurations:
the stationary weight of 7 is given by evaluating v, g at the corresponding path wn].
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Figure 1.3: Dynamics of the ASEP on {1,..., N}

In a different approach, Duchi and Schaeffer [30] avoided the matrix ansatz and gave a
direct combinatorial interpretation by introducing a space of closed two-rows systems, called
complete configuration, and defining a Markov process on this larger space that reproduces
TASEP dynamics on the top row.

Recently, another representation of the invariant measure of the boundary driven TASEP
has been obtained in [6] in terms of two lines ensemble, based on the approach of |2]. Further
details will be discussed in Chapter 3, where we show its connection with our results.

1.2 The asymmetric simple exclusion process

The asymmetric simple exclusion process is the generalization of the totally asymmetric pro-
cess. In this process, differently to the TASEP, particles are allowed to move in both directions
with possibly different rates. As in the TASEP, the exclusion principle holds: each site of the
lattice can be occupied by at most one particle, and attempted jumps are suppressed whenever
the site is already occupied.

Consider a finite lattice {1,..., N}, a particle at site ¢ can jump to site i + 1 with rate p
or to site ¢ — 1 with rate ¢, when the destination is empty. At the boundaries, particles are
injected at the leftmost site 1 with rate o and removed from it with rate 7; analogously, they
are injected at the rightmost site with rate § and removed with rate 3, see Figure 1.3.

The bulk rates of jump of the process are defined by:

ciivi(m) = pni(L —niy1),  civ1i(m) = i1 (1 —m;), i=1,...,N—1

and the boundary rates:

coa(n) =1 —=m)a, cro(n) =mv, cnyin) =1 —nn5)0, cnni1(n) =nn5,

with p,q,a, 8,7, > 0. As in the previous process, sites 0 and N + 1 are interpreted as
reservoirs with effective densities determined by the parameters. Then, the generator of the
process is given by:

N-1

LNEP f(n) = Z [Pm(l — i) (F (T = £ ) + anisa (L= ) (F(™H0) = £(n)

=1
(U= [F0 ) = £+ my [0 7) = £
(U= ) [FOrYF) = Fm)] + o [F0™7) = 1)) -
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The process is a continuous-time Markov chain on {0,1}". Depending on the values of the
parameters, one recovers classical exclusion processes as special cases:

e The TASEP whenp=1, ¢=0, y=6=0
e The symmetric exclusion process (SSEP) when p = gq.

As in the TASEP, the characterization of the invariant measures for the open ASEP depends
on the boundary parameters. This process also admits a description of the invariant measures
through the Matrix Product Ansatz, we shall explain it in the next chapter, but there are
some special situations in which the invariant measure takes a simpler form.

Consider first the symmetric case p = ¢, and denote with p;, and pr the density of the left
and right reservoirs:

« 0
a+y’ PR= B8535

If the density of the two reservoirs is equal, i.e. p = p; = pgr, then the invariant measure

PL =

of the system is the product of Bernoulli measures [[; B,(n;). From the physical point of
view, this occurs because in the symmetric case the bulk cannot sustain any net current since
rightward and leftward jumps occur with the same rate. Consequently, when the two reservoirs
impose the same density the particles injection and exit at the boundaries balance exactly,
and therefore the invariant measure is the Bernoulli product.

Moreover, this measure is not only invariant but also reversible for the process since the
dynamics satisfies the detailed balance condition with respect to it.

In the asymmetric case, if the boundaries parameters satisfy the condition:

(p—q@)(a+0)(B+7)=(a+d+B+7)(aB —~F) (1.2.1)

the process admits as invariant distribution the product of Bernoulli measures [ [, B,(n;) with

parameter:
a+0

at+f4+y+o

Since the bulk current is non-zero, the Bernoulli product measure is stationary only when this

p:

current is exactly compensated by the flux at the boundaries, which is precisely the content
of the above condition.

Finally, degenerate choices of the boundary parameters may lead to absorbing states: if
both entry rates vanish (o« = § = 0) the empty configuration is absorbing while if both exit
rates are equal to zero (y = 8 = 0) the fully occupied configuration is absorbing. In these
situations the process is not irreducible because certain configurations cannot be reached.

1.3 Two species TASEP

The asymmetric exclusion process can be naturally extended to settings where particles are
no more indistinguishable but belong to different classes. In these multi-species processes,
particles, each represented by a distinct label according to the species, are indistinguishable
within the same class but distinguishable across classes. FEach site of the lattice may be
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Figure 1.4: (a) Schematic representation of the two-species TASEP on a ring. Red balls denote
first-class particles, blue balls denote second-class particles (b) Allowed transitions of the dynamics: a
first-class particle moves into a vacancy, a second-class particle moves into a vacancy, and a first-class
particle exchanges position with a second-class particle. Every jumps occur with rate 1.

occupied by particles of various type and the dynamics is governed by priority rules: particles
of higher class have precedence over those of lower class, which implies that different types of
particles interact differently when attempting to exchange positions.

This generalization enriches the model substantially; the study of two-species and, more

generally, multi-species exclusion processes provides a natural framework for investigating
systems governed by hierarchical constraints and competing priorities.
For giving a wider background, in the 2-ASEP on Z, from a probabilistic point of view,
the presence of a second-class particle offers a microscopic marker to track both shocks and
characteristics in the hydrodynamic limit: when placed at a density discontinuity, its trajectory
coincides with the position of the shock, while if the density is homogeneous, it follows the
characteristic speed. This idea, developed by Ferrari (1992) [36], has become a fundamental
result in the analysis of shocks.

On the other hand, in statistical physics the two-species TASEP has also been studied
on the finite ring by Derrida et al. (1993) |22, 23|, where the invariant measure can be
obtained through the Matrix Product Ansatz; taking the infinite-volume limit then allows one
to construct shock profiles.

Beyond shock analysis, multi-species exclusion processes have been explored in different
contests. For instance, Ferrari and Martin [38] introduced multiline queues to describe the
stationary distribution of N-TASEP, while Corteel and Williams [17] established connections
with tableaux combinatorics. In general, these models are of independent interest; they not
only provide examples of non-equilibrium phenomena but also show a natural representation
of transport systems with multiple priority classes.

In what follows, we shall focus on the case of the two-species TASEP on the finite ring,
since this is the setting to which we will return later in this thesis.

We consider the TASEP on Zy the ring with N sites where particles can be of two different
type, first and second class particles. The space configuration is {0, 1, 2}N and the value of
7; represents the class of the particle at ¢; this means that if 1; = 0 then the site i € Zy is
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empty, if ; = 1 there is a first class particle at i, while when 7; = 2 there is a second class
particle at ¢. Since we are on a ring we use an equivalence modulo N for the indices on the
lattice. The stochastic dynamics is defined by the generator

N

Cnfm) =Y r(m) > rinn)) | £ = Fn)] (1.3.)

=1

where the symbol 7+! is defined in (1.1.3) and 7 : {0,1,2} — {0,1,2} is the priority func-
tion defined by: r(0) = 0,7r(1) = 2,7(2) = 1; particles of higher class have lower priority.
The informal description of the dynamics is as follows: at rate one the occupation variables
at the extreme of a bond (i, + 1) exchange their value when the priority of the variable
at vertex ¢ is higher than that at vertex ¢ + 1. The dynamics has two conserved quanti-
ties that are the number of first class particles (i.e. the number of particles with priority
2) Ni(n) := SN T(n = 1) and the number of second class particles (i.e. the number of
particles with priority 1) No(n) := SN | (5 = 2). This means that there is a two parameter
family of invariant measures depending on the pair of integer numbers (n1, ny) that represents
respectively the number of first and second class particles and are such that n; +mno < N.

As mentioned previously, we note that the model admits a natural extension to an arbitrary
number of classes, the N-TASEP, with corresponding priority rules and conserved quantities;
however, in this thesis, we restrict to the two-species case, which is the only one that will be
used in the sequel.

1.4 Harmonic models

The harmonic models are a family of integrable interacting particle systems with both discrete
and continuous variants. These models have been introduced in [42] and a combinatorial rep-
resentation of the invariant measure, on a N lattice with open boundary, has been obtained
in [41] by combining probabilistic arguments with techniques inspired by integrable systems.
In the discrete version, each site of a lattice can be occupied by an arbitrary number of par-
ticles and if a site contains 7); particles, any block of £ < n; of them may jump together to
a neighboring site with a certain rate. A continuous analogue, which can be interpreted as a
stochastic model of heat transport, arises as a scaling limit of the discrete process. We will
not discuss the continuous version in detail here, and we only mention it for completeness.
Both models form a one-parameter family indexed by a positive spin value s > 0. This pa-
rameter originates from the representation theory of non-compact quantum spin chains and
determines the precise form of the dynamics and invariant measures. The special case s = %
corresponds to the version where blocks of k particles move together with rate 1/k.

Within this algebraic framework, the discrete and continuous variants are further connected
by a moment duality, which establishes a direct correspondence between their observables [39].
For their structure, the harmonic models belong to the broad family of zero-range processes,
in the sense that jump rates depend only on the number of particles at the departure site.
However, they differ from the classical zero-range dynamics: rather than moving single parti-
cles with a rate function g(n;), they allow jumps of multiple particles. Thus, in the presence
of boundary reservoirs, the stationary non-equilibrium states are no longer of product type
and exhibit non-trivial correlations across sites.
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Figure 1.5: Boundary-driven harmonic model on a one-dimensional lattice.

We consider only the simplest case, which will be useful for future discussion. We have one-
dimensional lattice {1, ..., N} with two external sources at the left and right boundaries having
two parameters 0 < o < 8 < 1, respectively (the case 5 < « can be considered just exchanging
left with right). On each lattice site we have an arbitrary number of particles and we denote
by n; € Ny the number (possibly zero) of particles at site i. From site i a block of k < n;
particles may jump to site i — 1 or i + 1 with rate 1/k. The boundary dynamics is defined
as follows: at site 1, a block of k particles exits with rate 1/k and enters with rate o /k. At
site IV, the same mechanism holds with the density of the reservoir given by 3, see Figure 1.5.
Then, the stochastic dynamics has a bulk and a boundary part which are described in terms
of the generator L% defined below. Denoting by §° the configuration defined by 5; = 0 when
j#tand 0! =1 for any i € {1,..., N} we have:

LR = LR+ LRemmd. (1.4.1)
The bulk generator is given by:
i q ‘ '
SR = D DD [Fn— ke ko) — Fn)] - (14.2)
‘ z]| k=1
i—jl=1

The boundary part which encodes the interaction with the reservoirs is:

LA 00 Oék
Sl ) =0 1 (£ — k) = fa] + 30 % [F+ k") — f(o)]
k=1 k=1
"IN 1 00 /Bk
Y2 [Fm= k) = )]+ X0 [fm ko) = )] . (143)
k=1 k=1

The process is a continuous-time Markov chain {n(t),* > 0} whose state space is the set N}’
of configurations (1y, ...,7x)-

For equal boundary densities @ = S the process is reversible and the stationary distribution
is a product of geometric marginals. Conversely, if a <  the process is irreversible; in [11] it
has been proved that for unequal reservoirs densities the invariant measure becomes a convex
mixture of inhomogeneous products of geometric distributions, with the mixing law described
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in terms of the order statistics of i.i.d. uniform random variables in the interval [«, 5]. This
result, first obtained for the harmonic model with s = %, has been generalized to arbitrary
spin value s in [10].

This representation provides a probabilistic interpretation of the long-range correlations
that arise in the stationary regime. We will return to this explicit characterization of the
invariant measure in Chapter 3 where it will be discussed in more detail in connection with
the novel method that we introduce in this work.






CHAPTER 2

Matrix product ansatz

2.1 Background and motivation

The Matrix Product Ansatz (MPA) is an algebraic technique introduced to explicitly describe
the invariant measures of a variety of non-equilibrium stochastic particle systems. It has a
long history, starting from the early 1990s when it was first introduced by statistical physicists
as a matrix product solution of the ASEP, and it has since evolved through a large number of
applications to many different models (see [4, 63] and [20] for a review of some applications).
The family of asymmetric exclusion processes in one dimension is one of the simplest and most
studied classes of driven diffusive systems. They are motivated by transport phenomena in
physics, and their analytical tractability has made them key models for understanding how
non-equilibrium behavior differs from equilibrium. In some cases, these models exhibit phase
transitions in one dimension while the equilibrium counterpart does not show this phenomenon.
In addition, the stationary distribution in the non-equilibrium regime exhibits a rich structure
of considerable mathematical interest.

The first solution [21] relied on recursion relations between the statistical weights of con-
figurations on lattices of different lengths. In particular, the steady state for a system of size
N can be derived exactly as a simple recursion relation on the size of the system. We point
out that an exact solution for the stationary weights based on recursion relations was inde-
pendently found in [55], building on a previous work |21] where the reservoir rates were taken
tobea=pg=1.

The recursion method made it possible to compute, in the steady state, exact expressions
for the density profile as well as for correlation functions of order higher than one. However,
the step from the recursion to the explicit expressions of these quantities relied on a very
complicated method involving generating functions.

The main advance came with the formulation of the MPA [23], where these recursion
relations were replaced by simple algebraic rules between fixed matrices and vectors. This
allowed for a compact and explicit representation of the stationary measure, and at the same
time simplified the derivation of previous results and facilitated their generalization.

A matrix product state is built by associating a matrix to each site according to its
occupation state and taking the ordered product over the entire lattice. As we shall see,
this product is then reduced to a scalar probability by appropriately contracting: through two
boundary vectors in the case of open systems with boundary reservoirs, or involving the trace
operator in the case of closed systems, such as on a ring.

The MPA has had a significant impact on non-equilibrium statistical mechanics, as it
provides a unified algebraic framework, reveals deep combinatorial connections, and applies
broadly to models with different boundary conditions and to infinite-volume settings. The
exact form of the invariant measure of the ASEP reveals, as the system size increases, number
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sequences that are recurrent in enumerative combinatorics, such as Catalan numbers, ballot
numbers and other classical families. These sequences emerge from one-to-one correspondences
between particle configurations in the ASEP and larger classes of combinatorial objects, often
lattice paths (e.g. Motzkin paths, dominated paths etc.). The recurrent appearance of these
combinatorial structures has highlighted that the MPA is not just a "physical trick" or an "al-
gebraic device" but rather reveals the deep mathematical structure underlying the stationary
states.

Moreover, in several cases, the Matrix Product Ansatz provides an explicit and tractable
structure for the invariant measure, which makes it possible to analyze macroscopic properties
such as current, density profile, correlation functions and large deviation principles. This
applies in particular to algebraic and spatial empirical measures, although the nature of the
rate function may depend strongly on the finiteness or infiniteness of the underlying matrices.

We point out that measures of MPA type are also studied in informatics and pattern
statistics under the name of rational models (see, for example, [48]). This underlines the
unifying character of the Ansatz and its relevance across different domains.

In this chapter, after presenting the abstract formulation of the Matrix Product Ansatz,
we illustrate its application to the TASEP, discuss algebraic properties and explicit repre-
sentations, and extend the framework to the ASEP and to multi-species systems. The MPA
developed for these models, as mentioned in the Introduction, will provide useful tools in the
following chapters.

The chapter includes an analysis of partition functions and correlations, which illustrate
the efficiency of the MPA in producing exact results for physically relevant observables, and
briefly show its natural connection with combinatorics.

2.2 Abstract formulation of the Matrix Product Ansatz

We consider two finite or countable alphabets A and B. The set A is the state space in which
the variables we study assume values, while B is an auxiliary state space. We discuss notation
using A but a similar notation holds for B too and any other set.

Given n = (n;,)Y.,,€ AN, we denote by 77{ = (i...,nj) € AV~ the finite portion of
the word 7 contained between the indices i < j. Given 7,7 € AN we denote by 775 W=
(Miy oMY+ Ym) € AJ+m=i=l+2 the concatenation.

We remind that, given a set S, we denote by M!(S) the probability measures on S. Given
pn € MY(AN) and n € AN we denote by ,uN(ng) = Z{’YGANi’Yf:??Z} N () the probability of

the cylinder set associated to 775 . The probability of the cylinder set determined by the single
value 7; is denoted by pn(n;).

We introduce a family of probability measures, which we call of Matriz Product Ansatz
(MPA) type, that forms a special subset of M*(A"). For any element a € A we have a B x B
matrix M® having non-negative entries, i.e. for any b,0’ € B we have My, = 0. We also
consider T := (zp)pen, ¥ = (Yp)beB € Rf two column vectors having non negative entries, and
denote by #”, " the corresponding row vectors obtained by transposition.

Throughout this work, in order to avoid any ambiguity in the notation, we use the symbol
M) to denote the n-th power of a matrix and the symbol M® to denote the matrix associated
with the element a € A.

The Matrix Product Ansatz is a way of constructing probability measures on words of
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length N by assigning to each symbol a non-negative matrix and evaluating matrix product
between boundary vectors. The probability of a configuration is proportional to this product
and the normalization factor ensures that the total probability sums to one.

Definition 2.1. An element uy € MY (AYN) is of Matriz Product Anstatz (MPA) type if it
can be written as

g (TT, M) @
N ’

where Z,y and (M%)qca are non negative vectors and matrices and Zy is a normalization

ne AV, (2.2.1)

pn(n) =

factor. The product of the matrices and vectors is the usual row by column product.

The probability measure uy depends on the family of matrices and on the vectors but we
will make this dependence explicit only when necessary. When |A|, |B| < +oo the measure
(2.2.1) is always well defined while in the countable infinite cases the measure exists only
when Zy is finite for every N, i.e. only if the sum of weights associated with all possible
configurations is convergent.

We call M := 3% _, M® and the normalization term is given by

N
Zy =Y _ | [[ M | & =§" MMz, (2.2.2)
neAN i=1

with M) the N-th power of the matrix M.

In the next section we introduce and discuss the MPA for the TASEP, which corresponds
to the case where the state space is A = {0,1} and the auxiliary space, in general, is B =
NU {0} := Ny, apart from some special cases that will be mentioned below.

2.3 The matrix approach of the TASEP

For the sake of simplicity, and since all other cases can be adapted along similar lines, we shall
first focus on proving the matrix product form of the invariant measure for the boundary-
driven TASEP, following the original formulation of the MPA introduced in [23].

Let us first recall briefly the dynamics of the model with open boundary conditions we in-
troduced in the previous chapter. A particle jumps with rate one to the nearest neighbor to
the right if the site is empty otherwise if it is occupied, the particle remains in its position.
Particles are injected at site 1 with rate a and exit from site IV with rate .

As time evolves, the chain converges to a steady state in which the probabilities un (11, 72, ..., 1N)
of finding the system in configuration n = (11,72, ...nN) are stationary:

d
— 1N (11, m2, ) = 0. (2.3.1)

dt
Given n = (1,72, ...,nn5) € {0,1}" a TASEP configuration of size N, we consider the measure
defined as an ordered product of matrices:

_ fn(n) gj’TM’hM"? . MNZ

— 2.3.2
Zn Zn (2.3.2)

N (1)
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Figure 2.1: Matrix product representation obtained by encoding a particle configuration

where Zp is the normalization factor, the two column vectors &, reduce the product to a
scalar. The matrix M™ is defined to be M1 if site i is occupied by a particle, i.e. 1; = 1, and
MV if site 4 is empty, i.e. 7; = 0. The matrix M" does not depend on the site label ¢ but on
the state of that site. Moreover, we note that this is a sort of procedure in which a particles
configuration is encoded as a string of matrices and the initial and final vectors describe the
presence of the reservoirs, see Figure 2.1.

The matrix product form (2.3.2) is a solution of the steady-state master equation (2.3.1) if
the matrices MY, M' and the vectors 7, ¥ satisfy the following algebraic relations:

M°+ M =M"M°

1
STar0 4T
yMT =y (2.3.3)
1
M'z = —7.
p
Let us start by writing down the master equation:
L (2.3.4)
dt/"’N - /’LN b

where L is the generator associated with the process (1.1.1) and describes the transition rates
c(n’,n) from a particle configuration 7’ to another . More precisely, the operator LT is defined
as:

c(n, ') if n#1n

LY (n,n) =
) _Zn#n’ é(n,m') otherwise

where &(n,m') = c(n/,n). The non-diagonal terms LT (n,n') = &(n,n’) represent the effective
transition rates from a configuration 1’ to n, while the diagonal entries do not correspond to
physical transition rates, but to the total exit rate from state n with a negative sign. Moreover,
we observe that the master equation can be rewritten in the same way in terms of fy.

The crucial idea underlying the proof is to rewrite the right-hand of the equation (2.3.4)
in a suitable expanded form. We now analyze all possible transitions at the boundaries and
in the bulk. To make explicit the structure of the global operator LT, it is convenient to
decompose it into local operators acting on small subsets of sites:

N—-1
L"=r{+) LT, +L§
=1
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where LT denotes the local operator that acts on the first site and encodes the interaction with
the left boundary reservoir, L% the local operator that acts on the last site and encodes the

interaction with the right boundary reservoirs and, finally, L. ; that one which acts on two

1,041
neighboring sites (i,7 4+ 1) in the bulk, describing the internal j+umps. Since, in the exclusion
process, each site can be either occupied or empty, the single site operators, such as LT or L%,
act on the two possible local configurations of the single site, that is (0), (1) and are therefore
represented by 2 x 2 matrices. Differently, the operators acting on two sites, such as L?Z 11, act
on the four possible pairs of local states (0, 0), (0, 1), (1,0), (1, 1) and are represented by 22 x 22
matrices. More generally, if each site could take m possible values, the corresponding local
operators would act on spaces of dimensions m and m?, respectively. Each local operator acts
in a non-trivial way only on the sites it corresponds to, and as the identity on the other sites.
In this sense, the matrix that describes the global operator L’ is obtained by extending these
local matrices into the full system through tensor products with identity operators acting on
the remaining sites.
At site 1, when it is empty, the only possible transition is due to the particle injection:

(0,m2,m3, ..., nn) —> (1,m2, M3, ..., MN)

which occurs with rate ¢1(0,1) = a. Consequently, the total exit rate from state (0,72, ...,7n)
is o, so that the corresponding diagonal entry in LT is ¢1(0,0) = —a. We represent the local
operator LT as a matrix by indexing its rows and columns according to the local states of the
first site, ordered as {0; 1}, where 0 denotes an empty site and 1 an occupied one. With this
convention, the matrix associated with the left-boundary transitions is given by:

T —a 0
Ll_[a 0].

Similarly, at site N, when it is occupied by a particle, the only possible transition is due
to particle exit:

(i, M2, —-esN=1,1) — (N1, M2, ..., IN—1,0)

which occurs with rate cy(1,0) = 5. The total exit rate from state (11, ...,7y—1,1) is 5 and
the corresponding diagonal entry in L% is ey (1,1) = —f and then the matrix associated with
the right-boundary transition is of the form:

o8
0 -8
Regarding the bulk, the total asymmetry of the model implies that the only possible transition
is a particle jump from site i to site ¢ + 1:

(7717 ey -1, 17 0a77i+27 777N) — (7717 "'777i—170) 1)77’H-2) )77N)

whose rate is ¢((1,0), (0, 1)) = 1 and the total exit rate from this state is 1, then ¢((1,0), (1,0)) =
—1. We represent the operator LlTZ 41 as a matrix by indexing its rows and columns accord-
ing to the four local configurations {(0,0); (0,1);(1,0);(1,1)}, taken in this order. With this
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convention, the matrix describing the bulk transition is a 4 x 4 matrix given by:
0
1

ii+1 — 1

0

h

!
o o oo
o o oo
o o oo

We explicitly write the master equation (2.3.4) in the following way:

d
N,y =D (T )N (T, n) + D en (v )N (1 e TN, TN)
7'16{0,1} TNE{O,l}

N—-1
)0 > (T mie)s 0 )N (0 o Ti T oo TIN).-
i=1 7;,111€{0,1}
(2.3.5)

We note that if there exist two coefficients zg, x1 such that the measure py satisfies, for any
choice of 7;, the conditions:

> el m)un (1, n2, o IN) = Ty -1 (12, -0, ) (2.3.6)
71€{0,1}
Z CN(TNanN):U’N(Th?"'”N*luTN) = _J:UNHNfl(nla"'aanl) (237)
TN€{071}

Z C((Ti7 Ti+1)7(77i7 77i+1))NN(7717 coey Ty Tit 1y ooy 77N)

73, Tit1€{0,1} (2 5 8)
:*xm,“Nfl(nl,---7771'71,771'+1,---,77N) s

+ mni+1NN—l(7717 ooy iy Ti4-2, 777N)

then in (2.3.5) summing over all internal sites, the bulk contributions yield a telescopic sum
which cancels with the boundary terms. Therefore, the right-hand site of (2.3.5) is equal to
zero, and the measure py is an invariant measure for the process generated by L.

The problem is reduced to determining two coefficients zg and x; such that the matrices M®,
MP° and the vectors &, i/ satisfy:

ay’ M° = ag" = —xoif”
BM'E = 217 = —x0@
M*M® = —zoM* + 2, M°.

From these relations it follows that x1 = —xg, and by choosing x1 = 1 we obtain exactly the
algebraic conditions in (2.3.3). Note that fixing x; = 1 is without loss of generality, since
choosing any other constant would only rescale the matrices. For a more detailed explanation,
see [23].
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2.3.1 Algebraic properties and explicit matrix representations

In the framework of the Matrix Product Ansatz, the matrices M? and M are introduced
as abstract generators of a non-commutative algebra specified by defining bulk relations and
boundary conditions. This algebraic formulation already suffices to characterize the stationary
measure and to derive many of its properties. Nevertheless, explicit matrix representations
of the algebra play an important role, as they provide concrete realizations of the framework
and can be exploited for further analytical and combinatorial computations. As we shall see
in the next chapter, these representations will also serve as the basis for the novel results we
obtained.

Before introducing some explicit matrix forms, we first analyze their properties:

- If M° and M*' commute, using the algebraic relations (2.3.3), one obtains:

1 1 1
a—ﬁgj- = g(M°MYHZ = §(M° + MYz = (a + 5) Y-z
Since i - & # 0, it follows that o + 8 = 1. In this special case the matrices reduce to
scalars:
M=t mo=t
1—a’ «

and f = & = 1. The unique stationary distribution is the Bernoulli product measure

[T Ba(mi)-

- If M9 and M"' do not commute, the representation is necessarily infinite dimensional.

The previous relations (2.3.2) do not uniquely identify the matrices M, M! indeed there are
several different representations for different values of the parameters. By convention, we fix
the normalization to i & = 1. Other choices would only differ by a constant rescaling, without
modifying the stationary measure.

For a+ 8 > 1, one possible choice of matrices and vectors that satisfy the algebraic relations
of the MPA for the TASEP is given by:

(1 0 0 0 i (11 0 0 |
110 0 01 1 O
011 001 1 o0
M°=1p 01 1 O , M= 000 1 1 (2.3.9)
0 0
1
1-3
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where k = V/(a+ B —1)/aB is the normalization factor that we fix in such a way that
gl =1.
Another possible choice, which instead holds for every value of a, 8 € (0, 1) is:

[0 0 0 0o -] 58 B 3
1 0 0 - 0 o1 1 1 ---
010 0 0O 01 1 1
M°=10 01 0 o0 e (2.3.10)
0 0

with the vectors:

N
S
|
N
-
Q|r
N
S+
S~
[\]
~—
8
Il
o O =

The first representation has the advantage of making the particle-hole symmetry of the problem
clear, since the matrices M° and M! have very similar forms and the boundary parameters
a, 8 only appear in the vectors. However, as already mentioned, this choice is not valid in the
whole parameter range, the product ¢’ Z leads to divergent geometric series when a4+ 8 < 1.
The second representation, although more complex, is well defined for all a, 8 € (0, 1).

Both representations of the matrices can be found in the original work of Derrida et al. [23].
We have presented these explicit forms because they will be used in the following chapters,
but it is important to stress that the algebra admits infinitely many possible representations.

2.4 General formulation of the ASEP

One of the main reasons for the impact of the MPA is the possibility to extend it beyond the
totally asymmetric case to more general situations. Having established the matrix product
formulation for the TASEP, we now turn to its generalization to the ASEP. In this case the
state space remains A = {0,1} and the auxiliary space is, in general, again Ny. In this more
general setting, the algebraic relations acquire a g-deformed structure that reflects the presence
of both rightward and leftward jumps.

Let us recall that particles jump one step to the right with rate p and one step to the left with
rate ¢q. To simplify the notation, we first set p = 1 so that the bulk relation reduces to the
g-deformed algebra:

M*MO — gMOMY = MY + MO,

At the boundary we consider the general parametrization with four independent rates (a, 3,7, d):
at the left boundary particles enter with rate o and exit with rate v and at the right boundary
particles leave with rate 8 and enter with rate §. The general case with arbitrary p will be
discussed in the remark below.
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For this system, the invariant measure can be written in terms of matrices:

7" (O M7
ZN

() =
when MO M T and & satisfy:

M*MO — qMOMY = MY + MO
7 aM® — MY =47 (2.4.1)
[BM' — sMO)7 = 7.

The proof that the measure uy, expressed as a product of matrices under conditions (3.4.1) is
invariant for the ASEP follows the same line of argument as for the TASEP, with the transition
rates appropriately replaced. Note that by taking ¢ = 1 the model reduces to the symmetric
exclusion process (SEP) with the corresponding algebraic relations for the matrices, whereas
if we take ¢ = 0 and v = d = 0 we recover the totally asymmetric exclusion process discussed
previously with the algebraic relation (2.3.3).

Similarly to the TASEP, the MPA for the open ASEP generally involves infinite-dimensional
matrices. For special values of the parameters, discussed in the previous chapter (see formula
(1.2.1)), the matrices reduce to scalars, and the corresponding invariant measure becomes the
Bernoulli product.

Remark 2.2 (Bulk relation with generic p, q). In the general ASEP with arbitrary hopping
rate p and q, the relation of the bulk becomes:

pMMO — gMOM? = MY+ MO

with the same boundary conditions for the matrices M© and M. This choice does not involve
any loss of generality, since all results can be recovered after a rescaling of time by p. Explicit
matriz representations associated with this general process can be found in [24].

Remark 2.3 (Finite-dimensional representations). For completeness, we point out that it was
shown in [33] that finite-dimensional representation can occur under specific conditions. In
this work, the authors introduce the function:

_p—gqta—y+/p—gta—7)?+day
/4{,4_(@7"}/)— 20[ ’

analogously k4 (58,0). They proved that finite-dimensional representations of dimension at least
two exist in the region of the phase diagram characterized by the condition:

1

/{+(ﬁ, 5) > m

The region identified by this inequality lies within the low-density (LD) and high-density (HD)
phases of the ASEP.

When the inequality is replaced by an equality, the algebra admits a one-dimensional represen-
tation. In the totally asymmetric case p =1, ¢ =0 and v = § = 0, one recovers the result, we
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described previously noted by Derrida et al.: along the line « = 1 — [ the stationary state is
the Bernoulli product measure which corresponds to a one-dimensional representation algebra.
In [33] one and two dimensional representations were constructed. Later, in [53] a complete
classification of all finite-dimensional irreducible representations of this algebra was provided,
with an explicit construction of such representations for every possible finite dimension.

2.5 Partition functions and correlations

In the present section, where powers of matrices will appear, we recall that parentheses in the
exponent are reserved for matrix powers: in particular, M denotes the n-th power of M,
whereas M“ continues to denote the matrix associated with the state.

In general, for any measure py € M!(AYN) of MPA type, introduced in the definition 2.1,
the partition function for a system of size N can be written in the compact form:

Zy =y MMz, M=) M
acA

(N) in the non-commutative setting produces all ordered products of

The expansion of M
length N of the matrices {M®},c4, thus accounting for all possible configurations of the
system. Given n € AN and an element a; € A, it follows immediately that the first-order

correlation function can be calculated by:

Q*TM(ifl)Mal M(N*Z)f
ZN

pn(n:n; =a1) =

Similarly, higher-order correlation functions can be computed in the same way. For instance,
given i1 < io and a1, as € A the second-order correlation function is:

g M@=1) ppar ppliz—in=1) praz pp(N—iz) z
pN (210 = a1, i = az) = Zn :

When each site can only take two possible local states, namely A = {0, 1}, i.e. for the TASEP,
the partition function reduces to

Zy = (M° + M")Nz

where the N-th power of the sum of the two matrices generates all possible strings of 0 and 1 of
length N. The same principle can be applied to correlation functions, which can be obtained by
inserting the corresponding matrices M or M at the specified sites within the product. Note
that for the binary case, the first-order correlation function reduces to the average occupation
number:

g’M(i—l)MlM(N—l)i:
(mi)n = 7 .
Moreover, in the TASEP case the relation between the matrices M'M°? = M + M? allow to
show the independence of the stationary current from each site ¢ and to compute it in terms
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of the partition function:

G M=) A A0 A (N=i=1)
gT M)z
grMWN-Ng
T AM®NE
_ ZN
N '

I =punm:in=1,1m41=0) =

If the explicit form of M°, M!, ¢ and & is suitable, the entries of any power of M admit
a simple expression, then the density profile and higher-order correlation functions can be
computed directly.

Moreover, in the specific case of the TASEP (and more generally, of the ASEP and SEP), the
algebraic relations (2.3.3) satisfied by the matrices allow one to derive explicit expressions for
the partition function, without relying on an explicit matrix representation [23, 51]. By the
same method, making use of the algebraic relations, the density profile as well as higher-order
correlation functions can also be obtained explicitly [23]. Alternatively, they can be computed
using the generating function method [4].

For the open TASEP, an explicit closed form for the partition function can be obtained, which
reveals the combinatorial nature of the model. With the normalization 4’ Z = 1 fixed above,
the partition function can be written as:

N D _
p(2N —p —1) 1\? 1\
ZN = _ — - 2.5.1
N Z_: NI(N = p)! 2 a) \B (25.1)
which in the special case a = 8 = 1 reduces to

1 2N +2
Zy (s

_ _ 2.5.2
N +2 N+1> Ont (2:5.2)

where C41 is the (IV 4 1)-st Catalan number.

Similarly to the TASEP, also for the SEP the partition function admits a compact closed form.
Consider the SEP in the simplified setting with open boundary conditions where particles enter
at site 1 with rate o and exit from site N with rate 8. It can be shown [63] that the partition
function Zy can be expressed in terms of the Gamma function I' as follows:

1,1
r(i+5+N)
1,1
r(+3)
In the case &« = 8 =1 it becomes Zny = (N + 1)!.

The computation of the partition function for the ASEP with general ¢ is more involved;
we will not provide details here, but we stress that, using the matrix approach, it can be

N =

obtained explicitly in a compact form. The exact expressions for the partition function and
the currents, for general ¢, o and (3, can be found in the work [5].

Remark 2.4 (Combinatorial connections). The explicit expression of the partition function
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generates two classical sequences in enumerative combinatorics which emerge naturally in this
non-equilibrium setting. Through the matriz product representation (2.3.9), in the case o =
B8 =1, Zn can be interpreted in terms of bicoloured Motzkin paths of length N, in bijection
with Dyck paths of length 2(N + 1). It follows that the partition function enumerates all such
paths and coincides with the Catalan number Cny1, consistent with the result given in (2.5.2).
In the general case, (2.5.1) contains as a factor the ballot number:

p(2N —p—1)!

By = NI(N —p)!

which counts Dyck paths of length 2N with exactly p returns to the origin. Thus the partition
function admits a natural interpretation as a weighted enumeration of Dyck paths, where re-
turns from above and below carry weights 1/a and 1/ B, respectively. These examples show how
the matriz product representation naturally allows for a combinatorial interpretation, linking
stationary configurations of exclusion processes to classical objects such as lattice paths. A
broader overview of these connections is presented in [63].

In the specific case of the TASEP the partition function (2.5.1) can be rewritten in terms
of the polynomial Ry defined by:

in the following form:

= . R -~ Ry(a™?
Iy = M7 = N(BBE_aNf ).

We observe that the asymptotic analysis of the partition function as N — +oco , through the
asymptotics of Ry, allows the investigation of the large-N behavior of the stationary current

Jn and even for the limiting density profile.

2.5.1 Phase diagram of the TASEP

The TASEP exhibits three phases depending on the values of the boundary parameter o and
B (Figure 2.2):

1. Mazimal current phase (MC) «, 8 > % For these values of the boundary parameters,
the stationary current and the density profile for large N are:

1 1

IN >~ =, ON =
N (mi)n 5
where ¢ = Nx with 0 < < 1. In this phase, the injection and exit processes are
sufficiently fast so that the boundaries cease to impose any constraint on the dynamics.
The system established a stationary state with an average density of %, which ensures the
most efficient transport through the bulk. Consequently, the stationary current reaches

the maximal value and becomes independent of the boundary parameters.
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Figure 2.2: Phase diagram of the TASEP.

2. High density phase (HD) o> 3,3 < % In this parameters region:

In=B(1-08),  (n)n=(1-5)

t = Nz, 0 < x < 1. In this regime the exit rate at the right boundary becomes the
limiting factor of the dynamics. Particles are injected faster than they can be removed
leading to an accumulation within the system. This congestion propagates backward
into the bulk, so that the entire system is characterized by a high average density. In
this phase the stationary current is determined by the boundary parameter 5 indicating
that the global transport capacity is restricted by the efficiency of the right boundary.

3. Low density (LD), a < 8, a < % In this regime:
Jn ~a(l —a) (Mi)N ~ «

i = Nz, 0 < x < 1. In the low-density phase, in contrast, is the injection rate the
limiting factor of the dynamics. Particles are introduced more slowly than they can be
transported through the bulk resulting in a stationary state with a low average density.
In this regime the stationary current is constrained by the injection rate.

A more detailed analysis of the phase-diagram which includes the behavior along the bound-
aries between the three density regions, can be found in [4].

2.6 MPA representation of the two-species TASEP

One of the earliest extensions of the matrix product approach to the TASEP concerns the case
with two particle classes. We recall that in this version of the totally asymmetric exclusion
process both species attempt to jump to the right with rate 1. If a first—class particle finds
a second—class particle to its right, they exchange positions with rate 1. Conversely, if a
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second—class particle has a first—class particle on its right, it cannot move. Thus, from the
perspective of first—class particles, second—class ones play the role of holes, while from the
perspective of the holes, second—class particles behave as particles.

The first result in this framework was obtained in [22] and concerns the matrix product
formulation for the stationary state of a system containing two species particle on a ring Z .
The state space is A = {0,1,2} and, as for the TASEP, the matrices involved are infinite-
dimensional, hence auxiliary space is Ng. The variables n; = 0,1, 2 define, correspondingly, if
the site is empty, if contains a first-class particle or a second-class one. The matrix approach
proved that the stationary measure of the system on a periodic N-lattice, assuming that there
is at least one second class particle (ng > 0), can be written in terms of matrices as:

Tr [Hi]\il Mm}

ni,n2 J—
MN (77) ZN(TLl,TLQ)

]I<N1 (n) = n1,Na(n) = n2) ) (2.6.1)
where the normalization factor Zy(ni,n2) depends on the numbers n1,ny of the first and
second class particles. Note that the trace operation on matrix products encodes the lattice
ni,

periodicity via its cyclic symmetry. In order for the measure p\/"" to be stationary for the
process, the matrices M? M1 M? must satisfy the following conditions:

MM =M+ MO, MM =M% MPMO = M2

The first equation coincides with that of the TASEP, whereas the additional relations involve
the matrix M?. In addition, it is required that the trace of the matrix product remain finite.
In particular, if M2 has only finitely nonzero entries on its diagonal - regardless of the specific
forms of M° and M"' - then the assumption of at least one second-class particle guarantees
the finiteness of the trace operator. Indeed if M? has this specific form, any matrix product
involving at least one occurrence of M? contributes only a finite number of nonzero terms to
the diagonal of the product, ensuring that the trace is well defined.

A representation of matrices which satisfies the previous relations and the finiteness of the
trace is (see [22]):

_1 00 0 i _1 1 0 0 |
110 0 01 1 0
01 1 0 01 1 o ---
M=10 01 1 o0 . M= 000 1 1 ° (2.6.2)
0 0
(10 0 |
0 0 O
M2=Ggr= |00 0 0 (2.6.3)
0 O
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The matrix M? takes the form of the rank-one operator M2 = 0 07, with 07 = (1,0,0,...).
This projector obeys M2M? = M? and due to its form, this representation shows easily an
important property of the stationary state, (2.6.1) reduces to:
1 -
n1,m2 _ w(B. 2.64
Hn (77) ZN(n17n2)H ( ]) ( )

where Bj is a configuration of 1s and Os between two 2-class particles:
l
w(By)=0" [ J[Jm™ |0
i=1

where [ is the length of the binary string B; and M is M 0 or M according to the occupation
of the i-th element of the string. Hence, the stationary state factorizes with respect to the
positions of the second—class particles. This factorization highlights the role of second-class
particles as natural separators of independent blocks, with each block corresponding to a
binary configuration of first-class particles and holes.

The representation of the stationary measure of the 2-TASEP [22], inspired Ferrari, Fontes
and Kohayakawa in [37] to introduce a probabilistic construction of the measure, later refined
by Angel [1] through a combinatorial characterization. Based on the Angel’s work, Ferrari
and Martin in [38] reinterpreted his approach within a queuing framework and generalized it
to the case of N particles species. Further progress in this direction was achieved by Evans,
Ferrari and Mallick in [34]. They showed how the trajectories of the queueing process are
counted within the matrix product formulation. Moreover, they provided an explicit matrix
formulation for the multispecies model.






CHAPTER 3

Mixtures, Markov Bridges and MPA

In the previous chapters we introduced the main features of stochastic particle systems that will
serve as the main examples throughout this work, and discussed the Matrix Product Ansatz
(MPA), focusing on its algebraic properties and providing a brief account of its combinatorial
structure.

These elements offer the background for the developments of this chapter, where we shift
our attention to the probabilistic structure of the MPA. As we have seen, the Matrix Product
Ansatz provides an algebraic description of stationary measures for a large class of interacting
particle systems; here we explore the probabilistic structures that such measures may exhibit,
focusing on their characterization in terms of mixtures of non-homogeneous product measures.
The following sections present results from [43].

Our main result is that a probability measure can be written by the MPA using matrices
with non negative entries if and only if the measure has a special canonical probabilistic
structure. This special structure is a mizture of non homogeneous product measures where
the parameters that determine the marginals of the product are distributed according to a
Markov bridge.

This probabilistic characterization provides a unified viewpoint and allows one to interpret
matrix-product measures as mixtures governed by hidden Markovian variables.

As we shall see, this result is obtained by enlarging the state space using a special coupling
and then applying a generalized Doob transform that associates a stochastic matrix to a non-
negative one. This transformation is based on a spectral construction. We prove our general
statement in the case of finite alphabets, when the spectral structure is simpler and we do not
need to discuss special and detailed assumptions. However, the basic mechanism holds also
in the infinite setting; indeed, we illustrate the construction by several examples of particle
systems in which the matrices involved in the MPA are infinite dimensional. In particular
we show that some remarkable probabilistic representations of the invariant measures of non
reversible particle systems, such as the two lines ensemble for the boundary driven TASEP
[2, 6], or the queue representation of a multiclass TASEP [1, 38, 34|, can be obtained from the
corresponding MPA by using our transformation.

Recently, representations in terms of mixtures of inhomogeneous product measures of the
invariant measures of boundary driven generalized KMP and zero range models have been
obtained in [11, 18] and in [10, 46, 54]. For the zero range case, considering just the simplest
model, we show (this is one of the examples we discuss) that this representation is a special
case of our construction corresponding to a Markov process and marginal laws of the product
measures having special features. The general case is more involved; more comments on it
and on KMP process are provided in the remark 3.12.

Our enlargement of the state space and the consequent Markov characterization are similar
to the construction, in a stationary setting, of the algebraic and manifestly positive algebraic
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measures in [35]. In [35] a characterization of such measures is obtained as a function of
Markov processes for a sufficiently enlarged state space; see remark 3.9 for more details. Our
mixture representation does not require an enlargement of the state space and follows from a
further step using the fact that the Markov processes involved are of a special type.

The mixture representation introduced here provides a suitable framework for studying
the corresponding large deviation asymptotics, an aspect that will be discussed in the next
chapter.

Finally, we note that it would be also interesting to compare our construction with recent
results for quantum models [57].

The chapter is organized as follows.

In the first section, we introduce the probabilistic framework and the main objects of
interest - mixtures of product measures and Markov bridges - providing the definitions and
notation that will be used.

In the second section, we prove the equivalence between the Matrix Product Ansatz and
mixtures of inhomogeneous product measures whose parameters are distributed as a Markov
bridge; in particular, we state and prove the main characterization theorem.

The following sections focus on applications of the construction to specific models: we
discuss the boundary-driven TASEP and ASEP and the two-class particles system on a ring.

Finally, we move our attention to the harmonic model, where we start directly from a
known mixture representation and show how a generalized matriz-product structure can be
defined.

3.1 Probabilistic framework

In the previous chapter we introduced the Matrix Product Ansatz in its abstract formulation,
as a family of probability measures on words of length N constructed through products of
non-negative matrices and boundary vectors.

Throughout this chapter we will use the same notation introduced in Section 2.2; we recall
that M) denote the n-th power of a matrix.

As previously stated, we consider two finite or countable sets A and B: the set A is the
state space where the variables take values while B is an auxiliary space. For any a € A we
have a B x B matrix M® having non-negative entries, and we also consider two column vectors
Z = (Tp)ven, ¥ = (Un)beB € Rf having non-negative coordinates.

For convenience, we recall that such measures can be written in terms of product of

7 (Hiil M):c
ZN ’

matrices as:

ne AV, (3.1.1)

pn(n) =

where Zp is the normalization factor.

This algebraic structure will serve as the starting point for the probabilistic representation
developed below; we first introduce the notion of a Markov bridge and of mixtures of product
measures.

Definition 3.1 (Markov bridge). Consider a B x B stochastic matrix P and two column
vectors f,g € Rf, For notational convenience, given a B x B stochastic matriz P and ( €



3.1. Probabilistic framework 31

BN*L we denote by
N
Pp(¢) = HPCZ-,QH )
i=1

i.e. the probability of the path ( with fixed initial condition (1 according to the Markov law
induced by P (a similar notation is also used for other state spaces). We define a Markov
bridge to be the family of elements pyy1 € MY (BNFL) by

o gCl]P)P(C)fCNJrl N+1

pN+1(C) = PN ¢eB. (3.1.2)
The notation is the same as in the formula (3.1.1) and again we do not write explicitly the

dependence of the measure on the parameters f, g, P. The motivation for the presence of the

N + 1 instead of N will be clarified later. The term in the denominator is the normalization

factor. Again, in the finite case the measure (3.1.2) is always well-defined, while a summability

condition is necessary in the infinite case.

The measure (3.1.2) is a non-homogeneous Markov measure, since, by a direct computa-
tion, we have

(N—k)
PCk=<k+1 Z§N+1 PCk+17§N+1 f§N+1

(N+1—k)
Z£N+1 PCk7£N+1 f§N+l
The Markovianity follows from the fact that the right hand side in the above formula does
not depend on ({7, ie. pni1(GestlCF) = pva (CranlC)-

In the case that f. = 6., and g. = ¢.p, the Markov bridge (3.1.2) is pinned at b at time
1 and at b at time N + 1. The resulting process coincides with the law of the Markov chain

with transition probability P, conditioned to start at b and to be in b’ at time N + 1. We call
'011)\’fb+1 this measure that is given by

P41 (G CF) = . CeBNtL, (3.1.3)

Q) i .y
, &, G =b,(np1 =0,
PO =3 P (3.1.4)
0, otherwise .

The above measure also depends, of course, on the stochastic matrix P but we do not write
this dependence explicitly.
In the general case, the joint law of the pair (¢1,(ny1) is given by m € M!(B?) which is

defined by
N
9a PC(1, )N+1 f<N+1

gt PN f

m(C, Cn41) = (3.1.5)

and we then have the convex decomposition

pna1(Q) =Y mb,¥)px (C).

b

This means that a sample of the measure (3.1.2) can be generated by choosing initial and
final values according to m in (3.1.5), and then generating a pinned Markov bridge with those
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initial and final values.
We now consider a map p : {1,...,N} x BN+t — M!(A), which associates to the pair

i€{l,...,N+1} and ¢ € BN*! the probability measure e () € ML(A).

Definition 3.2 (Mixtures). We say that a probability measure vy € MY(AN) is a mizture of
product measures with marginal measures determined by p and parameter distribution py4+1 €
MI(BN+1) Zf

N
vn(n) = Z pN+1(C) Hﬁé(m) ) ne AV (3.1.6)
¢ i=1

€BN+1

We denote pn1 the parameter distribution, using the same symbol as for a Markov bridge
for simplicity of notation. In Definition 3.2 the measure pyy; € MY (BN*1) is arbitrary, but
in the following we will consider the special cases in which it is exactly a Markov bridge.

In principle, we could consider parameter distributions on longer sequences over the al-
phabet B, but the length N + 1 is natural since we will study the special cases in which

Pe() =P () (3.1.7)

for a suitable map p : B> — M!(A) that associates to the pair (b,b') € B2 the probability
measure pyy (-) € ML(A).

Comments on the definition 3.2 and the related constructions are postponed to the follow-
ing sections, and we move directly to the main result.

3.2 The equivalence: Mixtures and MPA

In this section, we state and prove our main result in the cases of finite alphabets where we
can avoid any technical assumption; in the following sections we illustrate the result with
examples that are not finite, since the basic construction works also in that case modulo some
technical assumptions, that are satisfied in the examples we consider.

Before stating the theorem establishing the equivalence between MPA measures and mix-
tures, we first briefly recall the classical Perron-Frobenius theorem which will play a central
role in the subsequent construction. We refer to [50] for a complete discussion, also in the
infinite case.

Theorem 3.3 (Perron-Frobenius). Consider a finite |B| x |B| irreducible and aperiodic non-
negative matriz M, then there exists a positive maximal eigenvalue A > 0 such that all the
remaining eigenvalues \; are such that |\;| < \. The unique eigenvector € = (e(b))pep corre-
sponding to the mazimal eigenvalue can be fized in such a way that e(b) > 0 for any b € B.

Remark 3.4. When the matrix M is irreducible but not aperiodic, theorem 5.3 has to be
modified and there exists still a mazximal real eigenvalue \ and a corresponding strictly positive
eigenvector €, we have, however, for the other eigenvalues not a strict inequality but instead
|Ail < A. If the period of the irreducible chain is p then there are exactly p eigenvalues of
mazximal modulus X\, see [50] for more details.

As a consequence of the Perron-Frobenius theorem, given a finite irreducible matrix M,
by a simple transformation, sometimes called a generalized Doob transform or ground state
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transform, we can associate to M a stochastic matrix given by
P=X'e e, (3.2.1)

where € is the diagonal matrix having elements &;; = e;. The entries of the matrix P are
. M ! ! . .
then given by P,y = ”)‘f;:b . More precisely, we have the following lemma:

Lemma 3.5. Let M be a non-negative irreducible and aperiodic matriz and let A\, € be the
corresponding maximal eigenvalue and positive Tight eigenvector; then the matrix

1
Pyy = Xe(b)*lz\@b,e(b') bb € B, (3.2.2)

1s a stochastic matriz and we have that
k 1 _
By = sre®)™ (M(k))w e() keN,. (3.2.3)

If M 1is irreducible and aperiodic, the matriz S is also irreducible and aperiodic.

Proof. The proof of (3.2.2) follows by a direct computation. We need just to check that the
sum along each row is one

S By = %e(b)*l S Myye(t)) = %e(b)*l)\e(b) —1

beB b'eB

Formula (3.2.3) follows directly by the representation (3.2.1). Irreducibility and aperiodicity
follow directly. O

This construction is also related to Hammersley—Clifford theorem (see, e.g., [14]).

Building on the previous construction, we are now ready to state the main theorem which
provides a complete characterization of the correspondence between MPA measures and mix-
tures.

Theorem 3.6. Consider |A|,|B| < +oco; a probability measure puy € MYAN) is of MPA
type (3.1.1) with M := " .4 M® an irreducible non negative matriz, if and only if un is
a mixture of product measures 3.2 having the distribution of the parameters pni1 given by
a Markov bridge (3.1.2) and marginal measures of the form (3.1.7). Moreover, the Markov
bridge has transition probability given by the stochastic matrixz P defined in (3.2.1); the vectors
f, g are related to z,y (those of the MPA) by the relations f = € 1x, g = €y and the marginal
distributions are of the form (3.1.7) with

Mlib’
pb7b/(a) - Mb 14 ’

b e B,ac A. (3.2.4)
Finally, we have the relation g" PN f = f—ﬁ

The proof is based on a special coupling construction and on the transform (3.2.1). In the
proof we will introduce a coupling measure and discuss some of its properties.
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Proof. First, we start with a measure of MPA type (3.1.1) and show that is a mixture. Consider
a measure puy of the form (3.1.1). We enlarge the state space and construct a probability
measure Cy € MY (AN x BN*1) defined by

N i
Ye (HAlei, : )ﬂfc
Cn(,¢) 1= ——— vag“ T peAN, ceBNTL (3.2.5)

The coupling measure C has the following remarkable properties:

1. The n marginal of Ci is pn in (3.1.1), i.e. pn(n) = 3 cepn+1 ON(1,C)-
2. The measure Cy is a Markov bridge with state space A x B.

3. The ¢ marginal of Cn, pn+1(¢) = 32, cav On(C; ), is a Markov bridge with the features
described in the statement of the theorem.

4. Conditioned on the ( variables, the n variables are independent, and moreover

N
Cn(l¢) = [ peicorr (mi) (3.2.6)
=1

where the p () are defined in (3.2.4).
Item (1) follows directly from the definition, since

N

N
Z Ya HMQZ,QH TNt = yHme-
=1

CGBN+1 =1

Item (2) will not be used in this chapter but it will be central in the next one. We skip
some details here, related to the irreducibility of the positive matrix we are going to introduce;
these details will be explained in the next chapter (see Section 4.4).

We introduce the (A x B) x (A x B) matrix 9, p) (o) 1= My, which has non negative
entries. As will be shown in Sec. 4.4 if M is irreducible then 7' is also irreducible. By (3.2.1)
we can construct the (A x B) x (A x B) stochastic matrix & := A~1&"19ME where A is
the Perron eigenvalue of 2t and & is the diagonal matrix having elements é(a,b),(a,b) = Eab;
where ¢ is the positive eigenvector associated with the eigenvalue A. We introduce the vectors
T,y € RiXB defined by 2,5 := x5 and 4. = y5. We can then write

N N .
C U Hi:l m(ﬁi:(i)v(nﬂrl7<i+1)$7]N+1:<N+1
N(777 C) - ZN ;

where we observe that, differently from (2.2.1), only one matrix appears in the formula, namely
M. We also stress that, although the variable ny11 appears in the right-hand side of the
formula, it is not defined and does not appear on the left-hand side; however, due to the
special form of M and 2, the right-hand side is also independent of ny41. By a telescoping
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argument we can write the above formula as

N A o
ANGin e €omcimenPe QLN 1 ) tvarina)Ennss e

CN(nv C) = ZN )

that has exactly the form (3.1.2) but on the state space A x B with the transition matrix P
given by & and the vectors g, f given by Ey ez

Item (3) is obtained by

N N

Zyﬁ H gugﬂ Tini1 = Y& HMCZ'7C1'+1 TNyt - (3.2.7)

=1 =1

Using now formula (3.2.1), and by the same telescoping argument as before, we obtain

pn11(0) =D Cn(n, Q) (3.2.8)
Y (sz\il M<i7§i+1) TCN 1
= Zn (3.2.9)
AN (Ey)ﬁ Pr(Q) (g_lw)CNH
= Zn , (3.2.10)

which is of the form (3.1.2), and we deduce the validity of the statement of item (3).
Item (4) is obtained by a direct computation using (3.2.5) and (3.2.7)

Cvm Q) 11 M
CN(H‘C) = p]]\\;i?(g)) = H <7<+ HprCrH 771 :

M<11<z+1 i=1

The relation g7 PN f = f—ﬁ follows directly from (2.2.2) and (3.2.1).

Conversely, consider now a measure written in terms of mixtures as in Definition 3.2 with
the parameter distribution px41 given a Markov bridge (3.1.2) and the marginal distributions
of the form (3.1.7). We introduce the vectors x = f and y = g and the matrices M* whose
elements are defined by My = Poypoy (a). We obtain in this way a representation of the
mixture by the MPA; with this choice, the matrix M is stochastic and coincides with P.

O

We now conclude this section with few remarks that highlight the generality, implications,
and some technical aspects of Theorem 3.6.

Remark 3.7 (Non-uniqueness). The mizture representation (3.1.6), without imposing any
restrictions on the measures involved, is a very general statement and it can be shown under
general assumptions that such a representation of a probability measure py exists and is more-
over not unique. Consider, for ezample A = B = {0,1} and the marginal distributions given
by ﬁé() = B¢, (-) where B,(-) denotes the Bernoulli distribution of parameter p. We have that
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any py € M! ({0, 1}N> always admits a representation of the form (3.1.6) as

N
pnm = > pviaQ) [T Ba(m)]
i1

¢ef{0,1}V+1

provided that pn11(¢Y) = pn(¢1).-
To illustrate the absence of uniqueness, let us consider the following simple case. Consider
the product measure uy € M* ({0, I}N) given by uy = Hf\il By for an arbitrary collection

of parameters q; € [0,1]. Let pn11 € M <BN+1) be also a product measure with i—marginal

given by pll € MY(B). Let m; : B — [0,1] be functions with mean values "y pl (b)m;(b) =
q; and consider the marginal distributions ﬁé() = By, (¢c)(1). We the have, under this single
assumption, that

N N
[IBam)= > v |T] Bmscco(ms)
i=1 ¢ceBN+1 =1

Since the condition is only on the mean values of the marginals of py+1 it is easy to see that
uniqueness does not hold.

Remark 3.8 (Consequences of the mixture representation). The importance and power of
the representation as a mizture (3.1.6) for measures of MPA type lies in the fact that the
law py+1 of the parameters is Markovian and the marginal distributions ﬁz() are local (i.e.
depends just on (;, Giy1) and translationally covariant. In particular, mean values, covariances
and other properties of the measure puyn are strictly related to those of the underlying Markov
bridge. Consider for example correlations. Let us define Ve, ¢\ = Y acaPéiciv(@)a. By a
direct computation we have

]EMN (771'77]') = IE/JN+1 (‘Q%Ci-}—l%jvgj-‘rl) ’

i.e. the correlations for the measure uyn coincide with the correlations of the local function V
for the Markov measure pyy1. Other features of the measure un can be deduced from those
of pn+1 as for example large deviations [45] and FKG type inequalities [11].

Remark 3.9. Item (2) in the proof of Theorem 3.6 is a statement similar to the result in
[35]. In an infinite stationary framework, the authors of [35] introduce the class of algebraic
measures and the class of manifestly positive algebraic measures, for which probabilities of
cylinder sets can be computed, like in (2.2.1). They prove an equivalence between the family
of manifestly positive algebraic measures and the family of functions of Markov processes.
A process (Yn)nen is called a function of a Markov process if there exists a Markov process
(Xn)nen and a function ® such that Y, = ®(X,). For simplicity, the authors of [35] also
consider finite dimensional cases and obtain bounds on the size of the configuration space of
the Markov process. In the case that the manifestly positive algebraic measure has state space
A and the probabilities are computed using matrices of size |B| then the process can be obtained
as a function of a Markov process whose configuration space is bounded by (max{|A], |B\})4.

By item (2) of Theorem 3.6 we can deduce that the process (n;)Y; is a function of the
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N
inhomogeneous Markov process (m, CZ) via the function ®(a,b) = a. In this case the size

of the configuration space of the Markzoivl process is given by |A||B|; however, by using the
remaining statements of Theorem 3.6 we can instead obtain the mizture representation in
which several features of the process (m)f\il can be deduced from those of the Markov process
with a state space whose cardinality is simply |B|. This fact greatly simplifies the probabilistic

description.

Remark 3.10 (On the uniqueness of Doob transform). In the case of finite-dimensional
matrices, i.e. |B| < +oo, the Perron eigenvalue coincides with the spectral radius of the
matriz, and the matriz admits a unique positive eigenvector. As a consequence, the transition
matriz associated with a non-negative matriz by (3.2.1) is uniquely determined. In the case of
infinite-dimensional matrices the Perron value does not, in general, coincide with the spectral
radius and has a different definition; see, for example, [50]. In this setting, there may exist
several positive eigenvalues larger than the Perron value, each admitting a positive eigenvector.
Moreover, the operator may admit no eigenvectors. There is uniqueness when the stochastic
matriz constructed through (3.2.1), using the spectral radius as eigenvalue, is recurrent. We
do not go into details, and refer, for example, to [50] for some statements. In the infinite-
dimensional case, one may therefore obtain more than one stochastic matriz associated with
M wvia (3.2.1). This can be related to Doob h-transforms and to the ezistence of positive non-
constant harmonic functions. Suppose, for example, that P is constructed from M through
(3.2.1) and that h is a non-constant harmonic function for P (i.e. satisfies Ph = h). Then
the matriz P", defined by Pb}fb' = hb_le’brhb/, 1s related to M by a generalized Doob transform
of the form (3.2.1). By the same telescopic arguments used in the proof of Theorem 3.6, the
families of Markov bridges constructed using P and P" coincide.

In the next sections, we illustrate the construction by applying it to several models of
interacting particle systems.
As we mentioned previously, the same constructions can be applied to examples with countable
alphabets; they are the same of the finite case, one only needs to verify summability conditions,
which are indeed satisfied in the examples considered.

Before turning to specific models, we discuss a technical result concerning the spectral
properties of an infinite tridiagonal matrix. This computation will be useful in the analysis of
the model discussed below.

Eigenvalues and eigenvectors for a class of infinite matrices

We consider the eigenvalue problem for the infinite-dimensional matrices, having rows and
columns labeled by Ny, of the form:

a B 0 - 0 -
Bz oa 1 O -+ 0O
0 B2 a /i 0O .-
A=10 0 B a B 0 -- (3.2.11)
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that is
B10; 41
Aij = 0467;7]' i,j :0,1,2,...

B20i—1,;

with a, 81,82 > 0. The spectral theory in the case of infinite matrices is more complex and
we illustrate just a few computations. We refer, for example, to [50] for more details.
The Perron value for the matrix (3.2.11) is defined as

lim /(A7)

.70
n—-+oo b

(3.2.12)

and the limit does not depend on i, j. These matrices have a continuum of positive eigenvalues
larger than the Perron value, for which the corresponding eigenvectors are positive. We have

Lemma 3.11. The Perron value of the matriz (3.2.11) is given by a + 2+/P182 and the

ntl
corresponding column eigenvector is given by €= | (n + 1) (%) ?

n€Np
Proof. We give only an outline of the argument, since the computation is equivalent to the
classic combinatorial computation of the partition function based on bicoloured Motzkin and
Dyck paths [63].

We consider a discrete time random walk on Ny, that starts at zero and performs jumps
of 0 or 1. We assign the weight 51 to jumps of 41, the weight 85 to jumps of —1 and the
weight « to jumps of 0. The weights of paths of even length that start and end at 0 is given
by

- 2n n—k on—
(Azn)0,0 = Z Cr—k <2k> 04%61 kﬂz F
k=0

where €, is the n-th Catalan number. By Stirling formula and classic asymptotic estimates,
we deduce the Perron value. The eigenvector can be verified by a direct computation. O

3.3 Boundary-driven TASEP

We start by considering the boundary-driven totally asymmetric exclusion process (TASEP);
the model and its matrix product formulation have already been introduced in Sections 1.1
and 2.3, respectively; here we only recall the features relevant to the present discussion.

As shown in Section 2.3, the stationary measure of the open TASEP with boundary parameters
a and S admits a matrix-product representation of the form (3.1.1) with A = {0, 1}, when
the matrices MY, M!, and boundary vectors &, i which satisfy:

M'MO = MY+ MO,
Mz = 47, (3.3.1)
JTMO = LT

As explained in the previous chapter, equations (3.3.1) do not identify uniquely the matrices
(M%)4=0,1 and there are several different solutions of (3.3.1) for different values of the pa-
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1/2 b/4(b+1) (b+2)/4(b+1)

Figure 3.1: The transition graph associated to the matrix P in (3.3.4).

rameters. In the following, we discuss two explicit representations and interpret them in the
probabilistic framework introduced above, by identifying the stochastic matrix, the Markov
bridge, and the corresponding mixture representation.

3.3.1 Thecasea+f(>1

In this regime, the algebraic relations (3.3.1) can be satisfied by taking B = NU{0} and using
the matrices and the vectors described in (2.3.9).
The corresponding matrix M = MY + M has entries:

Myy =

’

(3.3.2)

200 + Oppr41 + 0 pr—1, D=1,
205,57 + Op b 41 b=0,

and the normalization factor (2.2.2) can be easily computed and is finite so that the measure
(3.1.1) is well defined.

The eigenvalue problem for an eigenvalue A with corresponding eigenvector (ep)pen, is
given by

2 =A
‘ot er=Aco, _ (3.3.3)
ei—1+2e+eq1=2XAe; i>1,

This is a special case discussed in Lemma 3.11 with a = 2, §; = 82 = 1. It follows that the
spectral radius of the matrix M is A = 4 and the eigenvector associated is € = (b + 1)pen,-
The stochastic matrix (3.2.1) can therefore be explicitly computed and it is given by

: ¥ =b
2
b
Pyy = 4((%21)) b=b+1 (3.3.4)
m b/ - b - 1 5

and its transition graph is represented in Figure 3.1 We have also
9 =yp(b+1) = % be N,
b 1

2 5 (3.3.5)
o= = St beNp.

Finally, since A = {0,1} and recalling that B, € M'({0,1}) is the Bernoulli measure of
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AN N4

1 N+1

Figure 3.2: A trajectory ¢ of a Markov bridge for a random walk on Ny with jumps 0, £1. Given the
trajectory, the configuration 7 is completely determined on the intervals where the slope is +1 while
we need to toss independent fair coins (T=Toss) in correspondence of horizontal steps. The trajectory
of ¢ may also assume the value zero.

parameter ¢, using (3.2.4) we have

By iV =b+1,
pb’b/ = ‘BO if b/ - b - 1, (3.3.6)
B% ifo=».

This completes the probabilistic characterization of the invariant measure of the boundary
driven TASEP in the regime considered in this section. The Markov bridge py41 for the
variables ( is associated with the transition matrix (3.3.4) and the vectors (3.3.5), while
the marginal laws of the mixtures are given by (3.3.6). The construction of a sample of n
distributed according to the invariant measure, given a sample of ( is illustrated in Figure 3.2.

As discussed in the Section 1.1, several combinatorial representations of the stationary
measure are known in the literature [62, 9, 30|, including a recent representation obtained in
terms of two-lines ensemble |6, 2]. We now show that the mixture representation obtained
above is related and equivalent to this representation of two lines.

Comparison with the two lines ensemble. The two-lines ensemble representation de-

rived in [6] on the approach of [2] is obtained using a pair of right-up independent random

walks s! = (sH)MH1, 52 = (s2)M41. Both representations describe the same invariant measure

and must therefore be equivalent in this sense. However, the two are based on an enlargement
of the state space with the introduction of a coupling with some hidden variables; what we
show here is that the coupled measures, which could in principle be different, are instead the
same modulo a simple mapping.

The two lines ensemble is as follows. We have that st =s2=0,and for 2<i < N+1
we have s} = 22;11 nj, 87 = Z;;ll v, where 1,y € {0,1}". We call 1 the increments of the
walk s! since they will be finally distributed according to the invariant measure of TASEP.

The two-lines ensembles representation in [6, 2] is written in terms of the two functions s!, s
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defining the coupling measure

(ﬂ) {3}\74-1*3?\14-1}

. 3 N
o (ot.5t) o= - e () : (3.3.7)
2, ((1ﬁ)(la))mlnl<i<N+l{5i—Si} 4

N T

Here Zx is a normalization factor and (1 /4)N = Punit.(st, s?) denotes the uniform measure
on the pair of paths which we do not include in the normalization factor just for convenience.
In [6] it is proved that p&lines(st) = 3, C%lines (51, s%), coincides with pn(n), by using the
bijection between s! and 7.

Let us introduce the Ny x Ny stochastic matrix P defined by

1
5 7 V=0b+1
/= 4
Py Loy—p-1,b>0, (3.3.8)
3 b=00=1.

This stochastic matrix is related to (3.3.4) through the following relations

Pb,b/eb
By = w0 020
Pb,b’ , b=0.

This means that the stochastic matrix P is almost related by a Doob transformation to the
matrix P; the only transition for which this relation fails is the transition 0 — 1. Consider

¢ € NV and call Ny 1 (¢) := sz\il ]I(CZ?H = (0, 1)) By the above relations, we obtain

<N+1 + 1 1 :NO,I(C) N41
P =P,s(()—— | = N . 3.3.9
This allows to write the Markov bridge for the stochastic matrix P in terms of the stochastic

1=\ p. 13\ SV 7\ Noa(Q)
pN+1(C) = ( - ) PP(O;T;NZ@ (2) , (3.3.10)

matrix P as

where the denominator is simply the normalization factor.
Consider a random walk & € Z that jumps to & + 1 with probability 1/4 and stays at &;
with probability 1/2. Its Z x Z transition probability P is given by

Poy = {

The stochastic matrix P is the transition probability of the Markov process ¢; = |&i]. We

bV €7,V =b

bV €Z, b =b+1. (3.3.11)

NI
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have, in addition, that for any ¢ € NéVH
1 No,1(¢)
Py (C) (2> =Pp(0+() VbeZ, (3.3.12)

N+1
where by b + ¢ we denote the shifted path (b + Ci), (this means that Ps(b + ¢) =

Hfi L Poscibic +1b' The arbitrary shift factor follows from the fact that P is associated
with a space homogeneous random walk on Z.

Recall the paths (s )i\f ng and (s )]\L? introduced for defining the two lines ensemble and
call & = 51 - s . We can describe the independent uniform measure on the two paths either
in terms of the pair (s!,s?) or in terms the pairs (1, £); we recall that 7 are the increments of
s! and ¢ has just been defined. With a slight abuse of notation we denote by Pypit. (1, &) the
measure Pyt (s!, s?) when expressed in terms of the variables (1, £). By a direct computation,
we have

Punit. (1, €) = P (€)Punit. (n]€) = Hpgz,gm (mi) , (3.3.13)

where the probability measures p,p (-) are those defined in (3.3.6). An important feature
of such measures is that they are invariant by a joint shift of the indices, that is, ppy(-) =
Doteb/+c(-) for any ¢ € Z. This means that the Markov bridge (3.3.10) or any translation of
this measure are good parameter laws for the mixture in order to obtain the invariant measure
of boundary driven TASEP.

Fix ¢ = (&)N4h € ZNF! such that ¢ = 0 and | — &41] < 1 and compute the weight
assigned by the probability measure (3.3.10) to all the translated paths of £. We therefore
have to sum the probability given by (3.3.10) over all paths of the form { = b+ £, where
b 4+ &, as before, is the path shifted by b € Z. Since ¢ € NN+1, we have the constraint
b> —minj<i<n+1& = —mpy41(€). In this way, we obtain the probability measure py41 on
paths in Z starting from the origin, defined by

AN+1(E) 3= 2oty ()} PN+1(0+E) (3.3.14)
s b>— L)t
= { mNJrl(fF)}];JEff ) ( 4 ) (3.3.15)
EN+1
= Pr©(5) (3.3.16)

(7‘1*0‘;};’3))mNH(E)(gTPNf)(1—7“*“253175)) ‘

where we used (3.3.12) in the second equality, while the last equality follows from a direct
computation of the geometric sum. By the translational invariance of (3.3.6) we have that
the coupled measure

Cn(n, &) = pn+1(€ Hpgl,gm ;) (3.3.17)

is such that uy(n) = Zg Cn(n, &) is the invariant measure of boundary driven TASEP. Using
(3.3.13) and writing the measure in terms of the paths (s!, s), we obtain the two lines ensemble
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(1-8)B°

(1-p)p*
QU
A+
1-B (1-8)p

Figure 3.3: The transition graph on Ny for the transition matrix (3.3.20); the Markov dynamics may
have arbitrary long jumps.

(3.3.7) with Zy = (gTPNf> (%ﬁ;l).

3.3.2 The general case

A different solution of the algebraic relations (3.3.1), valid for any value of the boundary
parameters « and [, can be obtained again with B = Ny, using the matrices and vectors
introduced in (2.3.10).

We recall that this representation satisfies the same algebraic relations as before and even if it
is more complex, it extends to the full range of parameters, without requiring any restriction.
The matrix M = M? + M" has the entries defined by:

1
- b:
Myy =< 5 ’ 3.3.18

bb {1 Vo >b—1. ( )

The eigenvalue problem for an eigenvalue A and a corresponding eigenvector e = (ep)pen, 1S
obtained by solving the equations

Aeg = £ ST,
B a=0"0e 3.3.19
{/\61‘: ;;of_lej, iZl. ( )

One can check that a positive eigenvalue is given by A = ﬁ with corresponding positive

eigenvector e = (8%)pen,. We can then apply the transformation (3.2.1), obtaining explicitly
the corresponding stochastic matrix:

Ja-pBF b=0, k>0,
Pb,b+k—{ (1—B)BEL Wb>1, k> -1, (3.3.20)

and all the remaining entries are zero. The transition graph of the stochastic matrix P on Ny

b
is drawn in Figure 3.3. The vectors defining the Markov bridge are g = ( (g) ) and
beNg
f= (5071,)17 . The marginal distributions (3.2.4) can also be easily computed and are given
€No

by:
) By UV =b-1,
Doy = { B, VU >0. (3.3.21)

Recall that B, is a Bernoulli measure of parameter ¢. Since the parameters take only the
values 1 and 0, it follows the particle configuration 7 is completely determined by the Markov
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01 2 3 456 7 8

Figure 3.4: The exploration sequence of a rooted tree; the root is the black node. The symbol
A means Activated, while the symbol F means Explored; at the end of the figure, the path of the
corresponding walk (, associated to the exploration procedure is shown.

bridge (.

An exploration process. We now discuss a natural and simple interpretation of the Markov
process obtained above. There is a well-known exploration algorithm for branching processes
(see, for example, Section 3.3 in [61]) that connects branching processes to random walks
on Ny which may have arbitrarily large positive jumps and negative jumps only of size —1.
The Markov bridge obtained above is constructed starting from Markov chains of this type.
We describe a small variation of the classical construction; in particular, we consider an
exploration of infinite independent branching processes, each of them attached to its own root
vertex. To each root, we attach an independent copy of a branching process with branching law
q € M}(Np). Consider now the random walk ((,)nen associated with the following exploration
procedure. We start with (y = 0 and select one root. The value (; is the number of nodes
attached to the root, and we set all of them in the activated status. Select one node among
the activated ones, according, for example, to the depth-first search and set it in the explored
status. This node no longer belongs to the set of activated nodes (it has been explored), and
we add to the set of activated nodes all the vertices in the progeny of the node just explored.
The variable (2 is the number of activated nodes after this construction. We can now iterate
the procedure and denote by (, the number of activated nodes after n iterations. If after n
steps, all nodes of the tree associated with the branching process have been explored, then
(¢, = 0, since there are no more activated nodes. One then proceeds, in the next step, to
the exploration of the branching tree attached to another root, and the variable (11 is the
number of nodes attached to the new root, and so on. The random walk described above
has the transition probability equal to P in (3.3.20) when the branching law ¢ is geometric of
parameter (1 — 3), that is, ¢z = (1 — 8)8%, k =0,1,2, ...

In conclusion, these examples suggest that distinct matrix representations which satisfy
the algebraic relations (3.3.1) may correspond to several hidden stochastic mechanisms that
nevertheless produce the same invariant measure.

In this sense, different matrix representations can be viewed as different probabilistic con-
structions of the same object. Here we have explicitly examined two of these for the TASEP,
but, as mentioned in the previous chapter, several others are known in the literature even in
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the finite case. We now conclude the discussion of the TASEP and turn to the asymmetric
case (ASEP).

3.4 Boundary-driven ASEP

We consider the boundary-driven asymmetric exclusion process (ASEP), where particles jump
from site x to x + 1 with rate ¢ and from site x + 1 to site x with rate 1. In the general case
with four boundary parameters, as explained in the Section 2.4, its invariant measure can be
expressed in MPA form (3.1.1) with the state space A = {0,1}, when the matrices M°, M*

and the vectors ¥ and Z satisfy the algebraic conditions:

M*M® — gMOMY = MY + MO
7 [aM® — MY =47 (3.4.1)
[BM? — M)z = z.

In what follows, we first apply Theorem 3.6 to the case with two boundary parameters («,f)
and subsequently to the general case with four parameters (o, 3,7, ).

3.4.1 The two-parameter case (6 =y =0)

We start by considering the simplified version with open boundary conditions where particles
enter at site 1 with rate a and exit from site N with rate 8. In this setting, we do not consider
the exit of particles at site 1 and the entrance of particles at site N, that is, v = = 0.
Under these assumptions, the boundary relations reduce to the condition that the vector i is
a left-eigenvector of M? with eigenvalue é and the vector Z is a the right-eigenvector of M*
with eigenvalue %

One possible representation, satisfying these relations is obtained by taking the auxiliary space
B = Nj and defining the matrices:

1 0 0 110 --- 0
1—-q¢ 1 0 0 0110
1 0 1—¢? 1 1 001 1 0
M= — 3 M = ——
T1_g 0 0 1—¢> 1 0 ) T1-g4|000 1 1
0 0

(3.4.2
The corresponding boundary vectors take the form:

= (s () ) = (5

where the symbol (z; ¢),, denotes the g-shifted factorial, defined by (z;¢)o = 1 and, for n > 0:

n—1

(@ ) = [[(1 —2q").

k=0
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In order to ensure that the boundary vectors are positive, we restrict to the parameter region
with o, 8 <1 —gq.
The matrix M = M° + M" can be written as M = rlqM where M has the entries defined as:

(3.4.3)

B 20p,p + Oppr 41 5 b=0.

i { 28pp + 1 + (1 — ¢®)opp—1, b>1,
b =

Then, the eigenvalue problem Me = \,€ reduces to solve the following recurrence system:

{ 2ep +e1 = Ag(1 —q)eo, (3.4.4)

(1—q")en—1+2e, +ent1=X1—-qe, n>1.

Note that for the specific choice of parameters A\, = and ey = 1 the recurrence system

4
(3.4.4) simplifies considerably and takes a well-known %orqm.
In this case, the coefficients appearing in the relation coincide exactly with those characterizing
the recurrence that defines the family of continuous g-Hermite polynomials. This correspon-
dence is exact: with this choice of the eigenvalue A\, and of the initial condition ey = 1, both
the recurrence relation and the starting values coincide with those of the continuous ¢g-Hermite
polynomials evaluated at = = 1.

Recall that the continuous q-Hermite polynomials H,(x|q) are defined recursively by:
20Hy(xlq) = Hota (2]q) + (1 = ¢") Hp—1(2lg),  Ho(zlg) =1 (3.4.5)

which determines the whole sequence (Hy)n>0, (for a review on g-Hermite polynomials see
[58] or [13]).

Comparing the recurrence (3.4.4) with the one above, it is evident that the two problems have
the same algebraic structure. More precisely, the eigenvalue problem for the matrix M can be
interpreted as a particular realization of the recurrence relation that defines the continuous
g-Hermite polynomials at the specific point x = 1.

It follows that the eigenvector of the matrix M associated with the eigenvalue A = 4/(1 — q)
has, as components, the succession of the continuous ¢g-Hermite polynomials centered in z = 1

en = Hy(1)q) = zn: (Z)q (3.4.6)

k=0

which can be written as:

ny (©:Dn
where (k,)q = @D @D

(3.2.1) can be explicitly computed. For convenience in notation, we introduce the quantity:

ZZ:O qk (Z)q
Kpg= 22207 W 3.4.7
7 Zk:o (k)q ( )

which can be viewed as the expected value of ¢F with respect to the normalized g-binomial
distribution. Using this definition, the ratio between consecutive continuous g-Hermite poly-

denotes the g-binomial coefficient. Now, the stochastic matrix
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1-q° (1+Kb,q)
1/2 4(1+Kb-1,q) 4

@ I L I I Ql)j I I

1/2 1/2

Figure 3.5: The transition graph associated with the stochastic matrix P in (3.4.8) with K} , defined
in (3.4.7)

nomials is given by:
Hpy1(1lq)
H,(1lq)

and the stochastic matrix can be written in the compact form:

=1+ K,4

1 y =
2
Pb,b/ = %(1 + Kb,q) b =0 +1 (348)
(1*qb) b/ =ph— 17

The transition graph of the stochastic matrix P on NU {0} is represented in Figure 3.5. The
vectors which define the Markov bridge become:

_ Tp i (1_q_6)b
ﬁ—mer@p@y b€ Mo, (3.4.9)
9 = ypHy(1]q) = ﬁHb(lIQI beNp.
and the marginal distributions of the product measure are:
By iftY=0b+1 ,

B ifb =0b.
2

Finally, in the limiting case ¢ = 0, the present construction reproduces exactly the totally
asymmetric representation. Indeed, setting ¢ = 0 in the matrices M*, M° and in the vectors
i, T, the eigenvalue problem and its eigenvectors coincide with those computed for the TASEP
representation in Section 3.3.1, yielding the same stochastic matrix P with identical boundary
vectors defining the Markov bridge and the same behavior for the marginal distributions.
Hence, the probabilistic representation developed here provides a unified description that con-
tinuously interpolates between the totally asymmetric and the partially asymmetric regimes,
preserving the structure of the stationary measure across different values of g € [0, 1).

3.4.2 The general boundary case (o, 3,7,0)

We now extend the analysis to the general boundary-driven ASEP characterized by four pa-
rameters (o, 3,7,0). In this setting, we recall that particles can both enter and exit the system
at each boundary, at site 1 with rate o and « and at site N with ¢ and /3, respectively (Figure
1.3).

The bulk dynamics and the algebraic relation between the matrices remain unchanged while
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the effect of the boundary terms is entirely encoded in the conditions involving the vectors
¥, T, (see formula (3.4.1)). Therefore, the g-Hermite structure in the bulk is preserved, while
the additional parameters v and § deform the boundary conditions of the probabilistic repre-
sentation.

Consequently, the stochastic matrix P associated with the process has the same form as in
the two-parameter case (3.4.8). The problem reduces to finding the vectors Z and ¢ which
satisfy the conditions:

g laM® —yM'] = g"

[BM* — M )% = . (3.4.11)

Once these boundary vectors are determined, the whole probabilistic construction - including
the Doob-transformed dynamics and the Markov bridge representation - follows exactly as in
the simpler case discussed above.

To determine the vector ¥ satisfying the first relation in (3.4.11) we expand it in components
and use the explicit form of the matrices M and M*:

(=)o +a(l —q)y1 = (1 — q)yo,

X (3.4.12)
YY1+ (@ =Nyn+ (1 =" Ny =1 —q@yn n>1

By fixing yo = 1 and after a suitable rescaling, one obtains a solution of the form:

_ W) wi _(a=v-14¢q)
e Hy,(iA/2|q) th A= N

where the family (H,)n>0 satisfies the recurrence relation defining the continuous ¢-Hermite
polynomials, see (3.4.5).

Each of the three prefactors plays a specific role in this representation. The factor (M)”
symmetrizes the boundary recurrence, compensating the asymmetry between the entrance and
exit rates a and «, and allowing the equation to be rewritten in a form directly comparable
to the recurrence of the continuous ¢—Hermite polynomials. The term (g¢;q),, is introduced
to absorb the factor (1 — ¢"*1) in order to transfer its dependence from the forward term to
the backward one. Finally, the factor " is introduced as a formal rescaling that adjusts the
global sign of the recurrence, aligning it with the canonical convention used for the continuous
g-Hermite polynomials. Although the expression involves the imaginary unit ¢, the sequence
(Yn)n>0 is real. Indeed, each polynomial Hy,(z|q) can be expanded as:

[n/2]

Hn($|Q) = Z an,k(Q) xn72k7 an,k(Q) eR
k=0

which shows that H,(z|q) contains only power of x with the same parity as n. As a conse-
quence, substituting z = £ with £ € R we obtain:

Ln/2]
H,(ilq) = i" Z an,k(q)(_§2)k

k=0
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hence the element " H,(i{|q) is real for every n and for all real . In particular, this implies
that each component ¥, is real.

The positivity of the sequence (y,)n>0 can be determined by induction on the recurrence,
which requires A < 0, that is @« — vy < 1 — ¢. This condition ensures that all components y,,
are positive and the boundary vector i is well defined.

Using analogous arguments, one can prove that the vector & which solves the second relation
in (3.4.11) is given by:

n

O\ : B-0—-1+gq
Ty = — 1"H,(1B/2|q), with B=--——_— %
2| s/l '

which has positive components when B < 0, that is 8 —§ <1 —gq.
The vectors defining the Markov bridge are:

fo=mag  beNo, (3.4.13)
9p = ypHp(1]q) b€ Np.

where Hp(1]q) is defined in (3.4.6) and Z, ¥ are the vectors derived above. These expressions
complete the probabilistic representation for the four-parameter boundary ASEP.

As we have seen in the previous chapter, the multispecies models also admit an invariant
measure written in terms of matrices; in the following section we move the attention to the
2-TASEP by computing the stochastic matrix associated with a specific form of matrices, the
Markov bridge and the corresponding mixture representation. Finally, we show how to recover
the queue representation of the invariant measure |1, 34, 38| from our construction.

3.5 TASEP with second class particles on a ring

In this section we study the TASEP on Zjy, the ring with N sites where particles can be of
two different type, first and second class particles. We recall that there exists a priority scales
between the particles, those of higher class have lower priority (for more details on the model
refer to Section 1.3 and 2.6).

We also remind that the matrix product formulation on a periodic lattice is slightly different
from (3.3.1): we have that the stationary measure is given by [22]:

Tr [Hf\il M"’}

Zn (1.2 1(Ni(n) = n1, No() = m2) (3.5.1)

piy " (n) =

where the normalization factor Zy(ni,n2) depends on the numbers ni,ny of the first and
second class particles. The matrices M?, i = 0,1, 2, have to satisfy the following conditions:

MM =M+ MO, MM =M% MPMO = M2

A solution to the above algebraic relations is obtained with B = Ny and the matrices given
by (2.6.2).
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We define the matrix M = M° + M + M? that has the form

(3 10 --- 0 |
121 0 0
012 1 0
M=1o0 01 2 1 0
01 2 1 0
0

The sum of each row of M is constant and equal to 4 so that A\ = 4 is a positive eigenvalue
with corresponding constant eigenvector e = (1)pen,. By the transformation (3.2.1) we obtain
the stochastic matrix P defined by

1/4 b>0,0 =b=+1,
1/2 b>0,0 =0,
1/4 b=0,V =1,
3/4 b=0,0=0,

Pyy = (3.5.2)

whose transition graph is represented in Figure 3.6.
The set of invariant probability measures is a convex set whose extremal elements are
the measures in (3.5.1). In [22] the authors introduce a grand canonical invariant probability

measure
Tr [Hﬁ\il M m}
() = —— L 1(Na(n) > 0) | (3.5.3)
N
that is a non trivial convex combination of the extremal invariant measures. We indeed
have that uny = 3, %}f]’nﬂu%m, where the sum is over the pairs (n1,n2) such that

n1 +ng < N and ny > 0. The extremal measures can be obtained as the canonical measures
of the grand canonical one

().

pn (N1 =n1, Ny = ng) = py

To give a mixture representation of the invariant measures we need to introduce another
probability measure, since the construction of Theorem 3.6 using the measure (3.5.3) does not
work properly. This is due to the fact that, if we start from the measure (3.5.3) and enlarge
it to the coupling measure Cl, as we did before, our general strategy fails. In particular it is
not possible to implement the marginal computation in the item 3) of the proof of Theorem
(3.6), since the coupled measure contains constraints written in terms of the variables n. This
constraint is contained in the characteristic function and, as a result, the marginal ¢ law of
the coupling is not a simple Markov process. Therefore, we construct therefore another grand
canonical measure whose canonical measures are again the measures 'y ",
Fix j a node of the ring and let us define

HNj = T]{ nj = > ) (3.5.4)
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where by symmetry the normalization factor Z3, does not depend on j. We also define the
translational invariant measure fiy := % Zjvzl pn,j for which we have

N ] =N o
Tr [Hi:l Mn} 2= Wnj =2) _ Znpn (m)Na(n)
NZ3, NZy

fin(n) = (3.5.5)
By a direct computation it is easy to see that the measure (3.5.5) can be written as iy =
me %Zniw pn"™ (we recall once again that the sum is over (n, ng) such that nq+ny <
N and ny > 0). In particular, the measure (3.5.1) are again the conditional measures of fiy.

The coupling construction of Theorem 3.6 is particularly simple for the measures py,; and
consequently for finy. The motivation is that, in this case, the constraint on the n variables
can be transformed into a constraint on the ( variables. By symmetry the construction for
different values of j is the same up to a rotation; for simplicity of notation we discuss the
case uy,n. For each j we can construct the coupling Cy ; € M (AN x BN) which in the case
j=Nis

[Hf\il Mgivgi+1i| ]I(HN - 2)
Zx
3 {vaz_ll MZ",QH] ]I<?7N =2,0=0,(n = 0)
VS ’

CnN(n,¢) =

The ¢ marginal of the coupled measure Cy y can be easily computed since the sum over the
n; with ¢ # N has no constraints while there is no sum over ny that is fixed equal to 2; we
thus obtain

3 Hfi_ll i
pN,N(C) = ZCN,N(%C) = WH(Q =0,{nv = 0) . (3.5.6)
n N

In the case of periodic boundary conditions, since the system is defined on a ring, the number
of ( variables coincides with the number of the n variables. We therefore obtain a Markov
bridge of length N rather than N +1 as in the open boundary case. According to the notation
(3.1.4), the measure (3.5.6) is the Markov Bridge p(])\}o of length N with transition matrix P
and pinned to start and finish at {1 = {( = 0. It is geometrically natural to associate the
variables ¢ with the dual lattice of the one associated with the variables 7, in such a way
that (; and ;41 are associated with the points of the dual lattice corresponding to the edges
exiting from the vertex of the original lattice associated with the variable 7;. We will use this
shifted association in the discussion of the comparison with other representations. A similar
construction can be done in the open boundary case. By rotational symmetry, the measures
pn,; have the same structure after a rotation.

Also in this case, the marginals of the product measures can be directly computed. For any
b,b' € B we have Db, b/ (1) € Ml({o, 1,2}) and we use the notation Dy = (pb,b’ (0), pb7b/(1), Db,b! (2)).
By computing (3.2.4) we obtain four different probability measures depending on the values



52 Chapter 3. Mixtures, Markov Bridges and MPA

of b,/

(3.5.7)

To construct a configuration n distributed according to the grand canonical invariant measure
(3.5.5), we place a second class particle at N, i.e. we fix ny = 2. We then construct a sample
path ¢ according to the Markov Bridge py n = p?\’,o. Given ¢ we generate the n;, i # N,
independently using (3.5.7). Once the configuration 7 has been obtained in this way, we insert
it into the ring by simply shifting it by a uniform rotation.

Comparison with the queue representation. We start by recalling the collapsing rep-
resentation of the invariant measure [1] and its queue interpretation and generalization [38].
An interesting issue would be to consider the mixture representation in the multiclass case of
[38] whose representation in MPA form is obtained in [34].

We use the language of [38] with a left-right symmetry exchange of the arguments due to
the different orientation of the dynamics considered there. Consider two subsets A,S C Zy
such that |[A| < |8]; they may have elements in common. The set A represents the set of
arrivals of clients while the subset § represents the set of services. The time axis for the queue
interpretation runs from right to left, according to the same order of going from i+ 1 to i. We
introduce the variables (A;)icz, and (S;)iczy. defined by A; = 1 if i € A and 0 otherwise,
while S; = 1 if i € 8§ and 0 otherwise. The construction in [1, 38| is as follows. We construct
iteratively a subset 8T C 8, which is the set of used service times. By construction, we will
have |8T| = |A] and we denote by 8~ := 8§\ 8" the set of unused services. Initially, 8T is
empty. Select an arbitrary client (that is, an ¢ € A) and serve it in the nearest unused service
time to its left (a j € 8\ 8T). The selected service time is then added to the set 8 C § of
used services. We iterate the procedure until a service time has been assigned to each client.
Given 8%, we assign a particle configuration by placing a first class particle at each vertex
in 87, a second class particle at each vertex in 8§~ and leaving the remaining vertices empty.
When [§| = n1 + ng, |A| = n1 and they are uniformly distributed among all sets satisfying
these constraints, then the resulting particle configuration is distributed according to ux}’m
in (3.5.1).

Since our mixture representation is associated with the measures (3.5.4), we need to slightly
modify this construction in order to make a direct comparison. We consider the case j = N
and we denote by Z}, the dual lattice. Consider two subsets 8, A of Zy such that |A| < |§].
We represent the elements of Zy periodically on Z and fix an arbitrary reference starting
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Figure 3.7: An example of a function W with its subdivision of the graph into excursions (dotted
part) and records (continuous part).

point j € Z* on the dual lattice. Define on Z* the function W;, i € Z*, defined by

W= ez (Ae—Se) 1<,
' - ZeeZm[j,z’] (Ag—8¢), i>7.

By periodicity, we have Wi,y = W; + |8| — |A| and therefore lim; 4o, W; = o0, since
S| > |A|. We extend the function W to a function defined on the whole real axis by linear
interpolation. The graph of W is divided into records and excursions; a segment of the graph
between the coordinates i € Z* and i + 1 € Z* is a record if W; < W}, for any k > i in Z*,
otherwise it belongs to an excursion; see Figure 3.7 for an illustrative example. By periodicity,
this classification is invariant under shifts of IV, and we obtain a division of the edges of Z};,
which are in bijection with the nodes of Zy, into edges belonging to excursions and to records.
The values of (A;,S;) with i € Zy corresponding to an edge of the dual graph that is a record
can be only (0,1). Since |A| < |8| and, for each excursion, we have the same number of values
(0,1) (corresponding to decreasing steps when moving from right to left in W) and (1,0)
(corresponding to increasing steps when moving from right to left in W), we obtain that there
must exist at least one j € Zy such that (A4;,5;) = (0,1) and, moreover, that j corresponds
to a record. We fix the coordinates on the torus in such a way that j = N. We consider
the function W constructed by taking as a starting reference point on the dual lattice the
site j — % which, after changing the reference coordinates, becomes N — % We consider this
function T in the interval [%, N — %} and define W := [VT/} o where []4+ denotes the positive

part. By the special choice of the starting point, the function W is simply obtained from 144
by preserving the shape of excursions and transforming the records into constant pieces with
value zero; in particular, W1 = Wy _1 = 0. The function W represents the length of the
queue associated with the arrivals and services determined, respectively, by A, 8. starting the
counting from the initial reference point. Apart from the 1/2 shift, which is introduced for a
simpler and clearer description, the graph of W has the same geometric features as the sample
paths of ¢ distributed according to p?\’,o, and indeed we are going to show that they can be
identified.

The identification of the sets 8T in the special reference frame we selected is particularly
simple. The length of the queue starting from the reference point is given by W. If at site
1 the queue is non-zero, i.e. W; > 0, and there is a service time available, i.e. S; = 1, then
one client in the queue is served at this time; this means that ¢ is a used service time and
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Figure 3.8: An example of the identification of used and unused services generating a configuration
of particles of first and second class. In the top part of the picture, there are the values of the variables
(A;,S;), while below them there is the graph of W associated with the waiting queue for the service.
The horizontal arrows indicate the matching between clients and services according to the last arrived
first served procedure. At the bottom, we draw the resulting particle configuration: round black
dots represent first class particles, black squares represent second class particles and round white dots
represent empty sites. Note that there is an extra second class particle at the far right, corresponding
to the coordinate N.

i € 8T. Moreover, if the queue at i is zero but (4;,S;) = (1,1), then the service at i is
also used and i € 8T (the client arrives and is immediately served). Note that any 4 such
that (A4;,5;) = (1,1) belongs to an excursion. All the remaining i € 8 are instead unused
services and belong to 8. This construction corresponds to identifying the vertices in 8§+
with the elements of § that belong to excursions, while the vertices in 8~ with the elements
of 8§ that belong to records. This is obtained by considering the unfair last arrived first served
procedure, which yields the pairing inside each excursion illustrated in Figure 3.8.

Starting from the sets A and 8, we now construct the variables (. We first construct the
unconditioned Markov chain with transition matrix (3.5.2), and then the variables 7, which,
conditioned on ¢, have a product distribution with marginals given by (3.5.7). To allow for a
direct comparison with the construction in the general part, we identify, as before, the element
of the dual lattice between the vertices ¢ and ¢ + 1 of the original lattice with ¢. We consider
A; and S; that are independent i.i.d and uniformly distributed, taking values in {0,1} with
the same probability.

We consider the walks (s})Y, defined by s} = 0 and s} = >70_1 S;, i > 1, and (s?)Y,
defined by s? = 0 and s? = 2;11 Aj, i > 1. We then define & = s} —s? and finally (; := |&]|. It
follows that the variables { constructed in this way form a Markov chain with initial condition
¢1 = 0 and transition matrix (3.5.2). The variables 1 can now be defined as follows, in such a
way that, conditioned on the ¢ they have law (3.5.7)

n; = i+1]I(Ci > 0) + ][(Cz = 0) 251'4,1 — SZ‘+1A2'+1 , 1=1,...,N—1. (358)

Considering subsets 8, A such that {y = 0, we see that formula (3.5.8) and the queue construc-
tion obtained from the same subsets identify exactly the same splitting § = 8T U 8§~. This
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implies that, when A,S have the correct conditional distribution, the mixture construction
and the queue construction identify the same configuration of particles. We do not discuss
further details, the equivalence is even simpler and more direct in the infinite setting of Z.

The last model we study is the harmonic model. As we shall see, the construction in this
section will be different from the previous ones. We start by considering the invariant measure
of the process represented as a mixture of product of inhomogeneous geometric distribution
[11] and we show how it can be interpreted as a probability measure of MPA type, where the
matrices are replaced by operators determined by continuous kernels.

3.6 Harmonic models

As introduced in Chapter 1 the harmonic model belongs to the broad class of processes in
which particles may jump together with a rate depending on the number of particles. We study
the simplest case: we consider a one-dimensional lattice of N sites, a block of k£ particles can
jump from site = to site z + 1 or x — 1 with rate 1/k. A block of k particles is injected at site
1, and site N, with rate o /k, and Bk /k, respectively, and is removed from site 1, and site IV,
with rate 1/k (for more details, see Section 1.4).

k
Let Gn(k) = ﬁ (H%) , k = 0,1,..., be a geometric distribution of mean m. Given
m = (my,...,my) and k = (ki,...,ky) we denote by G (k) := [TV; Gm, (ki). Given 0 <
a< B <1lwecall mp =25 < % := mpg and introduce OX"™® C [mp, mg]™ as the set
defined by
Oy-" :={m : mp <my <--- <my <mpg},

N
whose Lebesgue volume is given by [0y | = %. Inspired by |7, 12], in [11] it has
been proved that the invariant measure of this model can be represented as

1
mr,mr _
py" () = O /O i dm G (1) - (3.6.1)

For convenience we make explicit the dependence of the invariant measure on the parameters
mp,mpg, N.

Formula (3.6.1) represents the invariant measures as a mixture of product of inhomoge-
neous geometric distributions. We now show that formula (3.6.1) can be interpreted as a

probability measure of the MPA type (2.2.1) but with operators (M")xey, determined by
keNy

continuous kernels (M K /> . Using our equivalence, we then show that (3.6.1) is a
m,m m,m’/eR+

particular case of (3.1.6) for a special Markov bridge and special marginal distributions (3.1.7).
We note that. recently, a representation of (3.6.1) as a measure of MPA type with matrices
has been obtained in [40]; it would be interesting to explore the corresponding mixture repre-
sentation that should be different from (3.6.1) (recall Remark 3.7 on non uniqueness).

Let us define the kernels
Mp = Gm(B)I(m <m/), k€N, m,m' € Ry, (3.6.2)

which define operators in a functional space that, for simplicity, we do not describe formally.
We use the bra-ket formalism of quantum mechanics to denote elements of the space on which
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the operators act. For a state |f) associated with a function f : R; — R4 we have

k _ [too I sk +OO
{ ME|f)y = [7°°dm! ME, f(m') = G (k) [1°° f(m)dm/ (369

(FIMF = [ dm M, f(m) —fo 9m ) f(m >dm.

We also introduce delta states |z) associated with elements z € Ry and the action of the
operators is defined in this case as

MF|z) = [Fdm' MF | 6(m! — 2) = G (k)I(m < 2), (36.4)
(| M* = 0+°° dm M;:m §(m—2)=G.(k)I(z <m). o
Using these operators we can introduce the family of probability measures
N )
~mp,,m mri]l;= M™ |mp
iy () = (mel 11 ZON Imz) (3.6.5)

where the states (m|; and |m) j are delta states associated with the values mr, mgr € Ry. The
index N + 1 is due to the fact that in (3.6.5) we have n = (10,71, ...,nn) which contains the
extra variable ng that does not belong to our particle system; however, we have the relation

mr,mpr

/’LN (7717--~a77N ZN;GIJ:{”R 7707‘--777N)-

The operator M = ZkeNO MPF has a continuous family of positive eigenvectors; consider the

family of functions <6>\(m) =X Mm e R+))\ o then we have
>

oo —Am/ / —\m 2
Mey = e dm' =e ==
m A

For any A > 0 we can therefore apply the transformation (3.2.1), obtaining the transition
kernel
P = Ae 2 () —m > 0)dm (3.6.6)

Since the states in (3.6.5) are delta states, the process ({p,...,(n+1) is a Markov bridge
with transition probabilities given in (3.6.6) and pinned at initial and final time at ¢y = my,
and (y4+1 = mp. The Markov bridge has length N + 2 since in (3.6.5) there is an extra
variable 79. Therefore, the random variables ((p,...,({n+1) are distributed as the random
walk ¢, = (o+Y_;— 7i, where the (7;)ien are i.i.d. exponential random variables of parameter
A > 0. For different values of A we obtain different Markov processes, all having the same
conditioned Markov bridge, which indeed coincides with the order statistics law of uniform
random variable on the interval [mp, mg|. A special feature of these Markov processes is that
they are increasing, so that the Markov property is equivalent to the spatial Markov property
of the point process {(i,...,{n} C [mp,mp| discussed in [10, 54]; this is not true in the
general case.

By a simple direct computation we obtain that the marginals (3.2.4) of the mixture are
given by pp, (k) = Gm(k); also in this case this model has a special feature that simplifies
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both the computation and the representation, namely the fact that the marginal of the mixture
depends only on m and not on m’.

A similar generalized construction to the one described above can be carried out for the
whole class of harmonic models, whose representation of the invariant measures as a mixture
has been obtained in [10].

Remark 3.12 (The general case and KMP processes). We mentioned in the Introduction that
recently in [11, 18] and in [10, 46, 54] have been found representations of the invariant measure
of boundary driven generalized KMP and zero range models, respectively, in terms of mixture
of inhomogeneous product measures. The general case is more involved than the one described
in this section: the marginals of the inhomogeneous product measure depend on two values of
the Markovian parameter hidden variables while for the simplest model the dependence reduces
to just one. Moreover, in this case the Markov bridges are associated to increasing processes
so that the Markov property implies the spatial Markov property of [54]. In the case of the
KMP and generalized KMP processes it is not clear if the hidden variables that determine the
parameters of the inhomogeneous products are Markovian, so that is not clear if the invariant
measures are of MPA type.

3.7 Miscellany

In the finite dimensional case, under irreducibility conditions, there is a unique stochastic
matrix P associated with M by (3.2.1). This means that, disregarding for the moment the
vectors x,y, the whole class of probability measures of MPA type (2.2.1) can be parametrized
by a stochastic matrix P and by |B|? elements of M!(A), which determine the marginals
Do (+), b, € B, of the mixture. This is a smaller family with respect to the one obtained
from the family of | A| non-negative B x B matrices M“. The mixture representation (3.1.6) can
therefore be interpreted as a canonical form of MPA-type measures; given P and (pb’b/)b,b’ B’
there is a whole family of matrices (M%),c4 associated with them, consisting of all matrices
of the form

My =powresPoye,, AERy, e € RY, acA, bl eB, (3.7.1)

where A € R} and e € Rf (which can be fixed so that ), e;, = 1) are arbitrary parameters.

Relation (3.7.1) identifies equivalence classes of families of matrices (M%),ca all corre-
sponding to the same mixture. Note that this is not equivalent to the problem of different
representations of matrices satisfying, for example, the algebraic relations (?7?). In that case,
one deals with infinite dimensional representations and moreover the matrices solving (??) are
not invariant by an arbitrary scaling factor, as is instead the case of (3.7.1).

The Markov bridge measure is also determined by the measure m in (3.1.5), which depends
on the vectors f, g themselves related to the vectors x, y through the matrices €, €1, It can be
shown that, for a given P, not all the probability measures can be written in the form (3.1.5),
but any pair of one-dimensional marginals can indeed be obtained, for large enough N and
|B| < +00. The vectors f, g can be fixed by imposing the normalization >, fo = >, g = 1.
We do not discuss this topic further.

We say that pn of MPA type is stationary when py(n;) = pn(n;) for any 4,j. In this
case, the measure can be extended to a measure on infinite sequences. Using the mixture
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representation, this occurs when the Markov bridge is stationary, which is the case when
gy = m and f, = 1, b € B, where 7 is the invariant measure of P. For example, when
|A| = |B| = 2, the ( process is a stationary {0, 1}-valued Markov chain, and the 1 process is
constructed, using four numbers 0 < pyy < 1, starting from a sample path of ¢ and tossing
independent coins of parameter pyp at each occurrence of the pair b0’ in (. Among these
processes, there are the special cases described in Example 5 of Section 3.1 of [35]. Differently
from [35], where one needs to suitably enlarge the alphabets in order to describe the processes
as functions of Markov processes, the description in terms of mixture keeps the original sizes
of A, B.

Still in the stationary case, we consider the one dependent measures of Example 4 in Section
3.1 of [35]. This corresponds to measures for which ng ! and 77;-“ 1 are independent for any
i < j <k, and hence to having >, pn(n) = pn (1l v ()

As explained in [35], a family of matrices (M%),ca and vectors x,y, provides a stationary
one dependent measure when M = czy’ is a rank-one matrix for an arbitrary constant ¢ > 0.
In this case, the Perron eigenvector is = with corresponding eigenvalue ¢y’ z, and the stochastic

matrix (3.2.1) is given by P,y = yz'f;' , which corresponds to an i.i.d. process. We then obtain

a simple characterization of one dependent measures that are also manifestly positive algebraic
measures, in the terminology of [35]. These are measures obtained by a double independent
construction, parametrized by a ¢ € M*(B) and a family Doy € ML(A), b, € B. First, one
constructs a sample path of  using i.i.d. variables distributed according to ¢; conditioned on
this sample path, one then generates independent variables 7 such that n; is distributed as
D¢ ¢ivr- Lhe result is a one dependent stationary measure.
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Large Deviations for MPA measures

In the previous sections we have explored the probabilistic structure of the Matrix Product
Ansatz, providing a characterization of MPA measures in terms of mixtures of inhomogeneous
product measure where the mixing law is a Markov bridge. In particular, in the proof of this
result, (see Theorem 3.6, item (2)) we have shown that such measures can also be represented
as a Markov bridge on the enlarged state space.

In this chapter, we focus on the Markov bridge representation on the enlarged space to
study large deviations for MPA measures. We remark that measures of this type also appear
in different context under the name of rational models, introduced in the area of theoretical
informatics in connection with the analysis of pattern statistics (see for example [3, 47, 48]
and references therein).

A rational model is a probability measure on symbolic sequences defined by using a collec-
tion of matrices with non-negative elements and two vectors with non-negative coordinates;
this corresponds exactly to the abstract formulation given in the previous chapters of matrix
product ansatz type measures.

In the following sections, we prove some large deviations principles for MPA measures. In
particular we will introduce several notions of Empirical Measures both algebraically defined
in terms of frequencies, and spatially defined considering the sequence rescaled and embedded
on a unit interval. This second definition is natural considering the symbolic sequence as a
configuration of particles and having in mind a scaling limit. The phenomenology of this class
of measures can be very different depending on several features of the matrices and of the
vectors. We will concentrate on the major distinction when the matrices are finite or infinite.
For the finite case we will just consider the simpler case of irreducible and aperiodic matrices,
while for the infinite case we will consider a remarkable example, the totally asymmetric
exclusion process.

We will see that, while in the finite case (at least under the assumptions on the matrices)
we have a general compact variational representation for the rate functional of both algebraic
and spatial empirical measures, in the infinite case we may have different behaviors. This is
the counterpart of the fact that irreducible finite Markov chains are recurrent while in the
infinite different behaviors may occur. The specific infinite example that we discuss has not
a large deviations principle for the algebraic empirical measures while that for the spatial
empirical measure has a non local structure.

As anticipated, the strategy of the proof is based on the previous general construction that
any MPA measure can be represented as an Hidden Markov measure on a suitable enlarged
state space. Consequently, we can deduce the large deviations results by contraction from the
corresponding ones for the enlarged Markov chain.

We point out that the rate functionals obtained by this procedure will always have a
variational representation as an infimum over rate functionals for enlarged Markov measures.
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Finally, we stress that the additional structure of these models - mixture of inhomogeneous
product measure enlightened in the previous chapter - gives an additional structure to the rate
functional. In particular, it can be represented by variational problems over a double entropy
functional. This approach is discussed in the last section of the chapter in the simplest setting;
a more general analysis will be given in [45].

The results presented in the following sections are contained in [44].

The chapter is organized as follows.

Section 1 is dedicated to some preliminaries on large deviations theory which will be useful
in what follows.

In Section 2 we introduce notation and define the empirical measures. For completeness,
we also include a short subsection on rational models, where we briefly recall their definition
and explain their relation to MPA measures.

In Section 3 we discuss some details we postponed in the previous section, precisely in
Theorem 3.6, item (2), and we prove a general large deviations Theorem for the finite case
with a variational representation of the rate functional both for the algebraic and the spatial
empirical measures. We also illustrate some special cases when the variational formula can be
expressed explicitly.

In Section 4 we apply the ideas developed in the finite setting to the boundary driven
TASEP recovering the results in [26, 28] and in particular getting a representation of the rate
functional as an infimum similar to that in [6].

Finally, in Section 5 we briefly discuss the simplified representation of the rate functional
as a double entropy variational problem, obtained by exploiting the mixture representation of
MPA measures in the finite and irreducible setting.

4.1 Preliminaries on Large Deviations Theory

In this section we introduce and develop the theoretical and mathematical framework of large
deviation theory, which describes how the probability of rare fluctuations behaves in systems
with many interacting or independent components. Large deviation theory can be seen as a
bridge between the microscopic fluctuations and macroscopic laws, providing a probabilistic
point of view to the study of collective behavior.

The general background presented here will be used as a basis for the analysis carried out
in the following sections. To make the exposition self-contained, we first recall the physical
motivation and historical background that connect large deviations to statistical mechanics,
before turning to the formal definitions and main theorems that will be applied later to the
study of large deviations for the MPA measures.

4.1.1 Physical background and motivation

The mathematical theory of large deviations was first developed in the 1930s by Cramér in the
context of probability theory, later extended by Donsker and Varadhan to Markov processes
and generalized by Freidlin and Wentzell to stochastic differential equations in the 1970s.
Originally conceived in a mathematical context, it developed independently of the ques-
tions that motivated statistical physics. In reality, its fundamental ideas had long been applied
in physics, often implicitly, through the use of entropy, free energy, and variational principles
to describe the collective behavior of many-particle systems. Therefore, over time, large de-
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viation theory has been considered the natural mathematical language of statistical mechan-
ics, providing a rigorous probabilistic framework that connects microscopic fluctuations with
macroscopic thermodynamic behavior, both at and out of equilibrium (for a general review,
see |59]; for a discussion focused on non-equilibrium systems, see [60]).

The roots of the large deviation theory in physics can be traced back to Boltzmann and
Einstein. In equilibrium statistical mechanics, a well-defined relationship established by Boltz-
mann connects the probability of a state with its entropy, establishing a probabilistic inter-
pretation of thermodynamic quantities. Einstein later extended this idea to describe the
probability of observing fluctuations of macroscopic observables away from their equilibrium
values. He proposed that the probability of observing a macroscopic deviation from equilib-
rium decreases exponentially with the “entropic cost” of that fluctuation. This idea anticipates
the large deviation principle: given a macroscopic observable My := My(n), depending on
microscopic configurations n, probabilities of atypical events decay exponentially with the
system size N, according to:

P(My ~m) ~ e N(m)

where I(m) is a positive convex function, called rate function, that measures the "cost" of the
fluctuation from the equilibrium.

At equilibrium, the Gibbs distribution provides a complete statistical description of the
system, thus giving an explicit connection between probability and thermodynamics.

Out of equilibrium, conversely, the situation changes deeply and becomes more complex:

the stationary states of (irreversible) driven systems, such as those in contact with two reser-
voirs, cannot be described by a Gibbs measure. Their invariant measure is not known in a
closed form a priori, but it is determined by the stochastic microscopic dynamics.
It follows that there is no universal relation linking probability and entropy. Even if local equi-
librium allows one to define local thermodynamic variables, such as density or temperature,
global thermodynamic potentials are not uniquely defined. Adopting the Boltzmann-Einstein
viewpoint, a natural way to generalize thermodynamic potentials to the non-equilibrium set-
ting is to define them through fluctuation theory. Large deviation principles provide precisely
this probabilistic structure, quantifying both typical behavior and rare events.

This perspective is formalized by the Macroscopic Fluctuation Theory (MFT) ([7, 8|),
which formulates non-equilibrium statistical mechanics in terms of large deviation functionals
for density and current fields. The theory is inspired by stochastic lattice gases and is based on
the concept of the hydrodynamic limit, which describes how deterministic macroscopic laws
emerge from stochastic microscopic dynamics. Complementary to this macroscopic perspec-
tive, large deviations can, in some cases, be derived explicitly from the microscopic dynamics,
in particular for exactly solvable models. This approach has been successfully applied to exclu-
sion processes, where the stationary measure admits a matrix-product representation and the
rate function for the density profile can be determined explicitly. Starting from the diffusive
symmetric case [27], later extended to the driven asymmetric case [28], these results provide
microscopic realizations of non-equilibrium large deviation principles. In the next sections we
follow the microscopic perspective; before presenting our results, we recall some fundamental
mathematical notions of large deviation theory that will be used in the following.
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4.1.2 Elements of large deviation theory

In this section, we recall the general formalism and the main results of large deviation theory;
unless otherwise specified, the exposition follows [19].

We begin with the first fundamental result in the field, which, as mentioned in the back-
ground, goes back to Cramér [9].

As discussed in the previous section, the central idea of large deviation theory is that prob-
abilities of rare fluctuations decay exponentially with the system size, with a rate quantified
by a suitable function I. We now give a more precise formulation of this principle.

Let {A,} be a sequence of random variables taking values in a measurable space E and
define u,(B) :=P(A,, € B) with B C E measurable. We say that the sequence {A,} satisfies
a Large Deviation Principle (LDP) with speed n and rate function I if

e for every closed set F' C F,

1
limsup — log pup, (F) < — inf I(z), (4.1.1)
n—oo T zeF
e for every open set G C E,
liminf = log iy (G) > — inf I(x) (4.1.2)
iminf ~ log un(G) = — inf I(z). 1.

The definition above admits an equivalent and more general formulation directly in terms of
sequences of probability measures on E. In what follows, we will adopt either the language of
random variables or that of probability measures, depending on the context.

The function I(x) > 0 determines the exponential rate at which the probability of atypical
values decays as n increases. Typical values correspond to the minima of I(z), while large
values of I(z) describe exponentially rare events.

In his work, Cramér established a large deviation principle for the empirical average:

o iy
n n'_ni:1 !

where X1, ..., X,, are independent and identically distributed random variables. This theorem
provides the starting point for more general formulations developed later in the theory.

Theorem (Crameér). Let {X;}! , be iid. real random variables such that the moment
generating function satisfies:

o\ =E[eM] < +00  VAER (4.1.3)

Then the sequence {S,/n},>1 satisfies a large deviation principle with speed n and rate
function:

I(z) = ilelﬁ{m —logp(N)}.
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The rate function I(z) is convex, lower semicontinuous, and satisfies I(x) = 0 if and only

It follows that a large deviation principle for the empirical mean S, /n can be derived
directly by computing the cumulant generating function of a single random variable and then
applying a Legendre—Fenchel transform. This is a mechanism that provides the basic example
for many results in large deviation theory, in which the rate function admits a variational
Legendre-Fenchel representation.

In the i.i.d. setting, a natural extension of Cramér’s theorem concerns the empirical distri-
bution of the variables themselves, rather than their average. This was established by Sanov,
who derived a large deviation principle for empirical measures of i.i.d. sequences.

Theorem (Sanov). Let {X;};>1 be random variables taking values in a finite set I' =
{1,...,7} C N, independent and identically distributed with marginal law p = (u(s))ser such
that pu(s) >0 Vs € I'. We define the empirical measure

1n
L,==) 6x, € MYT
N;XZG ()

where 0, is the point-mass at € R. Then the sequence {L,,},>1 satisfies a large deviation
principle with speed n and rate function

L) =Y v(s)log (”<8)> .

= ()

This result concerns the empirical measure L, that is the random probability measure
that assigns to each possible outcome x € I' the relative frequency with which x appears
in the sample (X7, ..., X,,). It states that the probability that L, deviates significantly from
the distribution g = (u(1),..., u(r)) decays exponentially with the system size, with a rate
quantified by the relative entropy between v and p.

Sanov’s theorem thus extends Cramér’s result from empirical means to empirical distri-
butions, describing the fluctuation of the entire empirical measure and providing a complete
statistical description of i.i.d. sequences.

The theorem given above refers to the discrete case where T' is finite and p(s) > 0 for
all s € T', but it can be generalized much further. It can be extended to M!(R), or more
generally to any space of probability measure defined on a Polish space X. In this general
setting Sanov’s theorem still holds with the same structure, and the rate function is expressed
in terms of the relative entropy

dv
H(v|p) /xlog d,udy
if v is absolutely continuous with respect to p and H(v|u) = +oo otherwise.

Having established large deviation principles for independent random variables, one may
ask how such principles behave under transformations of these random quantities. This con-
nection is formalized by the contraction principle, which shows that if an LDP holds for a
sequence of random variables, then it also holds for any of their continuous images, with
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a suitably modified rate function. In particular, Cramér’s theorem can be recovered from
Sanov’s by an application of this principle.

Before going on, we recall that the definition of a large deviation principle given in (4.1.1)-
(4.1.2) can equivalently be formulated in terms of sequences of probability measures.

Contraction principle. Let X and Y be Hausdorff topological spaces and f : X — Y a
continuous function. Assume that a LDP holds for a family of probability measures {u,} de-
fined on X with speed r, and rate function I. Let v,, = 1, o f~! be the pushforward measure
of uy, induced by f. For each y € Y, define

I'(y) :=inf{I(z):2€X, y= f(x)}.

Then the family of probability measures {v,,} satisfies an LDP on Y with speed r, and rate
function I’. (For more details see [31], Sec. 4.2).

This result expresses that the large deviation principle is preserved under continuous map-
pings. The contraction principle is widely used in statistical mechanics, in particular if the
microscopic variables of a system satisfy an LDP, then any macroscopic observable obtained
from them through a continuous transformation, also satisfies an LDP. Moreover, it is a very
powerful calculation device, indeed it provides a practical way to compute the rate function of
a transformed sequence from a known one, through a variational minimization of the original
rate function over the pre-image of the transformation.

This principle will play a central role later in the derivation of large deviation results for
matrix-product measures.

Another useful tool in large deviation theory is the Varadhan’s lemma which allows one
to compute the asymptotic behavior of exponential integrals with respect to a sequence of
measures which satisfy a large deviation principle.

Varadhan’s lemma. Let {u,} be a sequence of probability measures on a Polish space
X satisfying an LDP with speed n and rate function I. Let F' : X — R be a continuous
function that is bounded from above. Then

lim X log /x F @)y (dz) = sup[F(z) — I(@)].

n—+oco n zeX

This result will be used later, in Section 4.5, to justify the passage between large deviation
functionals associated with different, but related, probability measures.

A more general formulation of Cramér’s theorem, valid not only in the i.i.d. setting, is
provided by the Gartner-Ellis theorem. It defines a large deviation principle for more general
sequence of random variables taking values in R?, under suitable regularity assumptions on
their cumulant generating function. The rate function is again obtained through a Legendre-
Fenchel transform, as in Cramér’s theorem. We mention it here for completeness, but we do
not discuss it since it will not be needed in what follows.

While the previous results concern large deviations of empirical means or measures, in
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many problems the quantity of interest is not a single observable but the evolution of an
entire trajectory. In these terms, a further extension of Cramér’s result, from empirical means
to entire trajectories of the partial-sum process, is provided by Mogulskii’s theorem (see [31],
Thm. 5.1.2). It defines a functional large deviation principle on the space of paths.

For our purposes, and for simplicity, we state the theorem in R; its general formulation
holds in R?.

Theorem (Mogulskii) Let {X;};>0 be real i.i.d. random variables satisfying the Cramér’s

condition (4.1.3). Define:
Lnt]
1
Sp(t) = — X, tel0,1
0=p € [0.1]

and let u, be the distribution of S, () in L*°([0,1]). Then, the measure u, satisfies the large
deviation principle with speed n and rate function:

1
/ Io(o(t)) dt, if ¢ € AC and ¢(0) =0,
0

400, otherwise.

I(p) =

where I is the Cramér’s rate function for the variables X;.

This result provides a functional large deviation principle, showing that the probability of
observing an entire trajectory ¢ decays exponentially with a rate determined by the function
Ic computed along its derivative.

Although Mogulskii’s theorem is often presented as a pathwise extension of Cramér’s
theorem, it can equivalently be derived from Sanov’s theorem combined with the contraction
principle, viewing the path as a functional of the empirical measure of the increments.

We conclude this section with the formulation of the Donsker—Varadhan theorem for
discrete-time Markov chains. In this setting, the most natural object to study is the pair
empirical measure, which records the frequency of transitions observed along the chain.

Theorem (LDP for discrete-time Markov chain). Let Xi,..., X,, be a Markov chain
taking value in I' = {1, ...,r} € N and described by the transition matrix P = (Ps)ster with
Py > 0 for all s,t € I'. We define the pair empirical measure:

n

1
2 _
L, = n Z 6(XiaXi+1)

=1

with periodic boundary conditions X, 11 = Xj. Then, the sequence (L2) satisfies a large
deviation principle on M!(I'?) with speed n and rate function:

Vs,
Pv) = vslog (tht>
st st s,

where 7 =), vg4.
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We note that there exist extended versions of this theorem: the large deviation principle
holds under weaker assumptions, for example under the irreducibility of P (see [31], Sec.
6.5.2).

The preliminaries recalled in this section provide the probabilistic and variational back-
ground needed for the study of large deviations in the remainder of the chapter. They offer
the theoretical framework upon which the following results are built.

4.2 Rational models and definitions

In this and the following sections, we will use the same notation as in the previous chapters,
introduced in Section 2.2. We first recall and introduce a few notions that will be needed in
what follows. Then we provide a more general definition of empirical measures, discussed only
briefly in the previous section. Finally, for completeness, we devote a short subsection to the
definition of rational models.

Given A, B finite or countable sets, we denote by A* = U}OZOIAN the set of non empty
finite words over the alphabet A. If n € A* is a word with symbols written in the alphabet
A, with n € AN, we write |n| = N. Moreover, as explained in Section 2.2, we denote by
' := (Mn, Mt 1, - - - Mm) the finite portion of the string n between the indices n and m when
n < m < |n|. In some constructions, terms of the form 7; with ¢ > |p| = N may appear; in
this case we mean that the index of the position of the letter in the string is taken modulus
Inl, i.e. niwn =n; for any i € Z.

Consider M a B x B square matrix. We say that M is non-negative if My > 0 for any
b,/ € B. We associate a directed graph (B, F) to the matrix M considering (b,?’) € E if and
only if My > 0. The matrix M is called irreducible if (B, E) is strongly connected. Given a
state b € B we call the period of b as the greatest common divisor of the set {k € N : Mlﬁb > 0}.
For irreducible matrices the period of each state is the same. We call aperiodic a matrix having
the period of each state equal to 1.

We call respectively M!(S) and M*(S) the set of probability measures and positive mea-
sures on a given set S endowed with the topology induced by the weak convergence, i.e.
pn — po when [ fdu, — [ fdp for any continuous and bounded f: S — R.

Given v € M!(A*) we say that the measure satisfies a finite stationary condition if

Z v(na) = Z v(an), vn e AFL (4.2.1)
acA acA

and we call M, (A*) the set of such probability measures.

Consider the real interval [0, 1] € R. We call a function 7 : [0, 1] — R absolutely continuous
if there exists a function # € L'([0,1]) such that for almost all = € [0,1] we have 7(z) =
Jo 7 (y)dy. We call AC([0,1]) the set of absolutely continuous functions.

4.2.1 Empirical measures: algebraic and spatial

We now introduce two complementary notions of empirical measures. The first one is algebraic,
defined in terms of frequencies, while the second one is spatial, obtained by rescaling the
sequence on a unit interval.
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The set A will always be finite while B may be either finite or countably infinite. We as-
sume, for simplicity, that in the finite case A := {0, 1,... |A] - 1} and B := {0, 1,...,|B| - 1}
while instead in the infinite countable case we have B = N U {0} =: Ny.

Given n € A* we define its algebraic empirical measure of order one as

Inl
ol = : ||Z5m€M1 (4.2.2)
n

where &, is the delta measure at @ € A. When n € AY so that || = N we call 2%, the
empirical measure (4.2.2). The empirical measures are constructed starting from a sample,
that is 7 in this case, and later on it will be a pair (1, (); we denote such dependence on the
sample using squared parenthesis.

For any positive integer k we define the algebraic empirical measure of order k as

Inl
o = : wZaHk L e ML (AR, (4.2.3)

that, by definition, satisfies the finite version of the stationary condition (4.2.1); again when
In| = N we use the notation 2%, for (4.2.3).
For any fixed n, we have that (19 )keN is a sequence of compatible probability measures,
ie.
> oFl(a) =0F(E),  Vee AN, vk >1, (4.2.4)
acA
and, by Kolmogorov theorem, are therefore the marginals of a shift invariant measure on
M!(AN) called the stationary process (see for example [19] for details and notice that you do
not need to have k < |n]).

We now introduce some natural empirical measures having a spatial structure. Consider
the interval [0, 1] as reference geometric space. Given n € A*, we define the corresponding

spatial empirical measure as
Inl

=) = Z’h - (4.2.5)

We have that # € M™T([0, 1]) is a positive measure on the interval [0, 1]. When |n| = N we call
7in the spatial empirical measure (4.2.5). Equivalently we can define the empirical measure
by its action on continuous functions f : [0,1] — R

N
1
diy = — i f(i/N) . 4.2.6
[, fe N L) (126)
We introduce also a generalized spatial empirical measure defined by
1 Il
I1F = 11 [n) Za pee1bypy(de), k=12, (4.2.7)

T nl &
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where we added the symbol dz to distinguish d,(dx), the spatial delta measure at y € [0, 1],
from d,, the element of M!(A¥) concentrated on 7 such that |n| = k. We have that 1" e
M([0,1]; M*(AF)), ie. it is a measure valued measure on the integral [0, 1], that can be
equivalently characterized by its action on continuous vector fields. Consider | = (f¢)cear
where for any ¢, we have that f¢ : [0,1] — R is a continuous function. We have then

7]

. 1 .
I ](F) o= o D e (i )
i=1
Given a measurable S C [0,1] and n € A¥ we have that

. 1
Hk(S) = m Z (5n;+k—1 c M+(Ak)
{i:i/Inles}

and I1%(S;¢) € Ry is the weight associated with ¢ € A¥ by I1¥(S) € M*(A%). Some simple
relations are IT¥([0,1]) = 7% and #(S) = Y oacA I1'(S; a)a.

The topology considered for the spatial empirical measures is always that induced by
the weak convergence. Consider a measure IT¥ € M([0, 1]; M+ (A*)); when II* is absolutely
continuous with respect to Lebesgue measure we use the same symbol for the measure and its
density, i.e. II*¥ = IT*(z)dz and we have IT*(S) = [, II*(2)dz. For almost any z € [0,1] we
have that the density II*(z) € M+ (AF).

Having introduced spatial empirical measures, for completeness, we now recall the classical
large deviation principles for spatial empirical measures of order one and two.

In the case that n; are i.i.d. with distribution v we have that ﬂ}v satisfy a LDP when
N — 400 with rate functional

1 e
iy = | B @ i o= pla)de, .
400 otherwise,
where p(z) = (pi(x))ica with >, pi(z) =1 for a.e. € [0,1].
In the case 1; are Markov with transition probability P we have that H?\, satisfy a LDP
when N — 400 with rate functional

1 o pij () : —
ﬂw:{hzwwwmam%wlm)amm, (42.9)
400 otherwise,,

where p(z) = (pi j(7))ijea and for a.e. z € [0,1] we have p(z) € ML, (A?).

4.2.2 Rational models

Rational models are a class of stochastic models for the random generation of words over a
given alphabet. An informal definition of the measure is the following. Given a finite alphabet
we associate a matrix with each of its elements. To any symbolic sequence we associate the
matrix obtained as the ordered product of the matrices corresponding to its symbols. Finally,
we compute the bilinear form of this matrix between the two fixed vectors. The resulting
positive number is the weight associated with the symbolic sequence. Normalizing to one we
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obtain a probability measure that we call a rational model.

More formally, we consider two sets A and B, we have for each a € A a non-negative B x B
matrix M® whose rows and columns are labeled by the elements of B. We alsorecall that the
term non-negative here refers to the fact that all the elements My, are non negative. We call
M =3 caM°.

We consider two vectors with non-negative coordinates that we denote by & = (:L’(b))b B’
¥y = (y(b)) pep- 1D the cases of infinite alphabets, we will consider suitable summability
conditions so that the model is well defined; we will discuss such cases afterwards.

We define a probability measure py on AV by

_ g I, M E

where Zp is the normalization factor
Zy =i MMz, (4.2.11)

Note that the measure and the normalization factor depend on Z, ¢ and (M%),ca. In cases
where we need to underline the dependence on such factors, we will make the dependence
explicit, for example by writing uy = /ﬁ\}y.

We recall that throughout this work we have considered Matrix Product Ansatz (MPA)
measures associated with matrices having non-negative entries, as this assumption ensures a
probabilistic interpretation. For completeness, we point out that in the more general MPA
formulation this condition is not necessary: the matrices may have complex entries. It follows
that a probability measure represented by the MPA often corresponds to a rational model
with a countable infinite alphabet B. However, there is not a complete equivalence: unlike
rational models, in the MPA setting the matrices may be complex, although in many cases
they are real and non-negative, thus corresponding to a rational model.

4.3 Large deviations: the strategy

In order to understand the statistics and the large deviations of the measure py, we recall the
construction introduced in the previous chapter.

We define a coupling measure Cy on AN x BN*1 (ie. Oy € M (AN x BN*1)) defined as
follows. Consider n = (11,...,mx) € AN and ¢ = ((1,...,Cny1) € BNTL. We define

y(c) (TIE, MY, ) w(Cnan)

Cn(n,¢) = Zn

(4.3.1)

Multiplying by |A| the normalization constant, the above measure can also be thought of as
a probability measure on ANt x BVN*! whose value does not depend on ny.1. As we have
shown in Theorem 3.6, by construction we have

Y. Cn(n,¢) = pn(n). (4.3.2)

¢eBN+1

It turns out that a very natural approach to compute large deviations rate functionals for the
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measures (py)nen is to prove large deviations principles for the measures (Cy)yen and then
apply the contraction principle.

We recall that the measure Cy is a Markov bridge, see item (2) in Theorem 3.6; we have
not discussed some details regarding this proof and, as mentioned previously, we will focus on
them in the next section.

4.4 The finite case

In this section we consider the case when the matrices (M%),c4 are finite. Since our main aim
is to illustrate the general method, we consider the simplest situation where all the matrices
(M%) 4ea are irreducible and aperiodic and all the components of the vectors Z, ¥ are strictly
positive. We will discuss more general cases in a forthcoming paper [45] where also the mixture
structure discussed in the previous chapter will be used to get a different representation. We
refer to [47, 48] for results in the general case, obtained by a different approach in the context
of rational models. Our approach can be adapted also to the case of infinite matrices as we
will see in the next section. For simplicity, we compute the large deviations for some lower
order algebraic and spatial empirical measures; with a more detailed analysis the result can
be extended to higher order.

Given the collection of matrices (M®),e4 we define a (|A[|B]) x (JA]|B|) matrix 9 having
rows and columns labeled by elements of A x B and defined as

m(a7b)7(a/7b/) = Ml;l,b’ , a, 0,/ S A, b, b, €B. (441)

Lemma 4.1. If the B x B matrices (M®)q,ca are irreducible and aperiodic, then the (A x
B) x (A x B) matriz 9 defined in (4.4.1) is irreducible and aperiodic.

Proof. Since all the matrices (M®),ea are irreducible then also M =3, M is irreducible.
Given any pair br,br € B then there exists a path (b7, ...b}) such that b7 = by, b; = br and

M+ b, > 0. Let us call ] € A, % =1,...,£ — 1 an element such that M;ﬁb* > 0. We
i Y 107141

need to show that for any (a,b), (a’.t/) € A x B there exists a path (a;,b;)%_; that satisfies
(a1,01) = (a,b), (ar,br) = (a/,0') and M4, b.).(ass1,0500) > 0. Since by irreducibility there
exists by such that My, is strictly positive, we define (a1,b1) = (a,b), (a2,b2) = (aj,br)
where a} and b} are the sequences associated, as before, with a path from by to bp = b" and
then (a;,b;) = (a}_1,b}_;), i =2,...k (observe that aj can be fixed equal to a’), and we have
k = ¢+ 1. Aperiodicity follows easily by aperiodicity of all the (M®)gec4. O

Recall the Perron-Frobenius theorem, see theorem 3.3. We have the following relations
among maximal eigenvalues and eigenvectors of the matrices M and 9.

Lemma 4.2. If all the (M%)4ea are irreducible and aperiodic, we have that the maximal
eigenvalue A of the matriz 9 is equal to the mazimal eigenvalue \ of the matrixz M ; moreover,
if € is the positive maximal eigenvector oof M then the positive mazimal eigenvector € of M
s given by

1
€<a, b) = X Z Mab/e(b/) . (442)
veB
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Proof. By the previous Lemma, 90 is irreducible and aperiodic and therefore it has a unique
maximal eigenvalue with a positive eigenvector by Perron Frobenius theorem. By irreducibility
and the positivity of € we have that the vector &, as defined by formula (4.4.2), has all the
elements positive.

Taking the sum over a € A on both sides of (4.4.2) we observe that

S e(a,b) = % S Myyet)) = e(b). (4.4.3)
a€A beB

To finish the proof it is enough to show that & is an eigenvector of 91 with eigenvalue A > 0
and this follows from

Z Dﬁ(a b),(a’ b’ a b, Z Mb b/6 CL b, (444)

/ b/ / b/

= Mgye(t') = re(a,b), (4.4.5)
where we used (4.4.3) and the definition (4.4.2) of €. O

We recall the stochastic matrices P and & associated with M and 91, respectively, intro-
duced in the previous chapter:

Py = te(b)~ 1Mbb’e( ), (4.4.6)
Sap) (@) = x& (@ D)M(q ) (@)@, V).

By lemmas 4.1, 4.2 and 3.5, both matrices are stochastic, irreducible and aperiodic. For
completeness, let us also recall that the previous relations (4.4.6) can be compactly written
as:

_ 11
{ P=yb" ME, (4.4.7)

S = ;&7IME.

where E is the B x B diagonal matrix diagonal elements Ejj, = e(b) and € is the (A x B) x
(A x B) diagonal matrix having diagonal elements €, ) (a5 = €(a,b).

Before going on, we state and prove the following lemma on unique invariant measures for
completeness, although it will not be used directly.

Lemma 4.3. If ¥ = (0y)pep is the invariant measure of the stochastic matriz P, then

O(a,b) = V(b)

acAbeB, (4.4.8)

is the invariant measure of &.

Proof. Let us introduce the matrices (P%), ., defined by P2, := +e(b) "1 M2, e(V)). A direct
relation between & and the matrices (P%)qec4 is

L a
San)@p) =38 (@ b)Myye(a, V)
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-(55) (G

Using the latter relation we can show that (4.4.8) is the invariant measure of &:

GZJ) ©(a,b)S (a,p),(a' b)) = ; O(a,b) <€(ec(";);’)>_l Pey <€<ea(lz;/l))/)>

— ) <E(e‘zbl;)) — 0. 1).

O

Using the previous lemmas, more precisely Lemmas 4.1, 4.2, we have proved that the
aperiodicity and irreducibility of M imply the aperiodicity and irreducibility for the matrix
M, as well as the relation between the maximal eigenvalue and its corresponding eigenvectors.
With these additional details we complete the discussion in Theorem 3.6, item (2), where we
showed that the enlarged measure C'yy corresponds exactly to a Markov bridge associated with
the (A x B) x (A x B) stochastic matrix & and to the functions g, f; A x B — R defined by

Note that in the previous chapter, when we referred to a Markov bridge, we did not make
explicit in the notation the dependence on the stochastic matrix P and on the boundary
functions g and f, since it was not needed there; we simply used the symbol py. From now
on, however, this dependence will play a role and for this reason we will denote the Markov
bridge by P9/,

Before presenting our main result in the finite case we state a simple but powerful result
that will be useful in the following.

Lemma 4.4. Suppose that we have two sequences of probability measures jin and p'y such
that there exist two sequences of positive constants kn, Kn such that

1 1
OS}\ifn—a»EégﬁlogkNSl]ivrgilgﬁlogKNSO’ (4.4.9)

with knply < pun < Knpy. If ply satisfies a large deviations principle then also pn satisfies
a large deviations principle with the same rate.

Proof. The proof follows from a direct verification of the validity of the lower and upper
bounds. O

We can now formulate the general statement in the finite case. We denote by @2 a generic
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2
element of M2,

((A x B)?) and by €' its one marginal, i.e.

Cla,b):= Y C[(ab),(d, V)] = > €@ V)(ab)], (4.4.10)

(a’ b')EAXB (a’' b')EAXB

where the second equality follows from the finite stationarity of 2. We instead denote by 1/
a generic element of M2, (A42).

Theorem 4.5. Assume that |A| < +oo, every (M®)qeca is irreducible and aperiodic and
|z) ,|y) have strictly positive components. When n is distributed according to py in (4.2.10),
we have that D%;, defined in (4.2.3), satisfies a large deviation principle on ML, (A?) with speed
N and rate functional

e? b),(a’, b
I? (VQ) = inf > € (a,b), (V)] log (), (@, 1) +loghyp,  (4.4.11)
/ B 81 (CL ] (042
a,a’€A;bb'eB ’ b,b
where the infimum is over
€% e M4, ((A X B)Q) : Z € [(a,b), (d',V)] =v*(a,d’) ,Va,d' € A (4.4.12)

by EB

and X\ is the mazimal eigenvalue of M. We have also that ﬂ?\, satisfies a large deviations
principle on M([0, 1]; M+ (A?)) with rate functional

7 (1) - { Jo I (IP(2)) de, if I? =T (x)de, (4.4.13)

400 otherwise.

where 112 (x) € ML, (A?) for almost all x.

Proof. By lemmas (4.1), (4.2) we have that the matrix
1 _
Sa). (@) = yelab) "M o), (arp)E (A B) (4.4.14)

is stochastic. By the positivity of the vectors &, ¥/, € we have that there exist positive constants
k, K such that
S, st S,9,f S,st
kP <Py?" < KPy

where we called IP’%St the stationary Markov measure with transition probability &, i.e.

N
P%St(n’ ¢)=00m, ) H 6("7i7<i)7(77i+1a<i+1) ’ (4.4.15)

=1

where O is the unique stationary measure of the transition matrix & and the value of ny4 is
irrelevant by the form of &. We can therefore apply lemma (4.4) deducing the large deviations
for the empirical measure for Pg’g /' from the large deviations of the Markov measure Pg’St,
that are well established since it is a finite state irreducible stationary Markov measure.
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Let us call

N+1
- 1
e%\f—l-l = Ni—kl Z 6((77i7<i)7("7i+17€i+1)) € Mgt ((A X B)2> ’ (4.4.16)

1=

where as usual we have that the sums are taken modulo NV 4+ 1. By the general theory of
large deviations for Markov chains, which we briefly discussed in the preliminaries section, we
have that (4.4.16) satisfies a LDP with rate functional 3% on M2, ((A x B)?) that is defined as
follows. Let €2 € M, ((A x B)?) and recall that C' € M!(A x B) is its one marginal (4.4.10);
it follows

©2 [(a, b), (d, b’)]

7% = €% [(a,b), (d', V)] log : (4.4.17)
MZM, [ ) €' [(a,b)] Sap), (o)
2 b !y
= Y € [(a,b), (d, )] log & (@, )’(“’()] log A, (4.4.18)
a,a’ bt/ ct [(CL, b)] ]\417,a2

where the second inequality follows since €2 € M?, ((A X B)Q). We can now apply the con-
traction principle obtaining for v € M?2,,,(A?)

I*(1?) inf 7%, (4.4.19)

B 0NV @2[(a,b),(a’,b’)]zlﬂ(a,a’) Va,a'}

and this finishes the proof for the algebraic case. The proof of (4.4.13) can be obtained also
following classic arguments for Markov measures. O

Large deviations principles for lower order empirical measures can be obtained by contrac-
tion, LDP for higher order empirical measures can be obtained following the same strategies
used above and using the classic results for Markov measures (see, for example, [19]) on the
enlarged state space and then applying the contraction principle.

In the general case it is difficult to get a more explicit form of the rate functional with
respect to (4.4.11). We discuss, however, some special cases.

A general form. The critical condition in the minimization (4.4.11) is obtained consid-
ering several constraints that the measure C? has to satisfy. The first collection of con-
straints is given by (4.4.12), while the other collection of constraints is obtained imposing
C? € My ((A X B)2). To each constraint there corresponds a Lagrange multiplier. By a
direct computation the critical conditions are equivalent to

€2 [(a,b), (a/, ¥’ e
CORCIY =k Mgy p(a, ) (4.4.20)

el [(a, b)] Ya,b

where the positive matrix p encodes the set of Lagrange multipliers for constraints (4.4.12),
while the numbers v and the constant k are the Lagrange multipliers for the second group
of constraints. Since on the left-hand side we have a stochastic matrix, we obtain that the

minimizer is achieved when (7,) is the maximal eigenvector of the positive (A x B) x

acA,beB
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bb'eB
(A x B) matrix (M,fb,p(a, a’)) N and k is the corresponding maximal eigenvalue.
’ a,a’ €

Inserting (4.4.20) as the minimizer in (4.4.11) we obtain, using that 2 is stationary and
has 12 as A x A marginal (that are the constraints (4.4.12)),

I(v*) = " v*(a,a’)log p(a, ) + log(A/k). (4.4.21)

a,a’

It can be shown that in (4.4.20) and (4.4.21) we can restrict to matrices p(a,a’) that are
stochastic. Similar considerations can also be applied for the spatial empirical measure.

Parallel eigenvectors. We consider the special case when

o _ o ¢(b)

Mgy = m(a) Py, ) (4.4.22)
where (P%),¢c 4 is a collection of B x B stochastic matrices, (m(a))qc4 is a collection of positive
numbers and (¢(b))pep is a positive vector. This corresponds to a family of positive matrices
M*?, each having the same maximal eigenvector ¢ with corresponding maximal eigenvalue
m(a). Indeed lemma 3.5 implies that all the positive matrices having J as a maximal eigen-
vector are of the form (4.4.22) for some stochastic matrix P*. We have the following.

Lemma 4.6. For matrices (M®)qca of the form (4.4.22) we have that the mazimal eigenvalue
bb'eB
and eigenvector k, 5 of the (A x B) x (A x B) matrix (Mgb,p(a,a’)) L, are related to p,
’ a,a’'€

)

U those of the A x A matriz (p(a, a’)m(a’))aa,eA by the relations

k=,
{ v(a,b) = Y(a)m(a)p(d). (4.4.23)

Moreover, we have that the mazimal eigenvalue X of the B x B matriz M is ), m(a) with
corresponding eigenvector @.

Proof. Since a positive eigenvector is necessarily the one associated with the maximal eigen-
value, by a direct computation we have

> Mgyp(a,a)y(d V) (4.4.24)
/ b/
= > @)ty e, m(a oo ) (1.425)
/ b/
a) > p(a,aym(a’)i(a’) = py(a,b). (4.4.26)

The last statement also follows from the direct computation

S Myye®) = o(0) S m(@) S S5y = [ Yo mla) | o).
b a b a
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O

We can now deduce the following.

Proposition 4.7. When the matrices (M®)qc have all the same Perron eigenvector, then the
large deviations rate functional I? in (4.4.11) coincides with the large deviations rate functional
for the pair empirical measure of a sequence of i.i.d. random variables taking values on A and

m(a)

(@) ¢ € A; i.e. we have

having probability distribution P(a) = So
2 l
2 v=(a,a)

= log —————. 4.4.27

2o )08 (4420

Proof. Inserting the eigenvalues obtained in the previous lemma into the relation (4.4.20) for
the minimizer we get

P(a’)m(d)
Pla)

and we can determine p satisfying (4.4.12) just summing over (b,b') € B? the above equality
getting

62((0’7 b), (CLI, b/)) = el(av b)k*lpéfb,p(% al)

k) (a, ') a)
v (a)y(a’)ym(a’)
Inserting this value in (4.4.21), recalling that 12 € My, (AQ) and the value of A obtained in
Lemma 4.6, by a direct computation and using Lemma 4.6 we obtain (4.4.27), which is the

pla,d’) = (4.4.28)

large deviations rate functional for the pair empirical measure for a product measure on A,
assigning probability P(a) to each element a € A (see for example [19]). O

As in the general case, also in this case the rate functional for the empirical measures of
order different from 2 and for the spatial empirical measures can be obtained by the same
approach.

Stochastic matrices. A special case of the situation of the previous subsection is when
all the matrices (M®),c are stochastic. In this case all the Perron eigenvalues are equal to
one and the distribution P(a) = ﬁ is the uniform one. In this case, the results can also be
obtained directly as follows. The first observation is that, when all the matrices (M®)gea
are stochastic, the measure ,u}\’,l associated with the vectors &, having all the coordinates
identically equal to one, is the uniform measure on AY. This follows by a direct check.

Let us call |Z|p; = sup, z(a) and |Z|,, = inf, z(a) that are both finite and strictly positive,
we use a similar notation for ¢ too. We have

17 777
|2l lylmpryt < 1N < |2l nlyl ey
and from lemma 4.4 we deduce

Py = | Satear V(o) (logrH(af) — log|Al) it 4 € 2l (4%) (£.429)

+00 otherwise
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since the rate functional (4.4.29) is exactly the rate functionals associated with a product of

uniform measures. Similar considerations can be done also for the spatial empirical measures.

4.5 The infinite case: boundary driven TASEP

As we proved in the previous section, for Markov measures in the finite case an irreducibility
condition is sufficient to have a LDP both for the algebraic and spatial empirical measures.
This is not the case for a countable infinite alphabet where suitable conditions have to be
satisfied; see [29]. In the example we consider, only a LDP for the spatial empirical measures
can be obtained directly, and we therefore restrict to that case. A proof of the general state-
ments in the infinite case is more subtle, but for our specific example we proceed by direct
computation.

We consider the boundary driven TASEP and use the representation of the matrices valid
for a + 8 > 1, discussed in Section 3.3.1. We recall that, with this choice of representation,
the matrix M = MY 4+ M"! is the infinite matrix with all the elements on the main diagonal
equal to 2, the ones on the lower and on the upper diagonal equal to 1 and all the other entries
equal to 0 (see (2.3.9) and (3.3.2)). Its Perron eigenvalue is A = 4 with the corresponding
eigenvector equal to €= (b+ 1)pen,-

We define the matrix M, p) (o) = My, with (a,b) € {0,1} x No, which has the same
Perron eigenvalue A = XA = 4 as the matrix M and the corresponding eigenvector is defined
according to (4.4.2) by the formula:

1
8(@,[))21 E M&b/(b,“i“l)
b’ eNp

By a direct computation, we obtain:

1
s(a,b):Z(2b+2a+1), a€{0,1}, beNy.

We can now write the stochastic ({O, 1} x N0> X <{O, 1} x N0> matrix & explicitly:

120/ +d')+1
G(a,b),(a’,b’) = zmMgb/ 5 a € {O, 1} 5 b € N() . (451)
Recalling the form of the matrix M in (3.3.2), we have that all the elements of the matrix
S are equal to zero except for those of the form specified below. The non zero elements

associated with transitions from the state (0,0) are

1 3
S(0,0),(0,0) = 1 S(0,0),(1,0) = 1

the non zero elements associated with transitions from the state (1,0) are

1 1 5
Suo,a0 =Swoen =7  Sun0o =15 G000y =1y
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1/4 1/4
( ) -1 @cﬂ b-1 b b+1
1 | ] | ] l l l 1
T T T T
5/12 (2c+5)/4(2c+3)
(2c+1)/4(2c+3) 14
3/4 1/4 14 (2b+3)/4(2b+1)
5/12

Y b-1 b b+1
0 | ] 1 ] 1 1
C

T T Cl-l C';'l T T
(2b-1)/4(2b+1)
174

1/4

Figure 4.1: A graphical representation of the transition probabilities of the Markov chain & on
{0,1} x Ny. The coordinates c,b on the axis Ny are written in boldface to distinguish them from the
values of the transition probabilities.

the non zero elements associated with transitions from the state (0,b) with b > 1 are

1 2b+3 26 — 1
S0,),00,) = S(0,0),(1,0-1) = 1 So,p)(1,6) = W2+1) S(0,),(0,6-1) = 12+ ;

the non zero elements associated with transitions from the state (1,b) with b > 1 are

1 2b+1 2b+5

Sap),1.6) = S1,b),0,6+1) 1’ S1,p),00) = 253 Sap),1,41) = T3

The transition graph associated with the matrix & is drawn in Figure 4.1. The corresponding
Markov chain is a special random walk on two infinite lines with a left boundary at the origin of
the two lines. Transitions are possible between the two lines. The transition probabilities of the
random walk are spatially non homogeneous. According to item (2) in the proof of Theorem
3.6, in Section 3.2, the enlarged measure of the boundary driven TASEP is a Markov bridge
of length N + 1 associated with above random walk.

It will be useful in order to simplify the proofs to introduce an effective random walk on
{0,1} x Ny with a simpler transition matrix 8. This is again a random walk on the two infinite
lines but it is spatially homogeneous with a different behavior just at the boundary sites. The
transition matrix is given by

S(0,b)(a’ p+s) = % , b/# 0; a/ =0,1; s=0,—1;
S pyabrs) =15 @ =0,13 s=0,+1; (4.5.2)

800)@0) =3, a=0,1;

we give a graphical representation of the transition probabilities in Figure 4.2.
The stochastic matrix 8 is almost related by a generalized Doob transform to the stochastic
matrix &; the relation is violated only for transitions exiting from the state (0,0). By a direct
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1/4 1/4
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Figure 4.2: A graphical representation of the transition probabilities of the effective Markov chain 8
on {0, 1} X No.

computation, we obtain the following relation

1| (a,b)=(0,0 1| (a,b)=(0,0
S(ap)(a b)) = G(a,b)(a’,b’)m2 <( = )> = %M;}’b,Q <( = )) . (4.5.3)
The possibility to work with this simple homogeneous random walk is due to the special form
of the matrices MY, M*.

Let us recall that ]P’%g’f and IP’f,g\}gl’f " denote Markov bridges with transition matrix &
and 8, respectively. We call 3x5(g, f) and Zx(g’, f) the corresponding normalization factors
appearing in the definition (3.1.2). We denote by (n,() = (7, Ck),]{v;ll a trajectory on {0, 1} x
Ng of length N + 1 and having positive probability with respect to the Markov measures.
We call ]P’% and IP’?V the corresponding Markov measures with fixed initial condition; we have,
for example, P (n, () = Hf\il S(1i.¢i) (i1 Ciir) and likewise for the other matrix. Finally,
considering (4.2.2) for the product space A x B, we call 2}[n,(] = ﬁZf\gl Omic) €
M!(A x B). The introduction of the simplified homogeneous Markov measure with transition
probability 8 is due to the fact that we can deduce LDP’s for Markov measures with transition
probability & from the corresponding ones for the matrix §. This follows from the next lemma.
Let us introduce the function h : {0,1} x Ny — R defined by h(a,b) := 2(a +b) + 1.

Lemma 4.8. When 3n,2n < +00 we have

&.0.f _ pSa/huth _NoL(0,0) 2N (g/h, [h)
Py??(n,¢) =Py (n,¢)2 (o) (4.5.4)

Proof. By a direct computation we have for any fixed (n, ()

& _ oS h(nN+1,CN+1) 5 No (0,0)
]P)N(ThC) - ]P)N(ThC) h(nlvcl) 2
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Multiplying both sides by g(m, (1) and f(nny+1,(n+1) and inserting the constants we get
(4.5.4). 0

Now we illustrate the strategy to prove a spatial LDP for the Markov measure (4.3.1) for
the matrices and the vectors defined in (2.3.9). We prove first the corresponding result for the
simple homogeneous Markov measure with transition §, and then use Lemma 4.8 to deduce
the result for the original matrix &. We will then apply the contraction principle to get the
LD rate functional for the boundary driven TASEP.

4.5.1 The probabilistic structure

The simple homogeneous random walk with transition matrix 8§ has some special features.
Since D yen, S(ab) (@ y) = 1 for any a,a’ € {0,1} and b € Ny, we deduce that, under the
measure IP’?V, the variables név +1are ii.d. all having distribution B, /2. Moreover, we can
construct samples of the Markov measure IP’}SV using sequences of i.i.d. random vectors. More

precisely, we introduce (XZI , YZ-I )ien a sequence of i.i.d. random vectors such that

L i (a — _
P [(XiI’YiI) - (a,b)} - { S oftl(le’ri?ise .(070)’ (O DLOL (),

We also introduce (X7, Y:5);en a sequence of i.i.d. random vectors such that

if (a,b) = (1,0), (1,1),
if (a,b) = (0,0),

otherwise .

P|(XP,YF) = (ab)] =

[enl CITENE

The two collection of i.i.d. random vectors are also independent of each other. The random

variables (Xil, Yz-l)ieN have to be used to construct the path of the Markov measure IP’?V in the

bulk, while the random variables (X7, Y;%);cy have to be used to construct the path in the

boundary.
We call p!, u? e M! ({0,1} X {—1,0,1}) the distribution of the pair (X/,Y/) and

(2

(XB,YB), respectively; namely

B _ B _1
I _ ., 1 _ .1 _ . _1 Hio=HM11 = 1>
Koo = Ho,—1 = H10 = H11 = 71> B _ 1
M61*M{ 1=0 Hoo =2
) - T - ) B B
Ml—l—ﬂo,l—o

We iteratively define the sequence of random variables (n,() distributed according to IP’?V.
The variables (11, (1) are fixed and we generate (s as follows. If (n1,{1) = (0,0) then (3 = 0;
otherwise (2 = (3 or (2 = (1 + 21 — 1 with equal probability and independently of the
sequences of i.i.d. vectors. Once that (o is determined, we generate the whole sequence as
follows. For any i > 1 we have that, when ¢; > 0 then (1;, (41 — ) = (X7, Y;!), when instead
¢ = 0 then (m;,¢iv1 — ¢) = (XP,Y,P). By a direct inspection, it is possible to see that the
sequence (1;, Gt
with the variables (11, (1) distributed as By /5(171)d¢; , the whole collection of random variables
can be constructed by the same iteration. In this case, as input to start the iteration, we only

, constructed in this way, has law IP)?V. In the case of an initial condition
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W [ (B [ [ @ @[]

N N A N A

2 5 6 7

Figure 4.3: Iterative construction of the sequence (7, () distributed according to ]P’}SV, starting from
the value (.

need assign the value (. In the Figure 4.3 the diagram shows how to construct iteratively the
variables starting form (;, and the arrows exiting from each (; show which are the variables
that can be constructed directly using the i.i.d. sequences. As follows from the diagram in the
Figure 4.3, the sequence ¢ alone is Markovian; this property is related to the representation
in terms of mixtures of inhomogeneous product measures discussed in the previous chapter.

4.5.2 The empirical observables

It is convenient to study the large deviations asymptotic in terms of some empirical observables
that we are going to introduce. First of all, we consider two empirical measures defined by

X[, = % i 1(G = 0)0 (5.6 %i/N
; 2 (4.5.5)

i Nl =y 2521 I(G > 0)5(772.,@)51'/N7

where we use the random variables ¢; := Ci+1 — G- The two empirical measures in (4.5.5) are
random elements of M <[0, 1; M+ <A x{-1,0, —|—1})> . Some other natural empirical measures

that can be constructed starting from (4.5.5) are

o 1 X
N; \Gi/N € M([O 1]; J\/[+<A x {=1,0 +1})> (4.5.6)

and

N
Z (G = 0)diyn € MT([0,1]). (4.5.7)

The empirical measure (4.5.6) can be obtained by Iy = ﬂﬁ—kﬂf , while the empirical measure

(4.5.7) is obtained by 78 = 3", > ﬂﬁ (a,b), where, to better explain again the notation,
b=—1,0,4+1

e e M<[O, 1]; M* (A x{—1,0, +1}>> is given by (ﬂﬁ (a,b) € M<[O, 1};R)) . We
€A
use similar notation for other measures. ¢

The above empirical measures depend on the variable n, ( and we underline such a depen-
dence inside squared parenthesis [-].

The empirical measure (4.2.5) associated with the configuration of the TASEP model is
obtained starting from (4.5.6) by

= > Tiwln. ¢l (a,b) as (4.5.8)
a b
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our goal is to deduce a LDP for (4.5.8) by contraction from a LD on a larger state space.
It will be useful to consider the following relation for the empirical measure appearing in

% = — )08 (a,b: dz). 5.
VN(o,O)_/[OJ]za:zb:u II2 (a, b da) (4.5.9)

We introduce a last empirical object and then proceed to describe their continuous counterpart,
scaling limits and large deviations. This is a piecewise linear path Zy = (2N(a:)) that is

Lemma 4.8

z€0,1]

defined setting Zy (ﬁ) = Ciﬁﬂ i =20,...,N and then defining it at the remaining points by

linear interpolation. We have the following relation

. (T N i 3
iN () — 3N () :/ Iy (a,b;dx)b. (4.5.10)
N N (i/N,j/N] a:z(],l bzzl,o,l

Note that if ¢ = 0 and j = N, we have on the left hand side above Zy(1) — 2x5(0) and
on the right hand side the integral with respect to the whole interval giving a continuous
correspondence.

We are interested in studying the LD for the joint empirical variables

(2N,ﬁﬁ,ﬁ{\,) e 0([0,1]) x M([O, 1]; M+ (A x {~1,0, +1})>2, (4.5.11)

when (7, ) are distributed according to the measure (4.3.1) with matrices and vectors defined
in (2.3.9), and where we consider the space of continuous functions with the topology induced
by the supremum norm and the product space with the product topology.

Let IP’}S\}* denote the Markov measure with initial distribution B /5(11)d¢,. Since the prob-
ability of each sequence (7, () depends only on the empirical measures in (4.5.5), the measure
Pi’,* can be compactly written as

Py =11 [MB(a, by (Mo IR @0) 1 gy (Vo @I @) | (4.5.12)
a,b

where we recall that in the product a € {0,1} and b € {—1,0,1}.

According to the definition (3.1.2), as discussed in the proof of Theorem 3.6 (see item (2)),
the measure (4.3.1) corresponds to the Markov bridge PS9-/ associated with the transition
matrix & and the two functions g, f determined by the vectors ¢/ and & and defined by

—a)(2a
ga,b) := (1m0 Qa+2b41)

da
L 4(1_6)13 (4513)
f(a,b) := Bb(2a+12b41)

We will then deduce the LD for the empirical measure (4.2.5) when 7 is distributed according
to the invariant measure of the TASEP by contraction.
We will use Lemma 4.8 and deduce LD for P®:¢/ from LD for P‘}S\}g/h’fh. By the expression
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(4.5.13), it follows that the functions g/h, fh do not depend on the variable a then we have

_ ] _ CN+1
R - (0) mreo (50) T an s asa

where Z is the same normalization constant appearing in 4.5.4.

4.5.3 The rate functionals

We now describe some joint LD rate functionals associated with the empirical observables we
described before when the variables (7, () are distributed according to different measures. The
LD rate functionals are defined on the space where the empirical triple of observables lives,
namely the one introduced in (4.5.11). The LD rate functionals are concentrated on absolutely
continuous paths and measures; this follows from the fact that for any configuration (7, (),
any (a,b) € {0,1} x {—1,0,1} and any continuous function G we have

1<
|, o)) < y 2166

so that any limit measure II satisfies ‘ f[

0.1] II(a, b; dm)G(m)‘ < f[O,l] ‘G(@} dx and moreover

S, *
IP)N

/ IIn(a, b; dz)G(x) 2/ |G(z)| +e | =0,
[0,1] [0,1]

for N large enough. This simple estimate, and similar ones for any empirical measure, allows
to show that the LD rate functional is identically 400 on measures and paths that are not
absolutely continuous with respect to the Lebesgue measure, or whose density is not bounded
by one. We therefore only need to show the form of the rate functional on the closed subset of
absolutely continuous measures with densities bounded by one. Moreover, by relation (4.5.10)
we have

Pi’,* sup |2y (z) — 2§ (y) / Z Z y(a,b;dz)b| >e | =0, (4.5.15)
Y (9] a=0,1 b=—1,0,1

for any € and N big enough. We deduce, therefore, that the rate functional has a domain
that is concentrated on the closed set of absolutely continuous measures and paths where the
following relations are satisfied.

Consider an absolutely continuous triple

(z,nB,nf) e C([0,1]) x M([O, ;M (A x {~1,0, +1})>2,

we will use the same notation for an absolutely continuous measure and its density. We write
8 = m(z)v®(z)dz, and ' = (1 — m(2))v!(z)dz where vB(x),v!(x) are space dependent
probability measures on {0,1} x {—1,0,4+1} and 0 < m(z) < 1.
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b=—1,0,+1 b=—1,0,41
This means that v?(z) = (Vfb) o and >, , vB,(z) = Land vl (z) = (ué b)
) a= s ) ) k)

and >, V(ib(m) =1 for a.e. z €[0,1]. Asin (4.5.6) we have

a=0,1

[(z)dz = 0B (2)de + 11! (z)dz = [m(x)yB(x) +(1- m(x))uf(x)} dz .

It is possible to write in this form IT1% and I/ since the density of >ap(a,b) is identically
one. For any z, the support of v5(z) is contained in that of u? and the support of v/ (x) is
contained in that of p?.

The continuous counterpart of (4.5.7) is given by

m(z)dr = Z Hgb(x)dm .
a,b

By (4.5.15), we deduce that the rate functional is finite only when the following relation is
satisfied a.e.

Z(l‘) = Z Z Ha,b(af)bdw = H171(.%') — H07_1(a:)
a b

= m(@)fy (@) + (1= m()) (v (@) = vi 1 () - (4.5.16)

Finally, we call p(z)dz the continuous counterpart of the empirical measure (4.5.8) and we
have p(z) = II11(x) + I o ().

We summarize the basic constraints; when these are violated, the LD rate functionals are
identically +oo.

A) The triple (z,HB,HI> is absolutely continuous and II1? = m(z)v?(z)dz, and TI' =

B v! and some 0 < m(z) < 1.

(1—m(z))v!(z)dx for x dependent probability measures v
B) The relation (4.5.16) is satisfied a.e.
C) The constraint z(z) > 0 is satisfied.
D) It holds m(z) = 0 when z(z) > 0.

Given v, p two probability measures on {0,1} x {—1,0,+1} we call

Va b
hil) = | Zwpvaslos i v <.
400 otherwise,

the relative entropy.

Proposition 4.9. Under the initial condition By /o(11)0n=,(C1), when (n,() are distributed
according to Pi’,* in (4.5.12), the triple <2N,ﬂﬁ,ﬂ{\,> satifies a LD principle with rate func-
tional I*, that is +oo if at least one among the conditions A, B, C, D and z(0) # zy is violated,
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and it is otherwise equal to

7+ (z,HB,HI> - /01 [m(g;)h (VB(x)yuB) +(1—m(z)h (Vf(:c)m’) ]d:c. (4.5.17)

We remark that the dependence on the path z in the rate functional appears through the
constraint on the initial condition and the conditions B, C and D. Starting from Proposition
4.9 we can deduce the following LD rate functional whose proof is obtained by applying the
Varadhan lemma.

Lemma 4.10. When the variables (n, () are distributed according to the Markov bridge (4.5.14),
then the triple (2N,ﬂﬁ, ﬂk) satisfies a LD principle with a rate functional that is +o00 if at
least one among the constraints A, B, C and D is violated, and it is otherwise given by

78 (z,HB,HI) = 2(0) log + 2(1) log g + J* (z,HB,HI) +c, (4.5.18)

o)
11—« 1-p
where ¢ is a suitable constant and I* is the rate functional in (4.5.17).

By Lemma 4.8 we can now deduce the LD for the Markov bridge Pg’g o , again using the
Varadhan lemma with respect to the continuous map (4.5.9). By the structure of support of
the measure ;” the map on the right-hand side of (4.5.9) for the absolutely continuous triple
is given by fol m(a:)ué?o(:v)dx. We therefore have the following.

Lemma 4.11. When the variables (n,() are distributed according to the Markov bridge P%’g’f,
then the triple (éN,f[ﬁ,IﬁO satisfies a LD principle with rate functional that is +oo if at
least one of the constraints A, B, C and D are violated and it is otherwise given by

7 (z,HB,HI> =78 (z,HB,HI> +

where C' is a suitable constant.

/1 m(x)ugo(ac)dx] log2 + C, (4.5.19)
0

Strategy of the proof. We give an hint of the strategy of the proof of Proposition 4.9; the
following Lemmas 4.10 and 4.11 follow by an application of the Varadhan lemma. The basic
property that we use is the fact the measure (4.5.12) depends just on the empirical measures
f[{\, and ﬂﬁ

Let us introduce a family of perturbations of the probability measure (4.5.12): consider
two space dependent families of probability measures 75 (z) = ('yfb(m))zzall’o’l and ~!(z) =

(vE b(a:))f;ai’o’l, and consider the corresponding absolutely continuous measures v (z)dz and
v (x)dz that are elements in M <[O, 1], Mt (A x {-1,0, +1}>>. For any x, vB(z) is strictly

positive on the support of 4 and 4/ (x) is strictly positive on the support of 4! and, moreover,
the = dependent components are Lipschitz continuous. For any pair v2,~4! we introduce a
corresponding probability measure on the sequences (7, () defined by
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[PW - = exp NZ/ HN a, b; dz) logvab( )—|—flﬁ(a, b; dx) 10g'y£b(1:) . (4.5.20)
0,1]

and notice that (4.5.12) corresponds to the cases of ¥ and 4/ constant and constantly equal
to P and p! respectively.

The probability measure (4.5.20) is absolutely continuous with respect to (4.5.12) and we
can compute the Radon-Nikodym derivative that is given by

1 d]Pﬂ 7° ’b(w) - Yan (@)
Nl Z/{) i + 115 (a, b; dz) log oF

'U’a,b Ma,b
The proof of the large deviations principle is based on the law of large numbers for the
perturbed measures according to the following fact.

114 (a, b; dz) lo

] . (45.21)

I B
Proposition 4.12. When (n,¢) are distributed according to P with initial condition on
the ¢ variables given by (1 = Nzy, then the triple <2N,ﬂﬁ,ﬂ{\,) converges in probability to
the absolutely continuous triple (z, 118, II') such that

HB(a:) = m(x)fyB(x) ,
{ I (z) = (1 — m(x))y! (z), (4.5.22)

and z(x) is the solution of

2(0) = 2o
{ Aa) = m(z)vP (2) + (1= m(2)) (v 1 (2) — 7 1 (2)). (4.5.23)

In the above formulas m(x) = 0 when z(x) > 0 or when z(z) =0 and ’}/{71(56) - 'yé’_l(x) > 0,
otherwise when z(x) = 0 and ’}’1171(l‘) - '7[{7_1(33) <0, then 0 < m(z) <1 is the unique value
such that

m(z)y () + (1= m(2)) (3 1 () = 76,-1(2)) = 0; (4.5.24)
this means

(@) = 1))

m(z) = I(z(x) =0), (4.5.25)

o1 (x) + 7({,71(1‘) - ’7{,1(53)

where [-|4+ denotes the positive part.

Proof. We give an outline of the proof; see [32, 56| for results of this type. Due to the Lipschitz
continuous assumption on 72, v/ we have existence and uniqueness of the solution of (4.5.23).
We already showed that any limit triple need to be absolutely continuous and, moreover, by
independent sampling any limit measure has to be of the form (4.5.22) for a suitable m(x).
The proof of the lemma for the intervals on which z(x) > 0 follows directly since it is a special
case of the classic fluid limit [50, 56] with m = 0. On the intervals on which z(z) = 0 and
’y{’l () —’yé’fl(x) < 0, the result follows since any scaling limit has to be absolutely continuous,
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by (4.5.15) it has to satisfy (4.5.16), and there is an unique m(z) satisfying (4.5.24). O

Exponential tightness To show exponential tightness we need to construct a family of
compact sets (Kq),cgr+ such that

1 «( ~ =~p =
limsup—logP]‘SV’ ((ZN,HB,HI) € fKa> < —a.
N—4o00 N

This statement allows to extend the following upper bound from compact set to closed ones.
This is a technical issue that we do not discuss in detail and that can be treated considering
Ko = K2 x KB x KL and following the arguments in [31] Lemma 5.1.7 and [49] Section 4 of
Chapter 10.

Lower bound Consider a triple (z, 1% TI) that satisfies the conditions A, B, C and D and
such that II%(z) = m(z)yB(x) and T/ (z) = (1 — m(x))y!(z) with v, +! that are strictly
positive and Lipschitz continuous. Then, by Proposition 4.12, it follows that, with respect to
the measures }P’;(;"YB, the triple (éN, f[]BV, ﬁﬂ,) converges in probability to the triple (z, I1Z, I )

and, moreover, by the formula (4.5.21) we have

1B
dP’]YV Y
S,
dPS;

=J* <z,HB,HI> . (4.5.26)

N—o+oo N o

1 . 1
Jim o (P}VIWB IP’?(,) = Jim GE s |log
—r+00

Let J* be the functional equal to J* for measures I1¥ = my? and I/ = (1 — m)v! with
v, B that are strictly positive and Lipschitz continuous and equal to 4+o0o otherwise. By

Theorem 3.4 in [52] we obtain a LD lower bound with rate functional that is ste,

semicontinuous envelope of J*. The lower bound is obtained by showing that Jlse = J*.

the lower

Upper bound The upper bound is obtained by the classic argument; by the exponential
tightness we can consider compact subsets K. We have the following estimates. Let 47, be
positive x dependent probability measures, then we have the following classic steps

* ~ A dPS’* A .
P ((2N,HE,H{V) ¢ 9<) =E 1.5 N1 ((zN,n}?,,n{V) c g<)
PN gy
N
B (x
s expy— Z/ I (a, b; der) log ( )+HB( ,b;dx)log%”jé )
{nBnhex} = Jo] a7b pb,

Since the above estimate is true for any positive 2,y we can optimize getting

1 e
lim sup — log P ((ZN,HJB;,H{V) c Jc) <
N—+o00 N

Yap(®)

Yan(2)
—  sup inf Z/ I (a, b; dz)lo + 115 (a, b; dz) log &
(B} B next S5 Jioy Na,b Hap
B (x
- inf Sup / 11! (a, b; dz) log Nas( )+HB( ,b:dx) log 7"’;( )
{2 INEX} {35 41} 0y /0] Fab Hab




88 Chapter 4. Large Deviations for MPA measures

= — inf 7 2,118, 111 ) |
{(= 1B mex}

and this is the LD upper bound. In the first inequality we optimized over vZ~!; in the second
equality we used a minmax lemma (see for example lemmas 3.2 and 3.3 in Appendix 2 of [49])
to exchange infimum and supremum, and the last equality follows from a direct computation
by using Lagrange multipliers.

4.5.4 The contraction

By contraction we can deduce the LD rate functional for the empirical measure of the TASEP
configuration (4.5.8). We proceed by successive minimizations. We first contract the rate

functional J®(z, TI8,I17) to the rate functional J%(z,II) for the pair <2N, fIN>; namely

3%(z, )= inf  I%(z, 1018, 10Y). (4.5.27)
{nB+n7=1}

We have the following result.

Proposition 4.13. When the variables (n,() are distributed according to the Markov bridge
(4.5.14), then the pair (21\1, f[N) satisfies a LD principle with a rate functional that is +o00 if
at least one among the constraints A, B, C and D is violated and it is otherwise given by

(07

+ 2(1) log lf,B —i—/o h (H(x)\,uf) dx +C, (4.5.28)

l—«

3% <z H) = 2(0)log

where C' is the same constant in Lemma 4.11.

Proof. Since z is fixed, to perform the minimization in (4.5.27), we need to minimize, for each
x such that z(z) = 0, the following expression

[m(m)h (yB(x)‘luB) + (1 =m(x))h <yl(;1;‘)|u[) ] + m(x)ugo(x) log2, (4.5.29)
under the condition
{m(:ﬂ), VB (), v (z) : m(z)vB (@) + (1 — m(x) (z) = n(x)} (4.5.30)

where we recall that ), l/fb(:p) =land ), l/ib(x) = 1. When z(z) > 0 we do not need to
do a minimization since m(x) is constrained to be zero.

By writing the variational conditions with the Lagrange multipliers for the variational
problem (4.5.29), namely (4.5.30) with also the normalization of v® and v, one finds that
the resulting system of equations has no critical points for any m(x) € (0,1). The minimizer
must be therefore on the boundary, i.e. corresponding to m(z) = 0 or m(x) = 1. Note that if
m(z) = 0 it follows that II(z) = v/ () while if m(x) = 1 then II(z) = v5(z).

If the probability measure II(x) satisfies IIp _1(x) > 0 then the minimum is necessarily
attained at m(z) = 0. Indeed, when m(z) = 1 we have II(z) = v?(z) and we have V(lffl(a:) =0
for any v? ; hence the value m(z) = 1 is not admissible when Iy _1(x) > 0.
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When Il —i(x) = 0 we obtain the same value if we compute (4.5.29) for m(x) = 0 and
m(z) = 1; therefore, also in this case, we can consider m(z) = 0. We conclude that the large
deviations rate functional J° is obtained having II® = 0 and II! = II as the minimizer in

(4.5.27), thus obtaining (4.5.28) as a result. O
In Proposition 4.13 the constant C' that appears in the large deviation rate functional is
fixed by the normalization factor of the Markov bridge IP’%‘" 2 , i.e., by 3n; we recall that this

constant C' coincides with the one in Lemma 4.11. By construction, 3y is given by 3y = f—ﬁ

with Zy = §(M° + MY)NZ. More precisely, C' is determined by the asymptotic behaviour
of Zn (see |23, 51|), up to the additive constant —log4. In particular C' := C(a, ) =
—log4 — log(p(1 — p)), where p is the limiting particle density:

: a>1, g>1
p=1q a>%,ﬁ>o¢
1-8 B>%, a>8

Our next step is to deduce by contraction the LD rate functional I®(z,p) for the pair
(¢n,7n) from (4.5.28). Let us introduce the function H(z) := xlogz + (1 — z)log(1l — z).

Proposition 4.14. When the variables (n,() are distributed according to the Markov bridge
(4.5.14), then the pair (n,7n) satisfies a LD principle with rate functional I°(z,p) that is
400 if p and z are not absolutely continuous or if condition C is violated. Moreover, the rate
functional is also +oo if, for almost all x, the densities (2(x), p(x)) do not belong to the region
R C R? defined by

R={(2,p) : 0<p<1,0<p—2<1}. (4.5.31)

In the remaining cases the rate functional is finite and it is given by

o

IS(z, p) = 2(0) log +2z(1) log 1 fﬁ—F/Ol [H(p(m))+H<p(x)—z(x)>] dr+C" (4.5.32)

1—«
where C' is a normalization constant.

Proof. By the contraction principle, the proof follows by a direct minimization of (4.5.28) over
IT with the constraints

p(x) =T 1 (z) + Ty o()
{ Ya) =T (x) — o, (). (4.5.33)

The geometric constraints (4.5.31) follow by the above relation and the fact that II is a
probability measure. O

A direct computation shows that the constant in (4.5.32) is given by C' = C + log 4 where
C' is the constant in (4.5.28).

We can now obtain the LD rate function ITASEP (p) for the empirical measure (4.5.8), when
7 is distributed according to the invariant measure of boundary driven TASEP, by contraction
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from (4.5.32), i.e. we have ITASEP(p) = inf, I®(z, p). We define:

1-— 1-
a= a, b:J

o B

with this notation we are considering the regime of TASEP corresponding to ab < 1. This

last contraction gives as a result the rate functional in [25, 28]. Our representation is obtained
as an infimum and we write the final expression in the same form of [6] where its equivalence
with the representation in [25, 28| is shown.

Theorem 4.15. Let F(z) = ff p(y)dy and G the set of absolutely continuous functions G
such that G(0) =0 and 0 < G(z) < 1. Let n be distributed according to the invariant measure
of the boundary driven TASEP when the boundary parameters are such that ab < 1. We have
that the large deviations rate functional for 7ty in (4.5.8) is given by

[TASEP () _ in { /01 [H (F(y)) +H (G’(y))} dy

Ge§

+1In(ab) min [F(x) - G(x)] ~ In(b) (F(l) - G(l))}.

z€[0,1]

Proof. By the contraction principle we have to minimize the functional (4.5.32) over the
functions z(z) > 0 such that 0 < p(x) — 2(z) < 1 for almost any x € [0, 1].
We define:

and note that G(0) = 0 and G(z) = p(z) — 2(x) so that G € §; moreover F(z)+ z(0)—G(x) =
z(x) > 0. The functional (4.5.32) can be written in terms of F,G, z(0) as

/01 [H (F(y)) v H (G(y))] dy — 2(0) In(ab) — [F(l) - G(1)] In(b) := £(F, G, 2(0)) .
By the contraction principle we have

TTASEP () = inf inf L(F,G,2(0)).
{Z(O)ZO} {GES:G(z)SF(z)—i—Z(O)}

We exchange the order of the infima obtaining that the above variational problem is equivalent
to
TTASEP () —  inf inf L(F,G,2(0)).
{GES} {Z(O)Zmaxwe[o,u [G(UC)—F(I)]}

Since ab < 1 the value of z(0) that minimizes the first infimum is exactly z(0) = max,¢[p,1)[G(x)—
F(z)] and this finishes the proof. O
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4.6 Rate functional as a double entropy

In the previous section, we proved a large deviations principle using the joint Markov property.
Here, we instead exploit the mixture representation, which leads to a different and simpler
characterization of the rate functional.

We restrict our analysis to the simplest case, namely finite alphabets and under the as-
sumption of irreducibility; a more general analysis will be discussed in a forthcoming pub-
lication [45]. In the finite-dimensional irreducible case, the resulting LDP does not depend
on the boundary vectors & and ¢. For this reason, we consider the simplest situation that
corresponds to periodic boundary conditions.

Consider a double sequence (n;() = (7]1, cooNa1; Gy e ,CN+1) (we use N + 1 instead

of N in order to remain consistent with the previous cases). We introduce a shift and a
periodization of these sequences, so that the variables (; are associated with the vertices of a
discrete ring with IV + 1 vertices, while the variables n; are associated with the edges, with »;
corresponding to the edge connecting vertices ¢ and 7 + 1.

Consider M!(B? x A) as the set of probability measures on local configurations of the
double sequence consisting of two adjacent vertices (conventionally referred to as the left and
right ones) together with the edge connecting them.

For G € M!(B? x A) we denote by G(b,b'; a) the joint probability to observe the pair (b, ')
at the left and right vertices, respectively, and the value a on the corresponding edge. Given
a double sequence (1, (), we associate with it the empirical measure Gy = Gy/[n, ¢] defined

by
N+1

A 1
GN(b7 b/; a) = m Z ]I(Cl = b7 Ci-i—l = bl?“i = CL) ) (461>
=1

where the indices are taken modulus N + 1.
Since the variables i are distributed according to a measure of MPA type and the variables
¢ play the role of hidden variables, we can canonically associate to the collection of B x B

matrices (M%),c4 a single stochastic B x B matrix S and a family (pb,b/(') e Mm! (A)) - A
) IE
key feature of the MPA measure is that the probability of any double sequence (7, () depends

only on the empirical measure defined in (4.6.1). More precisely, one has

P(n,¢) = Ky H H (Sb7b/pb’b/(a))(N+1)GN(b,b ) , (4.6.2)
bbeBacA

where K is a suitable normalization constant. The above formula is exact when MPA
measure is considered on a ring.

Formula (4.6.2) can be interpreted as a generalization of both the independence and
Markov conditions. Indeed, for independent variables the probability of any sequence de-
pends only on the frequencies of symbols, while for Markov measures it depends only on
the frequencies of pairs. Moreover, these properties characterize the corresponding classes of
models in terms of De Finetti’s Theorem and its generalizations.

The MPA variables together with the associated hidden variables have a joint probability
that depends only on the special frequencies defined in (4.6.1).

From formula (4.6.2), one can obtain the large deviations rate functional for the empirical
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measure Gy by a direct combinatorial computation. This empirical measure is the natural
object to consider, since the probability of each sequence depends only on Gy. This is exactly
the the same reason why, in the study of large deviations for Markov chains, the natural object
to consider is the pair empirical measure.

The approach used to deduce large deviations principle is analogous to the one used in
the direct proof of LD for the pair empirical measure of Markov chains (see [19]). We do not
present the complete argument, which can be obtained by a direct extension of the proof for
the Markov case given in [19]. We instead focus on the main combinatorial estimates from
which, by applying Stirling’s approximation and suitable discretization arguments, a full large
deviations principle can be derived.

Let us call gy(b,b') := 3, Gn(b,V;a) the marginal of the empirical measure Gy on the
B-variables. The basic idea is the following: given a probability measure G on B? x A, we
can factorize the probability as follows

P <{(%C) Gy~ G}) ~ '{(77, ¢): Gy ~ G}‘ Ex 1] 11 (Shrpp (a) Y THECYD
b EBacA
(4.6.3)
In the above formula, the symbol ~ denotes closeness with respect to a suitable norm, while
~ represents the same asymptotic behavior at exponential scale. The factorization follows
from (4.6.2): all the sequences (n,() whose empirical measure satisfies Gy ~ G have the
same probability, given by the second factor on the right-hand side of (4.6.3). To obtain the
asymptotic behavior, it therefore remains to estimate the first combinatorial factor on the
right-hand side of (4.6.3). We stress that formula (4.6.3) is written in an informal way but
there are no real difficulties in translating into a rigorous argument in this finite-dimensional
setting, as done in [19].
We obtain this estimate by first estimating the number of sequences { whose empirical
measure gy is equal to a fixed measure g. We note that, by construction, both gy and g must

belong to M., (B?). This is a classical combinatorial problem, discussed for example in the

BEST theorem in [19]. It follows that

[T, [(NV + Dg1(b)]!
[Ty (N +1)g(b,0")]!"

where we used the notation gi(b) = >, g(b,¥') = >, g(¥,b) for the one marginal of g. By
Stirling formula we obtain

{C:an ~ g} ~ (4.6.4)

HC SN~ g}‘ ~exp{ —(N+1) Zg(b,b') log g(b,b")

> D) (4.6.5)

Consider now a fixed configuration ¢ such that the corresponding empirical measure gy is
equal to a given measure g.Let G be a measure having g as its B-marginal, and denote by
N¢(G) the following set

Ne(G) = {n Gy ~ G gﬁxed} . (4.6.6)
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Since in the fixed configuration ¢ there are exactly (N + 1)g(b,b) pairs ((, Gi+1) = (b,0),
the estimation of the cardinality of (4.6.6) follows from a multinomial computation. More
precisely, we have

N—I— 1 (b %)

Using Stirling’s formula again, we obtain

'{(n () :Gn NG}‘ = [{¢:gn ~ g} x [Ne(p)|

G(b,V/
~ exp{ —(N+1) Z (b, b')lg +2be’ log((bb/)a)
| bV bt a
G(b,b;a)
= exp¢ —(N+1 G(b,V;a)log ———~
( ) b%: 91(b)
Combining this estimate with (4.6.3) we obtain the following estimate
IP’<{( Q):G G}>~K exp{ —(N+1) | > G(b,V;0) G(b,b;a) ;
eI SN T 910)Spppoy(a) | 7
(4.6.8)
This implies that the large deviations rate functional for G is given by
G(b,V;a)
G(b,V:a)lo il , 4.6.9
b%:a ( )log g1(b)Spy Py (a) (4.6.9)
where the normalization factor Ky does not contribute, since the above functional is non-
. e . G . G(bia) i
negative and attains its minimum value zero. Calling pbyb,(a) = ) We can rewrite

(4.6.9) as a double entropy

b,b p \a
S g0, log ) +Zgb v) Zpbb/ b ). (4.6.10)

b b,b b pb,b’ (a)

In (4.6.10) the first term is the rate functional of the pair empirical measure associated with
the Markov process ¢, while the second term is the average of the relative entropy between
the conditional law p& of the A variable and the conditional law p of the MPA distribution.

A special case occurs when all the matrices (M%),c4 have the same eigenvector, with
associated eigenvalues \,. In this case, we have S = > ¢,5% where S® are the stochastic
matrices associated with the matrices M® and ¢, = )‘—; By direct computation, using that

se,
oy (a) = an ,, we obtain
N+1

P(n,¢) =En [ Sl (4.6.11)
i=1
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Note that this form of the distribution is rather special. For example, if one considers the case
where vectors x, y are identically equal to one, the marginal distribution of the variables 7 is a
product measure of single-site measures equal to g. Let us now show, as we already did using
the different approach, that even if the distribution of 7 is not exactly a product measure in
the periodic case, the associated large deviations rate functional coincides with that of the
product measure. We have the following

Proposition 4.16. The infimum of the rate functional (4.6.9) over

G: Y GbVa)=v(a)y ,

b,b’

for models for which we have (4.6.11), is given by

v(a)
Zu(a) log)\—a. (4.6.12)

a

Proof. All the measures G € G, can be written in the form G(b,b’;a) = v(a)Q4(b,V') where
(Qal:,-) € MY(B?)), 4 is an arbitrary family. When (4.6.11) holds, then (4.6.9) can be written
as

/.
S Gmba logw. (4.6.13)
bb'a gl(b)SbjbIQa

Using G € G, this becomes
/ a
ga v(a) bEb/ Qa(b,0') log 5,?1,/ + Ea log )\ . (4.6.14)

The first term is greater than or equal to zero and vanishes if and only if Qq(b,b") = g1(b)Sy,, .
In this case (4.6.12) holds, and the result is proved. O
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