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Preface

The rapid development of quantum technologies has opened the possibility of rethinking the tra-
ditional computational chemistry workflow in a hybrid quantum–classical perspective. While fully
fault-tolerant quantum computing remains out of reach, at least practically, hybrid strategies already
offer a realistic opportunity to integrate quantum subroutines into established pipelines, improving
or accelerating well-defined step of the electronic structure problem. Rather than focusing on iso-
lated quantum algorithms, this thesis adopts a workflow-driven viewpoint: given a realistic quantum
chemistry pipeline, which specific steps can benefit from quantum computing, and how should these
quantum components interact with the “classical1” quantum chemistry fundaments?

Given a molecular system to treat, a standard electronic structure workflow, generally, consists
of four major steps: (1) optimization of the target system molecular geometry on the corresponding
Potential Energy Surface (PES), (2) the identification of a chemically meaningful active space,
(3) the computation of accurate single-point energies on that space, and finally, (4) the recovery
and refinement thanks to the inclusion of dynamical correlation from the complementary space.
In this thesis, we investigate each of these stages and develop Hybrid Quantum–Classical (HQC)
methods that target them individually, with the long-term goal of enabling quantum-enhanced end-
to-end pipelines. All of these pieces, have been analyzed, independently, both methodologically
and temporally, but with in mind always the idea of producing a fully interacting hybrid quantum–
classical framework for managing a quantum chemistry pipeline.

We begin by addressing the selection of the active space, a step that is both chemically crucial
and often subjective. To this end, we introduce the Atomic–Orbital and Entropy Guided Inference
protocol for Space–Selection (AEGISS), which uses atomic orbital information and entanglement
measures to semi–automate and standardize the active space identification. The method is then
applied in the field of Photodynamic Therapy (PDT), a light–based cancer treatment, which iden-
tification of efficient molecules as Photosensitizer (PS) is still a challenge for wavefunction based
methods. Once the active space is fixed, the next challenge lies in preparing electronic states
efficiently that approximate the ground state with reasonable accuracy. Having a efficient and accu-
rate single–point solver or warm–start procedure is essential, especially when dealing with complex
systems. We tackle this through the Multi–threshold Quantum Information Driven Ansatz (Multi-
QIDA), a warm-start strategy that improves Variational Quantum Eigensolver (VQE) convergence
by exploiting quantum information-theoretic criteria. Multi-QIDA is therefore tested on general
molecular systems and also, not chemistry related, strongly–correlated system, i.e. 2D Heisenberg
spin–lattices. However, most of the time and for complex systems, static correlation alone is not
sufficient to achieve the desired chemical accuracy, as dynamical correlation outside the active space
must also be captured. To address this, we extend the previously defined Wavefunction–Adapted
Hamiltonian Through Orbital–Rotation (WAHTOR) algorithm, into Wavefunction–Adapted Hamil-
tonian Through Orbital–Rotation Self–Consistent Field (WAHTOR–SCF), which incorporates por-
tion of the total dynamical correlation through a self-consistent treatment of orbital– rotations.
Additionally, given the already modular framework, we also tried to include adaptivity to the pro-
cedure, defining the ADAPT–WAHTOR–SCF procedure. To test the applicability of the method,

1Used wrongly here, and also in the rest of manuscript, for referring to quantum chemistry problem solved on
classical machines.
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we benchmarked our WAHTOR–SCF approach against general molecular systems bond dissocia-
tion, and, more specific, for industrial chemistry. In particular, we studied a free–radical model
polymerization reaction that involves three different structure. Finally, having established tools for
treating both static and dynamical correlation, we move to the nuclear degrees of freedom. We pro-
pose a proof-of-concept strategy for geometry refinement, the Quasi-Adiabatic Quantum Geometry
Optimization (QA–q–GeomOpt), which integrates quantum energies within a hybrid Potential En-
ergy Surface navigation scheme, integrated with different quantum chemistry software and quantum
computing simulation backed, both on CPU and on GPU. The hybrid routine is then finalized as
structure optimizer for DompeKey (DK), recently formalized molecular descriptors, as well as for
standard benchmark molecules.

Looking at these results as a whole, the central message can be state as follows: Quantum
computing should not, and will never, be viewed as a monolithic replacement for classical electronic
structure theory, but rather as a set of specialized tools to be integrated step–by–step into already well–
established pipelines. An Hybrid Quantum–Classical pipeline is necessary for allowing "classical" to
exploits quantum algorithms as sub–routines, while allowing quantum–computers to have a whole
classical framework to manipulate efficiently the quantum data obtained.

The remainder of this thesis is organised according to this workflow logic. After introducing
the theoretical background in Part I, split between Quantum computing theory, Chapter 1, and
Quantum Chemistry fundamentals, Chapter 2, while in Chapter 3, we present the main linking
tools for integrating "classical" theory into a quantum framework. These sections do not present
any advancement and they are exclusively used to present, in a personal way, the theory between
the two worlds, by reinterpretation of existing textbooks and theoretical manuscripts. With this
section, we conclude the first part of the thesis, completely oriented to give a brief introduction of
the theory required to understand the development part of the manuscript.

In the second part of the thesis, Part II, we start from Chapter 4, in which presents AEGISS,
our active space selection method, and the specific application for Photodynamic Therapy. Once
the importance to have a robust method for selecting the active region on which focus the anal-
ysis, single–point calculations can start. In fact, Chapter 5 introduces Multi-QIDA, our state–
preparation or warm–start method based on quantum information theory measures. Chapter 6
develops WAHTOR–SCF, in order to include the missing correlation that a method focused only
on the active space orbital might miss. Finally, Chapter 7 introduces our structure optimization or
geometry refinement method, the QA–q–GeomOpt protocol.

As the last developmental chapter of the thesis in Part III, Chapter 8, we wrap up the function-
alities and implementations available in our code base, Quantum @ L’Aquila (QuAQ), while final
remarks and perspectives are given in concluding final chapter.
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Abstract

The advent of Noisy Intermediate–Scale Quantum (NISQ) devices has opened new perspectives
for quantum chemistry, where quantum processors can act as specialized solvers embedded within
classical workflows. Rather than replacing established quantum chemistry methodologies, Hybrid
Quantum–Classical (HQC) approaches can be used to integrate quantum subroutines where they
can most effectively accelerate or enhance the description of molecular systems. This thesis adopts
a workflow-oriented perspective, asking how a realistic electronic structure pipeline, from active
space definition, state preparation, correlation recovery, to geometry optimization, all of which can
be systematically hybridized with quantum computing.

Four original contributions are developed to address these stages. The Atomic–Orbital and
Entropy Guided Inference protocol for Space–Selection (AEGISS) provides a pseudo-automated
strategy for chemically sound active space definition. The Multi–threshold Quantum Information
Driven Ansatz (Multi-QIDA) introduces a state-preparation, or warm-start procedure, that exploits
quantum information theory measures to improve Variational Quantum Eigensolver (VQE) conver-
gence and precision, linking both chemistry inspired and Hardware–Efficient Ansatz (HEA). The
Wavefunction–Adapted Hamiltonian Through Orbital–Rotation Self–Consistent Field (WAHTOR–
SCF) extends the existing Wavefunction–Adapted Hamiltonian Through Orbital–Rotation (WAH-
TOR) procedure to capture dynamical correlation beyond the active space through orbital re-
laxation, exploting once again cheap Hardware–Efficient Ansatz (HEA). Finally, Quasi-Adiabatic
Quantum Geometry Optimization (QA–q–GeomOpt) demonstrates a proof-of-concept structure–
refinement procedure oriented even in this case to Hardware–Efficient Ansatz.

Together, all these developments define a consisten vision of quantum computing-aided compu-
tational chemistry, where quantum processors are not simply isolated tools but modular components
embedded into an efficient classical backbone. The results highlight the feasibility of end-to-end
hybrid workflows, shrinking the gap between theoretical innovation and practical applicability in
chemical and pharmaceutical discovery.
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Chapter 1

Quantum Computing in a nutshell

Before we can talk about simulating molecules on quantum computers, we have to face a quite
unfair truth: classical computers can be outmatched when chemistry gets serious. The complexity
of treating exactly1, even a modest molecule2, scales quickly and becomes not manageable. This
is not because classical algorithms are badly implemented or inefficient, but because nature plays
by the rules of quantum mechanics, and so far, quantum chemistry algorithms have been trying to
catch up with a rulebook written in another language. Quantum computers, in theory, speak that
language natively. They approximate the quantum world, they are quantum systems. And that
opens the possibility to simulate molecular interactions with a precision that is beyond the actual
limit of classical methods. Quantum computers, as we already said, play by the same rules as the
chemistry they are simulating. They can, at least in principle, represent molecular states exactly,
scaling to systems that would send even the fastest supercomputers into a nervous breakdown. As
first step, to know how this works in practice, it is worth understanding the machinery itself, i.e.
how quantum computation operates, and why it might finally let us solve problems that have been
a dream for classical computational quantum chemistry for decades.

What is necessary to state from the start is that, nowadays, a quantum computer is not a
general–purpose system on which everything can be run. Instead, we have to see it as a component
of a standard computer in which a part of its computation relies on a Quantum Processing Unit
(QPU). Most of the algorithms are subdivided into classical computation, in which we prepare the
instance of the problem and the part of the evaluation of the solution, and quantum computation
for the calculus of the solution employing quantum approaches.

Additionally, we need to point out the fact that on quantum computers is possible to reproduce
any classical computation. Quantum computers can do anything that a classical computer can do
with at least the same computational complexity. Nevertheless, it is clear that, there is no point in
building a quantum computer if we want to use it in the same way we use a classical one. We must
rewrite algorithms and develop new techniques targeting the regime in which, classical algorithms
can not compete. For example, simulating complex interacting systems of electrons, like for example
in quantum chemistry applications. After this, we can start to introduce the basis behind quantum
computation and how we can take advantage from quantum mechanics to speed-up our algorithms.

This chapter is made by taking inspiration from standard quantum computing textbooks [1–

1We specify exactly, and not by introducing any sort of approximation, i.e. treating the whole system at exact
level of theory.

2Extended basis set for small molecules or more than four non-hydrogen atoms.

3



1.1. Brief dive into Quantum Mechanics

3] and it is structured in the following way: first, in Section 1.1, we will introduce briefly the
postulates of Quantum Mechanics (QM) and how they relate to the fundamental building block of
quantum computers, the qubits. In Section 1.2, we will discuss about how our wavefunction can be
abstracted, visualized, and manipulated using the quancum circuit paradigm. In Section 1.3, the
available Noisy Intermediate–Scale Quantum (NISQ) devices will be presented very quickly, as well
as the type of errors that affect them and some mitigation and correction techniques.

1.1 Brief dive into Quantum Mechanics

In order to give a complete overview on the whole pipeline we are going to follow inside the
manuscript, we start from the building blocks of the quantum computations and the fundamen-
tals rules that allow us to operate in the field of quantum mechanics. We will do this taking
inspiration for different textbooks [1–3], as already pointed out in the introduction.

1.1.1 Single qubit representation

Differently from a classical computer, in which the smallest computational unit is the bit, the
building block of a quantum computer, or more general a quantum algorithm, is a single qubit [3].
With a simple example, a bit is a unit that, according to the physical implementation, can be either
0 OR 1. A qubit instead is defined as bi-dimensional complex object that can described as being
simultaneously (not it the time-related meaning) in the 0 and 1 state. Exploiting the first postulate
of quantum mechanics, a single qubit can be described as

Postulate 1. Each isolated physical system has an associated Hilbert space complex, called the state
space of the system. The system is completely described by its state vector, which is a unit vector in
the state space.

and we are going to stick to the mathematical representation of it, or group of qubits, for the
rest of the thesis. Therefore, mathematically, a qubit is described by a state-vector v, with v ∈ C2.
The bi-dimensional complex vectorial space, in which v lives, is denoted as Hilbert space H, where
H = C2. The dimension of a Hilbert space associated with a single-qubit is dim(H) = 2. The
state-vector of single-qubit, v being the description of a two-level quantum system, is defined as

v =

(
α

β

)
withα, β ∈ C, (1.1)

with the additional condition that the norm of v must be equal to 1, i.e.

|α|2 + |β|2 = 1. (1.2)

Being in two simultaneously (still used improperly) states is defined as superposition. The numbers
of quantum superpositions are possibly infinitely many, but we cannot determine the quantum state
of a qubit with the same precision we would obtain a classical bit. In fact, when we measure a
qubit, we can only obtain 0 with a probability of |α|2 or the state 1 with a probability of |β|2. The
coefficients α and β are called amplitudes of probability, while the squared module of them is simply
the probability of obtaining the corresponding state. This is the reason behind the fact that every
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qubit must be normalized and |α|2 + |β|2 = 1, because the sum of the probability to be in each
state must be 1.

The most common way to represent the component of a state-vector is by using two orthonormal
vectors,

State 0 =

(
1

0

)
State 1 =

(
0

1

)
, (1.3)

to compose the associated computational basis.
Dealing with only one qubit makes the notation light-weighted, but as the system start to grow,

it might become cumberstone very quickly. The de-facto standard is by representing the complex
vector using the more compact Dirac notation, also referred as bra-ket notation. The vector v, a
column complex vector, is denoted with a ket, |v⟩. The hermitian conjugate of v, a complex row
vector, is denoted using a bra, ⟨v|. If ⟨u| is the hermitian conjugate of |v⟩ , then they are related by

|v⟩ =
(
α

β

)
⟨u| = |v⟩† = (|v⟩T )∗ = (α∗, β∗), (1.4)

where (·)† is the conjugate transpose operation or hermitian conjugate operation. Following the
new notation, the computational basis reads as

|0⟩ =
(
1

0

)
and |1⟩ =

(
0

1

)
, (1.5)

where both the states, |0⟩ and |1⟩, are orthonormal vectors, i.e. ⟨0|1⟩ = ⟨1|0⟩ = 0 and ⟨0|0⟩ =
⟨1|1⟩ = 1. Therefore, combining the two orthonormal states we define a orthonormal basis {|j⟩}
with |j⟩ ∈ {|0⟩ , |1⟩}.

A ket |v⟩ represents a generic element of the vector space, while |j⟩ can be used to refer to the
j-th element of the computational basis. Using the previous definition, we can expand |v⟩ in a more
general version using the elements of the basis

|v⟩ =
∑
j

αj |j⟩,

where αj ∈ C and
∑

j |αj |2 = 1.

Inner product

Useful operation fundamental for measuring the overlap between two wavefunction or in general for
measuring observables, is the inner product, also know as scalar product or dot product. The inner
product between two state-vectors returns a scalar. In particular, the inner product between |ψ⟩
and |ϕ⟩, where

|ψ⟩ =
∑
j

αj |aj⟩, |ϕ⟩ =
∑
i

βi |ai⟩, (1.6)

is defined as

⟨ψ|ϕ⟩ =
∑
j

α∗
j ⟨aj |

∑
i

βi |ai⟩ =
∑
j

∑
i

α∗
jβi⟨aj |ai⟩ =

∑
j

∑
i

α∗
jβiδj,i =

∑
j

α∗
jβj , (1.7)
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in which δi,j is the Kronecker delta , defined as

δij =

0 if i ̸= j,

1 if i = j.

Obviously, the inner product between a state-vector and its hermitian conjugate yields one (if the
normalization condition is respected).

Outer product

If we reverse the order of the contraction, we perform an outer product. Using the same previous
vector |ψ⟩ and |ϕ⟩, the outer product is defined as

|ψ⟩⟨ϕ| =
∑
j

αj |aj⟩
∑
i

β∗i ⟨ai| =
∑
j

∑
i

αjβ
∗
i |aj⟩⟨ai| (1.8)

which is equivalent of building the N ×N matrix:

|ψ⟩⟨ϕ| =


α1

...
αN

(β∗1 . . . β∗N

)
=


α1β

∗
1 α1β

∗
2 . . . α1β

∗
N

α2β
∗
1 α2β

∗
2 . . . α2β

∗
N

...
...

. . .
...

αNβ
∗
1 αNβ

∗
2 . . . αNβ

∗
N

 ,

where N is the size of the computational basis.

Projectors

When the outer-product is built using the same element of the computational basis, i.e. |ai⟩, what
we obtain is a Projector, defined as |ai⟩⟨ai|. A projector P̂ is a hermitian operator i.e. P † = P

which satisfy the idempotency relation i.e. P 2 = P . If we have a set of projectors {Pi}i∈N , defined
as |ai⟩ ⟨ai|, we can use the completeness relation

∑
j |aj⟩ ⟨aj | = I on a generic state |Ψ⟩ to obtain

how it is expanded in the {|ai⟩}i∈N basis as

|Ψ⟩ = I |Ψ⟩ =
∑
i∈N
|ai⟩ ⟨ai|Ψ⟩ =

∑
i∈N

(⟨ai|Ψ⟩) |ai⟩ , (1.9)

where (⟨ai|Ψ⟩) ∈ C and represents the coefficient of the in the expansion.

1.1.2 Multi-Qubits representation

Tensor product

Postulate 2. The state space of a composite physical system is the tensor product of the state
spaces of the physical subsystem. Moreover, if we have system composed of n subsystems, and
the j-th system is prepared in the state |ψj⟩, then the total state of the composite system will be
|ψ1⟩ ⊗ |ψ2⟩ ⊗ . . . |ψj⟩ ⊗ · · · ⊗ |ψn⟩.

This postulate describes how to build the state space of a quantum system composed of two
or more distinct physical system from the individual qubits subspaces. For doing this, we have to

6



1.1. Brief dive into Quantum Mechanics

introduce an operator that allows us to define composite systems and it is the tensor product, ⊗. If
we have two qubits |v⟩ and |u⟩, the composite system is |v, u⟩ defined as

|v, u⟩ = |v⟩ ⊗ |u⟩ =
(
v0

v1

)
⊗
(
u0

u1

)
=


v0u0

v0u1

v1u0

v1u1

 , (1.10)

associated in order with computational basis states |00⟩ , |01⟩ , |10⟩, and |11⟩, and with vi, ui ∈ C.
Extending to n qubits is possible to obtain 2n distinct states. A quantum register of n-qubits is an
element of the 2n-dimensional Hilbert space, which corresponds to the total C2n complex space. If
we take 2n quantum register of n-qubits we ca build the related computational basis, which we can
write in the form

|x1⟩ ⊗ |x2⟩ ⊗ · · · ⊗ |xj⟩ ⊗ · · · ⊗ |xn⟩

where xj ∈ {0, 1} and 1 ≤ j ≤ n. As explained for the single qubit case, the number of superposition
of 2n computational basis states is infinite, but after a measurement , the state will collapse to one
of the relative classical state. The result of the measurement will be one of the basis state |vi⟩ ,
where vi ∈ {0, 1}n with probability equals to |αj |2 . A generic wavefunction in this basis will appear
as

|ψ⟩ =
∑

i∈{0,1}n
ci |vi⟩ , (1.11)

where vi is a vector of the n- qubits computational basis i.e. a string of 0s and 1s.

Density Matrices

Given a state |Ψ⟩ defined over the orthonormal computational basis {|ai⟩}i∈N , the Density matrix
associated to it is defined as

ρ = |Ψ⟩ ⟨Ψ| =
∑
i∈N

∑
j∈N

a∗jai |ai⟩ ⟨aj | (1.12)

and it generalizes a classical probability distribution. A density matrix must be hermitian, i.e.
ρ = ρ†, semi-definite positive, i.e. ⟨v| ρ |v⟩ ≥ 0 for each |v⟩ ∈ H, and unitary trace, i.e. Tr(ρ) = 1. If
the density matrix is defined as just showed, it is associated with a pure state i.e. Tr(ρ2) = 1, and
this value is called purity. A state can also be defined as a mixture of state, namely mixed state, as

ρ =
∑
i

piρi, (1.13)

where pi is the classical probability to obtain the state represented by ρi. For a mixed state, the
purity is Tr(ρ) < 1, reaching the lowest value 1

N in the case of a maximally-mixed state, i.e. all the
quantum states in the ensemble have equal probability.

7



1.1. Brief dive into Quantum Mechanics

1.1.3 Measurements procedure

In the previous paragraph, we used multiple times the concept of measurement, now we introduce
this concept with the proper formalism.

Postulate 3. The physical quantities that can be measured on a system are called Observables and
they are represented by Hermitian operators. Every observable Π is represented by a hermitian
operator on the state space of the system being observed. Quantum measurements are described by
a set of measurement operators {Πm} which act on the state space of the measured system. The
possible outcomes of a measure of the observable Π are denoted by the index m, while the eigenvalues
associated are ϵm.

An operator Π has the form

Π =
∑
m

ϵmΠm =
∑
m

ϵm |ϕm⟩⟨ϕm| (1.14)

where Πm is the projector, before denoted with P , on the subspace of the eigenvectors |ϕm⟩ of Π
related to the eigenvalue m. After a measure of Πm in the state |ψ⟩, the probability of obtaining m
is

p(m) = ⟨ψ|Π†
mΠm |ψ⟩ = |Πm |ψ⟩ |2. (1.15)

The state of the system post-measurement with result m is

Πm |ψ⟩√
p(m)

. (1.16)

The Πm operators satisfy the completeness equation∑
m

Πm = I. (1.17)

This equation states that the sum of the probability of the outcome of a measure must add up to
1. In fact,

1 =
∑
m

p(m) =
∑
m

⟨ψ|Π†
mΠm |ψ⟩ = ⟨ψ|ψ⟩ (1.18)

In particular, this type of measurement is often called projective measurement. Π is determined by
any set of ortogonal projector Πm that satisfy the completeness relation. If Πm = |ϕm⟩⟨ϕm| is a
projector then

p(m) = ⟨ψ|Π†
mΠm |ψ⟩ = δmm′ ⟨ψ| |ϕm⟩⟨ϕm| |ϕm⟩⟨ϕm|︸ ︷︷ ︸

Πm=|ϕm⟩⟨ϕm|

|ψ⟩ =

= ⟨ψ|ϕm⟩⟨ϕm|ψ⟩ = |⟨ϕm|ψ⟩|2.
(1.19)

8



1.1. Brief dive into Quantum Mechanics

Expectation value

Generally, the outcome of a measure of an observable A in the state |ψ⟩ is aleatory. The average
value of the outcome of the measure of the operator A, namely its expectation value, is defined as

Eψ(A) =
∑
a

ϵap(a)

=
∑
a

ϵa ⟨ψ| |ϕa⟩ ⟨ϕa|︸ ︷︷ ︸
Πa

|ψ⟩

= ⟨ψ| (
∑
a

ϵaΠa) |ψ⟩

= ⟨ψ|A |ψ⟩ ,

(1.20)

where A =
∑

aΠa. Usually the expectation value of an observable A is also denote with ⟨A⟩.
The measurement operation is irreversible. For any process to be reversible, it should be possible

to obtain the initial state from the final state. During measurement, the information about the initial
state is lost. Quantum mechanics provides some statistical information on the possible results of
a measurement according to what is known as Born’s statistical interpretation or known as Born’s
rule. By repeating measurements on copies of the system, it is possible to establish the probabilistic
distribution of the results. The meaning of probability of an outcome must be understood according
to the interpretation given by the theory of probabilities as relative frequency: the probability of a
result is the ratio between the number of times the experiment is successful and the total number
of experiments done (repeated for a sufficiently large number of times).

1.1.4 Entanglement

In this paragraph, we are going to formally introduce the concept of entanglement, properties that,
by itself, differentiate classical and quantum computers. Entanglement is introduced when qubits
are allowed to interact. Interacting systems cannot be written in the tensor product form as we
seen for isolated system. If they are allowed to interact, the isolated system will contains both
qubits together, and the states of the qubits may not be factorizable in the subsystems. When this
happens, the qubits that are interacting each other are entangled. Entangled states own properties
that we can not find in any other classical object. For the fact that they interact with other qubits,
they do not own a individual state, and only the complete system has a well defined state. An
example of state composed by entangled qubit is one of the Bell states [3]. If we take the the state
$ |β00⟩ defined as

|β00⟩ =
|00⟩ − |11⟩√

2
, (1.21)

by following Equation 1.10, we can expand it as

|β00⟩ =
1√
2


1

0

0

−1

 . (1.22)

9



1.1. Brief dive into Quantum Mechanics

It is clear that there is no decomposed composition of u0, u1, v0, and v1 such that the tensor product

of u =

(
u0

u1

)
and v =

(
v0

v1

)
replicates |β00⟩. The state |β00⟩ is defined as entangled state.

Partial Trace

To identify whether a quantum state/system is made up by entangle qubits, we introduce the Partial
Trace operatrion. The action of the partial trace is to reduce the whole system representation to
one or more sub-systems. Given a quantum state represented by the density matrix ρAB, composed
by the two subsystems A and B, the partial trace on sub-system A, is defined as

ρA = TrA(ρAB) =
∑
i∈B

(I ⊗ ⟨iB|)ρAB(I ⊗ |iB⟩),

where i is a vector of the computational basis of the subsystem B. The obtained density matrix
can also be defined as reduced density matrix for sub-system A. If we apply the partial trace on one
qubit system, we obtain a simple trace operation i.e. the sum over the diagonal entries of the state
density matrix. At this point, a quantum state is defined as separable if and only if it can written
as mixture/linear combination of product states, i.e. product of the sub-systems reduced density
matrices, as follows

ρAB =
∑
i

piρ
i
A ⊗ ρiB. (1.23)

If a density matrix of a state cannot be written in the mixure form, then the state is entangled.

1.1.5 Entanglement measures

Along the whole thesis, multiple times the entanglement will be used as central metric in the
algorithm developed. It is therefore necessary to introduce the associated measures that can be
used to quantify entanglement or correlation between different component of the whole system.

Von Neumann Entropy

The Von Neumann Entropy can be used to measure the uncertainty of a quantum system. Given
a quantum state described by the density matrix ρAB, the Von Neumann entropy S(A) for the
sub-system A, is defined as

S(A) = −Tr(ρA log(ρA)), (1.24)

where ρA = TrA(ρAB) and S(A) ≥ 0 . The Von Neumann entropy is the quantum equivalent of the
classical Shannon Entropy.

Quantum Mutual Information (QMI)

Quantum counterpart of the classical Quantum Mutual Information (QMI), it is used to measure
the amount of correlation between two quantum states. It is defined starting as the sum of the
single Von Neumann entropies of the sub-systems minus the entropy of the composed system, i.e.

I(A,B) = S(A) + S(B)− S(A,B), (1.25)

10



1.2. Quantum Circuit paradigm

where I(A,B) ≥ 0 and S(A), S(B), S(A,B) ≥ 0.

1.2 Quantum Circuit paradigm

After defining how a system of one single or multiple qubits is composed, naturally, we need to
be able to manipulate them, evolve the state, perform the desired algorithm, and measure the
outcome. The most common paradigm to deal with quantum algorithm is the Quantum Circuit
paradigm. The Quantum Gates are the building blocks for quantum circuits and to each of them is
associated an operation that evolves the state of the system. Quantum gates are unitary operators
(i.e. UU † = U †U = I). In figure 1.1, a generic quantum circuit collects all the most common

components used in standard execution: U is a single-qubit gate, G is a multi-qubit gate, x

R(θ) is a parametrized single-qubit gate, CU is a controlled-operation, each single horizontal

line represent a qubit, the double line classical bit, while the is the measurement

operation. The gates are applied to the state from left to right, therefore, the temporal application

2

|0⟩0 U

G

R(θ) CU

|0⟩1
C-bits

Figure 1.1: Example of a quantum circuit composed of the most common gates and operation that are
present in quantum algorithms.

of gates in the circuit model is reversed w.r.t. to the standard algebraic applications of operator.
In particular, if we follow the same structure of Figure 1.1, the application of the state |00⟩ will be
CU01 ·R(θ)0 ·G01 · U0 |00⟩.

1.2.1 Single Qubit Gates

Here, we present some of the unitary operators that acts on a simple single-qubit system. Starting
from the Pauli’s matrices, namely X, Y , and Z, defined as

X =

[
0 1

1 0

]
, Y =

[
0 −i
i 0

]
, Z =

[
1 0

0 −1

]
, (1.26)

in which also the Identity matrix I can be added. which are known as Pauli’s matrices. The set
composed by the Pauli matrices {X,Y, Z, I} is going to be of fundamental relevance in the following
sections, in particular for the fact that, any operator that we want to measure and evaluate on a
quantum computer, needs to be defined as a linear combination of Pauli string, i.e. tensor product
of Pauli matrices. Pauli matrices in terms of manipulations, are associated with basic bit- and
phase-flips.

11
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We also introduce the Hadamard gate, which allows us to create a superposition of states:

H ≡
[

1√
2

1√
2

1√
2
− 1√

2

]
≡ 1√

2

[
1 1

1 −1

]
. (1.27)

These type of transformations are linear operators i.e. function L: C2 7→ C2 is said to be linear
if for each α1, α2 ∈ C and |v1⟩ , |v2⟩ ∈ C2 s.t.

L(α1 |v1⟩+ α2 |v2⟩) = α1L |v1⟩+ α2L |v2⟩

Other common operators are the generic rotations in the x, y, and z direction defined respectively
by

RX(θ) =

[
cos( θ2) −isin( θ2)
−isin( θ2) cos( θ2)

]
, RY (θ) =

[
cos( θ2) −sin( θ2)
sin( θ2) cos( θ2)

]
, RZ(θ) =

[
e−i

θ
2 0

0 ei
θ
2

]
(1.28)

as well as Phase gate S and T -gate, respectively defined as

S =

[
1 0

0 i

]
, T =

[
1 0

0 ei
π
4

]
. (1.29)

The former three operations compose a continuous set of rotation that can be used to define
any other single-qubit unitary. The listed above Pauli matrices are the generators of the Rotations
gates.

1.2.2 Multi-qubit quantum gates

Operation on quantum register of multiple qubits are necessary to describe the transformation of
composite system and they are essential for the introduction of entanglement in the system. In
general, if our system is composed of n qubits, then applying a gate U to the j-th qubit corresponds
to applying the following operation

I⊗ I⊗ · · · ⊗ U ⊗ · · · ⊗ I⊗ I

to the entire composite system. In the circuit model, when we apply a gate to a single qubit of a
series of qubits, the identity gate is considered to be applied to the remaining qubits even if it is
not inserted in the circuits.

H

X

=
H I

I X

Figure 1.2: Each step is defined by an application of the gates to the system.
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Controlled-NOT

One of the most important 2−qubit gate is the CNOT(controlled-NOT), which is the quantum coun-
terpart of the classical XOR. The CNOT, acts on two qubits: the target and the control. If the control
is 0 then the target is unchanged; if the control is 1, then the target is negated.

|x⟩ |x⟩
|y⟩ |x⊕ y⟩

Figure 1.3: CNOT gate, |x⟩ is the control qubit and |y⟩ is the target qubit

Given two quantum states |x⟩ and |y⟩, we can see the CNOT as the transformation

|x, y⟩ 7→ |x, x⊕ y⟩ ,

where |x⟩ is the control, |y⟩ is the target and ⊕ is the classical XOR operation. This gate can also
be represented in matrix3 form

CNOT =


1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 ,
where we can that the CNOT maps the states |00⟩ 7→ |00⟩ , |01⟩ 7→ |01⟩ , |10⟩ 7→ |11⟩ ,and |11⟩ 7→ |10⟩.

Controlled-Unitaries

Given an arbitrary single qubit unitary operation U , a controlled-U gate is a two qubit operation,
with the same structure seen for the CNOT. If the control qubit is in the state |1⟩ then U is applied
to the target qubit, otherwise the target qubit is unchanged. What we obtain by applying the
Controlled− U to the composite system is |x, y⟩ 7→ |x⟩Ux |y⟩ .

|x⟩ |x⟩

|y⟩ U Ux |y⟩

Figure 1.4: Controlled-U gate, |x⟩ is the control qubit and |y⟩ is the target qubit.

Toffoli Gate

A Toffoli gate is a 3-qubit quantum logic gate, that operates as a doubled controlled NOT acting on
a single target qubit. It’s a reversible gate, as all the one listed before, and is universal for classical
computation, i.e. any Boolean function can be built using Toffoli gates. It enables implementing
classical logic within quantum circuits and is a key component for error correction and reversible

3The reported CNOT matrix assume the ordering of the qubits in which the control qubit is the left-most, and the
targer, the right-most. Software packages/ QSDK might assume different ordering (e.g. Qiskti assumes little-endian
ordering).
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computation. Generally denoted with CCNOT, with associated matrix and symbol,

CCNOT =



1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0


(1.30)

|a⟩ |a⟩
|b⟩ |b⟩
|y⟩ |(a ∧ b)⊕ y⟩

Figure 1.5: Toffoli (CCNOT) gate, |a⟩ and |b⟩ are the control qubits and |y⟩ is the target qubit

1.2.3 Universal set

A quantum computer needs to be able to perform arbitrary single-qubit operations, e.g. H, S, T ,
Rx, Ry, and Rz, and introduce entanglement between qubits using at least one non-trivial multi-
qubit gate, e.g. CNOT or CZ (Controlled-Z). If the set of gates that we are using contains gates
allowing for both the manipulations, then , the set is a universal gate set for quantum computation,
i.e. any n-qubit unitary transformation can be approximated to arbitrary accuracy. Amongst the
previous presented gates, H, Pauli matrices, S, and the CNOT gates are defined as Clifford gates.
Clifford gates are such that they map Pauli matrices into Pauli matrices, and circuit composed by
them, according to the Gottesman-Knill theorem [3], can be efficiently simulated with a classical
computer. The T gate, rotations gate, and Toffoli gate, which are all4 non-cliffond , are therefore
fundamental to unlock the universality.

In this way, different combinations of them can lead to universality, in particular: Different gate
combinations achieve universality [3]:

• All single-qubit rotations + CNOT : If we can do arbitrary rotations on one qubit and
entangle qubits with CNOT , we can implement any n-qubit unitary.

• H, S, T , CNOT : Widely used in theoretical developement of fault-tolerant quantum
computing algorithm, as these gates are easier to protect with error correction.

• H, T , CNOT : H + T cover arbitrary single-qubit unitaries and adding CNOT makes the
set universal.

• Pauli rotations + CNOT : Using rotations (Rx, Ry, and Rz), or equivalently (X,Z,H,T ),
any single-qubit unitary can be generated, and CNOT provides the entanglement needed.

4Rotations gate for θ = kπ
2

are Clifford.
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• Toffoli + H: As demonstrated by Aharonov [4], Toffoli plus Hadamard is also universal.
Toffoli handles all classical logic, and H injects the ability to form quantum superpositions.

• Approximating arbitrary single-qubit rotations: Using the Solovay–Kitaev theorem,
discrete gate sets such as H, T can approximate any rotation (Rx and Rz) to arbitrary
precision.

1.3 Quantum Devices

In this section, we briefly address the main technologies that, nowadays, represent the quantum
computing ecosystem. Various physical implementations of qubits have been proposed, tested,
developed and are currently under development. Each technology offers advantages, peculiarity,
and limitations. It will be a short description for the main hardware technologies due the fact that
hardware implementation is not the topic of this thesis.

• Superconducting qubits (e.g., transmons): Superconducting circuits built from Joseph-
son junctions dominate today’s commercial devices (IBM, Google, Rigetti). They benefit from
well-developed microfabrication processes, relatively fast gate times on the order of 10–100 ns,
and straightforward on-chip scalability. However, they require operation at mK temperatures
in dilution refrigerators, suffer from relatively short coherence times 50–500 µs), and are
sensitive to fabrication variability and crosstalk as the number of qubits grows [5]

• Trapped-ion qubits: Ions such as 171Yb+ or 40Ca+ are held in electromagnetic traps and
manipulated with laser beams. These systems exhibit some of the longest coherence times in
any platform (seconds to minutes) and very high gate fidelities exceeding 99.9%, with all ions
being nearly identical in frequency. The trade-offs include relatively slow gate operations (tens
to hundreds of µ s), as well as engineering challenges in scaling to hundreds or thousands of
ions due to the complexity of laser control and ion shuttling between trap zones. Top players
in the sector are IonQ and Honeywell. A nice review can be found in the references [6]

• Spin-qubits in semiconductors (e.g., quantum dots): Spin qubits leverage the spin of
single electrons or holes confined in semiconductor quantum dots [7], often fabricated in silicon
or III–V compounds materials. In this field, Intel and QuTech, are the leading vendor. They
promise high-density integration compatible with established semiconductor manufacturing,
and benefit from long coherence times in isotopically purified silicon. Nonetheless, their gate
fidelities are still improving, and they remain sensitive to charge and nuclear-spin noise, while
requiring advanced cryogenic control electronics for precise manipulation [8].

• Neutral-atom / Rydberg atom qubits (e.g., optical tweezer arrays): Neutral atoms
such as rubidium or cesium are trapped in arrays of optical tweezers or lattices and use
Rydberg-state interactions for entangling gates. This approach offers natural scalability with
flexible two-dimensional geometries and relatively long coherence times ranging from millisec-
onds to seconds. Present challenges include slower and less reliable two-qubit gates, which
typically reach fidelities around 98–99%, and sensitivity to laser intensity noise and back-
ground gas collisions [9–12].
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• Photonic qubits (linear optics and integrated photonics): Photonic approaches en-
code qubits in single photons’ polarization. They can operate at or near room tempera-
ture, experience negligible decoherence during transmission, and are well suited for quantum
communication and networking. Yet, implementing deterministic two-qubit gates is difficult
because photons do not naturally interact, leading to probabilistic gate schemes and heavy
reliance on high-efficiency photon sources, detectors, and error-correcting schemes to achieve
scalability [13–15]. Photonic qubits most famous players are Xanadu and PsiQuantum.

• Topological qubits (e.g., Majorana-based qubits, still experimental): Topological
qubits aim to encode information in non-local quasiparticle modes such as Majorana zero
modes, theoretically offering intrinsic protection against many types of local noise. This
inherent error resilience could dramatically reduce the overhead needed for quantum error
correction [16, 17]. However, these systems remain in the early stages of experimental devel-
opment, with no large-scale or fault-tolerant demonstration to date, and the reliable creation
and braiding of topological excitations is still an open research challenge.

• Quantum Annealers: Even if is not properly a type of hardware, quantum annealing is a
quantum computing paradigm applied to optimization problems, exploiting a similar resolu-
tion to Simulated annealing. On top of this, quantum annealer exploits quantum tunneling
and superposition to find the global minimum of a given function, starting from the eigen-
solution of a know problem, and adiabaically evolving to the target problem [18, 19]. For
quantum annealest, the Canadian company D-Wave Systems is the leading in the sector.

1.3.1 Noisy Intermediate-Scale Quantum Computers

Despite the presence of a lot players in the quantum hardware development field, fault tolerant
digital quantum computer is still not available, and current intermediate scale devices are still
effected by a considerable noise level. Although this limits the depth of the circuits that can be
executed faithfully, these noisy intermediate-scale quantum (NISQ) devices are already been used in
different field. NISQ devices are susceptible to errors, which can only be partially mitigated using
error mitigation procedures. We report very briefly the main errors and techniques for dealing with
them (for detailed and more in-depth explanation, check the associated references, and textbooks [2,
3, 20–22]).

Types of Errors

Physical qubits are prone to bit-flip, phase-flip, and combined bit-phase errors. A bit-flip error acts
as a Pauli-X operator,

X |0⟩ = |1⟩ , X |1⟩ = |0⟩ , (1.31)

while a phase-flip corresponds to a Pauli-Z operator,

Z |0⟩ = |0⟩ , Z |1⟩ = − |1⟩ . (1.32)
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A depolarizing channel [3, 20–22] acting on a single qubit can be modeled as

E(ρ) = (1− p)ρ+ p

3

(
XρX + Y ρY + ZρZ

)
, (1.33)

where p is the depolarization probability and ρ the qubit density matrix. Errors can occur during
storage (decoherence), gate application, or measurement.

Noise

Noise describes the random, typically continuous interaction between a quantum system and its
environment. The loss of phase coherence is characterized by the dephasing time T2, while energy
relaxation is described by T1. For a pure dephasing channel the off-diagonal terms of ρ(t) decay
exponentially:

ρ01(t) = ρ01(0)e
−t/T2 . (1.34)

Environmental fluctuations, control imperfections, and thermal excitations lead to decoherence,
reducing the fidelity of quantum operations. Suppressing noise requires careful material engineering,
shielding, and dynamical decoupling techniques.

Gate Errors

Gate errors occur during the application of quantum operations due to imperfect control pulses,
cross-talk between qubits, or hardware limitations. If an ideal unitary operation is U , the imple-
mented gate can be modeled as a noisy operation

Ũ(ρ) = E(UρU †), (1.35)

where E is a quantum channel representing the error5. Common gate errors include over-rotation,
under-rotation, and phase errors, which accumulate over successive operations and degrade the
overall circuit fidelity:

F = Tr

(√√
ρideal ρactual

√
ρideal

)2

. (1.36)

Minimizing gate errors is critical for achieving high-fidelity quantum algorithms, and techniques
dynamical decoupling, and calibration routines are often employed.

Measurement Errors

Measurement errors occur during the readout of qubit states, when the observed outcome differs
from the actual qubit state due to detector noise, imperfect discrimination, or relaxation during
measurement. If the true qubit state is ρ, the measured probability distribution pmeas can be
modeled as

p⃗meas =M p⃗true, (1.37)

5Mathematically, it is a completely positive, trace-preserving (CPTP) map acting on density matrices as E : ρ →
E(ρ). If the system were perfect, this map would simply be the unitary evolution in Equation 1.35
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1.3. Quantum Devices

where p⃗true is the ideal probability vector and M is a classical confusion matrix encoding the
misassignment probabilities. For a single qubit, a typical readout error probability is

ϵ = Pr(0→ 1) ≈ Pr(1→ 0), (1.38)

which reduces the fidelity of quantum algorithms, particularly when many qubits are measured
simultaneously. Mitigation strategies include calibration of the confusion matrix and classical post-
processing to invert the measurement bias.

Error Mitigation

Error mitigation does not change the underlying hardware but applies algorithmic or calibra-
tion techniques to reduce bias in measured observables. For example, Zero-Noise Extrapolation
(ZNE) [23, 24] rescales the effective noise strength λ and extrapolates expectation values ⟨O⟩(λ) to
the zero-noise limit:

⟨O⟩0 ≈ lim
λ→0
⟨O⟩(λ). (1.39)

Other methods include Probabilistic Error Cancellation [23], which reconstructs an ideal circuit as
a quasi-probability mixture of noisy gates, and Measurement-Error Mitigation, which inverts the
classical confusion matrix obtained from calibration.

Error Correction

Quantum error correction (QEC) [20, 21] encodes one logical qubit |ψL⟩ into a subspace of n physical
qubits, allowing detection and correction of errors without measuring the logical state directly. A
simple three-qubit bit-flip code maps

|0⟩L = |000⟩ , |1⟩L = |111⟩ , (1.40)

detecting any single-qubit bit-flip via parity checks. Fault-tolerant schemes such as the surface
code [25] use topological redundancy to correct both bit- and phase-flip errors, enabling scalable
quantum computation once gate and measurement error rates fall below a threshold (typically
∼ 10−3).
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Chapter 2

Quantum Chemistry in a nutshell

As long as the quantum hardware is still sort of made up relative small number of qubits, noisy
gates, and limited scale keep a modest problem still out of reach. For now, classical methods,
powered by decades of refinement, remain the workhorse of computational chemistry. At its core,
the problem is simple1: solve the Schrödinger equation for a collection of electrons and nuclei.
In practice, however, the full solution is hopelessly out of reach, as the computational cost grows
exponentially with system size. Faced with this challenge, generations of chemists and physicists
have devised a hierarchy of approximations to make the impossible tractable. The Hartree–Fock
method offered the first systematic approach, capturing the mean-field behavior of electrons but
missing critical correlations. Post-Hartree–Fock methods such as configuration interaction and
coupled-cluster theory added layers of precision, at the price of a steep increase in computational
demands. In parallel, density functional theory revolutionized the field by trading exactness for
efficiency, enabling simulations of thousands of atoms—though always with the nagging caveat of
functional choices and limits to reliability.

These methods, refined over decades, now form a powerful toolbox. For the vast majority
of chemical problems—from small organic molecules to complex reaction mechanisms—they de-
liver predictions accurate enough to guide experiments and inspire new discoveries. Computational
chemistry has become not just a complement to the lab, but often a driver of innovation in materials
science, drug discovery, and catalysis. And yet, the cracks remain. When electron correlation be-
comes strong, as in transition metal complexes, excited-state dynamics, or photosynthetic systems,
classical approximations strain under their own weight. Problems that require both high accuracy
and large system sizes remain stubbornly elusive, forcing researchers to choose between detail and
scale.

The following chapter is a personal tentative to fit all the minimal theoretical requirement to
deal with an electronic structure problem. It is written following two essential quantum chemistry
textbooks, Molecular Electonic–Structure Theory2 by Trygve Helgaker [26], and Modern Quantum
Chemistry by A. Szabo and N. S. Ostlund [27]. The structure of the chapter is defined as fol-
low: In Section 2.1, we introduce the fundamental problem of computational quantum chemistry,
the Molecular Electronic–Structure Problem, passing from the first quantization definition, Section
2.1.1, through all the second quantized formalism, Section 2.2, ending by defining the Electronic

1Relatively simple once the thoery has been mastered.
2A.k.a. the Purple bible of computational quantum chemists.
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Hamiltonian in second quantization, Section 2.2.5. In Section 2.3, we introduce the Hartree–Fock
theory, giving an insight on how the self–consistent procedure works, in Section 2.3.3. After dealing
with single determinant wavefunctions, we move to beyond Hartree-Fock methods, in Section 2.4,
introducing the Configuration Interaction method, Section 2.4.1, Complete Active Space methods,
Sections 2.4.2-2.4.3, passing by Density Matrix Renormalization Group theory, in Section 2.4.4,
and concluding with other famous methods, but treated very quickly, such as Møller-Plesset pertur-
bation theory, Coupled–Cluster, both in Section 2.4.5, and Density Functional Theory, in Section
2.4.6.

2.1 The Molecular Electronic Structure Problem

The fundamental goal of molecular quantum chemistry is to determine the electronic structure of
atoms and molecules by solving the stationary Schrödinger equation

ĤΨ = EΨ, (2.1)

where Ĥ is the molecular Hamiltonian, Ψ the exact wave function and E the corresponding energy
eigenvalue. For a system of Ne electrons and NN nuclei, the first-quantized Hamiltonian in atomic
units reads

Ĥ = −
Ne∑
i=1

1

2
∇2
i −

NN∑
A=1

1

2MA
∇2
A −

∑
iA

ZA
riA

+
∑
i<j

1

rij
+
∑
A<B

ZAZB
RAB

. (2.2)

This Hamiltonian contains the kinetic energy of electrons and nuclei, the electron–nuclear attraction,
the electron–electron repulsion, and the nuclear Coulomb repulsion. Even for small molecules, the
exact solution of Eq. (2.1) is impossible analytically and grows exponentially in cost numerically
[26, 28].

2.1.1 Born Oppenheimer Approximation (BOA)

Because nuclei are much heavier than electrons, they move on a slower timescale. The BOA exploits
this separation by freezing nuclear positions while solving the electronic problem. Under BO, the
Hamiltonian becomes

Ĥe = −
∑
i

1

2
∇2
i −

∑
iA

ZA
riA

+
∑
i<j

1

rij
+ VNN , (2.3)

where VNN is a constant for fixed nuclear coordinates. The electronic Schrödinger equation,

ĤeΨ(r1, . . . , rNe) = EeΨ(r1, . . . , rNe), (2.4)

defines the potential energy surface on which nuclei move.

2.2 Second Quantization Framework

While the first-quantized formulation expresses the many–electron wave function explicitly in terms
of particle coordinates, the second quantization formalism provides a more compact and algebraically
convenient representation of many-fermion systems. Instead of tracking the coordinates of individual
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2.2. Second Quantization Framework

electrons, it focuses on the occupation of one-particle states (spin–orbitals) and describes changes in
occupancy through algebraic operators. This approach naturally incorporates the Pauli exclusion
principle and simplifies the derivation of electronic structure methods [26, 28].

2.2.1 From First to Second Quantization

Let {ϕp(x)} be an orthonormal set of spin–orbitals, with x = (r, σ) denoting both spatial and spin
coordinates. A general antisymmetric Ne-electron wave function can be written as a linear combi-
nation of Slater determinants constructed from these spin–orbitals. Each determinant corresponds
to a unique configuration of occupied orbitals, and the collection of all such configurations forms
the Fock space. Second quantization provides a systematic way to operate on this space.

2.2.2 Fock Space, Antisymmetry and Slater Determinants

Given a finite set of M orthonormal spin-orbitals {ϕp}, we define the fermionic Fock space as

F =

M⊕
N=0

H(N), (2.5)

namely the direct sum of all N -electron Hilbert spaces. A many-electron basis state is written in
occupation number representation (or occupation number vector) as

|n1 n2 . . . nM ⟩, np ∈ {0, 1}, (2.6)

where np specifies whether spin-orbital ϕp is occupied.
Because electrons are indistinguishable fermions, the electronic wave function must be antisym-

metric under particle exchange. If Pij denotes the permutation operator that exchanges electrons i
and j, any physical wave function must satisfy

PijΨ(x1, . . . ,xi, . . . ,xj , . . . ,xN ) = −Ψ(x1, . . . ,xi, . . . ,xj , . . . ,xN ). (2.7)

A compact way to enforce antisymmetry is the Slater Determinant (SD). Given N spin-orbitals
{ϕ1, . . . , ϕN}, the corresponding antisymmetric wave function is

Φ(x1, . . . ,xN ) =
1√
N !

∣∣∣∣∣∣∣∣
ϕ1(x1) · · · ϕN (x1)

...
. . .

...
ϕ1(xN ) · · · ϕN (xN )

∣∣∣∣∣∣∣∣ . (2.8)

Exchanging two electron coordinates is equivalent to exchanging two rows of the determinant, which
changes its sign, thus guaranteeing the correct fermionic transformation. Moreover, if two electrons
attempt to occupy the same spin-orbital, two columns become identical and the determinant van-
ishes. Therefore, the Pauli exclusion principle is automatically enforced.

In second quantization, each SD corresponds uniquely to an occupation number vector in Fock
space, as defined in Equation 2.5. For example,

|ϕ1 ϕ2 ϕ4⟩ ←→ |110100⟩.
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2.2.3 Creation and Annihilation Operators

Transitions between occupation vectors are described by fermionic creation and annihilation opera-
tors, â†p and âp, which respectively add or remove an electron in orbital p. Their action on a generic
occupation vector is defined by

â†p|n1 . . . np . . . nM ⟩ = (−1)
∑

q<p nq (1− np) |n1 . . . 1p . . . nM ⟩, (2.9)

âp|n1 . . . np . . . nM ⟩ = (−1)
∑

q<p nq np |n1 . . . 0p . . . nM ⟩. (2.10)

For instance, acting on |1000⟩, the operator â†2 yields −|1100⟩, where the negative sign arises from
the antisymmetry of fermions. The operators obey the canonical anti–commutation relations

{âp, â†q} = δpq, {âp, âq} = {â†p, â†q} = 0, (2.11)

which ensure that no orbital can be doubly occupied and that the overall wave function remains
antisymmetric under particle exchange, i.e. they enforce the Pauli exclusion principle at the operator
level.

2.2.4 One- and Two-Electron Integrals

To express the electronic Hamiltonian in this operator form, the molecular spin–orbital basis is used
to define the one-electron and two-electron integrals. The one-electron integrals,

hpq =

∫
ϕ∗p(x)

(
−1

2∇2 −
∑
A

ZA
rA

)
ϕq(x) dx, (2.12)

represent the combined kinetic energy and electron–nuclear attraction between orbitals p and q.
The two-electron Coulomb integrals are defined as

(pq|rs) =
∫∫

ϕ∗p(x1)ϕq(x1)ϕ
∗
r(x2)ϕs(x2)

r12
dx1 dx2, (2.13)

where r12 = |r1 − r2| is the electron–electron distance. These integrals depend only on the chosen
one-electron basis and can be computed once at the beginning of a calculation.

2.2.5 Electronic Hamiltonian in Second Quantization

In terms of the creation and annihilation operators, the Born–Oppenheimer electronic Hamiltonian
takes the compact form

Ĥe =
∑
pq

hpq â
†
pâq +

1
2

∑
pqrs

(pq|rs) â†pâ†qâsâr. (2.14)

The first term describes all one-body processes (kinetic and electron–nuclear), while the second
term accounts for pairwise Coulomb repulsion between electrons. Normal ordering of operators is
usually implied, ensuring that creation operators precede annihilation operators.

This representation is completely general and forms the algebraic foundation for most modern
electronic structure theories. The Hartree–Fock model corresponds to a single-determinant ap-
proximation to the exact wave function, while correlated post–Hartree–Fock methods (CI, coupled
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cluster, DMRG, etc.) emerge from systematic manipulations of Eq. (2.14).

2.3 Hartree–Fock Theory

The second–quantized Hamiltonian in Equation 2.14 provides the formal starting point for wave
function methods. In practice, the simplest non–trivial approximation is obtained by restricting
the N–electron wave function to a single Slater determinant. This leads to the Hartree–Fock (HF)
method, which provides a mean–field description of electron correlation and constitutes the reference
state for most post–HF approaches [26, 28].

2.3.1 Variational Principle and Hartree–Fock Ansatz

The electronic ground state energy satisfies the variational bound

E0 ≤
⟨Φ|Ĥ|Φ⟩
⟨Φ|Φ⟩ . (2.15)

In the HF approximation, the trial wave function is constrained to be a single Slater determinant,

|Φ⟩ = |ϕ1ϕ2 . . . ϕNe⟩, (2.16)

where the orbitals {ϕp} are orthonormal spin–orbitals to be optimized. Applying the variational
principle under orbital orthonormality constraints leads to the Hartree–Fock equations [28].

2.3.2 Fock Operator and Roothaan–Hall Equations

Minimization of the energy expectation value yields the one–electron eigenvalue problem

F̂ ϕp = εp ϕp, (2.17)

where F̂ is the Fock operator. In a spin–orbital basis,

Fpq = hpq +
∑
rs

Drs

[
(pq|rs)− (pr|qs)

]
, (2.18)

with Drs the one–particle density matrix. The two–electron terms can be written as Coulomb and
exchange contributions,

Jpq =
∑
rs

Drs(pq|rs), Kpq =
∑
rs

Drs(pr|qs), (2.19)

so that F = h + J − K. The Coulomb term represents the average electron repulsion, while the
exchange term arises purely from antisymmetry and has no classical analogue.

When the orbitals are expanded in a non–orthonormal atomic basis {χµ},

ϕp =
∑
µ

Cµp χµ, (2.20)
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Eq. (2.17) becomes the generalized eigenvalue problem

FC = SCε, (2.21)

known as the Roothaan–Hall equation, where S is the overlap matrix and ε contains the orbital
energies.

2.3.3 Self-Consistent Field Procedure

Since the Fock operator depends on the density matrix and the density depends on the orbitals,
Eq. (2.21) must be solved self–consistently. The HF solution is thus obtained through a Self–
Consistent Field (SCF) cycle:

1. guess the molecular orbitals (or density matrix),

2. build the Fock matrix F,

3. solve Eq. (2.21) for new orbitals,

4. update the density matrix,

5. iterate until convergence.

Upon convergence, the HF determinant defines the best single–determinant approximation to
the ground state. Its energy reads

EHF =
∑
pq

Dpq hpq +
1

2

∑
pq

Dpq (Jpq −Kpq) + VNN . (2.22)

HF includes exchange effects but neglects dynamic electron correlation, motivating post–HF meth-
ods.

2.3.4 Basis Sets and Basis–Set Limit

In practical calculations, the spin–orbitals are expanded in finite Gaussian or Slater basis sets
{χµ}. Increasing the basis size systematically lowers the variational HF energy and approaches the
Complete Basis–Set (CBS) limit. Correlated methods converge more slowly than HF with respect
to the basis size, but HF still provides a controlled reference and a set of canonical orbitals widely
used in post–HF theories.

2.4 Beyond Hartree-Fock Methods

Although Hartree–Fock provides the best single–determinant approximation to the ground state, it
neglects electron correlation beyond exchange. Post–HF methods aim to recover this correlation by
enlarging the space of accessible wave functions or by introducing more accurate electron–electron
treatments.
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2.4. Beyond Hartree-Fock Methods

2.4.1 Configuration Interaction

Configuration Interaction (CI) provides the most straightforward systematic improvement beyond
the HF approximation. Instead of restricting the wave function to a single SD, CI expands it as a
linear combination of many determinants constructed from a fixed orbital basis,

|ΨCI⟩ = c0|Φ0⟩+
∑
ia

cai |Φai ⟩+
∑
ijab

cabij |Φabij ⟩+ · · · , (2.23)

where |Φ0⟩ is the HF reference, and |Φai ⟩, |Φabij ⟩, etc. are singly and doubly excited determinants,
and {cI} are linear coefficients determined variationally. This expansion allows the explicit mixing
of electronic configurations and therefore accounts for electron correlation effects beyond the mean–
field picture[28, 29].

The CI coefficients are obtained by solving the secular equation

Hc = E c, (2.24)

where the matrix elements HIJ = ⟨ΦI |Ĥ|ΦJ⟩ are computed using the Slater–Condon rules[28].
Because the CI wave function is linear and variational, its energy is an upper bound to the exact
electronic energy in the chosen orbital basis.

The Full Configuration Interaction (FCI) limit includes all possible determinants generated by
distributing Ne electrons among M spin–orbitals. It represents the exact solution of the non–
relativistic Born–Oppenheimer electronic problem within that basis. However, the number of de-
terminants grows combinatorially as

(
M
Ne

)
, leading to an exponential scaling in both memory and

computational effort, which limits FCI to very small systems.
Truncated CI models, such as CIS (singles), CID(doubles), and CISD (singles and doubles),

provide a practical compromise by retaining only a subset of excitations relative to the HF reference
|Φ0⟩. While they capture a significant portion of the correlation energy, they are not size–consistent,
meaning that the energy of two non–interacting subsystems is not equal to the sum of their individual
energies. This deficiency ultimately motivated the development of multireference and coupled–
cluster methods. In particular, when several configurations contribute nearly equally to the ground
state, as in bond–breaking or transition–metal complexes, a single HF determinant is an inadequate
reference and a multi–configurational approach, such as Complete Active Space Self–Consistent Field
(CASSCF) , becomes necessary.

2.4.2 Complete Active Space Configuration Interaction (CASCI)

A natural multi–reference extension of CI is the Complete Active Space Configuration-Interaction
(CASCI) method. In CASCI, one selects an active space of m orbitals containing n electrons and
performs a FCI expansion only within this space,

|ΨCASCI⟩ =
∑

I∈CAS

CI |ΦI⟩, (2.25)

where the determinants {|ΦI⟩} span all possible occupations of the chosen active orbitals. This
construction retains full multi–reference flexibility while avoiding the exponential scaling of a global
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FCI expansion. However, the orbitals are kept fixed, typically at the HF level. Consequently,
although CASCI describes static correlation within the active space, its accuracy is limited by
the choice of orbitals and it lacks full variational optimization. These limitations motivate the
following method, the Complete Active Space Self–Consistent Field (CASSCF), in which both the
CI coefficients and the orbitals are simultaneously optimized.

2.4.3 Multiconfigurational Methods: CASSCF and MCSCF

The Complete Active Space Self–Consistent Field (CASSCF) procedure start from a CASCI wave-
function expanded on the subset of desired active orbital. CASSCF optimization proceeds through
a two–step iterative process. For fixed orbitals, the CI step solves the eigenvalue problem within the
active space, producing the optimal {CI}. Next, for fixed CI coefficients, the orbital step optimizes
the orbital rotation parameters to minimize the total energy. These two steps are alternated until
self–consistency is reached, resulting in an energy that is stationary with respect to both orbital
and configuration variations. The generalized version instead, Multi-Configuration Self-Consistent
Field (MCSCF) approach expand the solution of the CI as a Truncated CI method, including a
lower number of determinants compared to CASCI. A general CASSCF or MCSCF wavefunction
Mathematically, CASSCF can be viewed as a generalization of HF in which the single determinant
is replaced by a multi–configurational reference. It therefore captures static correlation exactly
within the active space, while a portion of the dynamic correlation is recovered through the orbital
relaxation from the outer space, between active and inactive orbitals. This recovery of dynamic
correlation, however, is not fully complete because CASSCF treats electron correlation only within
the active orbitals explicitly, and relies solely on orbital optimization to mimic the correlation with
the external space. As a result, most of the dynamic correlation residing in the inactive and virtual
orbitals remains unaccounted for. To address this shortcoming, post–CASSCF approaches, most
notably multireference perturbation theories such as CASPT2 [30–33] and NEVPT2 [34–36], are
employed. These methods provide a systematic, well–defined framework for capturing the missing
dynamic correlation and thereby improving both the accuracy of energies and the reliability of po-
tential energy surfaces. The accuracy of CASSCF depends critically on the choice of active orbitals,
which should include all near–degenerate or chemically relevant orbitals.

The computational cost of CASSCF grows combinatorially with the size of the active space:
a CAS(n,m), containing n active electrons in m active orbitals, scales roughly as O(mn). This
exponential growth limits conventional CASSCF to about 16–18 active orbitals even on modern
hardware. To treat larger spaces, tensor–network approaches such as the Density Matrix Renormal-
ization Group (DMRG) have been introduced, providing an efficient polynomial–scaling alternative.

2.4.4 Density Matrix Renormalization Group (DMRG)

The Density Matrix Renormalization Group (DMRG) was originally developed in condensed–matter
physics [37, 38] and later adapted for quantum chemistry [39, 40]. Its power lies in efficiently
representing large multi–configurational wave functions that would be intractable for traditional CI
or CASSCF methods.

The FCI expansion scales exponentially with the number of active orbitals, since each orbital
may be occupied or empty for each spin. DMRG replaces this explicit determinant expansion
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2.4. Beyond Hartree-Fock Methods

by a compact tensor network representation, the Matrix Product Ansatz (MPS), whose number
of parameters grows only polynomially with the number of orbitals. The MPS ansatz for a wave
function in a basis of L spin–orbitals reads

|Ψ⟩ =
∑
{n}

An1
1 A

n2
2 · · ·AnL

L |n1n2 . . . nL⟩, (2.26)

where ni ∈ {0, 1} denote orbital occupations and the tensors {Ani
i } carry internal “bond” indices

connecting neighboring orbitals. The dimension of these internal indices, denoted D, controls the
expressive power of the ansatz: D = 1 corresponds to a single determinant, HF determinant, while
large D approaches the exact FCI limit.

DMRG exploits the physical observation that ground states of non–critical systems obey an
area law of entanglement [41]: the entanglement entropy between subsystems grows only with the
size of the boundary between them. Consequently, a modest bond dimension D is sufficient to
accurately describe states with limited entanglement, as often encountered in molecules. The fact
that it focuses computational effort on the most relevant parts of Hilbert space, truncating the rest
based on density–matrix eigenvalues, becomes one of its key advantage.

DMRG determines the optimal MPS variationally by minimizing the expectation value ⟨Ψ|Ĥ|Ψ⟩.
This is accomplished through an iterative sweeping procedure: two neighboring tensors are opti-
mized while keeping the rest fixed, the environment tensors are updated, and the sweep continues
back and forth until convergence. The resulting energy is strictly variational and systematically
improvable by increasing D.

For a given bond dimension D and number of orbitals L, the DMRG cost scales approximately as
O(LD3), much more favorable than the exponential scaling of FCI or CASSCF3. Typical chemical
accuracy is achieved with D in the range 500–2000, depending on the degree of entanglement, and
size of the molecular space.

In quantum chemistry, DMRG is commonly employed as an active–space solver within the SCF
framework, leading to the Density Matrix Renormalization Group Self–Consistent Field (DMRG-
SCF) method. Here, the DMRG algorithm replaces the FCI solver in the CASSCF procedure,
allowing active spaces of 30–50 orbitals to be treated with high accuracy. The orbital optimization
and DMRG sweeps are iterated to achieve mutual self–consistency, in analogy with the conventional
CASSCF macro–cycle.

For a detailed explanation of the DMRG theory, please consult the reference [41].

2.4.5 Other Methods: MP2 and CC

Electron correlation can also be treated without explicit CI expansions. Second—order Møller-
–Plesset Perturbation Theory (MP2) provides a cheap correction to the HF energy and is based on
Rayleigh–Schrödinger perturbation theory,

EMP2 =
∑
ijab

(ij|ab)
[
(ij|ab)− (ib|aj)

]
εi + εj − εa − εb

. (2.27)

3For a more accurate scaling analysis check the Appendix 4.3.2
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Coupled-Cluster (CC) methods use an exponential ansatz

|ΨCC⟩ = eT̂ |Φ0⟩, (2.28)

with T̂ = T1+T2+ · · · the cluster excitation operator [42, 43]. Truncations such as Coupled–Cluster
Singles–Doubles (CCSD) or Coupled–Cluster Singles–Doubles Pertubative Triples (CCSD(T)) [44]
are size–consistent and the latter is widely considered the “gold standard” for weakly correlated
systems.

2.4.6 Density Functional theory

Density Functional Theory (DFT) provides an alternative to wave function methods by expressing
the ground–state energy as a functional of the electron density ρ(r). The Hohenberg–Kohn theorems
establish that the ground–state density uniquely determines all properties of a many–electron system
and the exact ground–state energy is obtained by minimizing an energy functional of the density [45].
In practice, the Kohn–Sham (KS) formulation maps the interacting problem onto a fictitious system
of non–interacting electrons that reproduces the same density, greatly simplifying the numerics [46].

The KS energy functional is written as

E[ρ] = Ts[ρ] + Vne[ρ] + J [ρ] + EXC[ρ], (2.29)

where Ts[ρ] is the kinetic energy of the KS reference determinant, Vne is the nuclear attraction, J is
the classical Coulomb term, and EXC[ρ] is the Exchange–Correlation (XC) functional, which must
be approximated. Increasingly accurate approximations form the so–called Jacob’s ladder of DFT,
ranging from the Local Density Approximation (LDA) and Generalized Gradient Approximations
(GGA) to meta–GGA, hybrid, and double–hybrid functionals [47].

DFT offers a favorable accuracy–to–cost ratio, making it widely used for molecular structure,
thermochemistry, and properties. For this reason, in Chapter 4 we will employ selected KS func-
tionals as a reference for benchmarking correlated methods, including those based on CASSCF and
DMRG.
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Chapter 3

Tackling Quantum Chemistry problem
with Quantum Computing

The two previous chapters have outlined the theoretical foundations of quantum computing and
quantum chemistry, trying to briefly underlay principles and computational methods. First, quan-
tum mechanics and the quantum circuit paradigm provide the mathematical and algorithmic frame-
work for exploiting qubits as computational resources. Second, quantum chemistry describes the
complexity of molecular systems, where diverse approximations—ranging from Hartree–Fock theory
to advanced post-Hartree–Fock methods—have been devised to overcome the exponential scaling
of the electronic structure problem.

Despite the maturity of classical quantum chemistry, its limitations become evident when deal-
ing with strongly correlated systems or large active spaces. Quantum computing, though still in its
early stages, offers a promising path to overcome some of these bottlenecks by embedding quantum
subroutines within standard workflows. The challenge, therefore, lies not in replacing established
methods altogether, but in designing hybrid pipelines where quantum processors complement clas-
sical algorithms in a targeted and efficient manner.

This chapter, introducing the topic of the thesis, focuses on the central idea of tackling quantum
chemistry problems with quantum computing, serving as the bridge between theoretical background
and the development of practical pipelines. First, the mapping of molecular problems to qubits is
introduced, clarifying how the language of second quantization translates naturally into the quantum
computing framework. Next, we put more attention to the main resolution algorithm used in our
approaches, i.e Variational Quantum Eigensolver (VQE), which has intermittently been considered
a viable near–term approaches for estimating molecular ground states on Noisy Intermediate–Scale
Quantum (NISQ) devices.

By establishing these connections, this chapter lays the groundwork for the second part of
this thesis, which turns toward specific developments, such as active space selection, geometry
optimization, single–point calculations, and multi–configurational self-consistent field methods, each
tackled within a HQC paradigm.

The structure of the chapter is defined as follow: In Section 3.1, we introduce the tools to map
the representation of electrons and molecular orbital form bit to the qubit space. We define what
aFermion–to–Qubit (F2Q) is in Section 3.1.1. Then, in Section 3.1.2, we report how, dealing with
a restricted number of orbital, we can reduce the full molecular space representation into the active
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sites only. After this, we introduce out main solver tool, the Variational Quantum Eigensolver
(VQE) algorithm in Section 3.2 and how we can define suitable circuit, i.e. the wavefunction of the
problem, in the qubit space, with Section 3.3. Finally, in Section 3.4 we define the main steps an
average quantum chemistry pipeline is composed of.

3.1 From Bits to Qubits

The previous chapter presented the basis and the main computational tools to tackle and face
standard quantum chemistry calculations (classically) at different level of theory. Even the simplest
procedure, as evaluating the energy of the |HF ⟩ state on a quantum computer, require different
steps. Therefore, if the final objective, as we are going to show in the whole manuscript, is to
perform a calculation on a quantum computer, so by exploiting a quantum algorithm, the first
essential step is to performs a mapping between the Fermionic space to the qubit space by means
of a Fermion-to-Qubit mapping method.

3.1.1 Fermion–to–Qubit mapping

As we seen in the previous section, a generic quantum chemistry wavefunction (or fermionic wave-
function) lives in the Fock space, F , as defined in Equation 2.5. In this space, the anti-symmetrization
principle, explained in Equation 2.7, and the commutation rules for Fermionic operators, Equations
2.11, strongly constrain the symmetries. Moving to a quantum computer, these symmetries need
to be conserved and properly translated from the fermionic space to the qubit space. Therefore, if
the final objective is to solve a task on a quantum computer, we need to be able to maintain the
same symmetric structure we had in the fermionic space, in the qubit space. Contrary to Fermions,
qubits are distinguishable bosons. In order to properly manipulate fermionic objects in the qubit
space, Fermion–to–Qubit (F2Q) mapping is mandatory.

A Fermion–to–Qubit (F2Q) mapping is a transformation that translates the algebra of fermionic
creation and annihilation operators into the algebra of qubit operators in such a way that the
essential algebraic properties of the fermionic operators are preserved. Consider a system of N
fermionic modes, described by the annihilation and creation operators

{âp}, {â†p}, p ∈ {0, 1, . . . , N − 1}, (3.1)

satisfying the canonical anti-commutation relations

{âp, âq} = 0, {â†p, â†q} = 0, {âp, â†q} = δpq. (3.2)

These operators act on the fermionic Fock space FN , F(CN ), and each basis state are defined as a
occupation number vector

|n0, n1, . . . , nN−1⟩, np ∈ {0, 1}, (3.3)

obtained by apply the creation operators on the fermionic vacuum state |0f ⟩.

Definition 1. Fermion–to–Qubit (F2Q) mapping: A F2Q mapping is defined as a linear
algebra homomorphism

M : Afermion → Aqubit, (3.4)
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where Af is the algebra generated by the fermionic operators acting on FN , and Aq is the algebra
generated by tensor products of Pauli matrices acting on an N -qubit Hilbert space (C2)⊗N . Both
spaces are C2N .

The purpose ofM is to provide explicit representations

M(âp), M(â†p), M(n̂p = â†pâp) (3.5)

as operators on qubits that reproduce the fermionic anti-commutation rules. By mean of a mapping,
all physical observables and dynamics expressed in terms of fermionic operators are going to be
conserved also in the qubit space. In general,M must satisfy the following key properties:

• Faithfulness: M is injective on the fermionic algebra so that no physical information is
lost.

• Preservation of algebraic relations: M(âp),M(â†q) satisfy the canonical anti-commutation
rules.

• Compatibility with the Fock space basis: M(n̂p) acts diagonally in the computational
basis |0⟩, |1⟩.

Thus, a F2Q mapping is a structure-preserving homomorphism that link the fermionic operator
formalism of quantum many-body physics with the qubit-based operator formalism of quantum
computing. Concretely, a mapping M assigns to each fermionic mode p a set of Pauli operators
on a register of N qubits. Since qubits obey tensor-product commutation relations rather than
fermionic anti-commutation, the map must encode the fermionc anti-simmetrization rule explicitly,
often through nonlocal parity strings.

Different method exist to convert Fermionic operators to the bosonic space of the qubits, above
all the most popular are Jordan-Wigner [48], Parity [49], Bravy-Kitaev [50], but also custom and
ad-hoc mappings can be defined [51, 52].

Jordan-Wigner Mapping

We briefly explain the main mapping method used throughout the whole thesis, the Jordan–Wigner
mapping [48]. The JW mapping allows for a more intuitive transformation, maintaining a almost
1–to–1 correspondence between Slater determinants, states in the computational basis in the qubit
space, and creation/annihilation operators. Each active spin orbital is going to be mapped to
one qubit and the encoding represent the occupation of that specific spin orbital, as for Slater
Determinants. 1The vacuum state is going to be defined in the same way, i.e.

|0⟩f = |0 . . . 00⟩f → |0⟩q = |0 . . . 00⟩q . (3.6)

The Hartree-Fock state of an H2 two orbital system, |HF ⟩ = |0101⟩f , is going to be mapped to the
computational basis vector |HF ⟩q = |0101⟩q. An excited determinant is going to follow the same

1The ordering of Fermionic modes and qubits is not fixed, changing from software to software and from publication
to publication, but generally the two main orderings are splitted, |0β . . . 0β0α . . . 0α⟩, thus splitting alpha and beta
spin orbitals, or interleaved, |0β0α . . . 0β0α⟩. For this explanation, we stick to the first one.
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structure, e.g. |1001⟩f → |1001⟩q. The transformation applies to the fermionic operators. These
operators, as already explained in the previous section, allows for creating (destroying) a particle
associated with a specific spin orbital. In particular,

MJW(â†i ) = Q̂†
i

i−1∏
j=0

Zj and MJW(âp) = Q̂i

i−1∏
j=0

Zj , (3.7)

where Q̂†
i =

1
2(Xi− iYi), Q̂i = 1

2(Xi+ iYi), and i iterates over the set of active spin orbitals. The Q̂
operators can be associated to creation and annihilation operators in the qubit space, respectively.
As well as the fermionic creation and annihilation operators act to modify the occupancy of the
relative spin-orbital, the qubit operators act to change the state of the qubit related to the specific
spin orbital. The full correspondence is finalized with a series of Pauli Z matrices that allow to
compute the parity of the state and account for the fermionic anti-commutation between a and
a†. Using Equations 3.7 in Equation 2.2, the effective Hamiltonian in the qubit space, Ĥq, can be
written as

Ĥq =

L∑
i

ciP̂i =

L∑
i

ci

NMO⊗
j=0

σ̂ij , (3.8)

where each σ̂j ∈ {X,Y, Z, I} is a Pauli matrix acting on the j-th qubit, ci is a coefficient relative to
the i-th Pauli string P̂i, NMO is the number of qubit or number of spin-orbitals, and L, proportional
to N4

MO, is the number of Pauli string composing the qubit Hamiltonian. Each Pauli string P̂i is
obtained by the multiplication of each term in the original Hamiltonian, Ĥeff , once they get mapped
in the qubit space.

We now know how to map a generic fermionic string (e.g. â†i âj or â†i â
†
j âkâl) into the qubit-space

equivalent. The missing link is how to relate a generic qubit Hamiltonian to a electronic structure
second quantized Hamiltonian. This procedure is done through the coefficients ci associated with
each Pauli string P̂i. Each coefficient is proportional to the respective one- and two-body integrals
defined from a classical quantum chemistry method, e.g.HF, CASSCF, DFT, and so on. Therefore,
without entering in the merit of any particular method, suppose we now have a set of one- and two-
body integrals (defined in second quantization) namely hpq and Γpqrs = (pq|rs), defined accordingly
to Equation 2.12 and 2.13 in Section 2.2. We begin with the electronic Hamiltonian in second
quantization, expressed over the full molecular orbital basis:

Ĥ =
∑
pq

hpq a
†
paq +

1

2

∑
pqrs

(pq|rs) a†pa†qasar (3.9)

where hpq are the one-electron integrals, (pq|rs) the two-electron integrals (in chemist’s notation),
a†p, aq fermionic creation and annihilation operators, as defined in Section 2.2.

3.1.2 Defining an Effective Hamiltonian

As we already introduced in the previous chapter, it is possible to focus on a subset of orbitals on
which the FCI is solved, and perform what is called a Complete Active Space (CAS) method on this
subset. Any CAS method, either CASCI, CASSCF, DMRG, or post-SCF method2, require the exact

2For example CASPT2, or higher order CASPTn, as well as NEVPT

32



3.2. Variational Quantum Eigensolver (VQE)

or trucated solution in the active space, and therefore, a scheme to reduce from the whole system
to the region of interest is necessary. The active space procedure, which is going to be approached
in the dedicated section, Chapter 4, allows to define a subset of molecular orbital, A ⊂ M, from
the total molecular orbital space, M. Thus, the MO basis can be partitioned into core orbitals,
C, orbitals that are going to be always doubly occupied, the active orbitals, A, which are going to
be treated more accurately either classically or by a quantum computing method, and the virtual
orbital, V, which are going to be always unoccupied. The core orbitals indexed by u, v ∈ C, active
orbitals indexed by i, j, k, l ∈ A, and virtual orbitals indexed by a, b, c, d ∈ V.

Following this subdivision, the effective one-body and two-body integrals can be defined, namely
heffpq and Γeffpqrs, as well as the new core energy, Ecore. Restricting to the active space, the effective
Hamiltonian, Heff , is defined as

Ĥeff = Ecore +
∑
ij∈A

heff
ij a

†
iaj +

1

2

∑
ijkl∈A

Γeffijkl a
†
ia

†
jalak. (3.10)

In order to obtain the new effective component, the following contraction are required. Assuming
the core orbitals are always doubly occupied, their contribution to the energy becomes a constant
scalar term

Ecore =
∑
u∈C

huu +
1

2

∑
u,v∈C

[2(uu|vv)− (uv|vu)] . (3.11)

The one-electron integrals over the active space are modified due to the presence of the frozen core,
leading to the effective one-body integrals as

heff
ij = hij +

∑
u∈C

[2(ij|uu)− (iu|uj)] , i, j ∈ A, (3.12)

so by reducing two-body interaction to one-body interaction restricted to the active space. The
effective-two body tensors instead is just obtained as Γeffijkl = (ij|kl), where the indices i, j, k, l ∈ A,
leaving outside all the indices non included in A. Without building the effective Hamiltonian, the
effective integrals can be now be used by a standard quantum chemistry pipeline in order to apply
one of the methods listed in the main manuscript (e.g. CASCI, CASSCF, orDMRG).

3.2 Variational Quantum Eigensolver (VQE)

Variational Quantum Eigensolver (VQE) utilizes a HQC approach to estimate ground state ener-
gies of molecular systems by optimizing a parameterized quantum ansatz through iterative energy
minimization. Since about a decade the method has been largely studied (and criticized) for its
employment into near-term applications designed for quantum chemistry [53–59]. The VQE is gen-
erally used in place of a classical CI solver a-la CASCI for implementing Hybrid Quantum–Classical
(HQC) pipelines for which, ideally, the resolution of the classical part is unfeasible. Its simplicity
instead hides scalability challenges because of the growth of expressivity of the trial wavefunction
with its depth, the flatness of the corresponding energy landscape, the intensive exchange of data
between quantum ←→ classical devices, and noisy quantum devices. The VQE went through ups
and downs of popularity3, nevertheless, the algorithm will be used as main resolution tool through-

3Recently, started to shine again thanks to Sample based algorithms.
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out the whole thesis. In this section, we are going to present briefly the VQE algorithm in all its
components. A exhaustive review on the VQE method can be found in the references [59].

3.2.1 Hybrid Variational Algorithm

The VQE algorithm bases is resolution on the Rayleigh-Ritz Variational Principle [60]. The prin-
ciple states that given an Hamiltonian H and the associated groundstate energy E0, for any trial
wavefunction |ψ⟩, the energy obtained by the trial state

E0 ≤ ⟨Ψ|H |Ψ⟩ . (3.13)

Therefore, the energy of any wavefunction is strictly lower bounded by the ground state energy E0

of the system associated to H. The VQE method, exploiting the principle explained in Eq. 3.13, is
meant to variationally optimize a parametrized wavefunction until it reaches, ideally, the optimal
wavefunction i.e. the best approximation to the groundstate. The trial wavefunction is a PQC,
denoted with |ψ(θ)⟩, where θ is the set of parameters that are optimized by the VQE procedure. If
we now substitute the newly defined PQC in Eq. 3.13, we obtain

E0 ≤ E(θ) =
⟨ψ(θ)|H |ψ(θ)⟩
⟨ψ(θ)|ψ(θ)⟩ . (3.14)

Going into the detail of Eq.3.14, without loss of generality, we can define a PQC as

|ψ(θ)⟩ = U(θ) |0⟩ , (3.15)

i.e. a parametrized unitary evolution applied to the qubit-vacum state, or in general, to a reference
state (for quantum chemistry application, the starting guess is always the HF state). The parameters
vector θ is composed by a set of j real-valued parameter, where j is associated to the number of
parametrized unitaries U(θj) that are used to composed the full U(θ). In particular, the PQC can
be written as

U(θ) =
0∏

j=N−1

U(θj). (3.16)

After introducing also the ideal form of the trial wavefunction, the VQE algorithm can be defined
as the task of finding the set of parameters θ∗ that minimizes the expectation value of a given
operator, H, by iteratively improving the wavefunction, in order to find the best approximation of
the ground state E0, i.e.

E0 ∼ E(θ∗) = min
θ∈Rj

⟨ψ(θ)|H |ψ(θ)⟩
⟨ψ(θ)|ψ(θ)⟩ . (3.17)

If the operator we are trying to solve is non-degenerate, and the wavefunction is sufficiently expres-
sive, then

|ψ0⟩ = U(θ∗) |0⟩ with θ∗ = argminθ∈Rj

⟨ψ(θ)|H |ψ(θ)⟩
⟨ψ(θ)|ψ(θ)⟩ , (3.18)

where |ψ0⟩ is the true groundstate of H.
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3.2.2 Iterative procedure

As already mentioned, the VQE procedure is an iterative method that iteration by iteration improve
the representation of the wavefunction to lower the energy, with the final objective of approximating
as best as possible, the true groundstate of the Hamiltonian H. To be able to run correclty, the
operator H need to be represented in the qubit space, and this procedure, as been already explained
in the previous section. Therefore, we suppose to have already mapped our problem in the qubit
space, and the Hamiltonian now is defined as The VQE algorithm is a Hybrid algorithm, composed
by a quantum and a classical component:

Ĥ =
∑
i

ciP̂i, (3.19)

where P̂i is a tensor product of {X,Y, Z, I} Pauli matrices, and ci is the associated coefficient in
the linear combination. At this point, the VQE procedure proceed as follows:

1. PQC preparation [Quantum Computer] First, the shape and the type of the PQC need
to be chosen. There are different type of wavefunctions (also called Ansatz ) and the most
common are going to be listed below. In general, on the quantum computer the state for a
given set of parameters θ is generated, i.e. |ψ(θ⟩ is generated on the device.

2. Operator measurement [Quantum Computer] Now, for a fixed set of parameters θ, the
operator is measured. As already introduced previously, the operator to be measure on a
quantum device has been converted into a linear combination of Pauli strings. For each Pauli
string, a measurement is performed

⟨P̂i⟩ = ⟨ψ(θ)| P̂i |ψ(θ)⟩ (3.20)

and exploiting the linearity of expectation values, the total energy is reconstructed by summing
the partial measures into

E(θ) =
∑
i

ci⟨P̂i⟩

=
∑
i

ci ⟨ψ(θ)| P̂i |ψ(θ)⟩

= ⟨ψ(θ)|
∑
i

ciP̂i |ψ(θ)⟩

= ⟨ψ(θ)|H |ψ(θ)⟩ .

(3.21)

Therefore, the process of measuring the energy of H is done by repeated measurement of each
Pauli up to the desired precision, namely ϵ. The number of times, or shots, required to reach
the precision ϵ4 scales as O( 1

ϵ2
), and this number is for each Pauli composing the operator.

A generic quantum chemistry operator, contains a number of terms that scales as O(N4).
Measuring the expectation values of an operator within the desired accuracy is therefore one
of the most prominent bottleneck in quantum computing application for quantum chemistry.
In general, the task of improving the measurement outcomes and reduce its cost is an active

4For quantum chemistry, the desired accuracy ϵ is 1.6mHa, i.e. 1e-3 standard units.
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research field. In particular, most used strategies are exploiting commutations rules for Pauli
string and measuring commuting sets [61, 62], or using different measurement basis from
the standard Pauli basis, as the Informational Complete Positive Operator Value Matrice
(IC-POVMS) [63]

3. Energy reconstruction and Optimization step [Classical computer] After the evalu-
ation of each Pauli string P̂i is obtained, the whole energy, according to Eq. 3.21, is recon-
structed on the classical side. Now, the energy is used as input as cost function evaluation
for a classical optimizer and a single update of the parameter vector θ is performed. The
performance of the classical optimization algorithm are going to impact the overall VQE con-
vergence. Different options exists such as Broyden–Fletcher–Goldfarb–Shanno (BFGS) [64],
COBYLA [65], or Simultaneous Perturbation Stochastic Approximation (SPSA) [66].

4. At this point, the procedure is repeated by plugging the new parameters θ′, obtained from a
single classical optimizer step, in step 1, until convergence criteria are met.

3.3 Ansatz design

An Ansatz, or trial-wavefunction, defines how a quantum state can be represented on a quantum
computer. The shape and structure of the ansatz coincide with the representation of the wavefunc-
tion on the QPU.

Designing a good ansatz means representing an expressive wavefunction that can be able to fully
describe the state that we want to encode on the quantum computer. In general, a well designed
ansatz need to take into account that its expressivity is not free, and the more parameters the
harder is to be optimized. Regardless of the approach used to construct the ansatz, increasing
complexity in PQC results in longer and deeper circuits, which not only heightens the risk of error
accumulation but also contributes to the emergence of Barren Plateaus [67], an issue characterized
by an exponentially flat optimization landscape. Ansatz design is one on the most active field of
research for VQE-like algorithms, and different constructions techniques have been defined, but
we can categorize them in two major classes: Hardware Efficient Ansätzes (HEA) and Physically
Inspired.

3.3.1 Hardware Efficient Ansätzes (HEA)

This first approach begins with wavefunctions directly constructed to leverage the characteristics
of quantum hardware. This empirical approach, known as the Heuristic Ansatz [68–72], comprises
repetitions of Rotations blocks, i.e. sequence of 1-qubit rotations gate, alternated with Entangling
block, i.e. 2-qubits entangling gates. The most common type of HEA is the ladder ansatz. It is
composed by a combination of Rx and Rz rotations, in its original definition [68], and CNOTs gate in
a top-down fashion from the first qubit to the last, repreated for d times. An example of ladder-type
ansatz is shown in Fig.3.1 It is designed without relying on information about the physical system,
focusing solely on exploiting the quantum hardware’s capabilities, While the Heuristic Ansatz better
utilizes quantum hardware, it comes at the cost of losing the physical meaning associated with the
variational ansatz. Generally, compared to the second family of circuits, the circuits appear to be
more compact and shallower, providing a potential avenue to address scalability concerns. In this
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Rx(θ0) Rx(θ6) Rx(θ11)

Rx(θ1) Rx(θ7) Rx(θ12)

Rx(θ2) Rx(θ8) Rx(θ13)

Rx(θ3) Rx(θ8) Rx(θ14)

Rx(θ4) Rx(θ9) Rx(θ15)

Rx(θ5) Rx(θ10) Rx(θ16)

Figure 3.1: Generic depth 2 heuristic ansatz with entangling map in a ladder configuration, where {θi} are
the variational parameters.

manuscript, in Chapter 5, a briding ansatz between the two types is defined, building an HEA based
on information obtained from the underying physics of the system under investigation.

3.3.2 Physical or Chemically Inspired Ansätzes

The main task of this kind of ansatz is translating the same structure of the solution or Hamiltonian
into the wavefunction. For quantum chemistry, the ansatz is generally composed by a sequence of
fermionic excitations gates, carefully mapped into the qubit space, and applied according to some
specific criteria to the reference HF state [73].

Unitary Coupled–Cluster ansatz

The most famous example is the Unitary Coupled–Cluster (UCC) method, which provides a unitary
implementation of the classical Coupled-Cluster method [74–78]. The UCC ansatz is composed as

|ψ(θ)⟩ = eT (θ)−T
†(θ) |HF ⟩ (3.22)

, where T (θ) is defined as a approximated expansion of the exact many-body function. In partic-
ualar, the expansion is generally stopped at the single and double excitation as follows:

T (θ) =
∑

i∈{1,2}
T̂i (3.23)

with
T̂1 =

∑
i

∑
a

θai X̂
a
i and T̂2 =

∑
i,j

∑
a,b

θabijX
ab
ij (3.24)

where, i, j are occupied orbitals, a, b unoccupied orbitals, and Xa
i , X

ab
ij are excitation operators

defined as product of fermionic operators, respectively, a†aai and a†ba
†
aaiaj . Each θ is a variational

parameter. The operator T − T † is anti-Hermitian, ensuring that the exponential remains unitary.
This type of trucated UCC is named Unitary Coupled Cluster Singles and Doubles (UCCSD) [77,
79]. In general, the scaling of Unitary Coupled–Cluster (UCC)-like ansatz in terms of number of
gate is not favorable to make them executable on real hardware, due to the amount of single and
two-qubits gates required to encore each terms of the expansion above. For a system with Nocc

occupied orbitals and Nvirt virtual orbitals, the total number of variational parameters scales as

Nparams = NoccNvirt +
1

4
N2

occN
2
virt, (3.25)
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showing that the ansatz scales almost quartic in the number of spin orbitals in the system [80].
Each excitation term using a F2Q mapping becomes a unitary of the form

Uk(θk) = eiθkPk , (3.26)

where Pk is a product of Pauli operators. The full ansatz is a sequence of such unitaries acting on
the reference state,

U(θ) =
∏
k

eiθkPk |Φ0⟩. (3.27)

The UCCSD ansatz directly encodes physically meaningful single and double electron excitations,
leading to a circuit depth that scales with the number of excitation operators rather than fixed
hardware-efficient layers

Adaptive Ansätzes

Another physically inspired circuit that is widely used is the Adaptive Derivative-Assembled Pseudo-
Trotter ansatz Variational Quantum Eigensolver (ADAPT-VQE) [81] is an iterative, adaptive
extension of VQE designed to compute ground-state energies of many-body Hamiltonians with
shallower, problem-tailored circuits. Like VQE, it minimizes the expectation value of a Hamiltonian
but instead of choosing a fixed variational ansatz, ADAPT-VQE grows the ansatz operator-by-
operator based, at least in its first implementation, on the gradient of the energy. The adaptive
approach builds the parametrized circuit iteratively by selecting and appending unitary operators
from a predefined operator pool. Starting from a reference state |ψ0⟩, the ansatz after m adaptive
steps is defined as

|ψ(m)(θ)⟩ =
m∏
k=1

eθkP̂k |ψ0⟩, (3.28)

where each P̂k is an anti-Hermitian generator taken from the pool P = {P̂j}. At a give iteration
m, the commutator of the Hamiltonian, Ĥ, and each the elements contained in the pool {P̂i} are
computed as

gi =
〈
ψ(m)

∣∣∣ [Ĥ, P̂i] ∣∣∣ψ(m)
〉

(3.29)

on the reference wavefunction
∣∣ψ(m)

〉
. This is equivalent to add the candidate operator P̂i to the

ansatz, set the variational parameter to zero and then compute the energy gradient w.r.t. to it. The
operator that produces the largest gradient norm is the added to the circuit with the corresponding
unitary, eθm+1P̂j∗ . This adaptive growth continues until all gradient magnitudes fall below a chosen
threshold, indicating that no operator in the pool can further lower the energy. Multiple variations
of the ADAPT-VQE algorithm have been implemented in recent years [72, 82–88]. This type
of ansatz is going to be used in the extension of the WAHTOR algorithm to its adaptive and
self-consistent version, explained in Chapter 6.

Physical inspired

For strongly correlated lattice models like the Heisenberg Hamiltonian, system treated lated in
Chapter 5, specific ansätze have been developed to efficiently tackle the unique challenges presented
by these systems. An example is the Hamiltonian Variational Ansatz (HVA) which leverages the
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compact structure of lattice model Hamiltonians, using fermionic operators to exploit low Pauli
weight encodings [89–91]. This approach often results in shallower circuits compared to other
ansatze like the Unitary Coupled Cluster Singles and Doubles (UCCSD)

In the thesis, the part of quantum computing resolution will be mainly tackled using VQE and
HEA-like ansatz, limited to a number of qubit manageable with standard noiseless statevector
simulators.

3.4 Hybrid Pipeline to Tackle Quantum chemistry Problem

We have now all the pieces to introduce the main topic of the whole thesis.
Electronic structure theory can be viewed as a workflow, in which each stage builds upon the

quality of the previous one. The first task is to identify a chemically meaningful subset of orbitals:
the active space. This step controls the balance between physical relevance and computational fea-
sibility. Once the active space is defined, accurate single-point energies must be computed, ideally
exploiting techniques that accelerate convergence and reduce the cost of state preparation. However,
a description restricted to the active space captures only static correlation: dynamical correlation
outside it must be recovered to achieve predictive power. Finally, the resulting electronic structure
model acts as the engine for exploring the potential energy surface and optimizing molecular ge-
ometry5. Therefore the necessity of having a whole framework able to deal with all this type of
calculations is high.

Thanks to the collaborations that took place during the PhD period, the whole standard pipeline
has been faced to solve varying quantum chemistry application, ranging from standard benchmark-
ing molecules, to industrial chemistry and biomedical chemistry. As already anticipated in the
preface, for the whole length of the thesis, we are going to adopt a “workflow-oriented” perspective
and investigate how quantum routines may be embedded into each of its stages. Therefore, rather
than treating quantum algorithms in isolation, we follow the natural order of the electronic struc-
ture problem and integrate quantum components where they have the greatest impact, progressively
building towards end-to-end hybrid pipelines. In particular, we resume the content of the thesis in

• Active–Space Selection for Photodynamic–therapy: Defining an active-space is gener-
ally a tedious task which can hardly be automatized due the different nature and mechanism
to be described in quantum chemistry. The procedure becomes even more demanding in quan-
tum computation when the sizes of the system or subsystem analyzed can becomes larger than
the one tractable with standard CAS methods. Active–space design is valuable for tackling
heavy–atom photosensitizers where spin–orbit coupling and near-degenerate states are key for
Photodynamic processes. In these complexes, only a handful of valence orbitals (like metal
d-orbitals and ligand π/π∗ orbitals) dominate the photochemistry. Identifying these orbitals
as the active space allows multireference calculations (like CASSCF) to describe excited–state
charge transfer and intersystem crossing, crucial for light–driven generation of singlet oxygen
in PDT [92]. In Chapter 4, we are going to introduce our active space selection method,
Atomic–Orbital and Entropy Guided Inference protocol for Space–Selection (AEGISS).

5This step can also be seen as the first one and therefore its position is interchangeable.
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• Single–point resolution with shallow circuits for standard molecules: Single-point
calculations let you probe how different levels of theory (HF, MP2, CCSD, etc.) capture
electron correlation for fixed nuclear geometries and fixed molecular orbital set. They are
the basis of each algorithm, and every routine passes at least from a single calculations of
this kind. Single–point calculation are therefore essential for testing new quantum or hybrid
algorithms against “classical” quantum chemistry methods. From the other side, being also
able to provide good starting point with a reduced number of quantum resource is essential,
especially given the hardware limitation faced by NISQ devices. In Chapter 5, we are going
to introduce and show the applications of our state–preparation/warm–start method, Multi–
threshold Quantum Information Driven Ansatz (Multi-QIDA).

• Multi–Configurational Self–Consistent Methods for Industrial chemistry: Indus-
trial processes mostly involve bond–breaking / forming, radical intermediates, and transition–
metal catalysts, all cases where single-determinant methods fail. CASSCF is able to treat sev-
eral configurations and optimizes orbitals simultaneously, providing reliable potential–energy
profiles and electronic-structure insight along the reaction path. On top of that, CASSCF
reveals the multi-configurational character of transition states and intermediates, enabling
chemists to understand reaction mechanisms in catalysis and polymer growth. In fact, in
Chapter 6, we are going to introduce our SCF procedure, Wavefunction–Adapted Hamilto-
nian Through Orbital–Rotation Self–Consistent Field (WAHTOR–SCF), applied on generic
molecules and for free-radical ethylene model polymerization reaction.

• Geometry optimization for Drug Design: DompeKey (DK), originally designed for chem-
informatics, can classify substructures and help map or prioritize candidate geometries (e.g.,
different tautomers, coordination modes in metal complexes) before running expensive quan-
tum energy evaluations. Geometries are therefore essential for the classification, and providing
more accurate and precise structure is crucial. Improving the strucures, requires a suitable
geometry optimization procedure, which, essentially revolves around finding the most stable
arrangement of nuclei (the equilibrium geometry) for a given electronic structure method. In
Chapter 7, we introduce our structure optimization method, Quasi-Adiabatic Quantum Geom-
etry Optimization (QA–q–GeomOpt), employed to find the equilibrium structures for generic
molecules and DompeKey (DK) [93] descriptors.

Once again, in the spirit of defining a HQC pipeline, all the methods, except the AEGISS, have
been developed and introduced in the University of L’Aquila computational chemistry and quan-
tum computing group code base, Quantum @ L’Aquila (QuAQ). The whole code has been written
from scratch and integrated with different Python libraries: QuAQ can manage different quantum
chemistry backend, in particular, PySCF [94–96] and the recently introduced VeloxChem [97–99].
The chemistry backed is used for fetching one- and two-body integrals, compute molecular orbital
guesses, and for standard quantum chemistry reference calculation. In term of QDK, the circuital
model is based on Qiskit [100], and recently also integrated with CudaQ [101]. This distinction is
also present in terms of simulation backend which is split between statevector simulators, both Qiskit
and CudaQ, and also GPU simulators, thanks to CudaQ. In term of qubit operator and fermionic
operator both have been redefined internally and back–and–forth conversion between Qiskit and
QuAQ has been implemented. QuAQ is completely modular and can be either executed using a
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standard input-file, as most common quantum chemistry packages, or by manually creating the
workflow. For the specific implementation details, AEGISS is not publicy available at the moment,
as well as the QA–q–GeomOpt, both defined as standalone packages. In particular, QA–q–GeomOpt
has QuAQ as main dependency and most of the functionalities are taken from it. Additionally, be-
ing WAHTOR–SCF and QA–q–GeomOpt considered embarrassingly parallel tasks6, they have been
developed in order to be High–Performance Computing (HPC) oriented, including both intra-node
and multi-node parallelization. The last chapter of the thesis, Chapter 8, will be used to briefly
present and recap the content of our code base, and how it is integrated with different chemistry
and quantum computing backend.

With the development and the study of all this use cases, we have been able to build up an
example of interacting pipeline between quantum computing and most common quantum chemistry
problem, looking towards the possibility of defining new algorithms thanks to the modularity and
the different building blocks. As a reminder, the whole pipeline, except the active space selection,
has been meant to be applicable to NISQ devices as proof of concept, dealing with statevector
simulations and manageable number of qubits.

6From the simulation point of view, their routines are fully and efficiently parallelizable.
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Chapter 4

Active Space Selection for Photodynamic
Therapy

This chapter addresses the first stage of the electronic structure workflow: the identification of
a chemically meaningful active space. We introduce the Atomic–Orbital and Entropy Guided In-
ference protocol for Space–Selection (AEGISS), which exploits orbital descriptors and quantum
entanglement measures to automate this traditionally manual step, providing a reproducible and
data-driven foundation for all subsequent electronic structure calculations. We explore the role of
active space selection in modeling Photodynamic Therapy (PDT)-relevant systems, highlighting
both the conceptual foundations and practical strategies that underpin accurate excited-state sim-
ulations. By bridging methodological advances with applications to photoactive complexes, we aim
to demonstrate how systematic active space design can unlock new opportunities for understanding
and improving PDT.

PDT relies on light-activated Photosensitizer (PS) to generate Reactive Oxygen Species (ROS)
that selectively damage cancerous or diseased cells. The efficiency of this process depends critically
on the accurate description of excited-state electronic structures, particularly in transition-metal
complexes commonly employed as photosensitizers. These systems are characterized by strong static
correlation and near-degenerate electronic states, making them challenging targets for conventional
computational methods such as Density Functional Theory (DFT), which often fail to capture
multi–configurational effects.

To overcome these limitations, multireference wavefunction-based approaches, most notably
Complete Active Space Self–Consistent Field (CASSCF) and its extensions, provide a robust frame-
work for treating electronic correlation in excited states. At the heart of these methods lies the
definition of an active space—the subset of molecular orbitals explicitly correlated in the calcula-
tion. A carefully chosen active space is essential for balancing computational feasibility with the
need to capture the key electronic transitions underlying photoactivation, intersystem crossing, and
energy transfer processes central to PDT. However, defining such spaces is far from trivial: it often
requires significant chemical intuition and is prone to inconsistency, particularly as molecular size
and complexity increase.

In recent years, the importance of systematic and automated approaches to active space selec-
tion has become increasingly evident. Methods based on orbital energies, natural orbital occupation
numbers, or entropy measures have been developed to reduce subjectivity and improve reproducibil-
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ity. Yet, no universally accepted “black-box” solution exists, and many approaches remain limited
when applied to large transition-metal complexes relevant to PDT. This challenge is further ampli-
fied by the growing interest in quantum computing for quantum chemistry, where the number of
orbitals that can be treated is severely constrained by hardware limitations. Active space selection,
therefore, is not just a technical step in quantum chemistry but more a decisive factor in predicting
and optimizing the performance of candidate photosensitizers.

This chapter is composed as follows: In Section 4.1, we introduce some intuition why is necessary
to defined proper active space for Complete Active Space (CAS)-based method analysis. After, in
Section 4.2, we will recap the existing active space selection method present in literature, stopping
on the most famous ones. The whole Section 4.3 will be used to introduce our Atomic–Orbital and
Entropy Guided Inference protocol for Space–Selection (AEGISS) method. Then, Section 4.4 will
be dedicate to introduce how Photodynamic Therapy (PDT) works and the molecular system we
are going to test. Then Sections 4.4.1, 4.4.2, and 4.4.3 present the results on the three molecular
system treated, Trans-Cl, Ruby-3, and TLD-1433, respectively. Finally, Section 4.5, will be used to
wrap up the conclusion and final considerations.

4.1 Necessity for active space methods

Conventional computational methods for modeling chemical mechanisms and properties are limited
by both computational cost and the accuracy they can achieve, especially in systems with strong
electron correlation or complex excited-state behavior. Single-reference approaches, most notably
Density Functional Theory (DFT) [45, 46], are successfully employed for modeling a variety of
molecular and extended systems due to their favorable cost-to-accuracy ratio [102, 103]. However,
they can fail to capture essential static correlation effects and are inadequate for systems where the
electronic structure is governed by multiple, often near-degenerate, electronic configurations [104].
These limitations are particularly pronounced in transition metal complexes, open-shell species, and
systems with low-lying excited states, where single-reference methods exhibit poor predictive power
for key phenomena such as photoactivation, bond dissociation, and charge-transfer processes [105].

To address these deficiencies, wavefunction-based (WF) approaches are the methods of choice
since they can systematically include electron correlation beyond the mean-field level. Config-
uration Interaction (CI) techniques improve upon a mean-field reference by incorporating excited
determinants in the wavefunction expansion using a linear operator ansatz; however, single-reference
truncated CI methods (e.g., CISD) are not size-consistent and fail to capture static correlation [106].
By contrast, Full Configuration Interaction (FCI), while exact within a finite orbital basis, becomes
computationally infeasible due to its factorial scaling with system size. In contrast, Coupled-Cluster
(CC) methods [43, 107] offer a more balanced approach by employing an exponential cluster operator
ansatz to account for electron correlation with controlled approximations, delivering high accuracy
for ground and some excited states. Nonetheless, standard (truncated) CC methods are by con-
struction single-reference in nature and thus turn out to be often inadequate for systems requiring
a multi-configurational description [108]. In such cases, multi-reference methods, particularly the
Complete Active Space Self–Consistent Field (CASSCF) [109, 110] approach and its post-CASSCF
extensions (e.g., CASPT2 [33], NEVPT2 [34–36]), are indispensable tools in multi-configurational
quantum chemistry [106]. These methods explicitly account for static correlation by constructing
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the wavefunction from a set of active orbitals spanning multiple configurations. This set, normally
referred to as active space, defines the subset of electronic orbitals that are treated as correlated, and
choosing it correctly is critical to both the accuracy and efficiency of the calculations. Despite re-
cent advances in algorithms and high-performance computing, the exponential cost (as the number
of active orbitals grows) of multi-reference methods severely limits their applicability to relatively
small active spaces [111], underscoring the need for novel, scalable approaches to accurately treat
strongly correlated quantum systems [112] such as, for example, Density Matrix Renormalization
Group (DMRG) [113], Full-CI Quantum Monte-Carlo (FCIQMC) [114], (semi-stochastic) Heat-Bath
CI [115], Adaptive Sampling CI (ASCI) [116] and Iterative Configuration Exansion (ICE) [117], to
name just a few.

With the advent of quantum computing, multi-reference methods and quantum algorithms [118,
119], particularly those based on variational techniques [59], are poised to work synergistically,
combining the best of both worlds. Quantum computers have the potential of, inherently, excel
at handling the large, entangled wavefunctions required in multi-reference calculations, which are
potentially computationally prohibitive for classical approaches. For this reason they hold significant
promise for revolutionizing quantum chemistry owing to the ability to simulate molecular systems
beyond the reach of traditional computational methods [120–124].

However, due to current hardware constrains (e.g. limited number of qubits, sensitivity to noise
and decoherence) the size of accessible active spaces for molecular simulations on contemporary
quantum hardware remains limited. In the same spirit as in CAS methods, one therefore has to make
larger and more complex problems tractable on current quantum devices by choosing chemically
relevant active spaces and map it onto qubits, e.g. Jordan–Wigner transformation [48]. While the
mapping of fermionic operators to qubits is a crucial aspect of quantum simulations of electronic
structure, a detailed discussion is beyond the scope of this paper. For recent developments, we refer
the interested reader, for example, to the following works [51, 52]. A brief conceptual overview of
the mapping procedure is provided in the Supplementary Information in Section A.

As alluded above, one of the most significant challenges in applying multi-reference methods to
solve quantum chemistry problems, either classically or using quantum computing, is the selection
of an appropriate active space. This selection process requires a careful balance between reaching
chemical accuracy and computational feasibility. Determining the optimal active space remains a
difficult task, often relying on heuristic or trial-and-error approaches that are either time-consuming
or prone to error, or eventually both. To address this Achilles’ heel, considerable research has been
directed towards unbiased and least empirical active space selection leading to the development of
a variety of methods. These range from simple energy-based selections, such as the orbital energy-
based method (around the Fermi level) to more refined approaches using additional metrics. One
such method involves Natural Orbital Occupation Numbers (NOONs) [125, 126], which leverage
occupation numbers to identify and select frontier orbitals. Furthermore, various procedures have
been employed to define active spaces in the most automated way possible. A refined and more
advanced method, based on NOONs, namely ASS1ST, allows to build an active space with quasi -
NOONs from a first-order perturbation theory calculation on a minimal space [127, 128]. Other
relevant examples are the Atomic Valence Active Space (AVAS) [129] method, based on modeling
the active space according to desired atomic orbital contributions, and Auto-CAS [130–132], which
defined the active space exploiting to correlation metrics from approximated wavefunctions. While
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promising in specific scenarios, these approaches still face limitations, and no universally accepted
“black box” solution currently exists.

A unified, efficient approach to active space selection is therefore of utmost importance, as it
would make multi-reference methods more practical and scalable for relevant applications of techno-
logical and biological interest. Moreover, a robust method could greatly enhance the accessibility of
multi-reference quantum algorithms, paving the way for more widespread use of quantum comput-
ing in areas such as drug discovery, material science, and environmental chemistry, where accurate
simulations of excited states and complex molecular interactions are essential.

4.2 Background on Active Space selection

In the early 1990s, both CASSCF [109, 110] and Complete Active Space Second–Order Perturbation
Theory (CASPT2) [33] methods became widely used, with CASPT2 among the first to provide
quantitative results for molecular excited states of photochemical interest [133]. The CASSCF
method optimizes a wavefunction over a chosen set of active orbitals, allowing accurate descriptions
of strongly correlated systems. CASPT2 refines this wavefunction by adding dynamic correlation
effects, leading to better energy predictions. As already mentioned in the Introduction, the main
challenge of these methods is the need to carefully define an active space, in order to comprise
the relevant excited determinants, which is directly related to the active orbitals that can take any
occupation beyond their initial mean-field configuration. The effectiveness of CASSCF depends
on selecting an appropriate active space, which requires deep chemical intuition and knowledge of
the electronic structure. Automating this selection remains a challenge due to the need to balance
essential electronic correlations with computational feasibility, avoid heuristic metrics, and address
near-degenerate states or dynamic correlations.

To extend to active orbital spaces beyond limitations of the exact CAS-approach, ≈ CAS(24
electrons, 24 orbitals) [111, 134–136], DMRG approach [37, 38, 41, 137] constitutes an alternative
and versatile option. It is a variational algorithm that optimizes a wavefunction expressed as a
Matrix Product Ansatz (MPS).

Importantly, the bond dimension of the virtual bonds, that “connects" the tensors in the MPS
and over which the summation runs to yield the scalar coefficient of the (approximated) FCI tensor,
controls – along with other factors [138] – both the accuracy and computational cost. The integration
of DMRG algorithms into quantum chemistry codes, such as, for example, PySCF [94–96] and
OpenMOLCAS [139, 140], has significantly expanded the applicability of FCI and CAS methods.
These advances enable accurate wavefunction calculations for systems above the standard FCI
limit, counting approximated CAS solution of sizes that range between 20 to 100 orbitals [40, 141–
147] and even extends to fully relativistic Hamiltonian simulations [148–151]. These advancements
continue to push the boundaries of quantum chemistry, improving the accuracy and efficiency of
electronic structure calculations for increasingly complex molecular systems across the periodic table
of elements.

Yet, the selection of an appropriate active space remains, as mentioned above, perhaps the
central and most critical step in multi-configurational calculations, as it directly affects the accu-
racy and feasibility of electronic structure methods. In the following section, we discuss the main
methodologies developed for active space selection and their role in improving computational effi-
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ciency and accuracy. In the literature, a collection of different active-space selection methods can
be found spanning the last few decades since the advent of multi-configurational approaches in the
1970’s. Here, we report the most commonly used ones as of today, especially those from which the
protocol presented in this work is inspired by:

Selection around Fermi-Level

The simplest and most straightforward is by using a specific number of orbitals above and below
the Fermi level, including a predefined number of molecular orbitals closest in energy to it. For
instance, the last N orbitals in the occupied space, and the first M virtual. This approach assumes
the most relevant electronic excitations and correlations occur within this energy window, capturing
orbitals with energies directly tied to the system’s chemical or physical properties while avoiding
unnecessary orbitals further away from the Fermi level. If instead the process requires specific
orbitals that might be outside this range, a CASSCF calculation done on this space will surely miss
the crucial components.

Natural Orbital Occupation Number

This method for selecting a candidate active space is based on constructing natural orbitals [152].
In particular, it relies on the Natural Orbital Occupation Numbers (NOONs) [125, 126]. As first
proposed by Löwdin [152], the natural orbitals are obtained by computing the eigenvectors of the
one-electron density matrix from an approximated electronic wavefunction (e.g., the Second—order
Møller-–Plesset Perturbation Theory), and the relative eigenvalues. The eigenvalues correspond to
NOONs. In particular, they are obtained by diagonalizing

ρ|ψ⟩ =
∑
pq

ρ|ψ⟩pq =
∑
pq

⟨ψ|a†paq|ψ⟩, (4.1)

where ρ|ψ⟩ is the one-electron reduced density matrix for a given correlated wavefunction |ψ⟩, a†p is a
fermionic creation operator that creates one electron in orbital p, and aq is the annihilation operator
that destroys one electron in the respective orbital q, respectively. The active space is then composed
by collecting all the natural orbitals which occupation number falls in the range between 0.02 and
1.98 (typical values for NOONs), generally closer to the former for virtual orbitals and closer to
the latter for occupied ones. This approach has been proven to be effective, especially because
partial orbital occupation is inherently related to the presence of correlation in the wavefunction
|ψ⟩. By contrast, main issues with this method are encountered in the case of molecular systems in
which the number of frontier orbitals is large and they are close to each other in orbital occupation.
For these systems, a general and fixed threshold does not guarantee the definition of balanced and
consistent active spaces. Another critical issue is that the the NOONs are in most cases based on
MP2 wavefunctions due to its favorable scaling with system size, which, however, might not be an
adequate starting choice for the system under investigation.

ABC scheme

The ABC scheme [153] is an automatic procedure for selecting an active space in multi-reference
calculations such as Multi–State Complete Active Space Second–Order Perturbation Theory (MS-
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CASPT2) or Multi–Configuration Paired Density Functional Theory (MC–PDFT) [154, 155]. Its
purpose is to choose the number and type of orbitals to include in the active space without requiring
manual inspection or system-specific intuition. The scheme uses three parameters, denoted A, B,
and C. The parameter A determines how many doubly occupied orbitals (holes) are included; the
parameter B sets how many virtual orbitals (particles) are included; and the parameter C specifies
the number of extra excited states to average over, to ensure balanced treatment of near-degenerate
states. It requires three different steps, with three different calculations: one for identifying the
key occupied orbitals, one for identifying the relevant virtual orbitals, and the last one, a state-
average CASSCF calculation on the dominant hole/particle orbitals. Finally, the resulting multi-
configurational wavefunction is used as a starting guess for an MS-CASPT2 or MC–PDFT to obtain
excitation energies.

Atomic Valence Active Space (AVAS)

AVAS is an automated procedure that allows one to build active spaces starting from a list of atomic
valence orbitals and a single determinant wavefunction [129]. Setting out from a (user) pre-defined
set of atomic valence orbitals, it includes all molecular orbitals with a sufficiently large overlap of the
predefined set. To this end, AVAS uses a simple linear algebra rotation between the set of occupied
and virtual orbitals in order to maximize the desired atomic valence character. In particular, the
aim is to isolate the part of the reference wavefunction which involves the set of preselected atomic
orbitals from the part which is not related, and define the active space on the first one.

Single-orbital entropy

The single orbital entropy is a measure derived from quantum information theory, widely used
in the context of quantum chemistry, to analyze and define active space. In particular, it is the
fundamental metric used in the automated active space selection algorithm AutoCAS [130–132, 156].
Physically, the single orbital entropy, S(1)p, quantifies the amount of correlation or entanglement
of a given orbital p with respect to the rest of the system. The single orbital entropy S(1)p for a
specific orbital p is defined as:

S(1)p = −
4∑

α=1

ωα,p lnωα,p, (4.2)

where α iterates over the possible occupations of a given spatial orbital, and ωα,p are the eigen-
values of the 1-orbital reduced density matrix (1o-RDM) of orbital p. For example, in the context
of DMRG, the 1o-RDM can be obtained from the density matrix of the MPS representing the ap-
proximated wavefunction of the system by tracing out all sites except the p-th one. Orbitals with
high single orbital entropy are likely to play a key role in the description of the correlated electronic
structure and should be included in the active space, whereas low-entropy orbitals are typically
less relevant for static correlation and can be excluded from the CAS. The AutoCAS procedure
uses S(1)p, which has been obtained from a partially converged – that is, a low bond dimension –
MPS wavefunction, to aid the active space selection. By constructing threshold plots, as defined in
Ref. [131], active spaces can be easily identified.

An example of a threshold plot is reported in Fig. 4.1, where the number of active orbitals for
a given single orbital entropy is on the y-axis, and on the x-axis, S(1)p relative to the maximum
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Figure 4.1: Examples of threshold plot for a C6H6 molecule in cc-pVTZ basis. The single orbital entropies
have been extracted from a DMRG(30,30) calculation with a maximum bond dimension of 200. Each ■
corresponds to how many MOs have an S(1)p above the fixed fraction. The shaded area shows a 10%
threshold. In this case, 24 orbitals have an entropy above this threshold. The "×"s displays when a plateau
is identified. In the present case, two plateaus have been identified and they correspond to a CAS(6,6) and
a CAS(4,4), respectively.

single orbital entropy, S(1)max. In this way, the number of active orbitals that fall above a certain
fraction of S(1)max can quickly be determined from a large set of candidate orbitals. Finally, an
active space can be identified as a plateau in a threshold plot, corresponding to an invariance of
active orbitals given a range of consecutive thresholds of the relative S(1)p value.

4.3 Atomic Orbital and Entropy Guided Inference for Space Selec-
tion

A novel active space selection method that integrates orbital entropy analysis with atomic orbital
projections, drawing inspiration from key features of both AVAS and AutoCAS, and combining
them within a unified workflow is defined here. The resulting framework can be directly interfaced
with both quantum algorithms and classical multi-reference methods. A pictorial representation is
given in Figure 4.2.

The proposed novel semi-automated framework combines the strengths of several active-space
selection strategies to efficiently narrow the search for active orbitals and identify the most significant
subset, optimizing a subsequent multi-configurational electronic structure modeling of the system
of interest. It starts by selecting molecular orbitals (MOs) with the highest single-orbital entropies
above a reasonable threshold. Then, atomic orbitals (AOs) linked to the fragments involved in
the electronic state or transition of interest (e.g., S0 → S1) are identified from the selected MOs.
Hence, our approach combines two of the previous active space selection methods in order to define a
State-average/State-Specific active space selection procedure that takes into account highly entropic
orbitals (i.e., the most correlated ones) as well as accounts for the consideration of chemically and
process-specific essential orbitals.
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Figure 4.2: Simplified workflow of the AEGISS method showing the compatibility with both classical and
quantum computing-based quantum chemistry methods.
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Figure 4.3: Pictorial representation of the AEGISS workflow. In 1○
, the molecule is possibly split into atom clusters, and the atomic orbitals of interest, 4○, are
defined according to this subdivision. On the decorated geometry, 2○, builds the initial guess
molecular orbitals. An approximate DMRG calculation is then run to pre-select a subset of

molecular orbitals, 3○. On this set, the atomic orbital projection is performed, 5○. Finally, 6○, the
active space is put together, refining the selection if required.

The active space selection procedure involves several key steps which are highlighted in Figure
4.3. First, the molecule is possibly divided into relevant clusters by labeling atoms, focusing on
fragments where, for example, the excitation or chemical reaction of interest is assumed to occur.
If nothing is known about the system, step 1 can be skipped. A starting guess for reference orbitals
is obtained from a mean-field calculation, possibly within an embedding framework to account for
solvation or any external effects that could have an impact on the mean-field solution. Next, single
orbital entropies are computed by using DMRG to assess the relevance of a sufficiently large set
of frontier orbitals, typically around 100 orbitals. This first selection helps to reduce the search
space for the following step where an atomic orbital selection is performed next. Here, subsets of
orbitals are chosen based on atomic-labeling and chemical relevance to the process or mechanism
being studied, for example, near a reaction center or given their role in a bond formation/breaking
process. The contributions of these selected atomic orbitals are then identified using a projection
method on atomic orbitals built from a minimal basis-set. If multiple molecular orbitals have similar
contributions and the obtained active space is not balanced, manual screening is required to refine
the selection. Finally, additional post-processing steps may be applied to optimize or transform the
chosen orbitals.
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4.3.1 AEGISS workflow

We are now in a position to present in more detail the main steps of the proposed pipeline:

1○ Atoms labeling: The full molecule is going to be split in different clusters Ci. An atom X

belonging to one of the cluster i is going to be denoted with Xi . The combination of all the
clusters defines the set {R}, which represents the full molecule. A coarse labeling will allow
us to describe the system from a more general point of view, while a finer one will allow us to
select specific orbitals defined on a specific group of atoms or single atoms.

C0

C1

C2

C3

Figure 4.4: Visual representation of the labeling used for [Ru-bpy ]+2
3 . Each of the color represent a different

fragment, C0-C3, of the molecule. In this case, the complex has been split in the three ligands independently
(C1 - C3) and the Ru(II) atom (C0).

2○ Pre-processing/Starting guess: In this step, we carry out the calculation of the guess
MOs {ψp}, each of them associated with a ket {|p⟩}, where p runs on both the occupied
and virtual orbital. From the mean-field calculation, the MOs coefficient matrix [C]µp is
obtained. If the process under investigation is localized over a specific active region or fragment
of the molecule A, one could potentially apply fragment-based or embedding techniques to
facilitate the active space selection, as well as dimensionality reduction like Effective Core
Potential (ECP). Alternatively, transforming into Localized Orbitals or Natural Orbitals can
help the selection of the window within which the subsequent single-orbital entropy calculation
is carried out. This procedure will lead to a set of MOs of interest, {ψA

p }, and the respective
coefficient matrix, [CA]µp. The size of the [CA]µp is going to be NAO × NA, where NAO is
the number of AOs and NA is the number of MOs in the active region A. The environment
part then is going to be left untouched by our proposed procedure. Hence, the remaining
workflow will proceed and operate within only the active region A. In this way, we can define
the level of fragmentation that the Atomic Orbital projection is going to have (Step 5/6). If,
for example, a ∆-SCF procedure is used in the starting guess mean-field optimization, the
selection can be either defined using the same orbitals for each ∆-state MOs using a similarity
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measure (State-Average active-space) or by carrying out a specific selection for each ∆-state
guess (State-specific active-space).

3○ Single Orbital Entropy extraction At this step, we need to compute the S(1)p for each
orbital p ∈ {ψA

p }. The Single Orbital Entropy (SOE) can be extracted very easily by any
wavefunction method as long as (elements of the) one- and two-electron RDMs are readily
available [157]. Ideally, the electron correlation approach from which the single orbital en-
tropies are to be extracted should be a computationally comparable cheap method, given the
fact that the main correlations landscape emerges already with approximated methods.

(a) Approximated wavefunction: After the definition of the guess method and having
obtained a reference molecular orbital set, an approximated wavefunction is computed.
The electron correlation approximation should be chosen such that the main correlations
and the single orbital entropies emerge even without running expensive calculations, that
is, for example, within the context of DMRG without reaching full (energy) convergence
wrt the corresponding required bond dimension of the MPS. In this step, the main pre-
selection is carried out, by singling out only highly relevant MOs in terms of single orbital
entropies. The set of MOs in the pre-selection step is going to be called Large-CAS. The
Large-CAS can either be defined on the full MOs space, if the size of the system allows
that, or on a meaningfully reduced portion of the same space. For the systems used as
case studies in this work, given the size of the MO spaces, all the Large-CAS spaces have
been selected by either including ±N orbitals above and below the Fermi-Level, or by a
careful consideration of the orbital energies. Then, the wavefunction obtained is defined
as

|Ψm
DMRG-CI⟩ = |Φocc⟩ ∧ |ψmLCAS⟩ ∧ |Φvirt⟩

= |Φocc⟩ ∧
m∑
n=1

cn |n⟩ ∧ |Φvirt⟩ ,
(4.3)

where |Φocc⟩ and |Φvirst⟩ are the environment or in general the core part of the wavefunc-
tion which remains fixed (i.e., complementary to the large active space), |ψmLCAS⟩ is the
approximated wavefunction obtained by the correlated method inside the Large-CAS, and
”∧" is an anti-symmetrized product operator. The notation follows the one used in Otten
et al. [158]. The approximated wavefunction coefficients, {cn}, and determinants/config-
uration state functions, {|n⟩}, could, for example, be obtained by configuration sampling
from an MPS. From the correlated subspace defined in Eq. 4.3, the relative density
matrix

ρm = |ψmLCAS⟩⟨ψmLCAS| , (4.4)

can be defined, and it will be the description of the quantum state in the Large-CAS up
to an approximation given by m. If the wavefunction has been obtained from a DMRG
calculation, then both the creation of the density matrix of Eq.4.4 and the 1o-RDM can
be easily and efficiently computed without the need for preceding configuration sampling
(vide supra).

(b) Entropy-based space-reduction: As explained in Section 4.2, a first approximation
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on the orbitals that might define an active space can be defined by exploiting the SOE.
In particular, for each orbital p, the 1o-RDM is computed as

ρmp = Tr(ρm)p, (4.5)

where p is the set of all MO except th p-th. After computing the 1o-RDM for each
orbital ψp, the respective single-orbital entropy S(1)p is computed according to Eq.4.2.
The procedure ends with the selection of all the ψq such that S(1)q > τE , i.e. the fixed
fraction of the found entropy. The threshold is defined as τE = S(1)max

10 , where S(1)max
is the highest single orbital entropy obtained. We are going to refer to the new set of
MOs, {ψA

E,p}, defined by the MOs coefficient matrix [CA
E ]µp. The size of the obtained

coefficient matrix [CA
E ]µp is NAO × NE , where NE is the number of MOs in the active

region A with entropy value above the threshold.

4○ Atomic Orbital selection: In this step, the AOs chemically relevant to the process/mecha-
nism are identified. The information can be fetched from any prior-knowledge a.k.a. chemical
intuition (reference work, reference calculations, by experience and/or theory). For each
atomic cluster label, Xi, the information of the AO desired, ”AOs", is added, obtaining the
combined labeling “Xi AOs". Single or multiple sets of relevant AO-cluster labels, D, are now
built. Each D ∈ D is composed by identified groups of AOs and atoms that might contribute
to the description of the mechanism. Same AO labels can be found in different groups.

5○ Atomic Orbital Projection: For the AO projection, following the AVAS active-space se-
lection procedure, an auxiliary minimal Atomic orbital basis (MinAO) is defined, with the
coefficient matrix [CmAO]νp. The overlap [S]νµ matrix between the minimal basis set orbitals
and the original active region MOs is defined as

[S]νµ = ⟨ν|µ⟩ =
∫
ϕmAO
ν (r)ϕAµ (r) dr, (4.6)

where |ν⟩ is one of the AOs in the minimal basis [CmAO]νp and |µ⟩ is one of the AOs of the
original active region [CA]µp. On the left side, the contraction on the AO basis is required. For
each set D, we define the Atomic-basis projector PD, with shape ND ×NAO. The projector
PD does not have any particular structure; it simply trims the matrix to which it is applied
to the rows/columns that satisfy some condition (similar to the one for selecting the highly
entropic MOs). In this context, it selects only the rows associated with the AO basis function
contained in the set D, by left-multiplication. The projector, once applied to the overlap
matrix [S]νµ, allows one to build the projected overlap matrix [SD]ηµ, obtained as

[SD]ηµ =
∑
ν∈D

[PD]ην [S]νµ (4.7)

with shape ND ×NAO. Then, we determine [OD
E ]ηp, which corresponds to the residual coef-

ficient matrix of the projected overlap matrix [SD]ηµ and the entropy-selected active-region
MOs, [CA

E ]µp, that is,
[OD

E ]ηp =
∑
µ

[SD]ηnµ[C
A
E ]µp, (4.8)
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where η is one of the desired AO in the group D, µ is one of the AO in the extended original
basis, and p is one of the MOs in the entropy-selected active-region. The contribution of each
desired AOs in D computed for every MO, p, in the preselected set, is denoted as wDp and can
be obtained as

wDp =
∑
η∈D

[OD
E ]ηp, (4.9)

Figure 4.5 summarizes the whole procedure of this step.
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Figure 4.5: Schematic of the procedure used to obtain the weights wD
x for each orbital x ∈ {ψE} and the

specific AO label group D ∈ D . The section (A) is associated with the AO projection, while the section
(B) to the SOE pre-screening.

Now, it is possible to either define a cutoff ϵD on the contributions values wDp , and select all
the orbitals above, or to impose a threshold nD, and select up to the nD-th MO with the
highest AOs overlap. The choice of the cutoff/threshold is done empirically; in particular, the
former opens up for a more conservative selection and might require further analysis of the
orbitals picked, whereas the latter uniquely selects only a number of MOs with the highest
AO contributions.

6○ Active-Space construction: At this point, all the reduction and selection techniques have
been applied, and the remaining set of candidate MOs is identified. In particular, for each
AO contribution group D ∈ D, a set of orbitals {ψDr } is defined. Further refinement of the
selected space can be carried out by applying the following strategies:

(a) Post-Selection Screening: Given the challenges in accurately selecting orbitals due to
the complexity of the problem, the goal of our pipeline is to prioritize robustness over
precision. To this end, we propose a more conservative strategy that ensures that no
potentially important orbitals are excluded due to a narrow or overly precise criterion,
which could overlook key contributions. This is particularly true when the system com-
plexity increases. However, the set of orbitals selected {ψDr } for each group D ∈ D, can
be further analyzed and adapted in terms of size and balance. As a result, the final
step of the workflow can include some level of visual inspection, which is still required to
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exclude Rydberg states or make decisions about whether to include specific orbitals, for
example, tailored to a specific excitation of interest. Another useful tool, if the molec-
ular system exhibits point-group symmetry, is the usage of irreps to discriminate which
orbitals to include and which to exclude from the active-space, respectively.

(b) Additional Post-Processing: In addition to manual screening, further post-processing
techniques such as Frozen Natural Orbitals (FNOs) [159–162] or localization of virtual
orbitals can significantly enhance the efficiency and interpretability of the active space.
FNOs are commonly used to reduce the size of the correlated space by identifying and
excluding virtual orbitals with negligible occupation in a correlated wavefunction, typ-
ically based on an MP2 or CCSD calculation. This approach retains accuracy while
lowering computational cost. Similarly, any localization of virtual orbitals can improve
the chemical interpretability of the virtual space and reduce delocalization artifacts that
complicate correlation treatment. Localized orbitals can also facilitate fragment-based
embedding.

In terms of settings, the proposed workflow requires two types of inputs. The first is related to
the simulation and computational setup. In particular, it requires a mean-field method, a basis-set
(and ECP if needed, as well as solvation corrections), while the minimal basis-set for the projection
is fixed to MinAO. The auxiliary basis set, following AVAS guidelines, can be chosen to be larger.
For DMRG, the number of sweeps and number of states are required as input parameters. For
the single orbital entropy pre-selection, the threshold is fixed to S(1)max

10 . Furthermore, the SOE
extrapolation step is not tied to DMRG and alternative procedures such as SparQ [163] for other
approximated wavefunctions are applicable as well. The second type of input is the one related to
chemical-intuition which allows the workflow to be flexible according to user needs. This includes
the definition of atomic-orbital labels and the AO projection cutoff (ϵD) or the threshold (nD).

4.3.2 Detailed AEGISS scaling

Let NAO be the number of atomic orbitals (basis functions) in the whole system, NA the number
of MOs kept for the active region A after fragmenting/transforming, NE the number of entropy-
preselected MOs (subset of A), k the number of orbitals in the Large-CAS treated by DMRG, m
the DMRG bond dimension, s the number of DMRG sweeps, and

∑
DND the total number of AOs

included across all AO groups D:

• Pre-processing (HF or KS-DFT): For naïve HF or KS, the dominant cost per SCF iter-
ation comes from the Fock build, scaling as O(N4

AO), for the former, and O(N3
elec), for the

latter. Any AO-to-MO transforms or orbital localization steps are typically O(N3
AO).

• Single-orbital entropies via DMRG: Let k denote the large-CAS size in the approximate
DMRG run. A two-site DMRG sweep has a cost of O(km3 + k2m2), where km3 arises from
local solutions and k2m2 from Hamiltonian contractions. The total cost is s×O(km3+k2m2).
The entropy extraction itself (from 1o-RDMs) is O(km2)–O(km3), negligible compared to
sweep costs. This stage often dominates the total runtime when k or m are large.

• AO-projection:The AO-projection involves building the cross-integral overlap matrix S

scales as O(NmAONAO). For each AO group D ∈ {D}, the projection SD = PDS is com-
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puted at O(NDNAO) cost, followed by a matrix multiply SDC
A
E at O(NDNAONE). Weight

computation and selection add O(NDNE) for summations. Summed over all groups D, the
dominant projection cost is O((∑DND)NAONE), much cheaper than DMRG.

With RI/DF, SCF pre-processing scales as O(N3
AO). DMRG screening dominates for k and high

m, scaling as s×O(km3 + k2m2). The AO-projection is relatively inexpensive, scaling as O(N2
AO)

for overlap storage and O((∑DND)NAONE) for projection and weighting. For large systems with
small large-CAS, SCF can dominate; for large large-CAS, DMRG dominates. To control scaling, it is
advisable to use Resolution to Identity/Density-Fitting to keep SCF cubic, limit the Large-CAS to
the size needed for reliable entropy estimates, and gradually increase m. Using symmetry-adapted
or block-sparse DMRG can reduce effective prefactors.

To summarized, the cost is partly dominated by the initial mean-field step, either Hartree–
Fock (HF) [27] or Kohn–Sham (KS) [164]. However, when the chosen Large-CAS contains many
orbitals, the DMRG-based single-orbital entropy extraction can become the most expensive step.
By contrast, the AO-projection step—dominated by the computation of the cross-basis overlap
matrix and the subsequent MO projection remains negligible in comparison to the former steps.

4.4 Photodynamic Therapy

Photochemistry involves light-induced chemical processes that lead to changes in the (excited-
state) molecular structures and drive chemical transformations. When molecules absorb light, they
can transition to excited states, leading to ensuing processes like internal conversion, Inter–system
Crossing (ISC), or radiative emission (fluorescence and phosphorescence) to dissipate the excess
energy. These mechanisms are crucial in technologies such as solar energy conversion and biological
processes like DNA photostability[165], photosynthesis, and Photodynamic Therapy[166]. In PDT,
light activates a photosensitizer, initiating an ISC and energy transfer to oxygen, with the ultimate
goal to generate Reactive Oxygen Species (ROS) that are capable of introducing apoptosis in cancer
cells. Here, a small energy gap between singlet and triplet states (∆S1-T1) enhances ISC and
reverse ISC (RISC) rates, that can lead to improved ROS production and therefore an increase
in therapy efficiency [92]. Different criteria must be met to define whether a candidate molecule
is a good photosensitizer: Lack of dark toxicity, Solubility in aqueous vehicle, Chemically pure,
easy to synthesize, High absorption in “PDT window” for deep light penetration, i.e. 700-900 nm,
preferential accumulation in tumor; rapid elimination from the body, and also been able to generate
sufficient singlet oxygen, even under hypoxic conditions.

Hence, understanding the molecular and dynamical nature of photochemistry related processes
not only help to optimize them but also enable further research into non-invasive cancer treat-
ments and, in addition, improve technologies like organic light-emitting diodes (OLEDs). Achiev-
ing chemical accuracy (∼1 kcal/mol) in excited-state modeling is a challenge in computational
chemistry[167]. Calculating excitation energies, critical to photoactivated processes, requires con-
sideration of geometric relaxation, vibrational energy, and solvent effects, complicating comparisons
with experimental data. Excited states involve diverse electronic phenomena (e.g., π-π* transition,
charge transfer, generation of exciton pairs) that require accurate computational methods. Some
systems, like transition metals and biradicals, demand multi-configurational or strongly correlated
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approaches. In such cases, active space selection is vital, as it determines which orbitals are in-
cluded in the description of electronic states, ensuring accurate modeling of complex structures and
interactions while also controlling the computational cost. In this study, we have selected three
increasingly large molecules that could serve as models for PDT, including one currently in clinical
trials. This progression from small to large molecules allows us to explore behaviors at different
scales while demonstrating the effectiveness of our approach on increasingly complex problems. This
helps us to better understand the underlying mechanisms and optimize our methodology for more
challenging systems.

We selected three systems of increasing complexity and size: Trans(Cl)-Ru(bpy)Cl2(CO)2 (dubbed
in this work as Trans-Cl, 27 atoms) [168], [Ru(bpy)3]2+ (dubbed in this work as Ruby-3, 61
atoms) [169], and rac-[Ru(dmb)2(IP-3T)]Cl2 (TLD-1433, 99 atoms) [92, 170]. The first two serve
as simplified prototypes of photoactive drugs for PDT, with some literature available to guide our
benchmarking of our semi-automated active-space selection approach. Trans-Cl [168], the smallest
system, contains a single Ru(II)-coordinated ligand, making it useful for identifying key metal-
to-ligand (M → L) transitions relevant to PDT. Ruby-3 [169] increases both size and complexity,
acting as a precursor to many PDT candidates and offering insight into orbital contributions in larger
systems. TLD-1433 presents the most challenging case due to its size and electronic structure com-
plexity. With limited theoretical studies available, accurate wavefunction-based calculations remain
unfeasible, leaving Time–Dependednt Density Functional Theory (TD-DFT) [171–173] as our pri-
mary reference [92, 170]. Although direct comparison with experimental data is beyond the scope
of the present study, UV–visible spectra and theoretical results for Trans-Cl and Ruby-3 are avail-
able in the respective reference works and may be used for validation purposes. By contrast, for
TLD-1433, both experimental and theoretical data remain very limited.

For all the system, the specific computational details are collected in the Appendix 1.

4.4.1 Trans-Cl

The ground state geometry of this molecule has been optimized with point group symmetry (C2v)
in gas-phase using B3LYP [174, 175] functional, a 6-31G∗-type basis set on all atoms except Ru and
a def2-TZVP [176] basis with quasi-relativistic Stuttgard-Dresden pseudo-potential [177] for the Ru
atom. The Trans-Cl geometry optimization has been performed with ORCA [178]. The setup for
the optimization has been chosen to be as close as possible to Ref. [168], which we consider as our
reference data. Both in ORCA and on PySCF, the correct symmetry, C2v, can be kept by increasing
the symmetry threshold during the mean-field calculations.

While the basis set used in the reference work is ANO-rcc-VTZP [179, 180], in this work, for the
Restricted-HF (RHF), CASSCF, and DMRG, we employed def2-TZVP basis-set on all atoms and
def2-TZVP basis with quasi-relativistic Stuttgard-Dresden pseudo-potential for the Ru(II) atom, as
done for the geometry optimization setup. In the reference article [168], the active space selected is
composed of 14 electrons distributed over 13 molecular orbitals, CAS(14,13), including a balanced
set of 8 bonding/antibonding π-orbitals placed on the ligands and the 5 4d orbitals of the Ru(II)
atom. For this system, the main goal is to benchmark our approach against the reference paper.
This is motivated by the fact that no procedure for the construction active-spaces is given by the
authors.

Starting from the atomic-labeling step, the molecule can be split in three main clusters: C0
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corresponding to the Ru(II) atom, C1 to the bipyridine ligand, C2 for two the CO groups, C3 for the
two Chlorines. The clusters are highlighted in Figure 4.6.

C0

C1

C2

C3

Figure 4.6: Trans-Cl highlighted clustering following the same labeling as explained in this section.

Thus, following the workflow as defined in Section 4.3.1, a mean-field calculation is performed
and the initial-guess MOs are defined. For this system, initially, NA is 658. In terms of occupation,
the HOMO sits at the 80-th MO, counting a total of 160 electrons in the system. From the orbital
occupations and the corresponding eigenvalues, we define a reduced search space cutting out core
orbitals and high-energy virtual MOs. As a results, the size of the Large-CAS, NLCAS , contains 90
MOs, leaving 32 orbitals as inactive core. The following setup leads to a DMRG with CAS(92,90),
i.e. 92 electrons in 90 MOs.

Once the reference approximated MPS wavefunction is obtained, the S(1)i for each MO is
calculated using Equation 4.2, and the entropy selection can be performed. For this system, the
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Figure 4.7: Threshold plot, defined according [130] , for Trans-Cl. In this case, the pre-selection step with
DMRG single orbital entropy leads to the selection of 42 MOs. The approximated wavefunction is obtained
on a CAS(92,90) with bond dimension 200.

maximum single orbital entropy found is S(1)max = 0.226, imposing an entropy threshold to τE =
0.00226. In figure 4.7 we show the threshold plots defined for Trans-Cl. From this plot, it is possible
to understand how many MOs are selected imposing different entropy thresholds. The one used
for this molecule, and in the following work, is the standard 10% of the maximum entropy found.
From the total pool of 90 orbitals, with the standard τE , the number of pre-selected MOs, NE , is
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reduced to 42. In Figure 4.8, it is possible to see the S(1)p associated to the 90 MOs considered
in the DMRG calculation. With the pre-selection, the molecular orbital coefficient matrix of high

32 37 42 47 52 57 62 67 72 77 82 87 92 97 102 107 112 117

S(1)i

E
Emp

Figure 4.8: In this plot, the upper heatmap reports the value of the single orbital entropies, S(1)i, for
MOs. In the second frame, the pre-selected orbital with entropy above τE , and in the lower frame, the one
with entropy above 0.06. The dashed line draws the HOMO-LUMO gap, set at MO number 80.

entropy MOs is defined, [CA
E ], and its shape is NAO ×NE = 659× 42.

The AO labels of our interest for each Cluster Ci are the contributions of the five Ru 4d orbitals,
as independent labels ("4dxz", "4dyz", "4dxy", "4x2-y2", and "4dz2"). For recovering the π/π∗-
orbitals we take the MOs having high 2p orbitals contributions on the ligands. Specifically, the
contributions of 2pz AOs from labeled Carbons and Nitrogen on the ligand, avoiding the contribution
from the CO moieties.

ID Cluster AO Labels O V
L1 C0 (Ru) 4dxz 1
L2 C0 (Ru) 4dyz 1
L3 C0 (Ru) 4dxy 1
L4 C0 (Ru) 4dx2−y2 1
L5 C0 (Ru) 4dz2 1
L6 C1 (Bpy) [C1 2pz, N1 2pz] 4 4
L7 C2 (COs) None
L8 C3 (Cls) None

Table 4.1: Trans-Cl AO-labels of interest for each of the clusters. In this case, the atoms related to clusters
C2 and C3 are not used.

After the identification of the AO-labels of interest, the AO-projection is applied on the pre-
selected set of MOs, [CA

E ]µp, and the relative contributions can be computed.

AS Occupied Virtual
AS1 59 67 68 70 72 73 77 80 81 82 87 93 100
AS2 59 62 70 72 77 78 79 80 81 82 87 93 100
AS3 59 62 67 68 70 71 77 80 81 82 87 93 100
AS4 73 74 75 76 77 78 79 80 81 82 83 84 85

Table 4.2: Candidate active orbital spaces (AS) selected for the Trans-Cl complex. Bold MOs number are
referred to Ru(II) 4d orbitals.

The minimal active space of interest is composed of only the five 4d Ru(II) orbitals. These have
been chosen taking the first MOs for each Ru 4d contribution, independently of the occupation and
is achieved by imposing a n[Ru 4d] equal to 1, using labels group from L1 to L5.

The extended active spaces can be built including also π-orbitals centered on the bipyridine
ligand. However, the inclusion of pi orbitals can be carried out in two different ways. In one case,
the π/π∗ orbitals are obtained by simply splitting the selection obtained from applying the workflow
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Figure 4.9: Pictorial representation of the Trans-Cl active spaces found and listed in Table 4.2

between occupied and virtual orbitals, imposing n[C1 2pz ]
equals to 4, for each subset respectively,

according to group label L6. This space would correspond to AS3 in table 4.2.
The selection of the π/π∗-orbitals, can, however, be refined. In particular, this can been done by

discarding all the MOs with ϵ[C1 2pz ]
< 0.1. In this way, the search pool of MOs have been reduced

from 42 to 12. Finally, information about orbital symmetries, as provided in the paper has also
been taken into consideration to further perfect the spaces found.

Following this procedure, the five Ru 4d orbitals are obtained quite easily with only an ambigu-
ity regarding whether the HOMO and HOMO-1 are needed within the AS. We have generated two
different active spaces with and without including the HOMO/HOMO-1 (AS1/AS2). This ambigu-
ity comes from the fact that the HOMO and HOMO-1 are Ru 4dxz and Ru 4dyz, respectively, and
they present similar orbital character of HOMO-12 and HOMO-13 but lower entropy. A pictorial
representation of the MOs involved in each of the AS can be found in Figure 4.9, this also includes
the space one would obtain by taking orbitals around the Fermi level.

The active space used in the reference paper [168] can, hence, be reconstructed. In table 4.2 are
collected three identified active spaces for Trans-Cl complex.

Spin-Averaged CASSCF benchmark

We performed some preliminary Spin-Averaged(SA)-CASSCF calculations to check the results con-
sistency between our active spaces and the reference. We have not performed more accurate and
complex calculations, such as CASPT2, because it is out of the scope of this work. We also ob-
tained results with slightly different simulation conditions that are not completely comparable to
the onse used in the reference article. By inspecting the excitations from CASSCF calculations of
identified spaces and comparing them to the CASSCF results reported in the reference (using the
same number of roots they used for singlets (12) and triplets (11)), we found that AS1 and AS2
give qualitatively similar results to the one reported in the work by Gonzalez et. al. In fact, in both
these cases we find S1 to be a predominantly metal-centered (MC) excitation involving d orbitals
on the Ru(II) atom and S9 to have a metal-to-ligand charge-transfer (MLCT) character. However,
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AS2 includes the HOMO and LUMO, which are typically found to be relevant orbitals in many
applications and shows more sensible excitation energies compared to AS1. While energetically we
cannot make direct comparisons with the paper, these findings suggest that AS2 is the best can-
didate active space for modeling Trans-Cl excitations. AS3 and AS4, on the other hand, give very
different results in terms of excitation compositions. Additional TD-DFT benchmarking is reported
in the Appendix 2. As a general trend, we see our calculations being in good agreement with the
reference [168].

Singlet Sn AS1 AS2 AS3 AS4
S1 3.52084 3.4632 5.3783 3.5997
S2 5.64656 3.5092 5.8276 3.649
S3 5.75963 5.06 5.8517 4.3014
S4 6.00366 5.2642 6.6143 4.5214
S5 6.41763 5.3741 7.0279 5.42
S6 6.71239 5.4494 7.8617 5.6879
S7 7.22238 5.9283 7.8868 5.9645
S8 7.37199 6.1987 7.9466 6.0366
S9 7.51438 6.609 8.3037 6.2524
S10 7.88445 6.6782 8.5376 6.8798
S11 8.29203 7.1181 8.6899 7.0042

Table 4.3: Singlet excited state transition energies ∆(Sn − S0), in eV, obtained from SA-CASSCF calcula-
tions on the Trans-Cl complex.

Triplet Tm AS1 AS2 AS3 AS4
T1 2.6606 2.7022 3.8196 2.7762
T2 3.7442 2.8021 4.8487 2.9168
T3 4.6312 3.8994 4.9330 4.0832
T4 4.85 3.9288 5.2589 4.401
T5 5.6106 4.1796 5.3183 4.5825
T6 5.7031 4.4569 5.3635 5.2347
T7 5.9157 4.6526 5.5326 5.2795
T8 5.9889 4.9424 6.6266 5.7255
T9 6.4157 5.6307 6.7555 5.7767
T10 7.1017 5.9621 7.8793 6.1791
T11 7.2738 5.9702 8.2575 6.2023

Table 4.4: Triplet excited state transition energies ∆(Tm − S0), in eV, obtained from SA-CASSCF calcu-
lations on the Trans-Cl complex.

4.4.2 Ruby-3

The ground state geometry of this molecule has been optimized with symmetries in gas phase using
RI-MP2 [181], def2-TZVP basis set on all atoms, and quasi-relativisitc Stuttgard-Dresden pseudopo-
tential for the Ru(II) atom. Also in this case, we tried to reproduce the same simulation conditions
as the reference paper[169], which we used as benchmark. In order to obtain the right symme-
try, D3, an additional step of geometry optimization has been further applied using AVOGADRO
software [182]. For the RHF, CASSCF, and DMRG calculations, the basis-set used is slightly dif-
ferent from the one used in the reference work. In [169], ANO-RCC-VTZP on Ru(II) and all H
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atoms and ANO-RCC-VDZP without d functions on C and N atoms. As for the previous system,
a def2-TZVP basis set on all atoms and def2-TZVP basis with quasi-relativistic Stuttgard-Dresden
pseudopotential for the Ru(II) atom have been used.

Ruby-3 is a peculiar system, which it has been chosen for its highly symmetric structure and for
being, ideally, the linking between Trans-Cl and TLD-1433. As for Trans-Cl, the objective for this
system is to recreate the same active space as in the reference paper [169]. The reference active-
space is composed of 16 electrons in 13 orbitals: five Ru 4d orbitals, a balanced set of three pairs
of π/π∗-orbitals on the three bipyridines, and two σ-bonds between Ru and ligands. The cluster
for Ruby-3 are defined quite easily: C0 is the central Ru(II) atom and the three bipyridines are
associated to three independent clusters, C1, C2, and C3, respectively, as shown in Figure 4.10.

C0

C1

C2

C3

Figure 4.10: Ruby-3 highlighted clustering defined according to the atomic labeling explained in the current
section. The Ru(II) atom and each of the bipyridine ligands are treated as independent clusters.

Unlike the previous system, there is no dominant or main plane along which we can identify the
π/π∗ MOs, and the high symmetry of the complex increases the difficulty related to the selection of
a balanced set of them. Additionally, we are interested in determining excitation energies, thus, the
active space should include MOs that are supposed to be involved in MLCT. The selection focus is
also to identify σ-bonds between the central metal and the ligands, which are the most difficult to
identify.

The initial mean-field calculation generates NA = 1300 MOs. The 130-th orbital is the HOMO
with 260 electrons due to its positive charge, 2+. The DMRG has been carried out on a Large-CAS
of 90 MOs, starting from the 100th up to the 190th, with a smaller bond dimension of 200. The
following setup leads to a DMRG with a CAS(60,90), i.e. 60 electrons in 90 MOs.

The maximum single orbital entropy found for Ruby-3 is S(1)max = 0.177, imposing a entropy
threshold to τE = 0.00177. Following the threshold plot, Figure 4.11, the total pool of 90 orbitals,
with the standard τE , the number of pre-selected MOs, NE , is reduced to 30. In Figure 4.12, it is
possible to see how the relative S(1)p values are spread in the original 90 MOs.

In the absence of clear guidance from pre-existing literature, a reasonable initial choice for the
active-space can be made based on chemical intuition and structural symmetry considerations. In
the case of a Ru(II)-complex coordinated with bipyridine ligands, a minimal model could include:
the valence orbitals of the transition metal, which for Ru(II) are the five 4d orbitals, the π bonding
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Figure 4.11: Threshold plot, defined according Stein et. al [130] , for Ruby-3. In this case, the pre-selection
step with DMRG single orbital entropy leads to the selection of 30 MOs. The approximated wavefunction
is obtained on a CAS(60,90) with bond dimension 200.
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Figure 4.12: In this plot, the upper heatmap reports the value of the single orbital entropies, S(1)i, for
Ruby-3 MOs. In the second frame, the pre-selected orbitals with entropy above τE , and in the lower frame,
the ones with entropy above 0.06. The dashed line draws the HOMO-LUMO gap, set at MO number 130.

orbitals from the bipyridine ligands and their corresponding π∗ anti-bonding counterparts. Given
the presence of three bipyridine ligands, three π bonding and three π∗ anti-bonding orbital need
to be included in the space. This leads to an initial active space of 11 orbitals, of which at least
three are known to be virtual. However, in highly symmetric systems such as this one, the strong
delocalization and mixing between metal d orbitals and ligand π orbitals complicates the a prior
definition of the occupied or virtual space. For this reason, the active space selection is refined by
separately inspecting the occupied and virtual manifolds, based on the dominant AO label desired
of each orbital. According to literature source [169], a minimal yet satisfactory active space for
this class of systems should contain at least 13 orbitals, exceeding the initially estimated 11. This
extension is justified by the inclusion of two additional σ bonding orbitals.

Our analysis suggests that three of the five 4d orbitals of Ru(II) are occupied, while two are
virtual. Notably, within the virtual space, as well as in the occupied space, a high degree of mixing
between d- and π∗- type contributions is observed, which makes an unambiguous classification
difficult. The refined target active space includes 13 orbitals, of which at least three are virtual
and at least five are occupied. The remaining eight orbitals are selected based on their chemical
relevance, and further analysis is required to determine their occupation status based on orbital
character and wavefunction diagnostics. The desired AO labels are collected in Table 4.5.
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ID Cluster AO Labels O V
L1 C0(Ru) 4d 3 2
L2 Cx (Bpyx) [Cx 2p⊥ , Nx 2p⊥, . . . ] 1 1
L3 C1 (Bpy1) [C1 2py , N1 2py] 1 1
L4 C2 (Bpy2) ∪ C3 (Bpy3) [C2 2px , N2 2px, C3 2pz , N3 2pz] 1 1

Table 4.5: Ruby-3 AO-labels of interest for each of the cluster. The x in the labels is a placeholder for
denoting all the cluster in {C1, C2, C3}. O and V are the number of orbitals selected for the specific AO
labels.

The MOs appear to be very mixed and less localized (in term of AO contributions). This high
mixing character is highlighted in Figure 4.13.

50% 45% 45%

49% 49% 41%

50% 55% 55%

51% 51% 59%

Figure 4.13: Molecular orbitals with highest Ru(II) 4d contribution. From here, it is possible to observe
the composition of these orbitals, in particular, how the MOs are also highly composed of π-orbitals on the
bipyridines.

In particular, for the occupied orbitals, there is no clear distinction between π and Ru(II) 4d

orbitals, thus, the selection of the candidate orbitals in the occupied space has been defined selecting
all the orbitals with ϵ[C0 Ru 4d] > 0.9 (i.e. labels group L1). This selection leads to 6 Ru 4ds mixed
with π-orbitals, defining a reasonable set of occupied orbitals. Then, for the three antibonding
π∗ orbitals, the required ones are composed respectively by a π-network on one ligand, L3, on two
ligands (complementary to the first one), L4, and MOs spread on all three ligands, L2. In particular,
L2 selects the MOs with carbon and nitrogen 2p⊥ contributions perpendicular to the plane of each
respective ligand. From this, we select only the first MOs appearing. L3 and L4, instead, select two
MOs whose complement each other, and even in this case, we select the first orbital for each label
group.

Finally, to clearly describe MLCT, we needed to identify σ-orbitals. Unfortunately, from the
explorative DMRG calculations and the AOs projections, no σ-orbital similar to the one in the
reference paper was found. The σ-character is hard to identify using AOs projection, and from
what we have observed, DMRG allows us to identify π-orbitals efficiently. Thus, by visual inspection
of excluded molecular orbitals from the DMRG selection, we have identified two MOs that could
potentially be the σ-orbitals used in the reference AS. In Table 4.6 we show the active space we
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have selected and investigated with CASSCF.

AS Occupied Virtual
AS1 110 111 124 125 126 127 128 129 130 131 132 134 135

AS2 (FL) 122 123 124 125 126 127 128 129 130 131 132 133 134

Table 4.6: Candidate active orbital spaces (AS) selected for the Ruby-3 complex. Bold MOs number are
referred to Ru(II) 4d orbitals, while italics for the σ-orbitals added in the post-processing screening.

The obtained active space is shown in Figure 4.14.

(124) (125) (126) (127) (128) (129)

(130)(131) (132) (134) (135)

(110) (111)

Bpy π*Ru(II) 4d

Ru (II) 4d+Bpy π

Ru (II) - Bpy σ

Figure 4.14: Candidate active space, AS1 in Table 4.6, identified with the presented procedures. The space
is split between occupied mixed Ru(II) 4d and π orbitals, virtual Ru(II) 4d, virtual anti-bonding π∗, and
the manually added σ-bonding orbitals.

Spin-Averaged CASSCF benchmark

As already pointed out for the previous complex, the scope of this preliminary investigation is, in
fact, assessing our active space selection approach provides reliable results by comparing ourselves
to reference active spaces. We performed preliminary SA-CASSCF calculations on 9 singlets and
9 triplets states to check the consistency between our active spaces and the reference. Because
we compute results with slightly different simulation conditions, our energies are not exactly com-
parable to the ones in the reference article. Excitation energies with CASSCF and corresponding
benchmarking DFT are reported in the Appendix in Section 3.

While both AS1 and AS2 have a balanced selection of orbitals and predict correctly the first
singlet and triplet excitations to be predominantly composed by dz2 → π∗ transition, AS1 gives
less mixed excitation state compositions. In particular, AS1 predicts the highest contribution to
be dz2 → π∗1, where π∗1 is the number 130 in Figure 4.14, in agreement with the reference paper
[169]. All CASSCF, however, predict the correct energy order for T1 being lower in energy than S1.
AS1 results show very good agreement with B3LYP. For instance, for both S1 and T1 the energy
differences with respect of B3LYP are of 0.058 eV and 0.004 eV, respectively. The AS2 (active
orbitals around Fermi level) is considered not suitable for the type of physics that we are expected
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to simulate, in particular, it does not contain the σ-orbitals necessary to describe MLCT transitions.
In comparison with TDDFT results, this space shows similar results as the ones computed with
BP86 [183, 184] . This analysis led us to conclude AS1 to be the best candidate active space for
the description of excitations in Ruby-3.

4.4.3 TLD-1433

For the TLD-1433 complex, an additional analysis of different possible conformations has been
carried out, in order to correctly identify the ground state geometry. The conformations analyzed
in the reference paper[170] are related to the orientation of the thiophene rings. This leads to two
possible geometries with different energies, in particular, if the S atoms face the same direction or
not. We found the structure with alternated rings is more stable. Also, the connection between the
thiophene chain and the ligand coordinated to the Ru(II) atom can be modified. This describes
how the H atom on the imidazole ring is oriented respectively to the S atom of the first thiophene
ring. The H and S can point in the same direction or the opposite direction. In the reference
paper[92, 170], only the first configuration has been analyzed, in the gas phase and water, for
both the thiophene ring settings. As a preliminary study, in this work, a new local minimum has
been found i.e. the structure with alternated ring and H facing in the opposite position w.r.t. the
first sulfur ring. The ground-state geometries have been optimized with GAUSSIAN software[185]
using PBE0 [186, 187] functional and def2-TZVP basis set using the Polarizable Continuum Model
(PCM)[188, 189] solvent approach for water. All the ground-state geometry energies and analysis of
the results can be found in the SI in Section E. For the RHF calculations, performed with PySCF,
due to the increasing size of the system, the basis-set used is def2-SVDP [190] with cc-PVDZ-pp
pseudo-potential for the Ru(II) atom. Additionally, the simulations for TLD-1433 have been carried
out in water as solvent, using the PySCF implementation of the Conductor-PCM (C-PCM)[188,
189].

TLD-1433 contains, as substructure, the complete Ruby-3 complex, and it is asymmetrical as
Trans-Cl. The atomic labeling chosen split the molecule in a similar way to the Trans-Cl Ru(II)
complex, in particular, the interested clusters are the following: C0 is the Ru(II) atom, C1 is the
bipyridine which extends into the thiophene chain, C2 is the imidazole ring connecting the bipyridine
and the tail, C3/C4/C5 respectively each of the thiophenes, C6 / C7 the two remaining bipyridines.
A coarser fragmentation can be defined by grouping all the components of the elongated ligand
(bipyridine coordinated with the thiophene chain) in a unique cluster, C1, the two bipyridines as C2
and C3, and leaving the Ru(II) atom alone again, in C0. For this showcase, the second grouping has
been chosen.

Thus, following the workflow as outlined in Section 4.3.1, after defining the desired atomic
labeling, a mean-field calculation is performed and the initial-guess MOs are obtained. The initial
search space, for the TLD-1433 molecule, NA is 1559. The HOMO is the MO number 225, counting
a total of 500 electrons. Working with the full orbital space to get the entropy-based preselection is
impossible, thus, a first reduction of the search space is done. A reduced search space is defined by
cutting out core orbitals and high-energy virtual MOs. The size of the Large-CAS, NLCAS , is 100
MOs, leaving 185 orbitals as inactive core. The following setup leads to a DMRG with CAS(80,100),
i.e. 80 electrons in 100 MOs.

Once the reference approximated DMRG wavefunction is computed, the entropy-based pre-
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C0
C1

C2

C3

Figure 4.15: TLD-1433 molecule with highlighted cluster defined according to the coarse atom-labeling,
as explained in this section. Each of the ligand (including the elongated one) is treated as an independent
cluster, as the Ru(II) atom.

selection can be performed. The S(1)p for each MO in {ψLCASp } is calculated using Equation 4.2.
The maximum single orbital entropy found is S(1)max=0.201, which corresponds to an entropy
threshold of τE =0.0201 . The entropy-based selection allowed to cut down the initial reduced
pool of 100 MOs to NE = 51 pre-selected MOs. After the entropy selection, the coefficient matrix
corresponding to high orbital entropy MOs is defined by [CA

E ] with shape NAO ×NE = 1559× 51.
In figures 4.16 and 4.17, it is possible to see how the number of MOs selected varies with different
thresholds, in the former, and how the highly entropic MOs are spread in the molecular space, in
the latter.
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Figure 4.16: Threshold plot, defined according Stein et. al [130] , for TLD-1433. In this case, the pre-
selection step with DMRG single orbital entropy leads to the selection of 51 MOs. The approximated
wavefunction is obtained on a CAS(80,100) with bond dimension 500.

For this molecule, there is no reference in the literature about the active spaces that can be
used to describe it using CASCI/CASSCF based method. Thus, a similar description of the active
space defined for Trans-Cl is done, as first guess, and then enriching the representation scaling up
to bigger active spaces, which may not be solvable using standard CASSCF/CASCI approaches.
The objective here is to define a set of active spaces suitable to be used as effective Hamiltonian in
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Figure 4.17: In this plot, the upper heatmap reports the value of the single orbital entropies, S(1)i, for
TLD-1433 MOs. In the second frame, the pre-selected orbital with entropy above τE , and in the lower frame,
the one with entropy above 0.06. The dashed line draws the HOMO-LUMO gap, set at MO number 225.

a quantum computing application.
A balanced active space for describing Inter–Ligand (IL) and MLCT states should be composed

of the 4d Ru(II) orbitals (C0), a balanced set of π/π∗-orbitals on the tail (C1), a set of π-orbitals
coordinating the two non-substituted bipyradine ligands (referred to as C2 and C3) to the transition
metal, and eventually a set of σ-orbitals for the description of the bonding between the thiophene
tail and the coordinating bipyradine ligand.

ID Cluster AO Labels O V
L1 C0 (Ru) 4d 5 5
L2 C1 (Tail) [C1 2pz, N1 2pz], [C1 2pz, S1 3pz] 1 1
L3 C2 (Bpy1) [C2 2p, N2 2p] 1 1
L4 C3 (Bpy2) [C3 2p, N3 2p] 1 1

Table 4.7: TLD-1433 AO-labels of interest for each of the cluster. O and V are the number of orbitals
selected for the specific AO labels.

Following these guidelines on the type of MOs needed to be included in the active spaces, a set
of size-scaling AO contributions can be defined. The resulting active spaces starts ideally from a
CAS(16,16) composed by one π and one π∗-orbital from the C2 and C3 ligands, 5 occupied and 5
virtual Ru 4ds, and finally one π and one π∗-orbital from the tail. The desired active space follows
a similar structure as the two previous systems, in which a balanced set of π/π∗ dresses a good
representative of Ru(II) 4ds orbitals. By further analyzing the molecular orbitals of the proposed
active space above the composition of the final active spaces changed then slightly for the following
reasons:

1. Due to high symmetry in the ligand orbitals, the same molecular orbital describing the π-
bonding/antibonding orbital on C2 selected by AO projection also appears as the most con-
tributing π-bonding/antibonding orbital for C3, and the same for the virtual space.

2. Due to the non-locality of RHF orbitals, the virtual orbitals appear to be defined as a com-
bination of the AOs of our interest, even mixing C2 and C3 orbitals with Ru 4ds, thereby
reducing the number of required orbitals.

Thus, the identified active space is reduce to be a CAS(14,13). The out-of-the-box active space
contains one Rydberg state as virtual Ru(II) 4d contribution and the HOMO is not included. A
refined active-space is instead obtained by increasing the threshold of selected orbitals to two for
each set of π/π∗ and to seven the number of Ru(II) 4ds. At this point, the refined space can be
obtained by only considering the right amount of π/π∗ orbitals including the HOMO in the occupied
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Figure 4.18: Pictorial representation of the TLD-1433 active spaces found and listed in Table 4.8

and removing the Rydberg from the virtuals. The defined active spaces defined for TLD-1433 are
collected in Table 4.8. In Figure 4.18, we show the active orbitals selected in the active spaces
identified.

AS Occupied Virtual
AS1 (bbwf) CAS(14,13) 205 217 218 219 220 221 223 225 226 227 228 244279

AS2 (refined) CAS(14,13) 209 217 218 219 220 221 224 225 226 227 228 240 244

Table 4.8: Candidate active orbital spaces (AS) selected for the TLD-1433 complex. The obtained active-
space corresponds to a CAS(14,13).

For TLD-1433, the calculations on the obtained active space are done with DMRG-CI due to
highly computational cost required to run PCM-CASSCF calculation with PySCF. As explained
in the computational setup in Appendix Section 1, the DMRG calculations have been carried out
solving a state-average DMRG-CI on two singlet roots and then refining the result with two in-
dependent state-specific DMRG-CI. For the triplet state instead, a single DMRG-CI with target
spin=2 has been performed. After the converged MPS is found, the solvation correction is added
by contracting the 1-RDM and the solvent potential.

AS S0 S1 ∆(S1−S0) T1 ∆(T1−S0) ∆(S1−T1)

AS1 -3597.605785 -3597.432341 4.719
(0.173444) -3597.461174 3.935

(0.14461)
0.7846

(0.028833)

AS2 -3597.605786 -3597.432344 4.719
(0.173441) -3597.461178 3.935

(0.14461)
0.785

(0.028834)

Table 4.9: S0, S1, and T1 obtained from a PCM-DMRGCI calculation with CAS(14,13). Energies are given
in Hartree. The gaps are given in eV and in brackets are reported the conversion in Hartree.

Given the absence of established computational benchmarks for this molecule based on wave
function methods, we are also conducting a thorough DFT investigation, the results of which are
provided in the Appedix Section 4. This detailed analysis offers a reliable starting point and a
potential reference for future high-accuracy calculations.
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4.5 Discussion and final remarks on active space selection

The AEGISS workflow proposed in this study offers a significant advancement in the semi-automated
selection of active spaces for quantum chemistry, especially in the context of quantum computing.
Its performance arises from the synergistic integration of two selection strategies: entropy-based
metrics and atomic-orbital projections. By combining the physical rigor of orbital entanglement
(via single-orbital entropy from DMRG wavefunctions) with chemically intuitive atomic-orbital
contributions, the method effectively captures both static correlation and chemical specificity. This
hybridization allows for the generation of active spaces that are both physically meaningful and
tailored to the electronic transitions of interest, which is crucial for systems like transition-metal
complexes where the interplay of metal-centered and ligand-based orbitals governs reactivity and
excited-state dynamics.

Despite the workflow’s attempt to reduce human intervention, certain stages, e.g. atomic orbital
labeling and post-selection visual screening, still require chemical intuition. This human-in-the-loop
aspect, while a strength in tailoring results, currently prevents full automation and could introduce
subjectivity or variability. Future development should aim to mitigate these user-dependent bottle-
necks. To reduce the complexity in the thresholding, a possible revision might be focused around
the creation of a properly weighted measure that allows to have consistent values of AO projec-
tion with drastically different atoms in the clusters. Potential avenues for advancement include the
integration of machine learning techniques to predict high-entropy orbitals from system topology
or chemical descriptors, thereby reducing the dependence on full wavefunction sampling in cases
where even approximate wavefunction approaches are computationally prohibitive. Prior studies
addressing related challenges may provide a valuable foundation for guiding future developments in
this direction [191]. Additionally, incorporating localization schemes or fragment-based embedding
into the AO projection phase could further streamline the process and improve scalability. Another
improvement might be related to the definition of the initial DMRG window, for which, relevant
canonical HF orbitals can be too spread and fall outside the selected size. Correlated methods
Natural Orbitals, e.g. MP2 or CCSD, can be used as starting guess from which the entropy prese-
lection is performed. Additionally, the measure for the correlation-based pre-screening could also be
defined according to other measures, analyzed by Ding et al., [192] and Evangelista [193]. On this
line, during the preparation of this manuscript, another automated active-space procedure, namely
Active-Space Finder (ASF) [194], has been presented and already employed. The procedure is simi-
lar to the one proposed in this manuscript, but differently from the present, it uses a clustering-like
procedure on top of an approximated DMRG to defined the active spaces. It would be interesting
to compare and, if possible, combine the two procedures [195].

Importantly, the AEGISS framework is well-positioned to interface with quantum computing
workflows. Its capacity to generate state-specific and chemically adaptive active spaces aligns natu-
rally with the needs of quantum algorithms like VQE [196] or Quantum Phase–Estimation (QPE) [3,
197], which require compact but expressive Hamiltonians. The method’s output, a more chemically
meaningful and entropy-aware active space, provides an ideal input for qubit-efficient encoding of
molecular systems, as long as the effective Hamiltonian size is currently a bottleneck in quantum
simulations. Moreover, the entropy-based pre-screening can be leveraged to prioritize orbital inclu-
sion based on entanglement ranking, guiding qubit allocation and circuit depth considerations.
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With the active space now defined in a principled way, we are ready to address the problem of
preparing high-quality electronic states for hybrid quantum simulations. This task is going to be
addressed in the next chapter.
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Chapter 5

Quantum Information driven ansatz for
State preparation

Despite its promise, VQE faces challenges in scaling to larger systems due to the expansion of the
parameter space and the difficulties in implementing long circuits describing the variational wave-
functions and operators on noisy quantum devices. To overcome these hurdles, various improved
algorithms have been proposed [79, 81, 85, 198]. In this respect, a fundamental role is led by the
choice of the parametrized wavefunction that is going to be used as a trial wavefunction together
with the VQE procedure. The shape and the structure of the ansatz are non-trivial and system-
dependent, and in general, two types of ansätze can be defined. The first class exploits wavefunctions
directly constructed to leverage the characteristics of quantum hardware. This empirical approach,
known as the Heuristic Ansatz [55, 70–72, 199], comprises repetitions of blocks of parametrized
rotations and entanglement gates. It is designed without relying on information about the physi-
cal system, focusing solely on exploiting the quantum hardware’s capabilities. While the Heuristic
Ansatz better utilizes the quantum hardware, it comes at the cost of losing the physical meaning
associated with the wavefunction interpretation, with the advantage of considering significantly
shallower circuits, providing a potential avenue to address scalability concerns. In contrast, the sec-
ond family of ansätze involves translating classical Quantum Chemistry methods into the language
of quantum computation. Regardless of the approach used to construct the ansätze, increasing
complexity in PQC results in longer and deeper circuits, which not only heightens the risk of error
accumulation but also contributes to the emergence of Barren Plateaus [67], an issue characterized
by an exponentially flat optimization landscape. While adjustments in optimization techniques or
error mitigation strategies do not directly resolve barren plateaus, employing shallow and adaptively
structured ansätze has proven to be an effective countermeasure. Example of different ansätz have
been presented in Section 3.3, and in this chapter, we will focus on the Hardware–Efficient Ansatz
(HEA) family of circuits.

Shallow circuits that can also encode chemically relevant information and being build, for ex-
ample, following the Mutual Information present in the system, as done with Quantum Information
Driven Ansatz (QIDA) [200]. This approach allows to define quickly initial guess with a limited
number of CNOTs. Obtaining energetically correct results with a good overlap with the ground state
is not only useful as a starting guess for more complex ansatz construction protocol or other VQE-
based procedures, but also as a trial wavefunction from which samples can be extracted. Recently,
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different works in which a non-VQE-based, mainly exploiting the quantum version of a Selected
Configuration Interaction (SCI) approach, called Quantum SCI (QSCI) [201], Quantum Subspace
Diagonalization (QSD) [202], or Sample-Based Quantum Diagonalization (SQD) [203], have been
proving relevant industrial results and application of Quantum Algorithm to quantum utility-scale
[203, 204]. In these works, the principal actor is the trial wavefunction from which the samples are
drawn, which, for example, can be either a fixed Quantum Number Preserving (QNP) circuit [205]
or a chemically inspired hardware-efficient Local Unitary Coupled Jastrow (LUCJ) [203]. Despite
these advantages, being able to construct compact wavefunctions that can build effective trial wave-
functions that can be used to sample relevant determinants with the correct quantum symmetries
is still a challenge.

Therefore, having established a well-defined active space, the next challenge lies in preparing ac-
curate electronic states efficiently. This chapter presents the Multi–threshold Quantum Information
Driven Ansatz (Multi-QIDA), a warm-start strategy that leverages information-theoretic filtering
to construct compact variational forms and accelerate the convergence of hybrid VQE simulations.
Starting from the idea behind the QIDA approach, MultiQIDA builds and optimizes ansätze layer
by layer inspired by low-level preliminary classical calculations carried out on the system. Our
state-preparation method aims to recover partially the missing correlation by exploiting a layered-
structured ansätze, where each layer is selected based on the Quantum Mutual Information (QMI)
values. Multi-QIDA extends the single threshold QIDA approach by including qubit-pairs that still
present mid-high QMI values, that are excluded by the original method. Combined with a repeated
iterative VQE routine, Multi-QIDA allows us to obtain effective shallow circuits that surpass the
generic ladder-fashion ansatz in terms of performance and convergence properties. In addition,
we explore the usage of a different correlator, namely an SO(4) 2-qubit gate, which has several
advantages over the traditional CNOT.

The chapter is therefore composed in the following way: In Section 5.1 we defined the original
QIDA method and how to extrapolate Quantum Mutual Information (QMI) matrices from different
sources, DMRG in Section 5.1.1 and SparQ [163] in Section 5.1.2. Then, in Section 5.2, we introduce
our Multi-QIDA approach in each of its component: the extraction of single QIDA layers, in Section
5.2.1, how to reduce the number of correlators, in Section 5.2.2, the new SO(4) correlators, in Section
5.2.3, the costruction of each layer, in Section 5.2.4, and finally, the iterative-VQE procedure, in
Section 5.2.5 In term of results, we have two sections split according to the type of system treated:
Section 5.3 for Strongly–Correlated systems, and Section 5.4 for general molecules. A conclusive
discussion is reporte in Section 5.5

5.1 Quantum Information Driven Ansatz (QIDA)

Quantum Information Driven Ansatz (QIDA) [200] is a heuristic ansatz approach used to design
PQC with a topology that reflects the correlations that are contained in the quantum systems. After
the calculation of the Quantum Mutual Information (QMI) matrix I, coupling pairs are identified
by fixing a threshold µ ∈ [0, 1), splitting the qubits pairs into two separate sets:(i, j) is selected if Iij ≥ µ,

(i, j) is discarded if Iij < µ.
(5.1)
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5.1. Quantum Information Driven Ansatz (QIDA)

The selected qubit pairs are used to design the empirical ansatz. In particular, the entangling
block of the VQE is composed of two-qubit gates between each qubit couple i, j ∈ selected, i.e.
the coupling with QMI value greater or equal to the threshold chosen Iij > µ. In ref. [200], the
entangling gate used, called correlator, is the CNOT gate. Any other two-qubit quantum gate can
be used to correlate the two qubits.

QIDA follows the idea that the tunable threshold, µ, can provide the desired amount of corre-
lation required to approximate the quantum state connecting only the spots that are more relevant
for the approximate QMI reference. The algorithm does not necessarily connect all the qubits.
Empirical ladder-fashion ansatz links all the qubits giving the possibility to span the whole Hilbert
space at the price of having a larger entangling gate count, which will result in much more expensive
quantum circuits. Also, ladder-fashion ansatz does not carry any information about the physical
problem that is going to be studied. On the contrary, With QIDA, the topology of the correlation
in the quantum systems is obtained by a classical ground-state pre-computation from which the
QMI map is defined.

5.1.1 QMI from DMRG for spin lattices

For this application, the QMI matrices are computed exploiting MPS and the DMRG algorithm,
which as already been explained in the introductory on quantum chemistry (Chapter 2). In this
case, the Hamiltonian we are trying to solve is the one defined by Equation 5.10. After running
the DMRG algorithm, the converged wavefunction Tσ1,...,σN , i.e. the best approximation of the
ground-state at a fixed bond dimension, is obtained, where σ1 . . . σN are the physical indices of the
MPS. To compute the terms used in the QMI Equation 1.25, the RDMs for each couple of sites are
required. Given the matrix Ai

′j′

i,j , which can also represent a density operator, the partial trace is
obtained by summing over the indices that we want to trace out.

Tri(A
i′j′

ij ) =
∑
i

Aij
′

ij = Aj
′

j (5.2)

To compute ρij which is define as a rank-4 tensor ρ
σ′
iσ

′
j

σiσj , we need to trace out all the sites
σs ̸= {σi, σj}, which is equivalent to compute

ρ
σ′
iσ

′
j

σiσj = Tr{σs ̸=σi,σj} |Ψ⟩⟨Ψ| (5.3)

As shown in Equation 5.2, to trace out some sites, we need to sum over those indices, for the two-
sites RDM, it is required to run over all the indices except i and j. If the MPS representing the
quantum state is defined as |Ψ⟩ = Tσ1...σN , its density operator is

ρ = |Ψ⟩⟨Ψ| = Tσ1...σNT
†
σ′
1...σ

′
N
= ρ

σ′
1...σ

′
N

σ1...σN (5.4)

Now it is easy to see how to compute ρij starting from ρ for each pair (i, j):

ρij =
∑

σs,s̸=i,j
Tσ1...σi...σj ...σNT

†
σ1...σ′

i...σ
′
j ...σN

= ρ
σ′
iσ

′
j

σiσj .

(5.5)
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Finally, from each ρi,j we can also compute the one-site RDMs ρi and ρj by tracing out the other in-
dex of two indices that resulted from the previous contraction (i.e. j and i respectively), completing
all the necessary terms needed to compute the QMI value as defined in Equation 1.25. Exploting the
properties of canonicalization of the MPS, the retieval of the one- and two-qubits QMIs is efficient
due to the contraction to identities of the sites with indices a ̸= i for 1-qubit RDM, and with a < i

and b > j for the 2-qubit RDM.

5.1.2 QMI with SparQ for molecular systems

Sparse Quantum–State Analysis (SparQ) is an innovative tool designed to efficiently compute key
quantum information theory metrics for wavefunctions that are sparse in their definition space [163].
SparQ is particularly focused on wavefunctions derived from Post-Hartree-Fock methods and em-
ploys the Jordan-Wigner transformation to map fermionic wavefunctions into the qubit space. For
excitation-based wavefunctions, this is done by applying excitations to the Hatree-Fock SD by the
following equation:

â†i â
†
j âkâl|HF ⟩ = â†i â

†
j âkâl

∏
s∈HF

â†s|∅⟩, (5.6)

where the indexes i, j ∈ V irtual, k, l ∈ Occupied, and s is the set of occupied orbitals that defines
the Hartree-Fock SD. The fermionic to qubit mapping is then directly applied to the excitation
operators. This approach leverages the inherent sparsity of these wavefunctions to perform efficient
quantum information analysis. This makes it possible to handle larger and more complex chemical
systems than traditional methods such as the Density Matrix Renormalization Group (DMRG) even
if sacrificing at times the quality of the wavefunction compared to the latter method. The sparsity
of the wavefunction strictly depends on the Post-HF method in use, however, it is mostly related
to these methods exploiting only a relatively low number of excitations in the overall Fock space.
Given a computational cost linear in the number of states, SparQ is able to handle any wavefunction
given by the current methods, proving an invaluable tool for the aim of the present work.

5.2 Multi–QIDA workflow

The main focus of the Multi-QIDA approach is the building of a systematic ansatz adding, step
by step, a layer that will recover the missing correlation that is not caught using the first QIDA
layer [200] as a standalone ansatz. The implementation of Multi–threshold Quantum Information
Driven Ansatz (Multi-QIDA) is a combination of three steps, described in the following sections.
The procedure is composed of the following steps:

1. QMI calculations: The first step is to build the approximate QMI matrix exploiting the DMRG
or SparQ method, depending on the nature of the system, as defined in [163]. (Section 5.1.1
and 5.1.2)

2. QIDA-layers constructions: Without discerning between classical and quantum correlation,
we spilt the qubit-pairs based on a selected set of QMI values, namely finesse-ratios. For each
range of QMI we obtain a QIDA-layer by performing a selection of only some relevant pairs.
Therefore, it is a purely classical routine which, given an approximate QMI matrix, infers the
adaptive layers of the VQE by sectioning the MI matrix by correlation levels.
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3. Circuit-composition: the circuit made of the different entangler maps for each layer is con-
structed, with details varying based on the entangler block chosen, CNOT or SO(4).

4. Layer-wise incremental VQE: Each QIDA-layer is independently optimized, and then the full
circuit goes through a relaxation procedure. A varied version of the Layer-VQE [120].

Key aspects of Multi-QIDA’s procedure are:

• Layered Ansatz Construction: Multi-QIDA constructs variational layers step-by-step,
where each layer is informed by the QMI matrix, selecting qubit-pairs based on their QMI
values. This incremental addition of layers allows for the capture of crucial correlations that
single-threshold approaches might miss.

• Efficient Resource Management: The algorithm is designed to reduce the computational
overhead typically associated with ladder-style heuristic ansatzes, especially standard Hard-
ware Efficient Ansätze. By selectively entangling qubits with strong correlations, Multi-QIDA
reduced the number of required entangling gates, effectively constructing shallower circuits
without sacrificing accuracy. This approach could be particularly valuable for current quan-
tum hardware, where circuit depth and gate count directly impact performance due to noise.

• Improved Convergence and Accuracy: The iterative approach embedded in Multi-QIDA
allows for faster convergence to the ground-state energy with fewer optimization runs. It
consistently outperforms traditional ladder ansatz methods by maintaining high precision
with reduced mean energy deviation, demonstrating its effectiveness in calculating ground-
state energies accurately. Benchmarks showed improvement in both energetic terms and in
accuracy compared to other ladder ansatz.

• Empirical Mitigation of Barren Plateaus compared: Following the idea that a multi-
layer construction of the ansatz may create a funnel in the parameter space that can guide the
minimization process, we may argue that Multi-QIDA’s iterative structure may also increase
the probability of avoiding barren plateau. Barren plateaus are a common issue in variational
quantum algorithms where the optimization landscape becomes flat, complicating the param-
eter optimization process. By breaking down the variational landscape into manageable steps
and refining parameters in stages, Multi-QIDA achieves better results compared to Hardware–
Efficient Ansatz (HEA) ladder ansatz in which the full parameters space is defined since the
beginning.

In the next sections, we are going to guide you through all the component of the Multi-QIDA
pipeline. The full Multi-QIDA version of the workflow can be found in Figure 5.1.

5.2.1 Chunking Procedure

The final goal of Multi-QIDA is to create a shallow-depth circuit for state preparation, improving
the results obtained by the original QIDA method, in order to include a wider spectrum of different
qubit-pair correlation. In the previous section, we have seen how QMI matrices can be obtained,
either constructed from a DMRG MPS solution, or through SparQ, for spin-lattices and molec-
ular system, respectively. Obviously, DMRG is absolutely suggested for obtaining QMI matrices
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Figure 5.1: Pictorial representation of the Multi-QIDA method workflow. The reference wavefunction
is used to build the QMI map on which is applied the Multi-QIDA Layers-Builder procedure as shown in
Algorithms 1 and 2. The resulting collection of entangler maps is used to perform an Iterative-VQE, as
defined in Algorithm 3.

in the case of strongly correlated system or unrestricted calculations, for which, RCISD or MP2
wavefunction may fail to represent the true ground state.

Once the QMI matrix I is generated, the first procedure that needs to be carried on is the
definition of the different QIDA-layers. One single QIDA-layer is the application of the QIDA
procedure i.e. selection of a mutual information cutoff µ and reduction of the number of correlators.
With Multi-QIDA, instead, being a multi-threshold procedure, requires multiple applications of
QIDA for different mutual information values. The selection is carried out on the list of descending
QMI-value order qubit-pairs obtained from the QMI matrix Iu,v. This collection of thresholds µ̄,
called finesse-ratio, represents how the full QMI matrix is split into different circuit layers. The
selection of the finesse-ratio follows the structure of the distribution of qubit-pairs. The finesse-ratio
is not computed automatically with a fixed step, it is instead empirically determined based on the
distribution of the qubit-pairings. In general, the criterium is to select ranges of mutual information
accordingly, for example, to the cluster that appears in the distribution. This clusters naturally
appears in Spin lattices systems and the division has been chosen to follow these already present
correlation structures. While for molecular system, by observing the distribution of the QMI spots,
it can be noticed that it decays rapidly, concentrating on a minor group of highly/mid correlated
spots (as Shown in Figure 5.2), and thus, as the lower the interval of correlation is chosen, the
higher the number of pairings included in the chunks. Additional detail on the specific chunking

80



5.2. Multi–QIDA workflow

and finesse-ratios selected for the system studied can be found in the result section.
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Figure 5.2: Example of the decreasing values of QMI for NH3 molecular system. Details of the system are
reported in the results section.

For each pair of consecutive finesse ratios, we define the range, l, in which the qubit-pairs are
used to impose an edge on a graph Gl. This range corresponds to a Multi-QIDA layer. A QIDA
entangling layer l-th is then composed by selecting the pairs qi, qj whose correlation Iqi,qj falls in
the range µ̄[l − 1] > Iqi,qj ≥ µ̄[l]. Such pairs are then added to the candidate entangling list of the
l-th layer, which represents the potential pairs to which then impose a correlator. At this point,
a reduction of the number of correlators included in the mutual information chunk is going to be
applied.

5.2.2 Selection criteria

As stated in [206, 207], one of the main components of the construction of PQC following the
Multi-QIDA method, is the request for a selection criterion for the reduction of the number of
entangling pairs that fall into each layer. The objective of this procedure is to exploit cross-
entanglement built among the Multi-QIDA layer in order to reduce the number of correlators.
In the two manuscripts[206, 207], different selection criteria have been defined, depending on the
type of system to be solved. In particular, for Spin-lattices the criteria stops the production of layers
once all the qubits have been touched at least one time by a correlator, and avoid the connection of
pairs of qubits if already reachable by each other. For molecular system instead, the construction
is more involved and exploits graph theory to build the reduced layers. Here, we report the specific
procedure for each selection criteria.

Reduction criteria for Spin-lattices

For Spin-lattice the criteria according which a correlator, or set of correlators, is added to the circuit
is by coverage i.e. if the correlators is trying to connect two qubits that are already connected,
directly or exploiting indirect paths, the correlator is discarded. Initially, all the qubits are in
the set of free qubits, meaning they have not been used in any entangling process and defining a
disconnected graph using the qubits as nodes. A QIDA entangling layer l-th is then composed by
selecting the pairs qi, qj whose correlation Iqi,qj falls in the range µ̄[l− 1] > Iqi,qj ≥ µ̄[l]. Such pairs
are then added to the candidate entangling list of the l-th layer, which represents the potential
pairs to which then impose a correlator. The criterion according to which the entangling gates are
added to the current layer l is defined as follows: For each pair Iqi,qj , we check if at least on the
two qubits qi and qj is contained in free, then the correlator associated to the pair is added to the
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l-th layer, and the corresponding nodes are connected on the graph by an edge. Additionally, if
the two qubits qi and qj are not in free and they are not connected in the graph, the correlator is
added in the l-th layer. This means that the two qubits are contained in two different subset of
qubits, and there is no path ( or combination of previous layers correlators) that connects them.
This procedure is iterated again until the set of free qubits is empty and all the qubits belong to
the same unique subset, i.e. they are all connected. In other terms, the layers are added until all
the qubits in the lattice have been covered by at least one entangling layer and they are reachable
to each other by exploiting a combination of correlators chosen among all the layers. At the end of
this building procedure, we define the entire collection of layers by L, which is then passed to the
ansatz construction procedure. Algorithm 1 schematizes the procedure just explained.

Algorithm 1 Schematic outline of the Multi-QIDA Layers-builder
Require: QMI matrix Iij , µ̄, Nqubits > 0
Ensure: List of entangling map L
1: L← empty list
2: free← {n|∀n ∈ Nqubits}
3: G← Disconnected_Graph(free)
4: t← 1
5: all_connected = false
6: while (free ̸= ∅) ∧ ¬(all_connected) do
7: l← empty list
8: for qi, qj ∈ {∀Ii,j : µ̄[m] > Ii,j ≥ µ̄[m+ 1]} do
9: if ¬(G.connected(qi, qj)) then

10: l.add([qi, qj ])
11: G.add_edge(qi, qj)
12: free.remove(qi, qj)

13: L.append(l)
14: t← t− µ
15: all_connected← G.is_connected()
16: L.append(ladder_ansatz(Nqubit))
17: return L

Reduction criteria for molecular systems

For tackling the molecular system, we have exploited Minimum Spanning Trees (mST) to select
which correlators are going to be used in each Multi-QIDA layer. We start by defining a weighted
graph, G = (V,E,w), where V is the set of the vertices, E ∈ V × V is the set of the edges, and
w : E → R is a function that maps each edge ei ∈ E to a real valued weight wei . We can define a
MST, T ⊆ E, which is a subset of the edges of the graph G that satisfies the following properties:

• Vertices Span: The subset of the edges T covers all the vertices V . Formally, for each pair
of vertices u, v ∈ V , there exists a path in T that allows to reach v starting from u, and vice
versa.

• Tree structure: T is an acyclic connected graph.

• Total Weight Minimizing : Given the weight function w, the sum of the weight in the subset
T is minimized. Thus, if T = {e1, e2, · · · , e|V |−1}, then the total weight w(T ) =

∑
e∈T w(e)
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is the lowest possible value among all the available spanning trees that can be built from the
graph G.

In the same way, a Maximum Spanning Tree (MST) can be defined following the previous properties
by changing only the total weight values, which in this case, it has to be maximized. Thus, an MST
is a subset T ⊆ E that spans all the vertices V , it forms a tree, and the total weight w(T ) is
maximized.

In this work, two different weight function has been used:
Maximum Correlation Spanning Tree (MCST): for each edge e the associated weight we is defined
directly as the QMI value of the two vertices v, u that they are connected by the edge

we = w((u, v)) = Iv,u.

Thus, with this type of weight function, we are going to select the MST that collects the highest
amount of correlation.
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Figure 5.3: Pictorial representation of the action of the correlators reduction. The width of each edge
corresponds to the value of QMI between the two qubits, Iuv. In the two figures: (a) Original layer without
any reduction applied. (b) Maximum correlation reduction applied leading to a QIDA-layer composed of the
remaining edges.

Distance Reduction Spanning Tree (DRST): For each edge e, the relative weight is defined as

we = w((u, v)) = d(u, v),

where d(u, v) is a topology-based distance function. The distance term is defined as the topological
distance between qubits u and v, which can be seen as the number of edges that are included in
the shortest path to connect these two qubits. From another point of view, this distance d(u, v)
can be defined as the minimum number of 2-qubits SWAP gates needed to make qubits u and j

next-neighbour. For this specific case, the topology is linear, thus the distance function is defined as
|u−v|. This weight function implemented on linear topology corresponds to the empirical reduction
used in [200], i.e. the objective is to consider qubit-pairs as close as possible to the diagonal. Thus,
it is required to build a Minimum Spanning Tree.
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Figure 5.4: Pictorial representation of the action of the correlators reduction. The width of each edge
corresponds to the topological distance between the two qubits, d(u, v). In the two figures: (a) Original
layer without any reduction applied. (b) Empirical reduction leads to a QIDA-layer composed only of the
identified edges.

In Figures 5.3 and 5.4, two examples of correlation reduction are shown. In particular, they
represent how a candidate set of entangling gates, image (a) in both figures, gets reduced by the
application of the selection criteria. The weights associated with each edge are defined randomly.

Algorithm 2 Schematic outline of the Multi-QIDA Layers-builder
Require: Iij , µ̄, Nqubits, w(·, ·)
Ensure: List of entangling map L
1: L← empty list
2: m← 0
3: for m ∈ [0, · · · , len(µ̄)− 1] do
4: G← (V = {1, · · · , N}, E = ∅)
5: for qu, qv ∈ {∀Iu,v : µ̄[m] > Iu,v ≥ µ̄[m+ 1]} do
6: G.add_edge(qu, qv, w(u, v))
7: T ← ComputeMST (G)
8: L.append(T.get_edges())
9: return L

Selected all the pairings that fall in the selected QMI value range, for each u, v in the chunk,
we define a weighted edge that connects vertex u to vertex v, with weight w(u, v). The weight
function w(·, ·) depends on the selection criteria preferred. Once all the edges are inserted in the
graph, we create the MST (or mST), Tl, concerning the cost function used to reduce the number
of correlators. From Tl, we can now retrieve the collection of the edges E(Tl) ⊆ E(Gl) that will
compose the entangler map for the l-th layer. At each step, the graph Gl is reset, ensuring that only
the correlators contained within a given chunk are considered. This guarantees that the minimum
spanning tree (MST) is constructed solely from the correlators relevant to that chunk, thereby
preventing any edges from previous layers from being reused or exploited.For each tree Tl, the list
of edges forming the MST (denoted as mST) is translated into a QIDA-layer. All QIDA-layers are
then assembled into a complete set of layers, denoted as L . This collection L is subsequently passed
to the layer-wise iterative VQE algorithm, which uses it as a blueprint to construct the adaptive
quantum circuit. Algorithm 2 schematizes and generalized the procedure just explained, without
assuming any selection criteria.
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5.2.3 SO(4) Gates

Our approach has been also tested we considered a more general 2-qubit correlator with respect to
the CNOT gate. This correlator can generate any unitary transformation belonging to the SO(4)
group, and we call it SO(4) gate.

Differently from CNOTs-based ansätze, the parametrized SO(4) gates offer a tunable correlation,
that can be chosen by the optimization.

On top of the variety of transformations that can be obtained by parametrized SO(4) matrices,
the decision of this type of gates is also related to the nature of the system that we decided to treat.
Given the time reversibility of the Heisenberg model Hamiltonians, we only need to include real
transformations described by the group O(4) and, without lost of generality, we can restrict our
attention to the group SO(4). To be explicit, the corresponding matrices consist of real numbers
and these groups represent rotations in the four-dimensional space.

Following Theorem 3 in [208], every element of the group SO(4) can be realized by a circuit
consisting of 12 elementary one-qubit gates and two CNOT gates.

A generic gate U ∈ SO(4) is composed by two generic one-qubit rotations A,B ∈ SU(2), four
S gates and two R gates. It is also known that every matrix M ∈ SU(2) can be written as a
composition of Rz(α)Ry(θ)Rz(β) for some α, β and θ, while the R gate is defined as Ry(π/2) and
the S gate is obtained with Rz(π/2). The U gate is then parametrized using the two sets of three
parameters of gates A and B.

Figure 5.5: On the left, the circuit implementing a general U ∈ SO(4). The gates A and B are general
SU(2) parametrized gates. On the right, the symbol we adopted in this work.

5.2.4 Circuit Building

Independently by how the previous procedure has been carried out, its final result is a list of
QIDA-layer L. Before constructing the circuit, a final "ladder layer" is appended at the end of
the L QIDA-layers. This layer arranges the remaining correlators in a top-down topology, allowing
separate correlation groups to be interconnected. Functionally, the ladder layer acts as a final
selection stage for qubit pairs that fall outside the specified finesse-ratio range. By applying MST-
based selection to these leftover pairs, the resulting topology of this layer approximates that of a
ladder both in term of structure and in CNOT cost.

As already introduced in the first section, the phenomenon on the barren plateau is related
to the circuit expressiveness : the larger the variational space that the ansatz has to explore, the
greater is the probability, when initialized according to a random distribution of the parameters,
that the gradients of the cost function vanish. One of the possible solutions to avoid Barren Plateau
is to employ short PQC [67]. By variationally optimizing only a portion of the search space with
the restricted parameters, in some scenarios, shallow circuits present no flattened potential surfaces,
with the drawback that the optimal solution could also not be obtained inside this constrained space.
Following this concept, similarly to the Adapt-VQE [81], we decided to extend the shallow ansatz
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obtained by the QIDA method, adding layer-by-layer expressiveness to the PQC, without exploring
the huge variational space at once. At each l ̸= 1, we want the new layer Ll to be initialized to the
identity to not disrupt all the previous l− 1 rounds of optimizations once a new (yet) unoptimized
layer is introduced.

To perform the proper construction, two different procedure are required based on the type of
correlators we are using to build the whole circuit. The first implementation follows the standard
combination of parametrized single-qubit rotation gates and CNOT as entanglers [68], and it has
been included in the analysis as a comparison to the next type of ansatz. In the following Multi-
QIDA construction, this version of the Ansatz will be referred to as QIDACX . The second variant
is obtained by entangling pairs of qubits using SO(4) gates, as in Fig. 5.5, which, as we have seen,
guarantees the most general description of real two-qubit gates, such as Multi-QIDA implementation
is referred in the following as QIDASO4.

CNOT V-shaped additional circuit

For the combination of Ry and CNOT, we can obtain the identity by imposing a V -shape structure
to the entangling layer l, partly resembling the topology of a UCC excitation [74–76, 78]. The
V -shape is obtained by a set of Ry rotations, the additional entangling layer, a central layer of Ry
rotations, again the additional entangling layer but with reversed-order, completed with a last series
of Ry rotations, as shown in Figure 5.6.

Ry(θi:0) Ry(θi:4) Ry(θi:8)

Ry(θi:1) Ry(θi:5) Ry(θi:9)

Ry(θi:2) Ry(θi:6) Ry(θi:10)

Ry(θi:3) Ry(θi:7) Ry(θi:11)

Figure 5.6: Circuit implementing a V -shape i-th additional layer with entangling map [0, 1],[1, 2],[2, 3].
This circuit results into an identity, 1, when all the parameters θi:j are zero for all j.

SO(4) additional circuit

If the additional layer is built with SO(4), only SO(4) gates are used in the newly added circuit,
and since the identity gate is already included in the parameterization of a general SO(4), shown
in Figure 5.5, no further construction is needed to obtain it in this case. In summary, with both
kinds of entangling maps (in Figure 5.7 and Figure 5.6), setting the parameters to zero guarantees
an identity gate.

Parameter initialization to ϵ-Identity

In general, the initialization of the parameters of the additional layers with zeros, or in general with a
circuit that results in an identity, ensures that the cost function being optimized remains unchanged
after introducing this new layer. The parameter optimization can therefore proceed step by step,
avoiding the risk of barrel plateau due to large expressivity. For spin-lattices, the initialization of
the additional layer to identity, i.e. fully zero parameters,always leads the optimization to restart
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Figure 5.7: Additional layer with entangling map [0, 1],[1, 2],[2, 3] where each entangler is an SO(4) 2-qubit
gate as describer in Figure5.5. This layer is initialized to identity, 1, at the beginning, with all the parameters
of each entangler set to zero.

without any problem. In [207] istead, for dealing with molecular systems, the initialization to the
identity of the additional layers turned out not being the right choice, due to the presence of local
minima, preventing the optimization from proceeding. To overcome these limitations, we decided
to initialize the new layer using an operator that is close to identity. This goal is achieved by adding
additional layers which has a random offset from the identity. The set of initial parameters for the
additional layer, θ̄il , is created by randomly sampling values from a uniform distribution with mean
0 and standard deviation 0.1, i.e. θ̄il ∈R U(0, 0.1). The value 0.1 has been empirically estimated by
selecting the lowest value that allowed escaping the local minima of the previous QIDA-layer, while
recovering in a few VQE iterations the previous energy after the addition of the successive layer.

5.2.5 Iterative–VQE

The selection of a suitable optimization routine is necessary when dealing with variational circuits
in which the ansatz is built iteratively/adaptively and not directly optimizing the full wavefunction.
As the name of this section suggests, we decided to perform the optimization of the full circuit
iteratively along many steps, each of which will include two main phases: an optimization of the
single layer Ll at the l-th step, and a relaxation procedure in which a global optimization of all the
previous layers {0 . . . , l − 1} is performed. To briefly resume a general procedure that is executed
at each step l, exploiting non-fixed parameters quantum circuit, i.e. QCempty:

1. Append the l-th layer to the QCempty;

2. Assign the optimal parameters up to the previous iteration θ̄0,1,...,l−1 = θ̄∗prev;

3. Initialize the parameters of the l-th layer to identity or an offset of the identity;

4. Find the optimal parameters of the l-th layer alone, θ̄∗l ;

5. Compose the total set of parameters up the the l-th layer as θ̄tot = θ̄∗prev + θ̄∗l ;

6. Use θ̄tot as starting parameters for a final VQE in which the variational wavefunction is defined
by QCempty;

7. Once converged, the optimized set of the combined circuit, i.e. θ̄∗tot is obtained.

The starting parameters, denoted as θ̄l, represent the unoptimized parameters associated with
the l layer. With the vector of parameters θ̄l, it is possible to define the unitary transformation to
bring |Ψl⟩ to the l + 1-th state |Ψl+1⟩ = U(θ̄l) |Ψl⟩, where |Ψl⟩ = U(θ̄∗prev) |Ψ0⟩ and θ̄∗prev is the set
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of optimal parameters used up to the l-th layer. To optimize the θ̄l parameters we apply the VQE
algorithm by minimizing

⟨Ψl|U †(θ̄l)U
†(θ̄∗prev)HU(θ̄∗prev)U(θ̄l) |Ψl⟩ , (5.7)

and we keep fixed θ̄∗prev. After this first step VQE, we mark the optimal parameter vector by θ̄∗l .

After the completion of optimization of the layer, Ll, the algorithm proceeds with a new VQE.
In this second phase of the iteration l the algorithm encompasses all the layers {0 . . . , l} in a VQE
that minimizes

⟨Ψ0|U †(θ̄tot)HU(θ̄tot) |Ψ0⟩ , (5.8)

where θ̄tot = θ̄∗prev + θ̄∗l . This optimization takes as a starting point the previous parameter vectors
and gives as a result a new set of different parameter vectors, defined as θ̄∗tot. This new set of
parameters will be used as new fixed set of parameters for the next layer iteration. Algorithm 3
schematizes the Iterative-VQE procedures given an general entangler map,L, and the number of
qubits in the circuit, Nqubits.

Algorithm 3 Iterative (Re)-Optimization routine
Require: Nqubits > 0, List of entangling map L
Ensure: Optimal parameters θ̄∗, Converged energy E
1: QCempty ←QuantumCircuit(Nqubits)
2: for l ∈ L do
3: append(QCempty, l)
4: M ← n_params(QCempty)
5: if l is first layer then
6: θ̄0 ← θ0:0, . . . , θ0:M ∈R [0, 2π)
7: θ̄∗l ←VQE(QCempty, θ̄0)
8: else
9: θ̄l ← θl:0, . . . , θl:M = 0 or θ̄l ∈R U(0, 0.1)

10: θ̄∗l ←VQE(QCprev, θ̄l)
11: θ̄tot ← θ̄∗prev + θ̄∗l
12: Etot, θ̄

∗
tot ←VQE(QCempty, θ̄l)

13: θ̄∗prev ← θ̄∗tot
14: QCprev ←assign(QCempty, θ̄∗prev)

return Etot, θ̄
∗
tot

5.3 Results for Strongly correlated systems

The first application in which Multi-QIDA has been tested is the strongly correlated systems.
This section will focus first on the introduction of the physical system of Heisenberg-Spin lattices,
then specific circuit construction, how the results between Multi-QIDA have been compared with
standard HEA–ladder ansatz, and finally, the results.
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5.3.1 Heisenberg Model

A general Heisenberg model Hamiltonian is defined as follows:

H =
∑
⟨i,j⟩

Si · Ji,j · Sj +
N∑
i

hi · Si, (5.9)

where ⟨i, j⟩ indicates all nearest-neighbor spins pairs, Jij is the interaction term between two ad-
jacent spin sites, Si and Sj are spins operators acting on sites i and j, respectively, and hi is the
local magnetic field acting on the i-th site, due to an external magnetic field or magnetic impurities.
Expanding each spin operator Si into the three components along x, y and z axis, the Hamiltonian
H can be written as

H =
∑
⟨i,j⟩

(Jxxij S
x
i S

x
j + Jyyij S

y
i S

y
j + Jzzij S

z
i S

z
j )

+ h
N∑
i

Szi ,

(5.10)

where ⟨i, j⟩ indicates all nearest-neighbor spins in a 2D lattice with open boundary conditions, Jββij
is the interaction term between two adjacent spin sites with β ∈ {x, y, z}, h is the external magnetic
field and Sβi is the β component of the 1

2 -Spin operator acting on the i-th spin site.

The Hamiltonian is written directly on the qubit space by converting each 1
2 -Spin operator into

Pauli operator following

Sβi =
ℏ
2
σβi , (5.11)

where σβi ∈ {σx, σy, σz} i.e one of the three Pauli matrices. The Hamiltonian to be measured on
a quantum computer must be converted into a sum of Pauli strings. A Pauli string is defined as a
tensor product of Pauli matrices. Each Pauli string corresponds to one of the coupling terms or the
on-site term in Equation 5.10. For a general coupling term Jββi,j , the relative Pauli string is defined
as

I0I1 . . . Ii−1σ
β
i Ii+1 . . . Ij−1σ

β
j Ij+1 . . . IN−1, (5.12)

where Ii are identity matrices.

To explore the validity of our Multi-QIDA approach we have considered different spin systems
for the following Heisenberg Hamiltonian:

H =
J

4

∑
⟨i,j⟩

[∆(σxi σ
x
j + σyi σ

y
j ) + σzi σ

z
j ]−

− h

2

N∑
i

σzi .

(5.13)

In Equation 5.13, the operator is defined in terms of three parameters: J = Jxxij = Jyyij = Jzzij >

0, ∀all i, j ∈ {1, . . . , N}, whereas J is the spin coupling interaction, ∆ as the Anisotropy term, and
the external magnetic field h. In Table 5.1, we collect all the information about the parameters
used for each system configuration with relative exact energies, Eexact, as well as the energy of the
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classical Néel state, ENéel. Eexact obtained from exact diagonalization of the Hamiltonian, while
ENéel is obtained according to Equation 5.16.

Size #Qubits J h ∆ Eexact ENéel

3× 3 9 1.0 0.0 1.0 −4.749327 −3.00

2× 6 12 1.0 0.0 1.0 −6.603472 −4.00

3× 4 12 1.0 0.0 1.0 −6.691680 −4.25

3× 4 12 1.0 2.0 1.0 −9.508473 −4.25

3× 4 12 1.0 0.0 0.66 −5.338751 −4.25

3× 4 12 1.0 0.0 0.1 −4.272670 −4.25

Table 5.1: Summary table containing all the configurations used in the simulations. Eexact is the energy
obtained by exact diagonalization of the Hamiltonian of the system. The energy of the reference state, ENéel,
is obtained following Equation 5.16.

5.3.2 QMI manipulation and layer building

Here, we describe the full procedure for obtaining the complete set of entangling maps that are
needed to compose a single Multi-QIDA ansatz. Starting from the DMRG reference MPS, we created
the corresponding QMI map. We compute each term of Equation 1.25 by exploiting properties of
the MPS wavefunction that allow us to compute RMD matrices, defined in Equation 5.5, efficiently.
In Figure 5.8a and in the upper panel of Figure 5.1 (left), we show the QMI map obtained for the
3× 4 isotropic Heisenberg Hamiltonian using DMRG.
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Figure 5.8: (a): QMI map of 3 × 4 Isotropic Heisenberg model with J = 1.0, h = 0, and ∆ = 1.0.
Reference wavefunction obtained from converged DMRG calculation.(b): Qubit-Pairing for the 3×4 Isotropic
Heisenberg model with J = 1.0, h = 0, and ∆ = 1.0. Dashed lines represent the values of the finesse-ratio µ̄
selected for this system.

From the QMI map, we have extracted the qubit-pairing and ordered them in descending mutual-
information values. Then, we applied the layer-building procedure explained in Section 5.2.4, fol-
lowing Algorithm 1. In Figure 5.8b, we show a pictorial representation of the ordered set of coupling
obtained by a QMI map. All the qubit-pairs are represented, and the color of each point is chosen
accordingly with the value of QMI. The most correlated couplings are the ones with a QMI value
near 1, light-tone color, followed by decreasing values of QMI corresponding to a color gradient
toward a darker tone.

The first procedure of the Layers-builder procedure splits the correlators into QMI chunks, and
this is done by imposing a finesse-ratio of µ̄ = [0.9, 0.8, 0.7, . . . ]. With this finesse-ratio, it is clear
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that not all the chunks will contain qubit pairing e.g. in the ranges [0.9, 0.8] or [0.7, 0.6]. In Figure
5.8b, it is possible to see how the QMI values are chunked according to the finesse-ratio selected.
The QMI pairs that fall inside two dotted lines are the candidate coupling that may be selected
to be inserted inside a QIDA-layer. Thus, it encloses also qubit-pairs that will be removed in the
second phase of the Multi-QIDA layers-builder algorithm. These pairings are the ones that try to
connect qubits that are already connected by the previous layer and thus, they are reachable to
each other by exploiting the cross-correlation of the previous QIDA-layers.

From the QMI chunks obtained in the first procedure, we started building each QIDA-layer by
applying the selection criteria explained in Section 5.2.4. Algorithm 1 stopped after the addition
of the 7-th range of QMI values, i.e. 30% of correlation, which covered and connected all the 12
qubits.

The isotropic 3 × 4 model Hamiltonian required 17 of the 66 available qubit-pairs. The 17
correlators are split into the following layers :

• First Layer (4 correlators):[0, 1], [2, 3], [8, 9], and [10, 11].

• Second Layer (4 correlators): [0, 4], [3, 7], [4, 8], and [7,11].

• Third Layer (6 correlators): [1, 5], [2, 6], [4, 5], [5, 9], [6, 7], and [6, 10].

• Fourth Layer (3 correlators): [1, 2], [5, 6], and [9, 10],

and these pairings, i.e. the selected ones, are identified by the rounded box in the lower pane of
Figure 5.1. Following the above composition, we obtain a PQC composed of 52 CNOTs forQIDACX

and 56 CNOTs for QIDASO4 having in total 5 QIDA layers. We notice that the #CNOT used in
QIDACX and QIDASO4 differs only for the number of correlators involved in the 1-st layer. This
is due to the fact that for the QIDACX ansatz, all the layers except the first are composed of the
V -shape configurations of the layer, which doubles the count of CNOTs, while QIDASO4 counts
two CNOTs for each gate used, including the first layer.

For the other system, the reference QMI maps are shown in Figure B.1, while the relative qubit-
pairing is available in Appendix B.2. The resulting Multi-QIDA layers can be found in Appendix
B.1.

5.3.3 Metrics and measures

We employed various metrics and measures to compare performances across different systems. In
addition to the straightforward metric of the number of CNOTs, #CNOT , other measures included
are Absolute Quantum Energy, Relative Quantum Energy, Minimum Absolute Energy Deviation,
and Minimum Relative Energy Deviation. While #CNOT is an unambiguous definition, other
measures need a brief explanation:

Absolute Quantum Energy (AQEi) for the i-th VQE run, i.e. the energy obtained from the i-th
VQE run and the one obtained from Exact Diagonalization, Eexact.

AQEi =
Ei

Eexact
∗ 100. (5.14)
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Relative Quantum Energy (RQEi) i.e. the ratio between the difference of the i-th VQE run and
the Néel energy and the difference between the ED energy and the Néel energy:

RQEi =
|Ei − ENéel|
|Eexact − ENéel|

∗ 100. (5.15)

The Néel state represents the ground state of the corresponding classical system, and it is
obtained by setting spin in an alternated configuration between spin-up, ↑, and spin-down, ↓. The
energy associated with the Néel state, ENéel, is a constant that scales with the number of pairings
and the value of the coupling term Jzz, i.e.

ENéel =
∑
⟨i,j⟩

Jzzi,j . (5.16)

All the values relative to Eexact and ENéel are shown in Table 5.1.
Minumum Absolute Energy Deviation (MAED) represents the average deviation of the AQEi from
the best achieved AQE i.e. AQEbest, denoting the AQE value of the top-performing run. It is
computed by summing the differences between the AQE of each VQE run and the AQEbest, then
normalizing this sum by the total number of runs. It is expressed as:

MAED =

∑#V QE
i=1 |AQEi −AQEbest|

#V QE
. (5.17)

Mininum Relative Energy Deviation (MRED) quantifies the average deviation of the relative quan-
tum energy from the optimal relative energy Ebest. Defined in the same way as the MAED but
using RQE values:

MRED =

∑#V QE
i=1 |RQEi −RQEbest|

#V QE
. (5.18)

Minimum Energy Deviation (MED) is defined as the two previous metrics, but using flat energies
and not % values.

MED =

∑#V QE
i=1 |Ei − Ebest|

#V QE
. (5.19)

5.3.4 Heuristic ansatz comparison

We carried out the comparison between Multi-QIDA configuration and ladder Heuristic ansatz de-
fined by a layer of parametrized rotations Ry(θ), N−1 CNOTs in a top-down ordered configuration,
followed by another set of parametrized rotations (see Figure 3.1). In a situation in which the num-
ber of CNOTs of a multi-QIDA configuration can not be compared directly with the exact depth of
the ladder circuit, we decided to compare ladders composed of the previous and next depths. Thus,
if the ladder contains fewer CNOTs than our approach, and the ansatz with depth increased by
one, contains a higher number of CNOTs, then we take both ladders as a comparison. The number
of CNOTs for ladder fashion circuits is defined as (N − 1) ∗ d, where N is the number of qubits,
i.e. sites number, and d is the number of repetition of each layer with ladder displacement of the
entangling gate i.e. the depth. We refer to the ladder ansätze as (L)CXd . For the 3 × 4 Isotropic
Hamiltonian model, the number of sites is 12, which translates into 11 entangling gates per layer.
The ladder ansätze we used as comparison contain 44 CNOTs for (L)CX4 , 55 CNOTs for (L)CX5 ,
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and 66 CNOTs for (L)CX6 . The cost in terms of CNOTs for all the configuration can be found in
Appendix B.2.

5.3.5 Performance Analysis

Here, we present a comparison between our Multi-QIDA approach and the heuristic ladder ansätze
for one specific system that we have studied, the 3× 4 Isotropic Heisenberg Model Hamiltonian. In
Table 5.2, we have collected all the results for this system configuration. As already introduced in
the previous section, we carried out the comparison between ladder fashion ansätze and Multi-QIDA
method circuits, in both CNOTs and SO(4) parametrized gates.

(L)CXd - Heuristic ladder-fashion ansätze

For this type of ansätze, the results we obtained are very close between PQC at different depths. In
particular, the two deeper circuits, with depths 5 and 6, present small variations in terms of mean
result and best-performing run. The deeper circuit is the one that performs slightly better. For the
absolute quantum error (AQE), the average is set to 84.37%, and the best-performing simulation
reaches 90.36%, with a mean error from the best result of 5.99%. The relative quantum error (RQE)
values are 57.17%, 73.58%, and 16.42%, corresponding to mean, best VQE, and deviation, in order.
The ladder fashion circuits present on average a dispersion from the best-performing runs that is
at least of 5.52% for the absolute quantum energy and at least 15.10% for the relative quantum
energy. Looking at the mean energy deviation error (MEAD), we can see that the best-performing
ladder incurs an error of 0.4.

Lattice Ansatz Eavg Ebest AQEavg RQEavg AQEbest RQEbest MED MAED MRED

3× 4 (L)CX
4 −5.56(±24) −5.924784 83.03 53.49 88.54 68.59 0.368738 5.51 15.10

3× 4 (L)CX
5 −5.65(±14) −6.067645 84.36 57.14 90.67 74.44 0.422450 6.31 17.30

3× 4 (L)CX
6 −5.65(±25) −6.046642 84.37 57.17 90.36 73.58 0.401 5.99 16.42

3× 4 (QIDA)CX −6.200065(±1) −6.200066 92.65 79.87 92.65 79.87 ∼ 1e-6 ∼ 2e-5 ∼ 5e-5

3× 4 (QIDA)SO4 −6.3612(±42) −6.362179 95.061 86.46 95.08 86.51 0.000998 0.014918 0.040885

Table 5.2: Simulations results for the 3×4 Isotropic Heisenberg model Hamiltonian divided by ansatz layout.
Results were obtained with #V QE = 50 each, statevector simulation using Qiskit library, optimization
algorithm BFGS with convergence tolerance 1e-6, and finesse ratio µ = 0.1 for the layer selection. AQEavg

and RQEavg are defined as the average performance metrics AQEi and RQEi over #V QE simulations. For
the Eavg, the value in the brackets is the standard deviation.

QIDACX - Multi-QIDA with CNOTS

We increased the mean AQE to 92.65% and the best-performing run too, with a value of 92.65.
The mean absolute energy deviation that we commit using this ansatz is 2e-5%. Consequently, the
RQE presents the same behavior, 79.87% for the average RQE and best VQE, and an error of
5e-5%. For the QIDACX ansatz, the RQEavg is increased by +22.70%, the RQEbest by +6.29%,
with increased precision of seven orders of magnitude. In terms of MAED, we obtain an energy
deviation of 1e-6.
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QIDASO4 - Multi-QIDA with SO(4)

We obtained 95.061%, 95.08% and 0.149%, for average AQE, AQEbest and deviation, in order.
The RQE results are instead 86.46%, 86.51, and 0.04% for mean RQE, best-simulation RQE and
minimum relative deviation.In comparison to the ladders, for the QIDASO4, the enhancements that
we obtained are +29.29% and +12.93%, for RQEavg and RQEbest, respectively. The deviation from
the minimum, MRED, is three orders of magnitude lower than the one obtained with the deeper
heuristic ladder ansatz. We obtained a MEAD of 1e-3 for this ansätze configuration.

5.3.6 Convergence and precision

For a pictorial representation of the results shown in Table 5.2, a series of resuming violin plots can
be found in Figure 5.9a.

Each violin represents the AQE and the RQE for a different ansätze configuration for the same
system, tested in both ladder and QIDA ansatz settings. The lower tick represents the best VQE,
and the higher tick represents the worst VQE. The black dots are associated with the average value
of AQE and RQE. The width of the violins represents the frequency of the simulation’s outcomes
and they can be thought of as a rotated and smoothed histogram of several optimization procedures
obtained with different initial parameters. From these plots, it is possible to see the difference in
the performance between general heuristic ansätze and Multi-QIDA variational forms.

The ladder-fashion ansätze present average results that are generally distant from the minimum
results, meaning that it is required to re-run the circuit different times before obtaining a satisfying
result. Ladders can indeed encounter optimization paths that may converge to local minima that
are far away from the best result that can be obtained. As you can see for the depth 4 ladder, only
a few runs can reach similar results to the best-performing simulation for that configuration.

Multi-QIDA approaches instead guide the variational form in the right spot, providing good
results with very high probability, thus, few independent optimizations are required to obtain these
results. From Table 5.2, it is possible to see this behavior noting that the difference between
the average case and best-performing simulation is almost zero. In terms of energy, QIDASO4

configuration provides the best choice. Looking at the errors committed by the two Multi-QIDA
configurations, the QIDACX ansätze maintain the optimal convergence and lower MRED. The
QIDASO4 ansätze present a slightly larger inaccuracy with an error that is three orders of magnitude
bigger than the CNOT implementation.

In Figure 5.9b, we show the convergence plot for the 3 × 4 isotropic Heisenberg system. Here,
we have collected all the optimization trajectories for each simulation. Each lighter-colored line
represents one VQE simulation, while we plotted in a darker color, the best-performing VQE and
average VQE values. For these plots, it is possible to see how the VQEs simulations with Multi-
QIDA ansätze tend to be more compact in terms of dispersion from the best results. Thus, we can
say that with high precision Multi-QIDA-ansätzes drive almost all the VQE simulations to follow
the same path as the best-performing VQE run.

In terms of the average number of iterations required for the different types of ansatz, it is clear
that it is higher for the Multi-QIDA approach. This is due to the iterative optimization nature
of the Multi-QIDA approach, against the standard VQE for the standard heuristic ladder ansatz
which requires a single VQE routine. For the 3 × 4 isotropic Heisenberg Hamiltonian system, we

94



5.3. Results for Strongly correlated systems

(L)CX
4 (L)CX

5 (L)CX
6 QIDACX QIDASO4

Configurations

75.0

80.0

85.0

90.0

92.5

95.0

AQ
E(

%
)

25

50

75
80
85

RQE(%
)

AQE
RQE

(a)

60

80

100

AQ
E(

%
) (L)CX

4

All runs
VQEbest

VQEavg

60

80

100

AQ
E(

%
) (L)CX

5

All runs
VQEbest

VQEavg

60

80

100

AQ
E(

%
) (L)CX

6

All runs
VQEbest

VQEavg

60

80

100

AQ
E(

%
) QIDACX

All runs
VQEbest

VQEavg

0 200 400 600 800 1000 1200 1400 1600
Iterations

60

80

100

AQ
E(

%
) QIDASO4

All runs
VQEbest

VQEavg

(b)

Figure 5.9: (a): 3× 4 isotropic Heisenberg Hamiltonian with J = 1.0 VQE results. Comparison between
AQE and RQE for the different ansätze settings. Starting from the left: HEA ladder depth 4 (44), depth
5 (55), and depth 6 (66), then, Multi-QIDA CNOT(52) and Multi-QIDA (56) SO(4) ansätze. In round
brackets, the cost in terms of #CNOTS. (b): Representation of the optimization trajectories plotted by
each VQE in terms of AQE for the 3 × 4 isotropic Heisenberg Hamiltonian with J = 1.0. From top to
bottom: The first three plots represent ladder-fashion ansätze, then the QIDACX circuit, and finally, the
SO(4) implementation.

obtained that the number of optimization VQE steps for the three ladders ansatz is 338, 427, and
583, respectively, for depth 3, 4, and 5. For our Multi-QIDA ansatz, we reached 825 evaluations for
the CNOT version and 1073 for the SO(4) implementation. The mean number of iterations required
by the Multi-QIDA ansatz is at least double the evaluations required by the heuristic ladder ansätze.
From Figure 5.9b, it is possible to note that, for Multi-QIDA configuration, a not negligible time
is spent during the relaxation phase, in which the optimization is trying to re-optimize already
converged circuits. In this situation, we could have implemented a different halting criterion for
the relaxation phase, which could have helped reduce the time in which the optimization is almost
converged. Using a fixed number of evaluations for the re-optimization routine or an additional
threshold on the ∆E could help speed up the whole procedure.

The convergence and the trajectories plots for the other tested systems can be found in Figures
B.3 and B.4, while the optimization iterations in Table B.3.

5.3.7 Complete results

In this section, we collect very briefly and concisely the results from all the systems configurations:
3x3, 2x6, and 3x4 isotropic Heisenberg model, 3x4 with ∆ = 1/10 and 2/3 anisotropic term, and
finally, the 3x4 isotropic with external magnetic field h = 2. Table 5.3 collects the results for
the three isotropic configurations, while Table 5.4 shows the results for the 3 × 4 variations.
For the Isotropic configurations remaining the 3 × 3 and the 2 × 6, our approach in the SO(4)
settings performs better than the standard HEA in both the lattices. For the 2×6, both the Multi-
QIDA configurations performed significantly better than the deeper ladder circuit (L)CX5 with an
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Lattice Ansatz Eavg Ebest AQEavg RQEavg AQEbest RQEbest MED MAED MRED

3× 3 (L)CX
4 −4.22(±14) −4.335326 88.81 69.61 91.28 76.33 0.117578 2.48 6.72

3× 3 (L)CX
5 −4.30(±13) −4.497591 90.56 74.37 94.69 85.61 0.196695 4.14 11.24

3× 3 (QIDA)CX −4.333(±20) −4.336704 91.25 76.24 91.31 76.41 0.003003 0.063231 0.171668

3× 3 (QIDA)SO4 −4.6029(±11) −4.603961 96.92 91.63 96.94 91.69 0.001011 0.021294 0.057811

2× 6 (L)CX
4 −5.42(±15) −5.502422 82.07 54.52 83.33 57.71 0.083146 1.26 3.19

2× 6 (L)CX
5 −5.57(±11) −5.662730 84.31 60.21 85.75 63.87 0.095113 1.44 3.65

2× 6 (QIDA)CX −6.23776(±31) −6.238618 94.46 85.95 94.48 85.99 0.000856 0.012955 0.032860

2× 6 (QIDA)SO4 −6.265514(±1) −6.265514 94.88 87.02 94.88 87.02 ∼ 5e-7 ∼ 8e-6 ∼ 2e-5

3× 4 (L)CX
4 −5.56(±24) −5.924784 83.03 53.49 88.54 68.59 0.368738 5.51 15.10

3× 4 (L)CX
5 −5.65(±14) −6.067645 84.36 57.14 90.67 74.44 0.422450 6.31 17.30

3× 4 (L)CX
6 −5.65(±25) −6.046642 84.37 57.17 90.36 73.58 0.401 5.99 16.42

3× 4 (QIDA)CX −6.200065(±1) −6.200066 92.65 79.87 92.65 79.87 ∼ 1e-6 ∼ 2e-5 ∼ 5e-5

3× 4 (QIDA)SO4 −6.3612(±42) −6.362179 95.061 86.46 95.08 86.51 0.000998 0.014918 0.040885

Table 5.3: Simulation results divided by ansatz layout and system configurations for all the Isotropic
Heisenberg Hamiltonian lattices. For the Eavg, the value in the brackets is the standard deviation.

Lattice Ansatz Eavg Ebest AQEavg RQEavg AQEbest RQEbest MED MAED MRED

h = 2 (L)CX
4 −9.066(±92) −9.184634 95.35 91.59 96.59 93.84 0.118396 1.25 2.25

h = 2 (L)CX
5 −9.068(±87) −9.189169 95.37 91.62 96.64 93.93 0.121285 1.28 2.31

h = 2 (QIDA)CX −9.286827(±3e-4) −9.286827 97.67 95.79 97.67 95.76 ∼ 3e-10 ∼ 3e-9 ∼ 5e-9

h = 2 (QIDA)SO4 −9.4144(±61) −9.426608 99.01 98.21 99.14 98.44 0.012195 0.128254 0.231911

∆ = 2
3

(L)CX
4 −4.80(±16) −5.091959 89.93 50.61 95.38 77.33 0.290964 5.45 26.72

∆ = 2
3

(L)CX
5 −4.866(±49) −4.934131 91.09 56.35 92.42 62.84 0.070614 1.32 6.49

∆ = 2
3

(L)CX
6 −4.89(±17) −5.135422 91.52 58.42 96.19 81.33 0.249399 4.67 22.91

∆ = 2
3

(QIDA)CX −5.1777(±25) −5.181318 96.98 85.21 97.05 85.54 0.003624 0.067884 0.332874

∆ = 2
3

(QIDA)SO4 −5.232248(±1e-2) −5.232248 98.01 90.22 98.01 90.22 ∼ 4e-9 ∼ 8e-8 4e-7

∆ = 1
10

(L)CX
4 −4.2599(±40) −4.272528 99.70 43.64 99.99 99.37 0.013 0.295712 55.73

∆ = 1
10

(L)CX
5 −4.2629(±37) −4.266284 99.77 56.71 99.85 71.83 0.003428 0.080234 15.12

∆ = 1
10

(QIDA)CX −4.272574(±3) −4.272579 99.99 99.57 99.99 99.60 ∼ 6e-6 0.000141 0.026570

∆ = 1
10

(QIDA)SO4 −4.272645(±4) −4.272656 99.99 99.89 99.99 99.94 ∼ 1e-5 0.000249 0.046940

Table 5.4: Simulation results for the 3 × 4 Heisenberg model variations. Starting from the top: Isotropic
with External magnetic field h = 2, Anisotropic with ∆ = 2

3 , and Anisotropic with ∆ = 1
10 . For the Eavg,

the value in the brackets is the standard deviation.

increase in the average RQE of +25.74% and +26.81% for CNOT and SO(4) Multi-QIDA ansätze,
respectively (shown in Figure B.3c). The RQEbest is increased by +22.12% by the QIDACX

ansatz and +23.15% for the QIDASO4. For the 3 × 3 lattice instead, the QIDACX has the same
performance of the (L)CX4 in terms of best-run VQE and worse performance for the (L)CX5 (Figure
B.3a). On this lattice, the SO(4) implementation performs better than the deeper ladder ansatz,
(L)CX5 , obtaining an enhanced RQEavg by +17.26% and a best RQE of +6.08%. For the variants
of the 3× 4 lattice, the enhancement in terms of best-performing result is not very pronounced as
the improvement in the average case. For the Anisotropic ∆ = 2/3 configuration, the RQEavg is
increased by +26.79% and the best runs by +4.21% for the CNOT ansatz. QIDASO4 instead lead
to a +31.80% for the average case and +8.89% for the best-performing run (Figure B.1f). For the
∆ = 1/10 Anisotropic system, the CNOT Multi-QIDA ansatz increases the average case by +42.86%

and the best one of +27.77%. The SO(4) results are close to the previous one, changing only by
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5.4. Results for Molecular systems

a few decimals. Finally, for the Isotropic system with external magnetic field h = 2, QIDACX

obtains an increment in the average case of +4.13% and +1.83% for the best, and similar results of
+6.56% and +4.51% for the SO(4) version.

The preprocessing information as QMI maps and qubit-pairings can be consulted in Figures B.1
and B.2, respectively. The composition and cost of each Multi-QIDA configuration are shown in
Tables B.1 and B.2. Convergence violin plots are collected in Figure B.3, while the trajectories of
the optimizations are shown in Figure B.4. The cost in terms of VQE evaluations are displayed in
Table B.3.

5.4 Results for Molecular systems

To test the Multi-QIDA approach on molecular systems, we considered five different molecules
that, once codified on the quantum computer, span the range between 8 to 14 qubits. The systems
chosen are H2O, NH3, and BeH2 in terms of full-size system, thus Full-CI level, while H2O and
N2 with bigger basis have been studied at CASCI level. In Table B.4, we have summarized all the
information related to the system under study.

5.4.1 Iterative Natural Orbitals molecules

One of the possible way in which the complexity of the circuit is reduced is exploiting Natural
Orbitals (NOs). In particular, we use them as one-electron basis set functions for both VQE
simulations and QMI calculations.

Given a wavefunction Ψ, the associated NOs are defined as the set of molecular orbitals (MOs)
for which the one-body reduced-density matrix (RDM)

ρu,v = ⟨Ψ| a†uav |Ψ⟩ (5.20)

is diagonal. From the diagonal terms of the RMD, suppose ρu,u, we can obtain information about
the number of electrons in the u-th orbital and this value is denoted as Natural Orbital Occupation
Number (NOON) of orbital u.

As claimed in [209], in the NOs basis, the resulting CI expansion of the state under study is
composed by the minimal number of Slater Determinants. The reduction of the population of SDs
of a reference state is reflected in an increased sparsity of the Quantum Mutual Information map.
The simplification of the variational problem by means of Natural orbitals in quantum computing
has been studied in different works [163, 200, 210]. For the recursive nature of the basis i.e. the
NOs depend on the wavefunction, which is itself defined by the NOs, constructing a CI wavefunction
in this basis is tricky. To address this, an iterative procedure known as Iterative Natural Orbitals
(INO) [211] can be used, which aims to converge to MO where the wavefunction results in a diagonal
one-body RDM. Achieving self-consistency with this iterative method is in principle costly, albeit
the convergence rate is usually fast, so the process can be halted once a convergence criterion is
achieved.

Therefore, for the first group of molecule, the iterative natural orbitals (INOs), have been
employed as initial orbital guess. Only the frozen core approximation at the Hartree-Fock level has
been used for the first group of three molecules, by freezing the first core orbital for each system.
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5.4. Results for Molecular systems

All the systems in the first group have been analyzed with STO-3G basis set. One HF is computed,
we have applied the procedure to obtain INOs for each system, starting from RCISD calculations.
The INOs obtained are used as set of MOs that will define the true active space of the system, i.e.
Mact.

Active space molecules

For the second group of molecules instead, a more fine selection is performed. For H2O, the CAS(4,4)
active space includes 4 electrons in 4 orbitals: two σ bonding (O-H) and two σ∗ antibonding orbitals.
Using the 6-31G basis set provides a moderate description of the molecular orbitals, accurately
representing the bonding (HOMO) and antibonding (LUMO) levels. For this system, the selected
orbitals will compose the set Mact with size 4. For N2, the CAS(6,6) active space involves 6 electrons
distributed across 6 orbitals: bonding σg(2pz), πu(2px), πu(2py), and antibonding σ∗u(2pz), π∗g(2px),
π∗g(2py). For the N2, the set of Mact will be composed of 6 elements. Using the cc-pVTZ basis set,
the orbital energies are more accurate due to better flexibility and polarization functions, resulting
in a realistic HOMO-LUMO gap. In this case, the HOMO is degenerate, including both the πu(2px)
and πu(2py) orbitals, as well as the LUMO, composed by π∗u(2px) and π∗u(2py). In contrast, the
STO-3G basis set often predicts a different ordering, where the σ∗u(2pz) orbital can incorrectly
appear lower in energy than the π∗g , leading to an underestimated HOMO-LUMO gap. With cc-
pVTZ, the active space selection better captures the electron correlation essential for describing
the triple bond in N2. In minimal sets like STO-3G, improper orbital energy ordering may lead to
inaccuracies in multiconfigurational calculations [109].

5.4.2 QMI recovery and layer building

For all the systems, an RCISD wavefunction has been used as a reference to build the QMI map.
In particular, starting from the same set of orbitals used in the circuit, we used the PySCF RCISD
solver in order to obtain the relevant information used by SparQ to build the QMI matrix. Then,
for each system, by observing the distribution of the mutual-information pairs, the selection of the
finesse-ratios is performed. Starting from the QMI matrices, shown in Figures B.5, the different
finesse-ratios used are for H2O INOs: [0.5, 0.3, 0.1], BeH2 INOs: [0.7, 0.4, 0.35, 0.3, 0.2], NH3 INOs:
[0.75, 0.5, 0.25, 0.2], H2O 6-31G CAS(4,4): [0.5, 0.20, 0.15], N2 cc-pVTZ CAS(6,6): [0.80, 0.6, 0.4,
0.2].

The choice of the finesse-ratio is done accordingly to the criteria defined in Section 5.2.2, in
particular, we avoid the creation of a highly populated candidate set, we cover all the qubits with
at least one QIDA-layer, and we stop after reaching a layer below 0.2 of QMI value. The number of
QIDA-layers is different for each system, but generally, we need to encode at least 3 layers in order
to recover highly correlated pairs, mid-correlation, and low-lying correlations. As in the previous
work, we completed the series of QIDA-layers with an additional ladder in order to join together
disjointed groups of qubits.

5.4.3 Heuristic Ansätze Comparison

We decided to compare our approach with the most general variational wavefunction as the Hardware-
Efficient Heuristic ansatz. The definition of the circuit is the same as previously done for Spin-
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Lattices system. HEA are denoted with (L)CX5 , while Multi-QIDA using the label QIDAsel, where
sel can be one of the two selection criteria defined in Section 5.2.2. In particular, the complete
CNOTs count is shown in Table 5.5.

5.4.4 Metrics and Measures

#CNOTs BeH2 H2O NH3

H2O

CAS(4,4)

N2

CAS(6,6)

(L)CX
d 66 55 65 35 66

QIDAmax 70 58 66 36 68

QIDAemp 70 58 66 36 68

Table 5.5: Number of CNOTs used by each ansatz
configuration. (L)CX

d denotes HEA, while QIDAsel to
different Multi-QIDA ansätze. The number of CNOTs
in Multi-QIDA configuration is equal due to the selec-
tion based on spanning trees.

The main metric used to compare different
ansatz configurations is the number of CNOTS,
#CNOT. We decided to not employ the mea-
surement of the depth of the circuit, due the
fact that for the Multi-QIDA method, the full
circuit is composed by entangler maps that dif-
fers from layer to layer. Thus, a different num-
ber and disposition of the correlators, leads to
an inhomogeneous metric. To measure the per-
formance of the variational calculation, we used

used percentage correlation energy, ϵ, defined as

ϵi = 100 · EV QEi
− EHF

EFCI − EHF
(5.21)

where EV QEi is the converged energy of the i-th simulation, EHF is the Hartree-Fock SCF energy,
while EFCI is the exact solution, obtained by performing a diagonalization on the qubit Hamiltonian
defined on the Mact orbitals, and selecting the lowest eigenvalue. The EHF is instead directly
obtained by the RHF solver of PySCF [94–96] package. For the system in which a specific active
space is selected i.e. H2O-CAS(4,4) and N2-CAS(6,6), the reference exact energy correspond to
the CASCI energy, ECASCI = Ecore + Ediagact , where Ecore is the energy contribution of inactive
occupied orbitals, and Ediagact is the lowest eigenvalue of the active Hamiltonian. Equation 5.21 can
be redefined considering an active Hamiltonian as

ϵact = 100 · EV QEi − EHF
ECASCI − EHF

. (5.22)

We have then computed the Mean Correlation Energy Deviation (MCED) which quantifies the
average deviation of the correlation energy from the best performing simulation ϵbest. It is obtained
by summing up the difference between the correlation energies of each VQE simulation and the
correlation energy of the best performing simulation, then, the sum is normalized by the total
number of simulations. The MCED is formally defined as

MCED =

∑#V QEs
i |ϵi − ϵbest|

#V QEs
, (5.23)

where ϵi is the correlation energy for a specific VQE run, ϵbest is the correlation energy of the
best performing simulation, and #V QEs is the total number of simulations for a given ansatz
configuration. All the results related to average and best-performing simulations for each ansatz
configuration are collected in Table 5.6 for INOs systems, and in Table 5.7 for Active-Space systems.

We also computed four more quantities for each wavefunction computed by both Multi-QIDA
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and HEA circuits. We are interested in : Fidelity with the true ground-state, F = ⟨ΨGS |ψ(θ̄)i⟩
where i is the i-th VQE simulation, Projection along z-axis of the spin,Ŝz , Spin squared Ŝ2

, and Number of particles N̂e. All the four additional properties measured, the values of best-
performing results, are collected in Table B.5 for INOs systems, and in Table B.6 for Active-Space
systems.

5.4.5 Performance analysis

In this section, the energetic comparison between HEA and Multi-QIDA, with also the deviation
from the best performing VQE of both percentage correlation energy and absolute energy, are shown.

The results presented in Table 5.6 and Table 5.7 demonstrate that the proposed Multi-QIDA
approaches, QIDAmax (reduction of each QIDA-layer using a MST that maximizes the total QMI
value) and QIDAemp(reduction of each QIDA-layer using a mST that minimizes the distance be-
tween each qubit), consistently outperform the standard ladder ansatz (L)dCX in terms of correlation
energy and absolute energy across all tested molecular systems.

BeH2

(L)cx6 QIDAmax QIDAemp

ϵavg
21.25

(14.55)

79.78
(10.22)

80.46
(9.54)

Eavg -3.9146 −3.93490 −3.93510

ϵbest 49.75 90.9 84.03
Ebest -3.92441 -3.93872 -3.93637

MϵDbest 28.17 10.98 3.57

MEDbest 0.00980 0.00380 0.00120

H2O
(L)cx5 QIDAmax QIDAemp

-111.50
(284.70)

89.52
(2.31)

89.71
(2.31)

-23.45440 −23.55380 −23.55390

81.56 91.51 91.55
-23.54985 -23.55477 -23.55479
193.07 1.99 1.85

0.09550 0.00100 0.00090

NH3

(L)cx5 QIDAmax QIDAemp

-71.13
(248.89)

54.12
(0.36)

54.10
(0.36)

-20.00260 −20.08510 −20.08510

41.22 54.95 54.95
-20.07658 -20.08561 -20.08561
112.36 0.83 0.85

0.07400 0.00050 0.00060

Table 5.6: BeH2,H2O, and NH3 INOs system results. ϵavg, ϵbest, and MϵDbest are given in percentage,
while Eavg, Ebest, and MEDbest in Hartree.

INOs systems

In the simulations of BeH2 , H2O , and NH3, Multi-QIDA circuits consistently achieve higher
average percentage correlation energy (ϵavg%). In particular, for BeH2, QIDAmax achieves an ϵavg

of 79.78%, a significant improvement over the 21.25% obtained using the ladder ansatz, with a lower
standard deviation as well (10.22% versus 14.55%). Better results are obtained by QIDAemp, which
increases the ϵavg up to 80.46% Similarly, for H2O, QIDAmax obtains 89.52%, QIDAemp reaches a
close 89.71%, whose compared to the negative correlation energy (−111.50%) from (L)5CX, indicating
that the ladder ansatz optimization is failing to converge, leading to a state with energy higher than
HF. In this case, the deviation is two orders of magnitude lower for the QIDA circuit. For NH3,
while all methods show similar results, QIDAmax and QIDAemp marginally outperform the ladder
topology with ϵavg values of −54.12% and 54.10%, respectively, compared to the negative value
of −71.13% for (L)dCX. Here, both QIDAmax and QIDAemp obtain close values of percentage
correlation energy deviation, close to zero. In terms of best VQE results, BeH2, QIDA obtains
a clear increase of 40% over the ladders, whereas for the other systems, the increase is around
10/12%. In particular, for BeH2, Multi-QIDA circuits do not fall far from the average case, as
expected. Compared to the 49.75% obtained by the ladder, QIDAmax reaches 90.90%, while
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QIDAemp gets 84.03%. For the correlation energy of best performing VQE of H2O, we can observe
that the HEA reaches a good 81.56%, while QIDAmax and QIDAemp get similar values, around
91%. Finally, for NH3, the ladder reaches 41.22% correlation energy, while Multi-QIDA in both
settings reaches 54.94%. In terms of percentage correlation energy deviation, QIDA shows a lower
dispersion w.r.t. the best-performing VQE, hitting a dispersion of two orders of magnitude lower
than ladder ansatz for H2O and NH3. In general, we can find a consistent number of VQEs for the
ladder topology, which due to the random initial parametrization, are guided in a completely wrong
energetic solution, way lower than the HF energy.

H2O CAS(4, 4)

(L)cx5 QIDAmax QIDAemp

ϵavg 55.42(27.46) 82.36(6.32) 80.32(9.18)

Eavg −6.62720 −6.62800 −6.62790

ϵbest 92.17 95.42 97.81

Ebest −6.62828 −6.62837 −6.62844

MϵDbest 36.75 13.06 17.49

MEDbest 0.00110 0.00040 0.00050

N2 CAS(6, 6)

(L)cx6 QIDAmax QIDAemp

20.85(79.43) 57.13(6.53) 58.48(17.59)

−11.44410 −11.46860 −11.46950

79.99 82.17 85.22

−11.48403 −11.48551 −11.48757

59.13 25.04 26.75

0.04000 0.01690 0.01810

Table 5.7: H2O 6-31G CAS(4,4) and N22 cc-PVTZ CAS(6,6) system results. ϵavg, ϵbest, and MϵDbest are
given in percentage, while Eavg, Ebest, and MEDbest in Hartree.

Active Region systems

The second group of simulations are related to the application of Multi-QIDA in more complex
systems, which are considered by dividing orbitals into inactive and active space regions. For the
H2O CAS(4,4) system, QIDAmax achieves an ϵavg of 82.36% while QIDAemp reaches a 80.32%,
which are both enhanced performance with respect to the HEA ladder, which obtains on average
55.42% correlation energy. The same behavior can be found for the N2 CAS(6,6), for which the
standard ladder obtains on average 20.85% of correlation energy, while QIDAmax is able to reach
57.13% and QIDAemp, a slightly higher value of 58.48%. In terms of best-performing VQE results,
we have that the results of HEA ladders and Multi-QIDA circuits are close, but in any case, the
latter reaches slightly higher correlation energy.

Comparing instead the results obtained in terms of percentage correlation energy deviation w.r.t.
to the best-performing VQE, we can notice that Multi−QIDA behaves clearly better for complete
systems, so in our case INOs systems, while it has a higher dispersion for Active space systems,
which may be related to the fact that we are not including any kind of double excitations directly in
the ansätze. Also, we can observe that there is no clear distinction between the two type of selection
performed on the QIDA-layers, a difference that may be appreciated more if applied in the context
of real hardware topology or real devices.

5.4.6 Convergence and Precision

Here, we briefly analyze the results presented in Figure 5.10a and in the Appendix Figures B.6a-
B.7b, related to the precision of VQE runs, and Figure 5.10b and in the Appendix Figures B.8a-B.9b,
related to the dispersion of the optimizations.

Each of the plots in the first group represents the energy, E, and the percentage correlation
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energy, Ecorr, for every system and for all three ansatz configurations. In these plots, the results
for each ansatz configuration are represented by a violin plot. The width of each violin is related to
the frequency of the VQE outcomes. They are useful for assessing the consistency of the algorithm
(how clustered or spread out the results are) and identifying trends, such as whether the algorithm
reliably converges to a minimum energy or exhibits variability. At the two extremes of each violin
are presented the worst and the best performing VQE results, while the central dot represents the
average value.

We can notice that standard HEA with ladder-fashion connectivity presents results that are way
lower than HF and thus the average value is strongly shifted from the best-performing VQE. In the
systems in which this behaviour does not happen, the average result is anyway distant than the
optimal one and this means that it is required to re-run the circuit even more time, compared to
Heisenberg Model Hamiltonian, [206] before obtaining a satisfying result. Ladders quickly encounter
and falls into local minima that are far away from the best result. An example is in Figure 5.10a,
for which HEA can reach a good 81,54% of correlation energy but is heavily penalized on average
because most of the runs falls below HF energy, while Multi-QIDA is able to maintain, as expected,
a low dispersion around the best-performing VQE. We can further identify some difficulties of
Multi-QIDA in correctly describing the NH3 ground state and in particular, it get stuck around
50% of correlation energy, shown in Figure B.6b. But in general, we can see that even in the worst-
performing VQE, for which the population is very small, the energy is still higher than the average
case of HEA and in some cases higher that the best-performing ladder VQE. This last case is shown
in Figure 5.10a. In Figure B.7b, we can see how, for the N2 CAS(6,6) the performance of the two
Multi-QIDA selection criteria is completely different, and in particular, the maximum correlation
fails to compact the results towards the best-performing VQE but on the worst-performing, still
reaching higher correlation energy than the average HEA circuits. Another example is for BeH2, in
which the best-performing for ladders reaches ∼50% correlation energy, while a very limited portion
of VQEs for Multi-QIDA fails to follow the right variational path. Multi-QIDA approach, as already
seen for spin systems, can guide the variational wavefunction in the right spot, in an iterative and
adaptive way, without the requirement of building and optimizing the full variational space from
the beginning. This behavior can also be noticed in the second group of plot, Figure 5.10b and in
Appendix Figures B.8a-B.9b, in which we show the trajectories of the convergence of each VQE
for all the systems. For HEA simulations, the upper subplot, it is clear that the population of
VQE that are actually getting towards the right optimization path is very low compared to the one
that diverges or gets stuck in local minima. For Multi-QIDA instead, it is possible to notice that
the trajectories, even if they get perturbed at each additional layer, tend to be more compact and
closer to the best-performing and average trajectory. From the best-performing VQE, which is the
bolder trajectory, it is also possible to notice the quick recovery and restart of the optimization
after being perturbed, allowing the escape from the previous local minima and without ending in a
higher convergence point.

As in the previous work, we are aware of the higher computational cost required by Multi-QIDA
to converge and to end the full optimization procedure. The average number of iteration is usually
two/three times the number of iterations required by the corresponding HEA ansatz, and most of
the optimization procedure is wasted in the relaxation procedure.
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Figure 5.10: (a):H2O INOs system comparison between depth 5 ladder HEA and Multi-QIDA in both max
and empirical configuration. The three numbers associated with each violin show the number of CNOTs,
ϵavg, and ϵbest, starting from the upper one, for each simulation setting.(b):H2O INOs system convergence
trajectories for each of the 50 VQEs. In particular, starting from the upper plot (L)5, Multi-QIDA with max
selection criteria, and last Multi-QIDA with emp reduction.

5.4.7 Wavefunction Properties

Together with the measurement of the performance, we decided to define also metrics to evaluate
the capability of the Multi-QIDA ansatz to satisfy symmetry constraints and fidelity w.r.t. the
exact ground state. Given the fact that all the system studied are closed shell, the Ŝz and Ŝ2 are
both zero, while the number of particles, N̂e, for each specific INOs system is: BeH2=4 , H2O=6,
and NH3=8 , for CAS system instead: H2O CAS(4, 4)=4 and N2 CAS(6, 6)=6. The properties
analysis results are collected in Table B.5 for INOs systems, and in Table B.6 for Active-Space
systems.

INOs Systems

On average, Multi-QIDA obtained an improvement on each of the property measured. For the
Fidelity F with respect to the ground state, both the Multi-QIDA configuration recovered a slightly
higher value, ∼ 1.30% ,for BeH2, a relevant increment of ∼ 10.8% for H2O, and a non-negligible
∼ 6.8% for NH3. For the spin symmetries, in both cases, Multi-QIDA has been able to improve
the results or in general to not lower the quality of the result. In particular, for Ŝz, Multi-QIDA
obtain 0 in the two selection criteria, while the HEA gets 0.10343 for H2O and 0.05541. In terms of
Ŝ2 instead, the improvements have been obtained on all the three systems, in particular, for BeH2,
Multi-QIDA with max selection halved to 0.00111 the HEA value, 0.00261, while Multi-QIDA with
emp reduce the value lower to 1e-3. For H2O, the value for HEA is 0.22268 and Multi-QIDA
configuration reduced it of two orders of magnitude. The best improvement have been obtained for
NH3 for which the value obtained by HEA, 0.13443, has been reduced by four orders of magnitude.
For the number of particles, N̂ , the values have been refined to exact values only for NH3. In terms
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of best-performing VQE, as we expected, also standard HEA is able to recover almost the same
values of properties as Multi-QIDA.

Active Region systems

For this systems, the main improvement of Multi-QIDA with respect to HEA can be found mainly
for the second system, N2 CAS(6,6). On average, Multi-QIDA obtains an slightly higher fidelity
compared to HEA and for N2 closer Ŝ2 and N̂ to the exact value. As before and as we expected,
the best-performing VQE of HEA is able to obtain properties values closer to the one measure from
a Multi-QIDA circuit.

5.5 Discussion and final remarks on state–preparation with shallow
circuits

In this work, we introduced the Multi–threshold Quantum Information Driven Ansatz (Multi-
QIDA), a versatile framework designed to enhance quantum simulations of both lattice spin models
and molecular systems. Multi-QIDA extends the single-threshold QIDA by leveraging multiple
thresholds of Quantum Mutual Information (QMI) to identify and incorporate the most relevant
correlations in a layered, compact quantum circuit. By systematically including mid- to high-QMI
qubit pairs, Multi-QIDA captures richer correlations while maintaining shallow and resource-efficient
circuits. A central innovation of Multi-QIDA is its layered ansatz construction. Each layer can act
as an identity for specific parameter sets, enabling controlled circuit growth without unnecessary
complexity. The inclusion of SO(4) correlators proved especially advantageous: these gates preserve
essential wavefunction symmetries—such as total spin, spin projection, and particle number—while
improving variational energy estimates and mitigating the barren plateau problem when parame-
ters are properly managed. This design allows for both energy-efficient optimization and fidelity to
the underlying physics of the system. For lattice spin systems (e.g., Heisenberg model Hamiltoni-
ans), Multi-QIDA consistently outperformed heuristic ladder ansätze, achieving higher precision in
ground-state energy calculations, faster convergence, and significantly reduced average errors—often
by two orders of magnitude—at only a moderate increase in cost-function evaluations. For molec-
ular simulations, including H2O, BeH2, NH3, and active-space models like N2 CAS(6,6) and H2O
CAS(4,4), Multi-QIDA likewise surpassed hardware-efficient ansatz (HEA) approaches in accuracy,
scalability, and symmetry preservation. These properties make it an excellent starting guess for
adaptive algorithms such as ADAPT-VQE [81] or Quantum Selected CI (QSCI) based approaches
[201]. Despite these achievements, several open questions remain. Future investigations will focus
on: evaluating performance on larger, more strongly correlated systems, integration with adap-
tive or sampling-based approaches, such as ADAPT-VQE and QSCI, to further enhance accuracy
without introducing optimization bottlenecks, adapting the method to noisy quantum devices with
decoherence, and extension to alternative correlators (e.g., single/double-qubit excitations or Givens
rotations).

Although Multi-QIDA enables a nice state preparation within the active space, or warm-start ap-
proach, most of the time, only the static-correlation inside the active space is not enough to describe
properly a molecular system or a mechanism. In fact, also the dynamical correlation, coming from
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the complementary space, i.e. outside the active space, should be considered for an accurate de-
scription. The next chapter focuses on bridging this gap.
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Chapter 6

Hybrid Quantum-Classical
Multi-Configurational Self-Consistent
Field for polymerization reaction

Many molecular systems of chemical, biological, and materials relevance cannot be described accu-
rately by a single electronic configuration. In situations where several Slater determinants lie close
in energy, their quantum mechanical mixing generates strong static (or nondynamical) correlation,
which is fundamentally beyond the scope of single–reference methods such as Hartree–Fock, coupled
cluster, or standard Kohn–Sham density functional theory. Typical examples include bond dissocia-
tion, transition metal complexes with partially filled d or f shells, polyradicals, spin-crossover com-
pounds, magnetic materials, and electronically excited states involved in photochemistry. In such
cases, multiple electronic configurations contribute with comparable weight to the true wavefunction,
and the Born–Oppenheimer Potential Energy Surface (PES) may exhibit near-degeneracies, avoided
crossings, or genuine conical intersections. Capturing these features requires multi-configurational
wavefunction methods, where the electronic state is expanded as linear combination of Slater De-
terminant (SD) allowing the wavefunction to adapt flexibly to complex electronic arrangements.

Among such methods, Complete Active Space Self–Consistent Field (CASSCF) and its multi–
configurational generalization, Multi-Configuration Self-Consistent Field (MCSCF) provide a bal-
anced description of static correlation by treating a selected active space with full configuration
interaction while simultaneously optimizing the molecular orbitals. This makes them the main tools
for describing reliably excited states, bond rearrangements, and photochemical reaction pathways,
and indispensable for applications ranging from vision and photosynthesis to catalysis. However,
despite their conceptual elegance, the applicability of CASSCF and related approaches is funda-
mentally limited by the exponential growth of the active-space CI problem. In practice, classical
algorithms rarely exceed active spaces of roughly (16–20) electrons in (16–20) orbitals, which is
insufficient for many chemically realistic transition-metal or strongly correlated systems.

Quantum computing offers a promising path to overcome this bottleneck. By encoding the
electronic wavefunction into qubits, a quantum computer can in principle represent and manipulate
exponentially large CI spaces with only polynomial resources. Variational HQC algorithms, such
VQE, enable the preparation of multi–configurational wavefunctions on quantum hardware, shift-
ing the exponential cost of configuration interaction into a quantum state preparation that scales
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more favorably. When combined with classical orbital optimization in the spirit of CASSCF, this
opens the door, at least theoretically, to quantum multi–configurational methods capable of treating
larger and more realistic active spaces than what is classically tractable. Ultimately, this hybrid
paradigm promises chemically accurate descriptions of strongly correlated electronic structure, im-
proved prediction of excited-state reactivity, and faithful treatment of complex phenomena such
as conical intersections, while retaining the interpretability and physical grounding of traditional
multi-reference wavefunction theory.

In this chapter, we are going to present the path we followed to extend the Wavefunction–Adapted
Hamiltonian Through Orbital–Rotation (WAHTOR) [210, 212, 213] algorithm to include a broader
Self–Consistent Field (SCF) loop, in order to optimize not only the orbitals in the active space,
but the full variational space, i.e. inactive occupied and inactive virtual orbitals. We are going
to introduce to the Wavefunction–Adapted Hamiltonian Through Orbital–Rotation Self–Consistent
Field (WAHTOR–SCF) algorithm, and how both from the theoretical and computational point
of view, has been optimized to scale, also in High–Performance Computing (HPC) context. We
tested our WAHTOR–SCF against standard molecular system, for which we described the full
bond elongation up to dissociation, and also for industrially relevant reaction.

This chapter will be defined as follows: we will recap briefly the theory behind CASSCF/MCSCF
approaches, in Section 6.1, passing by the explanation of already existing and notorious Hybrid
Quantum–Classical algorithm. An brief introduction of the original WAHTOR procedure will be
given in Section 6.2. We introduce the novel extension, i.e. additional self-consistency, in Section
6.3. In particular, we will dedicate its content to show the computational and optimization effort put
to make the original procedure, and the extended one, scalable and HPC oriented. In Section 6.4,
the benchmarks molecules and the simulation condition will be presented, while specific results are
collected in Section 6.5. The industrially relevant molecules and associated results will be presented
instead in Section 6.6. Section 6.7 will be dedicated to wrap up the results.

6.1 From CASCI to CASSCF: Classically and Quantum orbital–
optimization

In Section 2.4 we already discussed very briefly about CASCI and CASSCF, but here, we will go a
little bit more into the deatails of the two approaches.

Many molecular systems cannot be described adequately by a single Slater determinant, espe-
cially when strong static correlation is present. In such cases, the electronic structure is intrinsically
multi–configurational, and the wavefunction must be expanded as

|Ψ⟩ =
∑
I

CI |ΦI⟩, (6.1)

where {|ΦI⟩} are Slater determinants built from a chosen molecular orbital (MO) basis. A com-
mon strategy to reduce the explosive cost of Full Configuration Interaction (FCI) is to restrict
electron correlation to a selected subset of orbitals, forming a Complete Active Space (CAS). In a
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CAS(Nact,Mact), one performs FCI only amongMact active orbitals containingNact active electrons:

|ΨCAS⟩ =
∑

I∈CAS

CI |ΦI⟩. (6.2)

Solving the projected Schrödinger equation

Ĥ |ΨCAS⟩ = E |ΨCAS⟩ (6.3)

defines the CASCI method. While CASCI captures static correlation within the active space, its
energy and qualitative behavior depend sensitively on the underlying MO basis. Because CASCI
optimizes only the CI coefficients and not the orbitals, it lacks invariance under orbital rotations.
As a result, CASCI may produce distorted potential energy surfaces, incorrect excitation energies,
or fail entirely near avoided crossings and conical intersections, where a balanced orbital description
is essential. CASCI alone is not sufficient because it lacks orbital relaxation and can fail catas-
trophically, especially for excited states and bond rearrangements. CASSCF resolves this by a
simultaneous optimization of both the orbitals and the CI expansion, yielding a balanced, state-
consistent multiconfigurational reference for systems where single–reference methods break down.

The Multi-Configuration Self-Consistent Field (MCSCF) framework removes this deficiency by
optimizing both the CI coefficients and the orbitals. The most widely used MCSCF family member
is CASSCF, which minimizes the total energy

E = ⟨Ψ(C,κ)| Ĥ |Ψ(C,κ)⟩, (6.4)

where the orbitals are parameterized through a unitary rotation,

|ϕ′p⟩ =
∑
q

Uqp|ϕq⟩, U = e−κ̂, κ̂ =
∑
p>q

κpq(Êpq − Êqp), (6.5)

where Êpq = â†pα ˆaqα + â†pβ ˆaqβ .
Stationarity of the energy yields two coupled equations:

ĤCAS(κ)C = EC (CASCI eigenvalue problem), (6.6)
∂E

∂κpq
= 0 (orbital optimization). (6.7)

Their self–consistent solution produces a multi–configurational reference that is smooth, orbital–invariant,
and capable of describing degeneracies and non–adiabatic regions accurately.

6.1.1 Quantum counterpart of MCSCF methods

With current quantum hardware, diagonalization of large active spaces is out of reach, but VQE
offers a scalable alternative to CASCI by preparing correlated wavefunctions on a quantum proces-
sor. However, if the orbitals are not optimized, a VQE calculation inherits the same limitations as
CASCI. This motivates hybrid quantum–classical schemes that merge VQE with orbital optimiza-
tion, in direct analogy to CASSCF.

The idea of a HQC orbital–optimization routine it has been already explored before, initially
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by Takeshita [214] and then, in a first form of completely Hybrid Quantum–Classical CASSCF
[215]. In the second, approach, the quantum processor replaces the CASCI solver, while the orbital
optimization loop remains purely classical, preserving the structure of the original algorithm. The
energy depends on both the ansatz parameters θ and on the orbital rotation parameters R. The lat-
ter are optimized through a unitary orbital transformation, ÛOO, defining the Orbital Optimization
(OO),

ÛOO(R) = e−R̂, R̂ =
∑
p>q

Rpq

(
Êpq − Êqp

)
, (6.8)

resulting in a transformed Hamiltonian

Ĥ(R) = Û †
OO(R) Ĥ ÛOO(R). (6.9)

Given a converged wavefunction |ψ(θ)⟩, the quantum device provides the following one- and two-
body RDMs as

γpq = ⟨ψ(θ)|Êpq|ψ(θ)⟩, Γpqrs = ⟨ψ(θ)|ÊpqÊrs − δqrÊps|ψ(θ)⟩, (6.10)

defining the electronic energy

Ê(R) =
∑
pq

γpqhpq(R) +
1

2

∑
pqrs

Γpqrsgpqrs(R), (6.11)

where hpq(R) and gpqrs(R) are the one- and two-body integrals respectively with a given set of
orbital rotation parameters R. Using the definition of electronic energy of Equation 6.11, we can
then determine the orbital gradient w.r. the Rpq parameters

Gpq(R,θ) =
∂E(R,θ)

∂Rpq
= ⟨ψ(θ)| [E−

pq, Ê(R)] |ψ(θ)⟩ (6.12)

and Hessian

Hpq,rs(R,θ) =
∂2E(R,θ)

∂Rpq∂Rrs
= ⟨ψ(θ)| [E−

pq, [E
−
rs, Ê(R)]] |ψ(θ)⟩ , (6.13)

where E−
pq = Êpq − Êqp. The commutator expressions in Equations 6.12 and 6.13 can be conve-

niently evaluated from the one- and two-body RDMs obtained on the quantum device, according to
Equation 6.10. Substituting Equation 6.11 into the gradient definition, the orbital gradient becomes

Gpq(R,θ) =
∑
rs

γrs [E
−
pq, hrs(R)] + 1

2

∑
rstu

Γrstu [E
−
pq, grstu(R)], (6.14)

showing that the gradient is entirely determined by contractions of the measured RDMs with the one-
and two-electron integrals. Analogously, the orbital Hessian of Equation 6.13 involves second-order
commutators that can be expressed through the same RDMs tensors, without requiring higher-order
measurements from the quantum processor. After evaluating both the gradient and eventually the
Hessian, the classical computer updates κ via a Newton–Raphson step,

κ(n+1) = κ(n) −H−1G. (6.15)
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Following the presented procedure, multiple version of multi-configurational approaches ap-
peared. In general, we can subdivide them in either using fixed ansatz [216–221], which are the
majority, and adaptive approaches [222].

The first employs a fixed ansatz in a state-specific or state-averaged setting. An example, the
State-Average Orbital-Optimized VQE (SA–OO–VQE) [223] targets multiple states simultaneously
by minimizing a state-averaged functional, reproducing the role of SA-CASSCF and preventing root-
flipping near degeneracies or conical intersections. In this scheme, the quantum computer provides
reduced density matrices (RDMs), while the classical orbital step imposes the same self-consistency
conditions as in SA-CASSCF. Additionally, the overall tendency is to used CC-like circuits like
UCCSD or trucated versions. In some particular instances, also HEA circuits have been employed,
like in quantum CASSCF [219] or in Optimal Orbital VQE [220].

The second family adopts adaptive ansätze. In ADAPT-VQE–SCF [222], the circuit is iteratively
constructed while performing orbital optimization, yielding a state-specific analogue of CASSCF.
At each macro-iteration, the quantum device prepares the correlated state and measures RDMs,
and the classical computer updates the orbital rotations using the CASSCF Newton step.

In the following subsection, we introduce the WAHTOR–SCF algorithm, which combines qubit-
space derivative measurements with different orbital optimizer algorithms, that can be paired
with either Hardware–Efficient Ansatz (HEA) or adaptive ansätze to achieve hybrid CASSCF self-
consistency.

6.2 Wavefunction–Adapted Hamiltonian Through Orbital–Rotation
in a nutshell

Wavefunction–Adapted Hamiltonian Through Orbital–Rotation (WAHTOR) method is a HQC al-
gorithm that, unlike traditional variational approaches which adapt the wavefunction to a fixed
Hamiltonian, adapts the Hamiltonian to better match a chosen variational ansatz. By exploit-
ing the invariance of the electronic Hamiltonian under orbital rotations, WAHTOR shifts towards
an orbital basis in which the target state is easier to represent with a shallow VQE circuit, thus
improving convergence and reducing quantum resources.

The method applies a unitary orbital–rotation operator

U(R) = e−iT·R = e−i
∑

k<lRklT̂kl , (6.16)

where T = {Tij} are generators of orbital rotations, i, j ∈ A i.e. orbitals in the active-space, and
R is the vector of rotation parameters. The molecular Hamiltonian is unitarily transformed as

H(R) = U †(R)H U(R). (6.17)

For a given ansatz state |Ψ(θ)⟩, WAHTOR minimizes the energy

E(R) = ⟨Ψ(θ)|H(R) |Ψ(θ)⟩ (6.18)
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by computing the energy gradient

∂E(R)

∂Rij
=
∑
ij

∂hij(R)

∂Rij
⟨a†iaj⟩+

1

2

∑
ijkl

∂gijkl(R)

∂Rij
⟨a†ia

†
jakal⟩, (6.19)

where the expectation values are taken over |Ψ(θ)⟩. At R = 0, the integral derivatives reduce to
compact commutator forms, e.g.

∂h

∂Rij

∣∣∣
R=0

= −i[Tij , hHF ],
∂g

∂Rij

∣∣∣
R=0

= −i[Tij ⊗ I + I ⊗ Tij , gHF ], (6.20)

with analogous expressions for second derivatives.
The choice of classical optimizer is crucial, as WAHTOR does not seek the chemically optimal

orbital basis (as in CASSCF), but instead a VQE-compatible one, similar to what happens in [220].
Different optimizers exhibit distinct behavior:

• Steepest Descent (SD):

R(k+1) = R(k) − α∇E(R(k),θ), (6.21)

robust but slow and sensitive to step size α.

• Newton–Raphson (NR):

R(k+1) = R(k) −H−1∇E(R(k),θ), Hpq,rs =
∂2E

∂Rkl∂Rrs
, (6.22)

quadratic convergence but expensive due to Hessian evaluation.

• BFGS (quasi-Newton):

H(k+1) = H(k) +
y(k)y(k)T

y(k)T s(k)
− H(k)s(k)s(k)TH(k)

s(k)TH(k)s(k)
, (6.23)

with
s(k) = R(k+1) −R(k), y(k) = ∇E(k+1) −∇E(k), (6.24)

offering an optimal compromise for noisy hybrid environments.

• Trust–Region (TR): In contrast to Newton or quasi–Newton methods, trust–region opti-
mization restricts each orbital–rotation update to a neighborhood where the quadratic model
of the energy is reliable. Around the current parameters R(k), the energy is approximated by
the second–order model

mk(∆R) = E(R(k)) +∇ET∆R+ 1
2∆RTH∆R, (6.25)

and the step is obtained by solving the constrained problem

min
∆R

mk(∆R) s.t. ∥∆R∥ ≤ δk, (6.26)

where δk is the trust–region radius. After each iteration, δk is enlarged or reduced depending

112



6.3. WATHOR-SCF: Adding Self-Consistency to WAHTOR

on how well mk predicts the true energy decrease, ensuring stable convergence even when
gradients are noisy or Hessians are poorly conditioned. In the WAHTOR setting, this yields
robust orbital updates and avoids unstable large rotations, making the method more reliable
than pure Newton or steepest–descent schemes.

6.3 WATHOR-SCF: Adding Self-Consistency to WAHTOR

We introduce an extension of the WAHTOR framework, denoted Wavefunction–Adapted Hamilto-
nian Through Orbital–Rotation Self–Consistent Field (WAHTOR–SCF), which removes the restric-
tion that the orbital–rotation generators act only within the active space. Instead, the generator
set T = {Tpq} is enlarged to span the full molecular orbital space, including inactive, active, and
virtual orbitals. For giving a general definition, a generator T̂pq will be defined as obtained from
the cartesian product of the molecular orbital in the full space, i.e.

Tpq = (a†paq − a†qap), (6.27)

where p ∈ F and q ∈ F . This leads to a generalized orbital transformation

USCF(R) = e−i
∑

p<q RpqTpq , (6.28)

with p, q defined as above, and a fully transformed Hamiltonian

HSCF(R) = U †
SCF(R)H USCF(R), (6.29)

analogous to a full MCSCF–style rotation instead of an active–space–restricted one. As in WAH-
TOR, the rotation parameters R are optimized by minimizing

E(R,θ) = ⟨Ψ(θ)|HSCF(R) |Ψ(θ)⟩, (6.30)

using gradients and Hessians derived from commutator expressions of the form

∂h

∂Rpq

∣∣∣
R=0

= −i[Tpq, hHF ],
∂g

∂Rpq

∣∣∣
R=0

= −i[Tpq ⊗ I + I ⊗ Tpq, gHF ]. (6.31)

By allowing rotations over the full orbital manifold, WAHTOR–SCF plays a role analogous to
CASSCF rather than CASCI: the algorithm is no longer limited to adapting the Hamiltonian within
the active space, but can reshape the entire molecular representation to optimally match the vari-
ational ansatz. There is still a caveat of the whole procedure. Even if WAHTOR–SCF employs
generators acting on the full molecular orbital space, F , the evaluation of energy derivatives still
requires a projection onto the active space, A. This is a direct consequence of the fact that the
VQE wavefunction |Ψ(θ)⟩ and the corresponding reduced density matrices are defined only within
the active space. Therefore, each derivative of the transformed Hamiltonian must be reduced to an
effective operator acting in the active space before its expectation value can be computed. Formally,
if PF→A denotes the operation to reduce from full orbital space, F, to the active space, A, as

PF→A(HSCF)→ Heff
SCF , (6.32)
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i.e. applying the reduction procedure of Section 3.1.2, the relevant quantities entering the gradient

∂E

∂Rpq
= ⟨Ψ(θ)| ∂HSCF(R)

∂Rpq
|Ψ(θ)⟩ (6.33)

will be evaluated as
∂Heff

SCF

∂Rpq
= PF→A

(
∂HSCF(R)

∂Rpq

)
. (6.34)

Therefore, the effective derivative of the energy is given by

∂E

∂Rpq
= ⟨Ψ(θ)| ∂H

eff
SCF

∂Rpq
|Ψ(θ)⟩, (6.35)

computed for each orbital rotation generator Tpq. The associated ∂E/∂Rpq, will be defined by the
effective one- and two-body integrals, h̃ij and g̃ijkl, where i, j, k, l ∈ A. In practice, this means
that the transformed one- and two-electron integrals are first computed in the full orbital basis,
then contracted and projected down to an active-space Hamiltonian before their expectation values
are evaluated using the active-space wavefunction, |Ψ(θ)⟩. The quantum resource requirements
of WAHTOR–SCF procedure remain determined by the size of the active space, scaled by the
number of the first- and second–order derivatives, while the classical orbital updates explore the
full molecular orbital manifold.

In terms of overall procedure, the schematic workflow, as reported in Figure 6.1, is always
the same: the single point evaluation, to obtain the reference wavefunction, |ψ(θ)⟩, is performed
using any quantum algorithm available (in our case VQE and ADAPT-VQE). Once obtained the
reference calculation, all the first- and second-order derivatives, according to the desired optimizer
scheme, are defined on the full molecular space. The derivatives are then reduced to the active
space, and evaluated on the reference wavefunction. From the first derivative, the gradient ∇H is
composed, with length equal to the number of orbital rotation generators, NT , and if needed, also
the Hessian ∇2H is defined, in this case with shape NT × NT . After the definition of the vector
and matrices needed for the update step, the new set of parameters R′ is obtained, and used to
define the unitary orbital tranformation matrix. The unitary is then applied to the current step
Hamiltonian, or specifically, to the current one- and two-body operators independently. Once the
new set of integrals is defined, the procedure can start again from the beginning. The algorithm
keeps looping between the two routines: CI solution, with VQE ( or other algorithm), and the
orbital optimization step, using different type of optimizer, until the convergence is met. In our
case, the alting criteria is

E(R′)− E(R) = ∆E < δ, (6.36)

where δ is a tunable energy difference threshold. In Figure 6.1, we present the essential difference
between the two methods. It is possible to notice that the only component that differentiate
between the two algorithm, WAHTOR and WAHTOR–SCF, is related to the orbitals on which the
unitary tranformation, U , is defined. The upper panel of Figure 6.1, shows the standard WAHTOR
approach, where the orbital on which the tranformation if applied are contained in the subset A,
i.e. the active-orbital, and also the effective Hamiltonian Heff is defined on the same set. In
WAHTOR–SCF instead, lower panel of Figure 6.1, the effective Hamiltonian is still defined on the
subset A, while the unitary, U , is defined on the orbital in the full molecular space, i.e. F .
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Figure 6.1: Schematization of both WAHTOR (upper panel) and WAHTOR-SCF (lower panel) algorithms.

From the theoretical point of view, WAHTOR–SCF approach is very close the the hybrid quan-
tum algorithms listed above, like quantum CASSCF, Optimal Orbital VQE, ADAPT-VQE–SCF-
SCF and OO–VQE. In all the cases, the CI solution is performed on the QPU, using either a
fixed ansatz or an adaptive one, and then, once the single point is converged, it is used to eval-
uate the molecular orbital gradients w.r.t orbital rotation parameters. For ADAPT-VQE–SCF
and OO–VQE, this step is obtained by evaluating 1- and 2-RDMs and then contract them to the
analytical orbital rotation derivatives generators, completely from a classical point of view. In
WAHTOR–SCF, instead, following the original idea of WAHTOR, the derivatives are evaluated
as fermionic operators on the quantum computer. In terms of ansatz, we formalized two ver-
sions, with Hardware–Efficient Ansatz (HEA), namely HEA–WAHTOR–SCF, and with adaptive
ansatz, namely ADAPT–WAHTOR–SCF. Additionally, we keept the same freedom of WAHTOR
in the selection of the group of orbital between which the generators are constructed, implement-
ing theoretical-based orbital generation reduction schemes, defined as state-of-the-art CASSCF or
exploiting Point Group symmetries.

From the computational point of view instead, the implementation of such algorithm it every-
thing but easy. Due to the necessity of measuring the derivatives as operators, defining a scalable
and efficient algorithm is more that essential. Therefore, a huge effort has been spent into providing
the best-performing implementation of the WAHTOR–SCF algorithm, starting from defining an
efficient codebase, passing by the definition of memory efficient routines, and finally, building a
fully parallelization infrastructure.

In the next section, we are going to present all the computational improvement that have been
done on the QuAQ code base and to the original WAHTOR algorithm code, as well as the theoretical
improvement and enhancement.
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6.3.1 Terms, variables and associated cost

In order to fully explain the computational and memory requirements, a brief explanation of the
nomenclature is needed.
Parameters:

• NR: Number of MOs that are going to be considered in the SCF cycle. This is related to the
size of the molecule, the atoms included, the basis-set, and whether FCA or FSA is used.

• NA: Number of MOs included in the CAS. The selection of orbitals is done according to
the methods explained in Section 4.2. In this situation, for solving a CASSCF procedure,
generally the condition is {ψi} ∈ A ⊆ F, where i is a generic MO index, A is the subset
of active MOs, and F is the total MOs space. Being an expensive procedure, and requiring
ideally the resolution at ED level in the CAS, for big molecules or for extended basis-set,
NA ≪ NR.

• NQ: Number of qubits used to define the circuit. The number of qubits is directly proportional
to the number of orbitals in the CAS, in fact, NQ = 2 × NA (This is generally true, but it
depends on the F2Q mapper used).

• Double entry for the integrals: each term in the integrals tensors (ĥ for the 1-body and Γ̂

for the 2-body) weights as a np.float64 i.e. 64-bit precision floating-point (correspond to a
standard C double). In the detail: 1 bit for the sign, 11 bits exponent, 52 bits mantissa.

• Complex entry for intermediate matrices: each term in a matrix representation weights as
a np.complex64 i.e. 32-bit for the real and 32-bit for the imaginary, both np.float32(each
of them corresponds to a C float). In the detail: one bit for the sign, 8 bits exponent, 23
bits mantissa for imaginary and real part. This intermediate operators are related to the
contraction of the integrals (ĥ, Γ̂) with the orbital rotation generators (e.g. T̂ij defined in the
next section).

Main scaling: According to the original pipeline, the scalings that the procedure needs to take
into account are:

• Orbital rotation generators T : The number of generators, NT , scales with the number of
MOs in the total space considered for the SCF step. Without loss of generality, we consider
it of the same size of the total MOs space F i.e. dim(F) = NR. Therefore, the number of
generators (without considering any reduction, which are going to be introduce in the next
sections) NT is going to scale as NT ∈ O(N2

R). This scaling corresponds to consider all the
combination T = {T̂ij |i, j ∈ F}.

• Parameters κ of the unitary Û(κ): each parameter κij ∈ κ is associated to the corresponding
orbital rotation generator T̂ij ∈ T . As consequence, NP = dim(κ) = dim(T ) = NT .

• Number of first derivatives NdH : The size of the gradient vector (or Jacobian ∇) scales 1-to-1
as the number of generators, i.e. NdH = NT .

• Number of second derivatives NddH : The size of the second derivative matrix (or Hessian ∇2)
scales, without taking into account any symmetry, with NddH = N2

dH = N2
T ∈ O(N4

R).
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• Number of operator kept in memory NO: Without any optimization, the number of operator
to be kept in memory scales as

NO ∈ O(1) +O(N2
R) +O(N4

R) = O(N4
R).

• Size of each operator Ô: Each operator evaluated need first to be defined through the integrals
and after as a qubit operator. As operator we include the original Hamiltonian Ĥ, each of the
first derivative operator ˆdH, and also the second derivative operators ˆddH. All the operators
are defined from the one- and two-body integrals, ĥ and Γ̂, respectively. The total memory
footprint of a generic operator, originated from a chemistry calculation, is

MO = dim(Ĥ) = 2 · (NR ×NR)︸ ︷︷ ︸
ĥ size

+3 · (NR ×NR ×NR ×NR)︸ ︷︷ ︸
Γ̂ size

,

where the factor 2 comes from the hα and hβ , while the factor 3 comes from Γαα, Γββ , and
Γβα, which corresponds to the different one- and two-body integrals as defined in Section
2.2.5. Therefore, the size of an operator scales as MO ∈ O(N4

R) · float.

• Total memory usage MT : Without any further reduction, the amount of memory required
scales as

MT ∈MO ·NO = O(N4
R) · O(N4

R) = O(N8
R).

• Number of Paulis L: Following the definition of Section 3.8, each operator, Ô, once mapped
from Fermionic space to the Qubit space by mean of a F2Q mapper, is going to be composed
as a linear combination of Pauli strings

Ô
F2Q−−→ Ôq =

L∑
i

ciP̂i where P̂i =

NQ−1⊗
j=0

σ̂ji , σji ∈ {Î , X̂, Ŷ , Ẑ},

where L is scales as L ∈ O(N4
Q). In terms of composition, each operator is defined as

a qiskit.SparsePauli object, in which each term (ci, P̂i) is composed by a coefficient,
np.complex128, and qiskit.PauliList object.

6.3.2 Expectation values of operator and Operators generation

In order to make the procedure run smoothly, a series of optimization rounds have been performed,
targeting different bottlenecks that were impacting the procedure. Firts of all, from the point of
view of the backend, i.e. the QuAQ [224] codebase, was required to be cleaned and improved
computationally. Related to how fast and efficient is the creation (transformation from integrals
to SparsePauliOp) of each operator in the procedure. Given the fact that, for each iteration of
WAHTOR and WAHTOR-SCF, the number of derivatives easily reach thousands or even more, a
smooth qubit operator pipeline is essential. The critical point were mainly, the conversion between
fermionic operators to qubit operators, and how the expectation values of an operator with a given
trial state were done. An unique and simple solution has been found by substituting each qubit
operator conversion from the simple dense representation, to_matrix(), to the sparse version,
to_matrix(sparse=True). In terms of memory, the storage is limited to only the entries different
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from zero, while in terms of construction efficiency, given the fact that each operator is a linear
combination of tensor product of Pauli matrices, and each of them, if composed by p Pauli, can
be represented by a sparse matrix with only 2p non-zero entries, the complete sparse construction
becomes fairly quick. For smaller operator instead, less than 8 qubits, the sparse construction
time is comparable with the dense one. The difference in terms construction times start to get
noticeable when the number of qubits is greater than 14, as can be seen in Table 6.1 Additionally,

CAS(Ne,NA) Qubits Dense Sparse
CAS(4,4) 8 152 µs 208 µs

CAS(6,5) 10 3.06 ms 2.3 ms

CAS(6,6) 12 30.4 ms 7.19 ms

CAS(8,7) 14 897 ms 35.9 ms

CAS(8,8) 16 34.1 s 208 ms

Table 6.1: Time required to construct a dense and a spase operator from a qiskit.SparsePauliOp.
Construction from a N2 with cc-pVDZ basis with diffent CAS sizes. Each CAS(Ne,NA) is defined by the
number of electrons Ne and number of spatial orbitals NA. The qubits are, as already mentioned, 2NA.

we also investigate the proper way to compute the expectation value, ⟨ψ|H |ψ⟩ efficiently in our
range of application, i.e. a number of qubits between 4 and 16. In terms of evaluation methods
we have analyzed: standard numpy matrix multiplication operator, @, numpy Einstein summation,
np.einsum, and the combination of column vector product (left-side vector-matrix multiplication)
with the concatenation operator, np.vdot( |psi⟩ , H @ |psi⟩ ). Both @ and combined np.vdot

have been tested with dense and sparse, while np.einsum, only with dense operator. Already by
using sparse matrices, in particular csr_matrix from scipy.sparse, the overall timing is about
two order of magnitude faster, compared to methods using dense matrices.

Qubits @ Dense @ Sparse np.einsum

Dense
np.vdot + @

Dense
np.vdot + @

Sparse
4 0.000014 0.000161 0.000039 0.000007 0.000047
8 0.000245 0.000254 0.000551 0.000145 0.000110
10 0.001161 0.000491 0.004633 0.000975 0.000130
12 0.027064 0.001454 0.060489 0.013903 0.000507
14 0.499348 0.004050 0.729769 0.225560 0.004401
16 115.461459 0.119898 74.895082 45.548152 0.825535

Table 6.2: Time required to construct to evaluate the expectation value of a random vector, an operator
in dense and sparse form with different contraction methods. Construction from a N2 with cc-pVDZ basis
with diffent CAS sizes, represented with the number of qubits.

It is clear by looking at Figure 6.2 and Table 6.2, that general sparse matrix based methods
approaches results faster compared to dense ones, in the range of 8 to 16 qubits, with a peak
improvement of almost 3 order of magnitude at 16 qubits. This is essential especially during the
VQE optimization routine and for the evaluations of all the derivatives operator. Additionally,
the whole expectation values operation has been further improved by exploiting properties of the
derivative operators, discussed in the following section.
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Figure 6.2: Expectation value comparison methods between sparse and dense operator contracted with a
random |ψ⟩ complex statevector.

6.3.3 Memory leakage

In multiple parts of the code, a non optimal management of the memory, especially due to massive
usage of copy.deepcopy() and improper routines, was causing slowdowns, and, in the case of
multi-processing and multi-node parallelization, also a memory blow-up, i.e. an infinite increase of
memory usage. A correct management of the memory is essential when dealing with embarrassingly
parallel tasks and the final objective is to have a code that keeps a linear usage of memory in the
number of processes involved in the procedure. Python does not have a traditional, fully automatic
garbage collector like Java. Instead, it relies mainly on reference counting to manage memory,
each object keeps track of how many references point to it, and when that count drops to zero,
the memory is immediately freed. However, this approach struggles with circular references, where
two or more objects reference each other, preventing their reference counts from reaching zero. To
handle such cases, Python includes a cyclic garbage collector, but it is limited and does not always
efficiently clean up all cycles. Additionally, due to the Global Interpreter Lock (GIL) and Python’s
PyMalloc allocator, memory fragmentation can occur, and freed memory is not always returned to
the operating system. These factors together cause Python to sometimes appear as if it has memory
leaks or poor garbage collection performance.

Deepcopy() overuse

Each time a fermionic operator is defined starting from one- and two-body integrals, one of the
essential step, as explained in Section 3.8, is the reduction from the full system to the active
sub-system only, i.e. creating the effective operators. Given the fact that, in WAHTOR and
consequently WAHTOR-SCF, each derivative (first and second order) are required to be evaluated
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on the wavefunction associated with the solution in the restricted space, a step of integrals-cutting1.
In this step, before the code optimization, each of the tensor containing the one-body for each spin
sector and the two-body tensors for all the three spin combinations (αα, ββ, and βα) were first
copied, using copy.deepcopy() method, and after, the slices, i.e. the specific entries, associated
with the active orbital space and the core orbital space, were extracted. The extrapolation was
perfomed using the method numpy.ix_(), which create a mask that select only the entries desired.
If defined as numpy.ix_([a,b, . . . ], [c,d,. . . ]) is going to create a mask for the entries obtained
by the cartesian product of [a,b, . . . ] and [c,d,. . . ]. When a tensor Γ is indexed using np.ix_(),
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Figure 6.3: Comparison between extracting the two-body integrals entries associated with the active region.
The size of the tensor is 20, 50, and 100, which are general size of the total molecular space we treat, and
the active size is in the regime of orbitals we can deal with, i.e. [2, 10]. The extractions methods are done
accordingly to the previous explanation: deepcopy() using the said method and view using the advanced-
view.

NumPy constructs a broadcasted view or advanced-indexed copy depending on the indexing pattern.
In the case of np.ix_(), the operation typically triggers advanced indexing, which results in the
allocation of a new array rather than a view into the original memory buffer. Consequently, the
resulting sub-tensor is already a distinct memory object, and subsequent contraction operations
(e.g., via np.einsum, np.tensordot, or other tensor contractions) act on this new data block.
Since tensor contractions inherently produce new output arrays, no aliasing occurs with the source
tensor. Thus, performing a deepcopy() is redundant and inefficient. A shallow copy() would only
be relevant if one intends to perform in-place modifications on the extracted sub-tensor prior to
contraction. But this was not the case, therefore, a simple modification in the code, i.e. removing
all the deepcopy()s, allowed for enhanced computational speed. From Figure 6.3 is it possible
to notice the difference between the two extraction methods, which become more evident dealing
with more than 20 molecular orbital in the full space. In the regime of 100 orbitals (and more),
the reduction is almost four order of magnitude. This step, we repeat, is extremely important
because is the core for reducing, not only the main molecular Hamiltonian Ĥ, but all the first- and
second-order derivatives, which can easily reach thousands of operators.

1Integrals cutting is referred to the reduction of the one- and two-body integrals from being spanned on the whole
F molecular orbital space, to be reduce on the A active orbital space.
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Derivatives calculation

The naive implementation of the derivative computation suffers from several inherent inefficiencies
that limit its scalability for large Hamiltonian systems. The generator matrix T is highly sparse,
containing only two nonzero elements per transformation block, corresponding to the antisymmetric
pair Tij = i and Tji = −i. Despite operating on such a simple two-element structure, the original
method allocates full-dimensional temporary arrays for each nonzero entry:

1 temp = np.zeros((dim , dim), dtype=complex)
2 temp[gr , :] = T[r][c] * h[ham][gc , :]
3 temp[:, gc] = temp[:, gc] - T[r][c] * h[ham][:, gr]

Snippet 6.1: Integrals-Generator commutator before optimization.

The creation of temp incurs an unnecessary O(N2) or O(N4) memory cost, even though only
a small subset of its entries (corresponding to the active indices i and j) are actually modified.
Because NumPy’s array creation semantics always initialize the full buffer in memory, each call to
np.zeros(...) triggers a dense memory allocation and zero-fill operation regardless of sparsity.
Consequently, the total runtime and memory footprint become dominated by allocation overheads
rather than arithmetic operations. This inefficiency completely masks the potential computational
savings that should arise from the generator’s two-element sparsity.

Furthermore, each iteration reconstructs temporary arrays and performs duplicated slice up-
dates, resulting in repeated cache invalidations and unnecessary data movement. These allocations
create large contiguous memory buffers that are mostly unused, resulting in excessive memory con-
sumption and heap fragmentation. Additionally, the repeated summation

1 comm_1 += temp

Snippet 6.2: Temporary commutator storing.

triggers internal temporary allocations within NumPy, amplifying memory pressure. Redundant
computation of the antisymmetric pair (i, j) and (j, i), combined with Python-level loops over
indices, further increases interpreter overhead and reduces cache locality. Because the arithmetic
intensity is extremely low (only two active tensor contractions per commutator), these redundant
memory operations dominate performance and make the algorithm memory-bound rather than
compute-bound. As we can see from Figure 6.4, before the method optimization, the memory was
keep increasing as the workers, or processes, were spawned and were finalizing their tasks. In the
picture, the memory profiler shows that, after all the 96 workers (8 MPI ranks and 12 processes
each), the memory usage is not cleaned, or at least reduced, but was keep increasing. The improved
version has been defined to avoid all the issues above, removing all the Python-level loops and
reducing the caching between operation, as well as making each evaluation constrained to the specific
spin sector and type of integrals2 Therefore, the refactoring restructures the computation of the
single-restricted derivative to exploit the extreme sparsity of the generator matrix T and minimize
memory allocations. The generator has exactly two non-zero elements per block, corresponding to
the antisymmetric pair Tij = i√

2
and Tji = − i√

2
. Instead of allocating a full temporary array for

each nonzero entry, the algorithm pre-computes the nonzero indices once using

2i.e. one- or two-body integrals.
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Figure 6.4: Memory blow-up observed as the step of derivative evaluation is started on multiple MPI-
workers, each of which is spawning multiple processes.8 MPI workers, 12 processes for each worker.

1 (r1 , c1), (r2, c2) = zip(*np.nonzero(T))

Snippet 6.3: Optimized numpy in-place tensor operation

and then extracts the corresponding group indices and factors:

1 gr1 , gc1 = group_idx[r1], group_idx[c1]
2 gr2 , gc2 = group_idx[r2], group_idx[c2]
3 Tij , Tji = T[r1 , c1], T[r2, c2]

Snippet 6.4: Index matching.

For each Hamiltonian block h[k], a pre-allocated commutator array comm of the same shape is
created with a low-precision dtype (np.complex64) to reduce memory footprint. Updates to comm

are performed entirely in-place using NumPy’s broadcasting and out= argument:

1 np.add(comm[gr1 , :], Tij * h[k][gc1 , :], out=comm[gr1 , :])
2 np.subtract(comm[:, gc1], Tij * h[k][:, gr1], out=comm[:, gc1])
3 np.add(comm[gr2 , :], Tji * h[k][gc2 , :], out=comm[gr2 , :])
4 np.subtract(comm[:, gc2], Tji * h[k][:, gr2], out=comm[:, gc2])

Snippet 6.5: Optimized numpy in-place tensor operation.

This approach ensures that only the active rows and columns corresponding to the nonzero generator
entries are updated, avoiding any dense allocations for inactive portions of the tensor. Once the
commutator is fully computed, it is multiplied by −1i and yielded immediately:

1 yield k, -1j * comm
2 del comm
3 gc.collect ()

Snippet 6.6: Yielding and garbage collection.

On overall, the enhancement between old and the improved version of the derivative calculation
method are

1. Memory efficiency: Peak memory usage scales with the size of a single Hamiltonian block
(O(N4) in the worst case) rather than the number of nonzero entries in T . No temporary
arrays proportional to the full tensor are created.
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2. Streaming computation: Using yield, blocks are returned as soon as they are computed,
eliminating the need to store all results in memory simultaneously.

3. In-place arithmetic: Updates to comm avoid creating intermediate temporaries, improving
cache locality and reducing pressure on the Python garbage collector.

4. Exploitation of sparsity: The algorithm touches only the rows and columns corresponding
to the nonzero entries of T , scaling linearly with the actual sparsity rather than the full block
size.

With the improved version of the derivative calculation, the memory blow-up has been contained,
as it can be evinced from Figure 6.5, in which the same calculation as in Figure 6.4, has been
performed. Here, the 96 workers, with the same setup as before, use a constant number of resources.
The memory requirement remains constant for each worker, i.e. it scales lineraly with the number of
processes spawned. In the particular case, the weight of the original Hamiltonian and each derivative
is around 1.5Gb, for a total of an average memory occupation of 140Gb.

Figure 6.5: Memory blow-up contained after the optimization of the derivative evaluation routine. 8 MPI
workers, 12 processes for each worker. The print is truncated after the first round of derivatives. Each drop
in the memory usage correspond to the proper memory freed and garbage collection.

6.3.4 Generators pool

As theoretical-inspired optimization, we decided to follow the same grouping and space-reduction
as normally performed in a CASSCF/MC-SCF procedure. This optimization is going to target
the richness of the parameters space κ by removing the orbital rotation parameters that are not
meant to rotate between each other, i.e. either forbbiden mixing, thanks to Poing group theory,
or iso-energetic transformation, following electronic structure theory. The orbital rotation unitary
matrix Û(κ) is defined according to

Û(κ) = e−iκ·T̂ = e−i
∑

i,j∈F κij T̂ij , (6.37)

Therefore, the reduction in the number of parameters is closely related to the number of generators
in T̂ . Here, we report the different policy that can be used and how they impact NT .
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• ALL: This is the default setup used also in the WAHTOR code. Given a specific group of
orbitals, suppose F, the set of generators, T̂ , is defined by building

T̂ = {T̂ij | i ∈ F, j ∈ F, i > j},

leading to a number of generators NT that corresponds to N2
R. Intuitively, but mainly ac-

cording to quantum chemistry knowledge, most of these rotations are going to be zeros due
to the type of orbital they are trying to mix and the underlying symmetries.

• CAS-LIKE: Taking inspiration from standard MCSCF/CASSCF procedures, the complete
orbital space F can be manipulated using the different components that build it i.e. A,O, and
V, respectively, active, occupied-inactive, and virtual-inactive orbitals. The generators are
defined from the indices obtained by the combination of the three sets in pairs. In particular,
the total set of generators is defined as

T̂ = T̂
A
O ∪ T̂

V
O ∪ T̂

A
A ∪ T̂

V
A =

= {T̂ij |i ∈ O, j ∈ A} ∪ {T̂ij |i ∈ O, j ∈ V}
∪ {T̂ij |i ∈ A, j ∈ A, i > j} ∪ {T̂ij |i ∈ A, j ∈ V},

(6.38)

where T̂
A
O are the generators that rotate orbital between occupied and active, T̂

V
O rotate

between occupied and virtual, T̂
A
A between active orbitals, and T̂

V
A between active and vir-

tual. This structure follows the same subdivision applied in a standard MCSCF/CASSCF
calculation. It is possible to note how the rotations between occupied orbitals and between
virtual orbitals are not considered due to the Brillouin’s conditions. These conditions states
that the occupied-occupied rotation does not change the determinant but only they redefine
the occupied space, the virtual-virtual one do not contribute to the energy. Differently from
CASSCF/MCSCF, the set of active-active rotations are required to improve the solution of
the CAS space whenever the CI expansion is a truncation of the true ground-state. The total
number of generators is defined as

NT = UAA ∪ UAO ∪ UVA ∪ UVO

=
|A| · (|A| − 1)

2︸ ︷︷ ︸
active− active

+ |A| · (|O|+ |V |)︸ ︷︷ ︸
occupied− active
active− virtual

+ |O| · |V |︸ ︷︷ ︸
occupied− virtual

.

It is possible to notice how, the scaling NT depends mainly from one term, the occupied-
virtual rotations, which, especially for a in-active-space calculations, consist in a unbalanceness
between the ratio A+O and V. For example, CAS(6,6) on C6H6 in cc-pVDZ leads to 18, 6,
90 orbitals, for O, A, and V, respectively. Therefore, the |A| + |O| ≪ |V|, for most of the
CAS calculations.

• RED: A minimal pool defined by removing one of the set of generators that contributes the
most on the total number NT . Starting from CAS-LIKE, the generators associated with the
occupied-virtual rotations are removed. In particular, the total set of generators is going to
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be defined as

T̂ =T̂
A
O ∪ T̂

A
A ∪ T̂

V
A =

={T̂ij |i ∈ O, j ∈ A} ∪ {T̂ij |i ∈ A, j ∈ A, i > j}
∪ {T̂ij |i ∈ A, j ∈ V}.

(6.39)

The total number of generators NT is now composed only by three terms, the active-active,
occupied-active, and active-virtual, as follows

NT = UAA ∪ UAO ∪ UVA

=
|A| · (|A| − 1)

2
+ |A| · (|O|+ |V |).

This pool, especially for system in which the correlation in the virtual space is not domi-
nant, leads to the same optimization results as the CAS-LIKE at a cheaper computational
requirement.
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Figure 6.6: Ideal scaling of the number of generators (y-axis) as function of active orbitals, A, occupied
orbitals, O, and virtual orbitals, V , with different pool reduction policies. The shaded area corresponds
to the sizes of active space in the regime of use that can be reached by QuAQ. The values are obtained
considering a balanced active space, equal number of occupied and virtual orbitals, starting from a CAS(2,2)
with orbitals [49,50] as active space, in a system with 100 orbitals and 100 electrons.

In Figure 6.6, we present a graphical representation on how, the different type of pools, impacts
the number of generators NT . A dummy molecular space has been employed, specifically, a total
of 100 MOs and 100 electrons for the full space. Then, for each value i ∈ [1, 50), an active-space
corresponding to a CAS(2i, 2i) is defined on the Fermi-level, i.e. picking i occupied orbitals and i

virtual orbitals, for a total of 2i electrons. From the plot, it is possible to observe how the different
pools impact directly the computational resources required to compute a single step of the orbital
optimization procedure. The first line, Gen WAHTOR, corresponds to the scaling of the rotation
in the active space, i.e. the old WAHTOR scheme without any in-active-space item clustering. The
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last one, Gen ALL, i.e ALL pool, and it corresponds to the direct extension of the WAHTOR
scheme for the whole molecular space SCF procedure. Both of them, represent extreme setup of
the procedure, an OO-VQE-like approach for the former, and a high-resource-hunger CASSCF for
the latter. The remaining two lines, Gen CAS-like and Gen Red, correspond to CAS-LIKE and
RED pool respectively, and they account only for chemically meaningful set of orbital rotation
generators, leading to a reduction in the computational demand.

• PG–RED: In addition, as usually done by the standard quantum chemistry package, molecu-
lar information can be used to further reduce the number of generators involved in the orbital
optimization procedure. A valid and robust selection criteria is to employ Point–Group (PG)
symmetries (For a detailed and exhaustive discussion on Point-Group symmetries and related
theory applied to molecular chemistry, see [225]). The PG–RED can be applied on top of
each of the previous pool and it removes all the orbital–rotations generator that involves two
orbitals with different irreducible representation. For example, couple with ALL, it will iter-
ate over the pairs i < j ∈ F and keep all the generators T̂i,j such that χ(ϕi) = χ(ϕj), where
ϕi and ϕj are the associate molecular orbitals, and χ(ϕi) is the irreducible representation
associated with orbital i.

6.3.5 Pauli Recycling

Returning back to the original WAHTOR paper, the analysis of the individual Pauli strings was
required. We wanted to keep the same structure and improve also this functionality. In the original
WAHTOR code, the procedure for evaluating the operators was, from a pure simulation point of
view, completely inefficient. Due to the assumption that the simulation is only carried on with a
noiseless statevector simulator, measuring for each VQE micro-step all the Pauli strings composing
the Hamiltonian becomes prohibitive, especially for a number of qubits greater than 10. Therefore,
as first changed in the procedure, only for the VQE optimization step, the Hamiltonian Ĥ is saved
and used as a unique csr_matrix sparse matrix. After the optimized wavefunction is found |ψ⟩,
the Hamiltonian Ĥ is reconstructed as single Pauli strings, as a standard qubit operator would be.
Starting form this expectation values, we improved the whole derivative evaluations. Therefore, to
efficiently evaluate derivative Hamiltonians without constructing full matrix representations, each
derivative is represented as a Pauli string list and wavefunction evaluations are recycled. This
approach avoids the exponential memory scaling associated with explicit Hamiltonian matrices and
minimizes redundant computations across multiple derivatives. The whole procedure is based on
the assumption that each derivative of Ĥ is composed by a subset of the Pauli string of the original
Hamiltonian. If the Pauli strings are more that the one in the Hamiltonian, the whole procedure
might not be as efficient as expected.

As already explained in the previous sections, each derivative is computed from the original
Hamiltonian contracted with the orbital rotations commutator, and then truncated/cutted to fit
the active orbital space, i.e. the effective Hamiltonian derivatives. The truncated Hamiltonians
are then converted to a list of Fermionic operators through quick_FermionicOp, which build the
Fermionic operator corresponding to the derivative Hamiltonian starting from the integrals. If the
the derivative is already composed by only zero elements, it gets discarded. If they contain non-
zero elements, these Fermionic operators are subsequently mapped to qubit Pauli operators via the
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Jordan-Wigner transformation using QubitOperator, producing a simplified list of nonzero Pauli
strings without constructing the full qubit Hamiltonian.

To avoid repeated evaluation of the same Pauli strings on the reference state |ψ⟩, expectation
values are cached. In the main procedure, when Pauli recycling is enabled, the Pauli strings and
their coefficients are extracted, and a Numba-accelerated cache is built as:

1 CODE = np.zeros (128, dtype=np.int64)
2 CODE[ord(’I’)] = 0b00
3 CODE[ord(’X’)] = 0b01
4 CODE[ord(’Y’)] = 0b10
5 CODE[ord(’Z’)] = 0b11
6

7 def encode_pauli_string(pauli_str):
8 result = 0
9 for i in range(len(pauli_str)):

10 c = pauli_str[i]
11 result |= (CODE[ord(c)] << (2 * i))
12 return result
13

14 def build_numba_pauli_cache(pauli_strs: list[Pauli],
15 psi: np.ndarray) -> dict[int , complex ]:
16 cache = dict()
17 for p in pauli_strs:
18 key = encode_pauli_string(str(p))
19 cache[key] = np.vdot(psi , p.to_matrix(sparse = True) @ psi)
20

21 return cache

Snippet 6.7: Pauli recycling utils methods.

Here, build_numba_pauli_cache encodes each Pauli string into an integer key,representing the
hashing of the Pauli string, using encode_pauli_string and stores the expectation value

cache[P ] = ⟨ψ|P |ψ⟩ (6.40)

in a dictionary. The integer encoding is achieved via a simple bitwise mapping of ASCII characters
(I=00, X=01, Y=10, Z=11) into integer keys, which enables rapid dictionary lookup and Numba
acceleration. Once the cache is built, the expectation vector for each derivative Hamiltonian is
obtained by contracting the cached values (plain expectation values) with the corresponding Pauli
coefficients using get_expectation_vector_numba :

1 def get_expectation_vector_numba(cache: dict[int , complex],
2 query_paulis: list[Pauli],
3 query_coeffs: list[complex ]) -> np.ndarray:
4

5 vec = 0.0 #np.zeros(len(query_paulis), dtype=np.complex128)
6 for i in range(len(query_paulis)):
7 key = encode_pauli_string(str(query_paulis[i]))
8 vec += cache.get(key , 0.0) * query_coeffs[i]
9 del query_paulis , query_coeffs

10 return vec

Snippet 6.8: Expectation value reconstruction with Pauli recycling.
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This corresponds to effectively computing

vec =
∑
i

ci⟨ψ|Pi|ψ⟩ ≡
∑
i

ci · cache.get(Pi) (6.41)

without creating full Hamiltonian matrices or intermediate dense arrays. The resulting vector is
directly used in the evaluation of derivative Hamiltonians, eliminating the need to track individual
coefficients during contraction.

This Pauli-string approach provides significant memory and computational advantages. Mem-
ory usage scales linearly with the number of nonzero Pauli strings rather than the full Hilbert
space dimension, allowing simulations of large qubit systems. Redundant computation is mini-
mized, as each Pauli expectation value is computed once and reused across all derivative evalua-
tions. The contraction step touches only the active Pauli strings, avoiding operations on the full
Hilbert space and reducing intermediate memory allocation. Explicit deletion of intermediate ob-
jects, such as derivative fermionic operators (fermop), derivated integrals (xh), and on-fly qubit
operators (q_temp), combined with calls to gc.collect(), prevents memory accumulation over it-
erative derivative computations. Additionally, the use of integer encoding and Numba acceleration
reduces Python interpreter overhead, enabling high-throughput evaluation. The general derivative
calculation method with and Pauli recycling is reported in Appendix 1.2.

In term of best performance, the methods shines when dealing with Hamiltonians and derivatives
which active space is bigger than 8 qubits. In Table 6.3, we report the computational time to perform
a single WAHTOR-SCF iteration between two regimes: small derivatives (6 qubit) and mid sized
ones (12 qubits), with and without Pauli recycling. It is clear that, with smaller effective operators,
the diffence in the performance is almost negligible, due to the fact that, as reported in Table 6.1,
for small spaces the time to construct and evaluate the operators is very low.

Molecule Qubits
Total

Derivatives
No Recycle Recycle

N2 12 230 618 6.78
C2H4+H 6 11934 1696.4 1406.04

Table 6.3: Different timings, in seconds, obtained by using OpenMP parallelization and recycling of Pauli
strings. 24 cores used for each computation. The two systems are N2 cc-pVDZ basis (28 total orbitals)
and the transition state of model free radical polymerization of ethylene (110 total orbitals, explained in the
results Section 6.6.1).

Additionally, the Pauli recycling framework fits perfectly the regime in which, once the VQE is
completed, the Pauli strings composing the Hamiltonian have already been evaluated on the final
wavefunction, and therefore, the statistics on the average expectation values, shot based measure-
ment, or noisy aware experimental data, can be used in place of the cache_pauli, and evaluate all
the derivatives using the same error as on the Hamiltonian.

6.3.6 Workers definition for parallelization

The distributed evaluation framework employs two distinct worker types, fermionic_worker and
pauli_worker, each responsible for computing first- and second-order derivatives of the Hamiltonian
with respect to the generator matrices T within their respective algebraic representations.
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Both worker routines share a unified computational architecture designed for modularity and
controlled memory utilization during derivative evaluation. Each worker receives a tuple of generator
descriptors and indices

(gi, Ti, i, gj , Tj , j),

which define the operator pair for which first-order and, if requested, second-order derivatives are
computed. The execution begins with the construction of the first derivative Hamiltonian dH by
calling the differential wrapper, as defined in the previous section, which applies the generator Ti
to the reference Hamiltonian H. The resulting operator blocks are collected into a local dictionary
h_first, ensuring structured access to the Hamiltonian partitions throughout the evaluation.

Once dH has been assembled, it is immediately contracted with either the cached Hamiltonian,
with Pauli recycling, or the system wavefunction, depending on the computational backend, pro-
ducing the first-order energy derivative. If the second_order flag is enabled, the same sequence
is repeated using Tj as the secondary generator, acting this time on the intermediate dH to yield
the second derivative Hamiltonian ddH. The evaluation of dH follows the same path, generating
the mixed or diagonal second-order derivative contribution. Both derivative levels are returned as
tuples of generator indices and scalar derivative values, formatted for collective reduction by the
higher-level parallel routine.

1 def fermionic_worker(args , psi: np.ndarray , num_qubits: int ,
2 masks: dict ,
3 core: list | np.ndarray ,
4 virtual: list | np.ndarray ,
5 h: dict[tuple[str , str], np.ndarray] | None = None ,
6 second_order: bool | None = False) -> tuple[int , float , int|

None , float | None]:
7

8 jac_i , hess_ij = None , None
9 orbs_g_i , t_i , i_idx , orbs_g_j , t_j , j_idx= args

10 e = single_dh(T=t_i , g=orbs_g_i , h=h)
11 h_first = {}
12 for k, block in e:
13 h_first[k] = block
14 jac_i = fermionic_dh_evaluation(h_first , psi , masks , num_qubits , core , virtual

)
15 if second_order:
16 e = single_dh(T=t_j , g=orbs_g_j , h=h_first)
17 h_second = {}
18 for k, block in e:
19 h_second[k] = block
20 hess_ij = fermionic_dh_evaluation(h_second , psi , masks , num_qubits , core ,

virtual)
21 return (i_idx , jac_i , j_idx , hess_ij)
22 else:
23 return (i_idx , jac_i , None , None)

Snippet 6.9: Simplified fermionic_worker for evaluating the first- and second-order derivatives.

Both the implementation, fermionic_worker and pauli_worker are fully reported in Appendix 1.1
and Appendix 1.2, respectively.

A central aspect of both workers is the explicit management of temporary data and memory
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persistence. After each derivative stage, all intermediate Hamiltonian dictionaries (h, h_first,
h_second) are cleared explicitly using element-wise deletion followed by total object deallocation
through del. When large operators are stored as memory-mapped arrays, these mappings are
closed and dereferenced immediately after use to prevent file locking and memory growth across
processes. In addition, both workers invoke Python’s garbage collector via gc.collect() at key
synchronization points to enforce deterministic cleanup and avoid residual allocations when thou-
sands of derivative tasks are processed in parallel. This explicit memory control, coupled with the
use of temporary dictionaries and stateless evaluation calls, ensures reproducibility and scalabil-
ity of the derivative computation even in high-dimensional operator spaces or under constrained
shared-memory environments.

It is noticeable that, given the fact that computing the second-order derivative is not possible
without keeping track of the first derivative Hamiltonian, h_first, then number of wasted single
derivative evaluation are equal to the number of second derivative. Therefore, each second-order
evaluation for generators Ti and Tj produces the value for the first-derivative w.r.t. Ti and the
second-derivative, meaning that there is going to be an additional of each first-derivative for ev-
ery second-order one. Given NT the total number of generators, the second-derivative evaluations
are NT×(NT+1)

2 , i.e. the upper-triangular Hessian and the diagonal entries, and the same number of
first-derivative evaluation, due to the caveat explained above. So far, the total number of evaluation
has been reduced by reducing the number of generators, NT , exploiting iso-energetic orbital rota-
tion removal or Point-Group symmetry, but additional screening might be performed with further
research.

6.3.7 Intra-node and Multi-Node parallelization

Once all the previous optimization have been implemented, a proper parallelization scheme can be
put in place. WAHTOR-SCF, as well as the previous version, is a procedure perfectly suitable to
be fully and efficiently parallelized. Each derivative is an independent calculation performed on the
original Hamiltonian, and once the expectation value is obtained, any intermediate object can be
deleted. Therefore, there is not actual connection between the derivatives, if properly implemented,
and each of them can be treated in parallel.

The evaluation of the Jacobian vector and Hessian matrix is distributed through a hybrid par-
allelization scheme combining MPI-based inter-process communication with intra-node parallel ex-
ecution via joblib. This design enables scaling across both compute nodes and cores, optimizing
memory locality and minimizing communication overhead during the evaluation of large numbers
of Hamiltonian or derivative terms.

In terms of rank specific objects, the rank==0 store all the information about:

• System object: original set of integrals3,starting_h, the original set of molecular orbital co-
efficients,initial_mo_coeff, the updated integrals, h, the total unitary tranformation, U_tot,
the set of active orbitals, active_space, the core orbitals, core, and the virtual orbital,
virtual.

• Circuit object: the empty circuit, ansatz, associated optimal parameters, params, and the
associated statevector, psi.

3For original we mean Hartree-Fock integrals
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• SCF info: as well as all the information required to compute the derivatives like the mask as-
sociated to each group of orbitals, mask_h, the type of derivative evaluation method, pauli_worker4

or fermionic_worker5.

The other ranks, only when needed, receive from the broadcast the objects relative to the evaluation
method, eval, the sub-set of derivative that are required to be computed, batch, and the statevector,
psi or the cached Pauli evaluations, pauli_cache, on which the derivative are evaluated.

At initialization, the root process (rank == 0) constructs the full task list containing all single-
and double-generator combinations. Each task encodes the pair of generator indices, their corre-
sponding labels, and a set of orbital group identifiers. The complete list of tasks is then broadcast to
all ranks using comm.bcast, ensuring consistent task distribution across processes. The total work-
load is partitioned into chunks of approximately equal size, computed as len(tasks) // size,
with a small correction for remainder tasks to maintain load balance across ranks. Each MPI pro-
cess thus receives a unique subset of tasks and proceeds independently on its assigned portion. A
comm.Barrier() synchronization call ensures that all processes begin computation simultaneously.

Within each MPI rank, a second level of shared-memory parallelization is achieved via joblib,
using a multiprocessing backend. Each rank executes a local batch of n_jobs = wahtor_workers,
corresponding to the number of CPU cores allocated to that rank. The Parallel call wraps the
partial_eval function—either pauli_worker or fermionic_worker—which handles the physical
evaluation of the derivative contributions. The two-level parallel structure (MPI for distributed
nodes and joblib for local cores) enables efficient scaling up to large cluster environments, while still
maintaining efficient CPU utilization on shared-memory nodes. In Figure 6.7, the double parallelized
structure is shown. The partial_eval function is built dynamically depending on the simulation
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Figure 6.7: Resuming scheme of the double parallelization structure for WAHTOR-SCF. All the control
tasks and updating checking are performed sequentially, while the construction and evaluation procedure of
the gradient and Hessian entries are performed in the double parallelized framework. First all the tasks are
generated, then batched for each MPI rank, and internally, the intra-node (or worker specific parallelization)
is performed to obtain the evaluations. After that, all the results are collected by the master, or rank==0.

mode. When Pauli recycling is enabled, the evaluator uses precomputed cached expectation values
(cached_h) constructed earlier via the Pauli cache. In this case, only the Pauli coefficients and
masks (core, virtual, and h_mask) are broadcast to the workers, avoiding redundant transfer of
large Hamiltonian matrices. When Pauli recycling is disabled, a standard fermionic evaluation

4Using Pauli recycling procedure
5Using standard construction of fermionic derivative operator, mapping into qubit space, and evaluation as a

whole matrix.
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path is used instead. Each evaluator is broadcast to all MPI ranks via comm.bcast, ensuring every
process holds an identical function definition and context.

For systems with large numbers of fermionic modes (fermionic_modes > MAX_FERM_MODES), the
Hamiltonian data are handled via NumPy memory-mapped files to prevent exceeding the available
system memory and avoid the 2Gb MPI broadcast problem6. In this case, the root process creates
temporary on-disk storage for each Hamiltonian block (hα1 , h

β
1 , h

αα
2 , hβα2 , hββ2 ) using np.memmap, and

the file metadata (filenames, shapes, and dtypes) are stored in a distributed dictionary object
(self.info). The metadata are then broadcasted to all ranks, and the MemmapManager utility
ensures that each process accesses the same data files locally in read-only mode. This strategy
prevents memory duplication across MPI ranks while maintaining concurrent read access to the
same dataset, enabling very large Hamiltonian tensors to be processed even under tight memory
constraints, and also reduce the memory footprint of each task.

Each rank independently launches its joblib workers through the context manager, ensuring
isolation between processes and threads. Within each rank, all local results are aggregated into
a list of partial Jacobian and Hessian contributions. Once computation completes, the rank-local
results are gathered on the root process using comm.gather. The root process then reconstructs
the global Jacobian and Hessian arrays, filling the symmetric entries where necessary when second-
order derivatives are computed. Finally, the resulting arrays are broadcast back to all ranks to
synchronize state and ensure consistent access to the final data structures across all processes.

This hybrid MPI–joblib approach achieves near-linear scaling across both nodes and cores by
distributing task generation and derivative evaluation while keeping memory usage and inter-process
communication minimal. MPI handles the coarse-grained distribution of independent Hamiltonian
derivatives, while joblib manages fine-grained local parallelism for each batch of tasks. The use of
memory mapping and broadcasted evaluator functions minimizes data replication, achieving efficient
parallel resource utilization even for systems with extremely large orbital spaces.

Performance Scaling and Computational Efficiency

The hybrid parallelization scheme exhibits near-linear scaling for moderately large systems, where
the total number of generator pairs and Hamiltonian blocks substantially exceeds the number of
available computational processes. In the strong scaling regime, where the problem size is fixed and
the number of MPI ranks increases, performance is primarily limited by inter-process communication
and I/O latency arising from memory-mapped Hamiltonian blocks. Since each MPI rank operates on
an independent subset of generator combinations, communication overhead remains minimal during
computation, with synchronization required only at task broadcasting, memory map initialization,
and result gathering phases. Consequently, the computational throughput is largely determined by
the local evaluation efficiency of each rank and the intra-node load balancing handled by joblib.

In the weak scaling limit, where the problem size grows proportionally with the number of ranks,
the approach maintains a high parallel efficiency provided that the ratio between the number of
generators and ranks remains sufficiently large to saturate all available cores. The joblib multipro-
cessing backend effectively overlaps CPU-bound operations with minimal scheduling overhead, as
each derivative evaluation is an embarrassingly parallel task with negligible interdependence. This

6For MPI version < 4, the maximum allowed broadcasting object size is 2Gb. This can be solved either wrapping
the MPI.comm with mpi4py.util.pkl5
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ensures that, within each rank, all cores are fully utilized throughout the evaluation of local task
chunks. The hybrid model thus achieves a good compromise between distributed memory scala-
bility (through MPI) and shared memory concurrency (through joblib), while avoiding excessive
inter-rank communication or data replication.

6.3.8 Adaptive and Self–Consistent WAHTOR (ADAPT–WAHTOR–SCF)

Finally, after the assessment of the efficiency of the whole infrastructure, integrating an adaptive
CI solver inside the WAHTOR–SCF routine is straight-forward. We define the Adaptive Hardware–
Efficient Ansatz Wavefunction–Adapted Hamiltonian Through Orbital–Rotation Self–Consistent Field
(ADAPT–WAHTOR–SCF) algorithm in the same way as ADAPT-VQE–SCF, with the only differ-
ence that, once again, the derivative operators are measured at each step as fermionic operators.
The Adaptive Hardware–Efficient Ansatz Wavefunction–Adapted Hamiltonian Through Orbital–
Rotation Self–Consistent Field (ADAPT–WAHTOR–SCF) algorithm combines an adaptive ansatz
construction with Hamiltonian shaping through orbital rotations. At each macro–iteration, an
ADAPT criterion (e.g gradient norm or energy drop) is evaluated on the operator pool; if the
threshold is satisfied, a single generator is selected and appended to the circuit. The VQE param-
eters are then optimized to convergence, yielding a fixed wavefunction |Ψ(θ)⟩. With the circuit
frozen, the orbital–rotation derivatives operators are evaluated and used to update the Hamilto-
nian via the WAHTOR–SCF transformation, After the Hamiltonian update, the adaptive circuit is
relaxed again so as to best represent the new Hamiltonian. In ADAPT–WAHTOR–SCF, we have
therefore two pools, the operator pool {P̂i}, which contains all the excitation-gate eligible to be
added to the circuit, and the orbital–rotation generators pool, {T̂pq}. The two pools are indepen-
dent but both evaluated at fixed reference wavefunction |Ψ(θ)⟩. The ADAPT–WAHTOR–SCF can
be therefore summarized as:

1. Start from the reference wavefunction |Ψ(θ)⟩

2. Select the operator based on the desired metric. For example, selecting the operator P̂i such
that it maximizes the gradient w.r.t. the energy as

∂E(R)

∂θi

∣∣∣∣∣
θi=0

= ⟨Ψ(θ)| [P̂i, Ĥ(R)] |Ψ(θ)⟩ , (6.42)

where P̂i
†
= −P̂i. If all the gates are above the metric threshold, γexp, the circuit is not

expanded and it keeps the previous wavefunction.

3. Optimize the circuit in order to minimize E(R) and obtain Minimize the energy using the
new circuit |Ψ(θ)⟩ → |Ψ(θ′)⟩.

4. Use the newly obtained wavefunction |Ψ(θ′)⟩ to evaluate the effective energy derivative w.r.t.
to orbital–rotation parameters R, defined as fermionic operators, and obtain the new param-
eters R′.

5. Define the unitary U(R′) and update the Hamiltonian Ĥ(R)→ Ĥ(R′).

6. Relax the wavefunction for the new Hamiltonian Ĥ(R′) before restarting again.
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This procedure is repeated until both the adaptive metric and the SCF orbital conditions are
simultaneously converged. In this way, the ansatz grows only when necessary while the Hamiltonian
is continuously rotated toward a representation that is maximally compatible with the evolving
ADAPT wavefunction.

6.4 WAHTOR-SCF applied to general molecules

In this section, we collect the simulation results obtained by HEA–WAHTOR–SCF and ADAPT-
WATHOR-SCF agains model molecular systems, for different setups. In particular, we have targeted
a subset of small molecules, LiH, H2O, N2, and C2H4, along their potential energy curve under geo-
metrical tranformation, i.e. bond dissociation / atomization. On top of this, we also evaluated the
performance of WAHTOR-SCF with different circuit configurations, as well as different optimizer
results, and different orbital–rotation generators pool.

6.4.1 Molecular system treated

Here, we collect all the molecular system treated. Given the fact that all the molecules have been
analized along the PEC of single–bond, double–bond, or symmetric–bond elongation, the specific
geometry will be reported during the discussion of the results. For all the system, the unit used are
Å, except for H2O, for which bohrs are used.

LiH: Li–H Dissociation

The dissociation of LiH serves as an ideal initial test case for a multi–reference calculation due
to the small active space required and the suitability for comparison with Full Configuration In-
teraction (FCI) using reasonably large basis sets. To accurately describe its dissociation into the
2Li and 2H fragments, a minimal CAS(2,2) active–space (i.e. 4 qubits) is sufficient. The active
space consists of three determinants among which the covalent one, where both active orbitals are
singly occupied, increasingly dominates the Multi–Configurational Self–Consistent Field (MCSCF)
wavefunction as one moves beyond equilibrium geometry toward the dissociation limit. We employ
Pople’s 6-31G [226] basis for both atoms and we use CISD natural orbitals as a starting point.
CISD natural orbital have been obtained starting from PySCF RHF orbitals. The naturalization is
necessary for the VQE calculation in order to get the desired active orbitals around Fermi level.

H2O: Symmetric O–H bond elongation

The symmetric elongation of O–H bonds in H2O is one of the most frequently used test cases for
investigating the interplay of different levels of electron correlation effects [227–233]. The minimal
active space required to properly describe the full PEC is a CAS(4,4) (i.e. 8 qubits), which includes
two pairs of bonding and antibonding orbitals belonging to the following IRREPs of the C2v point
group: 3A1, 4A1, 1B2, and 2B2 [229]. We use the 6–31G basis for both atoms and the O-H bonds
are stretched simultaneously keeping the H–O–H angle fixed at the equilibrium value of 110.6◦

[229]. When using PySCF, the C2 subgroup of C2v was used to define the initial RHF orbitals so
as to maintain the active orbitals at the Fermi level for the subsequent VQE computation. We
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identify five O–H bond distances spread across the CASSCF PEC and compared the result of our
WAHTOR-SCF apporach compared to the classical benchmark.

C2H4: C=C bond dissociation

The double bond dissociation in C2H4 requires a minimal active space of CAS(4,4) (8 qubits) to
properly describe the full PEC. The active space includes two pairs of bonding and antibonding
orbitals around the Fermi level, one of them being the C=C π-bond and the other is the C=C
σ-bond. We fix the H–C–C bond angles at 120◦, C–H bond at 1.089Å and the H–C–C–H dihedral
angles at 0◦ or 180◦ depending on the cis or trans position of hydrogens respectively [234]. The cc–
pVDZ basis was employed for our computations. D2h point group symmetry was used to generate
the initial RHF orbitals and we identify five C=C bond distances distributed across the CASSCF
PEC to compute our quantum CASSCF results. The point group symmetry was also used to select
the proper unitary generators which rotate the orbitals, using PG-RED.

N2: Triple N=N bond elongation

The triple bond dissociation in N2 is one of the more challenging applications for any multireference
theory [235]. The minimal active space required to properly describe the full PEC is a CAS(6,6)
(12 qubits), which includes three pairs of bonding and antibonding orbitals around the Fermi level,
two of them being π bonds and the other is a σ bond. The cc–pVDZ basis was employed for our
computations. As before, we employed the D2H point group symmetry to generate the initial RHF
orbitals and identify five N≡N bond distances spread across the CASSCF PEC to compute our
current WAHTOR–SCF results. The point group symmetry was also used to select the proper
unitary generators which rotate the orbitals, using PG-RED.

6.4.2 General simulation setup

All the molecules tested have been solved, from the classical point of view, using the quantum
chemisty python package PySCF[94–96]. The reference CASSCF calculations have been obtained
using mcscf.CASSCF solver from PySCF. For LiH, the CISD natural orbitals have been obtained from
a PySCF CISD calculation (ci.CISD), diagonalizing the 1-RDM obtained from the correlated wave-
function, and applying the resulting unitary tranformation to the RHF initial orbitals. For H2O,
the active-space, as explained in the previous section, has been defined according to the core and
active orbital irridicible representation. In particular, the selection of the active space is done using
the method mcscf.sort_by_irreps. All the integrals for generating the fermionic operators are ex-
tracted from PySCF scf.RHF mean-field calculation, except LiH, which as already been commented.
The associated fermionic operators are defined in a QuAQ custom format, while the corresponding
qubit operator, for compatibility with the quantum circuits (qiskit.QuantumCircuit), are defined
as qiskit.SparsePauliOp. For the quantum simulation, the QuAQ package, built as a Qiskit [236]
wrapper, is used to design the quantum circuits, both for hardware efficient ansatz (HEA) and
ADAPT–VQE. Both the VQE and ADAPT–VQE routines, as well as the (ADAPT–)WAHTOR-
SCF implementation are again implemented in QuAQ package. For the VQE and ADAPT-VQE
routine, the optimizer chosen is L–BFGS–B with a gradient tolerance set to 1e-6 and it has been
carried out using Scipy.minimize method and its optimizer implementation.

135



6.4. WAHTOR-SCF applied to general molecules

For the PEC analysis, shown in Section 6.5, all the single-points have been obtained using Trust-
Region as optimizer for the WAHTOR–SCF orbital optimization update step. For the generators
pool chosen, if available, the PG–red7 has been always preferred, and applied on top of a CAS-like
pool. The chemical accuracy value in the results is chosen to be 2mHa.

For the generators pool analysis, in which we compared the outcomes obtained from HEA-
WAHTOR-SCF under different level of reduced orbital–rotations pool, we focused on the equilibrium
geometry of H2O in 6-31G basis. On overall, a reference number of generators used for each of the
system is reported in Table 6.4. In particular, for all the system the combination used is CAS-LIKE
with PG-RED applied on top.

System Nact (qubits) Nocc Nvirt NALL
T NCAS−LIKE

T NRED
T

LiH 2 (4) 1 8 55 27 19
H2O 4 (8) 3 6 78 60 42
C2H4 4 (8) 6 38 1128 410 182
N2 6 (12) 4 18 378 219 147

Table 6.4: Number of orbitals included in each set of active (act), occupied (occ), and virtual (virt). The
number of generators Nx

T according to the method x ∈ {ALL, CAS-LIKE, RED}.

6.4.3 HEA–WAHTOR–SCF setup

For the HEA-WAHTOR-SCF simulations we use a hardware efficient ansatze with two kinds of en-
tangling gates, CNOTs and SO(4) gates (which representation can be found in Section 5.2.3). Given
the idea behind WAHTOR and WAHTOR–SCF to adapt the Hamiltonian to the wavefunction, the
simulations have been performed using the simplest form of HEA, i.e. using ladder-fashion ansatz.
As already explained multiple time through the whole thesis, the ladder ansatz is composed by two
blocks: the entangling layer in a top-down fashion, starting from the first alpha orbital, crossing all
the alpha orbitals, all the beta orbitals, and connecting the last beta orbital8. The entanglement
block is than interleaved with a layer of single–qubit rotation gates, spanning all the qubits. The
ladder circuit is then repeated d times to get the final VQE ansatz, where d depends on the active
space required to study the potential energy curve (PEC) of a particular molecular system. In terms
of correlators/entangling gate, as already mentioned, we used both CNOTs and SO4 gate, for the
rotation gates instead, we employed single–qubits Ry gates. All the circuits are initialized to the
Hartree-Fock determinant using X gates in correspondence with the occupied orbitals.

In terms of circuit cost, each SO4 gates cost 6 parameters and 2 CNOTs. A depth d CNOTs
ladder circuit will have a cost of Nq ∗(d+1) parameters and d∗(Nq−1) CNOTs, while a SO4 ladder
circuit 6 ∗ (Nq − 1) ∗ d+Nq ∗ (d+1) parameters and 2 ∗ d ∗ (Nq − 1) CNOTs (double the amount in
a CNOT-based ladder). A recap of the circuital resources used for each system and configuration
is shown in Tables 6.5 and 6.6.

In terms of depth, we imposed that the depth of the circuit d, between CNOTs–based and
SO(4)–based, is the same in terms of number of CNOTs, therefore, the former have double the
number of layers compare to the latter.

7Point–Group reduciton
8Ladder-fashion circuit representation can be found in Section 3.1

136



6.4. WAHTOR-SCF applied to general molecules

System qubits
Layers

(d)

Number
CNOTs

Number
Params

LiH 4 4 12 20
H2O 8 8 56 72
C2H4 8 8 56 72
N2 12 12 132 156

Table 6.5: CNOTs-based circuit specifications.

System qubits
Layers

(d)

Number
CNOTs

Number
Params

LiH 4 2 12 48
H2O 8 4 56 208
C2H4 8 4 56 208
N2 12 6 132 480

Table 6.6: SO(4)-based circuit specifications.

Given the heuristic nature of the circuit, a single run is not meaningful, each point of the PEC
has been solved by 50 indipendent VQE runs. Each VQE has been started with a random initialized
circuit which parameters are picked in the range (−π, π). This initialization procedure is also shared
with the SO4 -based ladder circuit.

6.4.4 ADAPT–WAHTOR–SCF setup

For the ADAPT–WAHTOR–SCF simulations, Qubit–ADAPT [72] version of the ADAPT–VQE
algorithm have been used as ADAPT–CI solver. The Qubit–ADAPT pool, P = {P̂i}, can be defined
starting from all the allowed fermionic excitations

Âij =
1

2
(XiYi − YiXj)

j∏
p=i+1

Zp

Âijkl =
1

8
(XiYjXkXl + YiXjXkXl

+ YiYjYkXl + YiYjXkYl −XiXjXkYl

− YiXjYkYl −XiYjYkYl)

j∏
p=i+1

Zp

l∏
p=k+1

Zp

, (6.43)

assuming i < j < k < l spin–orbital (or qubit) indices. After creating the fermionic pool, the
qubit–pool is obtained by splitting as independent operators all the Pauli strings composing each
excitation operator Â. Therefore, the qubit–ADAPT pool will be composed by

XiYj XiXjXkYl YiYjYkXl (6.44)

including all the possible indices combinations. The metric according which the excitations con-
tained in P are picked is the energy gradient w.r.t. the excitation parameter, i.e. the gate with
highest ∂E

∂θi
|θi=0 in absolute value. Both double and single excitations are inserted in the pool, and

the expansion threshold, γexp, to decide whether to perform an expansion of the circuit or using the
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current one, is set to 1e-5. If a gate is added, the previous parameters are kept unchanged and the
new parameter is set to 0. If no gate is added, the wavefunction is kept unchanged and only refined
on the rotated Hamiltonian Ĥ(R′). The whole ADAPT–VQE and ADAPT–WAHTOR–SCF is
joblib parallelized (for the moment only intra-node parallelization), in particular, the same num-
ber of workers, i.e. joblib n_jobs, is used for both the WAHTOR–SCF orbital–rotation gradients
evaluation and ADAPT–VQE excitation gradients. Given the small sizes of the systems and active
spaces, the number of jobs used 12.

6.5 WATHOR–SCF results on general molecules

In order to validate both our approached, HEA–WAHTOR–SCF and ADAPT–WAHTOR–SCF, in
terms of performance, efficiency, applicability, and reliability for NISQ computers by taking into
account both the circuit complexity, in terms of parameters and number of gates, and the accuracy
compared to the classical counterpart, i.e. CASSCF. Once again, in order to ease the analysis
and feasibility of the method, we consider exclusively statevector noiseless simulations, without
including any shot-based statistic or hardware noise models. In the next sections, we report in
order the resutls of HEA–WAHTOR–SCF, the adaptive version, ADAPT–WAHTOR–SCF, and the
specific analysis results on different generators pool and optimizers.

6.5.1 Results for HEA–WAHTOR–SCF

In this section, the performance of the WAHTOR-SCF algorithm is analysed on four molecular
systems of increasing electronic complexity: LiH, H2O, C2H4 and N2. For each case, the potential
energy surface (PES) obtained with two different entangling circuits — a CNOT-based ladder ansatz
and an SO(4)-based ladder ansatz — is compared with the CASSCF reference. A chemical-accuracy
threshold of 2 mHa is adopted throughout. Distances are reported in Å, except for LiH where the
original profile is plotted in Bohr. In addition to the energy profiles, a statistical analysis based
on 50 independent VQE optimisations is used to quantify the stability of each ansatz in terms of
correlation recovery, circuit expressibility, and standard deviation with respect to initial conditions.
In the sections, we will report an analysis of the results obtained, which a selection of figure. For
the complete results, please check the Appendix C which contains all the information about all the
simulations, and all the plots.

LiH

The LiH dissociation, described in a CAS(2,2) active space, represents the simplest benchmark in
this study and is dominated by a single-reference character. Both the CNOT and SO(4) ansätze
yield PES curves that lie essentially on top of the CASSCF reference, remaining well within the
2 mHa window over the entire stretching coordinate (see Figure 6.8 and for both in Figure C.1).
As reported in Table C.1, both circuits recover nearly 100% of the correlation energy, although
the CNOT ansatz displays extremely small standard deviations (on the order of 10−7), while SO(4)
exhibits slightly larger fluctuations. This indicates that, in a weakly correlated regime, the additional
expressibility of SO(4) provides no real benefit over a shallower CNOT structure. The LiH test
therefore establishes a baseline: when correlation remains essentially dynamic and the electronic
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manifold is compact, both ansätze are more than adequate, and the more compact CNOT circuit
can even be regarded as the more stable option due to its reduced parameter space.
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Figure 6.8: Comparison between our SO(4)–WAHTOR–SCF approach and CASSCF for the LiH Li-H bond
elongation. The black solid line corresponds to the CASSCF reference energy, the chemical accuracy (2mHa)
is denoted with a dashed line, as well as a shaded area between the two values. The squares correspond
to the SO(4)–WAHTOR–SCF solution with associate error bars, from the 50 VQEs. In the smaller panel
instead, we report only the error w.r.t. to CASSCF of our SO(4)–WAHTOR–SCF approach.

H2O

The symmetric O–H bond elongation in water introduces a moderate multireference character,
providing a clearer separation between the capabilities of the two ansätze. As shown in Figures 6.9
and both in Figure C.2, both circuits match the CASSCF surface at equilibrium, but differences
emerge as the bond is stretched. The CNOT curve begins to deviate from the reference, exceeding
the chemical-accuracy threshold in the dissociation region, whereas the SO(4) ansatz maintains a
smoother profile with reduced oscillations and a significantly smaller error. Statistical results from
Table C.2 confirm this behaviour: while the CNOT ladder remains stable, it consistently recovers
a smaller percentage of the correlation compared to SO(4), which reaches values above 99.99%
with moderate variance. This system highlights a first key observation: once static correlation
becomes relevant, the limited expressibility of CNOT is no longer sufficient to guarantee chemical
accuracy across the entire PES, whereas the SO(4) ladder provides a more robust representation of
the correlated wavefunction.

C2H4

The C=C stretching in ethylene is characterised by π-electron delocalisation rather than strong
bond-breaking correlation. In this scenario, both ansätze are capable of reproducing the CASSCF
reference along the full coordinate, as illustrated in Figure 6.10 and both in Figure C.3. However,
the SO(4) curve exhibits a slightly smoother deviation profile and a smaller maximum error with
respect to the reference, remaining comfortably within chemical accuracy. The data in Table C.3
show that both circuits achieve high correlation-recovery percentages, although SO(4) retains a
small advantage while maintaining reasonable statistical stability. This suggests that, in systems
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Figure 6.9: Comparison between our SO(4)–WAHTOR–SCF approach and CASSCF for the H2O Sym-
metric H–O bond elongation.The black solid line corresponds to the CASSCF reference energy, the chemical
accuracy (2mHa) is denoted with a dashed line, as well as a shaded area between the two values. The
squares correspond to the SO(4)–WAHTOR–SCF solution with associate error bars, from the 50 VQEs.
In the smaller panel instead, we report only the error w.r.t. to CASSCF of our SO(4)–WAHTOR–SCF
approach.

where electron delocalisation dominates, both ladder structures remain effective, but the larger
two-qubit algebra of SO(4) continues to offer a more flexible optimisation landscape and a more
uniform error distribution.
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Figure 6.10: Comparison between our SO(4)–WAHTOR–SCF approach and CASSCF for the C2H4 C=C
bond elongation.The black solid line corresponds to the CASSCF reference energy, the chemical accuracy
(2mHa) is denoted with a dashed line, as well as a shaded area between the two values. The squares
correspond to the SO(4)–WAHTOR–SCF solution with associate error bars, from the 50 VQEs. In the
smaller panel instead, we report only the error w.r.t. to CASSCF of our SO(4)–WAHTOR–SCF approach.

N2

The dissociation of molecular nitrogen represents the most demanding and challenging benchmark
due to its well-known strong multireference character. The CNOT ansatz fails to maintain chemical
accuracy away from equilibrium and exhibits significant deviations from the CASSCF curve, as seen
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in 6.11 and both in Figure C.4. In contrast, the SO(4) ansatz is able to preserve the qualitative
and quantitative features of the dissociation curve, significantly reducing the error throughout the
stretching region. The statistical results in Table C.4 reveal large standard deviations and insuffi-
cient correlation recovery for the CNOT circuit, whereas SO(4) attains up to 96% of the reference
correlation with far more controlled fluctuations. This case provides the clearest evidence that shal-
low CNOT-based parametrization are inadequate in the presence of strong static correlation, while
a richer entangling structure is essential to avoid variational collapse and maintain a physically
meaningful PES.
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Figure 6.11: Comparison between our SO(4)–WAHTOR–SCF approach and CASSCF for the N2 triple
N≡N bond elongation. The black solid line corresponds to the CASSCF reference energy, the chemical
accuracy (2mHa) is denoted with a dashed line, as well as a shaded area between the two values. The
squares correspond to the SO(4)–WAHTOR–SCF solution with associate error bars, from the 50 VQEs.
In the smaller panel instead, we report only the error w.r.t. to CASSCF of our SO(4)–WAHTOR–SCF
approach.

Once again, we report all the results of the VQE for each molecule in Appendix C, specifically,
Tables C.1 - C.4.

6.5.2 Results for ADAPT-WAHTOR-SCF

In this section, we analyse the performance of the ADAPT-WAHTOR-SCF algorithm on the same
molecular set considered in the previous chapter: LiH, H2O, C2H4 and N2. For each system, the
potential energy surface obtained with the adaptive ansatz is compared to the CASSCF reference
and to the heuristic ladder circuits previously employed. A chemical-accuracy threshold of 2 mHa
is retained throughout. Distances are reported in Å, except for LiH where the original profile is
plotted in Bohr. Notably, only the region prior to dissociation is reported for some molecules, as
the ADAPT-WAHTOR-SCF procedure fails to converge in the asymptotic limit.

LiH

The LiH profile (Figure 6.12) demonstrates the ideal scenario for the adaptive strategy. ADAPT-
WAHTOR-SCF converges rapidly to the CASSCF reference and reconstructs the potential energy
curve with negligible error, remaining well within chemical accuracy across the sampled coordinate.
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Owing to the predominantly single-reference nature of LiH, only a few operators are selected, re-
sulting in a compact ansatz. This confirms the conceptual strength of the method: when correlation
is weak and chemically local, the adaptive mechanism can efficiently identify the minimal operator
set required to represent the state.
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Figure 6.12: Comparison between our ADAPT–WAHTOR–SCF approach and CASSCF for the LiH Li-H
bond elongation. The black solid line corresponds to the CASSCF reference energy, the chemical accuracy
(2mHa) is denoted with a dashed line, as well as a shaded area between the two values. The squares
correspond to the ADAPT–WAHTOR–SCF solution. In the smaller panel instead, we report only the error
w.r.t. to CASSCF of our ADAPT–WAHTOR–SCF approach.

H2O

For the symmetric O–H bond elongation (Figure 6.13), ADAPT-WAHTOR-SCF again delivers
accurate, smooth energy curves up to the onset of static correlation. Compared to heuristic circuits,
the adaptive ansatz achieves similar accuracy with a significantly reduced number of parameters.
This indicates that, in moderately correlated regimes, the adaptive selection is advantageous. In
fact, it avoids unnecessary rotations, shortens the variational search, and preserves a more favourable
optimization landscape. Up to this region, the ansatz growth remains controlled, and convergence
is stable.

C2H4

A qualitatively similar behaviour is observed for the C=C stretching in ethylene (Figure 6.14).
ADAPT-WAHTOR-SCF successfully recovers the underlying CASSCF profile in the non-dissociative
region and maintains chemical accuracy. As in H2O, delocalized correlation is well captured with-
out excessive circuit growth. This confirms that the adaptive scheme remains efficient as long as
the electronic structure is not strongly multi–reference and the orbital optimization steps remain
well-conditioned.

N2

While ADAPT-WAHTOR-SCF converges close to equilibrium, the algorithm fails to reach conver-
gence in the dissociative region. This result contrasts with the corresponding single-point ADAPT-
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Figure 6.13: Comparison between our ADAPT–WAHTOR–SCF approach and CASSCF for the H2O
symmetric H–O bond elongation. The black solid line corresponds to the CASSCF reference energy, the
chemical accuracy (2mHa) is denoted with a dashed line, as well as a shaded area between the two values.
The squares correspond to the ADAPT–WAHTOR–SCF solution. In the smaller panel instead, we report
only the error w.r.t. to CASSCF of our ADAPT–WAHTOR–SCF approach.
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Figure 6.14: Comparison between our ADAPT–WAHTOR–SCF approach and CASSCF for the C2H4

C=C bond elongation. The black solid line corresponds to the CASSCF reference energy, the chemical
accuracy (2mHa) is denoted with a dashed line, as well as a shaded area between the two values. The
squares correspond to the ADAPT–WAHTOR–SCF solution. In the smaller panel instead, we report only
the error w.r.t. to CASSCF of our ADAPT–WAHTOR–SCF approach.

VQE on a CASCI reference, which is in fact able to converge even at large internuclear distances.
Therefore, the failure is not intrinsic to the adaptive ansatz itself, but rather originates from the
combined instability of orbital optimization and ansatz growth in strongly multi–reference regimes.
In this region, the SCF equations become ill-conditioned, the orbital response amplifies small varia-
tional fluctuations, and the optimization landscape deteriorates, preventing convergence of the full
self-consistent cycle.
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Figure 6.15: Comparison between our ADAPT–WAHTOR–SCF approach and CASSCF for the N2 triple
N≡N bond elongation. The black solid line corresponds to the CASSCF reference energy, the chemical
accuracy (2mHa) is denoted with a dashed line, as well as a shaded area between the two values. The
squares correspond to the ADAPT–WAHTOR–SCF solution. In the smaller panel instead, we report only
the error w.r.t. to CASSCF of our ADAPT–WAHTOR–SCF approach.

6.5.3 Comparison between heuristic and ADAPT–WAHTOR–SCF

Table 6.7 summarizes the number of CNOTs and total parameters required to achieve chemical
accuracy for representative geometries. ADAPT produces dramatically more compact ansätze than
the heuristic circuits, particularly when compared to the SO(4) ladder. For LiH, the adaptive
method requires only 3 parameters, whereas the heuristic circuits employ between 20 and 48. For
H2O and C2H4, the adaptive ansatz remains significantly smaller, confirming the efficiency of the
operator-selection mechanism. In N2, ADAPT still produces a more compact representation than
SO(4), and it converges, whereas the heuristic ansatz does not. This comparison highlights a central
conclusion: adaptive ansẗze excel in efficiency and compactness, but when coupled with orbital op-
timization, their robustness breaks down in the dissociation limit, where static correlation becomes
dominant. In the Appendix C, the exact resource counts, in terms of CNOTs and parameters is
collected in an unique Table C.5.

CNOT Ladder SO4 Ladder qubit-ADAPT

Molecule Geometry CNOTS Params CNOTS Params CNOTs Params

LiH 3.10 Å 12 20 12 48 10 3
H2O 3.00 a.u. 56 72 56 208 96 16
C2H4 2.00 Å 56 72 56 208 108 18
N2 1.20 Å 132 156 132 480 258 43

Table 6.7: Comparison between heuristic ladder and ADAPT–VQE ansatzes for the molecular systems that
we have studied. The number of decomposed CNOTs in each circuit along with total number of parameters
needed to reach chemical accuracy is reported. For each molecule, we choose a representative geometry
where all ansatzes could reach chemical accuracy (except the heuristic ansatz in N2). The trend is similar
for rest of the geometries.

Across all four systems, a clear trend emerges. For weakly correlated molecules such as LiH, both
ansätze perform equally well, with the CNOT circuit even providing superior numerical stability
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due to its smaller parameter space. As correlation increases, however, the gap widens in favour of
SO(4): in H2O and C2H4 the improvement is moderate but systematic, whereas in N2 the difference
becomes critical, with SO(4) being the only viable option for maintaining chemical accuracy along
the dissociation coordinate. These results illustrate a fundamental trade-off: CNOT offers robust-
ness and compactness, but limited expressibility; SO(4) offers superior accuracy and transferability
at the cost of a larger parameter manifold. This trade-off provides a natural motivation for the
next step, namely the development of an adaptive ansatz construction. ADAPT-WAHTOR-SCF
outperforms heuristic variational circuits in terms of compactness and near-equilibrium accuracy,
but remains less robust in the presence of strong multi-reference character. The dissociation failure
in N2 suggests that, although adaptive ansätze are fundamentally powerful, their combination with
orbital optimization requires further stabilization strategies. This motivates the developments dis-
cussed in the next chapter, where we explore adaptive approaches capable of retaining compactness
while restoring robustness in strongly correlated regimes.

6.5.4 Different optimizer results and generators pool

In order to assess the efficiency and the improvement of the method proposed in this work, and a
completely variational approach. For the former results, two second-order optimization strategies
are used, Newton–Rapshon and Trust-Region, while for the latter, the optimal orbital rotation
parameters, R′, are obtained variationally using BFGS. The comparison has been carried out on
the second system studied, the H2O with symmetric dissociation of O-H with ∠HOH = 110.6◦ using
6-31G basis at equilibrium (1.84 Bohrs). We compare each of the optimizer listed above BFGS,
Newton-Raphson (NR), and Trust-Region (TR), with all the three possible generators pool ALL,
CAS-LIKE, and RED. Point–group symmetry screening, PG-RED was used for each pool of
generators. In table 6.9, the average number of iterations (iter) is shown, averaged w.r.t the number
of chemically accurate runs (G) among the 50 executed. For the parameterized wavefunction, the
same settings of the previous simulation (Section 6.4.2) has been used, in particular selecting a
SO(4) ladder ansatz with depth d = 4.

BFGS Newton-Raphson Trust Region
Gen type G iter G iter G iter

ALL 17 25.35 0 0 25 37.6
CAS 38 13.71 5 35.2 37 31.22
RED 17 20.59 3 24 22 32.64

Table 6.8: Comparison between different optimizers on the same H2O instance. The unitary generators for
orbital rotations has been screened using point group symmetry. We show the average number of iterations
required by OS-WAHTOR among simulations that converge within chemical accuracy w.r.t. CASSCF. G is
the number of successful runs, iter is the average number of orbital optimizer cycles for each successful run.

The comparison between the three optimization strategies (BFGS, Newton–Raphson and Trust-
Region) shows clear differences in both robustness and efficiency. Overall, BFGS proves to be the
most reliable optimizer. It achieves the highest number of chemically accurate convergences for all
generator pools (ALL, CAS-LIKE and RED), with and without PG-RED on top, while also
requiring a relatively low and stable number of orbital–optimization iterations. The Trust–Region
method also exhibits robust convergence, with a success rate close to that of BFGS, even if it gen-
erally requires more iterations on average, indicating slower progress toward the energy minimum.
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BFGS Newton-Raphson Trust Region
Gen type G iter G iter G iter

ALL 15 19.93 0 0 33 32.8
CAS 20 26.5 1 167 39 32
RED 14 21.86 0 0 41 30.2

Table 6.9: Comparison between different optimizers on the same H2O instance. All unitary generators for
orbital rotations has been used, without considering symmetry. We show the average number of iterations
required by OS-WAHTOR among simulations that converge within chemical accuracy w.r.t. CASSCF. G is
the number of successful runs, iter is the average number of orbital optimizer cycles for each successful run.

This is mainly due to the fact that, BFGS does not require to build any derivative operators, but
simply search for the optimal set of parameters associated to each orbital–rotation generator, and
directly minimizes the unitary transformation iteratively. In contrast, the Newton–Raphson opti-
mizer is the least stable and efficient among the three. Trust–Region frequently fails to converge,
and even in its successful runs the number of iterations can become excessively large, reflecting
difficulties in handling the underlying optimization landscape. This poor performance can be at-
tributed to the use of an approximated CI 9 solution at each macro-iteration, which introduces noise
in the energy and Hessian evaluations. Since Newton–Raphson is highly sensitive to inaccuracies in
the curvature information, its quadratic convergence is lost, leading to unstable behavior. Quasi-
Newton methods such as BFGS are instead more resilient to these inaccuracies, explaining their
superior performance in this setting. Therefore, BFGS offers the best balance between convergence
stability and computational efficiency, Trust-Region provides a slower but still dependable alter-
native, and Newton–Raphson is too unstable to be practical, despite its theoretical appeal as a
second-order method. This behavior is consistent across both symmetry-screened and unscreened
generator pools, confirming the superior robustness of quasi-Newton schemes in variational orbital
optimization.

6.6 WAHTOR–SCF applied to Industrial chemistry

Polyethylene is among the most widely produced polymers worldwide, with an annual output ex-
ceeding 100 million tons [237, 238]. Its versatility, durability, and low manufacturing cost have
made it indispensable in sectors such as packaging, automotive components, coatings and advanced
materials. The industrial relevance of polyolefins has driven continuous innovation in polymeriza-
tion methods since the mid-20th century, spanning radical high-pressure technologies, Ziegler–Natta
catalysis, Phillips catalysts, and, more recently, metallocene and post-metallocene systems [237,
239–243].

Modern industry requires not only efficient polymerization protocols, but also fine control over
microstructure, structurization and molecular-weight distribution [238, 239]. These structural
variables govern the macroscopic processability and mechanical response of polyethylene materials.
In this context, a profound understanding of the elementary steps of polymer growth is essential,
especially at the level of the electronic structure of reactive intermediates and transition states.

Historically, high-pressure radical polymerization has played a key industrial role in the pro-

9Incorrectly defined as approximated CI. The VQE expansion might also contains determinants that a CI expan-
sion would not.
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duction of low-density polyethylene (LDPE), and its fundamental chemistry remains relevant for
chain-growth processes [244, 245]. However, a major breakthrough in polyolefin science came with
the advent of coordination catalysts developed by Ziegler and Natta in the 1950s, which opened
the way to stereoregular polymers with unprecedented control over chain architecture [239]. The
elementary step governing Ziegler–Natta catalysis is the insertion of an olefin into a metal–carbon
bond, typically described by the Cossee–Arlman mechanism [243]. Despite decades of study, the
electronic structure of this step remains nontrivial, as it often involves transient multi-reference
character.

The original objective of this project was to address such electronically complex processes in
Ziegler–Natta chemistry using hybrid quantum–classical approaches. However, the full catalytic sys-
tem was deemed too electronically and structurally demanding for a first quantum implementation.
For this reason, we selected a reduced prototype, the free-radical polymerization of ethylene, pre-
serving the central chemical pattern of olefin activation and C–C bond formation while drastically
reducing the computational burden [246]. This simplification enables a systematic validation of the
hybrid multi-configurational framework developed in the previous chapters, serving as a stepping
stone toward future simulations of realistic Ziegler–Natta catalysts.10

6.6.1 Free–Radical Model Polymerization of Ethylene

Free-radical polymerization of ethylene proceeds through initiation, propagation, and termination
steps [238, 247, 248]. In contrast to coordination catalysis, the reactive center is here a carbon-
centered radical, and chain growth occurs through successive π → σ bond conversions. This mech-
anism is emblematic of high-pressure LDPE production [244, 245], and provides a clean minimal
platform for studying the electronic structure of olefin activation.

In the model investigated, a hydrogen radical triggers chain initiation, forming a carbon-centered
radical that adds subsequent ethylene monomers. The reaction coordinate features two key tran-
sition states,one for initiation and one for propagation, each exhibiting partial π-bond cleavage
and formation of a new σ bond. This chain reaction continues as radicals repeatedly add to new
monomers, growing a long polymer chain. These configurations display diradical-like character that
cannot be reliably captured by single-reference methods, thereby motivating a multi-configurational
treatment [33, 109, 110, 133]. Regarding the model reaction investigated, to the best of our knowl-
edge, it has been studied, with ab-initio method DFT and MP2, only for the activation step in
Nassabeh et al. [247].

The elementary steps of the model reaction are reported in Figure 6.16.
We will use a minimal active space containing only those orbitals which are directly involved

in the bond breaking/making process for each structure in this reaction. Since in our termination
step this minimal active space has just two orbitals for the triplet reactant and transition state,
which is a single ROHF determinant, there is no need for a CASSCF computation for this step. We
focus on the initiation and propagation steps, where we will use three active orbitals for the doublet
reactants (R1 and R2) and doublet transition states (TS1 and TS2). These three active orbitals
are the π, π∗ along C-C double bond in R1, R2 and the non-bonding orbital containing the single
electron on H or C2H5 radical. For TS1 and TS2, the three orbitals correspond to the σ, σ∗ orbitals

10This research activity was supported by ENI (Ente Nazionale Idrocarburi).

147



6.6. WAHTOR–SCF applied to Industrial chemistry

Table 2: Mean percentage of CAS-CI correlation energy recovered by the multi-threshold-QIDA
VQE ansatz

Reaction stage
Maximum
number of
CNOTs used

Mean %
correlation
w.r.t. CASCI

ω-complex 48 87.84
Transition state 94 51.19
ε-agostic product 50 63.98
ϑ-agostic product 52 67.53

3.3 Model reaction for ethylene free radical polymerization

Free radical polymerization of ethylene is a process where ethylene monomers are converted

into polyethylene through the action of free radicals. In this reaction, an initiator (often a

peroxide) decomposes to form radicals under heat or pressure, which then react with ethy-

lene monomers. This chain reaction continues as radicals repeatedly add to new monomers,

growing a long polymer chain. The process produces low-density polyethylene (LDPE) due

to branching from side reactions, making it suitable for flexible applications like films and

packaging.

We choose the polymerization of ethylene to a ethylene dimer via a free hydrogen radical

initiator. The reaction can be divided into the following three steps.

1. Initiation:

H2C CH2 + H•

(R1)
→ H2C

• C

H

H

H

(TS1)

→ C•

H

H

CH3

2. Propagation:

9

H2C CH2 + C•

H

H

CH3

(R2)

→ H2C
• C

H

H

C

H

H

CH3

(TS2)

→ C•

H

H

C

H

H

C

H

H

CH3

3. Termination:

H• + C•

H

H

C

H

H

C

H

H

CH3 → H C

H

H

C

H

H

C

H

H

CH3 → H3C C

H

H

C

H

H

CH3

We will compute the activation energies required to reach the transition state from the

reactants in the initiation and propagation steps of this model reaction, i.e. R1 to TS1 and

R2 to TS2. For this purpose a VQE computation within an active space, equivalent to a

CASCI calculation, coupled with orbital optimization in the whole basis using an extended

version of the WAHTOR workflow introduced by our group will be used. By alternating

between classical orbital optimization and quantum wavefunction refinement, this approach

provides a systematic pathway to replicate the key characteristics of traditional CASSCF

as shown in Fig 10. At the same time, it opens the door to scaling up to larger and more

complex molecular systems, as advancements in quantum hardware continue to progress.
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reactants in the initiation and propagation steps of this model reaction, i.e. R1 to TS1 and

R2 to TS2. For this purpose a VQE computation within an active space, equivalent to a

CASCI calculation, coupled with orbital optimization in the whole basis using an extended

version of the WAHTOR workflow introduced by our group will be used. By alternating

between classical orbital optimization and quantum wavefunction refinement, this approach

provides a systematic pathway to replicate the key characteristics of traditional CASSCF

as shown in Fig 10. At the same time, it opens the door to scaling up to larger and more

complex molecular systems, as advancements in quantum hardware continue to progress.
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Initiation step

 Propagation step

 Termination step

Model Reaction

Figure 6.16: Three steps of the model reaction of free-radical polymerization of ethylene.

along the newly formed C-H/C-C bond respectively along with the non-bonding orbital having the
lone electron.

Since this model reaction has no literature benchmarks, we find out optimized geometries of
the reactants and transition states by performing a NEB-TS computation in ORCA 6.0 [178] at
the CCSD(T) level of theory using the cc-pVDZ basis. These geometries are shown in Appendix
Figure C.5 and Figure C.6. We computed the activation energies required to reach the transition
state from the reactants in the initiation and propagation steps of this model reaction, i.e. R1 to
TS1 and R2 to TS2. The reaction profiles for the first two steps at CASCI and CASSCF level using
(3,3) CAS with the CCSD(T) optimized geometries are shown in Figure 6.17 and Figure 6.18.

6.6.2 WAHTOR–SCF on Model reaction

In this section we present the results of our WAHTOR–SCF procedure on the model reaction. In
terms of WAHTOR–SCF variant, given the reduced size of the active spaces for initial, propagation,
and termination step, we opted for HEA–WAHTOR–SCF. In particular, we employed the SO(4)
variant of WAHTOR–SCF, with depth d = 3, total number of parameters 114, and total number of
CNOTs 30. Every reaction step has been solved by running a single VQE run given the small size of
the active space and the accuracy of the single point VQE as reported in Appendix Figure C.7. The
VQEs are optimized using L-BFGS-B scipy optimizer. For WAHTOR–SCF specific settings, we
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Figure 6.17: Reaction profile in the initiation step. Minimal CAS(3,3) used.
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Figure 6.18: Reaction profile in the propagation step. Minimal CAS(3,3) used.

used Trust-Region second-order optimizer for the orbital–rotation optimization update and RED
(minimal) generators pool, i.e. occupied-active, active-active, and active-virtual.

From the simulation, according to Table 6.10, the best VQE performace is in good agreement
with the CASSCF benchmark calculation. In fact, for each of the structure the value recovered by
WAHTOR–SCF is within chemical accuracy w.r.t. the corresponding CASSCF reference calcula-
tion.

For each of the structure, in Table 6.11, we report all the energies evaluated by out hybrid
methdo, WAHTOR–SCF, and the reference CASSCF calculations. From the reported data, it is
possible to find good agreement between our procedure and the classical benchamarks. Additional,
as we introduce in the previous section, we are interested in the activation energies. Activation
energies are obtained by computing the energy difference between a transition state, TSi, and the
energy of the respective reactant, Ri. We compared with the reference calculations reported in
Figure 6.17 and Figure 6.18, specifically the CASSCF calculation. As reported in Table 6.12, our
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Structure NR NT CASSCF WAHTOR–SCF %Ecorr

R1 53 153 -78.566463 -78.566365 99.66
TS1 53 153 -78.554354 -78.554253 99.69
P1 53 153 -78.614882 -78.614721 ∼

R2 101 297 -156.665376 -156.665279 99.66
TS2 101 297 -156.603140 -156.602794 99.14
P2 101 297 -156.689209 -156.689209 ∼

Table 6.10: Correlation energy recovered by QASSCF w.r.t. "classical" CASSCF for the initiation and
propagation steps in the model polymerization reaction. NR is the number of orbital to be rotated whileNT is
the number of orbital–rotation generators. CASSCF and WAHTOR–SCF are the energy recovered by the
respective method in Hartree, while %Ecorr is the percentage correlation energy recovered by WAHTOR–SCF
w.r.t. CASSCF. P1 and P2, the product states, are still obtained with WAHTOR–SCF but the procedure
took only one iteration.

Structure CASSCF WAHTOR–SCF

R1 -49301.200 -49301.138
TS1 -49293.601 -49293.538
P1 -49331.583 -49331.482
R2 -98309.008 -98308.947
TS2 -98269.954 -98269.737
P2 -98323.963 -98323.881

Table 6.11: Comparison of the energies obtained with our hybrid approach, WAHTOR–SCF, against the
benchmark calculation with standard CASSCF in kcal/mol for each of the structure and reaction step.

HEA–WAHTOR–SCF method is in good agreement with the reference calculation, matching exactly
the initiation activation energy (TS1 - R1), and producing a propagation step (TS2 -R2) activation
energy slightly above the benchmark one, specifically 0.16 kcal/mol above. From Table 6.12 we

Reaction ∆E ∆E TS R
Step CASSCF WAHTOR CASSCF WAHTOR CASSCF WAHTOR

Initiation 7.60 7.60 -49293.601 -49293.538 -49301.200 -49301.138
Propagation 39.05 39.21 -98269.954 -98269.737 -98309.008 -98308.947

Table 6.12: Activation energy required in the initiation and propagation steps of the model polymerization
reaction. All units are reported in kcal/mol.

see that our quantum version to compute CASSCF energies is well within the limit of chemical
accuracy (∼1 kcal/mol) required in quantum chemical calculations. In Figure 6.19 and Figure
6.20, a complete overview on the benchmark datapoint, our quantum approach simulation results,
and the relative error, can be found.

6.7 Discussion and final remarks on hybrid self-consistent proce-
dure

The results presented in this chapter, two hybrid self-consistent-field schemes were implemented
and tested: the HEA-WAHTOR–SCF and the ADAPT-WAHTOR–SCF . Both approaches inte-
grate a classical orbital optimization cycle with a quantum configuration interaction solver, i.e.
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Figure 6.19: Complete comparison between our WAHTOR–SCF method and the quantum chemistry
benchmarks with CASCI and CASSCF for the initiation step. Values in the main panel are reported in
kcal/mol as well as the errors in the in-box plot. Only R1 and TS1 are reported due the fact that the P1 is
composed by a single determinant, i.e. the energy corresponds to ROHF mean field on that structure.
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Figure 6.20: Complete comparison between our WAHTOR–SCF method and the quantum chemistry
benchmarks with CASCI and CASSCF for the propagation step. Values in the main panel are reported in
kcal/mol as well as the errors in the in-box plot. Only R2 and TS2 are reported due the fact that the P2 is
composed by a single determinant, i.e. the energy corresponds to ROHF mean field on that structure.

VQE, extending the original WAHTOR procedure. The HEA-WAHTOR–SCF employs a fixed
hardware-efficient ansatz optimized variationally across iterations, while the ADAPT-WAHTOR–
SCF introduces adaptiveness. Together, these two variants provide complementary routes to balance
expressibility, convergence rate, and efficiency.

WAHTOR–SCF has been benchmarked across a diverse set of molecular systems, and in all
cases, our approach reproduced conventional CASSCF energies within the chemical accuracy, val-
idating both the parameter optimization strategy and the HQC Self–Consistent Field loop. The
HEA-WAHTOR–SCF method demonstrated smooth and predictable convergence for small and
moderately correlated systems, while the ADAPT-WAHTOR–SCF variant exhibited reasonably
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superior accuracy and faster convergence for strongly correlated cases.
Our method then was applied to a representative industrially motivated process: the free-radical

polymerization of ethylene. This model system captures the fundamental bond-breaking and bond-
forming events underlying olefin polymerization and provides a rigorous test of the hybrid algorithms
on a chemically meaningful potential energy surface. Using a compact CAS(3,3) active space in-
cluding the π/π∗ (or σ/σ∗) orbitals and the singly occupied non–bonding orbital, both the initiation
and propagation steps were successfully modeled. The computed potential energy profiles obtained
with WAHTOR–SCF algorithm reproduced classical CASSCF results with excellent agreement, dif-
fering by less than 0.2 kcal/mol in activation energies. Quantitatively, the activation barriers were
found to be 7.6 kcal/mol for initiation and 39.0 kcal/mol for propagation, with the latter represent-
ing the rate-determining step in the radical chain mechanism. The nearly identical results between
HEA-WAHTOR–SCF and classical CASSCF confirm that the hybrid methods not only preserve the
underlying electronic structure but also deliver quantitatively accurate potential energy surfaces.
These results demonstrate, despite considering a small sized case, that the quantum variational
solvers can capture the essential multi-reference character associated with π → σ conversion and
open-shell spin polarization without introducing numerical artifacts.

In conclusion, the combination of algorithmic development and chemical validation presented
in this chapter highlights the versatility of the hybrid framework. The HEA-WAHTOR–SCF and
ADAPT-WAHTOR–SCF methods form two robust strategies that can be tailored to the complexity
of the target system: the former optimized for computational efficiency, the latter for systematic
accuracy and ansatz compactness. Obviously, our procedure can be refined and make it more
suitable for large scale applications, especially from the point of view of single point solutions, i.e.
finding more expressive HEA, and including additional reduction techniques, such as Commuting–
Pauli groups, for reducing even more the computational effort required by both the classical and
quantum side of the procedure. Additionally, for the adaptive version of WAHTOR–SCF, more work
can be done in order to analyze which operator pool fits better in our pipeline and if the evaluation of
the gradients in the ADAPT-VQE step can be recycled also for the derivative evaluation, especially
when scaling to bigger active space. Finally, it would be interesting to see how our WAHTOR–SCF
approach performs against longer reactions and bigger system, hopefully being able to target the
original Ziegler-Natta reaction. To conclude, as said in Section 2.4.3, a MCSCF-like approach is
able to fully recover, if expressive enough, the static correlation in the active space, but only a
portion of the dynamical correlation of the whole system. We should therefore focus also on the
introduction of perturbative corrections, in order to perform CASPT2 [34–36] or NEVPT2 [30–33]

Now, having defined our hybrid procedure for dealing with both static and dynamical correlation,
having incorporated both static and dynamical correlation, we can now move to the last piece of
the pipeline. The structure optimization, which generally is the first step for starting the whole
calculation, here is treated in the last chapter of the manuscript, due to the time frame in which the
project has been started. The geometry optimization task is finally explained in the next chapter.
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Chapter 7

Quantum Geometry optimization for
Drug Discovery

Geometry optimization is a essential step of molecular modeling, as it determines the equilibrium
structure from which physical / chemical properties and molecular descriptors can be derived.
Traditionally, this process has been carried out entirely on classical computers, using analytical
or numerical derivatives of the energy to relax nuclear positions toward the minimum. However,
the exponential complexity of accurate electronic structure calculations makes these optimizations
challenging for strongly correlated systems or large molecular assemblies. Hybrid classical–quantum
algorithms have emerged as a promising solution. Ideally, quantum computers can be used to
evaluate molecular energies, and then, relying on classical routines to guide the optimization. In
particular, the central difference approach provides a practical way to approximate nuclear gradients
directly from quantum-evaluated energies, thus making geometry optimization feasible even in the
Noisy Intermediate–Scale Quantum (NISQ) era.

Within this framework, optimized quantum geometries offer a unique opportunity to enrich
molecular representation. While DompeKey (DK) provide a powerful set of substructure-based
descriptors for chemical space mapping, machine learning, and virtual screening, their current for-
mulation is largely independent of geometry. By integrating equilibrium structures obtained from
Hybrid Quantum–Classical optimization, DKs can be augmented with structural fidelity that cap-
tures subtle conformational and electronic effects often missed by purely topological descriptors.
This extension introduces a new descriptor variant in which quantum-refined geometries serve as an
input layer, allowing DompeKeys to encode not only connectivity and functional groups but also
the precise arrangement of atoms in three-dimensional space.

In this chapter, we introduce our proof–of–concept integration of Hybrid Quantum–Classical
structure optimization algorithm, namely Quasi-Adiabatic Quantum Geometry Optimization (QA–
q–GeomOpt). QA-q-GeomOpt exploits HEA circuit, finite difference method, and a classically–
inspired potentially quasi-adiabatic routine, to search the equilibrium geometry. We demonstrate
both the applicability of the method on on small DKs, i.e. Amine, Imine, and Aldehyde. Addi-
tionally, we show the implementational side, in terms of quantum computing simulation backend,
classicalQiskit [236] and CUDA-quantum [101] CPU statevector simulators, as well as CUDA-quantum
GPU backend. Procedure which adaptability to different quantum chemistry and simulation back-
end can be interchanged, in a fully parallelized environment. The implementation demonstrates the
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feasibility of incorporating HQC geometry optimizations into cheminformatics workflows, but much
remains to be refined.

The chapter will be defined as follows: In Section 7.1 we will introduce they theory behind ge-
ometry optimization, i.e. how to extrapolate energy gradients w.r.t. atomic coordinates and forces.
After that, in Section 7.2, we will briefly recap which HQC techniques exist in literature, splitting
between how to evaluate forces, navigate the potential energy curve, and additional improvements.
We will finally introduce our Quasi-Adiabatic Quantum Geometry Optimization (QA–q–GeomOpt)
procedure, in Section 7.3, dedicating completely Section 7.4 for the implementational side. After
defining the framework, we will present the application on DompeKeys, in Section 7.5. Finally,
Section 7.2 will be used for discussion and consideration.

7.1 Molecular gradients for variational and fully variational wave-
functions

Within the Born–Oppenheimer Approximation, the molecular forces are defined as the total deriva-
tive of the electronic energy with respect to the nuclear coordinates,

F = −dE
dx

. (7.1)

Let θ denote the variational parameters of the wavefunction (CI coefficients or, in a hybrid quantum
algorithm, the circuit parameters), and let the orbitals be parametrized by a separate set of rotations
κ. By applying the chain rule one obtains

dE

dx
=
∂E

∂x

∣∣∣∣
θ,κ

+
∂E

∂θ

dθ

dx
+
∂E

∂κ

dκ

dx
. (7.2)

For a variational wavefunction, the stationarity condition

∂E

∂θ
= 0 (7.3)

eliminates the CI (or circuit) response. This is true for both variational (CASCI, truncated CI, VQE
with fixed ansatz) and fully variational (HF, CASSCF) electronic structures. The key distinction
lies in the second response term. Fully–variational methods also satisfy

∂E

∂κ
= 0 (7.4)

because orbital rotations are optimized at every geometry. In this ideal case, Equation 7.2 reduces
to the Hellmann–Feynman [249, 250] form (with basis-set Pulay contributions [251, 252] only if
the atomic orbitals themselves depend on x),

dE

dx
=

〈
Ψ

∣∣∣∣∣∂Ĥ∂x
∣∣∣∣∣Ψ
〉

︸ ︷︷ ︸
Hellmann-Feynman

+

〈
Ψ

∂x

∣∣∣Ĥ∣∣∣Ψ〉+

〈
Ψ
∣∣∣Ĥ∣∣∣ Ψ

∂x

〉
︸ ︷︷ ︸

Pulay Forces

. (7.5)

They needs to be accounted every time the basis set depends explicitly on the atom coordinates.
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For variational but not fully–variational methods, such as CASCI or VQE with non-relaxed orbitals,
the energy is stationary only with respect to θ. The orbital response term survives and gives rise
to Pulay forces,

FPulay ∝
∂E

∂κ

dκ

dx
, (7.6)

which account for the fact that the underlying one–electron basis (and therefore the Fock and Hamil-
tonian matrices) changes when the nuclei move. Physically, Pulay terms correct the Hellmann–
Feynman force to ensure that the electronic state remains variationally optimal with respect to
the orbital manifold. This is why CASCI, truncated CI and fixed–ansatz VQE do not admit a
pure Hellmann–Feynman gradient: even though the wavefunction is variational in the CI (or circuit
parameters) space, it is not variational in the orbital rotation space [26].

7.2 Hybrid Quantum–Classical Implementation in literature

Hybrid Quantum–Classical (HQC) approaches to molecular geometry optimization replace the
electronic–structure step of a classical optimizer with a variational quantum solver, while keeping
the nuclear update on the classical side. Early demonstrations adopted the simplest workable loop
by obtaining a variational ground state at a trial geometry using VQE, approximate nuclear forces
via finite differences of nearby single points, and update coordinates with a standard optimizer.
Although straightforward, this architecture immediately raised two methodological issues central
to robust geometry optimization on near-term hardware: force quality, i.e., whether gradients are
formally consistent with the Hellmann-–Feynman/Pulay [249–252] framework in a variational set-
ting, and landscape navigation, i.e., how to maintain stable convergence on a nonconvex variational
energy landscape across a sequence of geometries.

7.2.1 Force–Evaluations

A first family of works addressed force evaluation. On the theoretical side, hybrid derivative for-
mulations clarified how Hellmann–Feynman contributions and wavefunction–response (Pulay–like)
terms should be handled within variational circuits and multi-state settings, providing a route to
analytic forces beyond naive finite differences [253, 254]. While several studies still rely on finite
differences for practicality on NISQ devices, these analises established the conditions under which
gradients are formally correct (state consistency at displaced geometries) and how response terms
can be incorporated in principle, thereby informing the design of more robust geometry update
loops.

7.2.2 PES exploration

A second strand focused on closing the geometry loop with quantum resources. Delgado et al. for-
mulated a variational algorithm in which circuit and Hamiltonian parameters are co–optimized to
locate equilibrium structures directly on the Born–Oppenheimer surface, demonstrating end–to–end
geometry optimization beyond isolated energy evaluations [255]. Complementary efforts explored
quantum–driven molecular dynamics and PES traversal using variational states with explicit gra-
dient handling, concluding that consistent forces are essential for stable structural updates [253,
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254]. For electronically challenging regions (near–degeneracies, conical intersections), HQC algo-
rithms have been proposed to navigate multi–surface features and track minima in the presence of
strong state interactions, illustrating how hybrid strategies can be extended to more intricate PES
topologies relevant to relaxation paths [256].

7.2.3 Beyond VQE–based

Beyond fixed–ansatz VQE, ansatz–adaptive and active–space strategies are increasingly used to
stabilize PES navigation. ADAPT–style procedures dynamically grow the ansatz along a scan,
mitigating over–parameterization and helping maintain accuracy across geometries; while many
ADAPT studies emphasize energies, their operator–selection logic is expressly motivated by smooth
coverage of the PES and has been evaluated in that context [257, 258]. Also, as we already seen
in the previous chapter, quantum–CASSCF/active–space workflows and quantum embedding have
been pushed to make geometry optimization viable for larger molecules by employing quantum
resources to treat accurately only chemically relevant subspaces, which is particularly attractive
when structural relaxation requires multi–reference character [219, 259]. In fact, as suggested by
Mizukami et al [217], employing fully variational algorithms HQC algorithm will favor the res-
olution of the structure optimization task on quantum devices, for example, using the Orbital–
Optimized UCC procedure [216, 217]. Recent embedding formulations explicitly target geometry
optimization/co–optimization by coupling fragmentation (DMET1–like) with variational solvers to
reduce qubit counts and classical–quantum nesting costs, making routine for structural refinement
closer to practical scales [260].

From these developments, a general tendency appears. For near–term devices, finite–difference
forces remain the most common pragmatic choice in geometry loops, but must be deployed with
care (ensuring state consistency at displaced geometries and controlling stochastic/shot noise) to
avoid bias in updates. Analytic–gradient frameworks are maturing and clarify how to include re-
sponse terms, positioning HQC geometry optimization on firmer theoretical ground as hardware
and measurement strategies improve. On the navigation side, the nonconvex nature of variational
landscapes necessitates warm–starting and, when needed, multi–start or branching to escape local
minima, while ansatz adaptivity and embedding provide scalable routes to maintain accuracy across
a sequence of geometries.

7.3 Quasi-Adiabatic Hybrid Classical-Quantum Geometry Optimiza-
tion

As briefly introduced in the previous sections, the geometry optimization procedure has the objective
to identify the equilibrium nuclear configurations by iteratively descending the Potential Energy
Surface (PES) toward stationary points of the electronic ground–state energy. Once the electronic
energy is obtained through a variational quantum algorithm at a given molecular geometry, nuclear
coordinates are updated based on estimates of the energy gradient until convergence criteria are
satisfied, e.g. molecular gradients or bond/angle not refined anymore. In this framework, forces

1Density Matrix Embedding Theory
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are evaluated from single–point electronic structure calculations at displaced geometries, and an
effective combination of energy evaluation, gradient estimation, and wavefunction preparation is
required to achieve both accuracy and stability along the optimization trajectory.

In this section, we present our proof–of–concept Hybrid Quantum–Classical method for struc-
ture optimization, namely geomopt. The method presented here integrates three key components.
First, nuclear forces are computed through finite–difference approximations, leveraging variationally
optimized electronic energies at slightly perturbed geometries. Secod, an adiabatic wavefunction–
tracking strategy is employed to accelerate convergence by reusing the optimized state from the
previous step whenever the PES evolves smoothly. Third, a complementary non–adiabatic explo-
ration strategy is introduced to prevent variational optimization from becoming trapped in local
minima. The combination of these elements provides a proof–of–concept algorithm that is flexible,
reliable, scalable and capable of achieving reasonably accurate equilibrium geometry for different
molecular systems. The overall procedure is shown in a schematic and simplified diagram in Figure
7.1. The following subsections detail these three components of the geometry optimization protocol.
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Figure 7.1: Quasi-Adiabatic Quantum Geometry–Optimization pipeline scheme.

7.3.1 Finite–Differences approach

In the context of molecular geometry optimization, the evaluation of nuclear forces traditionally
relies on the computation of energy gradients with respect to nuclear coordinates, ∂E/∂xi, which
can be estimated using finite-difference formulas. In particular, given an initial geometry x, for a
given coordinates xi, the corresponding derivative in the finite difference framework is defined as

dE

dxi
=
E(xi + δ)− E(xi − δ)

|2δ| , (7.7)

where δ is the nuclear displacement applied on the i-th nuclear coordinate, xi. This strategy implic-
itly incorporates both Hellmann–Feynman [249, 250] and Pulay-like [251, 252] effects, because the
total energy difference reflects all contributions coming from the change in the electronic problem,
regardless of their origin. The finite–difference strategy provides a simple and implementation–
friendly estimate of the forces, at the price of requiring multiple energy evaluations and ensuring
that each displaced geometry is sufficiently reoptimized.

Within a VQE framework, the molecular Hamiltonian Ĥ(x) is constructed from a given nuclear

157



7.3. Quasi-Adiabatic Hybrid Classical-Quantum Geometry Optimization

configuration x, and the electronic ground state is approximated by a parametrized wavefunction
|ψ(θ;x)⟩, whose parameters θ are optimized according to the variational principle (introduce in
Section 3.13). Once the optimal parameters θ∗ are obtained, the ground-state energy is given by

E0(x) =
⟨ψ(θ;x)| Ĥ(x) |ψ(θ;x)⟩
⟨ψ(θ;x)|ψ(θ;x)⟩ . (7.8)

A naive finite–difference implementation of the nuclear gradient proceeds by introducing a displace-
ment ±di along the i-th coordinate and constructing the perturbed Hamiltonians Ĥ± = Ĥ(x± di).
The derivative is then approximated as

dẼ(x)

dxi
=
Ẽ+ − Ẽ−

2di
=
⟨ψ(θ∗;x)| Ĥ+ |ψ(θ∗;x)⟩ − ⟨ψ(θ∗;x)| Ĥ− |ψ(θ∗;x)⟩

2di
, (7.9)

where the same optimized wavefunction |ψ(θ∗;x)⟩ is used for all three geometries (central, + and
−). This is a reasonable approximation under the assumption that the wavefunction |ψ(θ∗;x)⟩ is
close enough to the true groundstate.

However, this approach is theoretically inconsistent, in fact, by construction, |ψ(θ∗;x)⟩ is the
ground state of Ĥ(x), but it is generally not the ground state of Ĥ±. As a consequence, the
resulting forces might neglect wavefunction–response contributions and are not consistent with the
Hellmann–Feynman framework [249, 250], nor with the Pulay corrections [251, 252] that arise when
the basis (or ansatz) depends on nuclear coordinates. The theoretically correct finite–difference
expression requires two independent ground–state optimizations,

|ψ+⟩ = GS[Ĥ+], |ψ−⟩ = GS[Ĥ−], (7.10)

which yield
dE(x)

dxi
=
E+ − E−

2di
=
⟨ψ+| Ĥ+ |ψ+⟩ − ⟨ψ−| Ĥ− |ψ−⟩

2di
, (7.11)

representing the true finite–difference gradient. This formulation is fully consistent with the vari-
ational principle and incorporates the correct electronic response to nuclear displacements. In
practice, however, performing two fully independent VQE optimizations for each displaced geom-
etry may be computationally demanding and potentially unstable, as the two optimizations can
follow different variational trajectories and converge to states of unequal quality [261].

A practical strategy is therefore to initialize both optimizations from the central–geometry wave-
function parameters, i.e., setting θ = θ∗ for the + and − calculations. This warm–start approach
significantly reduces computational cost while ensuring that the perturbed Hamiltonians are mini-
mized with respect to their own electronic wavefunctions, thus recovering a consistent definition of
the finite–difference gradient and avoiding the theoretical inconsistency of the naive scheme. The
warm start strategy provides a physically sound balance between accuracy and efficiency, and it
represents the appropriate implementation for finite-difference force evaluation within variational
quantum simulations of molecular systems.
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7.3.2 Adiabatic Search for Accelerated Geometry Optimization

In molecular geometry optimization with VQE, when structural changes between successive opti-
mization steps are sufficiently small, it is advantageous to adopt an adiabatic search strategy, in
which the converged wavefunction from the previous geometry is used as the initial guess for the
next single-–point calculation. This idea is loosely inspired by the concept of adiabatic continuity on
a PES which intuitively states that if the molecular geometry is perturbed only slightly, the ground
state at the new geometry is expected to remain close, in parameter space, to the ground state at the
previous geometry. Given the optimal parameters θ⋆k at geometry x(k), the next VQE iteration is
initialized as

θ
(0)
k+1 = θ⋆k. (7.12)

For sufficiently small nuclear displacements ∥x(k+1) − x(k)∥ ≪ 1, the energy can be expanded as

E(θ⋆k+1;x
(k+1)) ≈ E(θ⋆k;x

(k)) +O(∥x(k+1) − x(k)∥), (7.13)

which justifies a warm–start initialization, since the optimal solution at step k + 1 lies near θ⋆k in
parameter space, enabling faster convergence. Operationally, the adiabatic strategy reuses θ⋆k as the
initial guess for the VQE optimization at geometry x(k+1), thereby reducing the number of classical
optimization iterations.

By avoiding repeated random or Hartree–Fock initializations, the adiabatic strategy keeps the
classical optimizer in the correct basin of attraction on the variational landscape, typically reaching
convergence in a small number of iterations and reducing the total computational cost by up to an
order of magnitude. This behavior reflects the empirical smoothness of the PES and the expected
continuity of the electronic ground state for small structural deformations. However, the adiabatic
strategy remains intrinsically local i.e. it efficiently follows a single branch of the PES, but cannot
prevent convergence to sub–optimal local minima in the presence of strong landscape non-convexity
or qualitative changes in the electronic structure. For this reason, the search remains adiabatic
only when the PES evolves smoothly, and we introduce an additional non–adiabatic step, to check
whether we are in this condition, trying to ensure robustness beyond the local PES topology. A
pictorial representation of the adiabatic procedure is depicted in panel Figure 7.2(a).

7.3.3 Non–Adiabatic Search for New Local Minimum Identification

To overcome the limitations imposed by the non-convex nature of the variational optimization
landscape, in which VQE procedures can become trapped in suboptimal local minima [261], we
incorporate a potentially non–adiabatic search strategy designed to improve minima exploration.
At predefined intervals T along the geometry optimization, instead of warm–starting from the
previously converged wavefunction, the algorithm generates an ensemble of initial parameter con-
figurations

{θ(1), . . . ,θ(N)}, (7.14)
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obtained either by perturbing the previous solution or by fully randomized initialization in the range
(−π, π). Each candidate is variationally optimized, and the retained state is chosen according to

θ⋆k = argmin
j∈{1,...,N}

E(θ(j);x(k)), (7.15)

corresponding to the branching energy rule

Ebranch(x
(k)) = min

j

{
E(θ(j);x(k))

}
. (7.16)

This branching mechanism enables, if exploiting enough expressive and accurate circuit, and ideal
global exploration of the PES and mitigates the risk of converging to suboptimal local minima,
particularly in the presence of complex landscapes or quasi-degenerate states.

Operationally, the non–adiabatic step samples distinct regions of the parameter landscape by
launching N independent VQE optimizations,

θ∗(j) = argmin
θ

E(θ;x(k)), j = 1, . . . , N, (7.17)

and selects the lowest–energy solution as the new reference state for continuing the geometry op-
timization. After this branching phase, the algorithm reverts to the adiabatic mode to efficiently
refine the geometry, reactivating non–adiabatic exploration every T steps. The term potentially
non–adiabatic reflects the fact that the evolution remains predominantly adiabatic, but temporarily
deviates from the adiabatic path whenever a more favorable minimum is discovered. This hybrid
adiabatic/non–adiabatic strategy balances global robustness with local efficiency, making it well–
suited for challenging molecular systems where following a single adiabatic trajectory is insufficient
to guarantee reliable ground–state tracking across the VQE. A pictorial representation of the non–
adiabatic procedure is depicted in panel Figure 7.2(b).

It is worth emphasizing that the geometry, x(k), remains fixed during the non–adiabatic branch-
ing step. While the adiabatic update explores the PES along nuclear coordinates, the non–adiabatic
procedure explores instead the variational landscape E(θ;x(k)) at fixed geometry, in oder to escape
local minima of the VQE energy surface.
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Figure 7.2: Adiabatic versus non–adiabatic search during VQE–driven geometry optimization. In panel
(a), a warm–start strategy follows a single valley of the PES, yielding fast local convergence for small
structural changes. In panel (b), when the adiabatic strategy risks becoming trapped in a local minimum, a
non–adiabatic multi-start exploration is performed at fixed nuclear geometry: several candidate trajectories
are launched on the variational energy landscape E(θ1, θ2) and the best solution is selected.
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7.4 Framework structure

In this section, we report the implementation and coding part of the algorithm, diving them between
how we deal with the chemistry side, i.e. the generation of the molecules and associated operators,
and the computational side, i.e. how we simulate the circuit, how the evaluation is computed, and
also, the technical side in terms of parallelize routines.

7.4.1 Quantum Chemistry Backend

Aside form the computational setting, in terms of convergence thresholds, number of macro– and
micro–iteration, frequency of potentially-non-adiabatic searches or update step, for citing some of
them, the only inputs that the QA–q–GeomOpt algorithm should (at least) ideally receive are the
initial coordinates x, the basis–set, and the type of circuit used. From the point of view of the
circuit, the next section will address it. In terms of chemistry, we wanted a code, and therefore an
algorithm, that was agnostic from the quantum chemistry backend used.

For the proof–of–concept, we defined the whole pipeline using two different chemistry backend:
PySCF [94–96], which was both constrained due to the QuAQ code base dependency on it but also
for its accessibility, and the recently introducedVeloxChem [97–99], which is started to be considered
on of the main competitor of the former, chosen for its HPC and GPU oriented nature. In terms of
implementation, both PySCF and VeloxChem are Python packages, what changes is the underlying
library of routines. The former is written almost entirely in Python (87%), while the remaining code
is C++ (12%), and an smaller Fortran (0.2%) component. Contrary, the latter is entrirely written
in C++ (97.8%) which as been wrapped into a Python exposed layer (2.2%), making it way more
faster and scalable compared to the former. Additionally, VeloxChem can be seen as an efficient
SCF and DFT provider which is then integrated with other HPC oriented library, again Python
wrapped C++ packages, specialized in Multi-Configurational and CI methods, Multi–Psi [262], and
Møller-Plesset (MPn) and propagator based method2, Gator [264].

In term of implementation point of view, the main difference between the two chemistry back-
end is in the extraction of the one– and two–body integrals. In particular, for PySCF, using the
CASCI constructor mcscf.CASCI and the two methods get_h1eff and get_h2eff, we can extract
the effective one- and two-integrals, as well as the core energy. Then, passing by Qiskit-Nature
ElectronicEnergyProblem, we use the method from_raw_integrals to obtain the FermionicOperator
associated to the electronic Hamiltonian to be solved. For VeloxChem instead, we can only extrap-
olate the one– and two–body integrals of the whole molecular space, therfore, we employ QuAQ
effective operator builder to obtain the effective Hamiltonian. Additionally, PySCF allows to build
molecules both with Cartesian coordinates, defined by a list of tuple (atom, x,y,z, and Internal
coordinates or z-matrix, defined in our case by a template string in which the coordinates are
replaced by placeholder and a dictionary containing the value associated with each placeholder
coordinate. VeloxChem instead only works with cartesian coordinates.

2Such as Algebraic Diagrammatic Costruction (ADC) [263] scheme and more involved variant.
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7.4.2 Quantum Computing Simulation backend

For the circuit simulation, we implemented two different quantum computing backed: Qiskit stat-
evector [236], and CudaQ [101], statevector and GPU simulator. The whole backbone is defined
and integrated using some revised QuAQ functionalities, adapted for the geometry optimization
task, like the VQE algorithm, the symmetry penalty operators (N̂e, Ŝz, and Ŝ2), and the effective
operator construction. The underlying management of the fermionic operators and qubit operators
is defined using Qiskit-Nature [100] FermionicOperator and Qiskit SparsePauliOp, respectively.
If the backend chosen for the simulation is Qiskit, then, no additional transformation is required. If
the backed is CudaQ, then, all the qubit operators are converted, using QuAQ.tools.converters,
from SparsePauliOp to CudaQ SpinOperators. Main difference between the two implementation
is the circut object. In fact, Qiskit use a QuantumCircuit dataclass, which, once instantiated allows
for further ciruit manipulation. CudaQ instead, uses a cudaq.kernel decorator applied to a python
method that, give a set of parameters and the specific of the circuit, build it every an expectation
value is called, from scratch. The second structure is more constrained, requiring also more care-
fulness in the setup of method, especially for parallelization. Additionally, in order to perform an
expectation value, contrary to Qiskit in which a statevector can be converted into a complex array
and contracted to the matrix representation of the qubit operator, CudaQ has a specif method,
namely cudaq.observe, which requires an operator defined as SpinOperator, a circuit kernel, and
the set of parameters and arguments required to build the associated circuit.

7.4.3 Intra-node parallelization

Force calculations via finite differences require energy evaluations at displaced geometries. Given a
geometry with 3Natoms cartesian degrees of freedom, the requirement of single evaluations is 6Natoms

additional VQE calculations when using finite differences. Given a geometry in internal coordinates
define on 3N − 6, generally, degrees of freedom, the number of VQE drops to 6N − 12. We imple-
ment parallel evaluation strategies to distribute these calculations across available computational
resources. The parallel framework divides force component calculations among independent workers,
each performing complete VQE optimizations for their assigned displaced geometries. In particular,
a single task is defined by: initial geometry, cords, coordinate on which apply the displacement,
i, value and sign of the dispacement, d and sign, respectively, the method for building the dis-
placed geometry, builder, the evaluation method, evaluation, the initial variational parameters,
psi_0, and the optimization strategy, optimization_procedure. We report here the structure of
a gradient worker

1 def single_diff_x_i_reoptimized(
2 args: tuple[int , float],
3 builder: callable ,
4 evaluation: callable ,
5 optimization_procedure: callable ,
6 x: list[float] | np.ndarray ,
7 psi_0: np.ndarray ,
8 *,
9 is_sparse: bool | None = False):

10

11 i, sign , d = args
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12 x_d = x.copy()
13 x_d[i] += sign*d
14 H_d = builder(x_d , partial=True)
15 m = H_d.simplify ()
16 if is_sparse:
17 m = m.to_matrix(sparse = True)
18 _, e_d , _ = optimization_procedure(eval_method=evaluation ,
19 op = m,
20 initial_parameters = psi_0)
21 return ((i, sign), e_d / (2*d))

Snippet 7.1: Single perturbed geometry energy evaluator

Here, every argument except the task specific info, position and displacement, are fixed using Python
partial wrapping method.

At this point, for all the coordinates, both cartesian and internal, and for all the displaced di-
rection, positive and negative, the associated task is defined as a tuple (i, sign, d) and evaluated
in parallel using joblib as multi-processing manager. Then, all the evaluation are collected, and
the gradient vector is defined.

Additional parallelization is implemented during the non-adiabatic new minima search, which
is applied at the beginning and then after evert T step. In this case, the worker has a more
compact and simpler structure compared to the one for the single perturbed energy evaluation.
In particular, each worker receives a fresh new set of random parameters, initial_parameters,
the operator to minimize, op, and the evaluation method, eval_method. Internally then, it calls a
scipy.optimize.minimize instance as follows

1 def simplified_VQE( eval_method: callable ,
2 op: np.ndarray | csr_matrix ,
3 initial_parameters: list[float] | np.ndarray = None) -> tuple[

np.ndarray , float]:
4 exp_method = partial(eval_method ,op=op)
5 if len(initial_parameters) == 0:
6 return [], exp_method ([]), 0
7 res = minimize(fun = exp_method ,
8 x0=initial_parameters ,
9 method=’L-BFGS -B’,

10 bounds =[(-np.pi , np.pi)] * len(initial_parameters),
11 options ={’disp’: True , ’maxiter ’: 1000, ’maxcor ’:50})
12 params = res.x
13

14 return params , res.fun , res.nit

Snippet 7.2: Parallel non-adiabatic VQE worker

Once again, given the number of workers, each of them receive a task that is only composed by the
set of initial parameters, while the other arguments are fixed using Python partial.

7.5 Structure Optimization for DompeKey Molecular Descriptors

The ability to translate molecular structures into machine–readable descriptors is the one of the main
structural pillar of cheminformatics and computer–aided drug design. A descriptor can be seen as a
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bridge between chemical space and computational analysis, with the objective to enable tasks such
as similarity searching, database indexing, machine learning model training, and the exploration
of structure—activity relationships. Over the years, a wide variety of molecular representations
have been developed, ranging from simple one-dimensional strings (e.g., SMILEs [265], InChI [266])
to graph–based encodings of connectivity and complex three–dimensional coordinate sets. Among
them, the most used are molecular fingerprints [267], which encode the presence or absence of
chemical substructures into bit vectors. While powerful and computationally efficient, classical
fingerprints suffer from certain drawbacks such as the possibility to be time–consuming to generate
for very large databases, that often rely on hashing procedures that may lead to collisions, and
might not be always transparent or easily interpretable.

Dompé researchers, in order to address the previously listed limitation, have introduced Dom-
peKey (DK) [93], a novel family of substructure–based descriptors designed to combine efficiency,
interpretability, and broad applicability. DKs are part of EXSCALATE, Dompé’s end–to–end drug
discovery platform, and were designed to provide a flexible, scalable and chemically meaningful
representation of molecules. DKs are built from a set of 1064 SMARTS [268] strings, each encoding
a chemical feature or fragment of pharmaceutical relevance. These range from simple functional
groups and pharmacophoric points to complex scaffolds such as amino acids, heterocycles, or toxi-
cophores.

A distinctive feature of DKs is their hierarchical architecture. Substructures are organized across
five levels of complexity:

• Level 0 includes well–defined, highly complex structure such as amino acids, natural product
fragments, or pharmacologically relevant scaffolds.

• Level 1 captures ring systems, such as pyridines or imidazoles.

• Levels 2 / 3 encode functional groups, with Level 2 offering more specific descriptions that
account for substituents and chemical environments (e.g., distinguishing between aromatic vs.
aliphatic amines).

• Level 4: represents the simplest units, such as individual atoms with defined roles (sp2 car-
bons, hydrogen bond donors or acceptors, etc.), which can be interpreted as pharmacophoric
points.

This layered design ensures that DKs can describe molecules at multiple levels of resolution,
from general structures to precise functional details. Importantly, it also means that chemists
and modelers can select subsets of descriptors depending on the task, balancing granularity with
computational cost.

The applications of DKs are diverse and demonstrate their versatility. In chemical space map-
ping, DK descriptors have shown strong discriminative power, clustering molecules by structural
classes more effectively than many traditional fingerprints. This makes them particularly useful for
organizing large compound collections and visualizing diversity. In machine learning, DK have been
successfully employed as inputs to predictive models of biological activity and metabolism, yielding
performance comparable to or better than standard descriptors. Again, thanks to their hierarchical
structure, they allows to trace back predictions to meaningful chemical features.
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DKs have proven useful for virtual screening and substructure searches. Because they are based
on explicit SMARTS patterns rather than hashed identifiers, queries can be designed to directly
capture the presence of functional groups relevant to a target class or toxicity alert. Also applied to
the prediction of drug metabolism and toxicity, demonstrating their ability to capture reactivity–
related features more effectively than classical atom–typing schemes. Additionally, DKs are designed
for efficient precomputation and storage, i.e. they are defined such that they can index databases
containing tens of trillions of compounds without loss of resolution.

7.5.1 DompeKeys selected

Functional groups such as imines, amides, and aldehydes play a central role in both structural chem-
istry and medicinal design. Their presence strongly influences molecular conformation, hydrogen-
bonding capacity, and electronic distribution, which in turn modulate pharmacophoric behavior
and chemical reactivity. Within the DK fragment dataset, these structures occur frequently and
represent chemically diverse yet computationally accessible systems.

Imines

Imines are characterized by a C=N bond, formally derived from the condensation of carbonyl com-
pounds with primary amines. They serve as key intermediates in many biochemical transformations,
including enzymatic transamination3and Schiff-base formation4, and appear in drug scaffolds where
reversible C=N bonding can modulate conformational flexibility or metal-binding properties [269–
271]. Their moderate size make them ideal prototypes for evaluating how quantum methods handle
delocalized π-systems during geometry optimization. As first test molecule, we selected the Methy-
lene Imine [272] defined as H2C=NH [273] with initial geometry optimized at mean–field level with
Restricted-HF and STO-3g basis set, fetched from the cccbdb database. The initial geometry is
shown in Figure 7.3, the cooridinates in Appendix D, and the bonds/angle in Table 7.2.

Figure 7.3: Methylene Imine initial geometry optimized with Restricted-HF and STO-3g basis set.

Aldehydes

Aldehydes feature a polar carbonyl group with an electrophilic carbon center and a strongly polar-
ized C-H bond, which makes them central building blocks in oxidation, condensation, and polymer-
ization reactions, relevant also in the context of drug metabolism and covalent inhibitor design [274].

3Transamination is a chemical reaction that transfers an amino group.
4Organic compound with structure R1R2C=NR3, where R1/2/3 are organic groups.
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In the DK set, aldehydes provide a baseline to assess whether our HQC geometry optimization pro-
cedure can reproduce consistent trends for polar molecules. As test molecules, for the aldehydes,
we selected Acetaldehyde, defined as CH3CH=O with initial geometry optimized at mean-field level
with Restricted-HF and STO-3g basis set, fetched from the cccbdb database. The initial geometry
of acetaldehyde is shown in Figure 7.4, the cooridinates in Appendix D, and the bonds/angle in
Table 7.3.

Figure 7.4: Acetaldehyde initial geometry optimized with Restricted-HF and STO-3g basis set.

Amides

Amides are among the most ubiquitous functional groups in organic and biological chemistry, es-
sential in the construction of peptides and proteins. Their stability arises from strong resonance
between the carbonyl and the adjacent nitrogen lone pair, leading to partial double-bond character
and restricted rotation about the C–N bond [275–278]. These features test quantum algorithms
against shallow potential energy surfaces and small energy gradients, typical in biological systems.
For this functional group, we have selected the Acetamide which is an organic compound with the
formula CH3CONH2, which is derived from ammonia and acetic acid, commonly known for its usage
as industrial solvent [279]. The initial geometry is optimized at mean-field level with Restricted-HF
and STO-3g basis set, fetched from the cccbdb database. The initial geometry of acetamide is
shown in Figure 7.5, the cooridinates in Appendix D, and the bonds/angles in Table 7.4.

Figure 7.5: Acetamide initial geometry optimized with Restricted-HF and STO-3g basis set.

Together, these three families of compounds span a representative range of bonding situations, from
delocalized π-conjugation in imines and amides to polar σ–π separation in aldehydes, providing an
ideal chemical landscape for benchmarking the behavior of HQC structure optimization algorithms
across distinct electronic regimes.
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7.5.2 Results on small DK cases

In this section, we present the preliminary results obtained with our QA–q–GeomOpt procedure
against some of the smallest DKs of interest, as we already introduced in the previou section,
i.e. methylene imine, acetaldehyde, and acetamide. Given the fact that the structure refinement
depends strongly on the possibility to describe as precise as possible the largest portion of the
molecular system, we define for all the DKs a moderate sized active space consisting of 6 electrons
in 6 orbitals, i.e. CAS(6,6), and the active orbitals have been selected around the Fermi level. For
all the DKs the basis set chosen is cc-pVDZ and the integrals on which the electronic Hamiltonian
are built, according to Equation 3.12, are defined from Restricted-HF orbitals.

In terms of circuital model selected, in spirit of the whole thesis, we selected HEA for all the
molecules. In particular, CNOT-based ladder-fashion ansatz with different depth according to the
DK studied. As defined in Section 3.3.1, we used a depth d ladder ansatz as reported in Table 7.1.
The initial set of parameters has been selected starting from the usual randomized initialization in
the range (−π, π) and HF initialization with X gates in correspondence of occupied orbitals in the
HF determinant.

DK Depth CNOTs Params

Methylene Imine 4 44 60
Acetaldehyde 4 44 60
Acetamide 4 44 60

Table 7.1: Circuital resources required by our structure optimization procedure for the resolution of the
three DompeKeys. As reported in the paragraph, the active space is a CAS(6,6) selected around Fermi-level
corresponing to 12 qubits.

All the simulations have been run using 50 VQE as initial non-adiabatic search, 50 VQE trials,
with a frequency step of 3 macro-iterations. As optimizer, we empliyed L-BFGS-B with maxcor=50

and bounded parametrization in the range define above, i.e. (−π, π).
For all the DKs, the initial geometry has been fetched from cccbdb database, and in particu-

lar, we started from a geometry optimized in minimal basis set, STO-3g, at mean-field level with
Restricted-HF. In order to assess the accuracy of our method, we compared the bond–length and
angles between the initial geometry, with the one obtained with our QA–q–GeomOpt procedure,
and the exact solution obtained by optimizing the structure using CASCI with the same setup.
Additionally, to validate the final structure, we also compared to the optimal distances and angles
obtained by CASSCF, CCSD, and DFT with B3LYP Exchange–Correlation functional. These addi-
tional calculations provide a consistent comparison across different levels of electronic-structure the-
ory: CASSCF representing a fully variational multi–configurational method with orbital relaxation,
CCSD a non-variational correlated wavefunction approach that closely approximates the CCSD(T)
gold standard, and B3LYP a widely adopted hybrid density-functional method whose accuracy for
molecular geometries is well established, particularly when used with correlation-consistent basis
sets such as cc-pVDZ.

In order to assess the agreement between the geometries obtained from the VQE optimization
and the CASCI reference, the numerical precision of bond lenghts and bond angles is evaluated
within commonly accepted chemical accuracy limits. For reliable electronic-structure methods with
medium to large basis sets, deviations smaller than approximately 0.02 Å in bond lengths and 1◦
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in bond angles are considered chemically insignificant, while differences below 0.05 Å and 3◦ still
indicate very good structural agreement. Therefore, all the comparisons discussed in this work are
interpreted within these established precision criteria.

Methylene Imine

Table 7.2 reports the optimized structural parameters of methylene imine as obtained from differ-
ent electronic-structure methods. The initial geometry was generated at the restricted–HF level
with the minimal STO-3G basis, while subsequent optimizations were carried out using the cc-
pVDZ basis set to ensure a consistent level of correlation treatment. In particular, the CASCI,
QA–q–GeomOpt (QGO), and CASSCF calculations employed a CAS(6,6) active space constructed
from orbitals selected around the Fermi–level, as reported in the previous paragraph. The QA–q–
GeomOpt procedure reproduces the CASCI equilibrium structure with excellent accuracy, bond–
length deviations remain below 0.02 Å, and bond-angle differences are within 1◦, which are both well
inside the thresholds commonly regarded as chemically indistinguishable. The deviations between
the QGO and CASCI geometries are minimal, with bond-length differences ranging from 0.003 to
0.017 Å and bond-angle variations below 1◦, confirming the agreement between the two metods.
The small residual variations observed between QGO and CASCI geometries can be attributed to
finite-difference numerical noise and the limited stochastic precision intrinsic to variational quantum
algorithms. CASSCF results, which include additional orbital relaxation, show only slightly larger
discrepancies, while the CCSD and B3LYP optimizations yield marginally elongated C–H and N–H
bonds, a well-known tendency of these correlated and DFT approaches, respectively.

Measure HF CASCI QGO CASSCF CCSD B3LYP

C1-H1 1.09100 1.09099 1.08998 1.08997 1.10584 1.10687
C1-H2 1.08902 1.08895 1.08747 1.08688 1.10154 1.10232
H3-N1 1.04818 1.01299 1.01307 1.03730 1.03159 1.03143
N1-C1 1.27270 1.27362 1.27411 1.29291 1.28181 1.27103

H1-C1-H2 115.483 116.8113 116.1245 116.9035 116.1042 115.6657
H1-C1-N1 125.4003 124.2247 124.3875 124.6718 125.2326 125.7248
H2-C1-N1 119.1164 118.9640 119.4880 118.4248 118.6631 118.6094
H3-N1-C1 109.1299 110.0790 110.2613 108.2197 108.7566 109.9548

Table 7.2: Bond lenght and distances between methylene imine starting geometry obtained with HF, our
QA–q–GeomOpt procedure (QGO), the reference CASCI results, with also CASSCF, CCSD, and DFT
with B3LYP XC functional. Bond lenght are given in Ångstrom while angles in degress.

Relative to the HF geometry obtained with the minimal STO-3g basis, the correlated QA–q–
GeomOpt and CASCI structures exhibit slightly longer bond lengths (by up to 0.03 Å) and small
angular adjustments within 2–3◦, reflecting the inclusion of electron-correlation and basis-set effects
and although these differences are modest in magnitude, they represent a quantitative improvement
in the structura description.

Acetaldehyde

Table 7.3 summarizes the optimized bond lengths and bond angles for acetaldehyde obtained from
different electronic-structure methods. As explained, in the previous paragraph, the reference struc-
ture was computed at the CASCI level using a CAS(6,6) active space constructed from orbitals
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around the Fermi-level and the cc-pVDZ basis set. The QA–q–GeomOpt optimization reproduces
the CASCI equilibrium geometry with high quantitative accuracy, i.e. bond–length differences lie
within 0.002–0.009 Å, and angular deviations remain below 1◦, indicating an almost perfect corre-
spondence between the two approaches. Compared to the initial restricted-HF/STO-3G geometry,
both CASCI and QA–q–GeomOpt yield slightly shorter C–O and longer C–C and C–H bonds, con-
sistent with the inclusion of electron-correlation effects and the improved flexibility of the cc-pVDZ
basis. CASSCF geometries, which include additional orbital relaxation, remain close to CASCI but
display marginally larger bond distances, wheres CCSD and B3LYP produce the expected system-
atic bond elongation typical of correlated and density-functional treatments, respectively. Overall,
the QA–q–GeomOpt geometry of acetaldehyde closely mirrors the multi–configurational CASCI
reference, demonstrating the reliability of the variational quantum optimization in capturing both
local and global structural features of a correlated molecular systems.

Measure HF CASCI QGO CASSCF CCSD B3LYP

H1-C1 1.10421 1.10371 1.10146 1.10720 1.12094 1.12394
C1-O1 1.21714 1.20786 1.20691 1.21705 1.21182 1.20836
C2-C1 1.53649 1.50463 1.50988 1.50600 1.51321 1.50672
C2-H2 1.08499 1.09042 1.08952 1.08893 1.10056 1.09889
C2-H3 1.08692 1.08068 1.08090 1.09321 1.10467 1.10426
C2-H4 1.08692 1.08068 1.08091 1.09321 1.10467 1.10426

H1-C1-O1 121.4454 119.3901 119.1317 120.5802 120.6787 120.6682
O1-C1-C2 124.2802 124.6258 124.8443 124.6598 124.5321 124.8185
H1-C1-C2 114.2744 115.9841 116.0240 114.7600 114.7892 114.5132
C1-C2-H2 110.4813 109.9179 110.2597 110.4073 110.1830 110.6801
C1-C2-H3 109.9005 108.4688 109.0364 109.6603 109.6107 109.6199
C1-C2-H4 109.9005 108.4688 109.0367 109.6603 109.6107 109.6199
H2-C2-H4 109.2066 109.6758 109.3818 109.8665 110.0639 110.1517
H2-C2-H3 109.2066 109.6758 109.3691 109.8665 110.0639 110.1517
H3-C2-H4 108.1017 110.6100 109.7439 107.3255 107.2590 106.5287

Table 7.3: Bond lenght and distances between acetaldehyde starting geometry obtained with HF, our
QA–q–GeomOpt procedure (QGO), the reference CASCI results, with also CASSCF, CCSD, and DFT
with B3LYP XC functional. Bond lenght are given in Ångstrom while angles in degress.

Acetamide

Table 7.4 presents the optimized structural parameters of acetamide obtained with the QA–q–
GeomOpt procedure in comparison with reference CASCI results and several conventional electronic-
structure methods. All correlated calculations were performed with the cc-pVDZ basis set, and the
multi–configurational methods employed a CAS(6,6) active space constructed from orbitals near
the Fermi level. The QA–q–GeomOpt optimized geometry shows very close agreement with the
CASCI reference, with bond–length deviations ranging between 0.002 and 0.015 Å and angular dif-
ferences within approximately 1–2◦, indicating that the variational quantum optimization is able to
reproduce the correlated equilibrium structure with quantitative fidelity. Relative to the Restricted–
HF/STO-3g starting geometry, both CASCI and QA–q–GeomOpt predict a slight shortening of the
C=O and N−H bonds and a moderate elongation of the C−C linkage, reflecting the inclusion of
electron–correlation and polarization effects. CASSCF results, which include full orbital relaxation,
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remain consistent with CASCI while showing small systematic shifts in bond distances. The CCSD
and DFT/B3LYP optimizations exhibit the expected trend toward marginally longer covalent bonds,
a characteristic behavior of these correlated and density-functional approaches.

Measure HF CASCI QGO CASSCF CCSD B3LYP

H1-C1 1.08474 1.08591 1.08902 1.08666 1.09852 1.09676
H2-C1 1.08663 1.08487 1.08707 1.09290 1.10448 1.10329
H3-C1 1.08614 1.08420 1.08739 1.09158 1.10318 1.10182
C1-C2 1.54143 1.51552 1.53160 1.51423 1.52285 1.52218
C2-O1 1.21765 1.20648 1.19802 1.22014 1.21688 1.21936
C2-N1 1.44476 1.37806 1.39166 1.37771 1.38502 1.37398
N1-H4 1.02750 0.99997 1.00357 1.00072 1.01559 1.01416
H5-N1 1.02686 0.99918 0.99937 0.99902 1.01365 1.01200

H1-C1-H2 109.0395 109.3409 108.6537 109.2067 109.2583 108.7627
H1-C1-H3 109.3694 109.4019 109.1225 109.7395 109.8135 109.7416
H2-C1-H3 108.4740 108.9098 108.1855 107.9441 107.9688 107.8558
H1-C1-C2 109.7055 108.8634 110.7309 109.2747 109.0451 108.7953
H2-C1-C2 110.3794 109.9810 110.2019 110.3046 110.3490 110.1023
H3-C1-C2 109.8469 110.3274 109.8916 110.3493 110.3890 111.5415
C1-C2-O1 124.4914 122.4708 122.7274 123.2819 123.4083 123.1885
C1-C2-N1 113.5655 115.6444 114.7677 114.5210 114.1977 114.6845
O1-C2-N1 121.8485 121.8406 122.4252 122.1628 122.3386 122.1204
C2-N1-H4 110.8919 114.3867 113.0765 115.1177 114.4135 116.9742
C2-N1-H5 112.0851 118.2653 114.3868 118.4189 117.9016 121.2092
H4-N1-H5 109.2865 114.8427 110.8682 115.1578 115.0918 117.6910

Table 7.4: Bond lenght and distances between acetamide starting geometry obtained with HF, our QA–
q–GeomOpt procedure (QGO), the reference CASCI results, with also CASSCF, CCSD, and DFT with
B3LYP XC functional. Bond lenght are given in Ångstrom while angles in degress.

7.6 Discussion and final remarks on hybrid structure–optimization

In this chapter, we introduced how geometry optimization is performed following from the classical
point of view by giving an insight on how molecular gradient are evaluated for both variational and
fully–variational approached. After that, we gave an brief overview on what has been done in quan-
tum ecosystem directly, and also indirectly, for the structure optimization procedure. In particular,
we dedicated one section on the main step of the task i.e. the evaluation of the energy derivative
w.r.t. nuclear displacement on the quantum devices, then, we described the state–of–the–art proce-
dure for both navigating the PES and how to evaluate accurate single point calculations, including
corrections beyond simple a-la CASCI solutions. We then started to introduce our proof–of–concept
Quasi-Adiabatic Quantum Geometry Optimization (QA–q–GeomOpt) procedure, which mixes HEA
with adiabatic and non–adiabatic search strategies to optimize structure towards chemically accu-
rate ones.

The benchmarking results demonstrate that the proposed QA–q–GeomOpt approach repro-
duces reference CASCI geometries with remarkable precision across different molecular systems.
Bond–length deviations consistently fall within 0.002–0.02 Å, and bond–angle differences are be-
low 1–2◦, which are well within the limits of chemical accuracy and essentially indistinguishable
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from the CASCI reference. When compared to the initial Restricted–HF/STO-3g geometries, our
approach and CASCI both capture the expected correlation–driven effects, slightly longer covalent
bonds and subtle angular relaxations, while maintaining full internal consistency with higher–level
multi–configurational and coupled–cluster results. CASSCF optimizations, which include orbital
relaxation, yield nearly identical equilibrium structures, whereas CCSD and DFT/B3LYP predict
the typical marginal elongation of bond distances characteristic of these correlated and density-
functional approaches. Overall, our QA–q–GeomOpt method achieves quantitative agreement with
CASCI and performs similarly to post-Hartree–Fock techniques, confirming its capability to deliver
chemically accurate molecular geometries within a Hybrid Quantum–Classical framework.

Obviously, a lot of work can be done in three main part of our procedure: first, improving the
single point evaluation, shifting from simple HEA to more robust circuits, such as UCCSD ansatz
or ADAPT-like [81] ansätze, as well as introducing post-processing procedures such as sub-space
diagonalization-based method [201, 280]. The second improvement can be done on the theoretical
side, meaning the replacement of finite-difference approach to analytical molecular gradients. Fol-
lowing this path, we can either decide to defined all the derivatives as fermionic operator, such as
in the WAHTOR procedure, or, as done in ADAPT-SCF-VQE / OO–VQE, building the one- and
two-body RDMs and using it to evaluate the gradients/Hessian entries, as illustrated by T. Helgaker
[26]. Finally, from the computational point of view, additional integration and testing on actual
quantum computing backend, as well as , from the simulation side, to improve the parallelization,
moving from only intra-node parallelization, to multi-node and multi-GPU integration.

The following chapter concludes the thesis by reflecting on the hybrid workflow developed so far
and outlining directions for future quantum-assisted molecular modelling.
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Part III

Quantum @ L’Aquila

173





Chapter 8

QuAQ: Quantum @ L’Aquila

All the algorithms presented in this thesis have been implemented withing a dedicated quantum com-
puting package, namely Quantum @ L’Aquila (QuAQ) [224], developed with in mind the objective
of integrating a full quantum chemistry pipeline directly interfaced with the quantum computing
environment. With the exception of Atomic–Orbital and Entropy Guided Inference protocol for
Space–Selection (AEGISS) [281], the active space selection algorithm, also designed for “classi-
cal ” quantum chemistry, and in a private package, all procedure are natively implemented in our
codebase.

QuAQ has been developed from scratch, relying on PySCF [94–96]1 only as a backend for the
quantum chemistry tasks such as mean-field calculations, molecular orbital initialization, and in-
tegrals generation. The representation and manipulation of quantum circuits are handled through
Qiskit [236]2, which represents also the primary quantum computing interface. To ensure full flexi-
bility and control, the framework also redefines some of the Qiskit datatypes, such as the fermionic
operators and qubit operators, mainly oriented for allowing SparQ method to work optimally. We
also included the possibility to automatically build Hamiltonian operators for both molecular sys-
tems and spin–lattices.

A key design principle of QuAQ is to be modular. Each algorithm can be executed either through
standard input files, following what is a common convention of traditional quantum chemistry
packages (like ORCA [178], Molcas [282], OpenMolcas [139, 140], QChem [283], etc), or directly
inside a Python script for everywhone who require and want full control over the parameters and
pipelining.

Among the various procedures, the Active Space Selection algorithm, Atomic–Orbital and En-
tropy Guided Inference protocol for Space–Selection (AEGISS) [281], is not yet publicly avail-
able. Conversely, the geometry optimization package, QA–q–GeomOpt, depends on our public
codebase QuAQ, but the core algorithm is proprietary and currently under NDA for patent-
ing purposes. QuAQ also includes standard VQE [53] and ADAPT-VQE [81] implementations.
This optimization schemes, as we have presented in this thesis, are fully interfaced with our
self-consistent field procedure, Wavefunction–Adapted Hamiltonian Through Orbital–Rotation Self–
Consistent Field (WAHTOR–SCF), an extension of the previously theorized Wavefunction–Adapted
Hamiltonian Through Orbital–Rotation (WAHTOR) algorithm [210, 212], also included in QuAQ.

1Any version above 2.0.0.
2Version 1.4.3 and version 0.7.6 for QiskitNature [100].
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Parallelization strategies are also well incorporated where beneficial. Intra-node paralleliza-
tion relies on joblib, while MPI supports distributed multi-node workloads—features currently em-
ployed in WAHTOR–SCF and QA–q–GeomOpt. Furthermore, QA–q–GeomOpt provides optional
quantum backends through OpenFermion, and supports GPU-accelerated simulations via Cuda-
Quantum [101]. The integration of these features into the core QuAQ package is planned for future
releases.

This chapter will recap briefly the structure of the QuAQ code base.

8.1 QuAQ stucture

QuAQ is split in three main folders: algorithms, tools, and utils.

8.1.1 Utils

Contains all the methods used to manipulate input and output, and conversion scripts. At top
level, we have

• input: Main Python class used to read in the input file and collect all the information,
parameters, and settings for the desired algorithms. The input class reads in a fortran

namelist file, and collects, according to the different sections of the input, the arguments
associated to each procedure implemented. The arguments are first passed through a round
of consistency check. It is necessary to stress that, in any case, a Python script defining the
overall pipeline that a user wants to follow is still required. The only difference between using
an input file and the manual setup is the automatic generation of the arguments required by
each method.

• trust_region: Implementation of the Trust-Region optimizer algorithm taking inspiration
from scipy trustregion3 and trustregion_ncg (Newton-Conjugate Gradient)4.

Then, specific set of conversion functionalities are contained in the folder converters. Here, two
different type of conversion scripts are collected: one dedicated to convert qubit operators and one
for fermionic operators.

• fermionic_operator_converters: Contains the conversion for fermionic operators between
QuAQ, Qiskit, and OpenFermion’s FermionOperator. Given the different default ordering
between Qiskit/QuAQ and OpenFermion, additional mode reordering functionalities are in-
cluded.

• qubit_operator_converters: Contains the conversion for qubit operators between QuAQ ’s
QubitOperator, Qiskit’s SparsePauliOp, and OpenFermion’s QubitOperator.

On top of this, the file required to compile SparQ [163] method are contained in efficient_toolbox.

3Scipy trustregion.py
4Scipy trustregion_ncg
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8.1.2 Tools

Contains all the system specific methods and classes, such as Hamiltonian generation, procedure
to manipulate them, e.g. integrals trimming or unitary transformation application, and also quan-
tum computing related dataclasses, such as qubit operators, fermionic operators, and ansatz. In
particular, at top level we have defined:

• system: Main class of the whole code base contains the construction of the molecular or
spin-lattice system. Focusing on the chemistry side, using PYSCF, it build the essential infor-
mation for building the collection of arguments required to solve a single point calculations,
or in general, provide information about the molecular system. If the resolution is a CAS cal-
culation, then calls orbital_reduction to transform from full molecular space to the active
space. It allows to restart from a previous mean-field guess, from a external PySCF mean-field
calculation, and it is also the component that build the Iterative Natural Orbitals (INOs).
The main field defined by the system are the one- and two-body integrals, already collected
according to number of modes and spin–sector.

• ansatz: Wrapper class to Qiskit QuantumCircuit object. It contains already automated
circuit construction routines in which rotation gates, entangling gates, and layer–specific cor-
relator placement can be specified. As explained in Section 5.2.4, we also have routines for
extending existing quantum circuit with arbitrary entangler maps placement or with the V-
shape structure. We include the possibility to create circuit with the standard two-qubit
gates contained in Qiskit and also custom gates such as SO(4), Givens rotation (one - and
two-qubit), SU(4), and O(4) gates [79, 205, 208, 284]. For the specific excitation gates instead,
we have a dedicated module named excitation_operators.

• fermionic_operator: Given a dictionary containing the one- and two-body integrals de-
fines the associated fermionic operator, defined as List[Tuple(list[Tuple(int, int)],

complex)], where the first tuple are the fermionic operators composing a fermionic string
and the associated complex coefficient.

• qubit_operator: It takes as input a fermionic operator in QuAQ format and it applies
any of the desired Fermion–to–Qubit mapping either using existing procedure, e.g. Jordan–
Wigner [48], or customs one using bonsai-mapping construction method by Miller et al. [51].
Internally, the custom qubit operator can be converted to Qiskit SparsePauliOp and also
using Qiskit F2Q mapping.

• orbital_reduction: Tools for adapting integrals from being defined on the full molecular to
the effective integrals, as defined in the procedure described by Equation 3.10 in Section 3.1.2.

• hamiltonian_unitary_transformation: Collection of methods for applying a unitary tran-
formation defined by orbita–rotation generators on a specified subset of orbitals, as a whole
or grouped according to custom setup. This is a fundamental pieces for the all the WAHTOR
variant, i.e. “vanilla” and self-consistent.

• psiopsi: Classes used to evaluate expectation values of an empty parametrized quantum
circuit and an operator, given a set of parameters. It also contains the possibility of adding
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penalty terms, like used in Section 5.4, for a constrained VQE optimization. Additionally,
it allows for individual Pauli string evaluation given an operator, similar to the procedure
explained in Section 6.3. As backend, we also allows for Qiskit Estimator, which takes in
input a Qiskit QuantumCircuit, an operator as SparsePauliOp, and evaluate the expectation
value, allowing for shot based measurement.

• excitation_operators: Include all the existing implementation of single- and double-excitations
used for either UCCSD or ADAPT-VQE ansätze. In particular, it contains: standard full
fermionic excitations [81], Efficient fermionic excitations [73], single Pauli string excitation
for Qubit-ADAPT [72], Qubit-Excitations for QEB-ADAPT [85], and single Pauli strings with
Z-Chains [88, 222].

• restrain_operators: Two specific set of penalty operator definition for both Qiskit SparsePauliOp
and OpenFermion QubitOperator. The two modules can defined spin projection operator,
Ŝz, spin-squared, Ŝ2, number of particles, N̂e, and energy shift, (Ĥ − w)2 for performing
Folded-Spectrum VQE [285]. All of them can be used for targeting the first excited root for
different multiplicity.

Then, we have a specific set of tools defined for the more complex algorithms, i.e. WAHTOR/WAHTOR–
SCF and ADAPT-VQE. For the former, we defined

• solvers: Collections of solvers to be used in place of VQE such as QIDA, defiend in Section
5.1, and adaptive ansatz, as defined in Section 6.3.8.

• parallel_derivatives: Contains the worker used in the MPI/intra-node parallelized version
of WAHTOR/WAHTOR–SCF. In particular, fermionc_worker and pauli_worker as defined
in Appendix by 1.1 and 1.2, respectively.

• integrals_trimming: Simplified version of the effective integrals reductionm, in Equation
3.12 in Section 3.1.2, or by the active space projector operator Pact, defined in Section 6.3,
and used by the parallel workers, as defined by 1.2 and 1.1.

Finally, inside adapt_tools we collected all the methods associated to ADAPT-VQE. In particular,
the modules are

• pool_creation: This modules include all the method for defining all the different operator
pools, P = {P̂i}, such as standard fermionic [81], Qubit-ADAPT [72], Qubit-Excitation
based ADAPT [85], and Qubit with Z-chains [222]. We allows to have generalized excitations,
where the number of particles and spin is not conserved, restricted, where only the number of
particles is conserved, and spin restricted, where spin-flips are not allowed.

• parallelization: It contains all the used for the parallelized version of our ADAPT-VQE
procedure. In particular, it contains method for evaluating explicitly the gradients, i.e. using
the commutators of Ĥ and each opeator P̂i ∈ P as in Grimsley et al. [81] and using Roto–solve
and Excitation–solve methods[286, 287].

• generic: Simple collection of methods used for seemingly connect all the different pools
and excitation operators, like fermionic operator to Pauli string converters and TETRIS-
ADAPT [82] utils.
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8.1.3 Algorithms

This folder contains all the implemented algorithms and procedures. Each algorithm is defined as
a Python class and it can take as argument an input object, read using utils.input class, or
specific initialize arguments, which are going to have the priority over the first ones.

We start by listing the building algorithm used also by more convoluted procedure.

• vqe: Simple class containing the standard VQE procedure. In takes as input an psiopsi

object defined on a specific operator of which, the groundstate is variationally searched, and
the desired parametrized quantum circuit. It also allows for perform a constrained VQE
optimization by providing a collection of penalty operators, {B̂i}, with corresponding multiplier
λi and target value, bi. The minimization is then performed on the combined operator Ô
defined as

Ô = Ĥ +
∑
i

λi(B̂i − bi)2. (8.1)

• layer_builder: Method containing the procedure to extrapolate the QIDA layers from QMI
matrices. It returns a collection of entangler maps, associated with each layers, and addi-
tional information such as rotations block, repetitions, and if required, a tag. It contains the
reduction method defined in Section 5.2.2.

Looking at the more complex algorithms, inside this folder, we can find all the algorithm explained
in the manuscript. In particular, multi_layer_vqe, together with the collection layer defined by
layer_builder, it defines the Multi-QIDA procedure by performing the layer-wise VQE as defined
in Section 5.2.5. Then, we haveadapt_vqe, as explained both in Section 3.3.2 and Section 6.3.8,
wahtor and wahtor_MPI, for both the standard, fully–parallelized, self–consistend, and adaptive
version of WAHTOR procedure.
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Conclusion

The work presented in this thesis explored the integration of quantum computing methodologies
within the framework of electronic structure theory, with the ultimate goal of constructing an
effective Hybrid Quantum–Classical (HQC) pipelne for chemical and industrial applications. The
motivation comes from the growing recognition that, while fully fault-tolerant quantum computing
remains beyond the reach of state-of-the-art technologies, the Noisy Intermediate–Scale Quantum
(NISQ)-era already allows for a productive interplay between quantum and classical paradigms.
Within this context, quantum processors and related algorithms are not viewed as replacements for
existing computational chemistry methods, but rather as complementary tools capable of enhancing
specific stages of the overall workflow. This vision guided the design and development of a suite
of hybrid algorithms and protocols addressing four major components of the quantum chemistry
pipeline: active space selection, state preparation, correlation recovery, and geometry optimization.

The first development, the Atomic–Orbital and Entropy Guided Inference protocol for Space–
Selection (AEGISS), focused on the initial and conceptually delicate stage of defining the ac-
tive space in multi–reference quantum chemical calculations. This procedure introduced a semi-
automated and reproducible approach that combines atomic orbital analysis with quantum infor-
mation descriptors, most notably, single-orbital entropyes and mutual information measures, to
guide the inclusion of orbitals in the active space. The method was applied to case studies relevant
to Photodynamic Therapy (PDT), offering insights into photosensitizer molecules whose accurate
description requires a balanced treatment of static correlation. AEGISS thus represents a first
step toward standardizing active space selection within hybrid workflows, alleviating one of the
long-standing subjectivities of multi–configurational electronic structure theory.

The second contribution, the Multi–threshold Quantum Information Driven Ansatz (Multi-
QIDA), addressed the problem of state preparation in hybrid quantum algorithms such as the
Variational Quantum Eigensolver (VQE). By leveraging quantum information measures, Multi-
QIDA provides a systematic, data-driven strategy for constructing ansätze that better capture the
entanglement structure of the system while maintaining shallow circuit depth. This approach was
tested on both molecular systems and spin-lattice models, demonstrating improved convergence and
reduced resource requirements relative to generic hardware-efficient circuits. Multi-QIDA therefore
acts as a warm-start or state-refinement procedure that links the theoretical elegance of quantum
information concepts with the practical limitations of NISQ devices.

The third methodological block concerned the treatment of dynamical correlation through the ex-
tension of the Wavefunction–Adapted Hamiltonian Through Orbital–Rotation (WAHTOR) algorithm
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into its self-consistent form, WAHTOR–SCF. This hybrid framework allows for orbital relaxation
and feedback between classical and quantum components, effectively bridging Complete Active Space
Configuration-Interaction (CASCI) and Complete Active Space Self–Consistent Field (CASSCF) for-
mulations in a quantum–classical environment. An adaptive version, ADAPT–WAHTOR–SCF, was
further developed to enable dynamic generator selection and resource optimization. The method
was benchmarked on both small molecular systems and a model free-radical polymerization reac-
tion, highlighting its applicability to industrial chemistry scenarios. These developments shows
how hybrid self-consistency loops can be incorporated efficiently, allowing quantum subroutines to
contribute to the recovery of both static and dynamic correlation energies within scalable workflows.

The final technical contribution, the Quasi-Adiabatic Quantum Geometry Optimization (QA–
q–GeomOpt) protocol, extended the HQC paradigm to the nuclear degrees of freedom, providing
a proof-of-concept strategy for geometry refinement and structural optimization. By embedding
quantum energy evaluations within a classical gradient-based search, the approach demonstrates
how hybrid methods can be used to navigate Potential Energy Surface (PES) effectively, coupling
quantum accuracy with classical efficiency. Its successful application to standard molecules and
DompeKey (DK) molecular descriptors suggests potential use cases in drug discovery and materials
design, where geometry optimization remains a computationally demanding step.

Taken together, these contributions outline a unified and modular vision for quantum-aided com-
putational chemistry. Rather than treating quantum algorithms as isolated demonstrations, this
thesis emphasized their integration as functional components within a broader classical infrastruc-
ture, supported by the in-house framework Quantum @ L’Aquila (QuAQ). The results collectively
validate the conceptual viability of an end-to-end hybrid quantum chemistry pipeline, demonstrat-
ing that hybridization can occur at multiple layers of the workflow, from orbital space definition to
correlation treatment and structural refinement, without compromising chemical interpretability or
computational efficiency.

In conclusion, this thesis represents a personal attempt to bridge two traditionally distinct
worlds, quantum chemistry and quantum computation, through a consistent methodological frame-
work that values both theoretical rigor and pragmatic adaptability. The work demonstrates that
meaningful progress in this field does not arise from isolated algorithmic breakthroughs, but from
the careful design of interfaces between methods, languages, and paradigms. Although the current
hybrid approaches are still limited by hardware constraints and system scalability, the foundations
laid here suggest that the integration of quantum processors within standard chemical workflows
is not only feasible, but also intellectually and practically transformative. It is my hope that this
research contributes, even is a small part, to the broader effort of shaping a future where quantum
computing becomes a standard and accessible tool for exploring the complexity of matter at its most
fundamental level.
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Appendix A

Chapter 02 Appendix: Active Space
Selection

1 Computational Details

Pre-processing

AEGISS has been implemented in Python. Following the workflow, the atom-labeling step is soft-
ware/package agnostic, and it is done with the help of any molecular visualization tool (e.g., Avo-
gadro[182], VESTA[288], etc.), by adding the relative cluster identification, C ∈ {R} to each as-
sociated atom. For the initial guess (and eventually needed pre-processing), the calculation of the
starting MOs ([C]µi or [CA]µi) is computed using PySCF [94]. We choose PySCF because of its ease
of use, integrability with other Python packages, availability of ∆-SCF method, embedding[289],
and direct compatibility with the Python implementation of the DMRG algorithm.

DMRG-setup

All the DMRG calculations and reference wavefunctions have been computed using Block2 [290] with
its Python DMRG implementation. The computation of the single orbital entropies has been defined
from Block2 functionalities, in particular, with the method DMRGDriver.get_orbital_entropies()

from the resulting MPS (i.e., approximated ground state at a given bond-dimension). For all the
systems, the approximated calculation has been obtained from a DMRG run with fixed bond-
dimension, m, number of sweeps n_sweeps = 5, SymmetryTypes.SZ, and a single root, n_roots =

1. At this step, it is also possible to compute the reference calculation on multiple roots, and then
maintain the union of the MOs pre-selected according to Single orbital entropies for each root.

AO projection

For the AO projection, the selection of the atomic orbitals in each group D ∈ D is done exploiting
the function search_ao_labels(D). This function allows only the indices of the desired AO con-
tributions in the full expansion. The overlap matrix , [S]νµ, and the overlap projector, [SD]ηµ, are
obtained using built-in PySCF functions. In particular, the non-orthogonal mixed-basis overlap ma-
trix [S]νµ is defined using Mole.intor(’int1e_cross’), which returns the cross-integral between
two different basis MO coefficient matrices. The AO contributions are associated to one or more
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2. Trans-Cl Benchmarks

AO-labels. The AO-labels can be either single AO contributions or groups of them. A single label
is composed by "Xc AOs", where X is the atom, c is the cluster identifier, and AOs is the atomic
orbital contribution.

Reference calculation and final assessment

After selecting the MOs to be included in the final active spaces, the reference calculations for the
two smaller molecules have been obtained from PySCF state-averaged CASSCF. For TLD-1433, the
reference calculation is instead obtained from DMRG-CI, using the Block2 DMRG implementation.
For the computational setup for the DMRG calculations, and since all systems exhibit a closed-
shell singlet ground state, the highest symmetry can be used i.e. SymmetryTypes.SU2, with bond-
dimension m = 1000, n_sweeps = 100, and a noise schedule set according to noises = [1e-4] *

n_sweeps //2 + [1e-5] * n_sweeps // 2 + [0].

2 Trans-Cl Benchmarks

2.1 TDDFT

The performance of several TD-DFT flavors has been assessed as we need a general method which
allows describing the different transitions contributing to the UV-vis spectrum. While it is known
that solvent effects are found to be mandatory to obtain spectroscopic accuracy, especially in the
case of MLCT states, for the investigation of this prototype complex we only performed gas phase
calculations to the purpose of benchmarking TDDFT calculations against CASSCF calculations
based on the active spaces we found. The results of the TD-DFT calculations are collected in Table
A.1 for the singlet states, with also the oscillator strengths, and in Table A.2 for the triplet states.

As a general trend, we see our calculations being in good agreement with the reference [168]. As
a result, we expect our findings to be aligned with the description that MC transitions are rather
robust to any of the functionals tested while MLCT states are only well described with functionals
bearing intermediate amounts of exact exchange, i.e. PBE0 and B3LYP, possibly in combination
with solvent effects. IL states are also best described with these functionals.

PBE PBE0 B3LYP CAM-B3LYP
State ∆E f ∆E f ∆E f ∆E f

S1 1.395 0.0003 2.471 0.0003 2.282 0.0003 3.303 0.0002
S2 1.56 0.0122 2.58 0.0141 2.40 0.0132 3.38 0.0000
S3 2.164 0.0028 3.301 0.0000 3.225 0.0025 3.41 0.0191
S4 2.265 0.0008 3.377 0.0031 3.252 0.0000 3.472 0.0038
S5 2.375 0.0000 3.466 0.0024 3.284 0.0002 4.131 0.0041
S6 2.386 0.0000 3.529 0.0007 3.306 0.0012 4.292 0.0000
S7 2.394 0.0105 3.538 0.0000 3.139 0.0000 4.41 0.0007
S8 2.469 0.0044 3.547 0.0014 3.347 0.0028 4.461 0.0000
S9 3.078 0.0000 3.683 0.0084 3.439 0.0083 4.49 0.0008
S10 3.137 0.0016 3.750 0.0025 3.506 0.0027 4.582 0.0021
S11 3.149 0.0005 3.887 0.0048 3.791 0.0045 4.673 0.0079

Table A.1: Electronic transition energies (in eV) and oscillator strength of the first 11 singlets states from
TD-DFT calculation performed on Trans-Cl complex in GAS PHASE. Functionals: PBE, PBE0, B3LYP,
and CAM-B3LYP. Basis-set used 6-311G* for all the atoms except for Ruthenium. On Ruthenium def2-
TZVP basis has been used with quasi-relativistic Stuttgard-Dresden pseudopotential.

216



3. Ruby-3 Benchmarks

State PBE PBE0 B3LYP CAM-B3LYP

T1 1.368 2.439 2.254 2.847
T2 1.453 2.509 2.324 2.981
T3 2.144 2.753 2.774 3.212
T4 2.233 2.875 2.888 3.327
T5 2.347 3.271 3.207 3.429
T6 2.353 3.447 3.271 3.633
T7 2.364 3.458 3.277 3.832
T8 2.439 3.495 3.278 4.207
T9 2.636 3.503 3.285 4.231
T10 2.741 3.512 3.409 4.380
T11 3.034 3.651 3.440 4.394

Table A.2: Electronic transition energies (in eV) of the first 11 triplet states from TD-DFT calculation
performed on Trans-Cl complex in GAS PHASE. Functionals: PBE, PBE0, B3LYP and CAM-B3LYP. Basis-
set used 6-311G* for all the atoms except for Ruthenium. On Ruthenium def2-TZVP basis has been used
with quasi-relativistic Stuttgard-Dresden pseudopotential.
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Figure A.1: Diagram of Sn and Tm vertical excitation states for Trans-Cl complex obtained from TD-DFT
calculation with different functionals (PBE, PBE0, B3LYP, and CAM-B3LYP) and reference benchmark
MS-CASPT2. Singlet states computed by MS-CASPT2 are subject to a state reordering.

Finally, as highlighted in Figure A.1, it is clear that TDDFT alone provides a strongly functional-
dependent description of the excitation spectra and great caution should be used when employing
this tool for predicting UV-vis spectra.

3 Ruby-3 Benchmarks

3.1 TDDFT

For the TD-DFT calculations, the exchange-correlation functionals used in this comparative study
are selected from the reference paper [169]. The XC functionals selected are BP86, B3LYP, and
CAM-B3LYP. For these calculations, we employed the same basis set as for the optimizations.
No TDA has been used in this investigation as it has been shown in previous work not to have
a meaningful effect on the results. Also in this case, while solvent effects might be necessary for
thorough comparison with experiments, this is out of the scope of the present investigation as this
molecule is not our main target system. As a result, we will present gas-phase calculations only for
Ruby3.

The calculated TD-DFT with no TDA vertical excitation energies in gas-phase with BP86,
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4. TLD1433 Benchmarks

B3LYP and CAM-B3LYP are shown in Table A.3 and Table A.4.
We find our calculations to show excellent agreement with the work of Gonzales et. al, where

the main findings are that BP86 severely underestimates the excitation energies in comparison to
MS-CASPT2. The inclusion of HF exact exchange in B3LYP seems to reduce the underestimation
of the excitation energies, with the S1 being underestimated by 0.11 eV and the T2 by 0.38 eV in
the MS-CASPT2 case. Furthermore, it is worth mentioning that MS-CASPT2 predicts an inverted
order of T1 being higher in energy than S1. In all cases the triplets are further underestimated than
the singlet excited states but ordering is always correct with TD-DFT. Cam-B3LYP results, that
we have also carried out in this work, seem to overestimate CASSCF results from all functionals.
We will compare our TDDFT results with CASSCF results we are going to present herein.

BP86 B3LYP CAM-B3LYP
State ∆E f ∆E f ∆E f

S1 1.851 0.0018 2.508 0.0013 3.135 0.0001
S2 2.015 0.0001 2.522 0.0001 3.136 0.0001
S3 2.015 0.0001 2.523 0.0001 3.207 0.0006
S4 2.203 0.0179 2.697 0.0001 3.298 0.0000
S5 2.206 0.0179 2.720 0.0102 3.363 0.0021
S6 2.275 0.0002 2.723 0.0100 3.366 0.0017
S7 2.497 0.0732 2.903 0.1332 3.429 0.1737
S8 2.498 0.0734 2.903 0.1335 3.430 0.1740
S9 2.502 0.0097 3.173 0.0000 3.773 0.0000

Table A.3: Electronic transition energies (in eV) and oscillator strength of the first 9 singlet states from
TD-DFT calculation performed on Ruby-3 complex in GAS PHASE. Functionals: BP86, B3LYP and CAM-
B3LYP. Basis-set used def2-TZVP for all the atoms. On Ruthenium has been used a quasi-relativistic
Stuttgard-Dresden pseudopotential for ECP.

State BP86 B3LYP CAM-B3LYP

T1 1.790 2.367 2.867
T2 1.885 2.368 2.868
T3 1.885 2.410 2.920
T4 2.066 2.430 2.940
T5 2.088 2.518 3.021
T6 2.089 2.519 3.023
T7 2.151 2.625 3.227
T8 2.152 2.627 3.228
T9 2.243 2.659 3.256

Table A.4: Electronic transition energies (in eV) of the first 9 triplets states from TD-DFT calculation
performed on Ruby-3 complex in GAS PHASE. Functionals: BP86, B3LYP and CAM-B3LYP. Basis-set
used def2-TZVP for all the atoms. On Ruthenium has been used a quasi-relativistic Stuttgard-Dresden
pseudopotential for ECP.

3.2 SA-CASSCF

The complete tables for the CASSCF calculations ran using the selected actives spaces are reported
below.

4 TLD1433 Benchmarks

In our study, we optimized the ground-state geometry for the conformation with alternated S-Ring
and opposite H-S-Position, namely TLD1433-3(G), obtaining a new local minima of the geometry in
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Figure A.2: Diagram of Sn and Tm vertical excitation states for Ruby-3 complex obtained from TDDFT
calculation with different functionals (BP86, B3LYP, and CAM-B3LYP) and MS-CASPT2 used in the ref-
erence paper as benchmark.

AS1 AS2 AS3
State ∆E ∆E ∆E

S1 2.4498 2.1372 1.8233
S2 2.4520 2.4521 2.1381
S3 2.4521 2.4581 2.3243
S4 2.8565 2.5375 2.3968
S5 2.8567 2.6266 2.4458
S6 2.8726 2.7949 2.6824
S7 2.9702 2.8498 2.7117
S8 2.9703 2.882 2.7189

Table A.5: Singlet excited state transition energies (in eV) obtained from SA-CASSCF calculations on the
Ruby-3 complex.

AS1 AS2 AS3
State ∆E ∆E ∆E

T1 2.363 2.0699 1.7686
T2 2.3632 2.3417 1.8357
T3 2.4018 2.36 2.0833
T4 2.6707 2.4091 2.2579
T5 2.7658 2.4657 2.2984
T6 2.7659 2.6137 2.5516
T7 2.8212 2.7224 2.5609
T8 2.8212 2.7591 2.6643
T9 2.8327 2.8208 2.6946

Table A.6: Triplet excited state transition energies (in eV) obtained from SA-CASSCF calculations on the
Ruby-3 complex.

both gas and solvent. Our structure, TLD1433-3(G), is lower in energy with respect to the optimal
structure of the reference paper, TLD1433-4(G), of 0.042 mHa in gas phase and 1.84 mHa in H2O.

4.1 TDDFT

In reference [170], a series of preliminary calculations using various exchange-correlation density
functionals on smaller Ru compounds in methanol, with available experimental data, showed that
PBE0 accurately reproduces the geometrical parameters. Therefore, we selected it as the most
suitable XC functional for ground-state molecular optimizations. However, the computed absorption
spectra indicate that M06 significantly outperforms the other XC functionals, particularly at longer
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wavelengths. The excellent performance of M06 has also been noted in previous studies on transition-
metal complexes. To evaluate the reliability of our data, we focused on comparing our results with
those of Alberto et al[170]. In their study, they presented M06 DFT results for TDL1433, and we
find that our results are in excellent agreement with theirs. However, in this work, in particular
to gain a deeper understanding of the excitations of this molecular system as well as to be able
to accurately select the active space for our quantum circuit simulations, we decided to go beyond
existing literature calculations. Specifically, we explore the effect of different exchange-correlation
functionals on the excitations, including M062x (27% exact HF exchange), which has twice the
exact HF exchange of M06 (15% exact HF exchange).

In previous systems, we have consistently tested and reported results both with and without
the TD approximation. For this particular case, we have also run calculations with both options.
However, to simplify the discussion and given the limited experimental data available to definitively
confirm the accuracy of one approach over the other, we find that using the TD approximation is
not only acceptable but also offers the advantage of faster computation at this stage. This choice is
based on the practical consideration that the TD approximation simplifies the calculations without
introducing significant discrepancies, allowing us to make reasonable progress while acknowledging
the limitations posed by the lack of sufficient experimental validation. We also provide a table to
compare the results for both approaches. Still, from now on, we will primarily present results based
on the TDA-based approximation. Furthermore, the main focus and results of current benchmark
investigation is on calculations with implicit solvent in water.

PBE0 B3LYP CAM-B3LYP M06
State ∆E f ∆E f ∆E f ∆E f

S1 2.625 0.0008 2.473 0.0011 3.133 1.9516 2.387 0.0008
S2 2.709 0.0017 2.542 0.0013 3.134 0.3315 2.462 0.0016
S3 2.718 0.0334 2.563 0.0597 3.215 0.0141 2.467 0.0006
S4 2.733 0.9679 2.569 0.4472 3.249 0.0014 2.569 0.0042
S5 2.798 0.0080 2.658 0.0102 3.300 0.0011 2.620 0.4991
S6 2.873 0.0093 2.717 0.0073 3.352 0.0299 2.639 0.0191
S7 2.886 0.1651 2.720 0.0122 3.388 0.0121 2.705 0.4908
S8 2.921 1.2190 2.764 1.2701 3.417 0.0007 2.780 0.1848
S9 2.995 0.1885 2.816 0.4539 3.429 0.2406 2.868 0.8037
S10 2.998 0.0298 2.831 0.1042 3.674 0.0461 2.895 0.3348
S11 3.066 0.0027 2.874 0.0500 3.805 0.0032 2.941 0.1182
S12 3.138 0.0175 2.907 0.0995 3.956 0.0568 3.076 0.0023
S13 3.164 0.0059 2.972 0.0062 4.009 0.0030 3.112 0.0031
S14 3.288 0.0532 3.081 0.0932 4.071 0.0777 3.153 0.0142
S15 3.327 0.0137 3.134 0.0151 4.101 0.0003 3.161 0.0086

Table A.7: Electronic transition energies (in eV) and oscillator strength of the first 15 singlet states from
TD-DFT calculation performed on TLD1433 complex in implicit solvent WATER with TDA approximation.
Functionals: PBE0, B3LYP, CAM-B3LYP, and M06. Basis-set used def2-TZVP for all the atom and quasi-
relativistic Stuttgard-Dresden pseudopotential on Ruthenium.

We report electronic transition energies and oscillator strength for singlet and triplet states for
calculations in aqueous solution are reported in Tables A.7, A.8 and A.9, respectively.

Let us start from inspecting the character of the first bright singlet states (higher oscillator
strengths) for all the functionals. We find that not all functionals predict the first singlet state
to be the first bright state but all functionals, except M06, show that the first bright singlet has
a stronger HOMO-LUMO character (cf Figure A.4). As shown in Figure A.3, DFT consistently
predicts HOMO to be solely localised on the tail while LUMO has both contributions from the
ligands around the metal and smaller contribution on the tail, suggesting this excitation can be
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State M062x W f M062x G f

S1 3.182 2.3199 2.278 0.0442
S2 3.381 0.0011 2.455 0.0005
S3 3.442 0.0021 2.517 0.0125
S4 3.513 0.0058 2.663 0.3428
S5 3.521 0.0105 3.048 0.6417
S6 3.570 0.0132 3.313 0.1432
S7 3.613 0.0077 3.372 0.0043
S8 3.621 0.0023 3.428 0.0013
S9 3.657 0.0124 3.445 0.0006
S10 3.686 0.0152 3.544 0.0019
S11 3.706 0.1835 3.588 0.0026
S12 3.712 0.0137 3.600 0.0002
S13 3.795 0.0916 3.610 0.0017
S14 3.798 0.0052 3.652 0.0009
S15 4.006 0.0426 3.661 0.0017

Table A.8: Electronic transition energies (in eV) of the first 15 singlet states from TD-DFT calculation
performed on TLD1433 complex in implicit solvent WATER (W) and GAS (G) phase with TDA approxima-
tion. Functionals M062x. Basis-set used def2-TZVP for all the atom and quasi-relativistic Stuttgard-Dresden
pseudopotential on Ruthenium.

State PBE0 B3LYP CAM-B3LYP M06 M062x

T1 2.007 1.974 2.141 2.059 2.349
T2 2.464 2.344 2.820 2.274 3.037
T3 2.465 2.361 2.850 2.339 3.092
T4 2.549 2.419 2.911 2.345 3.114
T5 2.580 2.435 2.965 2.369 3.151
T6 2.617 2.492 3.011 2.439 3.243
T7 2.651 2.533 3.033 2.463 3.307
T8 2.694 2.569 3.076 2.509 3.318
T9 2.722 2.583 3.192 2.577 3.344
T10 2.749 2.645 3.269 2.588 3.355
T11 2.802 2.653 3.280 2.690 3.375
T12 2.818 2.676 3.327 2.720 3.431
T13 2.914 2.796 3.356 2.884 3.465
T14 3.047 2.832 3.539 2.896 3.498
T15 3.110 2.868 3.546 3.071 3.544

Table A.9: Electronic transition energies (in eV) of the first 15 triplet states from TD-DFT calcula-
tion performed on TLD1433 complex in implicit solvent WATER with TDA approximation. Functionals:
PBE0, B3LYP, CAM-B3LYP, and M062x. Basis-set used def2-TZVP for all the atom and quasi-relativistic
Stuttgard-Dresden pseudopotential on Ruthenium.

classified as ligand to ligand. To gain a deeper understanding of the character of the excitation we
look into the natural transition orbitals (NTOs) for the first bright state. In Figure A.4 we report
the NTOs for the bright transition singlet and most relevant contributions (for simplicity we are
only showing M06, CAM-B3LYP and M062x, but B3LYP shows same behaviour as CAM-B3LYP
and M062x). We observe that, focusing only on M06 (see also Ref. [170]), gives a limited picture of
this excitation. Indeed, CAM-B3LYP, M062x, and B3LYP predict a higher contribution of the tail
ligand and a lower one coming from metal and bipyridines.

Concerning the investigation of the triplet excited-state manifold, we decided that for the pur-
pose and relevance of the current work, only the first triplet state, T1, is investigated. From the
analysis of the excitation character carried out on various functionals we find that T1 is mostly a
tail-to-tail excitation with contributions from the bridging bipyridine.

In the cases of CAM-B3LYP and M062x we observe that the effect of long-range interactions
and higher exact exchange pushed up the bright state, which in these cases is also the S1. In general,
it is important to point out that, although more computationally demanding, for a heavy metal like

221



4. TLD1433 Benchmarks

ruthenium, these types of functionals can better handle the metal’s electron distribution and strong
correlation effects, leading to improved accuracy in describing bond strengths, electronic structure,
and reactivity in such large complexes.

For simplicity and because of a satisfactory agreement with the limited experimental data avail-
able, we will mainly refer to CAM-B3LYP as our reference exchange correlation functional in this
benchmark work.

Figure A.3: HOMO and LUMO orbitals as computed by DFT and compared to Ref. [170].

Figure A.4: Natural Transition Orbitals for S1 computed with PBE0, M06, CAM-B3LYP and M062x.
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Chapter 03 Appendix: Multi-QIDA
results
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Figure B.1: QMI matrices obtained by the tested systems. Maps (a)-(b)-(c) refer to isotropic Heisenberg
systems, (d) to isotropic Heisenberg with external magnetic field h = 2, (e)-(f) to anisotropic Heisenberg
with ∆ = 1/10 and ∆ = 2/3, respectively.
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(a) 3×3 isotropic Heisenberg Hamiltonian QMI value
pairing selection.
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(b) 3 × 4 isotropic Heisenberg Hamiltonian QMI
value pairing selection.
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(c) 2×6 isotropic Heisenberg Hamiltonian QMI pair-
ings selection.
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(d) 3× 4 isotropic Heisenberg Hamiltonian with ex-
ternal magnetic field h = 2 QMI entangling pairings
selection.
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(e) Anisotropic 3 × 4 Heisenberg Hamiltonian with
∆ = 1/10 QMI value pairing selection.
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(f) Anisotropic 3 × 4 Heisenberg Hamiltonian with
∆ = 2/3 QMI value pairing selection.

Figure B.2: Qubit–Pairs selection plot. For each image, the higher plot shows all the qubit-pairings in
the system. The lower plot is a close-up on the couplers that have been selected by the first phase of the
Multi-QIDA layers-building procedure. The qubit-pairs obtained from Algorithm 1 are shown in Table B.1.
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1. Spin Systems

System Layer 1 Layer 2 Layer 2 Layer 4

3× 3
[0, 1], [0, 3], [1, 2], [2, 5],

[5, 8], [7, 8], [6, 7], [3, 6]
[1, 4], [3, 4], [4, 5], [4, 7] - -

2× 6
[0, 6], [1, 7], [2, 8], [3, 9],

[4, 10], [5, 11](*)
[0, 1], [4, 5], [6, 7], [10, 11] [2, 3], [8, 9] [1, 2], [3, 4], [7, 8], [9, 10]

3× 4 [0, 1], [2, 3], [8, 9], [10, 11] [0, 4], [3, 7], [4, 8], [7, 11]
[1, 5], [2, 6], [4, 5], [5, 9],

[6, 7], [6, 10]
[1, 2], [5, 6], [9, 10]

3× 4, h = 2 [1, 2], [4, 5], [6, 7], [9, 10] [1, 5], [2, 6], [5, 9], [6, 10]
[0, 1], [0, 4], [2, 3], [3, 7],

[4, 8], [7, 11], [8, 9], [10, 11]
-

3× 4,∆ = 1/10
[0, 1], [0, 4], [2, 3], [3, 7],

[4, 8], [7, 11], [8, 9], [10, 11]
[1, 2], [9, 10]

[1, 5], [2, 6], [4, 5], [5, 9],

[6, 7], [6, 10]
-

3× 4,∆ = 2/3 [0, 1], [2, 3], [8, 9], [10, 11] [0, 4], [3, 7], [4, 8], [7, 11]
[1, 5], [2, 6], [4, 5], [6, 7],

[5, 9], [6, 10]
[1, 2], [5, 6], [9, 10]

Table B.1: Entangling map for each Multi-QIDA layer divided by system configurations. (*) in this
configuration, the grouping optimization is used allowing the contraction of 3 layers into a unique layer.
The selection has been done using a finesse ratio set to µ = 0.1. Upon these layers, each Multi-QIDA
configuration is completed with an additional ladder layer. In (QIDA)CX configuration, every layer after
the first one is applied in V -shape i.e. only the first half of the full additional layers is shown.

3× 3 2× 6 3× 4
3× 4

h = 2

3× 4

∆ = 2/3

3× 4

∆ = 1/10

(L)CX
4 32 44 44 44 44 44

(L)CX
5 40 55 55 55 55 55

(L)CX
6 − − 66 − 66 −

(QIDA)CX 32 48 52 50 52 46

(QIDA)SO4 40 54 56 54 56 54

Table B.2: Number of CNOTs for every system and configuration.(QIDA)CX and (QIDA)SO4 represent
QIDA configuration with CNOTs and SO(4) gates,respectively, while (L)CX

d describe ladder ansatz with
depth d and CNOT as entangling gates.

3× 3 2× 6 3× 4
3× 4

h = 2

3× 4

∆ = 2/3

3× 4

∆ = 1/10

(L)CX
4 211 393 338 506 426 480

(L)CX
5 314 456 427 730 623 791

(L)CX
6 - - 538 - 666 -

(QIDA)CX 274 799 825 682 1082 1578

(QIDA)SO4 638 1011 1073 1592 1161 1115

Table B.3: Average number of iterations required for convergence.
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1. Spin Systems
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(a) 3× 3 Isotropic Heisenberg model system results.
HEA: 32,40. Multi-QIDA: 32,40.
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(b) 3× 4 Isotropic Heisenberg model system results.
HEA: 44,55,66. Multi-QIDA: 52,56.
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(c) 2× 6 Isotropic Heisenberg model system results.
HEA: 44,55. Multi-QIDA: 48,54.
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(d) 3×3 Isotropic Heisenberg model with External mag-
netic field h = 2 results.
HEA: 44,55. Multi-QIDA: 50,54.
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(e) 3× 4 Anisotropic Heisenberg model with ∆ = 1/10
results.
HEA: 44,55. Multi-QIDA: 46,54.
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(f) 3 × 4 Anisotropic Heisenberg model with ∆ = 2/3
results.
HEA: 44,55,66. Multi-QIDA: 52,56.

Figure B.3: Comparison between AQE and RQE for different systems and ansatz configuration. The
number of CNOT s are showed in the caption for both hardware-efficient ansätze (HEA) and for multi-
QIDA ansätze. (a)-(b)-(c) refer to isotropic Heisenberg systems, (d) to isotropic Heisenberg with external
magnetic field h = 2, (e)-(f) to anisotropic Heisenberg with ∆ = 1/10 and ∆ = 2/3, respectively.
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(c) 2 × 6 isotropic Heisenberg Hamilto-
nian. From the top to the bottom: (L)CX
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Figure B.4: Comparison between different systems of the optimization trajectories. The number of itera-
tions corresponds to the number of evaluations required for the optimizator to converge.
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2. Molecular system results

2 Molecular system results

Mol. Coordinates(Å) Basis Qubits

H2O
H 0.757 0.586 0.0

H -0.757 0.586 0.0
O 0.0 0.0 1.595

INOs
RCISD

(STO-3G)
12

BeH2

Be 0.0 0.0 1.334
H 0.0 0.0 0.0

H 0.0 0.0 2.668

INOs
RCISD

(STO-3G)
12

NH3

N 0.0 0.0 0.1211

H 0.0 0.9306 -0.2826
H 0.8059 -0.4653 -0.2826
H -0.8059 -0.4653 -0.2826

INOs
RCISD

(STO-3G)
14

H2O
CAS(4,4)

H 0.847 0.0 0.0

H -0.298 0.0 0.793
O 0.0 0.0 0.0

6-31G 8

N2

CAS(6,6)
N 0.0 0.0 -0.5488
N 0.0 0.0 0.5488

cc-pVTZ 12

Table B.4: Molecular systems under analysis. The number of qubits is computed as 2*Mact, where Mact

are the active orbitals. For the first three system, the basis-set in brackets is the initial one on which INOs
are constructed.
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Figure B.5: QMI matrices obtained by the tested systems: (a) H2O INOs/12 qubits. (b) BeH2 INOs/12
qubits. (c) NH3 INOs/14 qubits. (d) H2O CAS(4,4). (d) N2 CAS(6,6). All obtained with SparQ at
R-CISD level.
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Figure B.6: Convergence percentage correlation energy/absolute energy HEA against Multi-QIDA config-
urations for INOs molecular systems.
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Figure B.7: Convergence percentage correlation energy/absolute energy HEA against Multi-QIDA config-
urations for CASCI/Active region molecular systems.
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(b) NH3 INOs system convergence trajectories

Figure B.8: Optimization trajectories for each of the INOs system of 50 VQE for HEA ladder-fashion
circuit against Multi-QIDA circuits.
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(a) H2O 6-31G CAS(4,4) system convergence trajec-
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(b) N2 cc-PVDZ CAS(6,6) system convergence tra-
jectories.

Figure B.9: Optimization trajectories for each of the CASCI/Active Region system of 50 VQE for HEA
ladder-fashion circuit against Multi-QIDA circuits.

BeH2

(L)cx6 QIDAmax QIDAemp

Favg [%] 98.89579 99.60117 99.61037

Ŝzavg -0.00002 0 0

Ŝ2
avg 0.00261 0.00111 0.00062

N̂avg 4.00001 4.00000 3.99999

Fbest[%] 99.28972 99.80993 99.65462

Ŝzbest 0 0 0.00001

Ŝ2
best 0.00016 0.00026 0.00002

N̂best 4.00000 4.00010 3.99999

H2O
(L)cx5 QIDAmax QIDAemp

89.08740 99.86803 99.86958

0.10343 0 0

0.22269 0.00128 0.00115

7.97648 7.99998 7.99998

99.77667 99.88329 99.88125

0 0 0.00001

0.00001 0.00015 0.00042

8.00000 8.00000 7.99998

NH3

(L)cx5 QIDAmax QIDAemp

92.23381 99.19447 99.19421

0.05542 0 0

0.13443 0.00003 0.00004

7.98916 8.00000 8.00000

98.98914 99.20485 99.20485

0 0 0

0.00002 0 0

7.99998 8.00000 8.00000

Table B.5: Properties of BeH2, H2O, and NH3 INOs system.
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2. Molecular system results

H2O CAS(4, 4)

(L)cx5 QIDAmax QIDAemp

Favg [%] 99, 95724 99, 98186 99, 97978

Ŝzavg 0 0 0

Ŝ2
avg 0, 00025 0, 00035 0, 00030

N̂avg 4, 00000 4, 00000 4, 00000

Fbest[%] 99, 99057 99, 99390 99, 9967

Ŝzbest 0 0 0

Ŝ2
best 0, 00018 0, 00010 0, 00004

N̂best 4, 00000 4, 00000 4, 00000

N2 CAS(6, 6)

(L)cx5 QIDAmax QIDAemp

94, 16438 98, 77033 98, 70980

−0, 00007 0 0

0, 05629 0, 00049 0, 04372

6, 04056 6, 00000 6, 00000

99, 5714 99, 55640 99, 67421

−0, 0002 0 0

0, 00192 0, 00766 0

5, 99956 6, 00000 6, 00000

Table B.6: Properties of H2O 6-31G CAS(4,4) and N2 cc-PVTZ CAS(6,6) system.
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Appendix C

Chapter 06 Appendix: Hybrid SCF

1 Derivatives Evaluators

In this section of the Appendix, we report the two type of joblib workers method for evaluat-
ing the first- and second-order derivatives in WAHTOR–SCF and different variations. In order,
fermionc_worker and pauli_worker.

1.1 Fermionic Derivative Worker

1 def fermionic_worker(args ,
2 psi: np.ndarray ,
3 num_qubits: int ,
4 masks: dict ,
5 core: list | np.ndarray ,
6 virtual: list | np.ndarray ,
7 memmap: dict | None = None ,
8 h: dict[tuple[str , str], np.ndarray] | None = None ,
9 second_order: bool | None = False) -> tuple[int , float , int|

None , float | None]:
10

11 jac_i , hess_ij = None , None
12 orbs_g_i , t_i , i_idx , orbs_g_j , t_j , j_idx= args
13 if memmap is not None: #MEMMAP BRANCH
14 h = {}
15 for key , info in memmap.items():
16 arr = np.memmap(info[’filename ’], dtype=info[’dtype ’], mode=’r+’,

shape=info[’shape ’])
17 h[key] = np.array(arr , dtype=np.complex64)
18

19 eff = list(wrapper_single_restricted_dh(T=t_i ,group_idx=orbs_g_i ,h=h))
20

21 for k in list(h.keys()):
22 del h[k]
23 h.clear ()
24 del h
25

26 h_first = {}
27 for k, block in eff:
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1. Derivatives Evaluators

28 h_first[k] = block
29 del eff
30 jac_i = fermionic_dh_evaluation(h_first , psi , masks , num_qubits , core ,

virtual)
31

32 if second_order:
33 eff = list(wrapper_single_restricted_dh(T=t_j ,group_idx=orbs_g_j ,h=

h_first))
34 for k in list(h_first.keys()):
35 del h_first[k]
36 h_first.clear ()
37 del h_first
38 h_second = {}
39 for k, block in eff:
40 h_second[k] = block
41

42 hess_ij = fermionic_dh_evaluation(h_second , psi , masks , num_qubits ,
core , virtual)

43 for k in list(h_second.keys()):
44 del h_second[k]
45 h_second.clear ()
46 del h_second
47 return (i_idx , jac_i , j_idx , hess_ij)
48 else:
49 return (i_idx , jac_i , None , None)
50

51 def fermionic_dh_evaluation(dh: dict ,
52 psi: np.ndarray ,
53 masks: dict ,
54 num_qubits: int ,
55 core: list | np.ndarray ,
56 virtual: list | np.ndarray ) -> float:
57

58 if not (bool(core) or bool(virtual)):
59 xc = 0
60 else:
61 xc , dh = local_cut_integrals(dh , masks , core , virtual)
62 fermop = FermionicOperator(h=dh).fermionic_op
63 del dh
64 if len(fermop) == 0:
65 del fermop
66 return np.real(xc)
67 q_temp = QubitOperator(data_op=fermop , qiskit=True , map_method = ’jw’,

num_qubits=num_qubits).qubit_op.simplify ()
68 T = q_temp.to_matrix(sparse=True , force_serial=True)
69 exp = np.real(psi.conj().T @ T @ psi) + xc
70 del T, q_temp , fermop
71 return exp

Snippet C.1: memmap branch of fermionic_worker method. Here, the method local_cut_integrals
perform the reduction from full molecular space to the effective operator, as defined in Section 3.1.2
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1. Derivatives Evaluators

1.2 Pauli Recycling Derivative Worker

1 def pauli_worker(args ,
2 cached_h: np.ndarray ,
3 num_qubits: int ,
4 masks: dict ,
5 core: list | np.ndarray ,
6 virtual: list | np.ndarray ,
7 h: dict[tuple[str , str], np.ndarray] | None = None ,
8 memmap: dict | None = None ,
9 second_order: bool | None = False) -> tuple[int , float , int|

None , float | None]:
10

11 jac_i , hess_ij = None , None
12 orbs_g_i , t_i , i_idx , orbs_g_j , t_j , j_idx = args
13 if memmap is not None:
14 h = {}
15 for key , info in memmap.items():
16 arr = np.memmap(info[’filename ’], dtype=info[’dtype ’], mode=’r+’,

shape=info[’shape ’])
17 h[key] = np.array(arr , dtype=np.complex64)
18

19 eff = list(wrapper_single_restricted_dh(T=t_i ,group_idx=orbs_g_i ,h=h))
20 if memmap is not None:
21 for k in list(h.keys()):
22 del h[k]
23 h.clear()
24 del h
25 h_first = {}
26 for k, block in eff:
27 h_first[k] = block
28 del eff
29 jac_i = pauli_dh_evaluation(h_first , cached_h , masks , num_qubits , core ,

virtual)
30

31 if second_order:
32 eff = list(wrapper_single_restricted_dh(T=t_j ,group_idx=orbs_g_j ,h=

h_first))
33 for k in list(h_first.keys()):
34 del h_first[k]
35 h_first.clear()
36 del h_first
37 h_second = {}
38 for k, block in eff:
39 h_second[k] = block
40

41 hess_ij = pauli_dh_evaluation(h_second , cached_h , masks , num_qubits ,
core , virtual)

42 for k in list(h_second.keys()):
43 del h_second[k]
44 h_second.clear ()
45 del h_second
46 gc.collect ()
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2. HEA–WAHTOR–SCF result collection

47 return (i_idx , jac_i , j_idx , hess_ij)
48

49 def pauli_dh_evaluation(dh: dict ,
50 cached_h: np.ndarray ,
51 masks: dict ,
52 num_qubits: int ,
53 core: list | np.ndarray ,
54 virtual: list | np.ndarray ) -> float:
55 if not (bool(core) or bool(virtual)):
56 xc = 0
57 else:
58 xc , xh = local_cut_integrals(dh , masks , core , virtual)
59 fermop = []
60 for op in quick_FermionicOp(h=xh):
61 fermop.append(op)
62 if len(fermop) == 0:
63 for k in list(xh.keys()):
64 del xh[k]
65 del dh, fermop , xh
66 return np.real(xc)
67 for k in list(xh.keys()):
68 del xh[k]
69

70 q_temp = QubitOperator(data_op=fermop , qiskit=True , map_method = ’jw’,
num_qubits=num_qubits).qubit_op.simplify ()

71 arr = get_expectation_vector_numba(cache=cached_h , query_paulis=q_temp.
_pauli_list , query_coeffs=q_temp._coeffs)

72 exp = np.real(arr) + xc
73 del arr , dh , fermop , q_temp , xh
74 gc.collect ()
75 return exp

Snippet C.2: memmap branch of pauli_worker method. Here, the method local_cut_integrals perform
the reduction from full molecular space to the effective operator, as defined in Section 3.1.2

2 HEA–WAHTOR–SCF result collection

2.1 Statistic of the VQEs for each PEC and distance

2.2 Potential Energies Curve plots

3 Resource requirements for HEA–WAHTOR–SCF and ADAPT–
WAHTOR–SCF

4 WAHTOR–SCF for Industrial chemistry

4.1 Model reaction geometries

236



4. WAHTOR–SCF for Industrial chemistry

Distance[Å] Gate #Params #CNOTs Best VQE STD

1.68 Cx 20 12 99.99998 0.00244
1.68 SO4 48 12 99.99475 0.00343
2.65 Cx 20 12 99.99896 7.793e-08
2.65 SO4 48 12 99.99888 0.0048
3.10 Cx 20 12 99.99985 1.354e-09
3.10 SO4 48 12 99.99975 0.00249
3.65 Cx 20 12 99.99923 0.00210
3.65 SO4 48 12 99.99990 0.0032
5.30 Cx 20 12 99.99999 7.417e-09
5.30 SO4 48 12 99.99999 1.158e-09

Table C.1: Comparison between Cx and SO4 ladder ansatz for WAHTOR-SCF calculation. 50 VQE runs
for each geometry. LiH, 6-31G basis, CAS(2,2)

Distance[Å] Gate #Params #CNOTs Best VQE STD

1.84 Cx 72 56 97.62223 0.01379
1.84 SO4 208 56 99.99926 0.00838
2.10 Cx 72 56 99.13215 0.01577
2.10 SO4 208 56 99.99149 0.01420
3.00 Cx 72 56 99.95300 0.03015
3.00 SO4 208 56 99.99696 0.00917
4.30 Cx 72 56 97.72961 0.01120
4.30 SO4 208 56 99.58357 0.01086
6.00 Cx 72 56 99.90597 0.00028
6.00 SO4 208 56 99.90626 0.00033

Table C.2: Comparison between Cx and SO4 ladder ansatz for WAHTOR-SCF calculation. 50 VQE runs
for each geometry. H2O, 6-31G basis, CAS(4,4)

Distance[Å] Gate #Params #CNOTs Best VQE STD

1.34 Cx 72 56 99.99675 0.00086
1.34 SO4 208 56 99.286326 0.00121
1.46 Cx 72 56 99.89205 0.00319
1.46 SO4 208 56 99.41380 0.00108
2.00 Cx 72 56 99.97348 0.02985
2.00 SO4 208 56 99.99921 0.02349
2.75 Cx 72 56 98.97621 0.02436
2.75 SO4 208 56 99.46493 0.02699
4.00 Cx 72 56 99.78867 0.01101
4.00 SO4 208 56 99.78753 0.01390

Table C.3: Comparison between Cx and SO4 ladder ansatz for WAHTOR-SCF calculation. 50 VQE runs
for each geometry. C2H4, cc-pvdz basis, CAS(4,4)
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4. WAHTOR–SCF for Industrial chemistry

Distance[Å] Gate #Params #CNOTs Best VQE STD

1.12 Cx 156 132 82.23768 0.10004
1.12 SO4 480 132 96.50521 0.03709
1.20 Cx 156 132 99.87838 0.07562
1.20 SO4 480 132 96.45088 0.04497
1.60 Cx 156 132 83.25998 0.10314
1.60 SO4 480 132 95.85233 0.10349
2.00 Cx 156 132 88.34794 0.09953
2.00 SO4 480 132 83.49238 0.08159
3.50 Cx 156 132 99.98126 0.13224
3.50 SO4 480 132 87.60787 0.02990

Table C.4: Comparison between Cx and SO4 ladder ansatz for WAHTOR-SCF calculation. 50 VQE runs
for each geometry. N2, cc-pvdz basis, CAS(6,6)
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Figure C.1: Simulation results for HEA–WAHTOR–SCF with CNOTS (a) and SO(4) (a). Here, we report
in the main panel of each image the comparison against CASSCF (black line), the dashed-line corresponds to
chemical accuracy (2mHa error), the squares are best WAHTOR–SCF for each coodinat, and corresponding
error bars. In the smaller panel instead, we report only the error of the best WAHTOR–SCF run compared
to CASSCF results.
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Figure C.2: Simulation results for HEA–WAHTOR–SCF with CNOTS (a) and SO(4) (b). Here, we report
in the main panel of each image the comparison against CASSCF (black line), the dashed-line corresponds to
chemical accuracy (2mHa error), the squares are best WAHTOR–SCF for each coodinat, and corresponding
error bars. In the smaller panel instead, we report only the error of the best WAHTOR–SCF run compared
to CASSCF results.
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Figure C.3: Simulation results for HEA–WAHTOR–SCF with CNOTS (a) and SO(4) (b). Here, we report
in the main panel of each image the comparison against CASSCF (black line), the dashed-line corresponds to
chemical accuracy (2mHa error), the squares are best WAHTOR–SCF for each coodinat, and corresponding
error bars. In the smaller panel instead, we report only the error of the best WAHTOR–SCF run compared
to CASSCF results.
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Figure C.4: Simulation results for HEA–WAHTOR–SCF with CNOTS (a) and SO(4) (b). Here, we report
in the main panel of each image the comparison against CASSCF (black line), the dashed-line corresponds to
chemical accuracy (2mHa error), the squares are best WAHTOR–SCF for each coodinat, and corresponding
error bars. In the smaller panel instead, we report only the error of the best WAHTOR–SCF run compared
to CASSCF results.

Figure C.5: Optimized CCSD(T) geometries of the reactant and transition state in the initiation step
using cc-pVDZ basis.
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Molecule (Basis, Active Space) Geometry CNOTs Parameters

LiH (6-31G, CAS(2,2))

1.68 Å 10 3
2.65 Å 10 3
3.10 Å 10 3
3.65 Å 10 3
5.30 Å 14 3

H2O (6-31G, CAS(4,4))

1.84 Bohr 118 25
2.10 Bohr 132 28
3.00 Bohr 96 16
4.30 Bohr 104 18

C2H4 (cc-pVDZ, CAS(4,4))

1.34 Å 78 13
1.46 Å 114 19
2.00 Å 108 18
2.75 Å 108 18

N2 (cc-pVDZ, CAS(6,6))

1.12 Å 486 81
1.20 Å 258 43
1.60 Å 432 72
2.00 Å 570 95

Table C.5: CNOT count and number of parameters required by the ADAPT-WAHTOR-SCF ansatz to
reach chemical accuracy for representative geometries of each molecular system.

Figure C.6: Optimized CCSD(T) geometries of the reactant and transition state in the propagation step
using cc-pVDZ basis.

Figure C.7: Preliminary Single points calculations at CASCI-theory level for all the structure of interest,
reactants and transition state for both the initiation and propagation step. Product structures are avoided
given the single–determinant solution. Each violing plot represent 50 VQEs with ladder shaped ansatz and
SO(4) gates.
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Appendix D

Chapter 06 Appendix: Quantum
Geometry Optimization

1 Initial DompeKeys structures

1 # Methylene Imine
2 5
3

4 C 0.0580 0.5852 0.0000
5 N 0.0580 -0.6875 0.0000
6 H -0.8313 1.2172 0.0000
7 H 1.0094 1.1151 0.0000
8 H -0.9323 -1.0310 0.0000
9

10 # Acetaldehyde
11 7
12

13 C 0.0000 0.4758 0.0000
14 C -0.9440 -0.7365 0.0000
15 O 1.2147 0.3988 0.0000
16 H -0.5153 1.4524 0.0000
17 H -0.3753 -1.6605 0.0000
18 H -1.5815 -0.7090 0.8799
19 H -1.5815 -0.7090 -0.8799
20

21 # Acetamide
22 9
23

24 C 1.3915 -0.3288 -0.0017
25 C -0.0660 0.1729 -0.0014
26 N -1.0418 -0.8872 -0.1078
27 O -0.3914 1.3461 0.0184
28 H 2.0697 0.5177 -0.0135
29 H 1.5861 -0.9266 0.8846
30 H 1.5692 -0.9450 -0.8783
31 H -1.9716 -0.5598 0.1821
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1. Initial DompeKeys structures

32 H -0.7820 -1.7086 0.4510

Snippet D.1: Initial geometries of the three analyzed DompeKeys optimized with Restricted-HF and
minimal basis set STO-3g.
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