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right-hand side that depends on the solution, nonlocal term, and other factors.
The nonlocal operator integrates the density around a specific spatial point, which

ggﬁ;‘;‘gs{,&lance law introduces nonlocality into the problem. Inspired by multi-lane traffic flow modeling
Singular limit problem and lane-changing, the nonlocal kernel is discontinuous and only looks downstream.
Convergence to the entropy solution In this paper, we prove the convergence of the system to the local entropy solutions
Lane-changing when the nonlocal operator (chosen to be of an exponential type for simplicity)
Traffic flow modeling converges to a Dirac distribution. Numerical illustrations that support the main

results are also presented.
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1. Introduction and problem setup

Conservation laws with nonlocal fluxes are frequently used in vehicular traffic modeling. These models
aim to describe drivers who adjust their velocity based on conditions ahead of them, see [10,9,11,19,24,28].
There are general existence and uniqueness results for nonlocal conservation laws, as discussed in [3,24] for
scalar equations in one space dimension, [16,29] for multi-dimensional scalar equations, and [1] for multi-
dimensional systems. Two different primary approaches are commonly employed to establish solutions for
these models: One approach provides suitable compactness estimates for a sequence of approximate solutions
constructed through finite volume schemes, as in [6,19,9]. The other approach relies on characteristics and
fixed-point theorems, as proposed in [24,29]. Nonlocal conservation laws on a bounded domain have been
studied in [17,20,28], and in [15] for multi-dimensional nonlocal systems using similar methods as described
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above. This study focuses on the singular limit problem of nonlocal conservation laws within the context of
systems consisting of two (or more) equations. Specifically, we aim to establish the convergence of nonlocal
solutions to the entropy-admissible solution of the local conservation law. This convergence occurs when we
replace the convolution kernel with a Dirac delta function. This problem was initially posed in [2], where
the authors conducted a numerical investigation. Subsequently, several authors studied the nonlocal-to-local
convergence for the general scalar one-dimensional case without specific assumptions regarding the kernel
function and the initial density. In particular, some counter-examples rule out convergence in the general
case, see [13]. On the contrary, within the specific framework of traffic models, which includes anisotropic
convolution kernels and nonnegative density, the singular limit has been established in the scalar case for
nonlocal conservation laws. This has been achieved in the case of the exponential kernel [12] or by imposing
monotonicity requirements on the initial datum [25]. Recently, a more general result was obtained in [14],
which considers the convexity assumption for the convolution kernels. In [7], the authors demonstrated
nonlocal-to-local convergence by considering an initial datum with bounded total variation bounded away
from zero and an exponential weight. Moreover, the group established that the solution approaches an
entropic state in the limit, assuming V' is an affine function. This extension of the result in [8] applies to
more general fluxes. In [27], the authors studied the same singular limit problem but for kernels with fixed
support. They obtained the convergence to the local entropy solution in these cases.

However, none of the previously mentioned studies have addressed systems of nonlocal balance laws and
their singular limit, which is one of the reasons why we explore these in this paper. We obtain a convergence
result with potential applications in traffic models if we consider a system of nonlocal balance laws (two
equations) with lane-changing functions on the right-hand side and exponential kernels in the flux functions.
This can be formulated as follows:

ap+0.(V(v<p)p) = S(p,7xp) =3 dp+0.(V(p)p) = S(p,p) (1)

with the density p : Qpr — R?, « signifying an exponential one-sided kernel, and V : R? — R? a “diagonal”
velocity function S : R* — R? a “semi-linear” right-hand side (for the precise statement see Assumption 1
and Eq. (3), Eq. (4)). To our knowledge, this represents the first instance of a nonlocal-to-local convergence
result for such systems. Coupling between the equations of the system appears only on the right-hand side,
which means that some of the well-known methods for transitioning to the local limit remain applicable.
As an application, we consider a traffic flow model with two lanes and lane-changing functions. However,
our analysis is not limited to a system of two equations; we maintain the two-equation system solely for
simplicity. The approach taken in this paper is as follows: we obtain a uniform Total Variation (T'V') bound
of the nonlocal terms as well as a maximum principle. These findings enable us to transition to the limit in
the weak formulation. Furthermore, we can demonstrate the entropy admissibility, akin to the scalar case
presented in [8].

The paper is organized as follows: Section 2 presents the model in the nonlocal and local settings. In
Section 3, we revisit some well-posedness results, while in Section 4, we demonstrate how to transition to the
limit for n — 0. This is accomplished by recovering uniform bounds on the total variation of the nonlocal
operators and introducing a compactness argument. Section 5 is dedicated to numerical simulations that
support the analytical results. Lastly, Section 6 concludes the paper by outlining some remaining problems.

2. Modeling and fundamental assumptions

As mentioned above, our analysis will be limited to two nonlocal scalar balance laws coupled via the right-
hand side. This results in a system of nonlocal balance laws that can model lane-changing with macroscopic
traffic flow equations.
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In this context, it may be helpful to be aware of some classical assumptions related to the involved velocity
functions, initial data, etc. We refer the reader to Eq. (3) and Eq. (4), where the introduced functions were
used.

Assumption 1 (General assumptions regarding the utilized data). The following will be assumed:

Lane-wise velocities: V;,V, € W22 (R): V/ <0=> V)
Maximum lane densities: 3p .. € R%

Initial datum: py € L (R; [0, ph] % [0, p2u] ) N TV (R;R?)
Nonlocal impact: n € R+

RHS, lane changing:

S(p. Wil 2) = (= = £=)HW,lpl,z), z€R

with H € W2 (R3; R>o) such that 3(H, H1, Ha, Hpv) € R,

loc

1 [| L2 (0, prmaloo) X (0, |Prmaloc) XB) < Hy [|OLH || Lo0 ((0,1p 1 l00) X (0, prmax o) xB) < H1,

182 H [| Lo (0,1 e o0) X (0, el o) xR) < H2y [H || Loo ((0,1p010) % (0,10nl )i BV R)) < HBV(®R)-

Thereby, we define TV(R) := {f € Lj,.(R) : |flry®) < oo} and BV(R) := {f € L'(R) : |f|rv®) < o0}

loc

and the considered space-time horizon Qr = (0,7) x R for T' € R+,.

Remark 1 (Reasonableness of Assumption 1). The assumption of the velocities being monotonically decreas-
ing is reasonable in traffic flow modeling and one of the main reasons why a maximum principle can hold
(see Theorem 3.2). The canonical assumption that the initial data set is essentially bounded and nonnega-
tive is assumed. However, one might question the necessity of assuming 7'V regularity in addition to these
criteria. As we later aim for uniform 7'V’ bounds in the nonlocal term, this assumption is required because
particular nonlocal equations do not possess the well-known BV regularization (for strictly convex/concave
flux). The nonlocal impact represents how far downstream traffic affects the velocity. Because we use an
exponential kernel (see Section 2), the look-ahead is always infinite, but for 7 small, it is small and tends
to be more localized. Finally, the R.H.S. models the potential lane change from one lane to another. It
already encodes the requirement that if one road is empty, density can only come from the other road. In
addition, it allows the lane change to be dependent on the location. In addition, the term H represents how
the density exchange between lanes scales with regard to the density ahead. This can also be interpreted
as velocity scaling. However, this condition can be considered restrictive as it disallows lane-changing on R
and only permits it in a way that

[ H || L2 (0.1 prmac oo ) X (0.l i BVR)) < HBV(R) 2)

holds. This condition could be removed if we would either assume that the nonlocal kernel v in Eq. (1) is
compactly supported (and not of exponential type like in this contribution (compare Eq. (3))) or that the
initial datum is in L'(R) and not as currently assumed “only” in L>(R) N TV (R). In both cases, both
the total variation estimates in Theorem 4.2 and the compactness in Theorem 4.4 could then be established
as well, and Eq. (2) would not be required.

In conclusion, one can state that none of the assumptions are restrictive for applications in traffic flow
modeling.

The system of nonlocal balance laws considered in this manuscript can be expressed as follows:
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”

Nonlocal problem (The nonlocal system of balance laws). Let Assumption 1 hold, and consider the “weakly
coupled (via the right-hand side) system

8P (t,) + 0. (ViW, p'](t,2))p' (t, 7)) = S(p(t,2), Wlpl(t,2),2), (7)€ (0,T) xR
0up?(t, 7) + 0 (VaWy 0%](2,2))P2(t, 3) ) = =S (p(t, 2), Wy pl(t,2), ), () € (0,T) x R
p(0,z) = po(z), zeR (3)

oC

forie {1,2} W,[p'l(t,z) = ; /exp (—9) p'(t,y)dy, (t,z)e (0,T)xR.

x

Then, we call W, the nonlocal operator, defined for p* € C([0,T]; LL (R)) N L**((0,T); L>(R)), and
W,lpl(t,z) = (Wylp', W,[p%])(t,z), (t,z) € (0,T) x R the vector of nonlocal impact. p = (p', p?) is
named vector of solutions of the system of nonlocal balance laws modeling lane-changing with two lanes.

Because we are investigating the singular limit problem for Section 2, it becomes necessary to define the
corresponding local system. We detail this in the following sections:

Local problem (The corresponding local system of balance laws). Let Assumption 1 hold, and we call the
“weakly” coupled (via the right-hand side) system

8upt(t,z) + O, (Vl(pl(t,x))pl(t,x)) = S(p(t,z), p(t,z),2), (t,z) € (0,T) x R

atp2(tar) + 0z (Vz(pz(t,l‘))pz(t,l‘)) = _S(p(t’ x),p(t,a:),m), (t’ 2:) € (O’T) xR (4)
p(O, m) = Po(-”?)a reR

the system of local balance laws, which models lane-changing for two lanes.

Having laid out the underlying assumptions and the dynamics under consideration, we now turn our
attention to the well-posedness, i.e., the existence and uniqueness of solutions.

3. Well-posedness of the system of (non)local conservation laws

To ensure the well-posedness of the local equations, i.e., the existence and uniqueness of solutions, we
need to first define an Entropy condition. This condition helps identify the physically meaningful solutions
among the potentially infinitely many weak solutions. Because the system is only weakly coupled via the

right-hand side, we can employ scalar entropy conditions similar to those used in [22].

Definition 1 (Entropy conditions for local conservation laws). Let the local system Eq. (4) in Section 2 be
defined for

a € C%(R) convex, B! = ' - f! where f; = (-)Vi(:), on R, i € {1,2}, for p € C}((—42,T) x R;R>)

and for p', p* € C([0,T); L}, .(R))

eFilpap’)= [ oot )it o) + 51 (o' (,2))palt,z) dadt + [ a(ph(@)(0,2) ds

Qr R
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- / o (pX(t,2))S (0 (¢, 2), P2(t, ), p (1, 2), P (t, 2), 7) p(t, z) d lt
Ay

eFslp.,0%) = [[ alp(t:2))eult,2) + Ba(07(t,2))ult ) dwdt + [ a(pf(@)p(0,2) dz

Qr R

+ / o (p3(t,2)) S (P (t, 2), P2(t, ), P (t, 2), P2 (8, ), @) o(t, z) dz .
Qr

Then, p, € C([0,T]; Li,.(R; R?)) is called an entropy solution if it satisfies for i € {1, 2}
EFilp,a,pl] >0 Vp e Ci((—42,T) x R;R>0) Va € C*(R) convex, with 8, = o’ - f/.

After identifying the appropriate entropy condition, we can establish the existence and uniqueness of the
local system as explained in the following:

Theorem 3.1 (Ezistence, Uniqueness & Mazimum principle of the local system). Let Assumption 1 hold.
Then, there ezists a unique, weak, entropy solution p, € C([0,T]; L . (R;R2)) N L>((0,T); L>°(R; R?)) in
the sense of Definition 1 to Eq. (4), such that

0 < p'(t,z) < Phoaxs i €{1,2}, (t,7) € Qr a.e.
with pt,, . as in Assumption 1.

Proof. The existence and uniqueness of solutions to the local system (2) can be established using the results
presented in [31]. This research examined a class of weakly coupled hyperbolic multi-dimensional systems
characterized by source terms dependent on unknowns, as well as spatial and temporal variables. Note that
[31, Assumption 1.1] is quite stringent, but the assumption can be relaxed according to the same author.
For further reference, see the proof presented in [21,23], where the source term does not depend on the
spatial variable. The Maximum principle, which is satisfied in this context, is derived from the parabolic
approximation of the hyperbolic system as presented in [31]. [

Next, we define “weak solutions” for the considered class of nonlocal conservation laws in Eq. (3). Because
the class of nonlocal conservation laws yields unique, weak solutions, there is no need to define an entropy
(which is typically done in local conservation laws and particularly in Definition 1).

Definition 2 (Weak solution for the system of nonlocal conservation laws). For a system of nonlocal conser-
vation laws as in Eq. (3) we call (p', p?) € C([0,T); L{,.(R; R?)) N L*°((0,T); L*°(R; R?)) a weak solution
to Eq. (3), if for all ¢ € C}((—42,T) x R) and for i € {1,2} the following holds:

J] 'ttt m) + Viom 16 ) t,2) d e+ [ 000,200 (2) d

Qr R

— (~1)i // o(t,2)S (p(t, z), Wy [p](t, 2), z) dz dt

Qrp

and it is complemented by the nonlocal operator:

W, [01](t, ) = %/exp(r—ny)pi(t,y) dy, (t,7) € Qr, i € {1,2}.
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In the next theorem, we will establish the existence and uniqueness of solutions for the nonlocal balance
law, as in Section 2:

Theorem 3.2 (Ezistence and Uniqueness and Mazimum principle). Let us assume Assumption 1. Then, there
erists a unique weak solution p € C([0,T]; LL . (R;R2)) N L>((0,T); L= (R;R%) N TV (R;R?)) of Eq. (3)
and the solution satisfies

0 < p'(t,2) < Proax (t,2) € Qr ace., i€ {1,2}.

Proof. This is a consequence of [5, Theorem 2.15] for a small time horizon, and, thanks to the maximum
principle in [5, Theorem 3.3 & Lemma 3.4], it can be extended to any finite time horizon. O

Another important result in this work is the stability of solutions in L' and that we can approximate
solutions using sufficiently smooth solutions.

Lemma 3.3 (Continuous dependence of nonlocal solutions to the initial datum and smooth solutions). Let
the assumptions of Theorem 3.2 be given, and assume that for € € R~ the functions ¢! € C*(R;R>0) and
2 € C*(R?%*R>q) denote the standard mollifier in the sense of [30, Remark C.18]. We define

pO,sE(p;*pO: HE:SOE*H

and call p. € C([0,T); LL . (R;R2%)) N L*2((0,T); TV (R;R2)) the solution to the corresponding nonlocal

loc

conservation law with the initial datum p,. and lane-changing function H.. Then, p, € Wlloc°° (Qr) and we

obtain

Eli_f)% lpe — Plleo,r);Lr rR;R2)) = 0.

In particular, p_ is a strong solution of the nonlocal problem in Eq. (3) stated in Section 2, and the nonlocal
operator admits additional reqularity, i.e.
2, .
Wfl[pn] € Wlo:o(QTaR2)‘
Proof. The proof mainly shows that the nonlocal operator renders the velocity field of the conservation laws
Lipschitz-continuous. Subsequently, one can apply classical approximation results for linear conservation

laws with regard to the velocity field as well as some Gronwall estimates. We refer the reader to [5] and to
[26]. O

We also require a technical lemma, which we detail in the following:

Lemma 3.4 (9, W, [p'] vanishing at oc). It holds for i € {1,2} that the spatial derivative of the nonlocal
term, as in Eq. (3), vanishes at oo, i.e., Vn € Rsq, i € {1,2}

lim 9, W,[p'](t,z) =0  Vt€[0,T).
Tr—r00
Proof. Thanks to Lemma 3.3 we can assume that the nonlocal solution’s initial datum is smooth, with a

smoothing parameter € € R so that the corresponding solution for i € {1,2} pt € W1 (Q21) represents
a strong solution. Next, we can compute the derivative of the nonlocal operator and have for (t,z) € Qr
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o0
ey
/e " OypL(t,y) dy

T

|0 Wy [pL] (¢, 2)| = 5[ Walpll(t,2) — pi(t,2)| = 5

o oC

< %/e " |3yp2(t,y)| dy < %/|8yp2(t7y)|dy = %|p;(t7)|TV(:r,oo)
x

xT

For x — o0, the right-hand side vanishes, and thus, we obtain our claim for every € € R~ as well as for
the non-smoothed solution. 0O

Equipped with the well-posedness and approximation results, we can now turn to tackle the singular
limit problem.

4. The singular limit problem or nonlocal approximation of local lane-change traffic models

In this section, we first establish a set of equations solely in the nonlocal operators (similar to the approach
in [12]), see Lemma 4.1. This will allow us, to prove a total variation bound uniform in 7 using Theorem 4.2.
We then demonstrate that whenever a system of nonlocal balance law as in Eq. (3) converges strongly in
C([0,T]; LL .(R; R?)), it converges to the entropy solution (Theorem 4.3) of the local system in Eq. (4).
Theorem 4.4, along with the uniform TV estimate, contributes to obtained “spatial compactness,” which
results in time compactness as well and leads to strong convergence in C([0,7]; L'(R; R?)). Eventually, in
Theorem 4.5, we collect the previously established results and obtain the singular limit convergence to the

local entropy solution.
4.1. Total variation bounds uniform with respect to the nonlocal terms

We start by formulating a Cauchy problem entirely in nonlocal terms. This approach has the advantage
that the properties of the solutions p* do not need to be studied anymore, only the properties of W|p),
which turn out to behave better (one can obtain uniform 7'V estimates later in Theorem 4.2).

Lemma 4.1 (System of transport equations with nonlocal sources satisfied by the nonlocal operator). Define
for (t,z) € Qr and i € {1,2}

W, (t,z) = W[p'](t, z), (5)
W?](t: :II) = (erya W?])(ta II), (6)
S (W, n0: W, ) = S(W), —ndW, W2 —nd,W2, W, W2 ). (7)

Then, the nonlocal terms of the system dynamics in (3), satisfy the following coupled system:
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o0

W (t,2) = —Vi(W(t,2))0, Wh(t,z) — L / exp(E) VY (WL, y)) WAt )9, Wh(t,y) dy
/ exp(E5L).7 (W (t,y), 10, Wy (t, ), ) dy,

oo (8)
AW (t, ) = —Va(W(t, 2))0:Wi(t,z) — —/exp(x—;E)Vz( 2 (&, y)) Wt y)9, W (t,y) dy

T
oo

— 1 [ exp(z5) (W), 10, W t,),9) d,

T

supplemented by the following initial conditions:

(W},(O,z),vvzw,z)):%(/ exp(%5)pb(w) . [ exp(x—;ﬂ)p%;(y)dy), zeR. (9)

T T

Proof. We take advantage of Lemma 3.3 and assume first that the initial datum is smooth enough to obtain
strong solutions (we suppress the additional dependency on the regularization parameter). Then, we can
compute the partial derivative with respect to = of W, and we obtain for (t,z) € Qr and i € {1,2}

0 W* a(t,T) = %(W:?(t,a:) - p'(t,z)) = pi(t,z) = Wi,(t,:r:) — nBIWi,(t,a:). (10)

Then, we can compute the time derivative of W:, (and analogously, also W2) We get
1 ® 1 1 1
AW (60) = ) [ e (Vi (W (t,9)p' (t,9)) dy

+1 / exp(22)S (1 (t, ), P2(t, 1), W(E,y), WE(t,y), y) dy

x
and using integration by parts

o0

=—,;—z exp(“51)Vi(W(t,1))p' (t,y) dy + LVi(W (¢, 2))p' (¢, 2)

+ %,/eXP(—,,”)S(Pl(t,y),pz(t,y),W:,(t,y),W;‘;(t,y),y) dy

T

after inserting Eq. (10) for p! and p?, and using the notation in Eq. (7) we obtain

3 [ep(SHMW L)Wt dy

T

+

S =

/ exp(Z-4) VA (Wh(£,1))0, Wh(t, y) dy



F.A. Chiarello, A. Keimer / J. Math. Anal. Appl. 537 (2024) 128358 9
+ LVI(W (8, 2)) W, (t,2) — Vi(W, (¢, 2))0: W] (¢, 2)

+ %,/eXP(’—,,y)S"(Wn(t,y),nByWn(t,y),y) dy

another integration by parts in the second term yields

oo

— -1 / exp(Z ) V] (WL (t, 1)) W(t, )0, Whi(t, y) dy

T

VAW 62)0Wh(e,2)+ ] [ exp(57 (W (t,),00,W, (6,9),0) dv.

T

Repeating the same argument for Wf] yields the claim for the strong solutions, i.e., in particular, for the
smooth initial datum. However, thanks to Lemma 3.3, this holds also for the general datum, which concludes
the proof. O

Remark 2 (Reasonableness of the nonlocal dynamics). The system in Eq. (8) is for ¢ € {1,2} and (¢,z) € Qr
indeed a nonlocal approximation of

atpi(tam) = —Vi(pi(t’ m))axp"(t,x) - Vil(pi(t: l‘))pi(t,x)ampi(t, m)
+ (1) S(p' (¢, 2), P°(t,2), P' (8, 2), P*(t, 2), 2)

= O (‘/i(pi(t’ l‘))pi(t, 11)) + (_I)H_ls(pl (ta l‘), pz(t) l‘), pl(t’ 21), pz(ta 27), z)
which can be easily observed for n — 0.

Following the same method of proof as in [12], the formulation of the nonlocal terms in Lemma 4.1 makes
it possible to derive total variation estimates directly, which are uniform in the nonlocal parameter 7.

Theorem 4.2 (Total variation bound uniform in n). Given Assumption 1, the solution W, = (Wi,, Wf,)
to the system in Eq. (8) with the initial datum, as in Eq. (9), satisfies the following total variation bound
vt € (0,7

W, ) |y gy < (|¢10|TV(R;R2) +4(J—m“L|—|p e o lompel I)HBV)

2
Pmax

Pmax Piax Pinax

-eXP(2t(ﬂEm;—§t°i+li+Jl&m§;ﬂji+2m+Mm§$¢+%+ﬂ&v%“°°—’“))
(11)

with the constants involved in the estimate as shown in Assumption 1.

Proof. Let us first assume that our initial datum is smooth, which is, thanks to Lemma 3.3, not a restriction.
Recalling the identities in W in Lemma 4.1 as well as the notation in Eq. (7), we compute at first the spatial
derivative of 8,W,17(t, z) and 8,Wf7(t, z) for (¢t,z) € Qr and arrive at
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/eXP(I__y)Vl(Wl(t Y)W (8, 9)0, W (t,y) dy + L VI(W, (8, 2)) W, (t,2) 0, W, (¢, 2)

xT

— LW (W (t,2)) (0. W (t,2))" = LVi(W)(t,2) 2W ) (¢, )

+ ,71—2 /exp(x—n").y(W(t, y),no,W(t,y), y) dy — = V(W(t, z),no, W (t,z), a:)

/exp( Wi (Wi (t,y))Wi(t,y)o, Wit y) dy + V(Wi (t, 2) Wi(t, 2)0: W (¢, z)

T

— W (W(t,2)) (0. Wi(t,2)" — LVa(W(t,2)2W (¢, )

[eS)
1

- exp(x—ny).y(W(t, v),ndy W (t,y),y) dy + %.V(W(t, z),nd:. W (t,z),z).

T

(12)

Now, compute the total variation of W|p], i.e., |W,17(t, Nrvw) +|W,27(t, )|rv(w) starting with |W,17(t, VNrvw)

£/|a W (t,z)|dz = /sgn(@,;W:,(t,m))agaxW:,(t,m)d:L'

R

oC

@5 / sgn (9, W(t,z)) / exp(Z- 1) V/ (W (t,y)) W(t,5)0,W b (t, y) dy dz (13)
R

x

+ %/ n(0. W (8, 2))V{(WL(t, 2)) W(t, 2)0, W (t, z) d

3=

+

3=

E\‘ 5\‘5

=

JI'—‘

sgn(3, Wk(t,z))V{(W(t,2)) (0. W(t,2))” de

sgn(9, W, (t,2))Vi (W, (t,2)) 92 W, (t, ) dz

%/sgn 0 Wt -’B))/exp S (W (t,y),n0,W (t,y),y) dydz
R
/sgn 0z W1 t,z)). (W(t,z),nd.W(t,z),z) dz.
R

Integration by parts in the fourth term, using sgn(c’)rW:,(t,z))aa%Wl(t,z) . %@;W}?(t, z)| yields

sgn (0, W (t, )) / exp(“ 1)V (W (8, )W, (¢, 9)9, W (t,y) dy dz (14)
R T

+ }7/|8rW,17(t,x)|V1’(W,17(t,z))W},(t,z) dz

+ 35 [ 5@ W}(t,0) [ exp(25)7 (Wit,),10.W (t,9),v) dydo
R
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11
— 711 /sgn(BxW}](t, z)).? (W (t,z),n0. W (t,z),z) dz
R
and exchanging the order of integration
y
<-% [Mienwieno Wity [ e dsdy (15)
R

l/|a W (t,2)|V{(W, (t,2)) W (t,z)dz

%/sgn (0. W (t m))/exp S (W (t,y),nd,W (t,y),y) dy dz
R

dli-‘

/ (0.W,(t,z)).7 (W (t,z),n0: W (t,z),z) dz
R

= 3 [sen@.Wht,0) [ exp(=2)7 (W (6,0),10,W (t,9), ) dy da
R z

1 / sen(0. W (t, 2)).% (W (t, 2),n0, W (t, z), z) dz
R

together with an integration by parts in the first term with regard to the exponential function finally gives

oC

=3 [sen@.Wh(t.2)) [ exp(%54) 7 (W (t,9),10, W (t,9),v) dy da. (16)

R T

We still need to investigate the spatial derivative of the source term . in greater detail. Recalling its
definition in Eq. (7) and Assumption 1, we can compute for (¢,y) € Qr as follows:

diy'y(w(tay)’nayw(t’y)’y)
= LS(W(t,y) — ndWh(t,y), W2(t,y) — nd.W2(t,y), Wh(t,y), W(t,1),v)

W2 (ty)—nd, W2 (ty) W, (ty)-n9:W, (t,y)
= (P WD) (W 1,4), Wik ),0) )
W2 (t,y)—ndIW?2(t, WL (t,y)—ndZW!(t,
=( W3 ( y:,?nzxz alty) W, ( y:,}niz y))H(Wﬂl(t,y),W%(t,y),y)
2 _ 2 1 _ 1
n (W,,(t,y)pgazwn(t,y) _ W,,(t,y)plnazwn(t,y)) . (81H(W:](t, y),Wf,(t,y),y)(‘?gW:,(t,y)

Because d%.f’ involves higher order derivatives of W, integration by parts is necessary, and we continue

our estimate in Eq. (16) by changing the order of integration to arrive at:

(16) <

r)(t ) ( ( Y), W?y(t: y)ay) sgn(BxW}?(t, )) exp ( ) dzdy

8 ~—
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7 (W,l,,(t,y),Wf’(t, Y),v) / sgn (9, W'} (&) exp( ) dz dy

R —00

npl /62W,7(t y)H(Wl(t y), W2 2(t,y),v) / sgn (9, W (X)) exp( ) dz dy

o0

2W,17(t,y)H(w}7(t,y),wf,(t,y) V) / sgn(0, W (t,2)) exp (%:¥) da dy

—00

+ 2101 H || L ((0,pmanlo0) X (0, |pmx|m)xm)/|32W (t,y)| /exp =Y) dady
R —00

+ 2/102H | L ((0, oyl ¥ (0, |pmx|m>xR)/|32Wn(t y)| /exp “Y) dzdy
R —00

_||H||Loc((0 |Prnasclo0) X (0,1 Prnasc o0 ); TV (R)) SU g exp (x—nﬂ) dz dy.

8 ~—e

An integration by parts in the terms involving BZW’ i1 € {1,2} and subsequent straightforward computa-
tions yield

< ||H||Lm((o,|pmx|w)x(o,|pmx|m)xlk)—,,,,%m/|32Wf,(t,y)| exp (£:%) de dy
R

8\@

Pmax Y—>00

lim 82W( )H(W},(t,y),W%(t,y),y) /sgn(axW,17( ))exp( ) dz dy

/ W (t,y) H(W(t,v), W3 (1), ) sen(d,W(t,)) dy

pmax

/82W2 (t y) (W:](t,y),W;‘;(t,y) Y) /sgn(c’? wl () exp( ) dz dy

oL ||H||L°°((0 1Penascl 00 ) % (0, |pmx|w)xm)/|c92W,,(t y)| /exp =¥ dz dy

lim 82W,,(t y) (W117(t’ y)a W?)(tay)’y)

max Yy—0o0

sgn(9, W (t, z)) exp ( ) dz dy

8 ~—

Pmax

[ W) H (W h(t,), Wit 9),9) sgn(0, W3 6,1) dy

/(%W,l,(t,y)d%H(Wi,(t,y),W%(t,y),y) sgn (9, W (¢, z)) exp (%34) de dy

Prax

8\:&

1
+ 2/| 01 H | Lo (0, o) X (0, ) xR Wy (& ) 7y )
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2
+ 2[02H [| L2 (0, o) X 0, Prnaeloc) <B) W (£ ) 1y gy

F 1 || Lo (0,15 maxl00) X (0, 1m0 i TV (R)).

Applying Lemma 3.4, ie., lim,_,o 62W:,t,y) =0, Vt € [0,7], i € {1,2} and recalling the postulated
bounds on H in Assumption 1 we continue the estimate

2t )rve) + ﬁ;/lazwf,(t,yﬂld% (Wt y), Wi(t,y),y)| dy
R

vy + p.m/|32""1 ty)| |4 H(Wo(ty), Wit y),y)| dy
R

+2H, W (¢, - |TV(R) + 2Ho | WE(t |TV(R) + Hpy

and taking advantage of Eq. (10), thus nd, W* = W:, —pt = n]|.W(t, Nze®) < 2[|gmaxllc We can
furthermore continue the estimate

?,(t,-)lrvm)+2”L;,“§T’;'(';‘°/Id%,H(Wi,(t,y),Wf,(t,y),y)ldy

R
(&) py gy + 2 12opell /|d%H(W5,(t,y),Wf,(t,y),y)|dy
R
+2'H1|W:,(t,-)|TV(R) + 2Ha |[W2(t, - |mm + Hpv

|Wn(t Vv @ + 212l (W1 [WL(E ) | 1y gy + He|Wh(E ) gy @y + Hov)

2
pax

(8 )y gy + 212880 (Ha[W (8, )y gy + 2l W )y ) + Hv)

+2H1 W (¢, A)ITV(]R) + 2Ha | W2, |TV(]R) +Hpy

2(“pmax”°°7.l + 5 _H - + ””m“”“’H +'H1)|W (t,- |TV(]R)

2(@@_%“1& + lempalee 4 1)”3"'

In a similar manner, we can derive the (almost) identical estimate for the change in time of the total
variation of Wy, leading us to the estimate

%(|W:7(t")|TV(R) + |W2 |TV(R)) = %|W,,(t, ')lTv(R;Rz)

S 2(||pp2 “oo'}_t + ’H + ”pp ”oc'}_‘l +2H1 _+_ ”ppl ”ooH + 'H _+_ ”P ”oo’H1)|W

|TV(R R2)

max pmax ma max

max max

Using Gronwall’s inequality [18] yields:

(Wt )lrvmee) < <|Wn(0")|TV(1R;1R2) +4("pp,2na,'('°° + P 1)%Bv)

- exp (2t( l =

| oo

)
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As this estimate is uniform in the approximation, and it holds

IWn(Ov')ITV(R;Rz) < |QO|TV(R;R2);
we obtain the uniform 7'V’ bound for any initial datum of given TV regularity. O

Remark 3 (Consistency with the TV estimate for nonlocal conservation laws). Assuming there is no lane
change, i.e., S = 0, the total variation estimate derived in Theorem 4.2 reduces to:

|W7’I(t7 ')ITV(]K;]IU) S |q0|TV(]R;]R2) Vt € [07 T] (17)

Thus, the nonlocal term exhibits total variation diminishing behavior. This observation is not surprising
because there is no coupling between the two nonlocal equations in this case. Consequently, we are dealing
with the singular limit problem for scalar nonlocal conservation laws for which an estimate/bound similar
to Eq. (17) was obtained in [12, Theorem 3.2].

4.2. Entropy admissibility

In this section, we demonstrate that, given strong convergence in C ([0, T; L], .(R; R?)), the solutions to

the nonlocal system are entropy-admissible in the limit. The approach parallels the strategies outlined in
(8,14]:

Theorem 4.3 (Entropy admissibility). Let p, € C([0,T); L},.(R; R?)) NL>*((0,T); L>(R; R?)) be the unique
solution of Eq. (3). Assume that there ezists p* € C([0,T]; L,.(R;R?)) N L>((0,T); L>°(R; R?)) such that

lim [lp, — p"llc(o,ryiLs, ®ik2) =0, 3CE€Rs0: sup [Wylp,llL=(0m)rvmirz) < C.
n—0 o nER o

Then, p* satisfies the entropy admissibility condition in Definition 1 for a general convez entropy o (z) >

0, 8'(z) =  (z)[V (2) + 2V"()].

Proof. Let us define (a,8), a, 8 € C%(R;R) such that o’ (z) > 0, 8'(z) = o (z)[V(z) + zV'(x)]. We also
fix 0 < ¢ € C°(Qr). Our goal is to prove that

eFilp,,0] = [[ ookt 0)pult,) + Bulobt,2))eat,2) do e+ [ alpb())e(0, ) dz

Qo R
- // o/ (pL(t,2))8 (P(t, ), P2(t, 7), P (t, 2), P2(t, ), 7) p(t, z) dz lt > 0,
Qr
£ Falp, o, p] = // a(p2(t,2))pu(t, 7) + Ba(p2(t,2))pa (1, 7) dz dt + / a(p3(2)) (0, z) da
Qr R
+ [ @2t (6L0,2), 2t 2), (1, 2), (1 2), ) plt, )t 2
Qr

We choose a sequence 7, which is still denoted by 1 and set W; = % [° exp (’—;u)pi(t, y) dy. Then, we
set
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EFilp, 0, Wil = [ a(W)gu(t,2) + B1(W)pe(t, ) dzdt + | a(W(0,2))p(0, ) dz
z [

- // aI(W:’)S(W"’ W, z)p(t, z)dzdt

Qp

(18)
EFs(p, a, Wg] = // a(W%)(pg(t, z)+ ﬂg(Wf,)(px (t,z)dzdt + /a(W?](O, z))e(0, z) dz
Qr R
+ // o' (W2)S(W,, Wy, z)p(t, z)dz dt.
Qr
We recall that by assumption W) — p in L{ (Qr) and that
lim E‘F‘l[‘P7 Q, W:]L] = 8}3;[(,0,& p*]
k—+
Hence, we need to show:
Jim EFip,a, W, >0 VYpeCl(Qr;Rsg), Vae C*(R) convex, Vi€ {1,2}. (19)
—00

For simplicity, we use the notation p  exp, = L f exp( )p(t,y) dy. First, we rewrite £F;, i € {1,2}
and obtain, suppressing the subsequence index for ne R>0,

/] Do + [(V(W5)py) *exp,] 8. [ (W})e] dzdt + /a(Wﬁ,(O,:z:))np(O,:z:) dx
Or R

= (—1)i*! //a'(W;)Y(W,,,n(%W,,(t,m),x) * exp, ¢(t, z) dz dt

Qr
for ., as reported in Eq. (7). Thanks to the equality 8.(z) = o/(z) [V (z) + 2V'(z)], = € R, we obtain

/ Bi(W!)ppdedt = // Bi(W;)0: Wi pdz dt

SZT QT

—/ o (WiV (W) Wipdzdt — // o (WOV (W)W, Wipdzdt

QT QT
and integration by parts in the last term leads to (interpreting d%:V(Wi,) =V’ (W;)BxW;)
- / V(W)W 0. (W))p]dz dt.
Qr

Then, by referencing Eq. (18) for i € {1,2}, we obtain the following:
EFi [‘P, Q, W:;]

= / V(W)W — (V(W;)p;) *exp,] 0z[o/(W})g] dz dt
Qr
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D] o/ (W) [S(p,, Wy, z) * exp, | ¢(t, ) dz dt (20)
!
—1)‘i/ o/ (W3)S (W, W, z)p(t, z) de dt
Qr
/] V(W1 W —(V (W")pn) * exp, | O:[a’ (W :7)<p] dz dt
Qr
/ (W) / exp (%) ( —S(p,(y,t), Wy (y,1),y) + S(W,(t,z), W,(z,1), :z)) dye(t,z) dz dt
Qr
/] V(W1 Wi —(V (W")pn) % exp, | O.[a’ (W :7)]<pdm dt (21)
Qr
// [V(W" ' —(V (W’ )pn) * expn] ;)Bmcp dz dt (22)
Or
/ W’ / exp( )(S(W,,(t,m) W, (t,z),z) — S(p,(t,y), n(t,y),y)) dyep(t, z) dz dt.
v (23)

Note that the second term in the previous equality converges to zero for n — 0:

o0

[(22)] <//|V(W‘ wi %/exp(f—;ﬂ)V(W;(t,y))p;(t,y)dy“a'(wi,)amgpdﬂdt
Qr

“‘”//‘v (W W /exp(f—;ﬂ)V(W;(t,y))(Wi,(t,y)—nayWi,(t,y))dy“a’(W%)awdmldt

Qr

and splitting the difference in the sum and performing integration by parts yields (denoting with da¢ the
derivative of ¢ with regard to the second argument)

< |l oe o, ||pmx||°o))||32(P||L°c(nT)//| - /eXP( YWV (Wi ()W (t,y)0, W (t,y) dy| dz dt

Qr x

and a change of order of integration then gives

Yy
=||a/||Lw((o,||pmx||m))||32(P||Lw(nT)//|V'(Wi,(t,y))Wi,(t,y)ayW;(t,y)‘/eXP( ) dzdydt
0 R

—00

= 110 It amnten 26wy [ [ VW6 )Wt 00,3 t,0)]| dy e

< @[l Lo (0, 1pman o)) 10260 Lo () TV [l oo (0,11 l100)) Pl Wy Lo (0, 1)7v )

The last term is bounded by assumption and converges to zero for n — 0, as claimed.
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The third term cancels out because, practically speaking, S and o’ are bounded, and ¢ has compact sup-
port. Consequently, the integration in the exponential kernel yields the following (recalling the assumptions
on the lane-changing in Assumption 1):

123)] < 0l (0,pc oy 2 Prmaceloo // lo(t, z)| / exp (Z=X)H(W,, ) dy da

Qp

< H | (0 o) 2 Prmelloe // lo(t, 2)| / exp (25¥) dy da

Qr

< H| || oo ((0,1py l1o0)) 2l Prmax oo 19 Lo (2) SUPP ()

which converges to zero for n — 0. Hence, the only term left needed to treat is the term in (21). To

accomplish this, we defined
T = // VW)W, — (V(W))ph) xexp,] 0:[a'(W})]pdzdt,
Qr

so we can write:

T{?:/// V(Wi (t,2)) — (V(Wi(ty)] 0:la’ (WD)(t, 2)e(t, m)lexp( )p,,(t y)dy dz dt

S)T T

- //p;',(t, y)wy(t,y) dy dt,

Qr

where

Wi (t,y) = / V(Wi (t,2) = (VW (t,9))] ale’ (WD)(E, 2)p(t, 2) L exp (£5%) da
= /]/(W:,(t,m))am[a'(W?)](t,x)lgo(t,x)}]exp (m—ny) dz (24)
—o0 =0, I(Wi)

- V(Wi(ty)) / B[/ (W))](t, 2)p(t, z) exp (r—ny) dz.

Using integration by parts, we obtain

Yy

wi(t,y) = %I(Wi,(t,y))sc’(t,y) - /I(va(t’-’”))ar [‘P(t’m)%e"p (I_;y)] dz

o0

— V(Wi(t,y)) l o (Wi (t,y)e(ty)s — /a'(ny(tv’E))ax [So(t’x)%exl’(x_;y)] dz

= [ Wit - 1wt [pta) e (252) ] do (25)
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~V(Wi(t,y)) / o/ (W () — &' (W ()]0 [(t, )} exp (252 ] da

—00

= Gy(t,y) + Ly(t,y) + Py(t,y),

with
Golts) = [ UW3(6,9) — 1Wi(t,2) [ exp (252)] duolt, ) da, (26)
Ly(t,y) = ~V(W}(t,y)) / [/ (Wi (t,) — o/ (Wi(t,2)] [Lexp (54| dup(t, @) da,  (27)
and
Py(t,y) = / H(W (t,2), W (t, 1)) (t,2)s [%exp(x—;y)] do (28)
S / H(W (t,2), Wi (t,9))e(t, z) exp (552 da, (29)
where

H(a,b) := I(b) — I(a) — V(b)(c'(b) — '(a)).
Next, by plugging Eq. (26), Eq. (27) and Eq. (29) into Eq. (25), we can formulate:
EFilp,a, W] > //pi,(t,y) (Gy(t,y) + Ly(t,y) + Py(t,y)] dydt.
Qr
We now can show that
EFilp 0, W] > // Pyt ) [Gy(t,y) + Ly(t )] dy dt. (30)
Qr

It is sufficient to prove that P, > 0. To accomplish this, we compute

H
2 fwh) = ~I'(w) + V(B)a"(w) = o @)V (8) - V(u)
a
and apply the same argument as in [14, Proof of Theorem 1.2}, so it can be concluded that P, > 0. To
establish Eq. (19), it suffices to show that the right-hand side of Eq. (30) vanishes for n — 0. We now can

show that

lim [/pﬁ,(t,y)Gn(t,y) dydt = 0.

n—0
Qr

To achieve this, we can write the following:
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// P, (t,y) Gy (t,y) dy dt

Qr

< [[ i) / LW} (t,) ~ W)t b exp (252 Pup(t, )| do dy

Qr
Fubini //Ic'?zso t,z)| / P,, (t,y II(W’ (t,y))) — (W (t E exp( ) dy da dt.
Or

Because ¢ is compactly supported by applying [14, Lemma 4.1], we can conclude that it vanishes for n — 0.
Analogously, one can show that

}]l_r)r}]//p,,(t, y)Ln(t,y)dydt =0,
Qr

which concludes the proof. O
4.8. Main theorem and some corollaries

So far, we have proven entropy admissibility in Theorem 4.3 and for the nonlocal operator a TV bound
uniform in 7 € R+ in Theorem 4.2. However, this TV bound is only in space, and to obtain compactness
in C([0,T]; L'(9;R?)) for each © C R open and bounded, a “time-compactness” is required as well. This
is what is established in the next theorem:

Theorem 4.4 (Compactness of W ). The set of nonlocal terms (W)yer., C C([0,7]; L, .(R;R?)) of
solutions to Eq. (8) is for each Q C R open and bounded compactly embedded into C([0,T]; L' (Q;R?)), i.e

{W'll[O,T]xQ’ ne R>0} < c([o,T); L' (% R?)).

Proof. We now apply [32, Lemma 1]. In particular, according to the notation in [32, Lemma 1], we set the
Banach space B = L(Q) with Q C R open bounded and for ¢ € [0, T

F(t) = {W,,(t,-)|Q eL'(): ne R>0}.

According to [30, Theorem 13.35], the set F'(¢) is compact in L!(Q) because of the total uniform variation
bound in the spatial component of W, proved in Theorem 4.2. Moreover, the set {W”}n Roo
equi-continuous. To accomplish this, we estimate for (¢1,t2) € [0,7] (assuming we have regular enough
solutions, that we can assume thanks to Lemma 3.3)

is uniformly

L1(9)

23
”W (t1,-) — ,17(t2,')||1,1(9) o ”/&W;(s,-)ds“
t1

ta
(8)
< H/VI(W},(S, )W (s,")ds

LY(Q)

exp(*; ) VY (W (s,9)) W (s, )8, W (s, y) dy ds

L1(9)
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"

tz o
/%/exp(*—;y)Y(W,,(t,y),")ayWn(t,y)yy) dy
ty *

LY(Q)
< Vil z= ((0,l1poll e imay)) W= (.1ysrv @y [t — o

1 1
+ ”Vll”Lm((0=||Po||Loo(m;Rz)))”Wn”L‘”((O,T);L”(]R))|Wn|L°°((0,T);TV(R))|t1 — to

ty y
+//‘S(W$,(t,y)—ni?zW:,(t,y),Wﬁ(t,y)—nazwﬁ(t,y),Wi,(t,y),Wf,(t,y),y)‘% /ex_’_’“ dz dyds
tp R o

Assumption 1 ,
< (”Vl||L°°((0=||Po||z,°°(m;k2))) +1IV ||L°°<(o,||po||mm;gz,))||Po||L°°<R;R2)) lpolrv (r;R2)[t1 — t2

+ 2|t1 - tzl'HBv.

After repeating the same computations for W% and taking into account that the bounds obtained are
uniform in the approximation of the initial data set, we establish the claim. O

Thanks to the compactness result given in Theorem 4.4, we can ascertain (even directly) the convergence
to a weak solution. Furthermore, due to the confirmation of entropy admissibility in Theorem 4.3, we also
demonstrate the convergence to the entropy solution.

Corollary 4.4.1 (Convergence to a weak (local) solution). For every sequence {np}reN C Rso with
limg_y 4 oo Mk = 0 there ezists a subsequence (denoted again by (Nk)reN) and a function

p. € C([0,T); L}, (R; R?))

so that the solution p,, € C([0,T); L{,.(R;R?)) of the nonlocal system of balance laws, as given in Section 2,

loc

converges in C([0, T); Li,.(R; R?)) to the limit function p,. The same holds for the nonlocal term W, .

loc

Proof. Applying Theorem 4.4 the set of nonlocal terms W, is compact in C([0,T]; L] (R;R?)). This is
why there exists a limit function p, € C([0, T); L} .(R; R?)) such that

loc

lel{’lo [Wa — pulleqo Ly, rir2)) =0

loc

Thanks to Eq. (10), we can write, for t € [0, 77,

(W (t, ) = oy, (t, ) L1 mir2) = 6| W, (&, ) l7v ®iR2) < Mk|PolTV (RiR2)

and, thus, we also (as limy_, o, nx = 0) obtain

Jim o, = p.llcqoriey, @) =0

1
loc

p, is a weak solution of the local system in Section 2 thanks to convergence in C([0,T]; Lj,.(R; R?)), and

due to the uniform bounds on ”p’?k ||Loc((0’T);Loo(R;R2)). O

This brings us to our final and most significant result. By bringing together the findings of the previous
theorem, we ultimately assert the strong convergence of both the nonlocal term and nonlocal solution to
the entropy solution of the local conservation law for n — 0.
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Theorem 4.5 (Convergence to the Entropy solution). Given Assumption 1, the nonlocal term W), [pn] and the
corresponding nonlocal solution p, € C ([0, T7; Li,.(R; R?)) of the nonlocal system in Section 2 converge in

C([0,T); Li,.(R; R?)) to the entropy solution of the corresponding local system of balance laws in Section 2.

loc

Proof. This is a direct consequence of Corollary 4.4.1 and Theorem 4.3. O
Remark 4 (Generalization to larger systems and more general kernels).

Larger Systems: By slightly adjusting the right-hand side of the system of nonlocal balance laws and im-
posing the corresponding assumptions on the source term, as reported in Assumption 1, the same type
of convergence can be proven for a system of any dimension (and not solely, as we did here, for N = 2).
The primary purpose of all our arguments is that the nonlocal fluxes decoupled. Coupling different equa-
tions within the fluxes might undermine the required uniform maximum principle. This will undoubtedly
complicate any representation of the nonlocal terms in Lemma 4.1.

More general kernels: It is very likely that the obtained convergence can be extended to more general
kernels, such as a convex kernel, as described in [14]. The result should also hold for kernels with fixed
support of the type reported in [27].

5. Numerical simulations

In this section, we present several numerical simulations conducted using an Upwind-type numerical
scheme, as detailed in [19]. In particular, we consider the source term

S(p1;p2) = (P2 — P1)X[-22(2), = € R.

Fig. 1 shows the convergence of the approximate nonlocal solution to the local one for decreasing values of
7. The corresponding (¢, z)-plots are shown in Fig. 2. As can be observed, over time, the densities of both
lanes converge due to the lane-changing behavior.

Clearly, the claimed convergence can be observed for smaller n € R~g. Moreover, in Fig. 3, the total
variation is depicted as it varies with different values of 7. Furthermore, it can be seen that, for the chosen
source term S(p;, py) = p, — p; the total variation decreases (and not just finite as proven in Theorem 4.2).
However, as anticipated in a nonlocal approximation, the total variation decreases as 7 increases.

6. Conclusions and open problems

In this paper, an analytical proof of nonlocal-to-local convergence for a system of balance laws, which
models lane-changing traffic flow, was presented. Coupling occurred via the right-hand side. One crucial
aspect was the ability to express the nonlocal system in terms of a system of nonlocal terms, facilitated by
selecting the exponential kernel (though generalizations similar to Remark 4 should be readily achievable).

The presented work, however, only scratches the surface of the singular limit problem for systems due
to its “weak” coupling via the right-hand sides only. In a future study, it would be desirable to take into
account coupling in the velocity functions of the dynamics.

Another interesting related problem involves investigating the singular limit problem for scalar nonlocal
conservation laws in the context of bounded domains. Existence, uniqueness, and stability results have
already been established in this regard (for example, see [28,15]. However, in the system case, addressing
the singular limit problem remains an open challenge. We currently lack the capability to obtain uniform
TV estimates, and the manner in which we would converge to the boundary conditions, as defined by
Bardos-Leroux-Nédélec [4] in the local case, remains unclear.



22 F.A. Chiarello, A. Keimer / J. Math. Anal. Appl. 537 (2024) 128358
07 i ' T=0.3 i 0.7 ' T:0.3 i
——local solution ——local solution
| ==y =01 1 -=-n=0.1
06 — = =001 06 - —=n=0.01
1 = 0.005 1 = 0.005
05 1 0.5
04r 1
<
03} 1
!
02f ! 1
i
0.1 -—-—~""ij J
0 " L L L L 0 L N L s
0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8
T T
0.7 — , T=1 - - 0.7 . LLL v ,
—— local solution —— local solution
| —-=y=0.1 —=-n=01
0.6 — = =001 06 — = =001
1 = 0.005 n = 0.005
05F 1 0.5
04 1 0.4
03F 1 0.3 N
.
o2fp . - 1 02
01} 1 0.1
0 s L . " s 0 L N " "

0.4

0.6

0.8

0.2

0.4

0.6

0.8
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