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Abstract

The aim of this thesis is to provide the absence of Lavrentiev phenomenon for functionals
of the following type

F(u) = /Qf(x,Du(a:)) dx,

where 2 C R" and = — %(Lz) is a-Hoélder continuous. Moreover, the density f is

convex and satisfies the (p, ¢)-growth condition
2 < £, 2) < L(L+ [219),

with pa
1<p<q<p+7; (1)

For the model density represented by the double phase functional
[z, 2) = 2P + a(z)|z]%,
we can do better, we can replace the relation (1) with
l<p<qg<p+
where » € (0, +00), provided

a(z) < Cla(y) + |z —y[7].
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Chapter 1

Introduction

We start considering two metric spaces X and Y such that
YCX and Y =X
and a function F : X — [0, +o0]. We obviously have that
igl(f F < ir}}f F

and if F is continuous the equality occurs. But if we replace the hypothesis of continuity
with the lower semicontinuity then it could happen that

inf 7 < inf F. (1.1)
X Y

Let us look at the following figure.

For 0 < a < b we take
X =la,b] and Y = (a,b).

In the first figure we have a continuous function. The following ones, instead, show
two different lower semicontinuous functions. Then we can see how the lower semiconti-
nuity of the last one implies that the infimum on [a, b] is strictly less than the one on (a, b).
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So the function has two different infimum values when considered on two spaces, one
contained and dense in the other. In this thesis we aim to show the non occurence of
this phenomenon for some weak lower semicontinuous functional F : X — [0, +oc] of the
Calculus of Variations, where the spaces X and Y are functional spaces.

Let us introduce this phenomenon from the point of view of relaxation.
We consider a first countable topological space X and a functional F : X — [0, 400].
The sequentially lower semicontinuous (s.l.s.c.) envelope of F is defined as

Fx =sup{G: X — [0,400]: Gsls.c, G<FonX}. (1.2)

Analogously if Y is a dense subspace of X the s.l.s.c. envelope of F with respect to Y is

Fy =sup{G: X = [0,400] : Gslsc, G FonY}. (1.3)
We obviously have that
Fx(u) < Fy(u) foranyue X (1.4)

and the strict inequality may occur.
Buttazzo and Mizel in [31] introduced the notion of Lavrentiev term, namely: for
every u € X
Fy(u) — Fx(u) if Fx(u) < +oo
L(u) = (1.5)
0 if Fx(u) = +ooc.

Moreover they also say that there is a Lavrentiev gap at u whenever L(u) > 0. The
functional Fy-, called relaxed functional, is an extension by lower semicontinuity of F to
all of X. If F is lower semicontinuous, by definition we have that for all u € Y

but it could happen that for some u € X \ Y
.F(’LL) < fy (’LL),

in this case
L(u) > 0.

In the following figure we can see that if F is lower semicontinuous then by definition
Fx must coincide with F on all of X. As far as Fy is concerned, we observe that
since it is the greatest lower semicontinuous functionals that coincide with F on Y then
fy(a) > F (a).
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Adapting the view point of relaxation we have the following relaxation equality, see [29]
inf{F(u):u€Y}=inf{Fy(u):uec X} (1.6)

We are interested in showing that the functional £ is equal to zero when computed on
the minimizer v € X of the functional F, in this case we get

Fy (u) = F(u).
Bearing in mind (1.6), we can conclude that £(u) = 0 means that

ulél)f{]:(u) = Jgg}“(u) (1.7)
If we come back to the beginning of this introduction, we said that our aim is to show
that: F has infimum on the given space X that is equal to the infimum on the dense
subspace Y. This is nothing but (1.7). We say that the functional F does not present
the Lavrentiev phenomenon if (1.7) holds.
In this thesis we want to prove the absence of the Lavrentiev phenomenon for some
integral functionals F and for some functional spaces X and Y, Y C X and Y = X.

We shall mainly consider integral functionals of this form
F(u) = / f(z, Du(x)) dz,
Q
where Q@ C R" is a bounded open set, u : Q — RY, f: Q x RV - R, n > 2 and
N > 1. In the framework of the Calculus of Variations the first example of Lavrentiev

phenomenon is due to Lavrentiev [86]. Mania [90] simplified the example, he consided
the functional

the spaces
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and he proved that
inf F = F(23) =0 < 72352718575 < inf F.

As far as the one dimensional case is concerned, Ball and Mizel [10] added a coercive
term to the Mania functional. Zhikov [107] treated a functional depending only on the
variables z and Du(x), in the case where z € Q C R?. This example has been suitably
generalized to the n-dimensional scalar case in [67]. It is worth to mention that, still
in the vectorial case, there are examples exhibiting the phenomenon for functionals
depending on (u, Du), see [5], and also depending just on Du, see [76]. We refer to the
paper by Belloni and Buttazzo [18] (1995) for a more extensive list of references; as far
as more recent examples are concerned, we just mention [8, 38, 50, 52, 69, 72, 101].

Another important direction of research is devoted to identify assumptions on the
lagrangian f that imply the absence of Lavrentiev phenomenon. Lavrentiev himself
took into account this problem proving that this phenomenon does not appear in one-
dimensional problems for an integrand of the form f(z,z), see [86]. Alberti and Serra
Cassano [6] proved the non occurrence of the gap for any autonomous functional. An
analogous result has been recently obtained for the multidimensional scalar case in [25]
and [26]; see also [65] for the vectorial case. Further results in this framework can be
found in [20, 98, 99]. The problem of identifying classes of functionals such that £(u) is
equal to zero for every function u € X is less studied. For some results in this direction
see, for example, [1, 18, 25, 26, 51, 92, 100].

The corresponding question for two and higher dimensional problems remained open
for a very long time but now some results are avaiable, see [18, 30].

Let us now deal with the model density

f(@,2) = 2" + a(x)|z]", (1.8)

where 1 < p < ¢ < +00 and the coefficient a(z) is C%%() and non-negative, a € (0, 1].
Then, according to Marcellini’s terminology [94], the following (p, ¢)-growth is satisfied

2P < fla,2) S L1+ |2]9), L€l +00). (1.9)

The main feature of the integrand f is the change of its growth according to the values
assumed by the coefficient a(z). Indeed, at points where {a(x) = 0}, f behaves like |z|P
and we say that we are in the p-phase; on the other hand, at points where {a(x) > 0}
then f behaves like |z|9, for large |z|, and we say that we are in the g-phase. Summarizing,
we are dealing with a double phase functional. Model density (1.8) appeared for the
first time in the Zhikov’s pioneer paper [107] in the context of the study of Lavrentiev
phenomenon. We remark that he considered the case: n =2, N =1, a=1and 1 < p < 2,
g > 3. In [67] the authors showed that when the following condition is violated

¢ nta (1.10)

P n
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precisely when
p<n<n+a<g, (1.11)

it is possible to find an example presenting the Lavrentiev phenomenon. This example is
an extension to n > 2 of the Zhikov’s one. Let us mention the recent paper [8] where p
and ¢ need not to verify p < n < ¢. We can also say that when p and ¢ are as in (1.11)
there exists a coefficient function a(z) € C%% and a local minimizer u of the functional

Plu) = /Q (|Du(z)[? + a(x)|Du(x)|?) da

such that the set of its discontinuity points has a Hausdorff dimension arbitrarily close
to n — p, see [71]. In other words, minimizers can be almost as bad as any other W P-
function.

The bound in (1.10) reflects in a sharp way the interaction between the exponents p, g of
the growth condition and the regularity of the coefficient a(x) that dictates the phase
transition. This in turn relates to the kind of non-uniform ellipticity of the Euler-Lagrange
equation:

—divA(z, Du) =0 (1.12)

where
Az, 2) = |2]P~22 + La(z)]2]722.
p

In fact when we evaluate (1.12) on the solution u then the non-uniform ellipticity is
measured by the potential blow-up of the ratio

highest eigenvalue of 0, A(x, Du)

~1 Du|TP, 1.13
lowest eigenvalue of 0,A(x, Du) +a(@)|Dul (1.13)
Around the phase transition {a(x) = 0} the ratio in (1.13) exhibits a potential blow-up,
with respect to the gradient, of rate ¢ — p; to compensate a(x) is required to be suitably
small. This means that since we are closed to {a(z) = 0} then o must be large enough
as required in (1.10).

Now let us ask the following question: assume that u makes finite the energy P, then
left hand side in (1.9) says that Du € LP; assume further that « minimizes the energy:
does such a minimality condition boost the integrability up to Du € L7 A first account
about regularity of minimizers was contained in the survey [102]. After some time the
study of minimizers was further developed in [12, 42, 43]; starting from that, this case
attracted a lot of interest: see [56, 57, 96, 103]. In [67] such a higher integrability result
has been obtained for general densities f(x, z) provided the two exponents p, g are close
as prescribed in (1.10). Precisely, they assumed that: f: Q x RV*" — R has the growth
condition (1.9) and, for some « € (0,1] and u € [0, 1], satisfies
of

_ _ 0
L2 + 2 + |22 P22 2 — 29” < <az(x,z1) — a%(:c,@); 21— zg> (1.14)
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and
of . 01

L2 - Sy a| < Ll gl 4120, (1.15)

where p and ¢ are such that

"+O‘>. (1.16)

1<p<q<p<

As a last assumption, the Lavrentiev term (1.5) is assumed to vanish on the minimizer.
Vanishing gap (1.5) has been checked in [67] for model density (1.8) as well as for other
special cases, while in [68, 83] and [84] it has been satisfied in the case when the minimum
point of y — f(y, z) on small balls B(z,¢) is independent of z.

In the present thesis we aim to show the absence of Lavrentiev phenomenon in three
different contexts. First of all, we deal with the functional

Flu) = /Q f(x, Du(x)) de, (1.17)

where Q C R” is a bounded open set, v : Q@ — RY, f: Q x RV*" 5 R, n > 2 and
N > 1. The density f satisfies the (p, q)-growth assumption (1.9), where p and ¢ are
as in (1.16), and shares the hypothesis (1.14) and (1.15) of the work [67]. But we no
longer assume the vanishing of the Lavrentiev term (1.5) on the minimizers, as in [67].
On the contrary, we require that f can be approximated from below by a sequence fj
of convex functions, sharing the same hypothesis of f with the peculiarity that (1.15)
holds also with p instead of ¢, with a constant c¢; in place of L. We point out that c;
might blow up when k& — +o00. Using such an approximating sequence fj, we show the
existence of suitable I/Vlicq functions that do not increase the energy: more precisely for
every function u, € W'P(Bg, R™) with finite energy on Bpr there exists
s € (ue + Wo (B, RY)) N W5 (Br, RY))

C

with F (i) < F(us), see Theorem 3.2.1. This shows the equality (1.7) with

X =up+ WyP(Bg,RY) and Y =X NnW_LI(Bg,RY),

C

where ug € WP(Bg, RY) is a suitable boundary datum. The choice of Y is due to the
fact that from the (p, ¢)-growth condition (1.9) we are interested in W!'4-regularity so
the space WP (Bg, RV) N I/Vli’g(BR, RY) is the natural one. We specify that the case
that attracts our interest is p < ¢, in fact for p = ¢ we have £(u) = 0 and there are many
papers dealing with regularity issues for functionals with p-polynomial growth

2P < flz,2) <L+ [27), p>1,

see [85, 88, 89] and the survey [102].

In the same context we prove in Theorem 3.2.5 that L(u.) is zero for any u. €
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WP (Bg,RY) with finite energy. We remark that since f is convex with respect to z,
standard weak lower semicontinuity results give Fy = F, see [74, Chapter 4]. The first
step of the proof consists in considering a sequence {vg}rew C Y converging to u, € X
with respect to the strong topology of X. Then we introduce the perturbed functional

V4
2

Gr(u) = /B [f(:n, Du(z)) + %(1 + k2’Du(:c) - ka(:n)]Q) dx

and we apply Remark 3.2.4 to G, so that Gy admits a minimizer uy that belongs to
Y. The proof is concluded showing that the sequence uy converges strongly to u, and
approximates u, in energy, i.e.:

F(ug) — F(us).

Let us make one last observation in this regard: under the (p, ¢)-growth condition (1.9),
with p < ¢, the precise meaning of the integral F is not ambiguous if u € I/Vlig On the
contrary a priori it is not uniquely defined if u € WP\ VVI(I)(? . In fact, a further definition
being, for every u € WP

F(u) = inf {lim inf F(ug) :up € WP AW VEeN and up — u in lep} ,

ug | k—+oo

where F is exactly the relaxed functional of F.

The second context we analyze is the following. We consider the Dirichlet problem
in Q C R™

0 Oz, Du(z))) = b’(z) in =
> g (Al D) = H@) i 0 BN -
u(x) = a(z) on 012,

where A? : Q0 x RV*? — R are Carathédory functions, b € LP/®=1D(Q,RN) and @ €
g—1

WhPe=1 (Q, RY). We set

and we assume that f satisfies (1.9), (1.14) and (1.15), with p and ¢ in the following

relation N
n+ o
2<p<q<p< " >

We aim to show that there exists a local minimizer u of the following non-autonomous
energy integral

Filu, Q) = / [f (z, Du(z)) + (b(z), u(z))] dz (1.19)

Q

for which the Lavrentiev phenomenon between the spaces WP and W1¢ does not occur,
more precisely

inf {]:b (v):veu+ Wol’p(Q',RN)} = inf {fb (v):veu+ Wol’q(Q',IRN)} . (1.20)

7
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for every ' € 0, see Theorem 4.1.2.

The idea to achieve this result is to apply [46, Theorem 1.1] in order to get a solu-
tion u of the Dirichlet problem (1.18) with a degree of integrability greater than g,
i.e.

w € (@ + Wy (Q,RY)) N W2 (2, RY),

forallg <s<p (#) . This in turn means that u is a weak solution to the following
Euler system

N n N
[ 33 Al Dul@)Dig? (@) do+ [ 3707 (a)o" (@) dx = 0,
Q Q51

B=1i=1

for all p € Wh4(Q, RN ) with suppy € Q. With the following further restriction on the

exponents p and ¢
np — o
q< )
n—a«

we get that u satisfies the Euler system for all test function ¢ € WhP(Q, RN ) with
suppy € 2. This will lead to the absence of the Lavrentiev phenomenon (1.20). We
explore also the scalar case N = 1, see Theorem 4.2.2.

The last framework of this thesis is focused on the double phase functional
P(u) = / (IDu(z)” + a(z)|Du(z)|?) dz, (1.21)
Q

where 2 C R” is a bounded open set, n > 2, 1 < p < ¢ < oo and weight a :  — [0, +00)
is bounded. Here we consider the space of smooth functions with compact support
C(Q,R) and the energy space

W(QLR) := {u e Wy (L R) : /QM(:E, |Du(z)|) do < +oo} (1.22)
endowed with a Luxemburg-type norm, where
M(z,t) = t* 4+ a(z)t?.
Note that we have the inclusion Cg® C W, and in turn

inf F(u) < inf F(u).
u€uo+W u€ug+C°

We know that the above inequality might be strict, i.e.,

inf inf 1.23
wE g+ W Flu) < ueulglJngo Flu), (123)



Section 1.1: Organization of the thesis

which means that the Lavrentiev phenomenon between spaces C2° and W occurs. We
mentioned before that the regularity of the possibly vanishing weight a dictates how far
apart can be powers p and ¢ to exclude (1.23). In particular, it is known that if

acC%(Q), ae(0,1], and p<q<p+amax{1,p} (1.24)
n

there is no Lavrentiev phenomenon, see [23, 28]. We wonder if is it possible to define a
new class Z%, with s € (0,00), such that if « € Z* and p, ¢ are in the relation

p<qgsp+x

there is no Lavrentiev Phenomenon for the double phase functional between W and Cg°.
The answer is positive. The weight a belongs to Z%(Q2), for s € (0, 00), if there exists a
positive constant C' such that

a(x) < C(aly) + |z —y[”) (1.25)

for all z,y € 2. This means that no continuity or smoothness of a is required. Looking at
(1.25) we can say that the key property of a € Z* is the decaying in the transition region,
that needs to be at least like a power function with an exponent s, for » € (0,00). In
other words, this approach proves the absence of Lavrentiev phenomenon extending the
range between the exponents. In details, we show that the density of C° in the space W,
that is proved in Theorem 5.1.1, implies that £(u) is identically zero, see Theorem 5.1.3
and Remark 5.1.4.

1.1 Organization of the thesis

We begin displaying the notation and collecting some preliminaries in Chapter 2. Then,
in Chapter 3, we present the results on the Lavrentiev gap, for the general functional
(1.17), collected in the papers [58] and [60]. Based on the result of [59], in Chapter 4 we
show the equality (1.20). We conclude analyzing the double phase functional (1.21) in
the context of the Sobolev-type space (1.22); this result is contained in [22].
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Chapter 2

Preliminaries and notation

In this chapter we give some preliminary results specifying the notation we adopt. We
divide these notions into two sections. In the first part we expose those useful for
guaranteeing the absence of the Lavrentiev phenomenon in the setting of (1.17) and
(1.19). While further on we provide information on the notation and basic tools used to
prove the absence of Lavrentiev for the double phase functional (1.21) in the framework
of Sobolev-type spaces.

2.1 General setting preliminaries

We denote by 2 an open, bounded subset of R™, n > 2, and we set
Br = Br(zo) = {x € R" : |z — zy| < R},

where, unless differently specified, all the balls considered will have the same center.
With ¢ we denote a constant not necessarily the same in any two occurrences, the
relevant dependence being emphasized. We specify that we deal with functional of type
(1.17) where the density f is of Carathéodory type, it is convex in z and it satisfies a
(p, q)-growth condition. We adopt the usual definition of local minimizer.

Definition 2.1.1. A function v € VVli)1

x+ f(z, Du(x)) € LL () and )

loc

/ f(z, Du(x)) dx < / f(z, Du(z) + Dp(z)) dz,
supp ¢ supp ¢

(2, RY) is a local minimizer of F if and only if

for any ¢ € WH1(Q, RY) with supp ¢ € Q.

2.1.1 Some useful lemmas

In what follows we will give several lemmas, used in the proof of Theorem 3.1.1, concerning
functions belonging to fractional Sobolev spaces, more details can be found in [3]. Let us
define the difference operator

raG(a) = Gla + he,) — Gla)

11
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where G : R"™ — Rk, h € R, ey is the unit vector in the x,; direction and 1 < s < n. The
following two lemmas are basic results about difference operator and weak derivatives.

Lemma 2.1.2. If0<p <R, |h|<R—p, 1 <t<oo, s€{l,...,n} and G,D;G €
LY(Bg), then

/ I 1 G(@)[! do < | / DG ()| d.
B, Br

Lemma 2.1.3. Let G € L?(Bg) be such that
n
Z/ I nG(@)|? dz < M2|h?
s=1 By

for every |h| < R — p. Then G € WY%(B,) and
||DSG||L2(BP)<M7 VS:]_,...,TL.

For the following lemma we focus our attention on fractional Sobolev embedding theorem.
We specify that this is a version localized on balls with an explicit dependence of the
constant upon the radii p and R obtained by a suitable use of a cut-off function betweeen
B, and Bp. For the general version see [3].

Lemma 2.1.4. Let G: R" — R*, G € L*(Bg), 0 < R < 1 be such that
S [ eGP () dr < M2
s=1 Br

for some p € (0,R), d € (0,1), M > 0, n : R® = R withn € C}(Bp:r), 0 <
n < 1 R", |Dn| < Ri_p in R", n, =1 and for all h with \h| < B2, Then
G € W(B,,RF)n Lt (B,, R¥) for every b € (0,d) and

4

C
1G] 225 ) < (B = pyzovzare M+ [1GllL2)

where ¢ = c¢(n, k,b,d).
The following result is a consequence of Lemma 2.1 and 2.2 of [2].
Lemma 2.1.5. For every p > 1 and G : Br — RF we have
ren((1® +1G@)P)T G < ek, ) + |G@) + |G + heo) )T IrnGle)

forallz € B,, s=1,...,n, |h| < R — p, with the constant ¢ = c(k,p) independent of i,
O<p<l.

For the proof of the next lemma see [74, Chapter 6, Section 3].

12
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Lemma 2.1.6. Let h: [p, Ry] — R be a non-negative bounded function and 0 < 0 < 1,
A>0,5>0. Assume that

A
hr) < (=55 + 0h(d)

for p <r <d< Ry. Then
cA

"SRy
where ¢ = ¢(0, 3) > 0.

To prove in Theorem 3.2.5 that the Lavrentiev term is identically zero we use the following
classical result.

Lemma 2.1.7. Let us set
X =W (Bg,RY) and Y = W'Y (Bg,RY) N W, (Bg,RY).

oc

Let F : X — R U {400} be sequentially lower semicontinuous with
/ \Du(e)P dz < F(u). (2.1)
Br
Let u € X be such that F(u) < +o00. Then
L(u)=0
if and only if there exists a sequence
{urtren C Y
such that up — u weakly in X and
Flug) = F(u).
Proof. Let us start assuming that for every u € X there exists a sequence {g}ren € Y
such that @, — u weakly in X and F(ax) — F(u). We distinguish two cases.
o If F(u) = 400, since F is s.l.s.c. we have
Fx(u) = F(u) = +o0 = L(u)=0.
o If F(u) < +00, using the sequentially lower semicontinuity of F and the definition
(1) we get
F(u) = Fx(u) < Fy(u)
= inf {hminf}"(uk) cup €Y VkeN and up — u in X}

ug | k—+o0

< liminf F(ay) = F(u),

k—+o0

where the last inequality is due to the particular sequence {uy }ren for which we
have F(ux) — F(u); so L(u) = 0.

13
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Now let us suppose L(u) = 0.

o If F(u) = 400, we have B B
Fy(u) = Fx(u) = +00.

So, for all {ug}rew C Y such that up — uw in X it holds

lim inf F(uy) = +o0.

k—+o00
Then, for every M > 0 there exists kjs such that for all k > ks we have
M < ir>1£]-"(u5) < Flug).
Therefore,
Flug) — F(u).

o If F(u) < 400, then

ur | k——+oo

and so for all r > 0 there exists u, — X . 4 such that
" k=400

- 1
Fy (u) < liminf F(u, ) < Fy (u) + o

k—+o0

:inf{liminff(uk) cup €Y VeEeN and up —~uin X

b

. - - X
Consequently, there exists a subsequence i, = u, s, such that @, ——— u and

k——+o0
lim inf =1l Up ;)
ol P Lra) = B, F ()
Now, let p’ be the conjugate exponent of p, i.e. £ + 1 =1, and let {gn}ren be a

p P
sequence dense in L” (Bg, R). For r = 1 we have

- - 1
Fy(u) < lim F(a ) < Fy(u) + T

k—+o00

~ X ~ LP
U — U Ul — U
b ? 7
k—+o00 k—+o0

and

g1(Diﬂ{7k — Diuj) der| —— 0,

Br k—o00

foralli=1,...,nand j =1,..., N. Then there exists k1 > 1 such that

1 N = 1 1
Fy(u) = 7 < Fliag) < Fr(w) + 4+ 7

14
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[a—

|16, — ul|Lr < 1

and

. , 1
By _ i _
/BR gl(DzuLk1 D) dx| < T

foralli=1,...,nand j=1,...,N. For r =2 we have

- - 1
Fy(u) < lim F(agy) < Fy(u) + =,
k——+o0 2
~ X
U9 ) ——— U, k—>u
" k—+oo k—+o00
and
D;iil, — Dad) d / (D@, — Dju?) d
‘/BRgl( lu2’k ZU) X ~>+oo ‘ BRQQ U2k U) X moa

foralli=1,...,nand j=1,...,N. Then, there exists ky > ki such that

_ 1 ~ - 1 1
Fy (u) — B < Fltgk,) gJ:Y(U)‘i‘i-f-ga
. 1
a2k, — uller < 5
and )
/ gl(Di’&% ko — Diuj) dl‘ + ’/ QQ(DiﬂJQ ke Diuj) d{L‘ < =,
Br ’ Br ’ 2
for all ¢ = 1,...,n and j = 1,...,N. Hence, iterating the process, we have
1<k <ky <--- < kp such that
_ 1 _ _ 1 1
‘FY(U) - E < f(uh,kh) < Y(u) + -+ Ev
1
i, —ller < 5
and

foralls=1,...,h,i=1,...,nand j=1,..., N. Let us set

Wh = ’l]thh.

We observe that, by (2.1)
/ |Dwp ()P do < Fluwp) < Fyr(u) +2,
Br

hence )
|1Dwp | r(Bry < (Fy(u) +2)7.

15
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Moreover, for every g € Lp/(B r,R) and for every s € IN there exists k € IN such

that
1

;.
Therefore, for all h > k, foralli=1,...,nand j =1,..., N, we have

g _ngLP/(BR) <

’/ g(Diw{‘L — Do) dx
Br

— ' [ o+ (9= 9D, — D)

= ‘/ gk(Diwi — Do) dx
Br

+| [ 9= 90D~ D) o
Bgr

1
< h +[lg — ngLp’(BR)Hth - DU”LP(BR)
1

17, = 1
<5+ = [(Fr() +2)7 + [1Dullrsy)]

1 _ 1
<3 [1 + (Fy(u) +2)» + ||DuHLp(BR)} ,

where the last inequality is in force if h > s. Recalling that Fy (u) < +o0, we just
got that for every g € LPI(B r, R) it holds

g(Diwfl — Diw?)dz —— 0,

Br h—400
foralli=1,...,nand j =1,..., N. Then, summarizing, {wp}reny C Y and
Wy, —s u, Fl(wp) — F(u).
h——4o00

This ends the proof.
O

Next two lemmas are used in the proof of Theorem 4.1.1. The first one is a generalized
version of Lemma 2.1.6.

Lemma 2.1.8. Let Z(t) be a bounded non-negative function in the interval [p, R]. Assume
that for p <r<d< R

Z(r) < [A(d =)~ + B(d — )" + C] + 62(d),
with A,B,C >0, o, 8> 0 and 0 < 6 < 1. Then
Z(p) < c(a,0)[A(R—p)™*+ B(R— p)—ﬁ +).

Lemma 2.1.9. Assume that (4.11) and (4.12) hold. Let Afﬂ- be defined as in (4.32), see
Chapter 5. Then there exists ¢ > 0 such that for all € € (0,1), for all x € Q and for all
2,2 € RNxn

N n —1
P <e (z S AL, ) — 2 + (14 [2) %1)) . (2:2)

B=1i=1

16
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Proof. By (4.11)
VV<2”WV—2VJV—5P+VW

<c((2P+12P) " |2 — 212 + |2P)
B
1

<é (zmém 2) = AZ(w,2))(2]

- 5,5) + |2|p> , for all z, 7 € RV*™,
/B7i

for some constant ¢ > 0. By (4.12) and the Young inequality

ZA z—zﬁ)é

Thus (2.2) follows. O

~1\ng—1 - 1 _ . pla—1
(M +1)(A+[2)T ]z = 2| < Gl +e(l+ |2]) #7

Lastly, we state and prove respectively [93, Lemma 2.1] and [75, Lemma 2.1].

Lemma 2.1.10 (Lemma 2.1 in [93]). Let Q C R™ and f: Q@ x RN*" % R, f = f(z, 2),
be a convex function with respect to z such that

|f(x,2)] < L(1+ |2]%), for all z € RV*™, (2.3)

where ¢ = 1 and L is a positive constant. Then

of

o Lz, 2)| <e(l42|77Y),  for all z € RN*",

where ¢ = ¢(n, N, q, L) is a positive constant.

Proof. The proof is obvious if %(m, z) = 0. Let us suppose %(z, z) # 0. Since z — f(z, 2)
is convex we have

- 0 -
F(2,2) > F@, )+ 92 (@, 2)(z — 2), (2.4
for all z,2 € RV*". Now, let us choose Z := z + h, where
1 ﬂ(a: 2)
hi= (14 |z|%)a 222270
o (w,2)|
Then, by (2.4),
2 o = 2
(1 +12097 5L ,2)] = I (@, 2pn

0z

< fla,z+h) = f(x,2)
< |flwz 4+ )+ [f (2, 2)|

S L1+ |z+h|?) + L(1+ |29
< (27 4+ 1)2L(1 + |2]9).

17
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Consequently,

’af < (27 + 1)2L(1 + |2|9) "

0z (z,2)

<PITUL(1+ [,

O

ya
2

Let us now define the function f,(z) = (u* + |2/?)

_104u
p Oz

, where p > 1 and p € [0,1]. We set

V(z): (2) = (2 + |27 = (2.5)
and )
W(t) = (u® +t2)7 t.

We observe that |V (z)| = W(|z|). Now,

p—4

W'(t) = (0* + %) [ + (p — DFY] (2.6)

is positive for ¢ > 0, so W is increasing and since W (0) = 0 and lim;_, - W (t) = o0,
it follows that W maps [0, +00) bijectively onto [0,+oc). This in turn implies that
V(z) = W(|z])é is also bijective. We state and prove the following lemma that we will
use in Chapter 3, section 3.4. We point out that the case that attracts our interest is

1l<p<?.

Lemma 2.1.11 (Lemma 2.1 in [75]). There exist positive constants c¢1 and ca depending
only on p > 1 such that, for all zy,z0 € RN*™ with 2z # 22, we have

Vv -V
o1 < V(=) (ﬁ)' < co. (2.7)
(12 + 212+ [22]%) 7 |21 — 22

Proof. We just consider the case 1 < p < 2, the proof of the lemma for p > 2 is given in
[73]. We start observing that (2.6) provides the estimate

(p—D(? + 3T <W() < (W +13)7 . (2.8)

Let us assume 0 < s < t where s = |z1]| and t = |z3]. Considered as a function of
0 == s~ 1t71(21, 29) € [~1,1], the square of the expression in (2.7)

W(s)? + W (t)? — 2W (s)W ()8
(U2 + s2 + 12)P=2(s2 + 12 — 2st0)

attains its extremal values at the end points # = —1 and 6 = 1. Therefore it is enough to
estimate

W(t) £ W(s)
(2 + 52 +12)"7 (t+s)

18



Section 2.2: Sobolev-type space preliminaries

Since p? + s + 2 < p? + (s + t)?, we have

(12 + s+ 1) T s+ (;ﬂ + s+ 12) _ W(s)+ W)

1= < < 2.
(U2 + 82 +12)"5 (s+t) W(s+1t)
Applying the Mean Value Theorem to the function W, we obtain
/ _ 2 2\ 252
W W W) ey

W2+ s2+82) 7 (t—s) (u2+s2+2)"7 (u2+s2+12)7

for some r with s < r < t. We have also used (2.8) and p? + 12 < p? + s% + ¢2.
If 3s < t then t — s > 3(t + s). Therefore

W) - W) (1) _ W) _
(W2 + 2+ T (1 —s) (2 +(s+02)'F jt+s) WeHD

If t < 3s then s < r < t implies that ¢ < 37, so we have u? + s + 2 < 10(p? + r?). This
gives

/ 2 2\ 22
MOWE W) R g
(2424127 (t—s) (u2+s2+12)7  (u2+s2+12)7
Then (2.7) holds with ¢; :=p — 1 and ¢g := max {2, 10%‘7’72'} < V/10. O
It follows that, by the definition (2.5) of V' and by (2.7), we have
0
O (1) — G <z2>1

(12 + |21]2 + 22[2) "2 |21 — 29

< pV10.

p(p—1) <

With this lemma we conclude the preliminary part concerning the general setting.

2.2 Sobolev-type space preliminaries

Given a set Q C R"™, v € (0,1], and a function f: Q — R, we denote by

[f](),’y — sup ‘f(x> — f(yﬂ ’ (29)

eyeQury 1T — Y7

the Holder seminorm of f. We say that two real functions f, g are comparable, if there
exists a constant ¢ > 0 such that

f<g<cf

We moreover say that the function f : [0, +00) — [0, +00) satisfies As-condition if there
exists a constant ¢ > 0 such that

f(2t) < cf(1),
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for any t. We denote such situation by f € As. Let us introduce some basic facts
concerning spaces of Musielak—Orlicz type [35, 36, 77]. With the function M : Q x
[0, +00) — R, given by

M(z,t) =t* + a(x)t? for p,g>1, 0<aec L™,

we can define the corresponding Musielak—Orlicz space
Ly () = {{ : Q@ — R" measurable and such that / M(x,|&(2)]) dx < oo}
Q

equipped with the Luxemburg norm

€l o) = inf{A >0 /QM (x, ’E(;)> de < 1}.

Related Sobolev space W(Q2) = {u e Wy (L R) : Jo M(z, |Du(x)|) dx < oo} is consid-
ered with the norm
ullw @) = [lullLr @) + [[DullL,, @)-

We say that, a sequence {&x}ren converges to & modularly in Ly (€2) if
| M~ g dz 220, (210)
and we denote it by & T &. We mention the Generalized Vitali Convergence Theorem

from the [36, Theorem 3.4.4], stating that

& — € modularly <= the family {M (z, | (z)|) }kew is uniformly integrable
and {&; rew converges in measure to &. (2.11)

By the choice of M, it is equivalent to say that the sequence {ui}rew C W(2,R)
converges to u € W (€, R) in the strong topology of W (2, R) and that

Uk i LY(Q) and Duy M Du modularly. (2.12)
k—o0 k—o0

In order to prove that every u € W can be approximated in W-norm by a sequence in
C2° we can just consider u € W N L*°. Indeed, by the following lemma we have that
W N L is dense in W.

Lemma 2.2.1. The space W (2, R) N L>°(Q,R) is dense in W(Q, R).

Proof. Let u € W(2,R). Consider truncation of u defined as

u if |ul
Tilu) = k% if [u| > .
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Clearly, Ty (u) € L*°(92,R). Moreover, chain rule for Sobolev maps implies that DTy (u) =
Dull, < so that DTy (u) — Du almost everywhere (a.e.) as k — co. As M(x,0) =0 we
have that

0 < M(z,|DTy(u)]) = M(z, |Dul)Ly < < M(z,|Dul),

so that the sequence {M (x,|DT)(u)|)} ke is uniformly integrable. Then by (2.11) and
(2.12) we conclude the proof. O

Now we introduce the approximation method by convolution with shrinking. This method
is of use in many papers concerning the absence of the Lavrentiev phenomenon and
density of smooth functions in Musielak—Orlicz—Sobolev spaces, see [4, 21, 23, 28]. Let
us fix n,m € N and let 2 C R” be a bounded star-shaped domain with respect to a
ball B(zg, R). For 6 > 0 define k5 = 1 — %. Moreover, let ps be a standard regularizing
kernel on R”, that is ps(z) = p(x/d)/6", where p € C*°(R"), suppp € B(0,1) and
Jgn p(x) dz =1, p(x) = p(—x), such that 0 < p < 1. Then for any measurable function
v : R™ = R™ we define the function Ssv : R® — R™ by

- ey
Sov(e) = /ng(x —yp (xo +2 K O) dy = /B 0 ps(y)v (:Uo + z(;o) dy .
8

é
(2.13)
By direct computations, one can show that Ssv has a compact support in €2 for § €
(0, R/4). Moreover, we observe that for v € W (£, R) it holds that

DSsv = -85(Dv). (2.14)
We introduce other useful properties of this approximation in the next two lemmas.

Lemma 2.2.2 (Lemma 3.1 in [23]). Ifv € L'(Q, R), then Ssv converges to v in L'(12),
and so in measure, as 6 — 0.

Proof. Without loss of generality, we assume that ) is star-shaped with respect to a ball
B(0, R). For the general case we can change variables moving the center of the ball to
the origin and applying the result for this case, then we reverse the change of variables.

We start observing that
r—y
/ pa(@/)U( k ) dy —v(z)
Bs(0) 0

S5 —lle = |
v (:L’I;y> —v(x)

<[ /B W)

dx

dydz.
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Now, for some ball B = B(0,r), r > 0, taking a function g € C°(R", R), we have

w_
1Ss9 — gl <// ps(y) ‘g( y) —g(x)
B JB;5(0) ks
1 |y
< [|1Dgl| e ps(y) (x| (——1)+-=) dydax
B JBs(0) ks ks
1 )
<Upglle= [ [ oot (7 (5 —1) + ) duds
B JBs(0) ks ks

1 1)
< < VT - 5
< [1Dgllz= Vs (T (k?(s 1> * k‘5> 6—0 0

dy dz

where V7" is the volume of the n-ball B(0,7). We fix any € > 0 and take g € C°(R", R)
such that ||v — g||;1 < e. By Young inequality, it holds that

|[Ssv — |1 < [[Ssv — Ssgllpr + 11859 — gllpr + |lg — vl
< ke + 1|85 — gl +e — 2e.
60—0

By taking ¢ — 0, we obtain |[Ssv — v||1 P 0. Since convergence in L' implies
—0
convergence in measure we just proved that limgs_,q Ssv = v. ]

Lemma 2.2.3 (Lemma 3.3 in [23]). Letv € Wol’l(Q, R), where Q is a star-shaped domain
with respect to a ball B(xg, R). It holds that

o ifve L>®(Q,R), then
1DS5(v)l|Loe < 67 |[ollL || Dpl| 15 (2.15)

o ifv e CY(QR), v € (0,1], then

§71
1DS5(v)]| Lo < Tg[U]O,WHDPHLl' (2.16)

Proof. As in Lemma 2.2.2 without loss of generality we assume that xo = 0. We start
proving (2.15). Note that DSs(v) = v (lf—(s) « (Dps), therefore by Holder inequality we
obtain

1DSsolli < ol | 1Dps(a)]da

:||U||Loo/ 51 Dp <x>’ da
Rn 5

=6 [oll<lDpl| 1,

which is (2.15). To prove (2.16) we first observe that DSs(v) = %S&(DU). Let us fix any
x € Q and denote 0(y) = v(y) — v(xz/ks). We have

= I%S(;(Dv) = i5’5(D1~)) = DS5(0).
5

DS5(v) T
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Therefore, it holds that

=, ()] 10ont - ]y
< (;i) [wlo 1 Dpslzs, (2.17)

where we used the fact that

- (Y Y T \a: _ y! Y
! (IQS)‘ B ‘v (kg) — v <k5)‘ S ( ks ) [v]o, forye B(z,9).

To end the proof, we observe that || Dps||[;1 = 67| Dpl|1 and hence by (2.17) we obtain
(2.16). "
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Chapter 3

Non occurrence of Lavrentiev gap
for a class of functionals with
non-standard growth

In this chapter we prove the absence of the Lavrentiev phenomenon for the following
non-autonomous functional

F(u) = /Qf(x,Du(a:)) dx, (3.1)

where Q C R” is a bounded open set, v : Q@ — RY, f: Q x RV 5 R, n > 2 and
N > 1. The density f(x,z) satisfies a (p, q)-growth condition with respect to z and
can be approximated, from below, by means of a suitable sequence of functions f;. We
consider Br € () and the spaces

X =up+ WyP(Bg,RY) and Y =X NW_.9(Bg,RY),

where ug € WHP(Bg, RY) is a suitable boundary value. We also prove that the lower
semicontinuous envelope Fy coincides with F or, in other words, that the Lavrentiev
term is equal to zero for any admissible function u € WP(Bg, RY). We perform the
approximations by means of functions preserving the values on the boundary of Bp.

Let us compare the present approach with the one in [67]. Both of them approxi-
mate the original density f(x,z). In [67] such an approximation is performed from above
by means of f,(x,z) = f(x,z) + o|z|%; in this way f,(z,z) has the same growth ¢ from
below and from above; after minimizing the corresponding integral energy

Folu) = /fa(l‘, Du(z)) dz,

the authors find good estimates for minimizer u,; the difficult task is to show that
Fo(ug) — F(u): for this reason in [67] it is assumed that £(u) = 0. On the other hand,
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in the present paper, we perform the approximation from below by means of f. After
minimizing the integral energy

Fi(u) ::/fk(x,Du(:L‘)) dz, (3.2)

we find good estimates for minimizer ug; now it is easy to show that Fj(ur) — F(u).
At this point the question arises: when is such an approximating sequence f; available?
We give a first answer in Theorem 3.4.1 in the case of f(x,z2) = f(z,|z|), for some
f:Qx[0,+00) — R.

Let us mention that approximation from below has been used in [37, 44, 45, 62].
Specifically in [37, 44, 45] and [62] the approximation is made with C? functions. On
the contrary, in our proof we need not C? approximation: our f is only C'; we need p
growth from below and from above, with f; < frr1. Approximation from above is easier
when f does not depend on x: f(z,2) = f(z); see [66].

Let us give a last remark. The strict inequality ¢ < p (%) in our assumption (1.16)
is used in the proof when checking (3.8). As far as the bordeline case ¢ = p ("‘*‘TO‘) is
concerned, we mention [12] where the authors are able to deal with densities f satisfing

|z’ +a(@)]2|?) < f(,u,2) < ea(|2P + al@)[2])

for suitable positive constants ¢y, co; see also [55].

The present chapter is divided into five section. In the first one we get an a priori
estimate for the minimizer of the approximating functional (3.2). Then we pass to prove
the absence of the Lavrentiev Phenomenon for (3.1). This result is then properly used
to prove that £(u) = 0 for every u € WP by means of a perturbation of the functional
(3.1). In Section 3.3 we apply the penalizing method to prove that the gap is identically
zero for other functionals: in particular those previously considered in [70] and [37]. In
the first case a vectorial problem set in Morrey spaces is considered. In the second one
we are concerned with a multidimensional scalar problem whose lagrangian is of sum
type. In Section 3.4 we explain how to get the approximating functions fj in the case of
a radial lagrangian. We conclude with an example of density for which we do not have
the Lavrentiev gap.

3.1 A priori estimate

The theorem presented in this section allows us to obtain an a priori estimate for the
minimizer u, € WP (Bg, RY) of the functional

Fi(u) = - fr(z, Du(z)) dz.

For simplicity of notation and because the result is applicable to any density satisfing the
hypothesis of the theorem (that is to say, not necessarily for approximating functions)
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we will not write the index k. The a priori estimate is obtained by using fractional
differentiability and it is inspired by Theorem 4 in [67].

Theorem 3.1.1. Let Q C R™ be a bounded open set, let « € (0,1] and p,q be such that
n—+ o
l<p<qg<p < - > .

Let f: Qx RYN*" — R be a Carathéodory function. Assume that there exist L € [1,+00),
M € (0,+0) and p € [0,1] such that

2 f(x,2) € CHRN*™),  for all x € 9, (H1)

e < fa,2) < L+ J21), (12

E R +aP + 2P T - 2P < (S - Lwaha-a), @)
0 0 - -

(.2~ Ly, )| < Lhw —yia 4 1el), (g
0 .

)| < ML) (115
of, o N

< Mla —y[*(1+[2[P7h). (H6)

&(IE, Z) - &(ya Z)
Assume that w € WYP(Bgr, RN) is a minimizer of
Fu)= [ f(z,Du(x))dx
Br
with a suitable boundary datum, where B € Q, R € (0, 1].
Then, for all t € [p, %) and all p € (0, R) there exist two constants
CEC(n7N7q7p7E’R’p7t7a)7 BEIB(R’Q’I)?t?a)’

belonging to (0,+00), such that

/ \Du(a)[ de < ¢ (/BR[f(x,Du(:L')) 1] dx>6 . (3.3)

P
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Remark 3.1.2. It is important to note that the constant c~and the exponent /3 in (3.3)
do not depend on the constant M appearing in (H5) and (H6), this will be used later.

Proof of Theorem 3.1.1. First of all we observe that the hypothesis (H2) and (H3) imply
that there exists a constant & = é(n, N, ¢, L) such that

of

&(wv'z) < 6(1 + ‘Z|q71)’ (H7)

for the proof of this inequality see Lemma 2.1.10.
We divide the proof into three steps.
Step 1: weak Euler-Lagrange equation for the minimizer u € WP(Bg, RY)

Note first that z + f(z,2) € CHRN*"),Vz € €, then

F(,2)] = \f<x,o> v lgtg(x,tz)) i

(x,t2)||z| dt

<If(@ 0+ / ML+ [t )] de
0
< 1£(,0)|+ Me] + M]af”.

The above inequality, together with hypothesis (ﬁ5), leads to the following weak form of
the Euler-Lagrange equation for u € W1?(Bg, RY)

Dy’
/BR, » [ £ Du(e) 5 (2)

Step 2: the minimizer u € I/V1 ’q(BR7 ]RN)

dr =0, Yo e WyP(Bg,RY). (3.4)

We pick 0 < p < 7 < d < R <1 and a cut-off function n € C§°(Bas,) such that
2

0<n<1and
4
=1 Dnl < ——.
n‘BT Y | 77| d—’l”

We choose s € {1,...,n} and h € R :

d—r

h| <
0 < |h| 1
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Now we substitute ¢ = 75 _5(n*7s pu) into (3.4) and deduce

of
2 “L(z.D D
N Ts,h <8z (-T, U)) Ts,h udx

i
= —/ Ts,h (af(fﬁ, DU)) 2nDn @ 75 pudz .
Br 0z

II

Bgr

We point out that such a ¢ is admissible because of the p—growth condition of f itself
and u € WHP(Bg, RN).

Now we study I:

0
= /BR n 6%(96 + hes, Du(z + hes)) — a—‘i(x, Du(x))} s nDu dz

— [ %(m + hes, Du(w + he)) — %(% Du(z + hes)ﬂ TspDu dx

+ /BR n? Bﬁ(m,Du(w + hes)) — gﬁ(x,Du(:ﬁ))} TsnDudx.

In the following we estimate the terms above. We start with

[, 7[5 put + e = . Dut@) | 7 Dude

(H3) - —2
> [ Pl 1 Du(a + hey) P+ [Du(a) )7 [rop Dul?] do
Br
> [ eNop DpPlreal(® + [Dul@)) 5 D)) do, (1)
Br
where for the last inequality we have used Lemma 2.1.5. Now let us move on with

[ 5w+ hew Duta + he)) = 5L @, Dute + hes))| runDuds
Br 0z
(16

0z

H6)
< M {/B 772[1 + |DU($ + hes)|p_1]|7'57hD’lL(l‘)| d.%‘} |h|a
R

< C(n,N,p,M){/ [1+\DU(UC)\”HDU(UHth)p]de}\hl"‘
Bd+'r
2

< cnNpn{ [ a+ Du(e)?)do Jhl° (E2)
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Section 3.1: A priori estimate

We pass to the one we have labelled II

‘/ To.h <gf(x,Du)> 2nDn ® 15 pudx
Br z

(H5)
< o, N, M)/ N Dnl[L + [Du(z)[P~" + [Du(@ + hes) P~ |7 pu(z)| do
B
" p-1
N, M :
< dnN.M) {/ [+ | Du(z)” + |Du(x + hey)|?) dx}
d -r Bd+r
2
1
p
X / |Ts,pu(zx)|P da (Holder inequality)
Doy
N,p,M
< RBP4 pu)r) de bl (5
d—r By

where for the last inequality we have used Lemma 2.1.2. Finally we sum up on s €
{1,--- ,n} and obtain

/ S Il + [Du@)?) "5 Du(a)] P do

R s=1

= d—r

< drNop L M) {/B (1 + | Du(z)?) d:v} In]°.

d

In view of this result we can apply Lemma 2.1.4 in order to have
(12 + |Du(2)?) T Du(z) € La=# (B,), V¢ (0, ‘;‘)
and also we can perform the following estimate

2 2\ 22
162 + 1 Du(@) )% Du@)l| s,

1
/(1+|Du|p)d:c+i/ (1—|—|Du|p)dmr
By d—r /B,

Cc
S (d _ 74)29+a+2

1
C 2
< Gy (/Bdu +|Dul?) dx) ,

notably
/ (1+ [Du))® dor < —C— (/ (1+ |Du|)? dx) e (3.5)
r (d - T)U Bd
for some ¢ = ¢(n, N, p,q, L, M, 6, o), where
ey gl
o n— 20’ T ogn—20’
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Section 3.1: A priori estimate

we enforce § > 1, that is

nqg—p
0> -———. 3.6
3 (36)
Let us note that
ng—p _a
2 q 2
because it can be written as
q n
- < ,
P n—a

which is true for the hypothesis on p and ¢, therefore we pick 6 € (%%, %) .

Hence we can conclude that u € VVlif (Br,RM).

Step 3: the minimizer u satisfies

/ \Dua)[! ds < (/BR (2, Du(z)) + 1] dx>6

P

fort,c, B as in the statement of the theorem, in particular the constant ¢ and the exponent
B do not depend on M

In the following we are going to do again the passages of the Step 2 with some dif-
ferences. Firstly we remember that now u € W'P(Bg,RY) N WH9(Bp,RY), where
O<p<<r<d< R<R <1 and R= #. We consider the ball By in place of Br and
the weak Euler-Lagrange equation for u which is still valid for any ¢ € Wol (B B> RM).
After defining the cut-off function and the test function like before, we can make the
same calculations of the last step up to the estimate (E1), taking care of putting Bj
instead of Bg.

In the estimates (E2) and (E3) we use hypothesis (H4) and (H7) instead of (H6) and
(H5) respectively, that is

o,
B s

R

[gﬁ@ + hew, Du(a + he,)) = 2L (z, Du(e + hes))] T

L{/B

¢(n,N,q, L) {/B [l + |Du(z)|? + |Du(x + hey)|1] dm} 1B

NE

R

n2[1 + |Du(z + hes)\q71]|7'5,hDu(x)| da;} |h|®

N

< N D{ [ @+ Du@|)do} g,

d
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Section 3.1: A priori estimate

Moreover,

‘/ To.h (af(:c, Du)) 2nDn @ 75 pudx
Bj 0z

(H7) _
< c(n, N,q,L>/B n|Dnl[1 + |Du(x)|"" + [Du(z + hes) | |7s pu(z)| do
R

g—1

q

N,q,L
< mq){ / [1+yDu<x>|q+|Du<x+hes>|ﬂdw}
d—r Bgyr
2

q
X { / |75, nu(z)|? dm} (Holder inequality)
B d+r
2

< ARLD ] (14 Duloln) dohl

where for the last inequality we have used Lemma 2.1.2. As in the previous step we sum
up on s € {1,--- ,n} in order to have

[, 3l + [Du(a) ) F Du(w)] P da

R s=1

< {0 u@ de e

for some ¢ = ¢(n, N,p,q, L).
Applying Lemma 2.1.4 we get

H 2n
L n—20 (Br)

(1 + |Du(z) )T Du(x)

c
< (d — r)20+o+2

1
C 2

1
/(1+\Du|f’)dx+i/ (1+|Du|q)d:c]2
By d—r /B,

and

/ (1+ [ Dul)® d < ﬁ (/Bd(l + |Du|)qu>n_"29

T

for some ¢ = ¢(n, N, p,q, L,0,a) and 0,6 like above.
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Section 3.1: A priori estimate

We now perform the following estimates with a v > § that we will define later

/ (1 + |Dul)?® dz < ﬁ </Bd(1 + |Du|)%(1 n |Du|)q(1_%) dm>q’:

T

qé

<(df”a(é;LHDMV”m)m

N
><</ (l—HDu\)qzldx)p T
Bg

where for the last inequality we have used the Hdélder inequality.

With the choices 5 5

:gf, VI:’Y , A=y —1,
Py v—1

we can write the last inequality like

/;‘1+\Dqudxs§(/;}1+|Dqudx>E@Lfﬂa<J;}1+\Dqudx)M. (3.7)

Finally, we want to choose v in such a way that

el

e<l, qu<p, v<9,

which is nothing more than

q g0 —p
0= <7, 7< ;
p q—p
i.e. 5
RN e ,
p q—p
which we can write as
g 4P
2 p
Now we point out that
ng—p «
—— < = 3.8
since this inequality is equivalent to
n—+ o

9 :
D n

that is the constraint on p and ¢. Bearing in mind the conditions (3.6) we take

ng—p ng—p a) _ (ng=p
0 (max {552,550} 5) = (555.%)

©|Q
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Section 3.2: Absence of the Lavrentiev gap

Now we can apply Young’s inequality to (3.7), and thus getting

Ae

/Br(l + | Du))? dx < (d—i)las (/Bd(l - |Dul)? dx) y

1
+ 2| (1+|Du)? da. (3.9)
2 /B,

If the last integral was computed on the same set of the one on the left-hand side we
would have finished; unfortunately, the sets of integration are different and we have to
use Lemma 2.1.6 with the following setting

Ry=R—-w, 0<w<R—p

Ae
1—¢

A= 1+ |Dul|)? daz) , h(r)= / (14 |Du|)? dz.

r

(
Br
So, with the choice p < r < d < R — w the inequality (3.9) turns into

Ae

n l—e
[oasipuy@mar s — ([ (+[Du)pda
5, (R—w—p)= \Js;
for some c = c(n,N,p,q, L,0, ). At this point we let w — 0 and then we apply (ﬁ2) and
replace R = R;rp . Finally, let us pick 6 such that t < %, that is,
n p
0>—-(1-—=].
(-7
We specify that
P «
— |1 —-= < —
5 (1-7) <3
corresponds to
pn
t < .
n— o
Hence, taking 6 € (max {g%, 21— %)} , %) we get the expected estimate. O

3.2 Absence of the Lavrentiev gap

In this section we prove that £(u) = 0 for every u € WP. Next theorem is the one
that guarantees us the absence of the Lavrentiev phenomenon for functional (3.1). As
mentioned in the introduction the density has a (p,q)-growth condition and satisfies
(1.14) and (1.15). The peculiarity of this density is that it can be approximated from
below with functions fj satisfying the hypothesis of Theorem 3.1.1. The assumption
(1.16) always remains in force; to emphasize the importance of this condition we refer
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Section 3.2: Absence of the Lavrentiev gap

to the work [67] where a counterexample is shown in which a local minimizer u € Wé’f

does not belong to I/Vli)cq if we have (1.11). From now on we use the following notation

F(u, A) ::Af(x,Du(m))dx.

Theorem 3.2.1. Let Q C R"™ be a bounded open set, let a € (0,1] and p,q be such that

n—+ «
1<p<q<p( - )

Let f: Q x RV*" — R be a Carathéodory function. Assume that there exist L € [1,+00)

and p € [0,1] such that

2 f(z,2) € CHRN*™),  for all z € 9,
L7HeP < flw,2) S L1+ [2]9),

p—2 a a
L2 +a P + [22P) ' | = 2P < (L@ 2) - @)z — ),

of . 0f

_ < < (e q—1 )
5 (@.2) = 52 (y,2)] < Lle —y1*(1 + |17

(H1)

(H2)

(H3)

(H4)

Assume also that that there exist a sequence of Carathéodory function fi, : @ x RN*" - R,

a sequence c(k) € (0,400) and L € (0,4+00) such that

2 frlx, 2) € CYRN*™),  for all x € Q,
L7 < filw, 2) < L(1+ |2]9),

~ 2 0 0
LY + |21 4 22D 7 o1 — 22 < <£(%21) - %(%Zz), 21 — Zz>,

O fk O fk

_J _ I < T _ « q—1
0y~ Py o)) < Lhw -y 4 121,

afi

A (w2)| < eR)(L+ =77,
9 0
’é@ﬁ 2) = gfzk(y,z)‘ < c(k)lz —y[* 1+ |77,
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Section 3.2: Absence of the Lavrentiev gap

fe(z,2) < f(z,2), forall (z,2) € Q x RV*™, (AP7)
kggl fu(z,2) = f(z,2), for all (z,z) € Q x RN, (AP8)
fu(z,2) < fogr(z,2),  for all (z,z) € Q x RV, (AP9)

Let u, € WYP(Bgr,RYN) be a function such that
‘F(u*aBR) < +00

where Bg € Q, R € (0,1].

Then there exists G, € (ux + Wol’p(BR, RM)) N Wll’q(BR, RY) such that

f(ﬂ*,BR) < f(u*,BR)

and

/B,, |Dity (2)|' dz < ¢ (/BR[f(x,Du*(z:)) +1] d:c)ﬂ,

' n—a
and B(n,q,p,t,a). This shows that the Lavrentiev phenomenon for F does not occur.
Precisely

forallp € (0,R), allt € [p ﬂ) and for some positive constants c(n, N, q,p, L, R, p, t, @)

inf F(u,Bg) = inf F(u, Bg),
u€ug+Wy P (Br,RN) u€(uo+Wy P (Br,RN))NW 9 (Br,RN)

where ug € WP(Bgr, RN) and F(ug, Bg) < +0o0.

Proof. We divide the proof into four steps.

Step 1: a priori estimates for the minimizer of the functional

fk(u,BR):/B fr(z, Du(x)) dz

Consider the above functional F; and observe the following assertions:
o fiu(z,2) >0, Y(z,2) € B x RN*",

o 2 fu(z,2) € CHRY*™), V& € Bg,

~—_— —

o 2z fr(x, 2) is convex for (AP3), Vz € Bg,
o fulw,2) = L7z, Wz, 2) € B x RV,

o Fi(us, BR) < F(us, BR) < +oo for (AP7).
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Section 3.2: Absence of the Lavrentiev gap

Therefore we can apply the direct method of the Calculus of Variations: for any k € IN
there exists uy € u. + Wy?(Bgr, RY) such that

min Fi(u, Bg) = Fi(ug, Br).
u€us+W, P (Br,RN)

We are in a position to use the Theorem 3.1.1 for the functional F; in order to have the
following estimate

/p|Duk(z)|tdaz < c(/BR[fk(x,Duk(x))—kl]da:)ﬁ
< c(/BR[fk(x,Du*(m))—i—l]da: ’
(A§P7) ¢ (/B [f(z, Duy(x)) + 1] dx)ﬂ

forall pe (0,R), all t € {p, %) and for some positive constants ¢(n, N, q,p, L, R, p, t, @)
and B(n,q,p,t,a). Thus,

/B,, | Duy ()] dar < ¢ </BR[f(a:, Dux(x)) +1] dx)ﬁ. (3.10)

Step 2: there exists another function ue, satisfying the a priori estimate with an energy
lower than or equal to the one of u,

As in (4.23) of [44], we consider the following chain of inequalities where h < k

/ LY Dug|P dz < Fn(ug, Br) < Fi(uk, Br) < Fi(us, Br) < F(ux, Bg) < +00.
Br
(3.11)

By the previous inequality, up to not relabelled subsequences, we may suppose that there
exists us such that
Uso — U € Wy P (B, RY)

Duy, — Duy, weakly in LP(BR). (3.12)
Bearing in mind that the functional F} is weakly lower semi-continuous we obtain

(3.11)
Fn(uoo, BR) < lliminffh(uk,BR) < F(ux, Bg).

—+o00

In turn, this fact and the monotone convergence theorem for h — 400, i.e.

]-"h(uoo, BR) — f(uoo, BR)
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Section 3.2: Absence of the Lavrentiev gap

imply that
F (oo, Br) < F(us, BRr). (3.13)

Moreover, for (3.10), (3.12) and the weak lower semi-continuity of w — [p |w|t dx we
can perform the following estimate for us:

/ | Dtoo (2)|" dzr < lim inf/ | Dug(z)|" dx < c (/
B, k—+oco /B, B

In view of this result we can assert that

B
(2, Dua(2)) + 1] dx) C(3.14)

R

Uoo € (s + Wy P(Br, RM)) N W,hY(Bg, RY)

C

because t € {p, %) and

np (n—i—a)
>p > q.
n—ao n

Remark 3.2.2. In order to get (3.14) we use (3.10) where the constant ¢ is independent
of k: this is obtained in Step 3 of Theorem 3.1.1.

Step 3: lemma for the existence of a regular minimizing sequence

Lemma 3.2.3. Let Q C R™ be a bounded open set and let p,q be such that

n—+ o

1<p<q<p< >, a € (0,1].

Let f and f be as in the Theorem 3.2.1, then there exists a sequence {Um}men C
(vo + Wol’p(BR, RM))N Wll’q(BR, RY) such that

oc

f(ﬁm,BR) — inf f(U,BR),
vEvg+ W, P (Bp,RN)

where Br € Q, R € (0,1], vg € WY (Bg,RY) and F(vy, Bg) < +oc.

Proof. Let us start considering a minimizing sequence {vy, }men for the functional F on
the class of function vy + Wy ?(Bg, RY), i.e.

F(vm, Br) — inf F(v,Bg)=J. (3.15)
vevo+W, P (Br,RN)

Now we use the Step 1 and Step 2 of the Theorem 3.2.1 with v,,, m € IN, in place of u,,
namely

Vm e N Fip, € (vm + Wy(Br, RY)) N W,2Y(Bg, RY) (3.16)

ocC

but v, € vg + Wol’p(BR,IRN), SO

Bm € (vo + WP (Br, RM)) N W,hY(Bg,RN), Vm €N,

C
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Section 3.2: Absence of the Lavrentiev gap

in particular by (3.14)

/ Do ()| dz < c (/ [f (2, Dog()) + 1] dl")B < c(|Brl+ T +1)7 (3.17)
B, Br

for all p € (0,R) and t € {p, %) :
Moreover, by (3.16) and (3.13)
J < F(ﬁmyBR> < F(UmyBR> - J

thus we can conclude that

f(’lN)m, BR) — j
O
Step 4: conclusion about the absence of the Lavrentiev phenomenon
Let us define
J = inf F(u, Br)
u€ug+W, ¥ (Bgr,RY)
j = inf f(u, BR),
u€(uo+WyP (Br,RN)NW 4 (Br,RN)
now, by the previous lemma we get a sequence
{is}sew C (w0 + Wy (Br, RY)) N Wyl (B, RY)
such that
.7:(@3, BR) —J
Recalling that )
\7 < \7 < F(ﬂsaBR>
we can conclude that )
J=J,
which implies the absence of the Lavrentiev phenomenon. O

Remark 3.2.4. In order to formulate our hypothesis we do not need to assume the
existence of a minimizer u € ug + Wol P(Bg,RY) for F, but we can observe that this is
a straightfoward consequence of direct methods of the Calculus of Variations. We can
achieve even that

u € (ug + Wy (Br, RY)) N W,2%(Bg, RY)

loc

for such a minimizer u; let us see in detail how to do it: an application of Lemma 3.2.3
gives us a sequence

{im }men C (uo + Wy (Br, RY)) N Wb (Bg, RY)
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Section 3.2: Absence of the Lavrentiev gap

such that

F(tm, BR) — inf F(u,Br) =T
u€uo+W, " (Br,RN)

from which it follows that
(H2)
/ LY Dim|Pdz < Flim, Br) < T + 1.
Br

In turn, this fact implies that, up to not relabelled subsequences, there exists @i, such
that

_ 1

fioo — g € Wy'P (B, RY)

Diiy,, — Dt weakly in LP(BpR),

this, together with (3.17) and the weak lower semi-continuity of w — [p_ |w|! dz leads to
| IDis(@)! dw < c(|Brl +.7 +1)°
BP

for all p € (0,R) and t € {p, %), and thus

lioo € (g + WoP(Br, RM)) N W,54(Bg, RM).

ocC
Recalling the weak lower semi-continuity of F we can write
J < F(too, Br) < liminf F(t,, Br) = J,
m—»+oo
then the definition of 7 implies that i is a minimizer and @, = u by the strict convexity

of F.

Now, we see how adding a suitable penalization to the functional (3.1) and using the
previous remark to this new functional, allows us to conclude the Lavrentiev term is
identically zero, when considering the spaces

X = W' (Bg,RY), Y =W'YW(Bg,RY)n W 4(Bg,RY).

ocC

This in turn implies that the relaxed functional

F(u, Bg) = inf {lim inf F(uj) :uj € WP NWE? VjeN and uj — u in Wl’p} ,

uj | j—=+oo
is represented by F itself, namely
F(u) = F(u), forall u € W'"P(Bg,R").

Here we cannot proceed in the same way as when u is the minimizer of F and we need
to modify the functional to construct a sequence converging both strongly and in energy
to the fixed function u. The theorem is the following.
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Theorem 3.2.5. Let Q@ C R™ be a bounded open set, let o € (0,1] and p,q be such that

n—+ «
1<p<q<p( - )

Let f:Q x RVN*" 5 R be a Carathéodory function. Assume that there exist L € [1,+00)
and p € [0,1] such that f satisfies (H1)-(H4).

Assume also that that there exist a sequence of Carathéodory function f, : Q x RV*" — R,
a sequence c(k) € (0,400) and L € (0,400) such that fi satisfies (AP1)-(AP9).

Let uy be a function in WYP(Br, RY) such that F(u., Br) < +00, where Br € Q, R €
(0,1]. Then
L(us) = 0.

Proof. By Lemma 2.1.7 we need to show that there exists a sequence {us}reny C
WLP(Bgr, RN) N W,24(Bg, RN) such that

ug — u,  weakly in WHP(Bg, RY)

and
f(uE7BR) —>J_'.(U*,BR)

We divide the proof into two steps.

Step 1: we construct a suitable sequence

{ue}een C (us + Wy P(Br,RN)) N WL9(Bg,RY).

C

We start observing that by Theorem 3.10 in [74] it is possible to find a p > 0 and a
function u, € W(]l’p(BR+p, IRN): Uy = Uy in Br. Moreover, i, can be extended to all of
R" by setting u, = 0 outside Bry, and such an extension belongs to WEP(R™, RY); we
keep calling this extension u,. Now let £ € IN, we define vy, the regularized of u, in the
following way

) = [ @ =) du

e
where ¢ € C°(B(0,1),R),¢ > 0 and [y )% (z) dz = 1. Then suppyy is compact in
R" and v, € C(R™, RY) ¢ WP(Q,RY). Since vy — uy strongly in WHP(Bg, RY), up
to subsequence, still denoted vy, we have

(3.18)

|

[ — vellwip(Br) <

We define
gﬂ(uv BR) = /

Br

2
2

[f(@ Du(w) + (14 #1Du(a) - Dula) ¥ da,

D
2

we call go(z, 2) = f(2,2) + $(1 + £*|z — Dvy(z)|*)2 and we observe that
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Section 3.2: Absence of the Lavrentiev gap

o gu(z,2) =0, VY(x,2) € Qx RV*™,
o 2 go(w,2) € CHRN*™), Vo € Q;
o 2z gy(x,z) is convex Va € Q (sum of convex functions);

I4
2

1
o gz, 2) > L7HzP + s + 0%z = Dog(x)[*)2 > L7z, V(z, 2) € @ x RV

1
* Ge(us, Br) = F(us, Br) + 5 ; (14 2| Duy(z) — Dug(x)|?)% da < 4oc.
R

Therefore we can apply the direct method of the Calculus of Variations: for any £ € IN
there exists uy € uy + Wol’p(BR, RY) such that

min Gi(u, Br) = Ge(ug, Br).
u€ux+Wy *(Bg,RN)

Now let us observe that gy : © x RV*" — R is a Carathéodory function and let us define
ho(z, 2) = (1 + %]z — Dug(z)[2)%, then by the convexity of z — hy(x, z) we have

<ng(x 21) — %(iﬂ 22), 21 — Z2> = <8f(96 21) — ﬂ(a: 29),21 — 22>
9z 0z 0z’ Oz 77

h h
+ <%;(CU72’1) - 88;(1’722),21 — 22>
>L7H2 + |2 + |2?) T |21 — 2.

We point out that since v, € C°(R™, RY) there exists M = M (¢) € [0, +00) such that
| Dvg(x)| + | D?ve(z)| < M, for all x € R". Hence we have

g, 2) = f(2,2) + 51+ Pz — D))
< J(@2)+ 51+ 0]z = Du@)P?)

LA+ |2f7) + 2+ 280 Lf (2, 2 — Duy(a))

[\] [\
NS N‘ NS

L+ + 5 + 25 P~ L2(1 + |z — Dug(z)]?)
25

<L+ [l) + 2 + a1+ [ + [Dua)]?)

S L(L+ |2]7) + &1 + [2]7)

S (L+ &)1 +12]9),

where ¢; = ¢ (¢, p,q, L) and ¢ = é&(¢, p,q, L, M) are suitable positive constants. Now let
—2
us compute the derivative with respect to z of %(SU, z) = pl(1+ 02|z — Dug(z)2) 7 (2% —

(2

41



Section 3.2: Absence of the Lavrentiev gap

Divf ()):

0?hy
0x;0z

(z,2) = pl [52(19 —2)(1 + £2|z — Duy()[}) =

+ (1+ )z = D))"= (—D; Divg(w))]

Since = — %(m, z) is CY(R™) we can conclude that % is a-Holder continuous with
respect to x, more precisely we find that

2y 2

< _ « p—2
L (w,2) = S, 2)| < Hlz = yl*(1+]2])

< Hlz —y|*(1+ 271,

where H and H are positive constants depending on £, Q, p, ¢, n, N, M. Consequentially

09| <[5 @) - Fwa)+ |G - T

<Ll = yl*Q+ 277 + Hlz — y[* (1 + 271
<L+ H)lw —y|* (1 + [277).

%(x 2) - 99
0z 0z

Now let us define

Y
2

gi(ac7 2) = fr(z,2) + %(1 + 02|z — Dug(z) ) 2,

where { fx }ren is the approximating sequence defined in the statement of the Theorem.
First of all we observe that gﬁ is C! with respect to z and it satisfies (AP3) with the
same constant L~'. Moreover, we note that gf satisfies (AP2), (AP4), (AP6), to be more
precise

L3P < o, 2) < La(1+ [219),

gt dgt
ﬂ(x72) - ﬂ(ya Z)

o < (L+ H)lw —y|*(1+ 2177,

< (e(k) + 2P H )| — y|* (1 + |77,
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where L; depends on L./, p,q, M. As far as (AP5) is concerned we observe that

<|Fwn)|+

c(k

O (2

oh
5, (&% = (2,2)

N

0z
< elR)(1+ (=7 + pI(1 + 0 = Due(a)[) T |2 = Duela)
< e(k)(1+ 2771 + pl(L+ 2]z = Du®)"T (1+ 2]z — Dug?)3
<e(k)(+ 2P~ + (L + 2P + [ Dug(a) )
<e(k)(1+[2P7h) + (1 + |77
< (ek) + &) (1+ 2",
with ¢; = ¢1(p,¢) and ¢; = ¢a(p, ¢, M) suitable positive constants. In the end, it is
straightforward to check that gf, satisfies (AP7), (AP8) and (AP9), more precisely

gk (2, 2) < ge(x, 2);

Jim gi(z, 2) = g, 2);

gi(m,z) gf—H(va)'

Observing that Gy(u.) < 400 we are at last in position to apply Remark 3.2.4 to the
functional G,, where {gi} kel plays the role of the approximating sequence. So we get
that u, € WL9(Bg, RY).

Step 2: we show that uy — u, strongly in WYP(Bg, RY) and F(us, Br) — F(u«, Br)
Let us consider the following chain of inequalities

23 B

L
+ 25071 Du. — Dol
(3.18) 25 Br) 2%
< f(u*7BR) + mezS(R) + 72
(3.19)
Therefore

: . ngeas(BR) 2%
lim sup F(ug, Br) < limsup | F(us, Bg) + ————= + — | = F(us«, Br). (3.20)
£—+00 {—+00 J4 4

Bearing in mind the positivity of F we observe that

o /B |Dug(x) — Dug(2)P dz < / %<1+€2|Due<x>—me<x>|2>

[SI4S)

Br
= Gi(ug, Br) — F(ug, Br)
(3.19) g z
< F(us, Br) + 22meZS(BR) + 272,
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Section 3.3: Application of the penalization technique to other functionals

namely
F(us, Br) = 22meas(Bg) 2%
w1 Iz T
So we have that ||Duy — Dvgl|rp(p,) — 0 as £ — +oo. We keep in mind (3.18) that
guarantees ||Dvy — Duy||rp(p,) — 0, then Duy — Du, in LP(BR). Since uy = ux on 9

/ | Dug(x) — Dvg(x)|P dx <
Bgr

we have uy — u, in W'P(Bgr, RY). Consequently, by the lower semicontinuity of F we
can write
F(us, Br) < liminf F(uy, Bg).

£—r4-00
Taking into account (3.20) we get

lim sup F(ug, Br) < F(uy, Br) < liminf F(uy, Br),

that is
F(ug, Br) = F(ux«, Br).

This result holds true for all u, € W'P(Bg, RY) such that F(u., Br) < +oc. This ends
the proof. 0

Remark 3.2.6. Let us highlight the fact that we show more than what is needed
to have the absence of the gap £ between the spaces X and Y. Indeed, for every
u € WHP(Bg,RY) we find a sequence 1, which coincides with u on the boundary of Bg,
i.e.

ug € (u+ Wy (Br, RY)) 0 Wil (Br, RY),

and converges strongly to u in W1P(Bg, RY).

3.3 Application of the penalization technique to other func-
tionals

In this section we want to examine if a suitable penalisation can be applied to other
functionals in order to obtain £(u) = 0 between suitable spaces X and Y. In particular
we analyze two situations. The first one concerns a functional in the vectorial case,
with the density f = f(x, z) satisfying the hypothesis of the paper [70]. In this setting
the approximating sequence belongs to Morrey space. The second framework regards
the scalar case and deals with densities like f(z,u,z) = d(z) + h(z,u) that verify the
assumptions of [37]. Here the approximating sequence has bounded gradients.

3.3.1 Vectorial functionals and Morrey space

In the following we take into account again

Flu,Q) = /Qf(:c, Du(x)) da,
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Section 3.3: Application of the penalization technique to other functionals

with u : Q@ — RY, where Q C R" is open and bounded, n > 2 and N > 1. We will
deal with the notions of Morrey space and Morrey - Sobolev space; we recall here the
definitions.

Definition 3.3.1 (Morrey space). For each p € [1,00) and 0 < A < n, we define the
Morrey space

1
LPMNQRY) = {uELp(Q RM): sup —/ lulP da:<oo}.
z€Q,p>0 P QNB,(z)

Definition 3.3.2 (Sobolev-Morrey space). For each p € [1,+00) and 0 < A < n, we say

that a mapping v € WP (€2, RY) belongs to the Sobolev-Morrey space T/V1 (p’)‘)(Q, RY)
if u € LPMNQ,RY) and Du € LPA(Q, RVX™).

We consider f: Q x RYX" — R as in Theorem 1.1 of Fey - Foss [70], namely: there exist
numbers 1 < p < gq,0< A <n, L >1, and a convex function f : [0,400) — [0, +00)
satisfying, for all R > 0,

f € ([0, +00)) N C*((0, +00)), /" € L((0, R))
o= I < iy < -0 I 0, i (3.21)
f0)=F(0)=0, f(1)>0
such that for every € > 0 and x € Q there exists o.(z) € [0, +00):
|f(x,2) = F(l2D)] < ef(l2D), (3.22)

whenever |z| > o-(z). Moreover, there exists a(z) € [0, +00) such that
[f(, 2)| < LIz + a(x), (3.23)

for every x € Q and z € RV*". In addition, 0. € L% (Q,R) and a € L' (2, R). We
strengthen the hypothesis of asymptotically convexity of f given by (3.22) assuming that
z + f(z,2) is convex. Moreover, we impose f(z,z) = 0 for all z € Q and z € RV*",
Note that the previous assumptions imply, by Lemma 3.1 in [70], that the function f is
increasing and

fty+t2) <29(f(t1) + f(t2)), for all ty,ty >0, (3.24)
f( t) < cqf(t) forallt > 0and c> 1. (3.25)
f@) < F)(A+17), forallt>0. (3.26)

Let us add another assumption, that is a slight modification of [70, Lemma 3.1 (iv)],
L4 < f(1). (3.27)

We aim to approximate every u, € W1'P(Bgr,RY) with a sequence in the Morrey
space {us}ren C (us + Wol’p(Bp,IRN)) N I/Vli’(p’)‘)(Bp,]RN), p < R, showing also the

C
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Section 3.3: Application of the penalization technique to other functionals

convergence in energy. For this purpose let us take any u, € W?(Bg, R") such that
F(uy, Bg) < 400. First of all, we prove that for any p € (0, R) there exists a suitable
sequence {v¢}ren € Lip(B,, RY) such that vy — u, strongly in WHP(B,, RY) and

- 1
/ F(1Du.(@)) — Durle)l) do < 4. (3.28)
p
Indeed, we start defining
Sy = BgrnN {:E [ Dug(x)| < O‘%(l‘)}

and
S = Brn {;c . | Duy(z)| > U%(ac)} .

Now, using (3.26) and (3.22) with ¢ = § we get

3 ), F(ou@D dr =5 ([ F(pu@) dr+ [ f(Duo) dx)

<;(f(l)/31(a;( ))qu—l—measBR> /fxDu* ) dz

Recalling that o. € L% and J5y, f(2, Duy(z)) dz < +00 we obtain

f(|Duy(x)]) dz < +oo.
Br
Now, as in the proof of Theorem 3.2.5, for every 0 < § < % we mollify u, and we
get ws € Lip(Ep,IRN) such that ws — wu, strongly in Wl’p(Bp,IRN). Then, Jensen’s

inequality and Fubini’s theorem lead to
[ F(puwsta)) do< [ f(Du.(a)) do. (3.29)
Bp Bp+6

We pick a subsequence {w;; }jew such that
Duws,(x) — Duy(z) for a.e. x € B,

Using (3.29) together with Fatou’s lemma we obtain

[, F(Du.(@)) do <timint [ F(1Dus, @)]) da

j—+o0 /B,

< lim sup ]F(’Dwaj (z)|) d

j—+oo JBy

< lim sup/ F(|Du(2)]) de
Bots

Jj—+oo
= tim [ f(Du.(a))) do
I+ By,
- [ Fpu.(@)) do,
By
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since §; — 0 as j — +oo and f(|Du,|) € L'(Bg). Namely
|, Fupuws, @) d— [ F(Du.@)) do.

At this point we can apply the generalized dominate convergence theorem to get
uéfWMA@—DwNMMM%O
P

Then there exists {w(;je }eew such that

/Bp f(|Dus(z)) — Duw;,, (x)]) da < élp'

Hence, the sequence {vs}rew we were looking for is defined by
Vg = W,

At this point we consider the following perturbed functional
Ge(w) == [ [ (@, Du@)) + ¢f(|Dutz) = Du@))] do.
P
Let us set )
ge(, 2) = f(x,2) + Lf(|z = Dvg(x)|).

It is easy to see that, by the direct method of the Calculus of Variations, for any £ € IN
there exists uy € u. + Wy ?(B,, RN) such that

min Ge(u) = Goluy).
u€ux+Wy'P(By,RN)

To obtain Morrey regularity for the minimizer u, we aim to verify that g, satisfies the
same hypothesis of f, in order to apply Theorem 1.1 in [70]. Recalling that f is increasing
and using (3.24) we achive the existence of a constant L, > 1 and a function a, € L'
both depending on ¢ such that

g@(lU, Z) < L€|Z|q + af(x)7
for all x € Q and z € RV*". Now, by (3.25) we obtain that for all £ € (0, 1]

(1 =) f(l2]) < F((1 = &)lz]) < f(|z = Due(2)]) < F(A+8)[2]) < (1 +8)7(|=),

whenever |z| > M. Then, for all €, € (0, 1] there is 6. s(z) = o.(x) +

that if |z] > 6. s(z) we have
ge(w,2) = f(x,2) + £f(|Dul@) — Do(x)])
< (L+e)f(l2]) + €1 +8)7f(|=])
= [1+e+0(1+8)7f (2D,

|Duy(a)]

< such
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and, in similar fashion,

Ge(z,2) = [(1 =) + (1 = &) f(|=]).

Taking
=min{1—(1-e)s,(1+e)1 -1},
we get ) B
(1=e)A+Of(2]) < ge(,2) < (1 +e)(L+0)f(]2]).
Let us set

fot) = (1L + O)f(2).

It is straightfoward to check that f; is convex and satisfies (3.21). Therefore, by [70,
Theorem 1.1] the minimizer uy enjoys

ug € (e + WoP (B, RY) W02V (B, RY).

C

Now, bearing in mind (3.27) and (3.28) and following Step 2 of Theorem 3.2.5 we get
that uy — u. strongly in WP(B,, RY) and F(us, B,) — F(ux, B,). We have just proved
the following theorem.

Theorem 3.3.3. Let f : Q x RV*" — [0, 4+00) be a Carathéodory function such that
z v f(x,2) is convex and (3.22), (3.23) are satisfied with f as in (3.21) and (3.27).
Let uy be a function in WYP(Bgr, RYN) such that F(u., Bg) < 400, where B C Q. Fix
p < R. Then there exists a sequence

{ueren © (e + Wy (By, RY) 0 WP (B, RY)
such that up — u strongly in WHP(B,, RY) and
F(ue, By) = F(uy, B,).
An example of function that satisfies the hypothesis of Theorem 3.3.3 is
f(z,2) = f(l2] + b)),

for a suitable b(z) > 0, where .
f(t) =1t° In(e + ).

3.3.2 Scalar functionals and bounded gradients

In this last section we consider an example in the multidimensional scalar case. We deal
with the following functional

F(u,) = /Qf(w,u(x),Du(x)) dx,
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with u : Q — R, where 2 C R" is open and bounded, n > 2. We assume that the density
f has the following form
f('rauv Z) = d(Z) + h(x,u),

and satisfies the hypothesis of Theorem 1.1 in [37], that we recall here for the convenience
of the reader. Let p and ¢ be such that

1
1<p<q<p(n:). (3.30)

The function d : R™ — [0, +00) has the (p, ¢)-growth (H2) and is p-uniformly convex at
infinity, that is, there exist v, R > 0 such that

21+ 2 1 1 p—2

d( 1 2 2) < (=) + 5d(z) —v(p® + | + |22) 2 |21 — 2 (3.31)
when the line segment joining z; and z9 is all outside B(0, R). The function h: Q@ x R —
[0, +00) is of Carathéodory type and x — h(z,0) € L'(£2,R). Moreover, there exists a
function a € LS (2, R) such that

loc
|h(z,u1) — h(z,u2)| < a(x)|u; —ug|, fora.e. z € Q, for all uy,us € R. (3.32)

We stress that, unlike [37], we require that d is also convex everywhere. Morevover, here
we ask that h(z,u) > 0.

Our target is to approximate every u, € WYP(Bg,R) with a sequence {us}icny C
(uy + VVO1 P(Bg,R)) N Wli’COO(BR,R) and show the approximation in energy. So, let
ux € WHP(Bg, R) be a function such that F(us, Bg) < +oc.

We consider the following penalization of F

Ge(u, Br) = /BR[f(fE,U(fv)vDU(x)) + lu(z) — u(2)|] dz.

By the direct method of the Calculus of Variations we get, for every £ € IN, a minimizer
Uy € Us + Wol’p(BR,R) of G;. Now, in order to apply [37, Theorem 1.1] to G, we
just need to observe that h(x,u) + f|u(z) — u«(z)| keeps checking (3.32) and that x —
h(z,0) + f|u.(z)| € L' (Bg,R). Then the minimizer u, enjoys

g € (ux + WP (Br, R)) N WL (Bg, R).

At this point, following Step 2 of Theorem 3.2.5, we get that uy — wu, strongly in
L'(Bg,R). But, by (H2), we have

L7 Dugl} ) < Flue, Br) < Ge(ue, Br) < Ge(us, Br) = F(us, Br),

then, by the previous inequality, up to not relabelled subsequences, we may suppose that
there exists U, € Us + Wol’p(BR, R) such that

Up — Uoo  strongly in LP(Bg,R)
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Duy — Due, weakly in LP(Bpg,R"™).
Therefore, due to the uniqueness of the limit, we can say that us = u, and
Duy — Du, weakly in LP(Bg,R).
Thus, the following theorem holds true.

Theorem 3.3.4. Let p and q be as in (3.30). Let d : R™ — [0,+00) be a convex function
which verifies (H2) and (3.31) and let h : 2 x R — [0, +00) be a Carathéodory function
such that x — h(z,0) € LY(Q,R) and (3.32) is satisfied. Let us set

F(u, Bg) = /B [d(Du(x)) + h(xz,u(z))] dz.

Let u, be a function in WYP(Bgr, RN) such that F(us, Bg) < +o0c, where Br C Q. Then
there exists a sequence

{uckien C (s +Wy?(Bg,R)) N W, (Bg, R)
such that uy — u weakly in W'P(Bg,R) and

F(ug, Br) = F(ux, Br).

3.4 Construction of the approximating densities

We now face the problem of how to construct the approximating functions fi. We require
that the function f is radial, i.e.

f(z,2) = f(z,|2]), forall (z,2) € Qx RV*", (H5)
for some f : Q x [0, +00) — R. Moreover, we assume that f satisfies the following
L7 + 125 < f,2) S DO+ |2 (H2)

in place of (H2). Let us observe that if we consider a function f that satisfies (H2) and
(H3) then, if p > 2 it obviously satisfies (H3) and (H2’) with © = 0. In the case where
p < 2 we can consider f = f 4 ¢, where c is a suitable constant and now f satisfies (H2’)
and (H3). Moreover, changing f with f does not affect our problem. In any case, we
prefer to use (H2’) because of the calculations involved in the proof of the next theorem.
We point out that for the approximation we gain benefit from [45, Theorem 2.5 (ii)].

Theorem 3.4.1. Let Q C R"™ be a bounded open set, let o € (0,1] and p,q be such that

n—+ «
1<p<q<p< >
n

Let f:Q x RVN*" 5 R be a Carathéodory function. Assume that there exist L € [1,+00)
and p € [0,1] such that f satisfies (H1), (H2’), (H3), (H4) and (H5).
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Section 3.4: Construction of the approximating densities

Then Vk € N there exists a Carathéodory function fi : Q@ x RV*® — R and a con-
stant co(q) € (1, 400) such that

2 fe(z,2) € CYRN*™),  for all z € 9, (AP1)
-1
7 (W + 12 %2 < firlw,2) < L1+ |29, (AP2)
L—l p—1
5 pmin{p — 1 1}( ) (AP3)

p—2 0 0
X (,U2 + |z1|2 + |,22|2)T|zl — z2|2 < <£(x,z1) — %(I,ZQ),Zl — 22>,

0 fx O fk

B, @&2) = 5=y 2)| < Llw —y|"(1+ 2771, (AP4)
0 =t L~

Ok (0,2)| < 2o 225 + 2™ 10+ MY+, (AP

0 0 _ o _
i)~ oty <LO+ Ryt 04 1P, (APG)
fu(z,2) < f(z,2), forall (z,z) € Q x RN*", (AP7)
kET fu(z,2) = f(z,2), for all (z,z) € Q x RN, (APS)
fre(@, 2) < fog1(z,2),  forall (z,2) € Q@ x RV*™, (AP9)

where
pv10 if 1<p<?2

o
Il

plp—1)2" if p=2

Proof. Let us start with the following preliminary observation. Let ez- be a versor of
RN*" 4 =1,...,N, j=1,...,n, and note that, since ¢t > 0,

f(wi = f(x,teé).
We deduce that

of of
j

a(m,to) =3, 5 (@, toe] Y), Vi € [0, +00).
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Moreover, since f(z,z) = f(z,|z|), we have f(z,—2) = f(z,z) and Z(.TU 0) = 0. This
implies 3 K

of

Bt —(z,0) =0.

Finally observe that B
t f(x,t) € C([0, +00)).

We divide the proof into four steps.

Step 1: the function
-1

2¢

ya
2

9(x,2) = flz,2) = (1 + |2[1)2 > 0

1s radial and satisfies the following two properties

-1

0 0 L
<8Z(UC,Z1) - a*i(x,zz),zl - z2> > T(M T 212+ |27 \21 — 2|? (3.33)

dg

5, (@ 2)| < < [BegL2 T —i—L;pQ (1 2] (3.34)

where ¢ is as in the statement of the theorem and cy = co(q) € (1,+00)

Let us define
D
fulz) = (1 + |22,

we observe that
2z gz, 2) € CI(RNX”)

and

dg B of L1 Ofu
Bz§ (2,2) = 82’; (@,2) 26 82} (2).

In order to prove (3.33) let us write the following inequalities:

(B Bcore =)
<gf ~ ) - > <(9 7(zz)) z1—22>
LR a4 ) — ol - <8f“ - (22),z1—22>.
I (3.35)

Now we study I as p and p change
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e Case l: p>2and 0 < < 1.

First we deal with the case p > 2 and 0 < p < 1. We observe that

Z zn: a2fl~’»_(z))\l)\i‘
: 0210zt .

plp—2 4 i 22 o5 i
[P ) 2k 4 (o [2P) 528 | AL
N n . .
=33 D+ AT (- 22+ (4P + |28 8 NN
=

N n
B | |
=303 pP + 127 [ — 2)2b AL 2N + (4 + [2]7)67 85NN

i,l=17,q=1
=pw?+m%p[@ 2)(z, N2 + (2 + |2[2) A2
<P+ 12T [(p — 21 PIAR + (1 + 22N
<p(? + 1217 (0 = 2 + 1) AP + (1 + 1) A1)
= p(p — 1) + |27 A2 (3.36)

N n
8f# 8f,u
7 (21) = 55 (22) | (21 — 225)
Zzljzl (82’]- 82;]. J J
N n t=1
0
-y [afz; (22 +t(21 — zQ))] (21} — 291)
i—1j=1 LY% -0
Y& ta (of
J— . ’LL _ _
- ;;/0 7 (azz (22 1= ZQ”) dt(z1j — z2j)
o /1 g: En: 82fu (22 + (21 — 22))(Z1l - Zgl)(zli- — zzi.) dt
0 71 = 02L02! q g\ 21 j

< p(p—l)/ (1 + |22 +t(z1 — 22)|°) 2 dt|z1 — 29|
2 p=2 2
< plp— 127 (1 + | + 2T | - 2l

So we can conclude that

0 0 p=2 p=2
(%)~ O ), 1 22) <plp = 12" (2 4 [ 4 o) P — 2l

Now we consider p > 2 and p = 0. Then, by a straightfoward consequence of the
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definition of fo(z) = |2|P we can deduce that fo € C*(RV*") and

lim %(Z) _ 9%
0z;

u—0t 3z;

(z), forall z € RV*™,

We introduce the following functions which will be useful for writing the estimate
for f,:
o if 4> 0, then

_2
hu(21, 22) = (% + |21 * + |22*) 2 |21 — 2]

o if 4 =0, then

(1212 + |22]2) "7 |21 — 22 if (21, 22) # (0,0)
ho(zl,ZQ) =

0 if (Zl, Zz) = (0,0).

It is easy to see that both hg and h, are CO(RN*" x RV*™) and that

lim h (21,22) = ho(zl,ZQ), V(Zl,ZQ) S Ran X Ran.

u—0t

Finally observing that

33 (% - ) (- =) <000 - 12yt

i=17=1

and letting u — 07 we get

ZZ<6f0 21) Zﬁ?w) (215 = 22) = p(p = 127 ho(z1, 2
J

i=1j=1

which implies the following: if p > 2 and 0 < p < 1 then

0 0
() - G ). — ) <l = 027 (2 + |+ 12P) 721 — 2P

where (1% + |21/ + ]22|2)p7_2|21 — 2> =0if p =0 and (z1,22) = (0,0).

e Case2: 1<p<2and 0 pu< 1.

If 21 # 22 we use Lemma 2.1.11 for f,, which gives us

0 0 0 0
(o) - Fee)m — 2 )| < ﬁ(%%@VPM

<pVI0(2 + 21 + |22 |21 — 202,

we underline that the constant py/10 is derived from the proof of the same lemma.
The case z1 = z9 is trivial.
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Summarizing both case 1 and case 2 we obtain

0 0 . b=
<£(Zl) - g(@),zl — z2> < C(M2 + \21’2 + 122\2) 2 |21 — 22‘2'

At this point we jump back and we put the last inequality into (3.35) in order to have

-1

0 0 L p—2
<8Z(%’721) - 8%(3:’22)’21 = Z2> > T(MZ + 21 + 12T |2 - 2l

notably, z — g(x, z) is convex.

Now we pass examining (3.34). We observe that if z # 0 then

)] = p +1P) 2
< P2+ 22T p(u? + |22)3
<p(l+ 2%
< p2"T (14 |2P7Y) (3.37)
<p2"T (L4 [27Y),

where for the last inequality we have used that 1+ |z[P~! < 2(1 + |2|971), we point out
that the same estimate is in force also for z = 0. Accordingly

of af,

L—l
Dz 0z (Z)‘

2¢

99
0z

(x,z)‘ < (x,z)‘ +

a-1 Lt
<3coL2 T (14297 + =—p2"7 (14 |2]77Y)

qg—1

-1 L1 1
= [3coL2 @ +7p2 z (14 ]2]97%)

where ¢o = ¢o(q) € (1,+00) and 3¢gL2(4~ 1)/ is the constant coming from the application
of Lemma 2.1.10 to f. At last, we stress that g is radial, in fact

-1 -1

o(2,2) = £(2,2) = o (2 + o) = o, |ol) — o

- FullzD) = e, =)

where f,(t) = (u® + t2)2. Like before we notice that %(m,O) =0and t — g(z,t) €

C1([0,4+00)). Finally, we state the following lemma in order to get that § is convex and
increasing on the second variable.

Lemma 3.4.2. Let o : RV*" — R be convex and such that
p(2) = @(l2])

for some @ : [0, +00) — R. Then ¢ is conver and increasing.
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Section 3.4: Construction of the approximating densities

Step 2: let k € {1,...,n} and define

iz, ) if 0<t<k
gk (x,t) == 05
gz, k) + 8—(m,k)(t —k) if ¢t >k,
then %(m, 0) =0 and t — Gi(x,t) is C([0,+00)) and convex, moreover gy is such that
Gk G ‘ -1
il < Ll — y[*(1 + 19 :
%0 (0,0) ~ 298 3,0)| < Ll — o1 4177 (3.38)
8§k agk —1
9Ik (1) — Ik < Llz — y|*(1 + K :
P@t) ~ 0] < Lia =yl (1K) (339
_ -1 _
%f(,ﬂgﬁkd2%1+LéprK1+kWU (3.40)
0 < gi(z,t) < glx,t), forall (x,t) € Q x [0,400) (3.41)
klir}rq gi(z,t) = g(x,t), forall (z,t) € Q x [0, +00) (3.42)
— 400
(2, t) < gra1(z,t), for all (z,t) € Q x [0,+00) (3.43)

It is straightfoward to check that 89’“ % (2,0) = 0 and ¢ — gi(z,t) is C*([0,+00)) and
convex. Now let us move on to show (3.38)-(3.43), we will divide every single proof
according to the interval to which ¢ belongs. First of all we stress that

dg .
<t<
ik - at(act) if 0<t<k
Gt( ot = 0g
at(mk) if t>k,

then, regarding (3.38) and (3.39), we have the following assertions:
e if 0 <t <k, then

G Gk _ |99 9g
O 1)~ Py, 1)] = | D ) - 84%w|
8f 8f
| of N i
- azg(xvtej) 8Z;(y7tej)
<Lz —yl*1+ 71
< Lz —y|" 1+ k7Y,

e if t > k, then, in a similar fashion,
Gk Gk
(y,1)

T (1) = ()] < Llz — | (14 k) < Lo — |1+ 217,
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Section 3.4: Construction of the approximating densities

Now bearing in mind (3.34) we show (3.40)

e if 0 <t <k, then

Ok o] ’_ Jg i
0| = [gen|= | g
_ L~ 1
[3COL27 +—p2 7] (14t

e if t > k, then

Jg
o0zt

%
J

‘%f(x,t)‘ 89(,@‘: (2, kel)

ot ot

L—l
< [BeoL2'T + —p2 T)(1+ k9.

Regarding (3.41), we have the following assertions:

e if 0 <t <k, then

e if £ > k, then

(1) = o ) + 22, K) (¢ K) < g 1)

because t — §(z,t) is C1([0, +00)) and convex. Note that §(z, k) > 0 and %(m, k) >
0, then gg(z,t) > 0.

For the property (3.42) we proceed differently, first we fix ¢t € [0,+00) and then we
consider k; = [t] 4+ 1, where [t] is the integer part of ¢. Thus 0 < ¢ < k; and for all k& > k;
we have gi(z,t) = g(x,t), ie

lim gi(x,t) = g(x,t).

k——+oco
Finally for the last property we analyze three possibilities

e if 0 <t<Fk, then
gk(l‘,t) = g(ﬂj‘,t) = gk’-i-l(xat);

o if k<t < k+1, werecall that t — §(x,t) is C1([0,+00)) and convex, then

(1) = o, ) + 22 (2, K) (¢~ )

< §($7t) - gk-i—l(xat);
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Section 3.4: Construction of the approximating densities

e if t > k+ 1, we use this lemma

Lemma 3.4.3. Let ¢ : [0, +00) — R be C1([0, +00)) and convez, let t1,ts € [0, +00)
be such that t1 < t9, then

P(t1) + @' (t1)(t — t1) < P(ta) + @' (t2)(t —t2), V= to.
Hence we can conclude that

(1) = glar ) + (2, K)(t — B)
< gz, k+1)+ g’g(w,k +1)(t—(k+1))
= Grt1 (2, 1)

Step 3: let k € {1,...,n} and define

gk($a Z) = gk(ﬁﬂ, ‘ZD»

then %(w, 0) =0 and z — gi(z, 2) is CLRN*") and convex. Moreover, gy is such that

B B N ~
o (@,2) = S, 2)| < Lle =y * (L4 [ (3.44)
99k 99 < L(1L+ k)it (1 4 2P 3.45
g(%z)—E(yaZ) SLA+R)T z —y[*(T+[=[P7) (3.45)

a g L_l p—1

S (@,2)| < BeoL2'T + Z—p2" T 1+ KL+ [P (3.46)
ge(z,2) < glz,2), Y(z,z) € Qx RV*" (3.47)
Jm gi(@,2) = g(x,2), V(w,2) € Qx RV (3.48)
gr(z,2) < gpga(z,2), Y(z,z) € Qx RV*" (3.49)

We use the following lemmas to deduce that %(m, 0) =0 and z — g(z,2) is CH(RNV*™)
and convex.

Lemma 3.4.4. Let ¢ : [0,+00) — R be C1([0,4+0c0)), with ¢'(0) =0, and such that

?(2]) = »(2)
for some ¢ : RN*" — R. Then ¢ is C1(RV*") and

N
Oy @lz))= i 2#0
a Z(Z) = |Z|
A
J 0 if 2=0.
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Section 3.4: Construction of the approximating densities

Lemma 3.4.5. Let ¢ : [0,+00) — R be convex, increasing and such that

¢(12]) = »(2)
for some ¢ : RN*" — R. Then ¢ is convex.

In order to prove (3.44)-(3.46), we observe that

Ok 5
CIk S
agk(x,z) — at ($’|ZD|Z’ 1 Z#O
0z
J 0 if z=0,
then, for z # 0
gk gk | 9gk Gk
E(wvz) 87( ) )’ = E(%M) 8t(y,|z|)’
(3.38)
< Llz —y|*(1+]2771),
99k 99k ’ _ |99k 99k ’
82’ (1’,2) 8 ( 72) - at (.%',|Z’) 8t (y7‘2’)
(3.39) .
< Lz —yl*(L+£17)
< LA+ENz—yl* 1+ 2P
and
o 9 (3.40) a1 L7V _
a’;k(x,z)‘: %(mz;) < [3eoL2" +7p2”21](1+kq D)

=1 LT e 1 -1
< [Beol2 T +——p2 T (1 +ETH (1 + [T,

and the same estimates are valid also for z = 0. Now to conclude we note that using
Step 2 again we achieve

gk(@,2) = gr(, |2]) < g(=, |2]) = g(, 2),

1' p— 1' a :N p—
k;rfmgk(w,Z) k;rfmgk(x,IZ\) g(z,|z]) = g(x, 2)

and
gk(w, 2) = gr(z,12]) < Grr1(z, [2]) = grra (2, 2).
Step 4: let k € {1,...,n} and define the approximating function

Lfl
Jr(z,2) = gr(z, 2) + Tgf“(z)’
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Section 3.4: Construction of the approximating densities

then fi. satisfies (AP1)-(AP9)

Once noted that z — fi(z,2) € CH(RN*"), let us move on to demonstrate (AP2)-
(AP9) making use of the previous steps. For (AP2) we can directly observe that since
gk =0

-1 (3.47) -1 (H2)

o (0 12D)E < fulw2) < gl2) + S fule,z) < L(L+[]).

For (AP3) we have to make a further calculation. Following the Step 1 we write

n 2 '
§:§3£$; o= p(? + 2%) % [(p — 242, )2 + (12 + [P A

i,l=1j,q=1
. p=2
> pmin{p — 1,1}(1® + [2*) = A%,

where, in order to have the last inequality, we have just distinguished the cases 1 < p < 2
and p > 2. After using a calculation similar to the one that led to (3.36), we have

Z Z (8]’“ gﬁ“ (22)> (21} — 2%) =

7
11]1 J

n 2
/ f“ (23 + t(z1 — 2))(21] — 22l ) (20} — 29 dt >
i,l= qu 1 j

—2
pmin{p— 1, 1}/0 (12 + |20+ t(z1 — 22)|2) 5 dit |21 — 20|

11
Now, if p > 2 and 0 < p < 1, let us control II from below by considering two cases:
o if [21] > |22] let @ € (0,1) and ¢ € [1 — a, 1]. Then, see [73]
‘2'2 + t(Zl — 22)‘ = ]tzl + (1 — t>22| = t]zl\ — (1 — t)\zz]
z (1 —a)|z1| — alz|
1-— a‘ I+ 1—-3a
z
! 2

1—-3a
5 (l21] + |22]),

WV

| 22|

WV

now taking a € (0, %) we get

1—3a\?2
il - P 2 (750) (af + aP)

and so

p—2
1 1— 2 5=
II}/ K 23@) (,u2—|—|21\2+\22!2)] dt
l1—a

1—3a\?P2 p—2
_a( 2 ) (1 + |21 + |22?) 7
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Section 3.4: Construction of the approximating densities

o if |21] < |22 let b€ (0,1) and ¢ € [0,b]. Then

’22 +t(2’1 — 22)’ = \tzl + (1 — t)zg‘ > (1 — t)’ZQ‘ — t]zl\
> (1= )|z| — bl
>1—b‘ |+1—3b| |
= z z
9 I g
1-3b
> (Jz1] + [22]).

2
Now we pick b € (0, %) and in the same way as in the previous case we get

p—2
b1 /1-3b\? =
II)/ l(2> (12 + 21 + |22]%) dt
0
—3b p—2
= (52) 7 Gt

Now choosing a = b = % we obtain

1\7~! -
H>(6) G2+ |2 + |22, Yo,z € RV

fl<p<2and0< ,u 1 we use the Convex1ty of z > |z|? and the fact that p — 2 < 0,
consequently IT > (42 + |212 + |22)2) = > , see [2]).

Hence summarizing, we achieve

n !
33 (2o - o) - 2 > point - 1.1 ()

7
i=1j=1 J

(12 + |12 + 222 T |21 — 2,

when p > 1 and 0 < p < 1. For the case = 0 we introduce the functions hg and h,
defined as in the Step 1 and therefore in a similar fashion we get

e - gt )2 ominte =111 (5)
(G = GG m - ) > pminfp - 11} (g
x(42 + |21 + |22) "7 |21 — 2f?, (3.50)

where (% + |21|> + |22\2)p2;2]21 — 2)? =0 if p =0 and (21, 22) = (0,0).
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Section 3.4: Construction of the approximating densities

We are ready to prove (AP3)

<afk($ z1) — %(l‘ 22), 21 —Z2> = <agk($ 21) — %(x 29), 21 —22>
9z 0z 0z "’ Oz T

L=t /0 0
+ 5 <£(21) — %(2’2)721 - 2’2>
-1
- <%<z1> ), —22>

(3.50) -1 1\ 71
= gpmin{p - 1,1} (6)
—2
X (12 + |21 + |27 |2 - 2,
99k

where we have used the fact that <—Z(x, z1) — %(m, 29),21 — z2> > 0 as a consequence

of the convexity of z — gi(z, 2). As far as (AP4)-(AP6) are concerned, we observe that

15) 0 0 0 (34
P9 - o) = | o) -

4)
ZJk — _ Ik < e q-1
az (CL‘,Z) az y z 82 z az (y,Z) ~ L|1E y| (1 + ’Z| )?

by (3.37) and (3.46)

o1
0z

L—l
2¢

Feia)

1 L1 o L
< [(3¢oL2 —p2 2 )(1+ k7T
[(3co q+2ép 7)1+ )+ Y

(a:,z)’ < |99 (x,z)‘ 4

Sloz

-1

—1
p2 T )(1+ 2P

g—1 -1

s S
<2[BeoL2"T + ——p2" T N1+ KT (L + =),
C
finally

O Otk ‘ _ |99 99k

82 (1:7’2) 82 (y,Z) - 82 (:E,Z) 82 (y> Z)

(3.45) . .
< LOA+E) oz —y[* (1 +|2[P7).

It remains to prove (APT7)-(AP9), which, as we will see, are a direct application of the
Step 3

L (3:47) L
fk(xaz) - gk(.’lf,Z)‘i‘%fu(Z) g g(.’L’,Z)-F%fM(Z) = f(.'lf,Z%
. _ Lt (3.48) Lt
S fe(w,z) = lm gi(e,2) + 5 fu(e) =" g(@,2) + 5 fulz) = flz,2)
and finally
-1 (3.49) L1
fie2) = oo ) o f2) S g2+ o fu2) = (),
The proof is finished. O
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A direct consequence of Theorems 3.2.5 and 3.4.1 is the following corollary.

Corollary 3.4.6. Let Q C R™ be a bounded open set, let o € (0,1] and p,q be such that
n—+ o
l<p<qg<p ( - ) .

Let f : Q@ x RV*" — R be a Carathéodory function such that there exist constants
L € [1,+00) and p € [0,1] : f satisfies (H1), (H2’), (H3), (H4), (H5). Let u. be a
function in WiP(Bgr,RN) such that F(u«, Bg) < +o0o. Then

L(uy) = 0.

Proof. We observe that by Theorem 3.4.1 we get that Vk € IN there exist a Carathéodory
function fi, : © x RN*" — R and positive constants L and c(k) such that for all
(z,2) € Q x RVN*" the hypothesis (AP1)-(AP9) of Theorem 3.2.1 are satisfied. The proof

proceeds in the same way as that of Theorem 3.2.5. O

3.5 Example

Now we give an example covered by Theorem 3.2.1. Let € and p,q,« be as in the
hypothesis of the theorem. We define

ya
2

f(x,z) = g(az,z) + (MZ + |Z|2) )
where ¢(z, 2) == §(z,|2|) and §: @ x R — R is defined in the following way
22 |[*(E = faa[*)T 0 £ > fan |

g(x,t) =
0 if ¢ < ‘:Blla,

where © = (21,...,2,) € Q C R™ The function § behaves as in Figure 3.1. Firstly, note
that, since € is bounded, there exists M > 0 such that |z;| < M, consequently

0<g(z,t) < M7 < M(1 4 [t]7)

0
0 < g(z,z) < M1+ |2]9). (3.51)
Now we observe that t — §(z,t) € C°(R) and that if 1 # 0 then

9§ 1 |%q(t — |2 *)I7F i £ > ||

7(x7t) =
ot 0 if ¢ < |z
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Section 3.5: Example

g(@,t)=lz1|* (t—|z1[*)? t=lz1|*

Z1

Figure 3.1: Strictly above ¢ = |z1|* the function g is equal to |z1|%(t — |z1]|%)? while
below g is zero

we point out that this formula is in force also for 21 = 0. Hence ¢ — §(x,t) € C*(R). We
also note that %(x, 0) =0, Vz € R. Using Lemma 3.4.4 we can conclude that

9 2
= — if
89' ($7z>: 6t<x"z‘)\z\ 1 37&0
0zt
J 0 if 2=0

and that z — g(x, z) € CY(RNV*™). The last property we want to verify is the following

99

2 (r,2) - 2y, 2)

0z

< gmax {(2]\4)maux{(),oz(‘J—?)}A]woz7 (2M)max{0,a(2—q)}
+ max{Lg — 1M} 2 — g0 (1 g 1), (3.52)

We start observing that for z £ 0

dg dg 99 9g

(@) - o, = | o ) - S lel)

I

and we go on estimating I according to the interval to which |z| belongs:
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o if 2] < z1|* and |z] < |y1|*, then

o if [21|* < |z] < |y1|®, we have

I=||za]*q(|2] = |21]*)2~"|

1|y |* — | )7

<
< My — 2[*9 V(1 + 207
< (2M) e —min{aale=1} pragy,  gpmin{aale=1}p 4 |zja-1),
where we have used the fact that for a,b € R" and 0 <o <1
lla” = [b]7] < |a —b]%;
o if |y1|® < |z| < |z1]|%, then, like before,
1< (20M)a-D-min{esalg=1} prog gy g minfecalg=1} (] 4 |z1a-1y,

o if [z| > |21]|* and |z| > |y1|?, then,
L= [lz1]q(|2] = e1]*) " = Jy1|a(|2] = [y ]*)*™]

= |lz1[*q(l2] = a1 |*) " = [y [*q(|2] — a1 |*) "
+ a2l = 2™ =y l%a(2] = fya|*)*Y

<] = Jyi|*lg(|2] = [a|*)*
+lyal¥al (2] = |2 [*) " = (2] = [y )7

<alz = yl*@+ 12770 + M|(12] = |21 ]*) " = (2] = |y [*)*7Y -

1

We observe that for 1 < g < 2 we have
1< Mq|(|2] = [a1]*) = (I = lya|*) "
< M%ly — x|a(q71)(1 + |z]27h).

When ¢ > 2 we use the mean value theorem, then there exists £ € [min{|z| —
|1|% |2] = !yl\a},max{!Z! — 21| [2] = [31]*}] such that

< M%q(q = 1)E2||2] = |a1|* = (J2] = [y1]*)]
< M“Q(q DE 2y — x|

< M%q(q = 1)[= |y — 2|

< Mg — Dy — z|*(1+ 7).

Hence for |z| > |z1]|* and |z| > |y1|* we get
1< g (M)} 4 a1, g — 1}31¢]
o — gl (1 4 |zfo-),
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Summarizing our results we can conclude that

99\ y_ 9%
w2 - Ly, 2)

< gmax {(2]\4)04@—1)—min{o¢,o¢(q—1)}]\4047 (QM)a—min{a,a(q—l)}

+ max{1, g — 1M } |z — y[mintee@ D) (1 4 |z)0-1),
we point out that this estimate is still valid also for z = 0.

Now let us briefly check that the function f verifies (H1)-(H5). Conditions (H1) and
(H5) are easy to be checked. As far as (H2’) is concerned, we observe that, since g > 0,
from below we can directly write

fla,2) > (6 + |25
we estimate f from above as follows

(3.51) PN
fl@,z) < M1+ [2|") + (1 +[2[7)2
< MO+ ]2|%) +22(1+ |29
= (M +22)(1+ 2]

Now we prove (H3): since t — g(x,t) is convex and increasing then z — g(z,|z|) is

0 1o)
convex and so <a—g(:c,zl) — 5z, 22), 21 — Z2> > 0, hence

(3.50)

<(‘3JZC(:B’Z1)_(;J;($’Z2)’21_Z2> 2 iy — 1.1} ((15>p_1

p=2
X (12 + |2+ [22) 7 |21 — 2f

Finally, in order to conclude, we observe that

0 0 0 0
Lo -Lwa)| = [ws) - L)

(3.52) .
< o -yl @ (L 2o

X ¢ max {(QM)maX{O’a(q_z)}Mo‘, (2M)™@x{0.0C=a)} 4 max(1,q — I}MO‘} .

Let us show that our example fits neither all hypothesis of [68, Theorem 3.1] nor all of
[44, Theorem 1.1]. Regarding the first-mentioned theorem we verify that assumption [68,
Theorem 3.1 (4)] is not in force and we write it for the convenience of the reader:

o for Br € Q,e9 € (0,1] with Brio:, € Q,z € Br and € € (0,gq), there exists
§ = §(x,¢e) € B(z,¢) such that for 2 € RV*" and y € B(x,¢), we have f(§,2) <
f(y, 2).
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This means that the minimum point g of y — f(y, z) on small balls does not depend on
z. We are going to show that in our example the minimum point § € B(z, ) depends on z.

For our purpose let us consider 1 > 0 and ¢ > |z1|%, in this range § = |x1|*(t — |z1]*)%.
Now we want to understand when

%0 (1,1)

— 0
81‘1

VA

which some computations reveal to be equivalent to

Vv

t \a
$1< m .
1

1
We can also observe that (l%rq) < %’ and that for z1 = 0 and z; = ta the function
g is equal to zero. To make the ideas more clear we draw two graphs, see figure 3.2,
of s+ s%(t — s*)? which differ for suitably different ¢; and 2, we also highlight in the

same graphic the interval (x; — €, 21 4 ¢), for some fixed 1 and €. Now we would like to

Figure 3.2: plots of s — s%(t — s*)? for suitable ¢; (dashed) and ts (dotted) with
0<t1 <ty

understand in which way t1 and t5 should be selected once fixed x € B and chosen an
appropriate € € (0,£9). We observe that the following conditions must be met:

1
1 )a
—e > , 3.53
o (1+q (3.33)
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1 ty \=
nte <ty = (o) (3.54)

To satisfy (3.53) we can pick e < %4, so for t; < (14 ¢) (%) the condition is verified.
Moreover, taking ¢ < 6%, where 6 > 0 will be chosen later, we can easily see that for
t1 > (2+6)*(%)” the condition (3.54) works. So choosing 6 = (1 + q)é —2>0and
e <min{%, 0%}, £ < o, we can select ¢ == (1+ ¢) (%)”. Now, bearing in mind the

equality in (3.54), to conclude it is sufficient to take to := (1 + q)t1. Therefore

g(gatl) ‘= min g(y)tl)’ g: (131—’—571172,...,1’”),
yEB(z,€)

§<§7t2) = Hﬂig(y,ib), ?j: (xl _Eax27-'~7$n)-

yeB(z,e)
P
2

So the minimum point of y — §(y,t) depends on ¢. Since f(x, z) = g(x, z)+ (u*+|2]?)2 =
Gz, |2]) + (1% + |2|?)%, then the minimum point of y — f(y,z) depends on z, but this

contradicts [68, Theorem 3.1 (4)].

Now let us move on to [44, Theorem 1.1]. Let p,q and o be as in [44, Theorem
1.1 (1.8)], namely

2
2<p<q<p+l, o>-—LTT
p+l—gq
we will show that [44, Theorem 1.1 (1.6)] is not verified, i.e. %(w, z) ¢ Ly ().
. i\ . .
We consider ¢t > z¢ > 0 and t > ¢x¢, and therefore x; < (5) . Let us begin proving
that there exists a € (0, 1] such that %I%t ¢ L7(Q), where Q = (0,¢) x --- x (0,¢) and

n—times

Q=

0<e< (é) . We start observing that, when 0 < x1 < ¢, the following assertions hold:
o if ¢ =2 then (t—a9)7 2> (t — )12,

o if 1 < q<2then (t—a§)?2>¢172

and that
(t—eM)972 if ¢>2
min{(t — )92 1972} =
a2 if 1<q<?2.
Hence,
0% a— a\g— aye
L g 0] dr= [ oot~ 0~ af) (e — gaf)) da

> / [ax® min{(t — e)772, 1972} q(t — qe®)]° dx
Q

&
= " amin{(t — e*)72,t7 2 q(t — qc™))° / :rga_l)a dx;.
0
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Now we observe that o > 1 then choosing a such that

1
O<a<l——
o

loc loc

we have % ¢ LY () and so by definition % ¢ L7 (). So we can conclude that

our example is not covered by [44, Theorem 1.1] when f is defined by « € (0, 1- ﬂ .

Now we want to show that modifying slightly our lagrangian f also assumption (2)
of [23] is not verified. For the convenience of the reader, we recall assumption (2) of [23]:
there exist 0 < v, 8 < 1 < 7 < +0oo such that

vM (z,82) < f(x,2) < o(M(x,2) + 1), V(z,z) € Qx RV*" (3.55)

where M : Q x RV*" — [0, +00) is a weak N-function. We take a g which depends on
zlV | that is the last entry of the matrix

A2
= :
2 2

Our new density is the following

fla,2) = g(z,2) + (12 + |2*)?

with g(z,2) == g(z,2)) and §: Q x R — R given by
1| (2 = |27 i 2 > ||
0 if 2N < o |®,

The lagrangian f still satisfies hypothesis (H1)-(H4) of Theorem 3.1.1. We point out
that f verifies neither hypothesis (4) of [68, Theorem 3.1] nor hypothesis (1.8) of [44,
Theorem 1.1]. Let us check that (3.55) does not hold true for the present lagrangian f.
Since M is a weak NN- function we have

M(x,z) = M(z,—z), (3.56)
for almost every = €  and every z € RV*". Now, if ¥ < |z1]|® then
vM(z, B2) < f(z,2) = (12 + |22,

accordingly

1 1 5
M9 <, (1 +g5lP)
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for all £ € RV*" such that &Y < Blz1|®. If €Y > Bla1|® then, by (3.55) and (3.56), we
still get

M(2,6) = M, ~¢) < 5 (i + 51¢P)

Hence for 2 > |xq|®

b
2

f@,2) = || *(2) = |21|*)? + (4 + |2)
<v(M(z,2)+1)

1 1 3

; <M2 + 62|Z’2) +1

Recalling that ¢ > p, the above inequality is not in force if zflv — 400, thus assumption
(3.55) is not valid for f.

v

N
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Chapter 4

The Sobolev class where a weak
solution is a local minimizer

In this chapter we consider the following non-autonomous energy integral

Fo (u, ) =/ [f (2, Du(x)) + (b(z), u(z))] de, (4.1)

Q

where Q C R" is a bounded open set, u : Q@ — RY, n > 2 and N > 1. The function
f:Qx RNX" 4 R is measurable with respect to z € Q C R” and it is convex and C*
with respect to z € RVN*". Moreover,

N
(b(x),u) = > b (x)u’ ()
=1

represents the scalar product. For 1 < p < ¢ we assume the (p, ¢)-growth condition

|zl —ea < fx,2) <es|z|T+ea, (4.2)
for some positive constants c1, ..., cq; we also assume the following summability condition
onb=(b")p=12,..8

_pb
be L=1(Q,RY). (4.3)

The coercivity condition at the left hand side of (4.2) ensures the existence of global
minimizers u € WP (€, RN) of F, when suitable boundary values have been fixed.

The main aim of this chapter is to give conditions to rule out the Lavrentiev phe-
nomenon in the general case p < ¢q. More precisely, under growth conditions on p and q
we propose cases with

inf {7, (v) : v € ut WP, RYN)} = inf { Fy (v) s v € u+ W'V, RY)

for every Q' € Q, where u is a local minimizer of F; see Theorem 4.1.2 for vector-valued
integrals and Theorem 4.2.2 in the scalar case. In order to give some details we start to
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Chapter 4. The Sobolev class where a weak solution is a local minimizer

consider the standard growth p = ¢ and we remark that, since z — f(z, z) is convex and
C*, growth conditions (4.2) and Lemma 2.1 in [93] imply

‘a];(a:,z) < ¢s (1 + ]z]q_l) , (4.4)

0z;

see also Step 2 of section 2 in [91]. When p = ¢, (4.4) implies

x ;ZJ;(:U, Du(z)) € Lp%l(Q); (4.5)

then we can write Euler equation in weak form, which in fact is a system of IV differential
equations in divergence form, when we see each equation corresponding to each separate
component of the test vector-valued map ¢(z) = (p°(x))s=12.. n. For every ¢ €
Wol’p(Q,]RN) we have

/ZZ (, Du(z)) D da:+/2b5 r=0.  (46)
B= 111

Also note that, when u € W'P(Q,RY) and p = ¢, then (4.2) implies that =
f(z, Du(x)) € LY(). Moreover the convexity of z +— f(z,z) guarantees that, if
u € WHP(Q,RY), then

u globally minimizes F;, <= wu solves Euler equation. (4.7)

The case p < ¢ is more delicate. Indeed, in such a situation, if u € WHP(Q,RY), (4.5)
changes into

i i’;(x, Du(z)) € LT (). (4.8)
0z;
Since [£7 < 5, then we cannot test (4.6) with ¢ € W, P(Q,RY) any longer. On the
contrary, if u € WL9(Q;RN), then (4.4) implies
of
v 2L Dute)) € L (9) (1.9

and, being ¢ and —L4 conjugate exponents, (4.6) can be tested by any ¢ € Wha(Q,RN)
with compact support in Q. In this chapter we use this approach to obtain existence and
regularity of minimizers. In fact the idea is to achieve existence in a Sobolev class by
means of regularity results, precisely by means of the higher integrability for the gradient
Du of solutions of the Euler equation or system. A weak solution of (4.6), with a high
degree of integrability, can be found and such a weak solution turns out to be a local
minimizer of F; also in a larger Sobolev class. Main steps in the proofs are the results
due by Cupini, Leonetti, Mascolo [46] in the vector-valued case N > 1 and, in the more
strict scalar case N = 1 but with better exponents, by Marcellini [94, Section 4] and by
Cupini, Marcellini, Mascolo [48].
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Section 4.1: Vectorial case

4.1 Vectorial case

Consider the Dirichlet problem in 2 C R™:

Zax, ?(2,Du(x))) =b’(x) in Q, B=1... N

u(z) = u(zx) on S

(4.10)

The following theorem holds.

Theorem 4.1.1. Let € be a bounded open subset of R™, n > 2 and Aiﬂ cQ x RNXn
R,i=1,...,n, B =1,...,N, be continuous with respect to z. We assume that there
erists 0 < a <1 andv,L,H > 0 such that

n
WP+ )R — 3 < 3 S48, 2) - AP, B[ — ), 2z RN (a11)
B=11=1

AT (2, 2)] < L(1+ |2))77 (4.12)
N n
ST 1A (@, 2) — A (7, 2)| < Hlz — F|Q + [2])7Y, 2,7 € Q (4.13)
B=11i=1
with p and q satisfying
2<p<q<p<"+a). (4.14)
n

Let b be a function in LP/®=D(QRN). Then for all i € W Lpp= (Q RYN) there exists a
weak solution
w € (@+ Wy (QRY)) N Wy (2,RY)

of the Dirichlet problem (4.10), for all g < s <p (#) )

The proof of the Theorem 4.1.1 proceeds basically in the same way as the one of Theorem
1.1 in [46] where b(z) = 0; for the sake of clarity of exposition we postpone the proof at
Section 4.3.

Under the previous assumptions a vector-valued map u € VVI})(? (Q,RY) is a weak solution
to the system if

/ZZAB x, Du(z dx+/ Zbﬂ z =0, (4.15)
p=1i=1

for all ¢ € Whe(Q, RN ) with suppy € Q2. We focus our attention on growth condition

(4.12). First, we observe that since |Du|?7! € Lﬁ? we obtain

A(z, Du(x)) € L

loc ’

73
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for s such that ¢ < s < p (#) The question is now the following: if we assume

o € WIP(Q,RY) with suppy € Q, do we have that A(z, Du(z)) € Lp%l(suppcp)? If
q < "P=2 the answer is affirmative; indeed in this case it is easy to check that

np —«
n—o

q < = ds suchthatq<5<p< )andp< s

n—a p—1 q¢g—1

Moreover, when p < % we have that
np — « n—+ « n
n—ao n n—o

(4.15) for all o € WHP(Q, RY) with suppy € Q. Let us consider functional F in (4.1)
under the (p, ¢)-growth (4.2) and assumption (4.3) on b. We assume that
of

Al (w,2) = —5(@,2)

2

satisfies (4.11), (4.12), (4.13), (4.14); we assume also

np —«

q< (4.16)

n—a
—1
and @ € WhPr1 (2, RY). By Theorem 4.1.1 we have that there exists
u € (@ + Wy P(Q,RM) n W,o5(Q,RY)

satisfying Euler equation (4.6) of functional Fy, i.e. for every test function ¢ €
WP (Q,RY) with suppy € Q.

On the other hand, since z — f(z, z) is convex we have

f(x, Du(x) + Dp(x)) > f(x, Du(x)) + ZZ (z, Du(z )Digp'g(x).

Blzl

Consequently by (4.15), for all p € WP(Q, RY) with suppy € Q, we get
[ #@.Dulw)+ Detw)) do > [ f@ Due) do
suppe suppy
-~ Of
B

SUPPY g_1 j= 10z

/SUPPSO

The information in the last display shows that « is also a local minimizer of the functional
(4.1).

+ (z, Du(2))D;p? (x) dx

f(z, Du(x Zbﬁ ()| dzx. (4.17)

Thus, the following theorem holds true.
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Theorem 4.1.2. Let Q be a bounded open subset of R*, n > 2. Let f : Q x RV>*" 5 R
be a C function with respect to z and f(x,0) is measurable, such that

c1|z|P — 2 < f(w,2) < e3|2|? + ¢,

where 0 < ¢1 < ¢3, 0 < c2,cq. Assume that ;’; (z, z) satisfies (4.11), (4.12) and (4.13) ,
2"

with p and q as in (4.14) and (4.16). Let b be a LP/P=D(Q,RN) function, then for all

—1
NS Wl’pg’j(Q, RYN) there exists a local minimizer
u € (@+WyP(Q,RY)) N W2 (Q,RY)

of the functional

Fou, Q) = /

Q

N
f(@, Du(x)) + > b ()’ (2) | da,
B=1

forallg<s<p (#) Moreover, for every ' € Q) it holds

inf Fp = inf Fb.
1,p/0y/ 1,9/
veu+Wy P () veu+Wy ()

Remark 4.1.3. Let us assume that b =0 and f = f(z) in (4.1); in [66] it is shown that
every local minimizer u € VV%f(Q, R™) enjoys higher integrability: u € VVI})Cq(Q, RM) N

Wli (Q,RY), provided

np
‘n—2

C
. p

2<p<q<p+2m1n{1,}. (4.18)
n

When p < n, the previous restriction becomes

2
2<p<q<p<n:; ) (4.19)

On the other hand, the best result in the case f(x,z) is obtained in our assumptions
when o = 1 and (4.14) becomes

2<p<q<p(n;§1)- (4.20)
We remark that the gap between ”TH and "T‘*'Q is due to the basic difference between
the non autonomous case f(z,z) and the autonomous one f(z). Indeed, as far as
p,q,n,a satisfy p < n < n+ «a < ¢, in [67] an example of f(x,z) is given for which a
global minimizer is not in VVlf)’Cq(Q,]RN ). Note that such an example is the double phase
functional

f(z,2) = |2]P + a(z)|2]|, (4.21)
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Section 4.2: Scalar case

For the double phase functional we refer to M. Colombo - Mingione [42] and M. Colombo
- Mingione - Baroni [11]. For more general structure of the energy function we recall
[8, 23, 28, 40, 41, 44, 57, 58, 63, 68, 81]. The gap between "T‘H and ”74'2 shows up when
dealing with the autonomous case Aiﬁ (2), f(z) and comparing weak solutions of (4.22)
with minimizers of (4.1): for weak solutions we need

n—+1
q<p )
n

n+2
q<p )
n
see, for instance, the introduction of [96] and Theorems 1.2, 1.3, 1.17 in [13]. In the

scalar case we have
n+ 2
q<p
n

also for weak solutions too, provided an additional restriction on A; is assumed: see next
section for details.
Let us remark that the recent work of Shéffner [105] shows that the higher integrability

1, 2P .. ..
W= n=2 for minimizers holds true under the restriction

for minimizers we need

n—+1
2<p<qg<p——.
n—1
Note that since
n+2 n+1
<
n n—1

then Shéffner’s result improves on bound (4.19). See also [15, 16] and [82].

For details and references on problems with (p, ¢)-growth we quote the classical starting
results in [93, 94|, the well known article by Mingione [102] and the recent surveys
[95, 96, 103]; see also [47, 49, 54, 64, 97].

4.2 Scalar case

Consider the Dirichlet problem

"9, - .
; o7, (A*(z, Du(z))) =b(z) in Q (4.22)
u(z) = u(zx) on 0.

In the scalar case N = 1, to solve (4.22) we refer to the existence and regularity results
in Theorem 4.1 in [94] and Theorem 2.1 in [48] that we merge into the following:
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Theorem 4.2.1. Let Q be a bounded open subset of R, n > 2. Let A® : Q x R* —
R,i=1,...,n, be locally Lipschitz continuous functions in £ x R™ such that there exist
w,M >0 : forae. €Q andVz,z2 € R”

n(1+ 2/ P=2/2)2)2 < f: AL (x,2)7%; (4.23)
ij=1
AL (2, 2)] < M(1+[2?)@2/%; (4.24)
AL (2, 2) = AL (,2)] < M(L+ [z})Pre-d/%; (4.25)
AL (z,2)] S M(L+|2)Pred/4 0 s =1, (4.26)
|A(2,0)] < M, Yz e (4.27)
with p and q such that
p<qg<p+landq<p(;= ifl<p<?2
PSSP +1andq<p§" p% zfn>4andn+2<p 5 (4.28)
2<p<qg<p ("“) otherwise
Assume b € LP/P=D(Q,R) N L2, (Q, R).
Then for all u € Wl’p%(Q,R) there exists a weak solution
€ (@ + Wy (2, R)) N W, (2, R) N W2 (U, R)
of the Dirichlet problem (4.22).
A function u € Wy, ’q(Q R) is a weak solution to the equation when
/Qi/li(w,Du(x))Digo(az) dx —i—/Qb(x)go(x) dxr =0, (4.29)
for all ¢ € W14(Q, R) with supp ¢ € Q.
We show that the weak solution w is also a local minimizer of the functional
Fou, Q) = /Q [f(z, Du(z)) + b(z)u(z)] da. (4.30)

For this purpose we observe that (4.24)-(4.28) imply that there exists M € (0, 4+00) such
that
|A'(z, Du(x))| < M(1+ [Du(z)|"™).
Since |Dul|?™! € LS. we get A(x, Du(z)) € L{S.. Therefore: if ¢ € WHP(Q,R) with
suppy € 2 we have that
A(z, Du(x)) € L%(suppgp).
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Hence we can repeat the same argument as above and obtain (4.29) for all ¢ € W1HP(Q, R)
with suppy € Q.

Now we consider the functional (4.30), where f satisfies (4.2) and f(z,z2) is C? with
respect to z. We assume that

be LPPD(Q,R) N LX,(Q,R).

loc
Moreover,

Az, ) = ;’f@c 2)

is locally Lipschitz continuous in © x R™ and satisfies (4.23)-(4.27), with p,¢,n as in
(4.28). We observe that (4.23) implies the convexity of z — f(x, 2).

g—1
For a fixed boundary value @ € WhPe=1 (Q,RN), by Theorem 4.2.1 there exists
u € (I + Wy (. R) N Wi (2. R) N W (2, R)
verifying (4.29). By (4.29) we have now for the scalar case
| f@.Dula) + De@) dw> [ (e, Du@) - ba)p(@)] da,
suppy suppy

for all o € WHP(Q,R) with supppy € Q. Then we have just obtained that u €
(4 W,y P(Q,R)) N V[/'I(ID’COO(Q, R)N I/Vlif (Q,R) is a local minimizer of the functional (4.30).

Thus we have proved the following theorem.

Theorem 4.2.2. Let Q2 be a bounded open subset of R™, n > 2. Let f : Q x R — R,
f(z,0) is measurable and such that

c1)z|P —eo < f(w,2) < es|z|T+ ey,

where 0 < ¢1 < c3, 0 < c2,¢4. Moreover, f(x,z) is C? with respect to z. Assume that

Al = ngi is locally Lipschitz continuous in Q x R™ and satisfies (4.23)-(4.27), with p,q,n
as in (4.28) of Theorem 4.2.1.

—1
Let b be a LP/®=D(Q,R) N L(Q,R) function. Then for all i € W P51 (QR) there
exists a local minimizer

u e (@ + Wy P(Q,R) N WEX(Q,R) N WE2(Q,R)

of the functional

Folu, Q) = /Q [f (2, Du(x)) + bla)u(x)] da
and for every Q' € Q it holds

inf Fp = inf Fo.
veEu+W P () veEuU+W, ()

Remark 4.2.3. The relation between minimizer and weak solution of the Euler equation
has been studied in [33, 34], for N > 1 when f = f(z) and in [19], for N = 1 when
f = f(x,u,z) and u is locally bounded.
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4.3 Proof of Theorem 4.1.1

This section is devoted to the proof of Theorem 4.1.1. We start recalling that u €
(u+ Wol’p(Q, RY)) N Wé’f(Q, RY) is a weak solution of (4.10) if

/ZZAB$DU da:+/2b5 v =0,

p=11i=1

for all p € Wllq(Q, RY) with suppy € Q. We observe that (4.11) and (4.12) imply that
there exist L, L such that

Z|P L< ZZM (z,2)2F < L(1+]2))% (4.31)
B=11i=1

As in [46] we consider the following approximation of Af :
AL (2) = AD(2) + e]2]9722) (4.32)

where € € (0,1), A?,i 1 Q x RVX™ — R satisfies

N n
ZZ (,2)2 > el2]? = X; (4.33)
ﬁ: =1
A2 (2, 2)] < (1+ M)+ [2)7 L (4.34)
(|2 + 1227 |z — 3° < ZZ — A2 (e, 2 - 2. (4.35)
p=11i=1

Let us consider the following approximation of the system in (4.10)

Z ax (A2, (z, Du(x))) = v°, (4.36)

by the classical theory of monotone operators, see [87], there exists an unique u. €
U+ Wol’q(Q, RY) such that

N
/ Z ZA (z, Due(x))Di? () da + /Q Z VP (z)P (x) dx = 0. (4.37)
B=1

B=1i=1

Now we show an estimate for the LP norms of Du,.
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Proposition 4.3.1. Assume (4.11) and (4.12). Let u. € 4 + Wol’q(Q,IRN), with @ €

—1
WPt (Q,RN), be a solution of (4.87) for every e € (0,1). Then there exist positive
constants ¢1 and ca = ca(p, n, ), independent of €, such that

p=17 701
/ ‘Dug(l‘)’p dxr < [Clcgz (/ |bf8(x)|1f1}%1 dx) P ]
Q 3 Q
D . p—1 1
+——{ e /bﬁpld:p>p (/ Dapdm)p
p—l{IQZB:(Q’ | Q‘ |
+c1/(1+ |\Dia(z)|)P5=1 dx}. (4.38)
Q
Proof. Let ¢ = u. — u, then (4.37) reads as

/ZZA (, Due(x)) Dj(uf —@”)( dx+/2bﬁ — @) () dz = 0.

pf=11i=1

p—1
Let us denote B := > 4 (fQ |bﬂ(x)|zj%1 dm) P, with the choice of £ = Du, and n = Du
Lemma 2.1.9 implies that there exists ¢; > 0 such that

/QIDus(w)\” dr < q/ {ZA x, Du.) Z(uf—aﬂ)+(1+Da(x)|)PZ—i} dx

e | {—Zb%)(u? —a”)(@) + (1 + |Dzz<x>|>f’5—1} dz
B

Cl{%:(/ﬂwﬁ(xﬂpil d;r) (/ |uf (z (x)|P da:)p

—1
+ / (1+ \Dﬂ(x)])p% d:c} (Holder inequality)
Q

{ (/ 168|771 dg;) v (/ Dud _ D dgc)l

—1
+ / (1+ |D€L($)|)ph dx} (Poincaré inequality)
Q
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< {BCQ [(/ |\ Du (z)? daz) +(/ \Dii(x) P dx)]

+/Q(1+ |\Dia(z)|)75=T d:v}

1
1 -1 _p_ P
f/ |Du.|P dx + P (clczB)Pgl +c1e2B </ |Dal? da:>p
pJa Q
1
+cr / (1+ |Dﬂ(x)|)pb dz, (Young inequality)
Q

where co = ca(p,n, ). Then

(1—;)/9\Du€(x)‘p do <

=

-1 _p_
(clch)le + c1c2B (/ |Da(x)|P da:)
Q

q—1

+c1/g(1+ \Dia(z)|)P51 da.

s

Remark 4.3.2. We observe that
/Q |Duc(z) — Du(x)|P de < op—1 /Q(|Du€($)|p + |Da(z)P) dz,

then (4.38) implies that
<e

|[ue — aHW()l’p(Q)
with ¢ independent of &.
Let us now prove that the L® norms of Du. are boundend with respect to ¢, for every

€ [q,p%).

Proposition 4.3.3. Assume (4.11),(4.12) and (4.13). Let u. € @+ Wy '(Q,RN), with

@€ WhPn- l(Q RN), be a solution of (4.37) for every ¢ € (0,1). Then for all s €
[q,pm) there exist 01,09, 7 > 0, independent of €, such that for all B € Q, R € (0,1],
and for all p < R

[, 1wl de < () 4 D)y ar)”
4 (/BR |b(z) [P/ P~ dx)@} + G R", (4.39)

where ¢1,Co are positive constants independent of €.
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Proof. From now on we write u in place of u.. Let us start considering p <r <d < R
and defining n € C°(Q, RY) such that suppn C Bd+r, n=11in B, and |Dn| < 4 . Let

© = Ts_n(n*7s pu), where |h| < &, Then (4.37) reads as
I+II+1II = Z/ 7727'87;1(148’81-(95, Du(x)))7s n Div® () da + Z/ b (x)P () da
7 JQ ’ Q

+ 3 [ mealA2, (@, Duta))2n Dyt i’ (@) da = 0. (4.40)

We divide the proof into five steps.

Step 1: for positive costants ¢a and ¢s independent of € the following estimate is valid

/ 027 n (| Dul2) 55 Dul? dxg{ C2 /(1+\Du|)q dz + & BT | [h]°.
By ' (d_r)p By

We start observing that

I= Z/ n°[AL,(x + hes, Du(z + hes)) — Af’i(l‘, Du(x + hes))|7sn Div® da

+ Z/ A’B (x, Du(x + hes)) — A?i(x, Du(x))]7s , Diu® dx

=0 + 1

Now we study 1I :

ﬁl’ Bl' Xz
<3 [ PElel d

P

< Z (/ ]bﬁ(:v)]ﬁ da:) ’ (/ T —n (T pu(z)) P dx)p (Holder inequality)
BR Bd

B

r

< Blh| (/B Dy (1127 ()P da:) (Lemma 2.1.2 )
r4d

’ 1

P

~ Bln ( [ D@ + Do) dx)
r+d

1

P

+ / e pDsul” da . (4.41)
Prye

1
P

< B|h| (/B |2nDsnts pulP dx)
r+d
2
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Now let us study the right hand side of the above inequality; we start with the first term

1
P

Blh| ( / 20Dy ()P dm) < Bh|-> ( / 7 pu(@)|P dac)
Br+d d =T Br+d
2

2

1
< BIp2-> (/ D)l dz) ? (Lemma 2.1.2)
d—1r \JB,
1/ 8 \7
< (5= ) mr [ ipa@p da
p\d—r By
p—1 _p_ . .
+ T(B|h])p*1 (Young inequality)
< () [ asipu@pr asinpe
X u\x X
p\d—r1r/ JB,
p—1 _p_
+ P LB
’ (Blh|)

As far as the second term of the right hand side of (4.41) is concerned, we observe that
by Young inequality

p

)
B|h| / |77275,hD5u(x)\p dx < 7/ |Ts,hDsu(x)\p772p dx
Br+d p Br—gd

P s gt
b
p—2

P p=2
< 2”22]0/ (7en Du(@)? [|Dulz + hea) 2 + [Du(@) 2] * o da
Bria

PP s gty
p

for every 6 > 0. Now let us study III, by (4.34)

ITTT| < E/anDn\(l + |Du(z)| + |Du(z + hes)\)q_lh&hu(asﬂ dx

/ |Ts,nul? da
Bry

q—1 1
q

q

< (/ (1+\DU!+!DU($+h€s)|)qdfﬂ)
d—r Borid

<2 / (14 |Du(x)])? dz |h|*, (Lemma 2.1.2)
d—rJB,

where we have used the fact that |h| < 1. As far as Iy is concerned, we observe that by
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the Holder continuity of A(-, z) in (4.13)
L] <2 [ 1+ [Duta + he)) ) ropDu(a)] de [h]°

< 6/ (1 + |Du(z)| + |Du(z + hes)|)? dz |h|¢
d+r
=

<¢ [ (s |Dula))) do b,
By

we point out that the costant ¢ does not depend on €. By (4.35) we estimate I; in the
following way

p—2

I > y/ 7o Du(a)? [|Du(e + he,)|? + [Du(@)P] = o da.
r+d
2

Now we observe that I; = —II — III — I, then for § = 2’7—; we get
2

p—2

5] imaDu@P? [IDute + heo) P + | Du@)P] * 92 do
2 B'r+d
2

<Pt

— 1+ (12’”>_] (BJh|)7T +; (ﬁ)p/&(l + | Du)))? da b

d—_r /Bd(1+ |Du(z)])? dx ]h\a+5/B (14 |Du(z)|)? dx |h|~.

d

_l’_

Now by Lemma 2.1.5 we get that the left hand side of the above inequality is greater
than

p—2
& /B 7o (| Du()2) 5T Du(z)|? da,
d

for a suitable positive constant ¢ independent of €. With some easy extra calculation we
get

/ 7 7o (| Dul) 55 Duf? de < [02/ (1+ |Dul)? da + & B77 | [h]*,
rgd (d_r)p By

where ¢ and €3 are positive and independent of €.

Step 2: we claim that |Du| € L(l]fc(ﬂ), where 6 = q(np%) and 6 € (0, «)

We observe that since % < ™% we can choose 6 € (0,) such that % < "Tw, this

choice is possible if 0 < n (% — 1) < 0 < a. Moreover, we note that p < ¢ < p."—. Now
we fix B @ 2 with p <r <d < R < 1. By Step 1 and Lemma 2.1.4, applied with b = g,
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we have |Du|? € L%(Br) and

Cy

1
1 2 _pr
Dul? n < > (/ 1+|D qd) B20-1)
(LT <d—r>2+e+a{<d_r>2 [+ puly ) +
1
—i—(/ |Du\pdx>2}
Bq
2¢y

1
- q L 2
= (d — r)rrorate/2 (/Bd(1+ |Du|)? dx + B 1> 7

for a suitable positive constant & independent of e. For 8= (2+ 6 + a + 5) 2% we get

n—

qd

/BT |Du(z)|% dz < (déi),ﬁ (/B (1 + | Dul)? dgp+B;f’1>p’ (4.42)

d
with ¢é5 independent of . Since r and d are arbitrary we get the claim.

If p = ¢ then we go to Step 5. If p < ¢ we need Step 3 and Step 4.

Step 3: we prove that there exist positive constants t,o,cg independent of €, satisfy-
ing L <t < P2 g€ (0,1), such that

o(t—1)

/ |Du() | do < — & </ (1+ |Du(@)))? dm) e
B'r (d—',")l—a Bd
1 6 BT
p—1
~ | |Du(z)|® P ER" 4.4
by, DU ot G 4 R (4.43)

First of all we observe that since % < ’%9 then %5 < =2 moreover t € (q?fs, %} implies

q—p” q
qé t—9§
l<—<t = q—. 4.44
<, <h Py (4.44)
Now by Hoélder inequality we get
a9 a8
8 )
([ a+ipu@iy de)” = ([ @+ pu@)? @ +1Du@)eD ar)”
Bd Bd
q8 gd(t—1)

pt

= ([, @+ 1u@iy ae)” ([ @+ 1Du@) = as)
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Then for o = p—‘z and b = % the above inequality and (4.42) imply

/ Du(@)|® do < (di5r)5 (/Bdu -1 Du(z)))® dw)o

T

L+ D@ de) 6B
X 4+ —
</Bd( + [Du()) g;> ai
_ o(t=1)
06 qb 1—0o
S & (/ (1+ [Du(z)]) dw)
(d—r)T=—7 By
1 - Bﬂ
p—1
+ 20 /Bd(l + |Du(x)|)?° da + (C;’_W (Young inequality)
~ o(t—1)
CG p l1—0o
S & (/ (1+ [Du(z)|) dx)
(d — ’,") 1—0 Bd
1 - BA
-1
= 1Du(@)|9 do+ B2 s pe
3 Jp, 1PN dot G0+

where we have used the fact that (|z| + |y[)? < 29971(|z|? + |y|?°). We point out that
by Step 2 and (4.44) the right hand side is finite.

Step 4:

Now we use Lemma 2.1.8 with Z(r) = [ | Du(x)|% dz, then (4.43) implies

o(t—1) g9
C —0o C BP*l

/ Du(a)|® dr < — T (/ (1+ |Dul)? dx) R 2
B, (R— p)T== \/Br (R—p)

for some positive constant ¢; independent of €.

Step 5:

We observe that since 6 is any number in (n (% — 1) ,a) then s = ¢é can be any
number in (#ﬁq,p%). We note also that ¢ < %. When p < ¢, looking at Step 4 we

see that estimate (4.39) works when s belongs to (%,p#). Instead if s € [q, %}

then (4.39) is obtained by means of Holder inequality. When p = g we look at (4.42).
O

Now we are ready to prove Theorem 4.1.1.

Proof of Theorem 4.1.1. For all € € (0,1) let us consider the operator A.; defined in
(4.32) and let u. € o + Wol’q(Q,RN) be the solution of (4.37) for all ¢ € WOLq(Q,]RN).
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We divide the proof in three steps.

Step 1: there exists ug € U + WDI’p(Q,RN) such that, up to subsequences, Du. — Dug
strongly in LY (€2)

By Remark 4.3.1 the Wol’p(Q) norm of u. — @ is bounded with respect to €. Propo-
sition 4.3.3 and estimate (4.38) imply that, once fixed ' € Q, Du. is bounded in
L, RN*™) umiformly with respect to e. Then there exists ug € @ + I/VO1 P(Q,RY) such
that Dug € L (Q,RY*™) and

U — @ — ug — @ weakly in W, P(Q,RY)

Du. — Dug weakly in L{ (€, RV*™)

loc

up to subsequences. Moreover, since ¢ < p (”*“) the Rellich theorem implies that
ue — ugp in L _(Q,RY). Now let us consider the test function ¢ = (u. — up)n, where
n € CX(Q,RY). By (4.37)

/ZA (z, Dug) D;(uf —uo )n de = — /ZA (x, Due)( —uo) Din® dx
—/Q%:bﬁ(m)go (z) dx

<M+ 1) [ (U 1Ducly™ e uo| D do
Q

+Z/ 7P| d. (4.45)
FIRAL
We observe that by (4.35)
2%72 2
p—= p—=
> [4(2, Duc) = AZ (2, Duo) | Difuf — ug) > 27 (|Duel® + | Duol*) 2
/371'
|Du5 — Du0|2
> (|Due — Dugl? )z |Du6 Dug|?
= |Dus — Dug|P.
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Thus (4.45) and the definition of Af,i imply
273" 1// | Duz — Dug|Pn dz < Z AB (x, Dug) — Aﬁ (z, Dug)| Di[uf — u'g]n dx
—/ ZA (z, Du.)D;(uf — up)n da
/ZA'g , Dug) Dy (uf —uo)n dx
— 5/92 |Diug|q_2DiugDi(uf — ug)n dx
< (M +1) [ (14 [Duc)' e = wol| Dy da

+ [ b@)ue = wolln] do

/ZA (z, Dug) D; (uf —uo)ndx
— 8/ Z |Diu0|q72Diu€Di(uf — ug)n dx.
Q<

Hence for ¢ — 0 the right hand side of the above inequality goes to 0, then
Du. — Duy in LV (Q). (4.46)
Step 2: up to subsequences Af’i(:n, Du.) — Af(:n, Dug) in L} ()

loc

For all ' € 2, adding and subtracting Af(m, Du.), we get
/ ]A z, Du.) — Af(x,Duo)\ dx < / \Af(a:,Dug) - A?(a},Duo)| dx
/ Q/
+/ e|Du |77 da. (4.47)
Q/

We observe that since Du. in uniformly bounded in L4(€") the second term at the right
hand side of (4.47) goes to zero. Now, let us show that the first term in the right hand
side of (4.47) goes to zero. For this purpose we consider the following functions

fe(z) = Al (x, Du.) — A} (2, Duy)|,

ge() = M{(1+ [Due())"" + (1 + [Duo(x))"'}
and
go(x) = 2M (1 + [Dug(z)|)""".

Now, by (4.12) we get that f.(z) < g-(z) for a.e. x € Q. Moreover, by Step 1 g. — go
and, by (4.46) and ¢ < p+1, [y g- dv — [o go dx for ¢ — 0. We conclude by the
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generalized Lebesgue convergence theorem.
Step 3: ug is a weak solution of (4.15)

By (4.37) and Step 2 we get

/ZZA%DuO ))D; dm+/zbﬁ

B=11i=1

zlim/ZZA (z, Duc(x)) D" (x) dac—i—/g%bﬂx)gpﬁx) dx

e—0 1=t

=0

9
for all p € C3(Q, RY). Since Aiﬁ(x, Dug(z)) and b?(z) are in L _' (Q), then we get (4.15),
with u = g, for every ¢ € Wh4(Q, RY) with suppy € Q. Namely, ug is a weak solution
of (4.15).
O
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Chapter 5

Absence and presence of
Lavrentiev phenomenon for double
phase functionals for every choice
of exponents

In this chapter we study classes of weights ensuring the absence and presence of the
Lavrentiev phenomenon for double phase functionals upon every choice of exponents. We
introduce a new sharp scale for weights for which there is no Lavrentiev phenomenon up
to a counterexample we provide. This scale embraces the sharp range for a-Holder contin-
uous weights. Moreover, it allows excluding the gap for every choice of exponents ¢,p > 1.

We consider the double-phase functional
P(u) = /g)(IDU(x)Ip + a(z)|Du(x)|?) dz , (5.1)

where 2 C R™ is a bounded open set, n > 1, 1 < p, ¢ < co and weight a : Q — [0, +00) is
bounded. The functional is designed to model the transition between the region where the
gradient is integrable with p-th power and the region where it has the higher integrability
with ¢-th power. Therefore, we are interested only in the situation when p < ¢ and a
vanishes on some subset of 2, but a # 0. The double phase P and various kinds of its
minimizers have been studied since [93, 107], continued in a vast range of contributions
including [12, 14, 42, 43, 53, 67, 68, 79] with sharpness discussed in [8, 67, 71, 106, 107].
More recent developments in this matter may be found in [7, 9, 24, 27, 32, 58, 84].

Let us recall the energy space W
WL R) = {u e WELQ,R) : / M{(z,|Du(x)|) dz < oo},
Q

where
M(z,t) = t* + a(z)t?.
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Chapter 5. Absence of Lavrentiev phenomenon for double phase functionals

It is known that if a € C%%(Q), with a € (0, 1] then for
I<p<g<p+ta
there is no Lavrentiev phenomenon between the spaces
X =u+W(Q,R) and Y =up+ C(Q,R),

where ug € W(, R), see [23, 28]. Our main focus is to extend the gap between p and ¢
defining a new class for the weight a. In other words, we want to say that if a € Z*, for
» € (0,400), and p and ¢ are in the following relation

1<p<qg<p+» (5.2)
then
P = P

The definition of Z* reads as follows.

Definition 5.0.1 (Class Z2#(€2)). Let Q@ ¢ R", n > 1. A function a :  — [0, +00)
belongs to Z*#(£2), for s € (0, +00), if there exists a positive constant C' such that

a(z) < C(ay) + [z —y[”) (5-3)
for all z,y € Q.

Of course, a-Hoélder continuous functions for o € (0, 1] belong to Z%, but Z* with
» € (0,400) is an essentially broader class of functions. To provide better understanding
of this new scale, we set down its main properties.

Remark 5.0.2 (Basic properties of Z#(2)). If 2 C R™ is an open set, then the following
holds.

1. Let 5 € (0,1], then a € Z%() if and only if there exists a € C%*(Q), such that a
is comparable to a; i.e., there exists a positive constant ¢ such that a < a < ca.

2. Let », 8 € (0,4+00), then a € 2*#(Q) if and only if a® € Z6%(Q).

3. Let sc € (0, +00), then a € Z#(Q) if and only if there exists a comparable to a such
that @ is Lipschitz.

4. Suppose  is bounded, then 0 < 51 < 5 if and only if Z72(Q) C 271 ().

Let us prove these assertions.

Assertion 1. Let us assume at first that @ € C%* and a is such that @ < a < ca.
Then, for every x,y € (1 it holds that

a(z) < ca(z) < c(aly) + [@lo|z — y|*) < (1 + [alo)(aly) + |z — y|*),
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which means that a € Z#(Q). This proves one implication of the assertion.
Let us now take any a € Z*#(Q), s € (0,1]. Let us define functions a,, for every y € €,
and function a, by
ay(z) :==a(y) + |z —y/* and a(z):= ingﬁy(x).
ye

Note that as @ > 0, we have that a, > 0 for every y € € and it follows that a is
finite-valued. By a € Z*(2) and the definition of the function a, we have

i(x) < () = a(x) < Cala),

for every z € {2, which means that a is comparable to a. It remains to prove that
a € C%”. Note that for a fixed y € Q, function a, is a translation of the function | - |*,
and therefore every @, belongs to C%* with [aylo, = 1. Let us now take any x,y €
and assume without loss of generality that a(z) > a(y). For any € > 0, we take y, such
that a,, (y) —a(y) < e. It holds that

a(z) —a(y) < ay.(z) —aly) < ay(z) —ay(y) +e< |z —y[" +e,

where the first inequality follows from the definition of @, and in the last inequality we
used Hélder continuity of a,.. As € > 0 is arbitrary and the role of  and y is symmetric,
we have |a(x) — a(y)| < |z — y|*, which proves that @ € C%*. This ends the proof of the
assertion.

Assertion 2. For any 8 > 0 there exists a constant ¢ > 0 such that for every s,t > 0 it
holds that (t + s)? < c(t? + s7). If a € 2%, 3¢ > 0, then for some C > 0 we have

d”(z) < CP(aly) + |z — yI*)” < Celaly)” + |z —y™) |

for any z,y € 2, which means that a® € Z5*. The first implication of the assertion is
proven, the reverse one follows using the same argument. )

Assertion 3. By assertion 2 we know that a € Z*(2) if and only if a> € Z1(£2). This, by
assertion 1, is equivalent to the existence of b of Lipschitz type and comparable to ax.
Putting a = (E)% completes the proof.

Assertion 4. If 0 < 31 < 39, we take any a € Z272(Q2). As Q is bounded for every
x,y € Q it holds that |z — y| < diam Q, and therefore |z — y|*2 < (diam Q)27 |x — y|*!.
Therefore, for some constant C' > 0 we have

a(z) < Cla(y) + |z — y®?) < Cmax {1, (diam Q)2 }(a(y) + |z — y|**),

which implies that a € Z*1(Q2). For the vice versa, we assume that 0 < > < ;. Then,
we observe that |z — x| € 272\ 27, with z¢ € Q. Indeed, in the view of assertion 3,

2
there does not exist a Lipschitz function comparable with |z — 2| 1.
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The first point of Remark 5.0.2 says that for s € (0, 1], class Z*(Q2) is similar to Holder
continuity, but it is actually requiring admissible decay rate near regions where a vanishes.
The second point of the remark allows extending this intuition to » > 1, as we can
look at some power of a. In particular, according to the third point, the s-th roots of
functions in Z* are comparable to Lipschitz continuous functions. We show examples of
functions in Z* on an interval for large and small values of parameter s on Figure 5.1.
In both of these cases there is no reason for the smoothness or the continuity of functions
from Z*. The controlled property is the rate of decay in the transition region, which is
comparable to a power function with an exponent s.

Figure 5.1: Solid line represents an example of a1 € Z*1 for s € (0, 1), while dot-dashed
line ay € 2”2 for 9 > 1. We stress that ao € 272 C 271,

We observe that in order to ensure the absence of the Lavrentiev gap for any ¢ and
p one can take a weight a decaying like e~/ t that is faster than any polynomial. In
particular, for every s € (0,400), we have that the function x — |z|* belongs to Z*(R").

We also show that if
l<p<n<n+ix<gq

there exist a domain, a boundary condition, and weight a € Z* for which the infima of
P differ, see Section 5.2. The method is inspired by the two-dimensional checkerboard
constructions of Zhikov [107] and its extension in [67]. In detail, we modify a weight
a € C% from [67] to allow ax being comparable to a Lipschitz function, so that a € Z*.

The present chapter is divided into three section. We start proving the absence of
Lavrentiev phenomenon for (5.1). Then we pass to exhibit the counterexample in Section
5.2. In this part we also show how the smoothness of the weight does not help increasing
the gap between p and q.
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5.1 Approximation and absence of Lavrentiev phenomenon

In this section we prove the absence of Lavrentiev phenomenon. Let us briefly summarize
the methods. We first establish the density of smooth functions with compact support
in the energy space W. To this purpose we make use of the convolution with shrinking,
explained in preliminaries 2.2, in order to construct a sequence {Ssp}s € C2°. At this
point the goal consist in showing that the family

{ID(S50) ()| + a(x)|D(S50) ()|} 5

is uniformly integrable. The proof proceeds basically as the one of [23, Theorem 2], but
(5.7) highlights that there is no reason for p and ¢ to be close if only one can adjust
the decay of the weight to compensate it. The absence of the Lavrentiev phenomenon,
stated in Theorem 5.1.3, is a consequence of the density of smooth functions via the
ideas inspired by [23, 28] applying the Vitali convergence theorem. We simultaneously
show that if u € W N C%7, v € (0,1], we can relax the bound (5.2) even further. In fact,
for v = 1 there is no gap for arbitrary p and ¢q. Moreover, to exclude the gap between
W N % and O, it suffices to take

p—i—% » € (0,00). (5.4)

In the next subsection we prove the density result, which is applied in Subsection 5.1.2
to get the absence of the Lavrentiev phenomenon.

5.1.1 Approximation

Let us establish the density of smooth functions with compact support in the energy
space W. We divide the proof into three steps according to the property of the domain
Q). We initially take €2 C R™ as a star-shaped domain with respect to the ball centered
in zero, then with respect to a ball centered in a point different that zero and finally €2 is
assumed to be an arbitrary Lipschitz domain. The result reads as follows.

Theorem 5.1.1 (Density of smooth functions). Let Q@ C R™ be a bounded Lipschitz
domain, let 1 < p < q < 400 and a: Q — [0,00) be such that a € Z*(Q), ¢ > 0. Then
the following assertions hold true.

(i) If s« > q — p, then for any ¢ € W(Q,R) there ezists a sequence {ps}s C C°(, R),
such that 5 — ¢ in W(Q).

(ii) Let v € (0,1]. If 2 = (¢ — p)(1 — ), then for any ¢ € W (2, R) N C*7 (2, R) there
exists a sequence {psts C C°(Q,R), such that s — ¢ in W(Q).

Moreover, in both above cases, if ¢ € L>®(, R), then there exists ¢ = ¢(Q) > 0, such that
l[2s]] o (@) < cllllLoe ()
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Proof. Let us at first notice that by Lemma 2.2.1, we have that W(,R) N L>®(, R)
is dense in W (2, R). Therefore, for the assertion (), it suffices to consider the den-
sity of C°(Q,R) in W(Q,R) N L>*(2,R). Let us assume that in case of (i), we have
v = 0. We shall prove the claims (i) and (i7) simultaneously. To this aim, let us take
any ¢ € W (€, R)NL®(Q, R) in the case of y = 0 and ¢ € W (Q, R)NC%7(Q, R) otherwise.

We divide the proof into three steps.

Step 1: Q is a star-shaped domain with respect to a ball centred in zero and with radius

R >0, that is B(0, R)

Recall the definition of Ssp, given in (2.13), where we take zyp = 0 and § < R/4.
Our aim now is to prove that DSsp converges to Dy in W (£2,R). Due to (2.12), it is

enough to show that S5 — ¢ in L' and DSs¢ ELR Dy modularly in Ly;. We observe
that by (2.14) and Lemma 2.2.2, we have this first convergence as well as the fact that
D(Ss(p)) converges to Dy in measure. Therefore, by (2.11), it suffices to prove that

the family {|D(Ss5¢)(z))[ + a(z)|D(Ssp)(x))|?} s is uniformly integrable. (5.5)

Observe that by Lemma 2.2.3, for sufficiently small § > 0, there exists a constant C's > 0,
independent of §, such that

ID(S50)|| < Cs87 7" (5.6)

Indeed, if v = 0, then by using assertion (2.15) and the fact that ¢ € L*>(Q,R), we can
set

Cs = [lellL<[[Dpl |1
in (5.6). In the case of v € (0,1], (2.16) provides that

§71
1DS5(@)l|ze= < ?}[‘P]OWHDPHLL

As ¢ € C%(Q,R) and ks 220, 1, we obtain inequality (5.6) with constant

Cs = 2[¢loA||Dpl| 1,
for sufficiently small 6. We therefore have (5.6) for all vy € [0, 1].

As a € 27, there exists a constant C, > 1 such that for any z,y € 2 we have
a(x) < Ca(a(y) + |z —y[*).
Let us take any x,y € Q,7 > 0,6 € (0,1) such that |z —y| < 7. We have
[DSs(e) ()| + alz)|DSs (@) ()| (5.7)
= |DSs(p) ()P (1 + a(x)|DS5 () (x)["")
< |DSs() ()P (1 + Calaly) + 7767)|DS5 () (x)|77)
< Ca| DS5(@) () [P(1 + aly)|[DSs () (x)|*F 4+ 7767 DSs (@) (x)[*F) . (5.8)
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By the inequality (5.6), we obtain that
8| DS5(ip)(z)|77P < CEPo#sa—P)0-1) < CFP, (5.9)

where in the last inequality we used that 6 € (0,1) and >+ (¢ — p)(y — 1) > 0. By (5.7)
and (5.9), we have that there exists a constant C; > 0, not depending on 4, such that

[DSs()(2)” + a(2)|DS5(¢)(z)|* < Cr (IDSa(so)(w) ” + <z€ Inf (w)a(z)> ’DSJ(SO)(HT)’(]) :
(5.10)

Let us recall (2.14), that is DSs5(¢) = éS(;(Dcp). By using Jensen’s inequality in
conjunction with the fact that ks > 1/2 for sufficiently small §, we may write

1 p

[DSs(p) ()" = =

Ks

/ ps(y) (D) (& — y) /r5) dy
Bs(0)

<2 [ gD =) /o)l dy = 2S5(DeP) @), (5.11)
Bs(0)

for sufficiently small § > 0. Analogously, it holds that

< inf )a(2)> |DSs(p)(2)|? < zq/B ps(y) ( inf a(2)> |(De)((z —y)/rs)|* dy
5(0) (z)

2€B,5(x 2€B,s
<2 /35(0) ps(y)al(x —y)/ks)|(De)((x —y)/rs)|* dy
= 2955(a| Dg|)(x) , (5.12)
where T is fixed such that for sufficiently small § > 0 we have

_ 1— ) 0
x y_x‘gM_,_myx‘g—i-(diamQ)éT&
Ks K K§ R§ 2RI€5

Observe that by (5.10) and by estimates (5.11) and (5.12), we have

M (z, |DSsp(2)]) < 29CH(S5(|Del?) () + S5(al De|?) (x))
= 210755 (M (-, [ D (-)])) () - (5.13)

The fact that ¢ € W (£, R) implies that M (z,|Dy(x)|) € L' (2, R). Therefore, Lemma 2.2.2
gives us that the sequence {Ss (M (-, |D¢(-)|))}s converges in L'. By the Vitali Conver-
gence Theorem, it means that the family {Ss (M (-, |D¢(+)|))}s is uniformly integrable.
Using the estimate (5.13), we deduce that the family {M (z,|D(Ss¢)(x)|)}s is uniformly
integrable, which is (5.5). Therefore, the proof is completed for 2 being a bounded
star-shaped domain with respect to a ball centred in zero.

Step 2: Q is a star-shaped with respect to a ball centred in point other than zero
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We translate the problem, obtaining the set being a star-shaped domain with respect to
a ball centred in zero. Then, proceeding with the proof above and reversing translation
of Q) gives the desired result.

Step 3: Q is an arbitrary bounded Lipschitz domain

By [36, Lemma 8.2], a set  can be covered by a finite family of sets {U;}/, such
that each Q; := QN U; is a star-shaped domain with respect to some ball. Then

K
Q=J%.
i=1

By [104, Proposition 2.3, Chapter 1], there exists the partition of unity related to the
partition {U;}X, i.e., the family {6;}2, such that

K
0<6; <1, 6, €C>U), > bi(x)=1 for €.

By the previous paragraph for every i = 1,2,..., K, as §; is a star-shaped domain
Wlth respect to some ball, and 0;p € W (; ) there exists a sequence {p%}s such that

o =0, Oip in W (). Let us now consider the sequence {Is}s defined as

Ig = Z gOf;.
i=1

We shall show that I5 — ¢ in W(£2). As we have that ¢4 — 6;¢ in L' for every i, we
have Is — ¢ in L'. Tt suffices to prove that DIs — Dy in Lj;(Q2). Since the sequence
{Dyi}s converges to D(f;) in measure and Y5 | D(6;) = Dy, it holds that

{DIs}s — D¢ in measure. (5.14)

Moreover, for any = € {2 we have that

DIs(2)” + a(x) | DIs(a |q<z(Kp D(g5) (@) + KT a(2)| D(5) (2)]7)

< K9 12(\13 D) +a(@)| D) @)7) . (5.15)

Asforalli=1,2,..., K, we have that {(%}s converges in W (;), it holds that the family
{ID(¢%)(z)|P + a( ] (¢%)(2)|9}5 is uniformly integrable. Therefore, the estimate (5.15)
gives us that

K p K q
the family { Z D(g)(x)| + a(z) Z D(g%)(x) } is uniformly integrable.
i=1 i=1 5

This together with (5.14) and (2.11), as well as the fact that Iy — ¢ in L!, gives us the
result for an arbitrary bounded Lipschitz domain 2. O
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5.1.2 Absence of the Lavrentiev phenomenon

As a direct consequence of Theorem 5.1.1 we infer the absence of the Lavrentiev phe-
nomenon. We start with a simple formulation for the double phase functional (5.1)
reading as follows.

Theorem 5.1.2 (Absence of the Lavrentiev phenomenon for a model functional). Let
Q C R" be a bounded Lipschitz domain, let 1 < p < g < 400 and a : Q — [0,00) be such
that a € Z#(QY), s > 0. Assume that ug satisfies

P(ug) < 400.
Then the following assertions hold true.
(i) If > q — p, then

inf P(u) = inf P(u). (5.16)
u€uo+W(Q,R) u€ug+C (Q,R)

(ii) Let vy € (0,1). If > (¢ — p)(1 — ), then

inf P(u) = inf P(u) . (5.17)
u€uo+W (Q,R)NCY7 (Q,R) u€ug+C (Q,R)

The above theorem is a special case of the following more general result. Let us consider
the following variational functional

Glu) = /Q g(z, u(z), Du(z)) dz, (5.18)

over an open and bounded set 2 C R™, n > 1, where g : 2 Xx R x R® — R is continuous
with respect to the second and the third variable and z — g¢(z,u,2) is convex. We
suppose that there exist constants 0 < v < 1 < L and a nonnegative A € L'(£2,R) such
that

v([2lP + a(x)[2|?) < g(z,u,2) < L[z + a(z)|2]? + Az)) | (5.19)
forallz € Q, ueR, z€R".

Theorem 5.1.3 (Absence of Lavrentiev phenomenon for general functionals). Let 2 C R™
be a bounded Lipschitz domain, let 1 < p < ¢ < +00 and a : Q — [0,00) be such that
a € Z%(Q), > 0. Assume that ug satisfies

g(’u,g) < Ho00.
Then the following assertions hold true.
(i) If > q — p, then

inf G(u) = inf G(u). (5.20)
ucug+W(Q,R) u€ug+C (,R)
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(it) Let vy € (0,1]. If 2 > (¢ — p)(1 =), then

inf G(u) = inf G(u). (5.21)
u€ug+W (Q,R)NCO7(2,R) u€up+C(Q,R)

Proof. Since C°(2,R) C W(£2,R), it holds that

inf G(u) < inf G(u).
u€ug+W(Q,R) u€up+C (Q,R)

Let us concentrate on showing the opposite inequality. By direct methods of Calculus of
Variation, there exists a minimizer, i.e., a function v € W (€, R) such that

= inf .
g(uo + U) uEuo—ﬁl-r‘}V(Q,R) Q(u)

By assertion (7) of Theorem 5.1.1, there exists {ux }rew C C2°(€2, R) such that uy, — u—ug
in W(£,R). Since g is continuous with respect to the second and the third variable, we
infer that

g(x,up(z) + uk(x), Dug(x) + Dug(x)) P g(z,u(x), Du(z)) in measure.

We shall now show that
the family {g(z,uo(2) + ug(x), Duo(x) + Dug(x))}, 4 is uniformly integrable. (5.22)
By assumption (5.19), we notice that
g(x,up(z) + uk(x), Dug(x) + Dug(x))

< L (|Dug(x) + Dug(x)|P + a(z)|Dug(x) + Dug(x)|9) + LA(x)

< O(|Dug ()" + a(x)| Dug(2)|*) + C (| Duo(2)[” + a(z)| Duo(x)[*) + LA(z),
where C' is a positive constant, for every fixed k > 1. Note that A € L'(Q,R) and as
G(up) < 400, by (5.19), we have

/Q (| Duo(2)[? + a(x)| Dug(x)|?) da < +oc.

Moreover, since { Duy }x converges in W (€2), we infer that
the family {|Dug(z)|P 4+ a(x)|Dug(x)|?}renw  is uniformly integrable.
Thus, (5.22) is justified. In turn, by Vitali Convergence Theorem, we have that

k——+o0

G(uo + up) —— G(u + up). (5.23)
Therefore, we get
inf < = inf .
ueuo—l-lgc“’(Q,IR) g(u) g(uo + U) ueuo—il-ri}V(Q,]R) g(u)

Consequently, (5.20) is proven.
By repeating the same procedure for v € W(Q,R) N C%7(Q, R) with the use of
Theorem 5.1.1 (i) instead of (i), one gets (5.21). O

Remark 5.1.4. It is easy to observe that convergence (5.23) holds for every u €
ug + W (€, R), that is to say: not necessarily for the minimizer.
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5.2 Sharpness

By sharpness, we mean that if p, ¢ and s are outside the proper range (5.2), it is possible
to find a Lipschitz domain Q, a weight a € Z*(Q)) and a boundary datum ug € W (2, R)
such that the Lavrentiev phenomenon occurs, i.e.

P < P

We point out that, for our example, we modify the construction from [67] based on the
seminal idea of Zhikov’s checkerboard [107].

Theorem 5.2.1 (Sharpness). Let p, q, > > 0 be such that
l<p<n<n+x<yqg.

Then there exist a Lipschitz domain Q C R", a function a € Z” and ug satisfying
P(up) < +oo such that
inf Pu) < inf P(u). (5.24)
u€upg+W(Q,R) u€up+C(2,R)
In order to show the presence of the Lavrentiev phenomenon we first define the Lipschitz

domain €2, the function a and the boundary datum ug. We choose €2 as the ball of center
0 and radius 1, i.e.,

Q = B; = B4(0). (5.25)
Now let us define the following set
n—1
V::{:cGBlz a:i—z:x?>0}. (5.26)
=1

Regarding the weight a we introduce the function £ : Q — R via the following formula

n—1
{(z) = max {x%—Zx?,O}m_l, r=(x1,...,Tpn).
i=1

The weight is defined as

a=1/0". (5.27)
Computing the partial derivative of £ in V we get
by, fli‘%(Z}:llx?Jer%) if i=1,...,n—1,
Oz ‘zfs (Z?:_II 3:13]2- + x?) if i=n.

We can observe that ||Df||f(p,) is bounded. In turn, ¢ is Lipschitz continuous and
consequently a € Z*(B;1). We note that suppa C V, so the set V shall include whole
g-phase, while p-phase will be in By \ V.

Let us state and prove a lemma that we will use in the proof of Theorem 5.2.1.
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Figure 5.2: The main properties of a € Z*(B;) and u, € W(Bj) that produce the
Lavrentiev gap for our counterexample are the facts that suppa C V, and Du, =0 in
Bi\V.

Lemma 5.2.2. Let a be defined by (5.27) and V' be defined as in (5.26). Then
a(n=1)

- ;:/ o[~ T a(2) T dr < . (5.28)
|4

Proof. We use the spherical coordinates. The proof is presented in two cases — for n = 2
and n > 2.

For n = 2 we take
x1=pcosf and x5 :=psinf,

consequently
a = p” max(— cos 26,0)”,
where 6 € [0,27). After this change of variables V' is mapped into S = (0,1) X
i

[(Ev U (f, I)}, so (5.28) reads as

1— 9t =
r :/ p a1 |cos (20)| T dpdf.
S

As q > »x+ 2, we have 1 — % > —1, which implies that fol pl_Q(qulx) dp < c0. As far
as — cos (26)74%1 is concerned, we observe at first that over the set that we integrate
on, it holds that cos(20) = 0 only for § = 7, %TW’ %’r, %”. Therefore, it suffices to prove
the integrability of |cos (29)|_q%1 near these points. Observe that for sufficiently small

Ay > 0 we have ;
2
}cos (2(6o + %))| > 26, (1 — 7r0> > 0y,
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which means that for 6 = 6y + § we get

P

_ T\ a—1
lcos (20) 7T < (9— 4) . (5.29)

Since ¢ > » + 1, we have —q%l > —1, and therefore, we have the integrability of
| cos (29)|_q%1 near 7, and by analogy, also in the points ?jT’T, %”, %“. Therefore, we showed
that ry is finite for n = 2.
For n > 2 we set

n—2 n—2 n—2
x1 = pcosf H sinfly, xo:= psinf H sinfp, x;:=pcost,_o H sinfy, for i > 3

k=1 k=1 k=i—1

and so
a = p” max(cos 26,,_2,0)",

with p > 0 and 0; € [0,7] for i = 1,...,n — 2. We observe that V is mapped to

S =(0,1) x (0,27) x (0,7)""2 x ((0, n <%,ﬂ'>), that is, 6,2 € (0,%) N (%’T,W) and
the modulus of the determinant of the change of variable may be estimated by p"~!.
Therefore, we can estimate

o (1—n)—s o
71 </,0n 5 |cos(20,,—2)| 1 dpdb,—s .
s

- (1—n)—s
As q > »x+n, it follows that n — 1+ W > —1, and therefore, fol p" L+ dp <

oo. Using analogous estimates as (5.29), one may also prove the integrability of
(cos(20p,—2)) a1 in (0,F) N (%,W), obtaining the finiteness of r1 in case of n > 3. [

As far as the boundary datum is concerned we first define a function u, and, after we
establish some of its properties, we shall find uy such that u, € (ug + W(B1,R)), but

us & (up + Cgo(Bl,R))W. We set

sin(26) if 0<0<7,
: 3
1 if 7T<0<-F,
us(x) = qsin(20 — ) if L <O, (5.30)
: b T
sin(26) if <6< 2m,
for n = 2, and
1 it 0 < 1971—2 < % )
U () = sin(20,-0) if T <0 <2, (5.31)
-1 if %Tﬂ < ﬂn72 < ™,
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for n > 3. The boundary datum wug is determined by the following expression
uo(z) = to|xPu.(z), (5.32)
where ty will be chosen. We have the following lemma.

Lemma 5.2.3. The function u. belongs to ug + W (B1,R). In particular
ro = / | Duy (z)|P do < 400.
By
Proof. We start observing that suppa C V and Du, =0 in suppa, i.e.,
/ (|Dus(2)P + a(2)|Duy (2)|7) de = / \Du ()P dz = 1.
B1 B

To justify that 79 is finite, we notice that using spherical coordinates for n = 2 one gets
1 z o 2
9 :/ pdp / \2005(29)]pd9+/3 ]2008(29—7r)\pd9+/7 |2 cos(20)Pdf| < o,
0 0 - T
whereas when n > 2, then
1 27 pm n—3 T
ro = / / / | det J| dp df H dﬂi/ |2 cos(20,,—2 — ) |P dbp—2 < 00,
o Jo Jo -1 0

where J is the Jacobian matrix of the spherical coordinate transformation. Now, since
p < n we can apply the Sobolev embedding theorem to obtain u, € LP(Bj,R). Then
ux € WHY(B1,R) and P(us) < +o0, namely u, € W(Bi, R). O

2 () G2

with 71 from Lemma 5.2.2, ro from Lemma 5.2.3, and

We take

to >

r3 = ’H”fl(V N 831), (534)

where H™ ! is the classical Hausdorff measure of dimension n — 1, defined on R”. Now
let us state the following observation made in [67]. The proof consists of calculations
with the spherical coordinates in which Fubini’s theorem and Jensen’s inequality are
used, see [67, p. 17] for details.

Lemma 5.2.4. For any function w € ug + C3°(B1,R) it holds

_ 1
toH" 1 (VN oBy) < / —

% |x‘n71

X

< Dw(x)>‘ iz,

x|’

for ty as in (5.33) and ug as in (5.32).
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Now we are ready to prove the theorem.

Proof of Theorem 5.2.1. Bearing in mind the definition of u, in (5.30)-(5.31) and of ug
in (5.32) we start observing that

w1 P < Pltous) = [ Dus@)de 8] [ a(w) Dus (@) de

=t /B | Duy(z)|P do = thro, (5.35)
1

which is finite by Lemma 5.2.3. Let us fix arbitrary w € ug + C§°(B1,R) and A > 0. In
order to estimate from below P(w) we notice that Lemma 5.2.4 together with Young’s
inequality and Lemma 5.2.2 leads to

o< [ <|:c|i1 <1x>>‘<ri|D w))
< J (arag) " e (g pow)

< AT 1 / a(2)| Dw(z)|? dx .
\%

a(z) dz

! a(x) dx

where A > 0 is fixed. Consequently,
r3Aty < 7"1)\‘1 1 —|—P( )

Then for any w € ug + C§°(B1, R) it holds

_a_ _a_ — 1)t 71
P(w) = 7 sup ()\toT3 - )\qq1> = 71 sup ()\tgr3 - |)\|qq1> =1 ((q ) 0T3> .
A>0 r1 AR 1 qr q—1

Now, bearing in mind (5.33) and using (5.35) we get

q —1\¢!
inf  Plu) > (T‘”’> (q ) st > inf  Pu).  (5.36)

u€uo+C§°(B1,R) q 71 u€ug+W(B1,R)

Hence the occurrence of the Lavrentiev phenomenon, that is (5.24), is proven. O

5.2.1 Smoothness of the weight

In this section we want to stress the fact that C'h*-regularity for o € (0, 1] of the weight
implies its Z'*t%regularity, but smoothness of the weight does not give more than Z2.
To state it precisely, we give the following proposition.

Proposition 5.2.5. If  C R™ is an open and bounded set, then the following holds.

(i) If 0 < a € CH¥(Q) for some o € (0,1] and a > 0 on 9Q, then a € Z1T*(Q).
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(ii) There exists 0 < a € C*°(R), such that a > 0 on 99, a € Z%(Q), and a & Z*>T¢(Q)
for any € > 0.

Proof. We concentrate on (7). Our reasoning is inspired by the proof of Glaeser-type
inequality, see [61]. Suppose by contradiction that a ¢ Z'+®. This implies that there
exist sequences {xy bk, {yr}r C Q and Cy € R with limg_, 4 o, Cx = +00 such that

a(x) > Crlalyr) + ok — yel'™). (5.37)

As Q is compact, by taking subsequences if necessary, we may assume that z — Z, yr, — ¥,
where 7,7 € Q. Observe that taking limits in (5.37), we obtain that for every C > 0 we
have a(z) > C(a(y) + |z — y|'T®). As a is bounded, we have that a(y) + |z — 7| = 0.
That is, we have £ = y and a(z) = 0. We shall denote xg := = y. As a(zg) = 0, by
assumption, we have xg € Q and there exists R > 0 such that B(zg, R) C Q.

Let us fix any v € R" such that |v| = 1. By Lagrange Mean Value Theorem, for
arbitrary z € B(zg, R) and h € R such that z + hv € B(zg, R), we have

a(z + hv) = a(z) + h%(z +v), (5.38)

where ¢ € [—|h|,|h|] . Using that a € CH*(Q), we get that for some constant C,
independent of v, we have

Oa Oa

- _ < (0% < (0%
"L+ ov) — o (2)] < Clsl < CIBI®,
and, consequently,
da Oa Oa
_ a7 < =— @,
C2(2) = Ol < S+ ov) < 5 (2) + Ol

Thus, for A > 0 it holds that
da

oa da
el < h= a_ 77 a+1
hay(z—i—gl/) \hay(z)—i—Ch]h\ hay(z)+0\h\ ,
while for h < 0 we have
oa da da
- < b= . a_ ™ a+1 '
hay(z—i—gy) < h@y(z) Chlh| hay(z)+C’|h|
By (5.38) and the last two displays, it means that
da 14+«
a(z + hv) ga(z)—i—h%(z)—i—(}]hl .
As a > 0, we have
0
0<a(z)+ ha—Z(z) + R, (5.39)
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as long as h € R and z,z + hv € B(xg, R). For any z € B(zg, R), let us now denote

da
5(2’)

h, = —c

1/a
sgn (gj@;)) with ¢ = (20)7Y/*,

Note that as a(zg) = 0, we also have Da(xp) = 0, as zg € €2 is a minimum of a. Since

a € CL2(Q), for any z € B(xg, R) we have |22(2)| < C|z — x0|®, which gives us
) Yy ) v &
da 1/ Y
|z + hev — mo| < |2 — 20| + [he| = [2 — 20| + ¢ 5(2) < (1 +cCV)|z = 20|
Therefore, if we take r == 14«:%’ for any z € B(zg,r) we have z 4+ h,v € B(xo, R).
Hence, by (5.39) we obtain
da da 1+1/a
0<a(z) + hego(2) + Clhl ™ = a(z) ~ Je|52()|
which means that for some constant C, > 0 it holds that
0 _a
?Z(Z) < Coalz)Tia | (5.40)

Note that by ambiguity of v, estimate (5.40) holds for arbitrary v € R™ such that |v| = 1.
Let us take any z,y € B(xo,r). Note that we can always find § € [y, z] such that
a(y) < a(y) and a > 0 on the segment (y,z). Indeed, if a > 0 on (y, z), then we can take
¥ = y. In other case, we may define

t==sup{t €1[0,1] :a(y +t(z —y)) = 0}

and set § =y + t(z — y). We see by the definition that a(y) = 0 < a(y) and a is positive
1
n (y,x). Therefore, if we set v = | ~‘, the function ¢ — a(y + tv)T+e is differentiable

for ¢ € (0, |z — g|), with derivative equal to H%a (m(y + ty)> (a(f§ + tv)) T+a. By the
definition of § and (5.40), we have

1 1

a(@) 7 — aly) T < afe)FE — a(g) T
|z~ __a
= / ( (7 + tu)) (a(g+tv)) Tra dt
< Colz = g| < Colz -y,
which by symmetry means that alﬁ is Lipschitz on B(zg,r). By Remark 5.0.2, we have

that a € Z'7%(B(x0,7)), which contradicts (5.37), as {zx}x and {yx}x converge to .
Hence, a € Z1T(Q).

For (4i) it is enough to consider zo € @ C R™ and a(x) = |r — x¢|?, which is smooth, but
only in Z2. O
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