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Abstract
We focus on evolution equations on co-evolving infinite graphs and establish a rigorous
link with a class of nonlinear continuity equations, whose vector fields depend on the
graphs considered. More precisely, weak solutions of the so-called graph-continuity
equation are shown to be the push-forward of their initial datum through the flow map
solving the associated characteristics’ equation, which depends on the co-evolving
graph considered. This connection can be used to prove contractions in a suitable
distance, although the flow on the graphs requires a too limiting assumption on the
overall flux. Therefore, we consider upwinding dynamics on graphs with pointwise
and monotonic velocity and prove long-time convergence of the solutions towards the
uniform mass distribution.

Keywords Co-evolving graphs · Evolution on graphs · Long-time behaviour ·
Nonlocal equations

Mathematics Subject Classification 35R02 · 35A01 · 35A02 · 35A24 · 35B40

1 Introduction

In this manuscript, we continue the study of evolutionary partial differential equations
(PDEs) on co-evolving graphs initiated in Esposito and Mikolás (2024). There, we
analysed a model describing the evolution of some quantity, e.g. mass, distributed
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on the vertices of a graph and flowing through its weighted edges. In this model, the
dynamics of the mass are coupled with the dynamics of the edge weights, meaning
that the dynamics on the graph depends on those determining the graph itself. In
many cases, the adaptive nature of co-evolving graphs is better suited for modelling
many real-life phenomena than their static or simply evolving counterparts—when
the edge weights also evolve in time, but their dynamics are not coupled with those
on the graph. To mention a few examples, co-evolving graphs have been useful in
biology, modelling neuronal systems (Clopath et al. 2010) or physiological networks
(Sawicki et al. 2022), in machine learning, for modelling the training process of deep
neural networks (Triesch 2005), and in epidemiological models, where individuals
susceptible to some disease (the nodes) might want to break off the links (the edges)
to other individuals because they are afraid of becoming infected (Demirel et al.
2017). We refer the reader to the review (Berner et al. 2023) for more applications of
co-evolving graphs.

In this article, we build on the setting of Esposito et al. (2021, 2023), where the
authors study the evolution of a (possibly negative) quantity on the vertices, a measure
ρ on a static graph, defined as follows.

Definition 1.1 A static graph is given by a pair G := (μ, η), where μ ∈ M+(Rd)

is a positive Radon measure standing for (a subset of) the vertices and η ∈ Cb(R
2d
�

)

is the edge-weight function, continuous and bounded, on the possible set of edges
R
2d
�

:= {(x, y) ∈ R
2d | x �= y}.

In view of the previous definition, self-loops are not allowed, and for example,
any finite set of vertices, {x1, . . . , xn} ⊂ R

d , corresponds to empirical measures
such as μn = 1

n

∑n
i=1 δxi , where δxi denotes a Dirac-mass at each xi ∈ R

d , for
i = 1, . . . , n. The same setting allows to easily represent large networks by taking,
e.g. μ∞ = limn→∞ μn , interpreting the limit in a suitable weak-sense. In order to
provide general stability results, the domain of the edge-weight function is defined
outside of supp(μ)2 to allow for cases where initially part of the support of ρ is outside
of the support of μ, cf. (Esposito et al., 2021, Theorem 3.14). In many applications in
machine learning, the edge-weightη is a function of the distance, that isη = f (|x−y|),
for f continuous on { f �= 0}. An important example is given by geometric graphs
with connectivity ε > 0 and weight being the characteristic function of a ball of radius
ε. Definition 1.1 includes both finite and uncountably infinite weighted graphs.

In Esposito and Mikolás (2024), some of the previous results are extended to the
co-evolving setting, and it is studied the well-posedness of the following co-evolving
nonlocal conservation law

∂tρt = −∇ · F�[μ, ηt ; ρt , Vt [ρt ]],
∂tηt = ωt [ρt ] − ηt ,

(Co-NCL)

where, for t ∈ [0, T ], the edge-weight ηt is no longer static and its dynamics depend
on the “mass” distribution on the vertices, ρt , through a (potentially nonlocal) function
ω. Such a choice for the evolution of η allows for an investigation of its time scales:
slower and faster than the flow defined on the graph. Indeed, the former produces static
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graphs, whereas the latter gives rise to graphs whose weight functions depend on the
density at the vertices, i.e. η = ω[ρ], cf. (Esposito and Mikolás, 2024, Section 4).
As for the equation for ρ, it is a nonlocal continuity equation where ∇· is the graph
divergence (see Definition 2.1), F� is the flux, and V is a solution-dependent velocity.
Differently from evolutions on R

d , note that, on the graph, the mass is distributed on
the vertices, whereas the velocity and the flux are defined on the edges. In particular,
to define the flux we need a suitable function, �, interpolating the mass at the vertices
connected by a given edge to have edge-based quantities. For this reason, the flux
depends on � as the notation F� indicates, cf. Definition 2.2. We refer the reader to
Sect. 2 for further details.

In this paper, differently from Esposito and Mikolás (2024), we shall focus on the
case where the measure defining the set of vertices, μ ∈ P2(R

d), is a probability
measure with finite second moments and ρ � μ with r := dρ

dμ . Under suitable

assumptions on � and η, system (Co-NCL) can be rewritten as, for μ-a.e. x ∈ R
d ,

∂t rt (x) = −
∫

Rd\{x}
�(rt (x), rt (y); Vt [rt ](x, y))ηt (x, y)dμ(y),

∂tηt = ωt [rt ] − ηt ,

(Euler Co-NCL)

where the equation for r is a nonlinear Euler equation, motivating the label chosen.
Starting from (Euler Co-NCL), first we prove existence and uniqueness of solutions
to (Euler Co-NCL) as curves in the space C([0, T ], L p

μ(Rd)) × C([0, T ],Cb(R
2d
�

)),
p = 2,∞, equipped with a suitable distance we specify later in Sect. 3. We recast
the well-posedness of (Co-NCL) in Esposito and Mikolás (2024) to the L p

μ setting,
which is needed to study the two main aspects of this paper that are not considered
in Esposito and Mikolás (2024): the associated graph-continuity equation and the
long-time behaviour of its solutions. First, we shall see that, for ρ � μ, we can
link (Co-NCL) to a particular nonlinear continuity equation on Rd+1, which we shall
call the graph-continuity equation. More precisely, for a given pair (r , η) solution
of (Euler Co-NCL) with base measure μ ∈ P2(R

d), the measure σ := δr ⊗μ defined
by

(δr ⊗ μ)(A × B) =
∫

B
δr(x)(A)dμ(x), (1.1)

on any Borel set A × B ∈ B(R × R
d), is a weak solution to the following continuity

equation: {
∂tσ + ∂ξ (σX [σ, r , η]) = 0,

σ0 = σ̄ ∈ P(R × R
d),

(graph-CE)

where ξ ∈ R and for any σ ∈ P(R × R
d), the velocity field is given by

X [σ, r , η](t, ξ, x) := −
∫

R×Rd\{x}
�(ξ, ξ ′; Vt [rt ](x, x ′))ηt (x, x ′)dσ(ξ ′, x ′), (1.2)

and it depends on a solution (r , η) to (Euler Co-NCL). We refer to (graph-CE) as the
graph-continuity equation since the velocity field depends, indeed, on the solution
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of the co-evolving graph problem. The mass displacement over the vertices is now
expressed through a structured transport equation since the vertices of the graph are
not evolving in time. In particular, we look at the probability density of having a certain
mass ξ at the vertex x , acting as a “parameter”. Notice that (graph-CE) is a system of
transport PDEs indexed by x . By looking at the disintegrated version of (graph-CE),we
prove that weak solutions can be constructed as the push-forward of the initial datum
through the corresponding flow map. We embed (Euler Co-NCL) into (graph-CE)
in order to study the long-time asymptotics via contractions in a suitable distance,
as in Sect. 4.2. Obtaining contractivity of the flow is, indeed, difficult and still open
for solutions to (Co-NCL) in view of the non-standard possible Finslerian nature of
the equation for ρ, cf. Esposito et al. (2021). Working with (graph-CE), we obtain
contraction of the solutions, although the structure of the flow somehow requires
a too strong condition on the overall flux which does not seem to be satisfactory,
since it indicates that all vertices should loose mass, see the condition on the velocity
given in Proposition 4.3. With the aim of obtaining a better result in this direction,
the second contribution of this manuscript is the study of the long-time behaviour of
(Euler Co-NCL) for the upwind interpolation and a particular type of velocity fields
that we call pointwise—they can be written as Vt [r ](x, x ′) = Vt (rt (x), rt (x ′)), for any
vertices x, x ′ ∈ R

d —andmonotonic (seeDefinition 5.1), which intuitivelymeans that
vertices will send mass to neighbours with less mass and gain mass from those with
more mass. In view of the pointwise nature of the velocity fields, we obtain the well-
posedness of (Euler Co-NCL) for r ∈ L∞

μ (Rd) by the Banach fixed-point theorem in
Theorem5.1.We thenmove to the study of the long-time behaviour of (Euler Co-NCL)
in this framework. To this end, we restrict the co-evolving graph to be defined on a
compact set K ⊂ R

d and fix the upwind interpolation �upwind. We obtain the long-
time asymptotics by showing that the supremum norm of r decreases monotonically
in time, while the infimum increases monotonically in time, resulting in a stabilisation
of the dynamics at M

μ(K )
, the uniform mass distribution, where

∫
Rd r0(x)dμ(x) = M .

As by-product, we provide long-time asymptotics for the μ-monokinetic solution
of (graph-CE).

Passing from (Euler Co-NCL) to (graph-CE) resembles the link between the graph-
limit and the mean-field limit for interacting particle systems (IPSs) with labels, cf.,
e.g. Paul and Trélat (2024) and the references therein. This approach, in a different
framework with respect to the one presented in this paper, concerns IPSs with hetero-
geneous interactions, depending on the particles’ identities. Thus, unlike traditional
exchangeable IPSs where the system is completely invariant under any permutation
of the variables’ labels, particles are no longer exchangeable. In this regard, a pow-
erful way to keep track of the identities of the particles and their connections is to
use weighted graphs. More precisely, the labels can be encoded into a vertex set
V := {1, . . . , N } and the heterogeneous interactions can be modelled by a family of
interaction potentials (Wi, j )Ni, j=1 depending on which pair of particles (i, j) ∈ E is
being considered, where E = V ×V is the set of edges. For example, one can consider
the following IPS composed of particles Xi

t ∈ R
d , with labels i = 1, . . . , N , evolving
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according to

{
d
dt X

i
t = − 1

N

∑N
i �= j κ(i, j)∇ f (Xi

t − X j
t ),

Xi
0 ∈ R

d ,
(Het-IPS)

where the family of potentials (Wi, j )Ni, j=1 is given by Wi, j := κ(i, j) f (Xi
t − X j

t ),
and κ : E → R encodes the differences in the interactions between the particles
depending on their labels. Therefore, the vertices of this graph can be viewed as a
collection of point masses that move in space, with the trajectory of each point mass
being influenced by the rest. We refer to this approach as the fixed-mass approach, in
contrast to the framework of this paper, where the positions of the masses are fixed, but
the mass is allowed to evolve. We refer to the latter point of view as the evolving-mass
approach, which is useful, for instance, in applications to data science and machine
learning, since data have usually the form of point clouds, which constitute the sets of
vertices. These vertices are, indeed, fixed, and the weighted edges can encode some
measure of similarity, such as the distance between these points. In this context, graphs
are a powerful tool to represent the data. In particular, dynamics on graphs can be
used to detect meaningful clusters, as explained in Craig et al. (2021). Characterising
clustering in our functional setting is a challenging question that remains an open
problem. Let us stress that in this context the position is fixed (vertices), whereas the
“mass” is moving.

The study of IPSs on heterogeneous graphs, i.e. not all-to-all with homogeneous
weights, can be traced back to the series of seminal papers by Medvedev (2014a, b),
studying a nonlinear heat-equation on graphs and its continuum limit as the num-
ber of vertices (particles) goes to infinity. To the best of the authors’ knowledge,
these contributions were the first to rigorously justify the use of continuum evolution
equations, called the graph limit, to approximate dynamics on large dense graphs by
using graphons, a notion of limiting graph for sequences of dense graphs (Lovász
2012). The graph limit describes the trajectory of an agent with a given label when
the number of agents goes to infinity. The notion of graph limit in the context of
IPSs has been studied extensively; we mention, e.g. Ayi and Duteil (2023), Gkogkas
et al. (2023), Ben-Porat et al. (2024a, b), Bouchairi et al. (2023), Favre et al. (2024)
and Haskovec (2024). Continuity equations similar to (graph-CE) have been obtained
in the study of the mean-field limit of IPSs with heterogeneous interactions, see,
for example, Kaliuzhnyi-Verbovetskyi and Medvedev (2018), Chiba and Medvedev
(2019a, b), Kuehn (2020), Gkogkas and Kuehn (2022) and Kuehn and Xu (2022) for
static graphs, although this list is not exhaustive. In the case of co-evolving graphs,
we highlight the recent work (Gkogkas et al. 2025) on the Kuramoto model on a
co-evolving graph, where the authors prove the mean-field limit and provide several
examples both for dense and sparse graphs. These works rely on the recent theory of
graph limits (Lovász 2012; Backhausz and Szegedy 2022).We also mention (Ayi et al.
2024; Paul and Trélat 2024) for recent reviews on the different approaches to defining
the mean-field limit of heterogeneous IPS. In this sense, the first contribution in this
manuscript can be viewed as an application of the ideas in Paul and Trélat (2024),
Section 5.2.3 on how to obtain a continuity equation starting from the solution of a
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nonlinear Euler equation, although our setting is not included in Paul andTrélat (2024).
A common point in many of the aforementioned works and the one presented in this
manuscript is the approach to obtain the well-posedness of the nonlinear continuity
equation. Namely, the well-posedness is obtained by studying a family of characteris-
tic equations parametrized by the vertices of the underlying graph extending the work
of Neunzert (1981). To the best of the author’s knowledge, the first application of this
approach in the context of all-to-all graphs can be found in Lancellotti (2005) and,
in the case of heterogeneous graphs, can be found in Kaliuzhnyi-Verbovetskyi and
Medvedev (2018). Finally, we notice that in our framework a finite graph corresponds
toμn being an atomic measure, where n is the number of vertices. As n → ∞, we can
obtain the so-called graph limit, giving rise to an integro-differential equation such as
(Euler Co-NCL) or (Co-NCL) rather than a continuity-type equation, as in Esposito
andMikolás (2024). The graph-limit can be seen as an intermediate step in view of the
connection between the Euler equation (infinite graphs) and the continuity equation
via the μ-monokinetic solution. A finite-graph approximation for (graph-CE) is an
interesting question that is beyond the purposes of this manuscript and would deserve
a deeper study.

The approach we use in Sect. 5 to study the long-time behaviour for Eq. (Euler
Co-NCL) follows similar ideas to the ones in Bonnet et al. (2022), where the authors
study the long-time behaviour of large systems of interacting agents on time-evolving
graphs. Indeed, our result is linked to the problem of consensus formation for systems
of non-exchangeable interacting particles. More precisely, this problem consists in
determining whether there exists an element x∞ such that

lim
t→∞ |xi (t) − x∞| = 0,

for any agent i ∈ {1, . . . , N } in an IPS. In our case, the evolving-mass approach,
we obtain that x∞ = M

μ(K )
, the uniform mass distribution. Consensus formation has

received a vast amount of attention, see, for example, Caponigro et al. (2013, 2015),
Dalmao and Mordecki (2011), Moreau (2005) and Olfati-Saber and Murray (2004)
and the references therein. The literature on this topic is very extensive as techniques
have to be adapted to the particular type of interaction and connectivity in each case.
Our approach is close to theworks that tackle the problem by obtaining diameter decay
estimates. We obtain that the rate at which the “vertex with maximum mass” (“vertex
with minimum mass”) loses (gains) mass depends on the connectivity of the system
through the quantities η∗, the smallest connectivity for any vertex in the history of the
co-evolving graph, andα′∗, the smallest rate of outflow for the velocities. This is closely
related to the scrambling-coefficient (Seneta 1979), obtained, for example, in Bonnet
et al. (2022), a quantity which is positive if either a pair of agents is interacting or they
follow a common third agent. Our condition is stronger, since we impose that the graph
is strongly connected, i.e. ηt > 0, for t ≥ 0. This is due to the co-evolving nature of η,
which is not present in most of the aforementioned works, where the connectivity of
the topology is, at most, allowed to evolve in time, but not to depend on the dynamics
of the agents, as in our case. Finding weaker conditions on η yielding convergence to
consensus could be achieved upon investigating different co-evolving dynamics.
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The setting outlined in Definition 1.1 was introduced in Esposito et al. (2021) where
the authors considered nonlocal dynamics on graphs driven by nonlocal interaction
energies. Similar frameworks can be also found in García Trillos and Slepčev (2016,
2018) in static problems. The work Esposito et al. (2021), was extended in different
directions. In Esposito et al. (2023), the authors studied a generalisation of the dynam-
ics by looking at a wider class of interpolation functions� (the ones considered in this
paper), while Esposito et al. (2021) focused on the upwind interpolation �upwind (see
Example 2.1), also studied in Chen et al. (2018). In Heinze et al. (2023b), the authors
extended the framework of Esposito et al. (2021) to the case of two interacting species
on graphs. They allow for nonlinear mobilities and consider a suitable modified p-
Wasserstein quasi-metric for p ∈ (1,∞), generalising the metric defined in Esposito
et al. (2021). The authors show that the multi-species dynamics also define a gradient
flow of the corresponding interaction energy with respect to the generalised version
of p-Wasserstein (quasi) metric on graphs. The study of nonlocal cross-interaction
equations on graphs is continued by the same authors in Heinze et al. (2023a), where
they investigate certain qualitative properties of solutions for finite graphs. Namely, the
authors give conditions on the self-interaction and cross-interaction kernels leading
to energy minimisers and give conditions for obtaining stationary states. Finally, they
study the stability of stationary states, the formation of patterns, and the effect of the
connectivity η on the resulting dynamics. They carry out these efforts analytically for
small graphs of up to four vertices and present numerical results for graphs of up to one
hundred vertices. In Esposito et al. (2025), the authors studied a natural question posed
in Esposito et al. (2021): does one recover the nonlocal interaction equation on R

d

as the graph localises? In other words, as the range of connections between different
vertices decreases, but the weight of each connecting edge increases, do the nonlocal
dynamics on the graph converge to the dynamics on Euclidean space? In Esposito et al.
(2025), the authors show that, as the graph localises, the obtained dynamics is the non-
local interaction equation on Euclidean space, with a tensor mobility T, depending on
the geometry of the graph through the connectivity, η, and the base measure, μ. Fur-
thermore, the resulting PDE is a Riemannian gradient flow on (P2(R

d
T
), d2), where

R
d
T
is the d-dimensional Euclidean space endowed with a metric induced by T

−1.
This result establishes a link between the Finslerian gradient flow structure obtained
in Esposito et al. (2021) and the Riemannian gradient flow obtained in the limiting
Euclidean case; see Esposito et al. (2023) for an extension to systems of N nonlocal
cross-interaction equations on graphs. In particular, graphs are space-discretisation
alternative to tessellations. In this regard, for interesting discrete-to-continuum evo-
lution problems, we refer the reader to Disser and Liero (2015), Forkert et al. (2022),
Hraivoronska and Tse (2023) and Hraivoronska et al. (2024). Furthermore, we also
mention (Gladbach et al. 2020, 2023) for discrete optimal transport distances and their
convergence to their continuous counterparts. Manuscripts dealing with evolutions on
finite graphs are Maas (2011), Chow et al. (2012) and Mielke (2011), where the con-
cept of Wasserstein metric on finite graphs was introduced independently. Related
nonlocal Wasserstein distances are studied in Slepčev and Warren (2023), as well as
the recent (Warren 2024), which focuses on a class of nonlocal diffusion equations
driven by relative entropy. We also mention (Bianchi et al. 2022), where the authors
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provide a well-posedness theory for generalised porous medium equation on infinite
graphs.

1.1 Structure of theManuscript

The rest of the manuscript is structured as follows. In Sect. 2, we recall relevant defini-
tions and results from Esposito et al. (2021, 2023) and Esposito and Mikolás (2024).
Focusing on the case ρ � μ, in Sect. 3 we study the well-posedness of Eq. (Euler
Co-NCL), derived from (Co-NCL). In Sect. 4, we show how we obtain (graph-CE)
from (Euler Co-NCL), prove its well-posedness and a stability estimate. We also dis-
cuss how this equation was obtained in an attempt to study the long-time behaviour
of (Co-NCL). Considering the upwind interpolation, Sect. 5 focuses on the long-
time behaviour of (Euler Co-NCL), and (graph-CE) as consequence, for pointwise
monotonic velocities.

2 Preliminaries

We shall focus on co-evolving graphs, denoted by Gt := (μ, ηt [ρ]), in which the
weight function is allowed to change in time depending on the mass configuration, ρ,
defined on the vertices.

Since it is useful in our analysis, we recall the notation and the results obtained
in Esposito et al. (2023) and Esposito and Mikolás (2024). There, the unknown
ρ ∈ MTV(Rd) is a signed Radon measure with finite total variation and the setMTV
is equipped with the total variation norm, defined using the dual product between
C0(R

d) and M(Rd). Furthermore, since the continuity equation induces mass pre-
serving dynamics that do not increase the total variation, we have ρ that belongs
to MM

TV(Rd) := {
ρ ∈ MTV(Rd) : |ρ|(Rd) ≤ M

}
. We shall deal with dynamics on

a non-Euclidean setting; hence, we recall the notion of gradient and divergence on
co-evolving graphs, as in Esposito et al. (2021).

Definition 2.1 (Nonlocal gradient and divergence) For any φ : Rd → R, we define
its nonlocal gradient ∇φ : R2d

�
→ R by

∇φ(x, y) = φ(y) − φ(x), for all (x, y) ∈ R
2d
�

.

For any Radon measure j ∈ M(R2d
�

), its nonlocal divergence ∇ · j ∈ M(Rd) is
defined as the adjoint of ∇, i.e. for any φ : Rd → R in C0(R

d), there holds

∫

Rd
φd∇ · j = −1

2

∫∫

R2d
�

∇φ(x, y)d j(x, y)

= 1

2

∫

Rd
φ(x)

∫

Rd\{x}
(d j(x, y) − d j(y, x)).
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In particular, for j antisymmetric, that is, j ∈ M(R2d
�

) and d j(x, y) = −d j(y, x),
denoted j ∈ Mas(R2d

�
), we have

∫

Rd
φd∇ · j =

∫∫

R2d
�

φ(x)d j(x, y).

The solutions to the nonlocal continuity equations are curves on a time interval
[0, T ], with T > 0, and we denote by AC([0, T ];MTV(Rd)) the set of curves from
[0, T ] to MTV(Rd) absolutely continuous with respect to the TV norm, that is, the
set of curves ρ : [0, T ] → MTV(Rd) such that there exists m ∈ L1([0, T ]) with

‖ρt − ρs‖TV ≤
∫ t

s
m(r)dr , for all 0 ≤ s < t ≤ T .

The definition of the flux requires further considerations in the graph setting since
the mass is a vertex-based quantity, while the velocity is an edge-based quantity. It is
necessary to interpolate themass at two given adjacent vertices to create an edge-based
quantity according to an admissible flux interpolation. The definition of admissible
flux interpolations and fluxes follows Esposito et al. (2023) and Esposito and Mikolás
(2024).

Definition 2.2 (Admissible flux interpolation) A measurable function � : R3 → R is
called an admissible flux interpolation, provided that the following conditions hold:

(i) � satisfies

�(0, 0; v) = �(a, b; 0) = 0, for all a, b, v ∈ R;
(ii) � is argument-wise Lipschitz in the sense that, for some L� > 0, any a,

b, c, d, v, w ∈ R, it holds

|�(a, b;w) − �(a, b; v)| ≤ L�(|a| + |b|)|w − v|;
|�(a, b; v) − �(c, d; v)| ≤ L�(|a − c| + |b − d|)|v|;

(iii) � is positively one-homogeneous in its first and second arguments, that is, for
all α > 0 and (a, b, w) ∈ R

3, it holds

�(αa, αb;w) = α�(a, b;w).

Example 2.1 A particularly useful interpolation, especially for potential vector fields,
is the upwind interpolation, used, e.g. in Esposito et al. (2021),

�upwind (a, b;w) = aw+ − bw−, for (a, b, w) ∈ R
3,

where w+ := max{0, w} and w− := (−w)+ are the positive and negative parts of
w ∈ R, respectively. Mean multipliers represent another example, given by

�prod (a, b;w) = φ(a, b)w, for (a, b, w) ∈ R
3,
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where common choices for φ include: φ(a, b) = a+b
2 , or φ(a, b) = max{a, b}.

An admissible flux is defined as follows.

Definition 2.3 (Admissible flux) Let � be an admissible flux interpolation, and let
ρ ∈ MTV(Rd), w ∈ Vas(R2d

�
) := {

v : R2d
�

→ R|v(x, y) = −v(y, x)
}
, and η :

R
2d
�

→ R measurable. Furthermore, take a reference measure λ ∈ M+(R2d) such
that ρ ⊗ μ,μ ⊗ ρ � λ. Then, the admissible flux F�[μ, η; ρ,w] ∈ M(R2d

�
) at

(ρ,w) is defined by

dF�[μ, η; ρ,w] = �

(
d(ρ ⊗ μ)

dλ
,
d(μ ⊗ ρ)

dλ
;w

)

η dλ.

The one-homogeneity of� implies that the definition does not depend of the choice
of λ, as long as the absolute continuity requirement is considered, cf. (Esposito et al.,
2023, Remark 2.6). The co-evolving graphs,Gt , are determined by the following initial
value problem introduced in Esposito et al. (2023)

∂tρt = −∇ · F�[μ, ηt ; ρt , Vt [ρt ]],
∂tηt = ωt [ρt ] − ηt ,

(Co-NCL)

for given initial data ρ0 ∈ MM
TV(Rd) and η0 ∈ Cb(R

2d
�

). Focusing on the dynamics
for η, we consider ω : [0, T ] × MTV(Rd) × R

2d
�

→ R satisfying the following
assumptions:

(ω1) the map (x, y) ∈ R
2d
�

�→ ωt [·](x, y) is continuous and (t �→ ωt [·](·, ·)) ∈
L1([0, T ]);

(ω2) for any ρ, σ ∈ MTV(Rd) there exists a constant Lω ≥ 0 such that

sup
t∈[0,T ]

sup
x,y∈R2d

�

|ωt [σ ](x, y) − ωt [ρ](x, y)| ≤ Lω‖σ − ρ‖T V ;

(ω3) ω is bounded, that is, there exists a constant Cω > 0 such that

sup
t∈[0,T ]

sup
ρ∈MTV(Rd )

sup
x,y∈R2d

�

∣
∣ωt [ρ](x, y)∣∣ ≤ Cω.

(ω4) The map (x, y) �→ ω·[·](x, y) is symmetric.

These requirements are needed to ensure the well-posedness of (Co-NCL) and to be
consistent with meaningful examples for the weight function η, see Remark 2.1. We
observe that assumption (ω4) is not required in Esposito and Mikolás (2024) since it
is not needed for the well-posedness of (Co-NCL). However, in what follows, we will
require η to be symmetric, and hence, (ω4) is necessary.

Remark 2.1 The weight function is assumed to be continuous and bounded on its
domain according to typical choices in applications to machine learning. We mention,
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for instance, geometric graphs where the edge-weight is a function of the distance,
cf. García Trillos and Slepčev (2016) andGarcía Trillos et al. (2020) and the references
therein. This is also consistentwith the setting developed inEsposito et al. (2021, 2023)
and Esposito and Mikolás (2024).

A solution to (Co-NCL) is understood as follows.

Definition 2.4 (Solution to the initial value problem (Co-NCL)) Given an admissible
flux interpolation�, a velocityfieldV : [0, T ]×MTV(Rd) → Vas(R2d

�
), and function

ω : [0, T ] × MTV(Rd) × R
2d
�

→ R, a pair (ρ, η) : [0, T ] → MTV(Rd) × Cb(R
2d
�

)

is a solution to the initial value problem (Co-NCL) if

(i) ρ ∈ AC([0, T ],MTV(Rd)), η ∈ AC([0, T ],Cb(R
2d
�

));
(ii) the maps t �→ 〈ϕ,∇ · F�[μ, ηt ; ρt , Vt [ρt ]]〉 and t �→ ωt [ρt ] − ηt belong to

L1([0, T ]), for any ϕ ∈ C0(R
d);

(iii) for a.e. t ∈ [0, T ], every (x, y) ∈ R
2d
�
, for any ϕ ∈ C0(R

d), the following
conditions hold
∫

Rd
ϕ(x)dρt (x) =

∫

Rd
ϕ(x)dρ0(x)

+ 1

2

∫ t

0

∫∫

R2d
�

∇ϕ(x, y)dF�[μ, ηs, ρs; Vs[ρs]](x, y)ds ,

(2.1)

ηt (x, y) = η0(x, y) +
∫ t

0
(ωs[ρs](x, y) − ηs(x, y)) ds. (2.2)

We recall the main results needed to ensure well-posedness of (Co-NCL) from
Esposito and Mikolás (2024).

Theorem 2.1 (Existenceanduniqueness for (Co-NCL)) Let V : [0, T ]×MM
TV(Rd) →

Vas(R2d
�

) satisfy the uniform compressibility assumption

sup
t∈[0,T ]

sup
ρ∈MM

TV (Rd )

sup
x∈Rd

∫

Rd\{x}
|Vt [ρ](x, y)| dμ(y) ≤ CV , (2.3)

for CV > 0. Assume there is a constant LV > 0 such that, for all t ∈ [0, T ] and all
ρ, σ ∈ MM

TV (Rd):

sup
x∈Rd

∫

Rd\{x}
|Vt [ρ](x, y) − Vt [σ ](x, y)| dμ(y) ≤ LV ‖ρ − σ‖TV . (2.4)

Let ω : [0, T ]×MTV(Rd)×R
2d
�

→ R satisfy (ω1)–(ω3). Then, there exists a unique
solution (ρ, η) to (Co-NCL) such that (ρ0, η0) = (ρ0, η0).

Proof We refer the reader to Esposito and Mikolás (2024), Lemma 3.3 and Esposito
and Mikolás (2024), Theorem 3.6. ��
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As shown in Esposito and Mikolás (2024), Proposition 2.8 (Co-NCL) preserves mass,
i.e. ρt (R

d) = ρ0(R
d) for t ∈ [0, T ]. In addition to Theorem 2.1, in Esposito and

Mikolás (2024), the authors analyse different time scales for (Co-NCL) leading either
to static graphs or to co-evolving graphs with η = η(ρ). Furthermore, they study
a stability result with respect to the base measure μ, also known as graph limit in

case μn
∗
⇀μ and μn is a sequence of atomic measures (describing finite graphs). In

the remainder of this article, for any curve γ ∈ C([0, T ], S), for some normed space
(S, ‖·‖S), we will write

‖γ ‖∞,S := sup
t∈[0,T ]

‖γt‖S .

We denote by ‖ · ‖∞ the usual sup-norm when this does not create confusion. For
the reader’s convenience, we postpone to the corresponding section the preliminary
results we shall use for the long-time behaviour in Sect. 5.2.

3 The Euler Equation for (Co-NCL)

We focus on the case when μ defines the set of all possible vertices so that it makes
sense to consider ρ � μ. In particular, for any t ∈ [0, T ], ρt := rtdμ, for a curve
r ∈ C([0, T ], L2

μ(Rd)), and μ ∈ P2(R
d). In this setting, the nonlocal continuity

equation in (Co-NCL) can be rewritten so that it can be interpreted as a nonlinear Euler
equation. We observe that in this set-up there is an interesting comparison between the
study carried out in Esposito et al. (2021, 2023), Esposito and Mikolás (2024) and the
recent developments on heterogeneous interacting particle systems, e.g. in Paul and
Trélat (2024) andAyi andDuteil (2024). Indeed, since ρ � μ, we set ρ := rdμ, with r
being the Radon–Nikodym derivative of ρ with respect to μ. By choosing λ := μ⊗μ

in Definition 2.3, we write the flux as

dF�[μ, η; ρ,w](x, y) = �(r(x), r(y);w(x, y))η(x, y)d(μ ⊗ μ)(x, y),

for w ∈ Vas(R2d
�

), and (x, y) ∈ R
2d
�
, so that � is function of the density,

r , w.r.t. μ. Furthermore, if we assume that � is jointly antisymmetric, that is,
�(a, b;−v) = −�(b, a; v) for any a, b, v ∈ R, and η symmetric, the nonlocal
divergence of F�[μ, η; ρ, V [ρ]] is given by

∇·F�[μ, η; ρ, V [ρ]](x) =
∫

Rd\{x}
�(r(x), r(y); V [ρ](x, y))η(x, y)dμ(y) , (3.1)

for μ-a.e. x ∈ R
d . In view of this consideration, we shall consider the system

∂t rt (x) = −
∫

Rd\{x}
�(rt (x), rt (y); Vt [r ](x, y))ηt (x, y)dμ(y)

∂tηt = ωt [r ] − ηt ,

(Euler Co-NCL)
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for given initial data r0 ∈ L2
μ(Rd) and η0 ∈ Cb(R

2d
�

) and symmetric. By slight
abuse of notation, both V and ω will be considered as functions of the density r to
be consistent in the subsequent analysis. Solutions of (Euler Co-NCL) are defined as
follows, either in L2

μ(Rd) or in L∞
μ (Rd) since we shall need both settings.

Definition 3.1 (Solution to (Euler Co-NCL)) Let p = 2,∞. Given a jointly antisym-
metric admissible flux interpolation �, a velocity field V : [0, T ] × L p

μ(Rd) →
Vas(R2d

�
), and a function ω : [0, T ] × L p

μ(Rd) × R
2d
�

→ R, a pair (r , η) :
[0, T ] → L p

μ(Rd) × Cb(R
2d
�

) is a solution (Euler Co-NCL) with initial datum
(r0, η0) ∈ L p

μ(Rd) × Cb(R
2d
�

) if it satisfies the following properties:

(1) the maps t �→ ∫
Rd\{x} �(rt (x), rt (y); Vt [r ](x, y))ηt (x, y)dμ(y) and t �→

ωt [ρt ] − ηt belong to L1([0, T ]);
(2) for μ-a.e. x ∈ R

d , t ∈ [0, T ], (x, y) ∈ R
2d
�
, it holds

rt (x) = r0(x) −
∫ t

0

∫

Rd\{x}
�(rs(x), rs(y); Vs[r ](x, y))ηs(x, y)dμ(y)ds

(3.2a)

ηt (x, y) = η0(x, y) +
∫ t

0
(ωs[r ](x, y) − ηs(x, y)) ds. (3.2b)

(3) r ∈ AC([0, T ], L p
μ(Rd)), η ∈ AC([0, T ],Cb(R

2d
�

)).

Possible examples, in the L2
μ setting, for the functions V and ω are given by

ωt [r ](x, y) =
∫

Rd
W (t, x, y, z)r(z)dμ(z), (3.3)

Vt [r ](x, y) = −∇(K ∗ ρt )(x, y) = −
∫

Rd
(K (y, z) − K (x, z))rt (z)dμ(z), (3.4)

where for (x, y) ∈ R
2d
�
, the map t �→ W (t, ·, ·, ·) ∈ L1([0, T ]), andW ∈ Cb([0, T ]×

R
2d
�

× R
d), K ∈ Cb(R

2) and the velocity defined in (3.4) is related to the nonlocal
interaction energy E(ρ) = (1/2)

∫∫
K (x, y)dρ(x)dρ(y).

For p = 2,∞, we obtain well-posedness of (Euler Co-NCL) by exploiting the
Banach fixed-point theorem in the space C([0, T ], L p

μ(Rd)) × C([0, T ],Cb(R
2d
�

))

equipped with the distance

d̃∞(( f 1, g1), ( f 2, g2)) := ‖ f 1 − f 2‖∞,L p
μ(Rd ) + ‖g1 − g2‖∞,Cb(R

2d
�

),

‖ f 1 − f 2‖∞,L p
μ(Rd ) := sup

t∈[0,T ]
‖ f 1t − f 2t ‖L p

μ(Rd ) and ‖g1 − g2‖∞,Cb(R
2d
�

)

:= sup
t∈[0,T ]

‖g1t − g2t ‖Cb(R
2d
�

) .
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In this section, we fix p = 2 and prove a priori properties for (Euler Co-NCL)
useful to define the solution maps.

Proposition 3.1 Let � be a jointly antisymmetric admissible flux interpolation, r0 ∈
L2

μ(Rd), η0 ∈ Cb(R
2d
�

) and symmetric. Assume ω : [0, T ] × L2
μ(Rd) × R

2d
�

→ R is

such that the map (x, y) ∈ R
2d
�

�→ ωt [·](x, y) is continuous and that for a constant
Cω > 0 ∫ T

0
sup

r∈L2
μ(Rd )

sup
(x,y)∈R2d

�

|ωs[r ](x, y)|ds ≤ Cω.

Suppose that V : [0, T ] × L2
μ(Rd) → Vas(R2d

�
) satisfies

∫ T

0
sup

r∈L2
μ(Rd )

sup
x∈Rd

∫

Rd\{x}
|Vt [r ](x, y)|2dμ(y)dt ≤ CV , (3.5)

for some CV > 0. For a pair (r , η) : [0, T ] → L2
μ(Rd) × Cb(R

2d
�

) satisfying (3.2)
the following properties hold.

(1) For μ-a.e. x ∈ R
d and every (x, y) ∈ R

2d
�
, the maps satisfy

t �→
∫

Rd\{x}
�(rt (x), rt (y); Vt [r ](x, y))ηt (x, x)dμ(y) ∈ L1([0, T ]),

t �→ ωt [r ](x, y) − ηt (x, y) ∈ L1([0, T ]),

and r ∈ L∞([0, T ]; L2
μ(Rd)), η ∈ L∞([0, T ],Cb(R

2d
�

)).

(2) r ∈ AC([0, T ]; L2
μ(Rd)) and η ∈ AC([0, T ];Cb(R

2d
�

)).

Proof We obtain η ∈ L∞([0, T ];Cb(R
2d
�

)) in an analogous way to Esposito and
Mikolás (2024), Proposition 2.8 using (2.2), with

‖ηt‖∞ ≤ (‖η0‖∞ + Cω) eT , (3.6)

and note that the integrability of t �→ ωt [r ](x, y) − ηt (x, y) directly follows. As for
r , for μ-a.e. x ∈ R

d , by using (i), (ii) in Definition 2.2, boundedness of η, and (3.5)
we have

|rt (x)| ≤ |r0(x)| +
∫ t

0

∫

Rd\{x}
|�(rs(x), rs(y); Vs [r ](x, y))ηs(x, y)| dμ(y)ds

≤ |r0(x)| + L�‖η‖∞,Cb(R
2d
�

)

∫ t

0

∫

Rd\{x}
|Vs [r ](x, y)| (|rs(x)| + |rs(y)|)dμ(y)ds

≤ |r0(x)|+L�‖η‖∞,Cb(R
2d
�

)

∫ t

0

⎛

⎝ sup
r∈L2

μ(Rd )

sup
x∈Rd

∫

Rd\{x}
|Vs [r ](x, y)|2 dμ(y)

⎞

⎠

1
2

×
(∫

Rd\{x}
(|rs(x)| + |rs(y)|)2dμ(y)

) 1
2
ds
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≤ |r0(x)| + L�‖η‖∞,Cb(R
2d
�

)

∫ t

0
v̄
1/2
s (‖rs‖L2

μ(Rd ) + |rs(x)|)ds ,

where we used the Cauchy–Schwarz andMinkowski inequalities,μ(Rd) = 1, and we
set

v̄t := sup
r∈L2

μ(Rd )

sup
x∈Rd

(∫

Rd\{x}
|Vt [r ](x, y)|2dμ(y)

)

. (3.7)

An application ofMinkowski’s inequality and (Folland, 1999, Theorem 6.19 a.) yields

‖rt‖L2
μ(Rd ) ≤ ‖r0‖L2

μ(Rd ) + L�‖η‖∞,Cb(R
2d
�

)2
∫ t

0
v̄
1/2
s ‖rs‖L2

μ(Rd )ds.

Then, an application of Grönwall’s inequality yield, for any t ∈ [0, T ],

‖rt‖L2
μ(Rd ) ≤ ‖r0‖L2

μ(Rd )e
2L�‖η‖∞CV , (3.8)

thus r ∈ L∞([0, T ]; L2
μ(Rd)). The integrability of the nonlocal divergence can be

proven by a further application of Gronwall inequality.More precisely, by the previous
argument we know that, for μ-a.e. x ∈ R

d ,

|rt (x)| ≤ |r0(x)| +
∫ t

0

∫

Rd\{x}
|�(rt (x), rt (y); Vs[rs](x, y))ηs(x, y)| dμ(y)ds

≤ |r0(x)|
+ L�‖η‖∞,Cb(R

2d
�

)

(

‖r0‖L2
μ(Rd )e

2L�‖η‖∞CV

∫ t

0
v̄
1/2
s ds +

∫ t

0
v̄
1/2
s |rs(x)|ds

)

≤ |r0(x)| + L�‖η‖∞,Cb(R
2d
�

)

(

‖r0‖L2
μ(Rd )e

2L�‖η‖∞CV

(

t
∫ t

0
v̄sds

)1/2

+
∫ t

0
v̄
1/2
s |rs(x)|ds

)

≤ |r0(x)| + C̄
√
t + L�‖η‖∞,Cb(R

2d
�

)

∫ t

0
v̄
1/2
s |rs(x)|ds,

for C̄ = L�‖η‖∞,Cb(R
2d
�

)‖r0‖L2
μ(Rd )e

2L�‖η‖∞CV C1/2
V . Then, for any t ∈ [0, T ] and

μ-a.e. x ∈ R
d ,

|rt (x)| ≤ (|r0(x)| + C̄
√
t) exp

(

L�‖η‖∞,Cb(R
2d
�

)

∫ t

0
v̄s

1/2ds

)

≤ (|r0(x)| + C̄
√
t)e

L�‖η‖∞,Cb(R2d
�

)

√
t
√
CV

,

from which we infer time integrability of the nonlocal divergence, since we can
bound ‖rs‖L2

μ(Rd ) + |rs(x)| on [0, T ]. Part (2) is consequence of the time integra-
bility and (3.2). ��
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Weproceedwith provingwell-posedness of (EulerCo-NCL). Fix r0 ∈ L2
μ(Rd), η0 ∈

Cb(R
2d
�

) for η0 symmetric, and assume � is a jointly antisymmetric admissible flux
interpolation as in Definition 2.2. We consider

ACT := AC([0, T ]; L2
μ(Rd)) × AC([0, T ];Cb(R

2d
�

)),

and equip it with the distance d̃∞. We define the solution map S := (SV ,Sω) :
ACT → ACT as

SV (r , η)(t)(x) := r0(x)

−
∫ t

0

∫

Rd\{x}
�(rs(x), rs(y); Vs [r ](x, y))ηs(x, y)dμ(y)ds, μ-a.e. x ∈ R

d ,

Sω(r , η)(t)(x, y) := η0(x, y) +
∫ t

0
(ωs [r ](x, y) − ηs(x, y)) ds ,

for any t ∈ [0, T ] and (x, y) ∈ R
2d
�
. The a priori properties in Proposition 3.1 ensure

this map S is well defined. Below, we prove existence and uniqueness of solutions
to (Euler Co-NCL) by assuming a uniform-in-time integrability assumption for the
velocity field V motivated by our guiding example, see (3.4), although the result holds
for V satisfying (3.5). The stronger assumption is relevant in Sect. 4, where it is used
to obtain the Lipschitzness of the characteristics.

Theorem 3.1 Let � be a jointly antisymmetric admissible flux interpolation as in
Definition 2.2 and consider an initial datum (r0, η0) ∈ L2

μ(Rd) × Cb(R
2d
�

), with η0

symmetric. Assume that V : [0, T ] × L2
μ(Rd) → Vas(R2d

�
) satisfies (3.5) or

sup
t∈[0,T ]

sup
r∈L2

μ(Rd )

sup
x∈Rd

∫

Rd\{x}
|Vt [r ](x, x ′)|2dμ(x ′) ≤ CV , (3.9a)

and, for all t ∈ [0, T ] and any g, g̃ ∈ L2
μ(Rd),

sup
x∈Rd

∫

Rd\{x}
|Vt [g](x, x ′) − Vt [g̃](x, x ′)|2dμ(x ′) ≤ LV ‖g − g̃‖2L2

μ(Rd )
, (3.9b)

for constants CV , LV > 0.
Assume thatω : [0, T ]×L2

μ(Rd)×R
2d
�

→ R satisfies (ω1)–(ω4). Then, there exists
a solution (r , η) to (Euler Co-NCL) with initial datum (r0, η0), as in Definition 3.1.

Proof Let us assume (3.9a) since the argument is slightly more involved for this case
at the end of the proof. For (r0, η0) given, we consider (r , η), (r̃ , η̃) ∈ ACT and, for
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μ-a.e. x ∈ R
d , we have

|SV (r , η)(t) − SV (r̃ , η̃)(t)|(x)
≤

∫ t

0

∫

Rd\{x}

∣
∣
∣�(rs(x), rs(y); Vs[r ](x, y))ηs(x, y)

− �(r̃s(x), r̃s(y); Vs[r̃ ](x, y))η̃s(x, y)
∣
∣
∣dμ(y)ds

≤ L�

∫ t

0

∫

Rd\{x}
∣
∣ηs(x, y)

∣
∣(|rs(x) − r̃s(x)| + |rs(y) − r̃s(y)|)|Vs[r ](x, y)|dμ(y)ds

+ L�

∫ t

0

∫

Rd\{x}
(|r̃s(x)| + |r̃s(y)|) |Vs[r ](x, y)|

∣
∣ηs(x, y) − η̃s(x, y)

∣
∣dμ(y)ds

+ L�

∫ t

0

∫

Rd\{x}
∣
∣η̃s(x, y)

∣
∣ (|r̃s(x)| + |r̃s(y)|) |Vs[r ](x, y) − Vs[r̃ ](x, y)|dμ(y)ds

=: I + I I + I I I ,

where we used (i), (ii) in Definition 2.2. I can be estimated as follows by means of
Cauchy–Schwarz and Minkowski inequalities:

|I | ≤ L�‖η‖∞,Cb(R
2d
�

)

⎛

⎝ sup
t∈[0,T ]

sup
r∈L2

μ(Rd )

sup
x∈Rd

∫

Rd\{x}
|Vt [r ](x, y)|2 dμ(y)

⎞

⎠

1/2

×
∫ t

0

(∫

Rd\{x}
(|rs(x) − r̃s(x)| + |rs(y) − r̃s(y)|)2 dμ(y)

)1/2

ds

(3.10)

≤ L�‖η‖∞,Cb(R
2d
�

)C
1/2
V

∫ t

0
(‖rs − r̃s‖L2

μ(Rd ) + |rs(x) − r̃s(x)|)ds ,

where in the second inequality we used (3.9a). Squaring both sides and integrating
with respect to μ

‖I‖2L2
μ(Rd )

≤ L2�‖η‖2∞,Cb(R
2d
�

)
CV

∫

Rd

∣
∣
∣
∣

∫ t

0
(‖rs − r̃s‖L2

μ(Rd ) + |rs(x) − r̃s(x)|)ds
∣
∣
∣
∣

2
dμ(x)

≤ L2�‖η‖2∞,Cb(R
2d
�

)
CV T

∫

Rd

∫ T

0
(‖rs − r̃s‖L2

μ(Rd ) + |rs(x) − r̃s(x)|)2dsdμ(x)

≤ L2�‖η‖2∞,Cb(R
2d
�

)
2CV T

∫ T

0
‖rs − r̃s‖2L2

μ(Rd )
ds

≤ L2�‖η‖2∞,Cb(R
2d
�

)
2CV T

2‖r − r̃‖2∞,L2
μ(Rd )

,

thus
‖I‖L2

μ(Rd ) ≤ √
2L�‖η‖∞,Cb(R

2d
�

)C
1/2
V ‖r − r̃‖∞,L2

μ(Rd )T .
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For I I , we obtain similarly that

|I I | ≤ L�‖η − η̃‖∞,Cb(R
2d
�

)C
1/2
V

∫ t

0
(‖r̃s‖L2

μ(Rd ) + |rs(x)|)ds,

and thus

‖I I‖L2
μ(Rd ) ≤ L�‖η − η̃‖∞,Cb(R

2d
�

)C
1/2
V (‖r‖∞,L2

μ(Rd ) + ‖r̃‖∞,L2
μ(Rd ))T

≤ 2L�‖η − η̃‖∞,Cb(R
2d
�

)C
1/2
V C̄T T ,

where in the last inequality C̄T = ‖r0‖L2
μ(Rd )e

2L�‖η‖∞CV T , from (3.8). Finally, for
I I I we use (3.9b) to have

|I I I | ≤ L�‖η̃‖∞,Cb(R
2d
�

)

⎛

⎝ sup
t∈[0,T ]

sup
r ,r̃∈L2

μ(Rd )

sup
x∈Rd

∫

Rd\{x}
|Vt [r ](x, y) − Vt [r̃ ](x, y)|2dμ(y)

⎞

⎠

1/2

×
∫ t

0
‖r̃s‖L2

μ(Rd ) + |r̃s(x)|ds

≤ L�‖η̃‖∞,Cb(R
2d
�

)L
1/2
V ‖r − r̃‖∞,L2

μ(Rd )

∫ t

0
‖r̃s‖L2

μ(Rd ) + |r̃s(x)|ds.

Therefore,

‖I I I‖L2
μ(Rd ) ≤ √

2L�‖η̃‖∞,Cb(R
2d
�

)L
1/2
V ‖r‖∞,L2

μ(Rd )‖r − r̃‖∞,L2
μ(Rd )T

≤ √
2L�‖η̃‖∞,Cb(R

2d
�

)L
1/2
V ‖r − r̃‖∞,L2

μ(Rd )C̄T T .

The same estimate for Sω gives

‖Sω(r , η) − Sω(r̃ , η̃)‖∞,Cb(R
2d
�

) ≤ ‖η − η̃‖∞,Cb(R
2d
�

)T + Lω‖r − r̃‖∞,L2
μ(Rd )T ,

due to (ω2) and Proposition 3.1, see also (Esposito and Mikolás, 2024, Lemma 3.3).
A combination of the previous estimates implies that

d∞((r , η), (r̃ , η̃)) ≤ (
√
2L�‖η̃‖∞,Cb(R2d

�
)
(L1/2V C̄T + C1/2

V ) + Lω))‖r − r̃‖∞,L2μ(Rd )
T

+ (1 + 2L�C1/2
V C̄T )‖η − η̃‖∞,Cb(R2d

�
)
T

≤ (
√
2L�(‖η0‖∞ + CωT )eT (L1/2V C̄T + C1/2

V ) + Lω))
︸ ︷︷ ︸

:=α(T )

‖r − r̃‖∞,L2μ(Rd )
T

+ (1 + 2L�C1/2
V C̄T )

︸ ︷︷ ︸
:=β(T )

‖η − η̃‖∞,Cb(R2d
�

)
T

where we used (3.6) with (ω3). In particular, it follows that

d∞(S(r , η),S(r̃ , η̃)) ≤ max{α(T ), β(T )}Td∞((r , η), (r̃ , η̃))
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so that for T < κ(T ) := 1/max{α(T ), β(T )} the solutionmap is a contraction. By the
Banach fixed-point theorem, we can conclude there exists a unique solution to (Euler
Co-NCL) in CT = C([0, T ]; L2

μ(Rd)) × C([0, T ];Cb(R
2d
�

)) for T < T ∗, where T ∗
is such that κ(T ∗)−1T ∗ = 1. This can be verified since α(T ) � 1 + eT + T eT and
β(T ) � 1 + eT

2eT . Absolute continuity in time follows since ∇ · F[μ, η; r , V [r ]]
and the map (t �→ ωt [rt ] − ηt ) belong to L1([0, T ]), as proven in Proposition 3.1.
The solution can be extended by using a standard iteration procedure so that the time
interval does not depend on any T ∗, see, e.g. (Esposito and Mikolás, 2024, Theorem
3.6).

Now we turn to the analysis of the case V satisfying (3.5). Following the same
strategy, upon using (3.5) instead of (3.9a), we obtain the bound

d∞((r , η), (r̃ , η̃)) ≤ (
√
2L�(‖η0‖∞ + CωT )eT (L1/2V C̄ + C1/2

V ) + Lω))
︸ ︷︷ ︸

:=α(T )

‖r − r̃‖∞,L2μ(Rd )
(T + √

T )

+ (1 + 2L�C1/2
V C̄)

︸ ︷︷ ︸
:=β

‖η − η̃‖∞,Cb(R2d
�

)
(T + √

T ) ,

where C̄ = ‖r0‖L2
μ(Rd )e

2L�‖η‖∞CV and thus

d∞(S(r , η),S(r̃ , η̃)) ≤ max{α(T ), β}(T + √
T )d∞((r , η), (r̃ , η̃)),

so that for T + √
T < κ(T ) := 1/max{α(T ), β} the solution map is a contraction.

The rest of the argument follows the previous case in a completely analogous way. ��

Remark 3.1 The assumptions on the joint antisymmetry of � and the symmetry of η

through (ω4) and η0 symmetric in Theorem 3.1 are needed so that (Co-NCL) can be
expressed as (Euler Co-NCL), see Esposito et al. (2023), Section 5. However, these
assumptions are not required to obtain well-posedness of the dynamics described by
(Euler Co-NCL) itself.

Since we proved existence and uniqueness of solutions to (Euler Co-NCL), we note
that equation (3.2b) admits the explicit solution depending on r :

ηt [r ](x, y) = e−t
(

η0(x, y) +
∫ t

0
esωs [r ] (x, y)ds

)

. (3.11)

Thus, the bound on ‖η‖∞,Cb(R
2d
�

) can be improved to

‖η‖∞,Cb(R
2d
�

) ≤ ‖η0‖Cb(R
2d
�

) + Cω . (3.12)

Having proved the well-posedness of (Euler Co-NCL), we turn to the study of the
graph-continuity equation in the next section.
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4 The Graph-Continuity Equation

Throughout this section, we consider a co-evolving graph, Gt = (μ, ηt [r ]), for (r , η)

a solution to (Euler Co-NCL) in the sense of Definition 3.1, which exists and is unique
due to Theorem3.1.We observe that (Euler Co-NCL) is linked to a particular nonlinear
continuity equation if we consider the evolution of the measure δrt ⊗μ, see also (Paul
and Trélat, 2024, Section 3.1.3) for a similar case. More precisely, for any Borel set
A × B ∈ B(R × R

d) let us consider the measure σ := δr ⊗ μ given by

(δr ⊗ μ)(A × B) =
∫

B
δr(x)(A)dμ(x), (4.1)

where (r , η) is the solution of (Euler Co-NCL) with base measure μ ∈ P2(R
d). One

can check that δrt ⊗μ is aweak solution (in the sense ofDefinition 4.1) of the following
initial value problem: {

∂tσ + ∂ξ (σX [σ, r , η]) = 0,

σ0 = σ̄ ∈ P(R × R
d),

(graph-CE)

where ξ ∈ R and, for any σ ∈ P(R × R
d), the velocity field is

X [σ, r , η](t, ξ, x) := −
∫

R×Rd\{x}
�(ξ, ξ ′; Vt [r ](x, x ′))ηt (x, x ′)dσ(ξ ′, x ′) , (4.2)

for a solution (r , η) to (Euler Co-NCL).We refer to (graph-CE) as the graph-continuity
equation since the velocity field depends on the solution of the co-evolving graph
problem. The measure in (4.1) can be interpreted as the amount of mass in A ⊆ R

over the vertices located in B ⊆ R
d . If μ is the Lebesgue measure on R

d , σ is
supported on the graph of the map x �→ r(x). Since the base measure, μ, is constant
in time, (graph-CE) describes the evolution of the density of mass over the vertices
of the graph, which are fixed entities. (graph-CE) is actually a structured dynamics
where the vertices are parameters. We embed (Euler Co-NCL) in (graph-CE) to obtain
new insights in the study of the long-time behaviour of its solutions as consequence
of contractivity. For ease of presentation, we split this section into two parts. First we
prove that (graph-CE) is well-posed, then we move to the contraction property with
respect to a suitable distance.

4.1 Well-Posedness for (graph-CE)

The solutions to (graph-CE) are understood in the distributional sense as follows.
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Definition 4.1 Let Gt = (μ, ηt [r ]) be a given co-evolving graph, where (r , η) solve
(Euler Co-NCL). A curve σ ∈ C([0, T ],P(R×R

d)) is a solution to (graph-CE) with
initial data σ0 ∈ P(R × R

d) if, for any ϕ ∈ C1
c ([0, T ] × R × R

d), it holds

∫ T

0

∫

R×Rd
∂tϕ(t, ξ, x)dσt (ξ, x)dt

+
∫

R×Rd
ϕ(0, ξ, x)dσ0(ξ, x) −

∫

R×Rd
ϕ(T , ξ, x)dσT (ξ, x)

=
∫ T

0

∫

R×Rd

∫

R×Rd\{x}
∂ξ ϕ(t, ξ, x)�(ξ, ξ ′; Vt [r ](x, x ′))ηt (x, x ′)dσt (ξ ′, x ′)dσt (ξ, x)dt .

(4.3)

We are interested on evolutions on graphs, whose possible vertices are given by μ,
which is constant in time. For this reason, it makes sense to consider the disintegration
of a solution σt to (graph-CE) of the form (4.1) with respect to the marginal μ on
R
d , i.e. σt = ∫

Rd σt,xdμ(x). In what follows, we will denote by π1 : R × R
d → R

and π2 : R × R
d → R

d the canonical projections given by π1(x, x ′) = x and
π2(x, x ′) = x ′ for any (x, x ′) ∈ R×R

d , so thatμ = π2
#σ for anymeasureσ onR×R

d

with marginal μ onRd . By uniqueness μ-almost everywhere of the disintegration, we
consider the disintegrated version of (graph-CE)

{
∂tσt,x + ∂ξ (σt,xX [σ, r , η](t, ·, x)) = 0,

σ0,x = σ̄x ,
(4.4)

for μ-almost every x ∈ R
d and σ̄ = ∫

Rd σ̄xdμ(x). For μ-a.e. x ∈ R
d , we interpret

the above equation in the distributional sense, i.e. for any ϕ ∈ C1
c ([0, T ] × R × R

d),

∫ T

0

∫

R
∂tϕ(t, ξ, x)dσt,x (ξ)dt +

∫

R
ϕ(0, ξ, x)dσ0,x (ξ) −

∫

R
ϕ(T , ξ, x)dσT ,x (ξ)

=
∫ T

0

∫

R

∫

R×Rd\{x}
∂ξ ϕ(t, ξ, x)�(ξ, ξ ′; Vt [r ](x, x ′))ηt (x, x ′)dσt (ξ ′, x ′)dσt,x (ξ)dt .

(4.5)
Note that integrating (4.5) with respect to μ we obtain σt = ∫

Rd σt,xdμ(x) is a
distributional solution to (graph-CE). Due to the nature of our problem, we introduce
the notation

Pμ
2 (R × R

d) := {ν ∈ P2(R × R
d) | π2#ν = μ}

formeasures inP2(R×R
d) having themarginalμ onRd . This means wewill consider

the embedding of the dynamics (Euler Co-NCL) into (graph-CE) for graphs with the
same base measure μ ∈ P2(R

d). We equip Pμ
2 (R × R

d) with the distance

L2
μd2(ν

1, ν2) :=
(∫

Rd
d22 (ν

1
x , ν

2
x )dμ(x)

) 1
2

, ν1, ν2 ∈ Pμ
2 (R × R

d)

which forms a complete metric space, see Mikolas (2024), Proposition A.0.1 for
the formal statement and proof. For σ ∈ Pμ

2 (R × R
d), we denote by mi [σt,x ] :=
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∫
R

|ξ |idσt,x (ξ) μ-a.e. x ∈ R
d , and t ∈ [0, T ] the i-th moment of the disintegration of

σ with respect to μ, for i = 1, 2, and we will denote by mi [γ∗] := supt∈[0,T ] mi [γt ]
the bound in time for the i-th moment of a curve γ ∈ C([0, T ];P(R)). In order
to prove existence and uniqueness of weak solutions, we proceed by looking at the
characteristics’ equation, as usual for continuity-type equation.

Lemma 4.1 Let V : [0, T ]× L2
μ(Rd) → Vas(R2d

�
) be continuous in time and assume

it satisfies (3.9a) and (3.9b). Let σ ∈ C([0, T ],Pμ
2 (R×R

d)) with π1#σ = γ ∈
C([0, T ];P(R)) and (r , η) be the solution of (Euler Co-NCL). Then, for μ-a.e. x ∈
R
d , the ODE initial value problem

d

dt
vt (x) = X [σ, r , η](t, vt (x), x) ,

v0(x) = u ∈ R ,

has a unique solution on [0, T ].

Proof We begin by showing that our assumptions imply the map R � ξ �→
X [σ, r , η](t, ξ, x) is globally Lipschitz, for any (t, x) ∈ [0, T ] × R

d . Indeed, for
any a, b ∈ R we use (i), (ii) from Definition 2.2, and (3.9a) to obtain

|X [σ, r , η](t, a, x) − X [σ, r , η](t, b, x)|
≤

∫

R×Rd\{x}

∣
∣
∣
∣(�(a, ξ ′; Vt [r ](x, x ′)) − �(b, ξ ′; Vt [r ](x, x ′))ηt (x, x ′)

∣
∣
∣
∣dσt (ξ

′, x ′)

≤ L�

∫

R×Rd\{x}
|ηt (x, x ′)| |Vt [r ](x, x ′)| |a − b|dσt,x ′(ξ ′)dμ(x ′)

≤ L�C1/2
V ‖η‖∞,Cb(R

2d
�

)
|a − b|.

(4.6)

Let us check that t �→ X [σ, r , η](t, a, x) is continuous. Without loss of generality,
for any (a, x) ∈ R × R

d and s < t ∈ [0, T ], consider

|X [σ, r , η](t, a, x) − X [σ, r , η](s, a, x)|
=

∣
∣
∣
∣

∫

R×Rd\{x}
�(a, ξ ′; Vt [r ](x, x ′)ηt (x, x ′)dσt (ξ ′, x ′)

−
∫

R×Rd\{x}
�(a, ξ ′; Vs [r ](x, x ′))ηs(x, x ′)dσs(ξ ′, x ′)

∣
∣
∣
∣

≤
∣
∣
∣
∣

∫

R×Rd\{x}
�(a, ξ ′; Vt [r ](x, x ′)ηt (x, x ′)d(σt − σs)(ξ

′, x ′)
∣
∣
∣
∣

+
∫

R×Rd\{x}

∣
∣
∣
∣�(a, ξ ′; Vt [r ](x, x ′))ηt (x, x ′) − �(a, ξ ′; Vs [r ](x, x ′))ηs(x, x ′)

∣
∣
∣
∣dσs(ξ

′, x ′)

=: I + I I .
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We begin by estimating I . Note that for (μ ⊗ μ)-a.e. (x, x ′) ∈ R
2d
�
, a ∈ R, and

any t ∈ [0, T ] we have

Lip[�(a, ·, Vt [r ](x, x ′))ηt (x, x ′)]

:= sup
ξ1 �=ξ2∈R

|(�(a, ξ1; Vt [r ](x, x ′) − �(a, ξ2; Vt [r ](x, x ′))ηt |
|ξ1 − ξ2|

≤ L�|ηt (x, x ′)||Vt [r ](x, x ′)|
≤ L�‖η‖∞,Cb(R

2d
�

)|Vt [r ](x, x ′)| ,

(4.7)

similarly to (4.6). Thus, the Lipschitz constant of themap ξ �→ �(a, ξ ; Vt [r ](x, x ′))ηt
(x, x ′) is bounded by L�‖η‖∞,Cb(R

2d
�

)|Vt [r ](x, x ′)| for (μ⊗μ)-a.e. (x, x ′) ∈ R
d×R

d

and any t ∈ [0, T ]. Then, we can estimate I by

|I | =
∣
∣
∣
∣

∫

Rd\{x}

∫

R

(�(a, ξ ′; Vt [r ](x, x ′))ηt (x, x ′)d(σt,x − σs,x )(ξ
′)dμ(x ′)

∣
∣
∣
∣

≤
∫

Rd\{x}

∣
∣
∣
∣

∫

R

�(a, ξ ′; Vt [r ](x, x ′))ηt (x, x ′)d(σt,x ′ − σs,x ′)(ξ ′)
∣
∣
∣
∣dμ(x ′)

≤
∫

Rd
Lip[�(a, ·, Vt [r ](x, x ′)ηt (x, x ′)]d1(σt,x ′ , σs,x ′)dμ(x ′)

≤ L�‖η‖∞,Cb(R
2d
�

)

∫

Rd
|Vt [r ](x, x ′)|d1(σt,x ′ , σs,x ′)dμ(x ′)

≤ L�‖η‖∞,Cb(R
2d
�

)C
1/2
V L2

μd2(σt , σs),

where we used Cauchy–Schwarz inequality and (3.9a). By the continuity in time of
σ , we have I → 0 as t → s.

Let us now focus on I I . For any a ∈ R and x ∈ R
d , note that �t − �s :=

�(a, ξ ′; Vt [r ](x, x ′))ηt (x, x ′) − �(a, ξ ′; Vs[r ](x, x ′))ηs(x, x ′) is integrable, since

|I I | ≤
∫

R×Rd\{x}

∣
∣
∣
∣�(a, ξ ′; Vs [r ](x, x ′))ηs(x, x ′)

∣
∣
∣
∣dσs(ξ

′, x ′)

+
∫

R×Rd\{x}

∣
∣
∣
∣�(a, ξ ′; Vt [r ](x, x ′))ηt (x, x ′)

∣
∣
∣
∣dσs(ξ

′, x ′)

≤ L�‖η‖∞,Cb(R
2d
�

)

(

|a|
∫

Rd
|Vs [r ](x, x ′)|dμ(x ′)

+
∫

Rd
|Vs [r ](x, x ′)|

∫

R
|ξ ′|dσs,x ′ (ξ ′)dμ(x ′)

+ |a|
∫

Rd
|Vt [r ](x, x ′)|dμ(x ′) +

∫

Rd
|Vt [r ](x, x ′)|

∫

R
|ξ ′|dσs,x ′ (ξ ′)dμ(x ′)

)

= L�‖η‖∞,Cb(R
2d
�

)

(

|a|
∫

Rd
|Vs [r ](x, x ′)dμ(x ′) +

∫

Rd
|Vs [r ](x, x ′)|m1[σs,x ′ ]dμ(x ′)

+ |a|
∫

Rd
|Vt [r ](x, x ′)|dμ(x ′) +

∫

Rd
|Vt [r ](x, x ′)|m1[σs,x ′ ]dμ(x ′)

)
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≤ 2L�‖η‖∞,Cb(R
2d
�

)
C1/2
V |a| + L�‖η‖∞,Cb(R

2d
�

)
C1/2
V

((∫

Rd
m2
1[σs,x ′ ]dμ(x ′)

)1/2

+
(∫

Rd
m2
1[σs,x ′ ]dμ(x ′)

)1/2 )

= 2L�‖η‖∞,Cb(R
2d
�

)
C1/2
V |a|

+ L�‖η‖∞,Cb(R
2d
�

)
C1/2
V

⎡

⎣

(∫

Rd

(∫

R
|ξ ′|dσs,x ′ (ξ ′)

)2
dμ(x ′)

)1/2

+
(∫

Rd

(∫

R
|ξ ′|dσs,x ′ (ξ ′)

)2
dμ(x ′)

)1/2
⎤

⎦

≤ 2L�‖η‖∞C1/2
V |a| + 2L�‖η‖∞,Cb(R

2d
�

)
C1/2
V

(∫

Rd
m2[σs,x ′ ]dμ(x ′)

)1/2

= 2L�‖η‖∞C1/2
V |a| + 2L�‖η‖∞,Cb(R

2d
�

)
C1/2
V m1/2

2 [γs ] < ∞ ,

where in the third inequality we used Cauchy–Schwarz and (3.9a), and the final
inequality follows from Jensen’s inequality. Then, since t �→ Vt and t �→ ηt are
continuous, by the dominated convergence theorem we have that I I → 0 as t → s.
The limit s → t follows from an analogous argument. The remainder of the statement
follows from the Cauchy–Lipschitz theory for ODEs. ��

The previous lemma guarantees we can consider, for μ-a.e. x ∈ R
d , a flow map

fx [σ, r , η], dependent on σ, r , η, which is the solution to

d

dt
fx [σ, r , η](t, u) = X [σ, r , η](t, fx [σ, r , η](t, u), x) , (4.8)

fx [σ, r , η](0, u) = u ∈ R ,

In particular, for an initial time s > 0, we write fx [σ, r , η]((s, t), u), meaning that
fx [σ, r , η](s, u) = u. Before establishing thewell-posedness of the nonlinear problem
(graph-CE), we need to study some further properties of the flow.

Lemma 4.2 Let V : [0, T ] × L2
μ(Rd) → Vas(R2d

�
) be continuous in time and such

that it satisfies (3.9a)–(3.9b). Let σ ∈ C([0, T ],Pμ
2 (R×R

d)) with π1#σ = γ and
(r , η) be the solution of (Euler Co-NCL). The flow map fx [σ, r , η] defined in (4.8)
satisfies the properties below.

(1) Linear growth: for all T > 0, there exists a constant C̃ = C(η0,m2[γ ]) > 0 such
that

| fx [σ, r , η](t, u)| ≤ eC̃T (1 + |u|),
for any t ∈ [0, T ], u ∈ R, μ-a.e. x ∈ R

d .
(2) Lipschitz in u: there exists a constant C̄ = C(η0, V ,�) > 0 such that for any

t ∈ [0, T ] and any u, � ∈ R

| fx [σ, r , η](t, u) − fx [σ, r , η](t, �)| ≤ eC̄T |u − �|.
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(3) Time continuity: the map t �→ fx [σ, r , η](t, ·) is continuous.

Proof We begin by proving (1). By definition of the flow, we have

fx [σ, r , η](t, u) = u +
∫ t

0
X [σ, r , η](s, fx [σ, r , η](s, u), x)ds .

By means of (i), (ii) in Definition 2.2,

∣
∣X [σ, r , η](s, fx [σ, r , η](s, u), x)

∣
∣

≤
∫

R×Rd\{x}

∣
∣
∣
∣�( fx [σ, r , η](s, u), ξ ′; Vs[r ](x, x ′))ηs(x, x ′)

∣
∣
∣
∣dσs(ξ

′, x ′)

≤ L�‖η‖∞,Cb(R
2d
�

)C
1/2
V

(

| fx [σ, r , η](s, u)|+
(∫

Rd
m2

1[σs,x ′ ]dμ(x ′)
)1/2)

≤ L�‖η‖∞,Cb(R
2d
�

)C
1/2
V

(

| fx [σ, r , η](s, u)| + m2[γs]1/2
)

≤ L�‖η‖∞,Cb(R
2d
�

)C
1/2
V

(

| fx [σ, r , η](s, u)| + m2[γ∗]1/2
)

≤ L� (‖η0‖∞ + Cω)C1/2
V

(

| fx [σ, r , η](s, u)| + m2[γ∗]1/2
)

≤ C̃(1 + | fx [σ, r , η](s, u)|) ,

for a constant C̃ = C(η0,m2(γ )), where we used (3.12) in the penultimate inequality.
An application of Grönwall’s inequality yields

| fx [σ, r , η](t, u)| ≤ eC̃T (1 + |u|).

To prove (2), consider u, � ∈ R and use (4.6) from Lemma 4.1 in order to have

| fx [σ, r , η](t, u) − fx [σ, r , η](t, �)|
≤ |u − �|

+
∫ t

0
|X [σ, r , η](s, fx [σ, r , η](s, u), x) − X [σ, r , η](s, fx [σ, r , η](s, �), x)|ds

≤ |u − �|
+ L�C

1/2
V ‖η‖∞,Cb(R

2d
�

)

∫ t

0
| fx [σ, r , η](s, �) − fx [σ, r , η](s, u)|ds.
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An application of Grönwall’s inequality yields

| fx [σ, r , η](t, u) − fx [σ, r , η](t, �)| ≤ exp
(
L�C

1/2
V ‖η‖∞,Cb(R

2d
�

)T
)

|u − �| ,

≤ exp
(
L�C

1/2
V (‖η0‖∞ + Cω) T

)
|u − �|

≤ eC̄T |u − �|

for a constant C̄ = C(η0, V ,�) > 0, which concludes the proof of (2). The final
statement follows from the definition of the flow and the time continuity of X [σ, r , η]
proved in Lemma 4.1. ��

The flow map depends on a probability measure σ and a given co-evolving graph
Gt (μ, ηt [r ]). To conclude our argument, we estimate the difference of the flow maps
depending on different measures, σ 1, σ 2. To this end, let us consider the space
C([0, T ],Pμ

2 (R × R
d)) equipped with the metric

Dμ,d(ν
1, ν2) := sup

t∈[0,T ]
L2

μd2(ν
1
t , ν

2
t ) = sup

t∈[0,T ]

(∫

Rd
d22 (ν

1
t,x ′ , ν2t,x ′)dμ(x ′)

)1/2

,

for ν1, ν2 ∈ C([0, T ],Pμ
2 (R × R

d)), so that (C([0, T ],Pμ
2 (R × R

d)),Dμ,d) is a
complete metric space, seeMikolas (2024) (Proposition A.0.1) for a similar proof. We
obtain the following estimate.

Lemma 4.3 Let σ i ∈ C([0, T ],Pμ
2 (R × R

d)), with π1#σ
i = γ i and (r , η) be the

solution of (Euler Co-NCL) with the initial condition (r0, η0). Let V : [0, T ] ×
L2

μ(Rd) → Vas(R2d
�

) be continuous in time satisfying (3.9a) and (3.9b). Consider
two flows f ix [σ i , r , η], for μ-a.e. x ∈ R

d , solutions to (4.8), for i = 1, 2. Then, it
holds

| f 1x [σ 1, r , η](t, u) − f 2x [σ 2, r , η](t, u)|2 ≤ C̄T T
2D2

μ,d(σ
1, σ 2), (4.9)

where C̄T = L2
� (‖η0‖∞ + Cω)2 CV exp{L2

� (‖η0‖∞ + Cω)2 CV T 2}. Consequently,
for any measure ν ∈ Pμ

2 (R × R
d), with disintegration ν = ∫

Rd νxdμ(x), we have

Dμ,d( f
1[σ 1, r , η]#ν, f 2[σ 2, r , η]#ν) ≤ C̃T TDμ,d(σ

1, σ 2) (4.10)

where C̃T = C̄
1
2
T from above.
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Proof To improve the readability, we use the shorthand notation f ix := f ix [σ i , r , η],
for i = 1, 2. Let us start by estimating the difference of the two flows:

| f 1x (t, u) − f 2x (t, u)| =
∣
∣
∣
∣

∫ t

0

∫

R×Rd\{x}
�( f 1x (s, u), ξ ′; Vs [rs ](x, x ′))ηs (x, x ′)dσ 1

s (ξ ′, x ′)

−
∫

R×Rd\{x}
�( f 2x (s, u), ξ ′; Vs [rs ](x, x ′))ηs (x, x ′)dσ 2

s (ξ ′, x ′)ds
∣
∣
∣
∣

≤
∫ t

0

∣
∣
∣
∣

∫

R×Rd\{x}

(

�( f 1x (s, u), ξ ′; Vs [r ](x, x ′))ηs (x, x ′)

− �( f 2x (s, u), ξ ′; Vs [rs ](x, x ′))ηs (x, x ′)
)

dσ 1
s (ξ ′, x ′)

∣
∣
∣
∣ds

+
∫ t

0

∣
∣
∣
∣

∫

R×Rd\{x}
�( f 2x (s, u), ξ ′; Vs [rs ](x, x ′))ηs (x, x ′)d(σ 1

s − σ 2
s )(ξ ′, x ′)

∣
∣
∣
∣ds

=: I + I I .

We bound the term I analogous calculation to the ones for (3.10) to obtain

|I | =
∫ t

0

∣
∣
∣
∣

∫

R×Rd\{x}

(

�( f 1x (s, u), ξ ′; Vs[rs](x, x ′))

−�( f 2x (s, u), ξ ′; Vs[rs](x, x ′))
)

ηs(x, x
′)dσ 1

s (ξ ′, x ′)
∣
∣
∣
∣ds

≤ L�‖η‖∞,Cb(R
2d
�

)

∫ t

0

∫

Rd
|Vs[rs](x, x ′)|| f 1x (s, u) − f 2x (s, u)|dμ(x ′)

≤ L�‖η‖∞,Cb(R
2d
�

)C
1/2
V

∫ t

0
| f 1x (s, u) − f 2x (s, u)|ds,

whence

|I |2 ≤ L2
�‖η‖2∞,Cb(R

2d
�

)
CV T

∫ t

0
| f 1x (s, u) − f 2x (s, u)|2ds.

On the other hand, for I I , we have

|I I | ≤
∫ t

0

∫

Rd

∣
∣
∣
∣

∫

R
�( f 2x (s, u), ξ ′; Vs [rs ](x, x ′))ηs(x, x ′)d(σ 1

s,x ′ − σ 2
s,x ′ )(ξ ′)

∣
∣
∣
∣dμ(x ′)ds

≤
∫ t

0

∫

Rd
Lip[�( f 2x (s, u), ·, Vs [rs ](x, x ′)ηs(x, x ′)]d1(σ 1

s,x ′ , σ 2
s,x ′ )dμ(x ′)ds

≤ L�‖η‖∞,Cb(R
2d
�

)

∫ t

0

∫

Rd
|Vs [rs ](x, x ′)|d1(σ 1

s,x ′ , σ 2
s,x ′ )dμ(x ′)ds

≤ L�‖η‖∞,Cb(R
2d
�

)
C1/2
V

∫ t

0

(∫

Rd
d21 (σ 1

s,x ′ , σ 2
s,x ′ )dμ(x ′)

)1/2
ds

≤ L�‖η‖∞,Cb(R
2d
�

)
C1/2
V

∫ t

0
L2μd2(σ

1
s , σ 2

s )ds

≤ L�‖η‖∞,Cb(R
2d
�

)
C1/2
V TDμ,d (σ 1, σ 2)

(4.11)
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where the second and third inequalities follow from the definition by duality of the
1-Wasserstein distance and (4.7), the fourth inequality follows fromCauchy–Schwarz.
Squaring both sides and taking the supremum over time yield

|I I |2 ≤ L2
�‖η‖2∞,Cb(R

2d
�

)
CVD2

μ,d(σ
1, σ 2)T 2 .

Thus, collecting all the terms we get that

| f 1x (t, u) − f 2x (t, u)|2 ≤ L2
�‖η‖2∞,Cb(R

2d
�

)
CV T

∫ t

0
| f 1x (s, u) − f 2x (s, u)|2ds

+ L2
�‖η‖2∞,Cb(R

2d
�

)
CVD2

μ,d(σ
1, σ 2)T 2,

and an application of Grönwall’s inequality yields

| f 1x (t, u) − f 2x (t, u)|2 ≤ L2�‖η‖2∞,Cb(R
2d
�

)
CVD2

μ,d (σ 1, σ 2)T 2 exp

{

L2�‖η‖2∞,Cb(R
2d
�

)
CV T 2

}

≤ C̄T T
2D2

μ,d (σ 1, σ 2),

(4.12)

where C̄T = L2
� (‖η0‖∞ + Cω)2 CV exp

{
L2

� (‖η0‖∞ + Cω)2 CV T 2
}
. The first

statement is therefore proven. To obtain the second estimate, consider the transfer-
ence plan �t,x = ( f 1x × f 2x )#νx . For μ-a.e. x ∈ R

d , we have that

d22 ( fx
1
#νx , fx

2
#νx ) ≤

∫

R×R

|a − b|2d�t,x (a, b)

≤
∫

R

| f 1x (t, u) − f 2x (t, u)|2dνx (u)

≤ C̄T T
2D2

μ,d(σ
1, σ 2),

where the final inequality follows from (4.12). Integrating with respect to μ, taking
the square root on both sides and the supremum in time gives

Dμ,d( f
1
# ν, f 2# ν) ≤ C̃T TDμ,d(σ

1, σ 2),

where C̃T = C̄
1
2
T . ��

In order to prove well-posedness of (graph-CE) through its disintegrated version,
we first need to study well-posedness for solutions of a linear version of this problem,
namely given σ ∈ C([0, T ];Pμ

2 (R × R
d)),

∂t σ̃t,x + ∂ξ (σ̃t,xX [σ, ρ, η]) = 0,

σ̃0,x = σ̄x ∈ P(R),
(4.13)
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for μ-a. e. x ∈ R
d and σ̄ = ∫

Rd σ̄xdμ(x). We prove existence and uniqueness of
solutions to (4.13) byduality, that is,wefirst consider classical solutions to the transport
equation, μ-a.e. x ∈ R

d :

{
∂tϕ + ∂ξϕX [σ, r , η](t, ξ, x) = 0, t < T , (ξ, x) ∈ R × R

d

ϕ(T , ξ, x) = ψ(ξ, x) ∈ C1
c (R × R

d).
(4.14)

Themethod of characteristics provides the following result; see (Evans, 2010, Chapter
3) for further details.

Proposition 4.1 Let σ ∈ C([0, T ],Pμ
2 (R × R

d)). The problem (4.14) has a unique
classical solution ϕ(t, u, x) = ψ( fx [σ, r , η]((0, t), u)) ∈ C1

c ([0, T ] × R), for μ-a.e.
x ∈ R

d , where fx is as in (4.8).

For a given σ ∈ C([0, T ];Pμ
2 (R × R

d)), we can construct explicit distributional
solutions for (4.13) as in the following theorem.

Proposition 4.2 Let σ̃0 ∈ Pμ
2 (R × R

d) such that σ̃0 = ∫
Rd σ̃0,x ′dμ(x ′) and σ ∈

C([0, T ],Pμ
2 (R × R

d)). Assume V : [0, T ] × L2
μ(Rd) → Vas(R2d

�
) satisfies (3.9a),

(3.9b) and that it is continuous in time. Let (r , η) be a solution to (Euler Co-NCL).
Then, σ̃t,x = fx [σ, r , η](t, x, ·)#σ̃0,x is the unique distributional solution to (4.13),
for μ-a.e. x ∈ R

d , where fx is defined in (4.8).

Proof First, we notice that by direct computation it can be checked that σ̃t,x =
fx [σ, ρ, η](t, ·)#σ̃0,x satisfies the equation in the sense of distributions, i.e. (4.5),
for μ-a.e. x ∈ R

d . Secondly, by the linearity of (4.13), we can show uniqueness for
solutions with σ̃0 = 0. By choosing ϕ(t, ξ, x) = ψ( fx [σ, ρ, η]((0, t), ξ)) as a test
function in (4.5), we obtain

∫

R

ϕ(T , ξ, x)dσ̃T ,x (ξ) =
∫

R

ψ(ξ, x)dσ̃T ,x (ξ) = 0 , μ-a.e. x ∈ R
d ,

for all ψ ∈ C1
c (R × R

d), whence σ̃T ,x = 0 and we obtain uniqueness. ��
We are ready to prove the well-posedness of (graph-CE). For any ν ∈ Pμ

2 (R ×
R
d) with disintegration ν = ∫

Rd νxdμ(x), x ∈ suppμ and the solution (r , η) of
(Euler Co-NCL), we define the solution map Sν,r ,η : C([0, T ],Pμ

2 (R × R
d)) →

C([0, T ],Pμ
2 (R × R

d)) as

Sν,r ,η[σ ](t) :=
∫

Rd
fx [σ, r , η](t, ·)#νxdμ(x) , σ ∈ Pμ

2 (R × R
d), (4.15)

where fx [σ, r , η] is defined in (4.8). Note that the solution map is well defined due to
the previous results. We denote the disintegration with respect toμ by Sν,r ,η

x [σ ](t) :=
fx [σ, r , η](t, ·)#νx , for μ-a.e. x ∈ R

d . We prove well-posedness of the nonlinear
problem (graph-CE) by another fixed-point argument.
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Theorem 4.1 Let V : [0, T ]× L2
μ(Rd) → Vas(R2d

�
) be continuous in time and satisfy

(3.9a) and (3.9b). Let (r , η) be the solution of (Euler Co-NCL). Then, there exists a
unique solution σ ∈ C([0, T ],Pμ

2 (R × R
d)) to (graph-CE) with the initial condition

ν ∈ Pμ
2 (R × R

d) given by σ = ∫
Rd σt,xdμ(x) where σt,x = fx [σ, r , η](t, ·)#νx for

μ-a.e. x ∈ R
d .

Proof Let us consider the flow fx [σ, ρ, η] as defined in (4.8), for some σ ∈
C([0, T ],Pμ

2 (R×R
d)). Note that by Proposition 4.2, we have that σ̃x = Sν,r ,η

x [σ ] is
the unique solution in C([0, T ],Pμ

2 (R×R
d)) to the linear problem (4.13) with initial

datum ν ∈ Pμ
2 (R × R

d). Thus, to obtain existence and uniqueness of solution to the
nonlinear problem (graph-CE), it suffices to show the solution map Sν,r ,η[σ ] has a
unique fixed-point. Using the disintegrated version of the solution map, Sν,r ,η

x [σ ](t),
and Lemma 4.3 we have, for any σ 1, σ 2 ∈ C([0, T ],Pμ

2 (R × R
d)),

Dμ,d(Sν,r ,η[σ 1],Sν,r ,η[σ 2]) ≤ C̃T TDμ,d(σ
1, σ 2),

where C̃T > 0 is the constant from (4.10) and it is of the form C̃T = C exp{αT 2}.
Then, for T < C̃−1

T the solution map is a contraction. By the Banach fixed-
point theorem, we can conclude there exists a unique solution to (graph-CE) in
C([0, T ],Pμ

2 (R×R
d)) for T < T ∗, where T ∗ is such that C̃T∗T ∗ = 1. The solution

can be extended using a standard iteration procedure so that the time interval does not
depend on any T ∗, see, e.g. the proof of Theorem 2.1 in Esposito and Mikolás (2024).

��

Theorem 4.2 Assume V : [0, T ]× L2
μ(Rd) → Vas(R2d

�
) to be continuous in time and

to satisfy (3.9a), (3.9b). Let (r , η) be the solution to (Euler Co-NCL) with the initial
datum (r0, η0) ∈ L2

μ(Rd) × Cb(R
2d
�

) and let σ i ∈ C([0, T ],Pμ
2 (R × R

d)) be the

solutions to the corresponding (graph-CE) with initial conditions σ̃ i
0 ∈ Pμ

2 (R × R
d)

for i = 1, 2. The following stability estimate holds

Dμ,d(σ
1, σ 2) ≤ √

2eC(T )L2
μd2(σ̃

1
0 , σ̃ 2

0 ).

Proof Let us write f ix = f ix [σ i , r , η], for i = 1, 2. Then, we have that, for μ-a.e.
x ∈ R

d

d22 (σ
1
t,x , σ

2
t,x ) = d22 ( f

1
x [σ 1, r , η](t, ·)#σ̃ 1

0,x , f 2x [σ 2, r , η](t, ·)#σ̃ 2
0,x )

≤ 2d22 ( f
1
x (t)#σ̃

1
0,x , f 2x (t)#σ̃

1
0,x ) + 2d22 ( f

2
x (t)#σ̃

1
0,x , f 2x (t)#σ̃

2
0,x )

≤ C(T )

(∫ t

0
L2

μd2(σ
1
s , σ 2

s )ds

)2

+ 2d22 ( f
2
x (t)#σ̃

1
0,x , f 2x (t)#σ̃

2
0,x ) ,

where C(T ) = L2
� (‖η0‖∞ + Cω)2 CV exp{L2

� (‖η0‖∞ + Cω)2 CV T 2} is the con-
stant obtained as in (4.12) if we do not take the supremum in time in (4.11). To bound
the second termon the right-hand side,weproceed as follows.Let�0,x ∈ �(σ̃ 1

0,x , σ̃
2
0,x )
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be an optimal transference plan for σ̃ 1
0,x and σ̃ 2

0,x . Then forμ-a.e. x ∈ R
d we have that

d22 ( f
2
x (t)#σ̃

1
0,x , f 2x (t)#σ̃

2
0,x ) ≤

∫

R×R

| f 2x (t, u) − f 2x (t, v)|2d�0,x (u, v)

≤ eC̄T

∫

R×R

|u − v|2d�0,x (u, v)

≤ eC̄T d22 (σ̃
1
0,x , σ̃

2
0,x ) ,

where the second inequality follows from(2) ofLemma4.2 and C̄ = C(η0, V ,�) > 0.
Summarising, we get

d22 (σ
1
t,x , σ

2
t,x ) ≤ C(T )

(∫ t

0
L2

μd2(σ
1
s , σ 2

s )ds

)2

+ 2eC̄T d22 (σ̃
1
0,x , σ̃

2
0,x ),

whence, by integrating w.r.t. μ and taking the square root, we obtain

L2
μd2(σ

1
t , σ 2

t ) ≤ C̄(T )

∫ t

0
L2

μd2(σ
1
s , σ 2

s )ds + √
2eC̄T L2

μd2(σ
1
0 , σ 2

0 ),

where C̄(T ) = √C(T ) An application of Grönwall’s inequality yields

L2
μd2(σ

1
t , σ 2

t ) ≤ √
2eC̄T +C̄(T )T L2

μd2(σ
1
0 , σ 2

0 ),

hence the result. ��

4.2 Contraction in L2�d2

In this section, we focus on proving contraction in L2
μ for solutions of (graph-CE), as

this can allow to study the long-time behaviour of the μ-monokinetic solutions and
hence the long-time asymptotics for evolutions on graphs. We present the result in the
simpler case of � ≡ �upwind and V and ω not depending on r ∈ L2

μ(Rd), so that the
system (Euler Co-NCL) decouples, i.e. the graph is no longer co-evolving but only
evolving.

Proposition 4.3 Fix � ≡ �upwind . Let σ i ∈ C([0, T ],Pμ
2 (R × R

d)) be μ-
monokinetic solutions of (graph-CE), with initial dataσ i

0 = δr i0(·)⊗μ, where (r i , η)are

solutions to (Euler Co-NCL) starting from (r i0, η̄) ∈ L2
μ(Rd)×Cb(R

2d
�

), for i = 1, 2,
and η̄ > 0. Let V : [0, T ] → Vas(R2d

�
) be an antisymmetric velocity field which is

continuous in time and satisfies (3.9a) and (3.9b), and let ω : [0, T ] × R
2d
�

→ R

satisfy (ω1)–(ω4), and ω ≥ ω∗ > 0. Assume,

λ := inf
t∈[0,T ] inf

x∈Rd

∫

Rd
Vt (x, x

′)ηt (x, x ′)dμ(x ′) > 0. (4.16)
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Then, for any t ∈ [0, T ],

L2
μd2(σ

1
t , σ 2

t ) ≤ e−2λt L2
μd2(σ

1
0 , σ 2

0 ).

Proof First, we notice that ηt > 0 since η0 = η̄ > 0 and ω ≥ ω∗ > 0, by means of the
explicit solution form of η given in (3.11) (see Lemma 5.4). Let σ i

t,x = δr it (x)
∈ P2(R)

be the disintegration of σ i with respect to μ for i = 1, 2. Then, for μ-a.e. x ∈ R
d ,

�t,x = δr1t (x) ⊗ δr2t (x) is the optimal transference plan between σ 1
t,x and σ 2

t,x , so that

(
L2

μd2(σ
1
t , σ 2

t )
)2 =

∫

Rd
d22 (σ

1
t,x , σ

2
t,x )dμ(x) =

∫

Rd
|r1t (x) − r2t (x)|2dμ(x).

Since r1, r2 ∈ AC([0, T ], L2
μ(Rd)) are solutions to (Euler Co-NCL), by exploiting

the dominated convergence theorem, we obtain the following estimate:

d

dt

(
L2μd2(σ

1
t , σ 2

t )
)2

=
∫

Rd

d

dt
|r1t (x) − r2t (x)|2dμ(x)

= −2
∫

Rd
(r1t (x) − r2t (x))

×
(

r1t (x)
∫

Rd\{x}
V+
t (x, x ′)ηt (x, x ′)dμ(x ′) −

∫

Rd
r1t (x ′)V−

t (x, x ′)ηt (x, x ′)dμ(x ′)

− r2t (x)
∫

Rd\{x}
V+
t (x, x ′)ηt (x, x ′)dμ(x ′) +

∫

Rd
r2t (x ′)V−

t (x, x ′)ηt (x, x ′)dμ(x ′)
)

= −2
∫

Rd
(r1t (x) − r2t (x))2

∫

Rd\{x}
V+
t (x, x ′)ηt (x, x ′)dμ(x ′)dμ(x)

+ 2
∫

Rd

∫

Rd\{x}
(r1t (x) − r2t (x))(r1t (x ′) − r2t (x ′))V−

t (x, x ′)ηt (x, x ′)dμ(x ′)dμ(x)

≤ −2
∫

Rd
(r1t (x) − r2t (x))2

∫

Rd\{x}
V+
t (x, x ′)ηt (x, x ′)dμ(x ′)dμ(x)

+
∫

Rd

∫

Rd\{x}
[(r1t (x) − r2t (x))2 + (r1t (x ′) − r2t (x ′))2]V−

t (x, x ′)ηt (x, x ′)dμ(x ′)dμ(x)

= −2
∫

Rd
(r1t (x) − r2t (x))2

∫

Rd\{x}
V+
t (x, x ′)ηt (x, x ′)dμ(x ′)dμ(x)

+
∫

Rd
(r1t (x) − r2t (x))2

∫

Rd\{x}
V−
t (x, x ′)ηt (x, x ′)dμ(x ′)dμ(x)

+
∫

Rd
(r1t (x) − r2t (x))2

∫

Rd\{x}
V+
t (x, x ′)ηt (x, x ′)dμ(x ′)dμ(x)

= −
∫

Rd
(r1t (x) − r2t (x))2

∫

Rd\{x}
Vt (x, x

′)ηt (x, x ′)dμ(x ′)dμ(x)

≤ −λ
(
L2μd2(σ

1
t , σ 2

t )
)2

,

where in the third equality we have used the antisymmetry of V and the symmetry of
η. An application of Grönwall’s inequality concludes the proof. ��
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Condition (4.16) does not seem to be reasonable since, even for fully connected
graphs, i.e. with η > 0 for all t ≥ 0, it can only be satisfied if the velocity is positive
for all vertices for any time—this means that all vertices must “give mass”to, at least,
one neighbour. It is, therefore, difficult to find examples that fulfil this condition and
that are of the form V (x, x ′) = −∇φ(x, x ′) = −(φ(x ′) − φ(x)) for some suitable,
potentially solution dependent, function φ. This motivates the alternative approach
presented in Sect. 5 to obtain a possible long-time behaviour of solutions to (Euler
Co-NCL). Providing a more reasonable condition in place of (4.16) is then an open
problem.

5 Long-Time Behaviour for Pointwise andMonotonic Velocities

In this section, we consider a specific class of velocities on the graph in order to define
a certain order for the flow, helpful to establish a possible long-time behaviour for
solutions of (Euler Co-NCL), for � ≡ �upwind . We highlight two main features.
First, velocities are pointwise, that is Vt [r ](x, x ′) = Vt (rt (x), rt (x ′)) for a solution
(r , η) to (Euler Co-NCL). Second, they are monotonic, intuitively meaning that the
sign of the velocity, hence the flow, is determined by the amount ofmass at the vertices.

Definition 5.1 We say that a pointwise velocity V : [0, T ] × L∞
μ (Rd) → Vas(R2d

�
)

is monotonic if, for r ∈ L∞
μ (Rd), any t ≥ 0, and μ-a.e. x, x ′ ∈ R

d we have that:

• r(x) > r(y), then V+
t (r(x), r(x ′)) > V+

t (r(y), r(x ′));
• r(x) < r(y), then V−

t (r(x), r(x ′)) > V−
t (r(y), r(x ′));

• r(x) = r(x ′), then Vt (r(x), r(x ′)) = 0.

For any t ≥ 0, V+
t := max(Vt , 0) and V−

t := (−Vt )+ are the positive and negative
parts of Vt , respectively.

Let us explain the meaning of the conditions in the previous definition. The first
condition can be interpreted as saying that, if the mass is greater at a vertex x ∈ R

d

than y ∈ R
d , then the outflow from vertex x to its neighbours is greater than the

outflow from y. Conversely, if the mass at vertex x is lower than the mass at vertex y,
the inflow to x from its neighbours should be greater than the inflow to y. The rest of
the conditions follow the same type of reasoning. This assumption on the velocity is
similar on the upwind structure of (Euler Co-NCL), i.e. � ≡ �upwind , although we
now require that the direction depends on the quantity of mass. The pointwise nature
of the velocities requires we should work in the L∞

μ setting. Furthermore, we stress
that monotonic velocities ensure that the mass on the graph diffuses as we shall show
in Sect. 5.2.

Our main example for such velocities is given by

Vt (rt (x), rt (x
′)) = −∇α(rt )(x, x

′) = α[rt (x)] − α[rt (x ′)] , (5.1)

where α : R → R is monotonically increasing and bounded such as α(x) = 1
1+e−x

for x ∈ R
d . We remark that this type of velocity is different from the ones considered

in the previous sections, which came from interaction and potential energies.
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5.1 L∞ Theory for (Euler Co-NCL)

Let us start by briefly adapting the theory developed in Sect. 3 to the L∞
μ -setting.

Focusing on the dynamics for η, the function ω : [0, T ] × L∞
μ (Rd) × R

2d
�

→ R will
now satisfy the following version of assumption (ω1)–(ω4).

(ω̃1) the map (x, y) ∈ R
2d
�

�→ ωt [·](x, y) is continuous and (t �→ ωt [·](·, ·)) ∈
L1([0, T ]);

(ω̃2) there exists a constant Lω ≥ 0 such that for any f , g ∈ L∞
μ (Rd)

sup
t∈[0,T ]

sup
(x,y)∈R2d

�

|ωt [ f ](x, y) − ωt [g](x, y)| ≤ Lω‖ f − g‖L∞
μ (Rd );

(ω̃3) ω is bounded, that is, there exists a constant C̃ω > 0 such that

sup
t∈[0,T ]

sup
r∈L∞

μ (Rd )

sup
(x,y)∈R2d

�

∣
∣ωt [r ](x, y)

∣
∣ ≤ C̃ω.

(ω̃4) The map (x, y) �→ ω·[·](x, y) is symmetric.

Although assumption (ω̃4) is not needed to obtain the well-posedness, it is important
both to obtain the form (3.1) for the divergence of the flux and to be able to apply
the result in Esposito et al. (2023), Proposition 5.2. Our guiding example for the
function ω is as in (3.3). Solutions of (Euler Co-NCL) in the L∞

μ -setting are defined
in Definition 3.1 for p = ∞. Well-posedness of (Euler Co-NCL) in the L∞

μ -setting
can be proven by following the same strategy as in Sect. 3, by exploiting the Banach
fixed-point theorem, with μ ∈ P(Rd). Below we provide the statements without
proofs, cf. Mikolas (2024) for further details.

Proposition 5.1 Let � be a jointly antisymmetric admissible flux interpolation, r0 ∈
L∞

μ (Rd), η0 ∈ Cb(R
2d
�

). Assume ω : [0, T ] × L∞
μ (Rd) × R

2d
�

→ R is such that the

map (x, y) ∈ R
2d
�

�→ ωt [·](x, y) is continuous and that, for a constant Cω > 0,

∫ T

0
sup

r∈L∞
μ (Rd )

sup
(x,y)∈R2d

�

|ωs[r ](x, y)|ds ≤ Cω . (5.2)

Suppose that V : [0, T ] × L∞
μ (Rd) → Vas(R2d

�
) is pointwise and satisfies

sup
t∈[0,T ]

sup
r∈L∞

μ (Rd )

sup
(x,x ′)∈R2d

�

|Vt (rt (x), rt (x ′))| ≤ CV , (5.3)

for some CV > 0. For a pair (r , η) : [0, T ] → L∞
μ (Rd) × Cb(R

2d
�

) satisfying (3.2),
the following properties hold.
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1. For μ-a.e. x ∈ R
d and every (x, y) ∈ R

2d
�
, the maps

t �→
∫

Rd\{x}
�(rt (x), rt (y); Vs(rs(x), rs(x ′)))ηs(x, x)dμ(y) ∈ L1([0, T ]) ,

t �→ ωt [r ](x, y) − ηt (x, y) ∈ L1([0, T ]) ,

and r ∈ L∞([0, T ]; L∞
μ (Rd)), η ∈ L∞([0, T ],Cb(R

2d
�

)).

2. r ∈ AC([0, T ]; L∞
μ (Rd)) and η ∈ AC([0, T ];Cb(R

2d
�

)).

Theorem 5.1 Let � be a jointly antisymmetric admissible flux interpolation as in
Definition 2.2 and consider an initial datum (r0, η0) ∈ L∞

μ (Rd) × Cb(R
2d
�

). Assume

that V : [0, T ] × L∞
μ (Rd) → Vas(R2d

�
) satisfies (5.3) and, for any g, g̃ ∈ L∞

μ (Rd),

sup
t∈[0,T ]

sup
(x,x ′)∈R2d

�

|Vt (gt (x), gt (x ′)) − Vt (g̃t (x), g̃t (x
′))| ≤ LV ‖g − g̃‖L∞

μ (Rd ), (5.4)

for a constant LV > 0. Assume that ω : [0, T ] × L∞
μ (Rd) × R

2d
�

→ R satisfies
(ω̃1)–(ω̃4). Then, there exists a solution (r , η) to (Euler Co-NCL) with initial data
(r0, η0), in the sense of Definition 3.1, for p = ∞.

5.2 Long-Time Behaviour

Let us now focus on the long-time asymptotics for (Euler Co-NCL). We assume the
vertices of the graph belong to a compact space, i.e. suppμ = K ⊂ R

d for K compact.
Analogously to the previous section, we use the following notation K 2

�
= {(x, y) ∈

K 2 | x �= y}. The class of velocities we have in mind is as follows.

Assumption 5.1 Assume that V : [0,∞)×L∞
μ (K ) → Vas(K 2

�
) is continuous in time

and is of the form
V (rt (x), rt (x

′)) = α(rt (x)) − α(rt (x
′)),

where α ∈ C1
b(R) is increasing on compact sets, i.e. for any compact � ⊂ R

α′(y) = d

dy
α(y) > c > 0 for y ∈ �

and a constant c. We denote by α′∗ := inf y∈� α′(y).

Before proving themain result of this section, we recall some technical results—the
first three are a direct adaptation of Bonnet et al. (2022), Theorems 2.1, 2.2, Lemma
2.3, respectively (see also Berliocchi and Lasry (1973) and Danskin (1967) for the
original reference of Theorems 5.2 and 5.3, respectively).

Theorem 5.2 (Scorza-Dragoni) Let � ⊂ R
d be a locally compact set and f : R+ ×

� → R be such that x ∈ � �→ f (t, x) ∈ R is μ-measurable for each t ≥ 0, and
t ∈ R+ �→ f (t, x) ∈ R is continuous for μ-almost every x ∈ �. Then, for every
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ε > 0, there exists a compact set �ε ⊂ � satisfying μ(� \ �ε) < ε and such that the
restricted map f : R+ × �ε → R is continuous.

Theorem 5.3 (Danskin) Let � ⊂ R
d be a compact set and f : R+ × � → R be a

continuous function such that t ∈ R+ �→ f (t, x) ∈ R is differentiable for all x ∈ �.
Then, the application g : t ∈ R+ �→ maxx∈� f (t, x) ∈ R is differentiableL 1-almost
everywhere, with

d

dt
g(t) = max

x∈�(t)
∂t f (t, x)

forL 1-almost every t ≥ 0, where we introduced the notation �(t) := argmaxx∈� f
(t, x).

Lemma 5.1 (Interior estimates for supremums) Let � ⊂ R
d be a compact set and

f ∈ L∞
μ (�,Rd). Then, for every δ > 0, there exists ε > 0 such that

ess sup
x∈�

f (x) − δ ≤ ess sup
x∈�ε

f (x) ≤ ess sup
x∈�

f (x), (5.5)

whenever �ε ⊂ � is a measurable set satisfying μ(� \ �ε) < ε. In particular, it
holds that

ess sup
x∈�ε

f (x)
ε→0+−−−→ ess sup

x∈�

f (x),

for each family of sets (�ε)ε>0 ⊂ P(�) satisfying these properties.

Proof The second inequality in (5.5) is satisfied for any subset of �. For the first
inequality, by definition of the essential supremum of a set, for every δ > 0 there
exists a set �δ ⊂ � of positive measure such that

f (x) > ess sup
x∈�

f (x) − δ

for μ-a.e. x ∈ �δ . Then, by choosing ε > 0 satisfying ε < μ(�δ) and considering
any closed set �ε ⊂ � with μ(�\�ε) < ε, it necessarily holds that μ(�δ ∩�ε) > 0.
Indeed assuming the measure is 0, by contradiction, one would have

μ(�δ ∪ �ε) = μ(�δ) + μ(�ε) > μ(�),

which is a contradiction since both sets are subsets of �. Hence, by construction we
have

f (x) > ess sup
x∈�

f (x) − δ,

for μ-a.e. x ∈ �δ ∩ �ε, which concludes the proof. ��
We will also resort to the following comparison results.

Lemma 5.2 Let φ : R → R be a locally-Lipschitz function. Assume that f ∈
C(R+,R) solves the inequality f (t) ≤ f (0)+ ∫ t

0 φ( f (s))ds with f (0) = a ∈ R and

g ∈ C(R+,R) solves the equation g(t) = g(0) + ∫ t
0 φ(g(s))ds with f (0) ≤ g(0).

Then, for t ≥ 0, f (t) ≤ g(t).
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Proof Let h(t) := f (t) − g(t) and, by contradiction, assume there is b > 0 such
that h(b) > 0. By continuity of h, Bolzano’s theorem implies that there must be a
c ∈ [0, b) such that h(t) ≥ 0 for t ∈ (c, b] and h(c) = 0. Then, for t ∈ (c, b], we have

h(t) ≤ h(c) +
∫ t

c
φ( f (s)) − φ(g(s))ds

≤ h(c) + L
∫ t

c
( f (s) − g(s))ds ≤ h(c) + L

∫ t

c
h(s)ds,

where, for t ∈ (c, b], L > 0 is the local-Lipschitz constant of φ. Then, by Grönwall’s
inequality

h(b) ≤ h(c)eL(b−c) = 0

which gives the contradiction. ��
The opposite inequality holds and can be proven in a similar way.

Lemma 5.3 Let φ : R → R be a locally-Lipschitz function. Assume that f ∈
C(R+,R) solves the inequality f (t) ≥ f (0)+ ∫ t

0 φ( f (s))ds with f (0) = a ∈ R and

g ∈ C(R+,R) solves the equation g(t) = g(0) + ∫ t
0 φ(g(s))ds with f (0) ≥ g(0).

Then for, t ≥ 0, f (t) ≥ g(t)

Throughout this section, we consider (Euler Co-NCL) on the time domain [0,∞).
The well-posedness follows upon adapting assumptions (ω̃1)–(ω̃3), (5.2), (5.3) and
(5.4) to hold on [0,∞), and noticing the solution can be extended to [0,∞) in view
of the bounds on the respective norms. To obtain our long-time behaviour result, we
need to impose some further conditions on η. First, let us recall that we can obtain an
explicit representation for η given by

ηt (x, y) = e−tη0(x, y) +
∫ t

0
e−(t−s)ωs[r ](x, y)ds . (5.6)

We refer the reader to (Mikolas, 2024, Lemma A.0.1) for a derivation of (5.6). Using
(5.6), we can obtain positivity preservation for the edge-weight function η as well as
a sharper bound on its supremum norm which we present in the following two results.

Lemma 5.4 Assume that (r , η) ∈ AC([0,∞), L∞
μ (Rd)) × AC([0,∞),Cb(K 2

�
)) is

the solution of (Euler Co-NCL) with initial datum (r0, η0) ∈ (L∞
μ (Rd),Cb(K 2

�
)). If,

in addition to Assumptions (ω̃1)–(ω̃3), we impose

ω∗ := inf
t∈[0,∞)

inf
(x,x ′)∈K 2

�

inf
r∈L∞

μ (Rd )\{0}
ωt [r ](x, x ′) > 0 , (5.7)

and η0 > 0, then ηt > 0 for t ∈ [0,∞). Furthermore, if η0 ∈ Cb(K 2
�
) is symmetric,

and ω satisfies assumption (ω̃4) for any t ∈ [0,∞) and r ∈ L∞
μ (Rd), ηt is symmetric

for t ∈ [0,∞).
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Proof Using the representation for η in (5.6), we have, for any (x, x ′) ∈ K 2
�
and t ≥ 0,

ηt (x, x
′) = e−t

(

η0(x, x
′) +

∫ t

0
esωs [r ] (x, x

′)ds
)

≥ inf
(x,x ′)∈K 2

�

η0(x, x
′)e−t + ω∗(1 − e−t ) > 0

by (5.7) and η0 > 0. The claim about symmetry follows directly from the representa-
tion (5.6). ��
Lemma 5.5 Let (r , η) ∈ AC([0, T ], L∞

μ (Rd)) × AC([0, T ],Cb(K 2
�
)) solve (Euler

Co-NCL) with initial datum (r0, η0) ∈ (L∞
μ (Rd),Cb(K 2

�
)), where ω satisfies (ω̃1)–

(ω̃4). Then,
‖ηt‖∞,Cb(K 2

�
) ≤ ‖η0‖∞,Cb(K 2

�
) + Cω . (5.8)

Proof The proof follows directly from the representation (5.6). ��
In what follows, we will use the notation

η∗ := inf
t∈[0,∞)

inf
(x,x ′)∈K 2

�

ηt (x, x
′)

and note that we have η∗ > 0 in view of Lemma 5.4. The following theorem holds.

Theorem 5.4 Fix � ≡ �upwind . Let (r , η) ∈ AC(R+, L∞
μ (K )) × AC(R+,Cb(K 2

�
))

be a solution of (Euler Co-NCL) with a pointwise monotonic velocity field V :
R

+ × L∞
μ (K ) → Vas(K 2

�
) satisfying (5.3), (5.4), and Assumption 5.1. Assume

ω : R
+ × L∞

μ (K ) × K 2
�

→ R satisfies (ω̃1)–(ω̃4), and (5.7). Suppose r0 ≥ 0
and

∫
K r0(x)dμ(x) = M and that η0 ∈ Cb(K 2

�
) is symmetric and η0 > 0. Then, we

have
‖r‖∞,L∞

μ (K ) ≤ ‖r0‖L∞
μ (K ), (5.9a)

and, for any t ≥ 0,

‖rt‖L∞
μ (K ) ≤ ‖r0‖L∞

μ (K )α
′∗,0η∗,0Meα′∗,0η∗Mt

α′∗,0η∗
[
‖r0‖L∞

μ (K )μ(K )(eα′∗,0η∗Mt − 1) + M
] , (5.9b)

where α′∗,0 indicates that α
′∗ depends on r0.

Proof We begin by proving (5.9a) which is needed for the second result. Let us note
that, given our assumptions on ω and η0, we have that ηt is positive and symmetric
for t ≥ 0. Thus, since we are restricting to the upwind interpolation, by Esposito et al.
(2023), Proposition 5.2, (Euler Co-NCL) is non-negativity preserving on t ≥ 0. Next,
fix ε > 0 and observe that by Theorem 5.2 there exists a compact set K ε ⊂ K such
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that the restriction r : R+ × K ε → R is continuous and μ(K\K ε) < ε. For all t ≥ 0,
we define the family of restricted supremum norms

Lε(t) := max
x∈K ε

|rt (x)|.

Since (r , η) is the solution of (Euler Co-NCL), we have r ∈ AC([0,∞), L∞
μ (Rd)).

As any absolutely continuous curve can be reparametrized in time to be Lipschitz
continuous (see, e.g. Santambrogio (2015), Box 5.1), the mapping Lε(t) is Lipschitz,
being the pointwise maximum of a family of equi-Lipschitz continuous functions. In
particular, it is differentiable L 1-almost everywhere by Rademacher’s theorem. Let
us denote by Vε(t) := argmaxx∈K ε rt (x). Then, by Theorem 5.3 we have

∂t Lε(t) = max
x∈Vε(t)

∂t rt (x).

Thus, taking an arbitrary vertex x ∈ Vε(t), we have

∂t rt (x) = −rt (x)
∫

K ε\{x}
V+
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

− rt (x)
∫

K\K ε

V+
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′) (5.10)

+
∫

K ε\{x}
rt (x

′)V−
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

+
∫

K\K ε

rt (x
′)V−

t (rt (x), rt (x
′))ηt (x, x ′)dμ(x ′) .

For any x ∈ Vε(t), it holds

∫

K ε\{x}
rt (x

′)V−
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′) = 0,

sinceV−
t (rt (x), rt (x ′)) = (

α(rt (x ′))−α(rt (x))
)
+ = 0, x ∈ Vε(t), x ′ ∈ K ε\{x} andα

is monotonically increasing. Furthermore, since
∫
K\K ε V

+
t (rt (x), rt (x ′))ηt (x, x ′)dμ

(x ′) ≥ 0, by rt ≥ 0 we infer

∂t rt (x) ≤ −rt (x)
∫

K ε\{x}
V+
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

+
∫

K\K ε

rt (x
′)V−

t (rt (x), rt (x
′))ηt (x, x ′)dμ(x ′) .

123



   31 Page 40 of 48 Journal of Nonlinear Science            (2026) 36:31 

In particular, recalling that for any x ∈ Vε(t) we have rt (x) = Lε(t), we can rewrite

∂t Lε(t) ≤ −Lε(t)
∫

K ε\{x}
V+
t (Lε(t), rt (x

′))ηt (x, x ′)dμ(x ′)

+
∫

K\K ε

rt (x
′)V−

t (Lε(t), rt (x
′))ηt (x, x ′)dμ(x ′)

≤ CV ‖rt‖L∞
μ (K )‖η‖∞,Cb(K 2

�
)ε ,

(5.11)

where we used the boundedness of V and η and that μ(K\K ε) < ε. Integrating with
respect to time yields

Lε(t) ≤ Lε(0) + ε

∫ t

0
CV ‖rs‖L∞

μ (K )‖η‖∞,Cb(K 2
�

)ds .

Letting ε → 0+, Lemma 5.1 implies (5.9a), i.e.

‖rt‖L∞
μ (Rd ) ≤ ‖r0‖L∞

μ (Rd ).

By repeating the same argument up to (5.11), we have

∂t Lε(t) ≤ −Lε(t)
∫

K ε\{x}
V+
t (Lε(t), rt (x

′))ηt (x, x ′)dμ(x ′)

+
∫

K\K ε

rt (x
′)V−

t (Lε(t), rt (x
′))ηt (x, x ′)dμ(x ′)

≤ −Lε(t)η∗
∫

K ε\{x}
V+
t (Lε(t), rt (x

′))dμ(x ′)

+ CV ‖rt‖L∞
μ (K )‖η‖∞,Cb(K 2

�
)ε ,

where we used the boundedness of V and η and thatμ(K\K ε) < ε. The monotonicity
of V , for x ∈ Vε(t) and μ-a.e. x ′ ∈ K ε,

V+
t (Lε(t), rt (x

′)) = Vt (Lε(t), rt (x
′)).

Furthermore, for velocities satisfying Assumption 5.1, the mean-value theorem gives

α(Lε(t)) − α(rt (x
′)) = α′(ct,x )(Lε(t) − rt (x

′))
≥ α′∗,0(Lε(t) − rt (x

′)) ,
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for some ct,x ∈ [rt (x ′), Lε(t)] ⊂ �0 := [0, ‖r0‖L∞
μ (K )], where α′∗,0 := inf y∈�0 α(y).

Hence,

∂t Lε(t) ≤ −Lε(t)η∗α′∗,0

∫

K ε\{x}
(Lε(t) − rt (x

′))dμ(x ′)

+ CV ‖rt‖L∞
μ (K )‖η‖∞,Cb(K 2

�
)ε ,

= −L2
ε(t)η∗α′∗,0μ(K ε) + η∗α′∗,0Lε(t)

∫

K ε\{x}
rt (x

′)dμ(x ′)

+ CV ‖rt‖L∞
μ (K )‖η‖∞,Cb(K 2

�
)ε ,

whence, integrating with respect to time yields

Lε(t) ≤ Lε(0) −
∫ t

0

[

L2
ε(s)η∗α′∗,0μ(K ε) − η∗α′∗,0Lε(s)

∫

K ε\{x}
rs(x

′)dμ(x ′)
]

ds

+
∫ t

0
CV ‖rs‖L∞

μ (K )‖η‖∞,Cb(K 2
�

)εds .

Letting ε → 0+, Lemma 5.1 implies

‖rt‖L∞
μ (Rd ) ≤ ‖r0‖L∞

μ (Rd ) −
∫ t

0

[

‖rs‖2L∞
μ (Rd )

η∗α′∗,0μ(K ) − η∗α′∗,0‖rs‖L∞
μ (Rd )M

]

ds ,

(5.12)

where we have used that
∫
K rt (x)dμ(x ′) = M , by the conservation of mass property

(see Mikolas (2024), Lemma A.0.2). Noting that (5.12) is an inequality version of a
Bernoulli ODE (see Mikolas (2024), Lemma A.0.3), using Lemma 5.2 we infer

‖rt‖L∞
μ (K ) ≤ ‖r0‖L∞

μ (K )α
′∗,0η∗Meα′∗,0η∗Mt

α′∗,0η∗
[
‖r0‖L∞

μ (K )μ(K )(eα′∗,0η∗Mt − 1) + M
] ,

which gives the result. ��
Next, we find a lower bound for rt,∗ := infx∈K rt (x). Note that since r is lower

bounded and K is compact, the infimum and the minimum coincide.

Theorem 5.5 Fix � ≡ �upwind . Let (r , η) ∈ AC(R+, L∞
μ (K )) × AC(R+,Cb(K 2

�
))

be a solution of (Euler Co-NCL) with a pointwise monotonic velocity field V :
R

+ × L∞
μ (K ) → Vas(K 2

�
) satisfying (5.3), (5.4), and Assumption 5.1. Let ω :

R
+×L∞

μ (K )×K 2
�

→ R satisfy (ω̃1)–(ω̃4). Assume r0 ≥ 0 and
∫
K r0(x)dμ(x) = M

and η0 ∈ Cb(K 2
�
) is positive and symmetric. Then, we have

rt,∗ ≥ r0,∗η∗α′∗,0Meη∗α′∗,0Mt

η∗α′∗,0(M + (eη∗α′∗,0Mt − 1)μ(K )r0,∗)
. (5.13)
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Proof As in Theorem 5.4, by our assumptions on ω, r0, η0 and the use of the
upwind interpolation, we have non-negativity preservation of r for t ≥ 0 by Esposito
et al. (2023), Proposition 5.2. Furthermore, let us consider the Lipschitz continuous
reparametrization of the absolutely continuous curve rt . By abuse of notation, let us
denote r−

t := −rt and fix ε > 0. By Theorem 5.2 there exists a compact set K ε ⊂ K
such that the restriction r− : [0, T ] × K ε → R is continuous and μ(K\K ε) < ε for
some ε > 0. For all t ≥ 0, define the family of restricted maxima on K ε, i.e.

L−
ε (t) := max

x∈K ε
r−
t (x).

Since L−
ε (·) is the pointwise maximum of equi-Lipschitz continuous functions,

Theorem 5.3 implies

∂t L
−
ε (t) = ∂t max

x∈V−
ε (t)

r−
t (x) = max

x∈V−
ε (t)

∂t r
−
t (x) = max

x∈V−
ε (t)

−∂t rt (x) , (5.14)

where V−
ε (t) = argmaxx∈K ε r−

t (x). Then, for any vertex x ∈ V
−
ε (t) it holds that

∂t r
−
t (x) = rt (x)

∫

K ε\{x}
V+
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

+ rt (x)
∫

K\K ε

V+
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

−
∫

K ε\{x}
rt (x

′)V−
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

−
∫

K\K ε

rt (x
′)V−

t (rt (x), rt (x
′))ηt (x, x ′)dμ(x ′) .

Note that rε
t,∗ := minx∈K ε rt (x) = −maxx∈K ε r−

t (x). Then, in view of (5.14) we
have for x ∈ V

−
ε (t) that

∂t rt (x) = −rt (x)
∫

K ε\{x}
V+
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

− rt (x)
∫

K\K ε

V+
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′) (5.15)

+
∫

K ε\{x}
rt (x

′)V−
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

+
∫

K\K ε

rt (x
′)V−

t (rt (x), rt (x
′))ηt (x, x ′)dμ(x ′)

which is the evolution of rt (x) for x ∈ argminx∈K ε rt (x), since for any function f such
that the maximum and the minimum exist, argmax− f = argmin f . Furthermore,
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this implies that

V+
t (rt (x), rt (x

′)) =
(

α(rt (x)) − α(rt (x
′))

)

+
= 0 , (5.16)

for x ∈ V
−
ε (t) and x ′ ∈ K ε\{x}, since V

−
ε (t) = argmaxx∈K ε −rt (x) =

argminx∈K ε rt (x) and α is monotonic. In particular, the first term vanishes. Further-
more, noting that the last term is nonnegative, we can drop it to obtain the following
lower bound

∂t rt (x) ≥ −rt (x)
∫

K\K ε

V+
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

+
∫

K ε\{x}
rt (x

′)V−
t (rt (x), rt (x

′))ηt (x, x ′)dμ(x ′)

≥ −‖rt‖L∞
μ (K )CV ‖η‖∞,Cb(K 2

�
)ε

+
∫

K ε\{x}
rt (x

′)
(

α(rt (x
′)) − α(rt (x))

)

+
ηt (x, x

′)dμ(x ′)

= −‖rt‖L∞
μ (K )CV ‖η‖∞,Cb(K 2

�
)ε

+
∫

K ε\{x}
rt (x

′)(α(rt (x
′)) − α(rt (x)))ηt (x, x

′)dμ(x ′)

≥ −‖rt‖L∞
μ (K )CV ‖η‖∞,Cb(K 2

�
)ε

+ η∗α′∗,0

∫

K ε\{x}
rt (x

′)(rt (x ′) − rt (x))dμ(x ′)

where in the second and third inequality we used that x ∈ V
−
ε (t) = argminx∈K ε rt (x),

and in the third inequality we also used the monotonicity of the velocity. Since for
x ∈ V

−
ε (t), rt (x) = rε

t,∗, we have,

∂t r
ε
t,∗ = −‖rt‖L∞

μ (K )CV ‖η‖∞,Cb(K 2
�

)ε

+ η∗α′∗,0

∫

K ε

rt (x
′)(rt (x ′) − rε

t,∗)dμ(x ′)

≥ −‖rt‖L∞
μ (K )CV ‖η‖∞,Cb(K 2

�
)ε

+ η∗α′∗,0

(

rε
t,∗

∫

K ε

rt (x
′)dμ(x ′) − (rε

t,∗)2μ(K ε)

)

.

Integrating in time, sending ε → 0+ and using Lemma 5.1, we obtain

rt,∗ ≥ r0,∗ +
∫ t

0
η∗α′∗,0(rs,∗M − (rs,∗)2μ(K ))ds, (5.17)
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where we used that
∫
K rt (x)dμ(x) = M and the preservation ofmass property. Noting

that (5.17) resembles aBernoulli ODE, Lemma5.3 and (Mikolas, 2024, LemmaA.0.3)
imply

rt,∗ ≥ r0,∗η∗α′∗,0Meη∗α′∗Mt

η∗α′∗,0(M + (eη∗α′∗,0Mt − 1)μ(K )r0,∗)
.

��
Nowwe are ready to obtain the long-time behaviour of the upwind (Euler Co-NCL)

for pointwise monotonic velocities.

Theorem 5.6 Fix � ≡ �upwind . Let (r , η) ∈ AC(R+, L∞
μ (K )) × AC(R+,Cb(K 2

�
))

be a solution of (Euler Co-NCL) with a pointwise monotonic velocity field V :
R

+ × L∞
μ (K ) → Vas(K 2

�
) satisfying (5.3), (5.4) and Assumption 5.1. Let ω :

R
+×L∞

μ (K )×K 2
�

→ R satisfy (ω̃1)–(ω̃4). Assume r0 ≥ 0 and
∫
K r0(x)dμ(x) = M,

and η0 ∈ Cb(K 2
�
) is positive and symmetric. Then, for μ-a.e. x ∈ R

d , it holds

lim
t→∞ rt (x) = M

μ(K )
,

the uniform distribution of mass over K .

Proof For μ-a.e. x ∈ R
d and t ≥ 0, we have, by (5.9b) and (5.13), that

r0,∗η∗α′∗,0Meη∗α′∗,0Mt

η∗α′∗,0(M + (eη∗α′∗,0Mt − 1)μ(K )r0,∗)
≤ rt,∗
≤ rt (x)

≤ ‖rt‖L∞
μ (K )

≤ ‖r0‖L∞
μ (K )α

′∗,0η∗Meα′∗,0η∗Mt

α′∗,0η∗
[
‖r0‖L∞

μ (K )μ(K )(eα′∗,0η∗Mt − 1) + M
] ,

and letting t → ∞ yields the result. ��
As a direct consequence of the previous theorem and the results in Sect. 4, we have

the following corollary for the long-time asymptotics of the μ-monokinetic solutions
to (graph-CE).

Corollary 5.1 Let� ≡ �upwind and let (r , η) ∈ AC(R+, L∞
μ (K ))×AC(R+,Cb(K 2

�
))

be a solution of (Euler Co-NCL) with a pointwise monotonic velocity field V :
R

+ × L∞
μ (K ) → Vas(K 2

�
) satisfying (5.3), (5.4) and Assumption 5.1. Let ω :

R
+×L∞

μ (K )×K 2
�

→ R satisfy (ω̃1)–(ω̃4). Assume r0 ≥ 0 and
∫
K r0(x)dμ(x) = M,

and η0 ∈ Cb(K 2
�
) is positive and symmetric. Then, the μ-monokinetic solution

to (graph-CE) weakly-* converges to σ̄ = δM/μ(K ) ⊗ μ, as t → ∞.
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Proof The μ-monokinetic solution to (graph-CE) is given by σt = δrt ⊗ μ. One can
check, indeed, thatσt satisfies (4.5) forϕ ∈ C1

c ([0,+∞)×R×K ).Due toTheorem5.6,
for any f ∈ C0(R × K ) it holds

lim
t→∞

∫

R×K
f (ξ, x)dδrt (x) ⊗ μ(ξ, x) = lim

t→∞

∫

K
f (rt (x), x)dμ(x)

=
∫

K
f (M/μ(K ), x)dμ(x),

whence the thesis. ��
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