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Abstract In this paper, a one-dimensional Timoshenko-like equivalent beam model, embedded in a 2D space,
is developed to analyze the static response of a chiral metamaterial, first presented in Misra et al. (Contin Mech
Thermodyn 32:1497–1513, 2020). This is a beam-like structure, here referred to as the ‘grain beam’, which is
made of a periodic assembly of a grain-pair interconnected with solid bars, exhibiting chirality through shear
and axial strains coupling. The derivation of the beam model is conducted within the framework of the direct
one-dimensional approach, wherein the constitutive law is established through a suitable homogenization
procedure, that relies on an energy equivalence between a cell of the periodic model and a segment of the solid
beam. Based on the geometry of the interconnecting elements of a grain-pair of the microstructure, analytical
as well as numerical approaches are developed to identify the constitutive parameters, the latter grounded
on a FE analysis of the cell. The analytical identification procedure, which shed the light on the dependence
of the elastic coefficients upon proper defined nondimensional parameters, as the cell aspect ratio and the
slenderness of horizontal and vertical fibers, is shown to be effective in designing grain beams with targeted
stiffnesses, chirality and macroscopic behavior. The linear static response of some grain beams, taken as case
studies, is analyzed and the results obtained by the Timoshenko-like beam model and the FE analyses, these
latter carried out on refined models of grain beams, are compared. The effectiveness of the beam model, its
limits of applicability, and the associated error magnitude in describing the static behavior of grain beams are
investigated and discussed.

Keywords Equivalent beam model · Timoshenko beam · Chiral Metamaterials · Grain beam · Microstructured
beam · Homogenization procedure

1 Introduction

In recent years, the focus in various applied sciences has been directed towards research on periodic microstruc-
tured systems, such as metamaterials and architected materials, a trend driven by notable advancements, on
one side, in mathematically driven design, and on the other, on the feasibility of fabricating them through 3D
printing methodologies, see, e.g., [1–10]. From an engineering point of view, microstructured bodies are able
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to exhibit exceptional characteristics surpassing those of traditional bulk materials in aspects such as weight,
including enhanced mechanical performance, resilience, impact resistance, and overall energy absorption
capability (see, e.g. [9–15]).

Among the others, some metamaterials, that cannot be superimposed on their mirror image, are known
as chiral metamaterials, since they exhibit the property of chirality. Two-dimensional chiral metamaterials,
see, e.g., [16–20], can be used to achieve mechanical anisotropy, as in [16], and an auxetic behavior with a
negative Poisson’s ratio, as in [17,18], and also to balance bending loads through tensile loads, as in [19]. For
example, in [18], a chiral honeycomb metamaterial, representative of four distinct classes of 2D Euclidean
tessellations with hexagonal rotational symmetry, is designed to obtain a new auxetic material. In [19], a
tetrachiral unit-cell is studied to demonstrate that the coupling of normal and shear deformations can be used as
a primal loadbalancing mechanism. The developed analytical model has been validated through both numerical
simulations and experiments. In [20], the chirality in 2D Cosserat-like micromorphic continua is examined,
establishing a connection with grain-scale mechanics through the Granular Micromechanics Approach (GMA).
The study emphasizes the fact that additional kinematical descriptors are needed in modeling granular materials
in order to properly describe grain-relative displacements. Also three-dimensional chiral metamaterials have
been extensively studied in the literature, see, e.g., [21–24]. In [21], a gammadion-shaped chiral comprising
inclined ligaments was incorporated into the chiral structure to achieve high torsional compliance. In [22],
3D chiral and achiral mechanical metamaterial were designed extending the 2D ‘missing-rib’ type of chiral
cell to 3D with spherical tiling. The chiral design showed the compression-twisting coupling while the achiral
design showed an auxetic behavior. In [23], the buckling strength of the chiral lattice columns, constructed
by periodically placing the inclined straight beams in a chiral manner, which exhibit compression-twisting
coupling effect, was studied. Its deformation was described with a constitutive model based on the Cosserat
rod theory and, with the semi-analytical homogenization method proposed, the effects of chirality on the
buckling strength and buckling mode were revealed. In [24], panto-cylinders, whose microstructure consists
of two families of helicoidal beams interconnected by perfect or elastic joints, were studied using a numerical
integration strategy to determine the deformation shapes of Cosserat rods in order to predict their behavior.
Numerical simulations were conducted to investigate the mechanical parameters that emphasize the chirality
effects and chiral deformation patterns, both depending on the type of joint and its length.

Numerical approaches, such as those based on Finite-Element Method, are very important for the detailed
design and analysis of periodic structures (see, e.g., [25]), nevertheless, there is a growing interest in the
literature in getting simple models via homogenization techniques (see, e.g., [26–29] and the recent reviews
[30,31]). In fact, these equivalent models (i) require, in general, a lower computational effort to solve the
elastic problem with respect to correspondent finite-element ones, (ii) offer interpretive advantages compared
to purely numerical modeling in terms of structural global behavior, and, even more important, (iii) closed-
form solutions can be pursued in several problems of engineering interest, such as static, dynamic and buckling
analyses of periodic structures. In those cases where one dimension of the microstructured body predominates
over the other two, homogenization facilitates the derivation of a beam-like model of the periodic structure at
hand.

Among the different homogenization approaches existing in the literature to obtain the equivalent beam
model, a so-called ‘mixed approach’ has been developed and applied in dealing with statics, dynamics, buckling
and aeroelasticity of periodic (planar and three-dimensional) frame structures, such as microstructured grid
cylinders [32–35], buildings and towers [36–44]. The mixed approach combines the heuristic (see, e.g. [45,46])
and asymptotic (see, e.g., [47–51]) homogenization approaches, since the continuum model is heuristically
predicted (not analytically derived as in the latter), but the micro–macro relationships, needed for the up-scaling
procedure, that is the constitutive behavior, are analytically determined (not predicted as in the former) on the
ground of energy equivalence between a cell of the periodic system and a segment of the continuous beam,
that can be carried out within an analytical or a numerical framework, depending on the complexity of the
microstructure at hand (see, e.g., [32,33,52]). In these papers, shear beam models, also including torsional
effect in the three-dimensional (3D) behavior, as well as Timoshenko beam models have been formulated, by
identifying the floors and the columns of the periodic frames, with the cross-sections and longitudinal fibers of
the continuous beam, respectively, and by introducing some strong hypotheses, separately or in combination,
regarding, in particular: in-plane (membrane) and out-of-plane (flexural) undeformability of the cross-sections
and inextensibility of the longitudinal fibers. When all these hypotheses are considered, the equivalent model
is as a shear-(shear-torsional) beam in a 2-(3)D space; when the extensibility of the longitudinal fibers is
taken into account, the equivalent model is a Timoshenko beam. Moreover, in [32–34,44], the cross-section’s
undeformability has been reduced, considering out-of-plane deformability, specifically the warping of the
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cross-sections, through the concepts of ‘shear factor’ and ‘flexural factor’. In essence, even when heuristically
employing a rigid cross-section beam model, some corrective factors are suitably introduced to better estimate
the shear and flexural stiffness of the homogenized beam: this is achieved by incorporating, on an energetic
balance (that, again, can be carried out either analytically or numerically, depending on the microstructure
complexity), the effect of the neglected warping, akin to the approach taken to incorporate the de Saint-
Venant’s Theory results into the Timoshenko Beam’s Theory.

Within the periodic structures of interest in the present work, in [1,2], a specific microstructure has been
conceived as the mechanical (rheological) analog of the peculiar interaction of a granular material that is
composed by a set of solid bars connecting two grains. It is has been also shown that, thanks to its particular
geometry, the granular material exhibit the property of chirality. In [2], a non-standard Timoshenko beam
model for such a chiral metamaterial, is proposed; accordingly, a numerical procedure, which is grounded on
a Finite-Element modeling of the whole periodic structure, is applied for the identification of the constants
of the constitutive matrix of the equivalent beam model. The procedure involves solving three distinct types
of planar equilibrium problems, referred to as identification tests. The selection of these identification tests,
and thus the choice of boundary and load conditions, derives from the necessity to engage a subset of the
stiffnesses enabled by the specific microstructure. Simulations were conducted using a 2D Cauchy continuum,
with the left and right boundary grains treated as rigid domains. It is worth to notice that the microstructure of
[2] is of scientific interest because its behavior reveals common tracts also with mechanical cable models or
the analysis of DNA filaments [53–55]. In the literature, numerous microstructures based on chiral geometry
exist, each exploring various connections between adjacent cells distinct from the one studied in [2]. As an
example, in [56], where the study object is a duoskelion structure, introduced as a discrete spring model, a
specific scaling law for micro stiffnesses it’s been selected aimed at deriving, via asymptotic homogenization, an
internally-constrained Cosserat one-dimensional planar continuum model as the limit of a duoskelion structure.
However, duoskelion structures have been studied not only in static but also by analyzing their response to
in-plane dynamic instability problems, as in [57]. Also structures, obtained through the assembly of duoskelion
beams are addressed in the literature, as in [58], in which the microstructure is characterized by the connection
of two orthogonal families of parallel equispaced duoskelion beams.

Furthermore, other approaches, including experimental ones, have also been developed in [1,3,4,59] to
analyze the behavior of the chiral microstructure similar to that of [2]. In [1], the Granular Micromechanics
Approach (GMA) has been applied to predict the closed-form expressions for elastic constants of a macroscale
2D chiral granular metamaterial. The latter was designed with a grain-pair interaction in order to exhibit shear-
normal-rotational coupling. The coupling prediction was confirmed thanks to tensile experiments conducted
on specimens realized through additive manufacturing (3D printing). In [3], Digital Image Correlation (DIC)
was carried out on specimens fabricated using 3D printing and tested in an uniaxial testing machine. The
designed structures were representative of granular metamaterial composed of rigid grains interacting with
each other through grain-pair interaction mechanisms. The repeatability of the measurement was demonstrated
and the range of validity of the derived model was assessed by calibration. In this regard, results showed
that the calculations matched the measured deformations only at small strain level. In fact, the higher the
strain level, the more material and geometrical nonlinearities become significant and thus, due to the effect of
boundary layer and nonlinear interactions between grains, some differences from the calculated responses were
observed. In [4], a multiscalar DIC methodology was employed, beginning with a macroscale observation of
the problem (where the microstructure is overlooked and the construct is treated as a continuum bar), followed
by an exploration of the underlying microstructure through microscale DIC analysis. The microscale results
revealed that the granular material consists of a collection of nearly rigid grains that store elastic energy
through intergranular mechanisms. Moreover, the analyses demonstrated that, under extension, non-standard
deformation mechanisms, including grain rotations, occur, and that the transverse displacements of the grains
are governed by the behavior of the grain interconnections. Furthermore, it is worth to notice that, in the
design and analysis of metamaterials built up with additive manufacturing processes, it is essential to account
for the internal structure at the microscale, which, indeed, influences the overall mechanical response at the
macroscale. To address this, in [60] a computational scheme applicable to a wide class of substructures is
developed to identify metamaterial parameters by utilizing both macroscopic and microscopic scales. This
approach is applied to a honeycomb substructure, considering the infill ratio. The parameters identified are
related to the mechanical response of the metamaterials, such as elastic behavior and higher-order terms
introduced by the substructure.

In this paper, microstructured bodies very similar to those analyzed in [1–4] are considered again. The
mixed homogenization approach so far carried out for other microstructured metamaterials is applied here to
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obtain a Timoshenko-like homogenized beam model (coarse equivalent model), able to describe the linear static
and planar behavior of such beam-like structures, here referred to as ‘grain beams’ (fine model). To identify the
constitutive matrix of the equivalent model, two kinds of different assumptions have been made, grounded on
the geometry of the grain pairs’ interconnecting elements and the deformability of the grains, constituting the
(fine) microstructure of the cell, and their relevant modeling, namely: (i) grains are modeled as rigid bodies,
which are interconnected by deformable Timoshenko micro-beams, thus leading to an analytical identification
of the constitutive matrix; (ii) both grains and interconnecting elements are modeled as 2D Cauchy continuum
bodies, leading to a numerical identification of the relevant constitutive matrix. A qualitative analysis, based
on an analytical identification procedure, has highlighted the dependence of elastic coefficients on suitably
defined nondimensional parameters, such as the cell aspect ratio and the slenderness of horizontal and vertical
fibers. This opens up new possibilities for designing the microstructure of granular beams to achieve a desired
macroscopic response. Then, the linear static response of some grain beams, with different microstructures’
geometry, taken as case studies, is analyzed to show the effectiveness and the limits of applicability of the
coarse homogenized beam model. Numerical results obtained by the equivalent model are compared with
Finite-Element (FE) analyses on planar grain beams, modeled with both beam and plate elements, in order to
show the order of magnitude of the errors in the homogenization procedure.

The paper is organized as follows. In Sect. 2, the equations of the Timoshenko beam model, embedded in a
2D space, are recalled. In Sect. 3, the identification procedures are described. In Sect. 4, a qualitative analysis
of the mechanical behavior of the microstructure is carried out. In Sect. 5, the comparisons between results
provided by Finite-Element models of grain beams and the equivalent Timoshenko-like model, are developed.
In Sect. 6, some conclusions and perspectives are drawn. Finally, the Appendix A, containing the analytical
expression of the constitutive matrices, and the Appendix B, containing the analytical (exact) solution for the
boundary value problem, close the paper.

2 The model

The microstructured body here considered is made of a periodic and specifically designed granular microstruc-
ture, i.e. the cell, depicted in Fig. 1. When such a microstructure, comprised between the grains i and i + 1
is repeated n times in the x-direction (horizontal direction), as shown in Fig. 2a, the here referred to as ‘grain
beam’ is obtained. The cell in Fig. 1 is referred to a (local) cartesian coordinate system Õ x̃ ỹ, originating at the
centroid of the left grain Õ; it has a length h and it is composed of two semicircular half grains, of radius R,
which are connected by two families of (micro) bodies, also referred to as ‘fibers’ throughout the paper, whose
axis-lines are dashed in the figure, namely: (i) those parallel to the (local) x̃-axis of the cell, i.e. the horizontal
fibers, and (ii) that parallel to the (local) ỹ-axis of the cell, i.e. the vertical one. The width of the horizontal and
vertical bodies is taken equal to tν (ν = x, y) where the subscript refers to the ν−axis orientation (x− or y−
parallel); furthermore, the thickness of the cell, i.e. its dimension along the z-axis, not depicted in Fig. 1, is set
to tz for all the fibers, and assumed to be negligible with respect to cell length and height. As a consequence,
a predominantly plane stress behavior occurs when in-plane loads are applied to the cell. Finally, the length
�c denotes the distance between the vertical diameter of the grain and the intersection between the grain’s cir-
cumference and the intrados or extrados of horizontal fibers. Accordingly, the length of the horizontal fibers,
namely �x , results to be �x = h/2 − �c, while that of the vertical fiber is denoted as �y , both referred to their
axis-lines.

It’s important to remark that the cell lacks symmetry axes, thus resulting in some strains coupling at the
macro-scale, the type of which depends on the microstructure’s design. In particular, as discussed in [1,2], if
the horizontal fibers have the same cross-sections, even if it is different from that of the vertical one, only shear-
axial strains coupling occurs at the macro-scale, independently on the lengths �x and �y ; on the other hand, if the
horizontal fibers have different cross-sections (or lengths), independently on the length and cross-section of the
vertical one, also the other couplings arise at the macro-level, such as axial-flexural and shear-flexural strains
coupling. In what follows, the general cases �x �= �y and tx �= ty will be considered in the identification of the
homogenized (equivalent) beam model, while numerical analyses will be carried out assuming tx = ty =: t .
Therefore, only the coupling between shear and axial strains will be observed.

Furthermore, the grain beam is build up, as shown in Fig. 2a, where the (local and global) horizontal axes
are taken coincident, namely x̃ ≡ x , the origin O of the global coordinate system is assumed to be located on
the i = 0 grain and, accordingly the local axis ỹ is parallel to y-axis, for each cell. In order to describe the statics
of the grain beam, a one-dimensional continuum model, internally unconstrained, is heuristically adopted as
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Fig. 1 Periodic microstructure of the grain beam

Fig. 2 Study object: a grain beam; b equivalent beam model

the target (and coarse) model, of the (fine) grain beam, according to the mixed homogenization approach. This
is the well-known Timoshenko beam in linear kinematics, that is here modeled as a one-dimensional, polar
continuum, embedded in a bi-dimensional space, (see, e.g. [61–64]). An initially straight beam is considered,
having rigid cross-sections, orthogonal to the axis-line in the reference rectilinear configuration, and flexible
axis-line. The beam is shown in Fig. 2b and it is referred to the material abscissa x ∈ [0, �], spanning the point
of the axis-line in the interval (A, B) of length � := n h.

Once the target model is introduced, kinematics and equilibrium are defined, while leaving the constitutive
law unrestricted. Consequently, under the assumptions of the linear theory, i.e. for small displacements and
strains, the following well-known strain–displacement relationships hold:

ε = u′,
γ = v′ − θ,

κ = θ ′,
(1)

which link the longitudinal displacement u (x), the transverse displacement v (x), and the rotation of the
cross-section θ (x), to the elongation ε (x), the shear strain γ (x), and the flexural curvature κ (x); here and
in what follows, a prime denotes derivation with respect to the (independent) spatial variable. Without loss
of generality, a double-clamped beam, fixed at the end A and subject to assigned displacements at end B, is
considered for further analyses. Accordingly, the following geometric boundary conditions hold (the overbar
denotes a prescribed quantity):

uA = 0, vA = 0, θA = 0,

uB = ū, vB = v̄, θB = θ̄ .
(2)
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The equilibrium is governed by the following well-known equations:

N ′ + px = 0,

T ′ + py = 0,

M ′ + T + c = 0,

(3)

where N (x) and T (x) are the axial and shear internal forces, respectively, M (x) is the bending moment,
px (x), py (x), c (x) are the external forces and couple per unit-length.

It is assumed that the constitutive behavior of the beam is ruled by a linear elastic law; accordingly, the
existence of a strain energy function, quadratic in the strain measures, is postulated, namely:

φ (ε, γ, κ) = 1

2

[
c11 ε2 + c22 γ 2 + c33 κ2 + 2 (c12 ε γ + c13 ε κ + c23 γ κ)

]
, (4)

which depends on the six elastic constants ci j (i, j = 1, 2, 3), to be properly identified in order to effectively
describe the macroscopic behavior of the granular microstructure. Therefore, according to the Green law:

N = ∂φ

∂ε
,

T = ∂φ

∂γ
,

M = ∂φ

∂κ
,

(5)

a fully-coupled constitutive law is obtained. It reads:
⎛

⎝
N
T
M

⎞

⎠ =
⎛

⎝
c11 c12 c13
c12 c22 c23
c13 c23 c33

⎞

⎠

⎛

⎝
ε
γ
κ

⎞

⎠ , (6)

in which:

C :=
⎛

⎝
c11 c12 c13
c12 c22 c23
c13 c23 c33

⎞

⎠ , (7)

is the constitutive matrix. Then, once the equilibrium equations, Eq. (3), are written in terms of displacements
by using Eqs. (6) and (1), the following elasto-static problem is obtained:

c11u
′′ + c12

(
v′′ − θ ′) + c13θ

′′ + px = 0,

c12u
′′ + c22

(
v′′ − θ ′) + c23θ

′′ + py = 0,

c13u
′′ + c23

(
v′′ − θ ′) + c33θ

′′ + c12u
′ + c22

(
v′ − θ

) + c23θ
′ + c = 0.

(8)

Equations (8) constitute a system of second-order partial differential equations, in the unknown displacement
field, sided by the geometric boundary conditions Eq. (2). They admit a closed-form solution, as discussed,
e.g., in [33] and in the Appendix B for the case of interest in the present paper.

Finally, when Eq. (8) and Eq. (2) are recast in matrix form, they reads:

K2u′′ + K1u′ + K0u + p = 0,

uA = 0,

uB = ūB,

(9)

where:

u :=
⎛

⎝
u
v
θ

⎞

⎠ , p :=
⎛

⎝
px
py
c

⎞

⎠ , ūB :=
⎛

⎝
ū
v̄

θ̄

⎞

⎠ ,

K2 :=
⎛

⎝
c11 c12 c13
c12 c22 c23
c13 c23 c33

⎞

⎠ ≡ C, K1 :=
⎛

⎝
0 0 −c12
0 0 −c22
c12 c22 0

⎞

⎠ , K0 :=
⎛

⎝
0 0 0
0 0 0
0 0 −c22

⎞

⎠ ,

(10)

and Ki (i = 0, 1, 2) are stiffness matrices, u, p displacement and load vectors, respectively.
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3 Identification of the elastic coefficients

3.1 Identification algorithm

The identification of the constitutive matrix is carried out following the homogenization procedure outlined
in [32,35] for a grid beam. This approach enforces an appropriate energy equivalence between the (fine) 3D
model and the (coarse) 1D Timoshenko beam, as detailed below. Consequently, the identification developed
here seeks to extend the mixed homogenization approach to the granular microstructure under consideration.

The first stage of the identification algorithm calls for establishing a discrete mapping that connects the
displacements of the fine model (remember Fig. 2a) with those of the coarse model (remember Fig. 2b). Since
the grain beam’s structure is non-homogeneous, identification is carried out at selected sampled abscissas,
namely xi := i h (i = 0, 1, ..., n), where h represents the already defined period of the microstructure (Fig. 1).
At each xi , the fine model possesses a cross-sectionDi occupying a domain of the (y, z)-plane, which coincides
with the external semi-grain’s edge; two successive cross-sections Di , Di+1 bound a cell. To define a discrete
map, a kinematic constraint is imposed: the sampled cross-section Di is assumed to remain plane, while
displacements within the cells are left unconstrained. The rigid displacement of Di can be written as:

(
ũ (xi , y)
ṽ (xi , y)

)
=

(
u (xi )
v (xi )

)
+

[
0 −θ (xi )

θ (xi ) 0

](
xi
y

)
, inDi, i = 0, 1, . . . , n, (11)

in which, throughout the paper, the tilde denotes a quantity relevant to the fine model. It is important to
emphasize that the rotation of the (flexurally) rigid cross-section of the equivalent Timoshenko beam model
should be understood as the averaged rotation of the (flexurally deformable, i.e. warpable) sampled cross-
section of the grain beam.

The second stage of the identification algorithm involves the so-called ‘cell analysis’, which requires
enforcing the equivalence of elastic energies stored in a 3D cell and a 1D beam segment of equal length, when
both models experience identical displacements at their ends.

In particular, in this stage the averaged energy density of the 3D cell, namely φ̃ := Ũ/h, Ũ being the elastic
energy of the 3D cell, is determined as a function of the configuration variables of the 1D beam, according to
Eq. (11), as:

φ̃ = 1

h
Ũ (u (xi ) , v (xi ) , θ (xi ) , u (xi+1) , v (xi+1) , θ (xi+1)) . (12)

Finally, the last step of the procedure entails the comparison between the energy densities φ and φ̃, in Eqs. (4)
and (12), respectively. This is accomplished by expressing the displacements in terms of strains. Accordingly,
the strain–displacement relationships Eq. (1) are integrated in the (xi , xi+1)-interval, given a suitable strain
test field. By taking the (simplest) constant strain field, the end displacements read (rigid motions removed):

u (xi ) = 0, u (xi+1) = ε h,

v (xi ) = 0, v (xi+1) = γ h + 1

2
κ h2,

θ (xi ) = 0, θ (xi+1) = κ h.

(13)

Substituting Eq. (13) in Eq. (12), and by enforcing the equality:

φ = φ̃, ∀ (ε, γ, κ) , (14)

the elastic constants C := (
ci j

)
are found.

It is worth noting that the cell’s boundary displacements, as defined in Eq. (13), can be interpreted as the
superposition of three independent deformation modes, specifically:

– an extensional mode (E), in which Di+1 translates along x-direction;
– a shear mode (S), in which Di+1 translates along y-direction;
– a flexural mode (F), in which Di+1 rotates around the z-axis, respectively, and translates transversely along

the y-direction.
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Fig. 3 Periodic microstructure of the grain beam modeled as an assembly of Timoshenko beams, rigidly connected to the grain-
pairs

Finally, it is worth highlighting that, under certain simplifying assumptions about the cell’s microstructure, the
closed-form expression of the cell’s elastic energy can be derived analytically. This result, often the most chal-
lenging step in the identification process, is achievable in the present case due to the simple fiber arrangement,
i.e. when modeled as beams, and the assumption of rigid boundary cross-sections, which neglect micro-warping
and account for the contribution of the (rigid) half-grains. However, in cases where the interconnecting ele-
ments cannot be modeled as beams or the grains cannot be treated as rigid bodies, a numerical identification
procedure, such as one based on FE analysis, becomes mandatory, as will be discussed shortly.

3.2 Analytical identification

The procedure for the analytical evaluation of φ̃ is detailed as follows. First, some modeling assumptions
concerning the microstructure in Fig. 1 are introduced. It is considered as made of rigid-body semi-grains,
interconnected to each other through sufficiently slender bodies, i.e. the fibers, which, in turn, are assumed to
behave as Timoshenko (micro) beams, of length �x and �y , and rectangular cross-sections of sides tz and tν
(ν = x, y), whose assembly results in a planar frame. Another modeling assumptions is relevant to the choice
of the length �c, since it quantifies the extension of the region in which a transition between a rigid-body
behavior, i.e. that of the semi-grains (whose boundaries are denoted in red in the figure), and a deformable
one, i.e. that of the fibers, occurs. These regions, assumed to behave as rigid-bodies, are shaded in gray in
Fig. 1, from which it is also apparent that the definition of the length �c is not unique, i.e. it can be chosen
in a range which varies (approximatively) from zero, for extremely thin horizontal beams, when compared
to the radius of the grain and, as denoted in figure, up to the distance between the vertical diameter and the
intrados or extrados of the horizontal beams. It is worth noting that the choice made here appears to be the most
appropriate for describing the effective (i.e., deformable) length of the horizontal fibers, particularly when they
are sufficiently slender and assumed to behave as Timoshenko beams connected to rigid grains.

Each fiber constituting the frame is characterized by axial, shear, and bending stiffnesses, namely E Aν ,
GA∗

ν , and E Iν tν , E and G being the elastic and tangential modulus, respectively, Aν = tν × tz the fiber’s
cross-section area, A∗

ν = 5/6 (tν × tz) the shear area, Iν = 1/12
(
t3
ν tz

)
the inertia moment with respect to its

cross-section principal axis, parallel to z−axis, respectively (ν = x, y). With these assumptions, the fine model
of the granular microstructure is schematized as reported in Fig. 3, where the axis-line of three Timoshenko
beams is sketched; this assembly is rigidly connected at its ends to the grain’s centroids (ideally) through
rigid bars (denoted with a thicker line in the figure). The rigid bars located at the cross-sections Di and Di+1,
which represent the grain and therefore delimit the cell, are restrained at the cell’s periodicity joints by external
hinges.

Once the cell is modeled, its elastic energy is evaluated by assigning the above-mentioned deformation
modes, i.e. by applying proper boundary displacements at the (periodicity) hinges (denoted with 1 and 2 in
Fig. 3), and by pursuing a static analysis of the planar frame. In particular, the (left) cross-section Di is kept
fixed and a suitable rigid motion is assigned to the (right) cross-section Di+1, according to Eq. (13). More
precisely, as already mentioned, this can be interpreted as the superposition of three pure deformation modes:
extensional (E), shear (S), and flexural (F). Furthermore, since there are three strains, corresponding to the three
independent deformation modes of the cell, and six unknown elastic constants, all the possible combinations of
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Fig. 4 Deformation modes assigned to the periodic microstructure modeled as an assembly of Timoshenko (micro) beams: (E)
extensional; (S) shear; (F) flexural; (ES) extensional and shear; (EF) extensional and flexural; (SF) shear and flexural

the independent modes must be systematically selected and applied to the cell. In this way, coupled deformation
modes, identified through the superposition of effects, are also applied to the cell, namely: extensional and
shear (ES), extensional and flexural (EF), and shear and flexural (SF). Of course, when a coupled mode is
applied, the energy of the involved deformation modes needs to be subtracted from the energy of the coupled
ones.

In particular, this procedure can be pursued starting from Eq. (13), which also defines the displacements
of the centroid G of the cross-section Di+1, reads: uG = u (xi+1), vG = v (xi+1) and θ = θ (xi+1). Then,
for each deformation mode to be assigned in the algorithm, i.e. for a known set of centroid displacements,
Eq. (11) supplies the (rigid) displacements ũ

(
xi+1, ∓�y/2

) =: ū j , ṽ
(
xi+1, ∓�y/2

) =: v̄ j of the j−th hinges
( j = 1, 2), namely (remember that Õ is different from G):

ū j = uG ± θ
�y

2
, v̄ j = vG + θ (x̃ i+1 − h) = vG, with j = 1, 2. (15)

However, from a computational point of view, it is more convenient to: (i) assign unitary displacements at
the hinges, (ii) express the centroid displacements by using Eq. (15), and (iii) evaluate the associated strains
through Eq. (13). By summarizing, the algorithm to apply is detailed in what as follows.

1. Extensional mode (E) is assigned, in which Di+1 translates axially. Therefore, ū j = 1 ( j = 1, 2) is set
and, since uG = 1, vG = 0, θ = 0, then ε = 1/h, γ = 0, κ = 0; c11 is computed.

2. Shear mode (S) is assigned, in which Di+1 translates transversely. Therefore, v̄ j = 1 ( j = 1, 2) is set and,
since uG = 0, vG = 1, θ = 0, then ε = 0, γ = 1/h, κ = 0; c22 is computed.

3. Flexural mode (F) is assigned, in whichDi+1 rotates around the z-axis and translates transversely. Therefore,
ū j = −ỹ j together with v̄ j = h/2 + x̃ j ( j = 1, 2) are set; since uG = 0, vG = h/2, θ = 1, then ε = 0,
γ = 0, κ = 1/h; c33 is computed.

4. Extensional and shear mode (ES), i.e. the superposition of the pure modes (E), (S), is assigned, for which
ε = 1/h, γ = 1/h, κ = 0; since c11, c22 are known, c12 is computed.

5. Extensional and flexural mode (EF), i.e. the superposition of the pure modes (E), (F), is assigned, for which
ε = 1/h, γ = 0, κ = 1/h; since c11, c33 are known, c13 is computed.

6. Shear and flexural mode (SF), i.e. the superposition of the pure modes (S), (F), is assigned, for which
ε = 0, γ = 1/h, κ = 1/h; since c22, c33 are known, c23 is computed.

Remarkably, for each of the (pure and coupled) assigned deformation mode, an analytical (exact) solution
of the elasto-static problem for such a planar frame, subject to given displacements at the right hinges, as shown
in Fig. 4, is determined; accordingly, displacement, strain and stress fields of the k-th Timoshenko beam, with



59 Page 10 of 26 C. Pancella, F. D’Annibale

k = 1, 2, 3 are found. In particular, for each of the six problems shown Fig. 4, the elastic energy of the cell Ũ ,
is evaluated as the sum of the elastic energy of the k-th beam Ũk , namely:

Ũ (ε, γ, κ) =
3∑

k=1

Ũk, with k = 1, 2, 3, (16)

where:

Ũk (ε, γ, κ) = 1

2

∫ �x

0

(
E Axε

2
k + GA∗

xγ
2
k + E Ixκ

2
k

)
dx, with k = 1, 2,

Ũ3 (ε, γ, κ) = 1

2

∫ �y

0

(
E Ayε

2
3 + GA∗

yγ
2
3 + E Iyκ

2
3

)
dx,

(17)

in which Ũ1 and Ũ2 are the elastic energies of the horizontal fibers and Ũ3 is that of the vertical one. Finally,
since φ̃ = Ũ/h, the Green’s law Eq. (5) supplies for the elastic matrix C. As already mentioned, a shear-axial
displacement coupling at the macro-scale is observed in the case at hand, so that Eq. (7) turns out to be defined
as:

C =
⎛

⎝
c11 c12 0

c22 0
SYM c33

⎞

⎠ , (18)

where the chiral behavior is represented by the fact that c12 �= 0. The analytical expression of the elastic
coefficients is reported in Appendix A for both the cases tx �= ty and tx = ty .

3.3 Numerical identification

Following the same steps described for the analytical identification, a numerical identification of the elastic
matrix is also pursued in this paper. The procedure is outlined in [33], when a framed microstructure is taken into
account and here extended to a grain beam for which the cell is modeled as a 2D Cauchy continuum. Therefore,
grains are deformable but, as in the analytical identification, cross-sections Di and Di+1 are assumed as rigid-
bodies. Moreover, to better understand the effect of the presence of the grains in the model, the numerical
identification is developed under two different cases (see Fig. 5), namely with and without grains, named
respectively NC (Numerical Cauchy, Fig. 5a) and NC-ng (Numerical Cauchy - no grains, Fig. 5b). Accordingly,
in the former model, the grains contribute to the elastic energy of the cell with their deformability, while in
the latter no contribution is given since they behave as rigid bodies. Furthermore, in the former case the cross-
sectionsDi andDi+1 are hinged at the periodicity joints while in the latter one the cell is considered as clamped
in the correspondence of the boundary between the grains and the horizontal fibers.

For each deformation mode, the displacements uG , vG and θ of the centroid of the cross-section Di+1 are
the same considered in the analytical identification procedure. Also those to be applied at the hinged joints
are the same in the NC case (Fig. 5a); while, for the NC-ng case (Fig. 5b), they are evaluated at the clamped
boundary through Eq. (15).

The algorithm for the evaluation of the constitutive matrix, in the numerical identification procedure,
consists of two steps:
1. in the first step a FE analysis of the cell is performed and its elastic energy evaluated, for each

assigned deformation mode, through the application of the Clapeyron’s theorem, namely: (i) Ũ =
1
2

∑2
j=1

(
rx j ū j + ry j v̄ j

)
, for the NC case in Fig. 5a, where rx j and ry j are the horizontal and vertical

components of the hinges’ reactions, respectively; (ii) Ũ = 1
2

∫ �s
0

[
rx (s) ū (s) + ry (s) v̄ (s)

]
ds for the

NC-ng case in Fig. 5b, where rx (s) and ry (s) are the (distributed) horizontal and vertical components
of the clamp reactions in the [0, �s] clamped region, spanned by the s abscissa, expending work on the
horizontal and vertical components of the displacement ū (s) and v̄ (s), respectively;

2. then, by requiring Eq. (14) holds for any ε, γ , κ in which φ̃ = Ũ/h, the unknown six elastic constants are
computed.

Finally, it is worth to notice that the first step of the algorithm calls for assigning proper boundary displacements
at the cell, in the same way described in Sect. 3.1, which is graphically recalled for the case of cell modeled
as a Cauchy 2D-elements assembly (Fig. 6).
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Fig. 5 Periodic microstructure of the grain beam modeled as an assembly of plate/membrane (2D Cauchy continuum): a with
grains; b without grains

Fig. 6 Deformation modes assigned to the periodic microstructure modeled as a plate assembly (Cauchy 2D): (E) extensional;
(S) shear; (F) flexural; (ES) extensional and shear; (EF) extensional and flexural; (SF) shear and flexural

4 Qualitative analysis of the mechanical behavior

The analytical identification of the constitutive matrix supplies closed-form expressions which relates micro
and macro quantities, see Eqs. (25) and (27) in Appendix A. Such identification gives the possibility to design
the microstructure behavior, aiming at obtaining a targeted macroscopic behavior of the grain beam.

To accomplish this task, in this section a qualitative analysis of the mechanical behavior of the grain beam
is carried out by conducting a parametric analysis of the identified constitutive coefficients while varying the
geometric characteristics of the microstructure. The analysis is carried out by considering the horizontal and
vertical fibers of the same cross-section, i.e. tz × t , with t = tx = ty , and, therefore, Aν = A, A∗

ν = A∗,
Iν = I , the radius of gyration of the cross-section is defined as ρ = √

I/A, as well as the nondimensional
beam’s stiffness ratio μν = 12E I/GA∗�2

ν with respect to ν-axis (ν = x, y). Given the geometry of the cell
shown in Fig. 1, the following relations hold:

h = 2 (�c + �x ) , �c = √
t (2R − t), �y = 2R − t. (19)

Then, it is useful to introduce two nondimensional parameters, namely α := h/2R and β := �x/�y , which
represent, respectively the aspect ratio of the cell, i.e. the ratio between its length and height, and the ratio
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between the lengths of horizontal and vertical beams. By making use of Eqs. (19), it is:

β = α − √
η (2 − η)

2 − η
, (20)

where η := t/R, is the nondimensional thickness-radius ratio. Equation (20) shows that, for a given cell’s
aspect ratio α (and radius R), β (nonlinearly) depends on the η and, as it will be clear soon, it can be seen as an
(indirect) measure of the fibers’ slenderness. In particular, within the range 0 < η < 1, for which R > t , from
Eqs. (19) and (20), it can be observed that: (i) when η → 0, i.e. the fibers have a vanishing thickness (t → 0),
then β → α/2, �y → 2R, �c → 0, h → 2�x ; (ii) when η → 1, i.e. the fibers have a thickness comparable to
the grain’s radius (t → R), then β → α −1, �y → R, �c → R, h → 2 (R + �x ). Moreover, in the (limit) case
η → 2, occurring when the fibers have a thickness comparable to the double of the grain’s radius (t → 2R),
then β → ∞, thus entailing that the horizontal fibers are superimposed and the vertical fiber no longer exist,
namely �y → 0, together with �c → 0 and h → 2�x .

In order to better highlight the meaning of the parameter β, Eq. (20) is expanded in series for small η
(retaining α of order one in the expansion), thus obtaining:

β � α

2
−

√
η√
2

+ αη

4
+ O (

η3/2) . (21)

Equation (21) shows that β differs from α/2 due to a small (not vanishing) η and it can increase or decrease
with η depending on the magnitude of the second and third term on the right side of Eq. (21). Indeed, from
Eq. (21) it can be estimated that: when η > ηlim := 8/α2, then β increases with η, i.e. the greater is β the
thicker are the fibers; on the contrary, when η < 8/α2, then β decreases with η, i.e. the greater is β the slender
are the fibers. Furthermore, an exact analysis of the dependency of η from the parameters α and β can be
simply pursued. In particular, by squaring and manipulating Eq. (20), an algebraic second-order equation for
η is obtained, namely:

(
1 + β2) η2 + (

2αβ − 4β2 − 2
)
η + (α − 2β)2 = 0, (22)

from which two roots η± (α, β) can be found namely:

η+ (α, β) = 1 − αβ + 2β2 + √
1 + 2αβ − α2

1 + β2 if α > 1 and

⎧
⎪⎨

⎪⎩

α > 2β and α2 < 1 + 2βα

or
α < 2β

or

if α < 1 and α�=2β

η− (α, β) = 1 − αβ + 2β2 − √
1 + 2αβ − α2

1 + β2 if α > 2β and

⎧
⎪⎨

⎪⎩

α < 1
or
α > 1 and 1 + 2βα > α2

(23)

where the existence conditions α > 0, β > 0 and 0 < η < 2 are enforced to ensure the positivity of the
geometric parameters and the geometric consistency of the cell. Moreover, it is apparent from Eq. (23), that
the two roots η± (α, β) exist if the radicand 1 + 2αβ − α2 > 0.

Figure 7 shows the diagrams of the roots η± (α, β) as the nondimensional parameters α and β vary. In
Fig. 7a the 3D plot of the surface η± = η± (α, β) is depicted; it is shown that, to the multivalued function
η± (α, β), correspond two branches of the surface, which, in turn, are related to the first and second solution
of Eq. (22), namely the upper (η+) and the lower branch (η−), respectively. In Fig. 7b, c two α-isolines of the
surface η± (β;α) are shown, namely for α = 1.50 and α = 5, respectively, to assess whether the behavior
is qualitatively consistent depending on the aspect ratio. In both cases it is found that as β increases: (i)
η+ = η+ (β;α) increases leading, for a given radius of the grain, to the design of thicker cells, i.e. cells
in which, due to the increasing of the fibers’ thickness, the joints between the fibers becomes increasingly
thick until η+ (β;α) → 2 is reached at βmax → ∞, as discussed above; (ii) η− (β;α) decreases until it is
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Fig. 7 Plot of the roots η± (α, β) of Eq. (22): a 3D plot η± = η± (α, β); b, c α-isolines for α = 1.50 and α = 5, respectively;
d, e β-isolines for β = 0.54 and β = 2.80, respectively

equal to zero at βmax := α/2 leading, for a given radius of the grain, to the design of slender cells, i.e. cells
composed by an assembly of fibers with thinner sections; (iii) the two branches share the same minimum value
βmin := α2−1

2α
, for which η ≡ ηlim = 2

1+α2 (highlighted with a black dot in the figure), obtained by setting the

radicand in Eq. (23), i.e. the discriminant of Eq. (22), equal to zero, namely: 1 + 2αβ − α2 = 0, and solving
for β. Moreover, the trend of η± (β;α) is qualitatively unchanged in the two cases considered, even if when
α = 5, the greater aspect ratio allows greater heights of the beam and, therefore, the upper branch is more
extended respect to the one obtained for α = 1.50.

Analogous considerations can be made when observing the isolines η± (α; β) for fixed values of β. In
Fig. 7d, e two β-isolines of the surface are shown, namely for β = 0.54 and β = 2.80, respectively. In both
cases it is found that as α decreases: (i) η+ (α;β) increases until η+ (α;β) → 2 is reached at αmin := 0; (ii)
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Fig. 8 Plot of the elastic coefficients ci j = ci j (α, β): a c11 = c11 (α, β); b c22 = c22 (α, β); c ĉ33 = ĉ33 (α, β); d c12 = c12 (α, β)

η− (α;β) decreases until zero is attained at αmin = 2β; (iii) the two branches share the same maximum value
αmax := β + √

1 + β2, for which η ≡ ηlim = 1 − β√
1+β2

, highlighted with a black dot in the figure, obtained

again by setting the radicand in Eq. (23), i.e. the discriminant of Eq. (22), equal to zero and solving for α.
Again, the trend of η± (α;β) is qualitatively unchanged in the two considered cases, even if the greater is β,
the greater is the extension of the upper branch.

It is important to remark that, the above discussion about the two roots η± (α, β), which allows to highlight
the dependency of the thickness over radius coefficient η upon the parameters α and β, is very useful to design
the cell. Indeed, it serves as a guide for designing the interconnecting fibers between the two semi-grains of
the cell, thereby enabling the a priori determination of whether the cell is slender or thicker.

In order to analyze the dependence of the constitutive matrix upon parameters α and β, these are firstly
introduced in Eq. (27) of Appendix A, by keeping the simplifications made at the beginning of this section. In
this way, for a given grain’s radius R and thickness of the fibers tz , the constitutive matrix Eq. (18) is obtained
as function of the parameters, namely C± = C± (α, β), as:

C± (α, β) =

⎛

⎜⎜
⎜⎜
⎝

10αp2±
(
24βp2±+5p2±+40β3q2±

)

(1+β2)
3 p±s±

− 300αβ2 p2±q±
(1+β2)

3s±
0

10αp2±
(
20(1+6β)(1∓r±)+(17+40β)r2±

)

(1+β2)s±q± 0

SYM R2 αp2±
6(1+2β)(1+β2)(∓q±)

⎞

⎟⎟
⎟⎟
⎠

, (24)

where p± (α, β), q± (α, β), r± (α, β) and s± (α, β), are convenient definitions to compact the writing of the
constitutive matrix, provided in Appendix A, and in which the subscripts (±) refers to the first (Eq. (23a)) and
second solution (Eq. 23b) of Eq. (22), which have been used to express the thickness t in terms of α and β,
respectively. Accordingly, it is apparent that also the constitutive matrix C is splits into two matrices, C+ (α, β)
and C− (α, β), depending on each roots of Eq. (22), respectively.

In Fig. 8 the 3D plot of the elastic coefficients, ci j = ci j (α, β) is shown: in it, for the sake of representational
convenience, the coefficient ĉ33 := c33

R2 has been defined, that coincides with the bending coefficient c33 for
a unitary grain’s radius. In particular, as it is expected from the previous analysis, two-branches surfaces are
found for each ci j , corresponding to the the variation of the coefficients of the matrices C+ and C− in Eq.
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(24) as functions of the parameters α and β, respectively. The plots in Fig. 8 are shown in the following order:
c11 = c11 (α, β) in Fig. 8a, c22 = c22 (α, β) in Fig. 8b, ĉ33 = ĉ33 (α, β) in Fig. 8c and c12 = c12 (α, β) in
Fig. 8d. Furthermore, in Fig. 9 the α- and β-isolines of the 3D surfaces, which highlight the trend of the two-
branches elastic coefficients for the same fixed values of α and β selected above, i.e. α = 1.50, 5 (Fig. 9a, b)
and β = 0.54, 2.80 (Fig. 9c, d), are reported. The transition between one branch to the other (denoted with a
dot in the subfigures) occurs at β = βmin for the α-isolines in Fig. 9a, b and for α = αmax for the β-isolines
in Fig. 9c, d.

In particular, with reference to the isoline for the smaller aspect ratio, namely α = 1.50, depicted in
Fig. 9a, and in the zoomed region, close to βmin , at the top right box in the figure, as β increases from βmin ,
the coefficients of C+ modifies as follows: (i) the axial stiffness c11, although it is not evident within the
considered β-interval, manifests a non-trivial behavior since it increases up to a maximum (at β = 5.25) and
then, decreases very slowly; (ii) also the shear stiffness c22 manifests a non-trivial behavior since it increases
up to a maximum (at β = 0.65) and then, decreases rapidly; (iii) the bending stiffnesses ĉ33 monotonically
increase with β; (iv) ĉ33 < c22 in the considered β-interval, but for greater β-values, particularly at β = 8.10,
the trend reverses, namely ĉ33 > c22; (iv) the axial-shear coupling stiffness c12 exhibits an opposite behavior
with respect to the other elastic coefficients (note that upper and lower solutions are inverted for this coefficient),
decreasing up to a minimum (at β = 0.54) and then increasing; (v) all the coefficients ci j of the matrix C+
tend to a limit value reached at β → ∞, namely c∞

11 = 1, c∞
22 = 0.22, ĉ∞

33 = 0.33 and c∞
12 = 0, in which, in

particular, the coupling term tends to zero since, for sufficiently large β values, the vertical beam no longer
exists. Moreover, the constitutive coefficients of C−, for the same α-isoline, shows the following trend as β
increases from βmin: (i) the coefficients cii (i = 1, 2, 3) decrease, whereas the coupling term c12 increases
exhibiting, similarly to the constitutive coefficients of C+, an opposite behavior to that of the cii coefficients;
(ii) consistently with the behavior of η− (α;β) in Fig. 7, all the coefficients ci j of the matrix C− tend to zero
at β = βmax .

Then, by focusing on the isoline associated with the larger aspect ratio, i.e. α = 5, shown in Fig. 9b and in
the zoomed region, close to βmin , at the top right box in the figure, it can observed that, as β increases from βmin ,
a qualitatively similar behavior is observed with respect to the former isoline, albeit with some differences.
More specifically: (i) the coefficients c11, ĉ33 and c12 of C+ manifest a qualitatively similar behavior already
recognized for the former isoline while c22 does not, since it monotonically increase with β. In particular, the
axial stiffness increases up to β = 29.71 and then decreases, while the axial-shear coupling stiffness decreases
up to β = 4.77 and then increases; (ii) a slower growth with β is recognized for all the ci j , toward c∞

i j (i.e.
toward their values attained at β → ∞, which, in this case, are c∞

11 = 1, c∞
22 = 0.036, ĉ∞

33 = 0.33 and c∞
12 = 0);

(iii) the elastic coefficients evaluated with the matrix C− tend more rapidly to zero at β = βmax .
When reference is made to the isoline for the smaller fibers’ lengths ratio, namely β = 0.54, depicted in

Fig. 9c, and in the zoomed region, close to αmax , at the top right box in the figure, as α decreases from αmax ,
the coefficients of C+ behaves as follows: (i) cii (i = 1, 2, 3) monotonically increase and, in particular, it is
c22 > c11, when α > 0.91, while, for smaller values, the trend reverses, namely c22 < c11; (ii) ĉ33 < c22 in the
whole α-region; (iii) c12, as for the α-isoline, exhibits an opposite behavior respect to the elastic coefficients
cii in fact, it manifests a non-trivial behavior decreasing up to a minimum (at α = 1.59) and then increasing;
(iv) for α → 0, all the cii (i = 1, 2, 3) coefficients of the matrix C+ tend to infinity, namely c0

11 → ∞,
c0

22 → ∞, ĉ0
33 → ∞, while the coupling term tends to zero, c0

12 → 0, since, as mentioned for the previous
cases, for small α values the vertical beam, and accordingly the particular geometry that entails the coupling,
no longer exists. Moreover, the constitutive coefficients of C−, for the same β-isoline, shows the following
trend, as α decreases from αmax : (i) the coefficients ci j exhibit an analogous behavior to that of the constitutive
coefficients of C− for the α-isoline, i.e. the coefficients cii (i = 1, 2, 3) decrease, while c12 increases; (ii)
consistently with the behavior of η− (α;β) in Fig. 7, all the coefficients ci j of the matrix C− tend to zero at
α = αmin .

Finally, by focusing on the isoline associated with the fibers’ lengths ratio, i.e. β = 2.80, shown in Fig. 9d
and in the zoomed region, close to αmax , at the top right box in the figure, it can observed that, as α decreases
from αmax , a qualitatively similar behavior is observed with respect to the former isoline, notwithstanding
some differences arise. In particular: (i) the coefficients ci j of C+ manifest a qualitatively similar behavior
already recognized for the former isoline, with the axial-shear coupling stiffness that decreases up to α = 2.84
and then increases, but c22 < c11 in the whole α-region and, moreover, it is c22 < ĉ33 when α > 2.62 while,
for smaller values, the trend reverses, namely c22 > ĉ33; (ii) a slower growth with α decreasing is recognized
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Fig. 9 Isolines of the surfaces ci j = ci j (α, β) shown in Fig. 8: a, b α-isolines for α = 1.50 and α = 5, respectively; c, d
β-isolines for β = 0.54 and β = 2.80, respectively

for all the ci j , toward c0
i j (i.e. toward their values attained at 0, which are c0

11 → ∞, c0
22 → ∞, ĉ0

33 → ∞ and

c0
12 → 0 ); (iii) the elastic coefficients evaluated with the matrix C− tends more rapidly to zero at α = αmin .

In conclusion of this section, it is worth emphasizing that, through the analytical identification of the
constitutive matrix and the subsequent parametric analysis conducted here, it becomes possible to design the
cell to achieve a targeted set of elastic constants and their associated ratios. In this context, both the macroscopic
behavior of the homogenized equivalent beam and its chiral characteristics can be purposefully engineered.

5 Numerical results

Numerical results are referred to four grain beams, taken as case studies, made of Acrilonitrile Butadiene
Stirene (ABS), a thermoplastic polymer characterized by an elastic modulus E = 2180N/mm2, Poisson
coefficient ν = 0 and mass density ρ = 1040kg/m3, taken as case studies. The layout of the bodies that make
up the cell is shown in Fig. 1. The geometric dimensions of the case study are defined thanks to the qualitative
analysis of mechanical behavior illustrated in Sect. 4.

5.1 Definition of the case studies

Case studies are defined by choosing dimensions R, tz and parameters α, β. Then, since η± (α, β), the thickness
of the fibers t is determined. Case studies are referred to two value of α = 1.50 and α = 5 (Fig. 9), and labelled
as I and II, respectively; moreover, for each of them two values of β are chosen in such a way the fibers
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Table 1 Cell’s geometric dimensions

I-a I-b II-a II-b

�x [mm] 5.06 4.35 21.49 20.59
�y [mm] 9.36 8.89 8.56 7.35
�c [mm] 2.44 3.15 3.51 4.41
t [mm] 0.64 1.11 1.44 2.65
h [mm] 15 15 50 50
� [mm] 330 330 1100 1100

Fig. 10 Case study: a I; b II

Fig. 11 Analyzed static problem

can be considered, respectively, as: (i) thin fibers, and the relevant case study is denoted with label “-a” and
here referred to as “thin cell”; (ii) thick fibers and the relevant case study is denoted with label “-b” and here
referred to as “thick cell”. Accordingly, in the former case the fibers connecting the grains are sufficiently
slender elements, whose behavior can be described by Timoshenko beam’s theory, while, in the latter case,
they are more similar to plates.

In Fig. 7 are reported the plots of η± (β;α) for the aspect ratios α = 1.50, 5. For these cases, the lower
branches exist within the ranges 0.416 < β < 0.75 and 2.40 < β < 2.50, respectively. Conversely, the upper
branches share the same minimum value of the lower ones (β = 0.416 and β = 2.40) and then increase
monotonically, approaching the asymptotic limit η+ (β; α) → 2 as β → ∞. For case study I, the values of
η± are chosen from on the α-isoline α = 1.5, in the correspondence of lower branch; they are marked with a
dot in Fig. 7a. Furthermore, for the case study II, the values of η± are selected on the α-isoline α = 5, in the
correspondence of the upper branch; they are marked with a dot in Fig. 7b. Finally, the chosen values of β are:
(i) β = 0.54 and β = 0.49, denoted as case study I-a and I-b in Fig. 7a, (ii) β = 2.51 and β = 2.80, denoted
as case study II-a and II-b in Fig. 7b.
Once α and β are set, all the geometric dimensions of the cell, namely �x , �y , �c and h, are defined using Eqs
(19). These are reported in Table 1 and giving rise to the four cells sketched in Fig. 10, where R = 5 mm and
tz = 4 mm have been chosen.

A doubly-clamped beam at the ends A and B, whose microstructure is made by n = 22 cells, is considered
for the numerical analyses. No static loads are applied to the beam, i.e. px = py = c = 0, while boundary
displacement at the end B are assigned, as represented in Fig. 11, namely: ū B = −1 mm, v̄B = 1 mm,
θ̄B = 0 mm. The analytical solution for the static problem of the equivalent beam model, under such boundary
conditions, is reported in Appendix B (see, Eq. (31)).

Two FE models are build up to validate the homogenized beam model solution and compare numerical
(FE) and analytical (exact) solutions, namely: (i) in the first one, here referred to as “Fine Model (Cauchy)”,
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the grain beam is modeled as an assembly of bi-dimensional Cauchy continuum elements, i.e. plate elements;
(ii) in the second one, here referred to as “Fine Model (Beams)”, the grain beam is schematized as an assembly
of Timoshenko beams and rigid bodies. In the former model, the geometry of the grain beam is discretized
using a triangular mesh with a quadratic displacement field; in the latter, the geometry is discretized using
a fine mesh with a cubic displacement field and a quadratic rotation field. The vertical elements in the Fine
Model (Beams) located at xi = i h with i = 0, 1, . . . , n representing the (rigid) grains and the horizontal
elements representing the transition region of length �c (remember Fig. 3), are accounted for in the model as
rigid bodies. Moreover, as an order of magnitude of degrees of freedom for case study I-a, it is approximately
233·103 and 870 for Fine Model (Cauchy) and Fine Model (Beams), respectively.

5.2 Discussion about the elastic coefficients

The elastic coefficients for the case studies at hand are obtained through both the analytical (see 3.1) and
numerical (see 3.3) identification procedure of the mixed homogenization approach. They are reported in
Tables 2 and 3, where NC, NC-ng and AB stand for the constants evaluated with the numerical procedure
with grains (Numerical Cauchy), numerical procedure without grains (Numerical Cauchy - no grains) and
the analytical procedure (Analytical Beams), respectively. The percentage differences of the elastic constants
evaluated with different identification procedures, namely ε1, ε2 and ε3, are reported in the last three columns
of each subtable of Table 2 and 3. In particular, naming ci j , c

ng
i j and cai j the constitutive coefficients determined

with NC, NC-ng and AB, respectively, it is ε1 := 100
(
ci j − cngi j

)
/ci j , ε2 := 100

(
cngi j − cai j

)
/cngi j and

ε3 := 100
(
ci j − cai j

)
/ci j .

At first, results obtained from NC and NC-ng cells’ homogenization are discussed, related to the percentage
difference ε1. It is found that for all the case studies, the constitutive coefficients of NC-ng are always greater
than the one evaluated with NC. This is a quite expected result, as it is due to the different modeling of the
grain which is deformable in one case (NC) and considered rigid in the other (NC-ng). Therefore, regarding the
influence of the grain on the constitutive matrix, it is concluded that, when grain deformability is introduced
in the cell schematization, it induces a softening effect on the elastic coefficients.

Afterward, results obtained from the numerical and analytical homogenization procedures are analyzed.
First, constitutive coefficients relevant to NC-ng and AB models, related to percentage difference ε2, are
considered. In both the cases the grain is considered as a rigid body, and, as it is expected, the percentage
differences are quite low for the thinner cells (cases I-a and II-a), with the greater difference being around 6%,
while there is a slight increase for the thicker ones (cases I-b and II-b) up about to 11%. These percentage
differences are conjectured to be due to two geometric reasons: (i) the modeling choice of the length �c
which, determines the transition region between rigid and deformable behavior at grain-fiber intersection,
and (ii) the intersection (joint) between horizontal and vertical fibers which, for the thicker cells, possesses a
finite dimension, i.e., nonzero dimension, as opposed to the beam model approximation. More precisely, the
slender the beams, the thinner the intersections, the more the joint can be assimilated to the (dimensionless)
intersection between beams. It can be concluded that, for thinner cells, the first geometric reason is prevalent in
the percentage difference ε2, while, in the thicker ones, both the geometric reasons contribute in the difference
ε2.

Finally, results obtained from NC and AB cells’ homogenization are discussed, related to the percentage
difference ε3. This is the greater difference recognized for the different identification procedures, occurring for
all the case studies considered. The higher difference are due to the presence of a deformable grain in the NC
model, as well as to the two above-mentioned geometric reasons. However, analytical identification remains
sufficiently close to the NC one in the cases of thin cells, while, the percentage differences are greater for the
thicker ones. In what follows, the effect of these more pronounced differences will be discussed on the static
response of the beam.

5.3 Analysis of the displacement field

The static analysis of the grain beam, which leads to a comparison between the FE model (Beams), the FE model
(Cauchy) and the Equivalent beam model, is now discussed. For the latter model, the elastic constants evaluated
with the analytical procedure (AB constants) are considered. The comparison is made in terms of longitudinal
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Table 2 Elastic coefficients of the equivalent beam model for case studies I-a, I-b and different identification procedures

NC NC-ng AB ε1 ε2 ε3

I-a
c11 [N] 23.15 23.58 22.33 −1.84 5.30 3.56
c22 [N] 63.76 69.80 74.46 −9.47 −6.67 −16.77
c33

[
N × mm2

]
142.59 145.06 145.68 −1.73 −0.42 −2.16

c12 [N] −29.51 −31.08 −30.61 −5.34 1.54 −3.72
I-b
c11 [N] 146.41 152.62 135.07 −4.24 11.50 7.74
c22 [N] 405.60 490.62 542.71 −20.96 −10.62 −33.80
c33

[
N × mm2

]
819.09 848.85 855.15 −3.63 −0.74 −4.40

c12 [N] −185.61 −207.59 −195.80 −11.84 5.68 −5.48

Table 3 Elastic coefficients of the equivalent beam model for case studies II-a, II-b and different identification procedures

NC NC-ng AB ε1 ε2 ε3

II-a
c11 [N] 427 435.66 412.20 −2.03 5.39 3.47
c22 [N] 49.35 52.38 52.86 −6.14 −0.89 −7.09
c33

[
N × mm2

]
2059.7 2093.3 2094.51 −1.63 −0.06 −1.69

c12 [N] −122 −127.02 −122.81 −4.11 3.32 −0.66
II-b
c11 [N] 3414 3600.90 3193.58 −5.47 11.31 6.46
c22 [N] 296.51 338.59 338.94 −14.19 −0.10 −14.31
c33

[
N × mm2

]
13430 13908 13886.40 −3.56 0.16 −3.40

c12 [N] −834.10 −918.14 −846.40 −10.08 7.81 −1.47

displacement u (x), transversal displacement v (x), and rotation θ (x). In the following plots, the displacement
and abscissa unit is mm, while the rotation unit is mrad. The analysis aims to check the effectiveness of the
Timoshenko equivalent beam model, grounded on analytical identification of the constitutive coefficients, in
reproducing the static behavior of the grain beam.

For case studies I-a and I-b, a very good agreement between the Equivalent beam model (AB constants)
and FE model (Beams) is shown in Fig. 12. There is a slight deviation between the FE model (Beams) and
FE model (Cauchy), which is more evident for case study I-b. This is due to the modeling of the horizontal
fibers as beams that, as discussed above, for the case study I-b, is a strong approximation. The percentage
difference, in terms of displacements, between the Equivalent beam model and the discrete FE Model (Cauchy),
at the abscissa in which minimum and maximum vertical displacement v (x) is achieved, i.e. at x = h, 21h
respectively, is -22% and less than -1% for case study I-a, -49% and less than -1% for case study I-b. The
percentage error for the rotation θ (x) evaluated at the mid-span x = 11h is about -4% and -8% for case study
I-a and I-b, respectively. The very good agreement between the Equivalent beam model and FE models is also
shown in Fig. 13 where the deformed shape of the grain beam in the case study I-a, is reported. It is important
to remark that, the percentage difference determined for v (h) appears to be quite high, even if it is practically
not noticeable in Fig. 12; this is due to the fact that the difference arises in the presence of very small vertical
displacements (of the order of -0.01mm) rendering the effect negligible. Therefore, a good agreement between
the FE model (Cauchy) and the Equivalent beam model is confirmed.

However, it should be remarked that, the high percentage difference, even if is due to numerical approxi-
mation of the percentage differences, is also related to the modeling choices of the cell, and, in particular, to
the choice of the transition length �c (see, Sect. 3.1). Indeed, it is evident that reducing �c in the AB model
would result in a larger �x , thereby producing more slender horizontal fibers. This, in turn, brings the analytical
elastic coefficients closer to those of the NC model. More specifically, if one defines �c as the distance between
the vertical diameter of the grain and the intersection of the horizontal fiber’s axis line with the grain’s circum-
ference, it reduces the percentage difference in displacements between the Equivalent Beam model (using AB
constants) and the FE model (Cauchy). However, such a choice would result in the AB model becoming further
detached from the NC-ng model, as due to an overestimation of the length of the horizontal beams. Indeed,
the choice of �c was carefully made to ensure that the AB model remained as consistent as possible with the
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Fig. 12 Static response of the Equivalent beam model (AB constants) vs. the discrete FE models (Beams) and (Cauchy) in terms
of longitudinal and transversal displacements and rotation of the cross-section for: a case study I-a; b case study I-b

Fig. 13 Comparison between the deformed shapes of the Equivalent beam model (AB constants) and the FE models (Beams)
and (Cauchy) for the case study I-a

fine model under the same assumptions, thereby aligning it with the NC-ng model, based on the relevant rigid
body assumption for the grains.

It is worth to notice that, the difference between the Equivalent beam model (AB constants) and the FE
model (Cauchy), also arises from the choice to use the elastic constants identified with the analytical procedure.
In particular, if a more precise solution is desired, the elastic constants evaluated by the NC procedure need
to be used (see Fig. 14). In this way, the order of magnitude of the error, in terms of displacements, between
Equivalent beam model (with NC constitutive coefficients) and the FE model (Cauchy) at x = h, 21h for the
vertical displacement v (x) reveals to be -2% and less than -1% for case study I-a, and −1.5% and less than
-1% for case study I-b. The percentage error for the rotation θ (x) evaluated at x = 11h is less than -1% for
both the case studies.

Figure 15 shows the comparison for case studies II-a and II-b, between the static response of Equivalent
beam model (AB constants) and FE models (Beams and Cauchy). Results are qualitatively the same as the
ones already discussed for cases I-a and I-b, confirming the very good agreement in terms of displacement
field which can be obtained with the Equivalent beam model. The percentage difference between the coarse
model and the discrete FE Model (Cauchy) evaluated at the abscissa which minimum and maximum vertical
displacement v (x) are achieved, i.e. in x = 3h, 19h respectively, is -10% and -2% for case study II-a, -18%
and -3% for case study II-b. The percentage error for the rotation θ (x) evaluated at mid-span x = 11h is
about -5% and -10% for case study II-a and II-b, respectively. As in the previous cases, when NC constitutive
coefficients are adopted in the Equivalent beam model, the percentage error in terms of vertical displacement
v (x), in x = 3h, 19h, and rotation θ (x), in x = 11h, between the coarse model and the discrete FE Model
(Cauchy) is significantly reduced; in fact the error remains consistently below -2% for both case studies II-a
and II-b.
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Fig. 14 Static response of the Equivalent beam model (NC constants) vs. the discrete FE models (Beams) and (Cauchy) in terms
of longitudinal and transversal displacements and rotation of the cross-section for: a case study I-a; b case study I-b

Fig. 15 Static response of the Equivalent beam model (AB constants) vs. the discrete FE models (Beams) and (Cauchy) in terms
of longitudinal and transversal displacements and rotation of the cross-section for: a case study II-a; b case study II-b

Finally, to emphasize the chirality, a Timoshenko beam with the diagonal constitutive matrix, is studied.
The constitutive matrix is evaluated by considering an equivalent cross-section, such as to obtain the same
constitutive matrix used for the grain beam, but without the off-diagonal term.

A clamped beam in A and B, with displacement at the end B and no static loads applied, is considered.
Therefore, the same scheme depicted in Fig. 11 is studied but, ū = 1 mm, v̄ = 0 mm and θ̄ = 0. The exact
solution for the static problem is discussed in Appendix B for the grain beam, i.e. with c12�=0; in this case, it
will be enough to impose c12 = 0. The numerical solution is obtained from the FE model (Beams), in which
the grain beam is modeled as an assembly of Timoshenko beams. In the Fine Model (Beams) the geometry
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Fig. 16 Static response of the Timoshenko beam model vs. the discrete FE model (Beams) in terms of longitudinal and transversal
displacements and rotation of the cross-section for the case study I-a

is again discretized using a fine mesh with a cubic displacement field and a quadratic rotation field. From
the comparison between the analytical and numerical solution shown in Fig. 16, the property of chirality is
highlighted in fact, when applying a pure extensional mode, the Timoshenko beam model only extends while
the grain beam shows the coupling between extensional and shear deformation modes.

6 Conclusions and perspectives

In the present paper, a Timoshenko-like equivalent beam model has been formulated to analyze the static
behavior of grain beams. The constitutive law has been determined via a homogenization procedure, based
on the energy equivalence between the cell of the periodic grain beam and a segment of the equivalent beam,
under the same point-wise displacement fields. The elastic constants have been determined with both analytical
and numerical identification procedures and the influence of the deformability of the grain on the constitutive
matrix has been detected. A qualitative analysis, grounded on the analytical identification procedure, has been
able to reveal the dependence of elastic coefficients upon proper defined nondimensional parameters, as the
cell aspect ratio and the slenderness of horizontal and vertical fibers. This is believed to be an important result
in terms of designing the microstructure of grain beams in order to achieve a targeted macroscopic response.
The chirality of the grain metamaterial has been also highlighted by comparing the analytical and numerical
static responses of a grain beam vs that of a classical Timoshenko beam.

The effectiveness and limits of applicability of the Timoshenko-like equivalent beam model have been
discussed by numerical analyses, carried out on some grain beams, taken as case studies.

The following conclusions are drawn.

1. The equivalent beam model is effective in describing the static behavior of grain beams.
2. A good agreement between the elastic coefficients obtained through both the analytical and numerical

identification procedure is detected, particularly in the cases of thin cells;
3. A good agreement is also detected by comparing the displacement fields obtained by static analysis of the

Equivalent beam model (AB) and of the FE models (Beams) and (Cauchy).
4. Numerical identification (NC) of the constitutive matrix of the Equivalent beam Model furnishes an excel-

lent agreement in terms of static response in both the cases of thin and thick cells.

It is important to remark that both the analyzed FE models and the proposed equivalent beam model are based
on the assumption of linear kinematics and linear elasticity. A nonlinear analysis could highlight differences
related to geometric and constitutive nonlinearities, which are absent in the developed model and would require
further investigation.

The main perspective of this work is to validate the obtained results through experimental investigations
thanks to Digital Image Correlation (DIC). To this end, uniaxial tests will be performed on samples fabricated
with 3D printing technology. Future research will also explore the dynamic behavior of such grain beams.
Furthermore, it will be also of interest to analyze the effects of prestress/buckling, as well as the effects of
geometric and constitutive nonlinearities and to build up structures through the assembly of chiral objects, so
that particular macroscopic behaviors can be achieved.
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A Analytical expression of the constitutive matrices

The analytical expression of the coefficients of the constitutive matrix in the case tx �= ty is first reported. They
reads:

c11 = 12E Ax E Ix E Iyh
[
(4 + μx ) E Ay�

3
x + 6E Ix�y

]

d
,

c22 =
6E AyE Ixh

[(
1 + μy

)
E Ax E Ix�3

y + 6E Ax E Iy�x�2
y + 24E Ix E Iy�x

]

d
,

c33 = E Ix E Iyh

E Ix�y + 2E Iy�x
,

c12 = −36E Ax E AyE Ix E Iyh�2
x�y

d
,

(25)

where:

d := E Ay�
3
x

{
E Ix (4 + μx )

[(
1 + μy

)
E Ax�

3
y + 24E Iy�x

]
+ 6 (1 + μx ) E Ax E Iy�x�

2
y

}

+ 6E Ix�y
[(

1 + μy
)
E Ax E Ix�

3
y + 6E Ax E Iy�x�

2
y + 24E Ix E Iy�x

]
,

(26)

and μν := 12E Iν/GA∗
ν�

2
ν (ν = x, y) is the non-dimensional stiffness ratio.

When tx = ty , it is Ax = Ay =: A, A∗
x = A∗

y =: A∗, Ix = Iy =: I , and, therefore, μν = 12E I/GA∗�2
ν

(ν = x, y). As a consequence, the constitutive coefficients read:

c11 = 12E A E Ih
[
(4 + μx ) E A�3

x + 6E I�y
]

d
,

c22 =
6E A E Ih

[
E A�2

y

(
6�x + μy�y + �y

) + 24E I�x
]

d
,

c33 = E Ih

2�x + �y
,

c12 = −36E A2E Ih�2
x�y

d
,

(27)
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where:

d := E A2�3
x�

2
y

[
6�x (1 + μx ) + (4 + μx )

(
1 + μy

)
�y

] + 144E I 2�x�y

+ 6E A E I
[
4�4

x (4 + μx ) + 6�x�
3
y + (

1 + μy
)
�4
y

]
.

(28)

The analytical expression of the constitutive matrix, in terms of the parameter α and β, can be easily found
by substituting the geometric relationships listed in Sect. 4. Therefore, by defining:

p± (α, β) := ± (
1 + 2β2 − βα

) +
√

2αβ − α2 + 1,

q± (α, β) := ± (−1 − αβ) +
√

2αβ − α2 + 1,

r± (α, β) := p±
1 + β2 ,

s± (α, β) := ∓1600β3 (3β + 2) + 3200β3r± (3β + 2) ∓ 20r2±
(
440β4 + 336β3 + 144β2 + 54β + 5

)

+ 20r3±
(
200β4 + 176β3 + 144β2 + 54β + 5

) ∓ r4±
(
700β4 + 680β3 + 960β2 + 608β + 85

)
,

(29)

the constitutive matrices of Eq. (24) are obtained.

B Analytical solution of the elastic problem

The analytical (exact) solution for the (elasto-static) boundary value problem (9) is here recalled. When Eq.
(9) is specialized for the grain beam, i.e. a beam whose constitutive equation is Eq. (18), in extended form, it
reads:

c11u
′′ + c12

(
v′′ − θ ′) + px = 0,

c12u
′′ + c22

(
v′′ − θ ′) + py = 0,

c33θ
′′ + c12u

′ + c22
(
v′ − θ

) + c = 0.

(30)

The solution of this latter is the sum of the general solution of the homogeneous counterpart of Eq. (30) and
the particular solution of the non-homogeneous Eq. (30). The general solution depends on arbitrary constants
Ci (i = 1, ..., 6), determined once the boundary conditions are enforced, namely Eqs. (9)-b and (9)-c. The
particular solution is easily evaluated once the loads are specified. In particular, for the case at hand it is p = 0
and ūB = (ū, v̄, 0)T , so that the solution of the elasto-static problem (30) is found to be:

u (x) = ū
x

�
,

v (x) = x [−c12 ū (� − 2x) (� − x) + c22 v̄ x (3� − 2x) + 12c33 v̄]

�
(
c22 �2 + 12c33

) ,

θ (x) = 6x (� − x) (c12 ū + c22 v̄)

�
(
c22 �2 + 12c33

) .

(31)
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