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Abstract

Motivated by applications to fluid dynamics, we study rough differential equations (RDEs) and rough
partial differential equations (RPDEs) with non-Lipschitz drifts. We prove well-posedness and existence of
a flow for RDEs with Osgood drifts, as well as well-posedness of weak L”-valued solutions to linear rough
continuity and transport equations on R? under DiPerna-Lions regularity conditions; a combination of the
two then yields flow representation formulas for linear RPDEs. We apply these results to obtain existence,
uniqueness and continuous dependence for L' N L% -valued solutions to a general class of nonlinear con-
tinuity equations. In particular, our framework covers the 2D Euler equations in vorticity form with rough
transport noise, providing a rough analogue of Yudovich’s theorem. As a consequence, we construct an
associated continuous random dynamical system, when the driving noise is a fractional Brownian motion
with Hurst parameter H € (1/3, 1). We further prove weak existence of solutions for initial vorticities in
LINLP, for any p € [1, 00).
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1. Introduction

Over the last thirty years, several authors have advocated for the use of stochastic fluid dy-
namics equations with transport-type noise, in order to account for the turbulent small scales of
realistic fluids, see for instance [6,7,79,77,65,27]. The starting point of the theoretical derivation
in most of these works is to prescribe an evolution for the Lagrangian particles composing the
fluid, formally of the form

m
Je=w(Gn)+ Y &ONZf,  yo=xeR% (1)
k=1

Here u is the coarse-grained macroscopic velocity field of the fluid, while the random terms
zk represent the unresolved, turbulent small scales fluctuations around it. Starting from this La-
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grangian description one can then move to an Eulerian one, by means of the (stochastic) material
derivative. For instance, the evolution of a density p carried along the fluid flow (1), by the
conservation of mass principle, is (formally) given by the stochastic continuity equation

dipi+ V- (wip)+ Y V- (&Zf)=0. 0]
k=1

One can similarly derive more complex nonlinear equations for the fluid flow u itself, resulting
in stochastic Euler and Navier—Stokes-type systems.

Separation of scales and homogenization arguments suggest to take the fluctuations Gaussian
in nature. Due to mathematical convenience, most authors (cf. [6,79,77]) then assume Z* to
be Brownian, in order to have access to Itd calculus and consequently solve (1)-(2). However, in
terms of modeling turbulent fluids, it is important to allow for non-Markovian noise with memory
dependence, see for instance [74,53,52].

Rough path theory, introduced by Terry Lyons in [75], allows to overcome this obstacle, pro-
viding a comprehensive solution theory for differential equations of the form (1) whenever Z
is not differentiable in time, but can be lifted to a rough path. As a consequence, it allows
for a large class of non-Markovian signals, like fractional Brownian motion of Hurst parameter
H € (1/4, 1). However, the implementation of this theory typically requires generous regularity
assumptions on u and &, which can be become challenging to verify when u is itself a solution
to a nonlinear equation.

The seminal paper [65] by Holm provides a systematic way of deriving stochastic fluid
dynamics equations from geometric constraints, by enforcing the validity of an underlying vari-
ational principle; at the Eulerian level, the resulting noise is usually of Lie transport type. As
a consequence, the geometrical structure of geophysical fluids can become as a guiding prin-
ciple for designing robust stochastic parametrization schemes and has relevant applications in
uncertainty quantification, data assimilation and filtering (see e.g. [19,20]).

Recently, the framework from [65] has been combined with rough path theory in [32], where
the authors allow the noise Z to be any geometric rough path. The resulting incompressible Euler
equations with rough Lie transport take the form

u+u-Vu +y ey (Ek - Vuy + (ka)Tut) Zf +Vp, =0, 3)
V.u,=0.

On the d-dimensional torus T¢, the mathematical solvability of (3) is studied in [31], proving lo-

cal well-posedness of maximal solutions in W2 forn > L%J + 2, as well as a Beale-Kato-Majda

blow-up criterion in terms of the L}ijo-norm of the vorticity; the results hold for sufficiently

regular, divergence-free &. In dimension d = 2, the equation for the vorticity @ := V= - u reads

as

m
dw; + uy - Vo, +ng Vo, ZF =0, 4)
k=1

where the velocity u can be recovered from w by the Biot-Savart law u = K * w; the active scalar
transport nature of (4) then allows to deduce preservation of the L$°-norm of w. Combined with
the aforementioned blow-up criterion, this ultimately allows the authors in [31] to deduce global
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well-posedness for the rough 2D Euler equations (3) for velocities u in W32, However, the
associated norms ||u; || y3,2 are expected to grow double-exponentially in time, thus making them
untractable for large times.

On the other hand, in light of the structure (4) and the classical results by Yudovich [91,92] in
the deterministic case, it is reasonable to expect (4) to be wellposed as soon as (for instance) wg €
L1 N L%, without the need for any further Sobolev regularity. Moreover, ||w;|| ;147 is expected
to be bounded by ||woll; 1~ at all times, and the solution map wo — w; to be continuous in
rather weak topologies. e

The goal of the present paper is to address the current gaps in the existing literature con-
cerning the solvability of (1)-(2)-(4), in the presence of rough path noise Z, in order to provide
a robust theoretical framework to support the aforementioned applications. In short, our main
contributions the following:

e Wellposedness of the RDE (1) and existence of an underlying continuous flow, in any di-
mension d > 1, whenever u satisfies an Osgood regularity condition, but is not necessarily
Lipschitz.

e Solvability of rough transport and continuity equations of the form (2), in any dimension
d > 2, whenever u satisfies DiPerna—Lions regularity conditions [40].

e Solvability the rough 2D Euler equations in the class of vorticities w € L }C N LS, as part of a
more general class of nonlinear rough continuity equations (see (8) below), and construction
of an underlying random dynamical system.

Along the way we establish a number of useful properties for such systems, like: moduli of
continuity of the flow for (1); duality relations for solutions to (2) and those of the associated
transport equations, which in turn are renormalized; the conservation of Casimir invariants for
2D Euler, cf. (10), and in particular of the enstrophy (for p =2).

Let us finally remark that throughout this paper we take the underlying state space to be the
(technically slightly more challenging) full space R?, rather than the torus T¢ as in previous
works. We believe this choice to be important in order to pave the way for future generalizations
to arbitrary smooth domains, by using extension theorems and flow representation methods; it is
clear however that, mutatis mutandis, our results readily readapt to the torus T¢ as well.

1.1. Main results and discussion

The first main goal of the present work is to prove well-posedness of rough differential equa-
tions and construct the corresponding flow of homeomorphisms, when the drift term enjoys
Osgood-type regularity. In the following, in order to specify what we mean by the (1) when Z¥
are not differentiable, we will assume that Z admits a rough lift Z = (Z, Z) of finite p-variation
for some p € [2,3), Z € CP for short, so that we can apply rough path theory (cf. Section 3).
Within this framework, (1) admits a rigorous interpretation as the rough differential equation
(RDE) (5) below.

Our main result for RDEs can be summarized as follows:

Theorem 1.1. Assume that Z lifts to a rough path Z. € C? for p € [2,3), & € C,f and b is a
bounded Osgood vector field. Then the rough differential equation

4
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m
dyr =b(y)dt + Y &()dZf, yo=xeR? (5)
k=1

is well-posed and induces a flow (t, x) — ®;(x) of homeomorphisms on R4, which satisfies

sup [P (x) — @;(X)| < F(lx —x])
1€[0.T]

for some modulus of continuity F. The same estimate holds with ® replaced by its inverse ®~1.

See Theorem 3.9 in Section 3.2 for the more precise version of the above statement, with an
explicit formula for F', which is defined in terms of the Osgood modulus of continuity of b. At
a technical level, Theorem 1.1 is non-trivial as it truly requires to work with finite p-variation
spaces, and the same proof would not work when manipulating simpler Holder spaces C? (with
y ~ 1/p) as often done in rough paths [46]. This is because, in order to establish uniqueness and
regularity of the flow leveraging on the regularity of b, one needs to close estimates for quantities
of the form

ﬂ f b (y))dr — f bt(y,%drﬂ
0 0 E

for a suitable choice of the seminorm and function space E. Contrary to Holder functions, spaces
of finite p-variation are very convenient for this task, as the 1-variation of Lebesgue integrals can
be controlled by the L!-norm of its integrand. Let us also point out that Theorem 3.9 holds for
any rough path Z, not necessarily geometric; in particular, existence and regularity of the inverse
flow ®~! requires the use of time reversal arguments. However a general statement about time-
reversed RDEs, for non geometric p-variation rough paths, seems to be missing in the literature;
we fill here this gap, cf. Definition 3.5 and Lemma 3.7 from Section 3.2.

Next, we pass to consider the linear rough partial differential equations (RPDEs) on R¢ asso-
ciated to the RDE (5), namely the rough continuity equation

m
do + V- (bep)dt + )V - (rp)dZf =0 (©)
k=1

and rough transport equation

m
dfy+b - Vfdt+Y &V fidZf =0. (7)
k=1

Equations (6)-(7) again can be made meaningful by a rough path formalism; in particular,
here we adopt the unbounded rough drivers framework from [12]. To this end, from now on we
will always assume Z to be a geometric rough path of finite p-variation, which we abbreviate by
ZeCy.

In view of applications to nonlinear PDEs, where the drift depends nontrivially on the solu-
tion itself, it is often unreasonable to impose too strong regularity assumptions on b; moreover,
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as long as the vector fields & are taken smooth enough, it is reasonable to expect the equations
(6)-(7) to be well-posed under the same conditions on b allowed by the deterministic literature.
We prove that this is indeed the case, and in particular we successfully develop a wellposedness
theory for L”-valued solutions, as long as b satisfies the same regularity assumptions as in the
celebrated DiPerna—Lions theory [40], filling a noticeable gap in the existing RPDE literature.
The main analytical challenge with such low-regularity solutions is that the RPDE is only satis-
fied in the sense of distributions (in space); thus, special care is needed whenever using energy
estimates, duality or doubling of variables arguments. On top of that, one must handle low time
regularity coming from Z. Nevertheless, a careful combination of the techniques from [40] and
[12] allows to successfully solve (6)-(7), under rather minimal requirements on (b, £). That is,
the joint regularity condition we impose on (b, &) coincides with the known ones for each term
taken separately, coming respectively from deterministic and rough PDEs.

Compared the standard deterministic theory from [40], our strategy for solving linear RPDEs
adds a little twist by mostly focusing on (6) rather than (7). Uniqueness is achieved by estab-
lishing a product formula, see below, which gives access to duality arguments and weak-strong
stability results. Renormalizability of transport equations then becomes a mere corollary of the
latter, and does not play anymore a pivotal role as it did in [40].

Our main result for linear RPDEs is summarized below; we refer the reader to Section 2.2 for
the relevant function spaces and notations.

Theorem 1.2. Let p € [2, 3) and assume that Z lifts to a geometric rough path Z € Cg s let

T |eL,1L)1C+Lt1L§°, beLlwl!, Vv.beLlL® gecC}, Vv.g=o.
X

Then for any po € L)lc NLY (resp. fo € L)lc N L), there exists a unique solution to (6) (resp. (7))
belonging to B([0, T1; L N L®); furthermore, p, f € C([0, T1; LY) for all p €[1, c0).
Moreover, the following hold:

i) Product formula: the product pf is again a solution to (6);

ii) Duality: for every t € [0, T1, {p:, f;) = {00, fo)s
iii) Renormalizability: for every g € C é, B(f) is again a solution to (7).

Theorem 1.2 will be proved in Section 4.4. Let us stress that Section 4 overall contains many
other useful results, like for instance conservation of mass (Lemma 4.18), stability in both weak
and strong topologies (Corollaries 4.32 and 4.35) and criteria for strong compactness (Corol-
lary 4.37). The result remain true whenever e.g. pg € L? for some p €[1,00], as long as b
possesses the correct “complementary integrability”, cf. Theorem 4.29.

In the case when V - b = 0, renormalizability of solutions to (7) implies || f;||r = || follL» for
allt € [0,T] and p €[1, 00), see eq. (117) from Theorem 4.38 for a more precise statement. In
particular, for p = 2, this likely excludes the possibility of anomalous dissipation of energy in
the vanishing viscosity limit.

When b satisfies the Osgood regularity assumption, we can further show that solutions to the
continuity and transport equations (6)-(7) admit classical flow representations; see Theorem 4.38
in Section 4.4 for a more precise version of the next statement. Here, given a measure u on RY,
(®;)¢ 1 denotes its pushforward under the continuous map ®;.

6
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Theorem 1.3. Under the assumptions of Theorem 1.2, suppose in addition that b is an Osgood
vector field. Then the flow ® associated to the RDE (5) from Theorem 1.1 is quasi-incompressible,
in the sense that for any t > 0 and any Borel set A C R? it holds

t t
exp (- / IV byllods ) 29 (4) < 2@, (A)) <exp (+ / IV byllieds ) £ (A)
0 0

where % denotes the Lebesgue measure on R a similar statement holds with ®, replaced by
o
Moreover in this case the unique solution p to (0) is given by

Pr = (q)t)upo

and the unique solution f to (7) is given by

fi=food .

Armed with the above results, we are then able to deduce well-posedness in L! N LS and
flow-representation for a class of non-linear rough PDEs of the form

dor + V- (K % p)p)dt + )V - (Gep)dZi =0 ®)
k=1

for suitable convolutional kernels K.

Theorem 1.4. Let & € Cg’ with V - & = 0 and assume that Z lifts to a geometric rough path
YAS Cg for some p € [2,3). Further assume that the convolution kernel K satisfies the following:

i KeLl+L® V. KeL®.
ii. VK is a Fourier multiplier of 0-homogeneity: denoting by VK the Fourier transform of VK,
it holds VK € C* (]Rd \ {0}) and there exists C > 0 such that

- d
IDOVE@)| < Clnl™  VneR?\ {0}, “E{O""%”EJ}'

Then for every initial condition pgy € L)]C N LS there exists a unique solution p to (8) in the class
By ([0, TT; L)lc N LS°). Moreover, p is of the form p; = ($1)gpo, where ® is the flow associated
to the RDE (5) with by = K * p;.

In fact, the results from Section 5 allow a more general class of (time-dependent) kernels K,
see the (slightly more technical) Assumptions 5.1-5.2-5.3 therein; in particular, Theorem 1.4 is a
consequence of Proposition 5.8 and Theorem 5.9 from Section 5.2. To the best of our knowledge,
even in the deterministic case £ = 0, at this level of generality our result on well-posedness for
(8) appears to be new; the only work sufficiently close to it we are aware of (imposing stronger
assumptions on the kernel K) is [68].
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The most important example of nonlinear rough continuity equations of the form (8) we can
cover are the 2D rough Euler equations in vorticity form:

doy +us - Vo dt + 37, & - Vo, dZF = 0,
V~u,=0, Vl-utza),.

(€]

In this case, the velocity field u can be reconstructed from w by the Biot—Savart law:

ZJ_

u; =K xw;, where K(z)=-——.
2m|z|?

Theorem 1.4 then recovers the celebrated wellposedness result due to Yudovich [91,92] and
extends it to the rough setting. In particular, the stability estimates we obtain in this case are
strong enough to construct a random dynamical system underlying the dynamics induces by
random Z. In the next statement, we allow for an infinite time horizon t € R>( = [0, 4+00).

Theorem 1.5. Let p € [2,3), Z € cr Ee Cg with V - &, = 0. Then for any wg € L}C N L, there
exists a unique global solution w € By (R >0; L}C N L) to (131), which moreover belongs to
C(R>o; LYY N Cyp—y (R>0; LY) for any p € [1, 00). The solution is renormalized and of the
form

W (x) = wo(®; ! (x))

where ® is the flow generated by the RDE (5) for by = K * w;, K being the Biot-Savart kernel.
Moreover, we have

lorllp = lwollp. V120,V pell, ool. (10)

Let {a)g tn be a bounded sequence in L )15 N LSS, resp. wg € L}C N LS, and denote by o", resp. o,
the associated solutions to (131). Let p € (1, 00), then:

i) if wy — wo weakly in LY, then o converge to w in Cy, ([0, T1; LY) N Cy_4 ([0, T1; L) for
allg e (1,00) and T € (0, +00);

ii) ifwg — wq strongly in LY then " — w in C(0,T]; L) forall g € (1,00) and T €
(0, +00).

Let R € (0, +00) and define
- 1 o0 .
Xg = {wo eL, NL>: ”wO”L}ngO < R}.

Suppose now that Z is a random geometric p-rough path cocycle. Then the associated RPDE
(131) generates a continuous random dynamical system on X, when it is endowed with either
the strong topology T°""8 induced on Xg by the LY -norm, or the weak topology t"*** induced
by weak convergence in LY.
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Theorem 1.5 comes from a combination of the more general Theorems 5.10, 5.11 and 5.15
from Section 5.3. The stability results in points i) and ii) above are on par with the deterministic
literature, cf. [82]. Let us point out that, with the aforementioned topologies, (Xg, T579"8) is a
separable metric space, while (Xg, T¢?%) is a compact metric space. In particular, Theorem 1.5
applies when the driving signal Z is (the geometric rough enhancement of) a fractional Brownian
motion of Hurst parameter H € (1/3, 1). In the Brownian case H = 1/2, the geometric require-
ment amounts to working with Stratonovich noise, and our result is comparable to previous ones
like [11].

Finally, in the case of unbounded initial vorticity wg and less regular &, we are still obtain
a weak existence result for (9), in the style of those from DiPerna—Majda [4 1], Delort [36] and
Schochet [89]. This last statement follows from Propositions 5.19 and 5.20 from Section 5.4.

Theorem 1.6. Let p € [2,3), Z € CP, £ € Cg with V - & = 0. Then for any p € [1, 00) and any
wo € L)]C NLE there exists a global weak solution w to (9) satisfying

sup [l |l ¢ < lwoll g Vg €[1, pl.

>0

If moreover p € [2, 00), then w € C(Rx; L}C N LYY and it is renormalized, in the sense that for
any B € C}, v = B(w) is a weak solution to

m
dU[ +(K*(,l)t) 'VU; +Z%—k . VU[de =0.
k=1

Thanks to their renormalizability, for p > 2, the solutions constructed in Theorem 1.6 still
satisfy (10), similarly to the ones from Theorem 1.5. In both cases in particular the enstrophy
lwsll 72 is constant over time. This hints to the possibility of an inverse cascade and a coarse-
graining effect in the long-time limit, similarly to the deterministic case, even though the energy
is no longer exactly preserved; we leave this question for future research.

In this paper we always work on the full space R?. This implies a few technical difficulties,
related to compact embeddings not being naively available anymore, and the need in applications
to work with coefficients b only satisfying local regularity and/or growth conditions. Moreover,
natural distributional concepts of solutions are only local in nature, based on testing against C2°,
which lacks either a Banach or Fréchet structure; therefore at the level of unbounded rough
drivers, rather than working with a fixed scale of Banach spaces, we need to consider a family
(F1,r)1.r of them, indexed by the radius R € (0, 4-00) related to the support of functions; see
Section 4.1 for the details.

It is clear however that all aforementioned results transfer to the (simpler) case of RPDEs on
the torus T, with periodic boundary conditions; in this case, both local regularity and growth
conditions can be replaced by simpler global requirements.

1.2. Relations to the existing literature
Stochastic partial differential equations (SPDEs) with Brownian transport-type noise have

been advocated in the context of fluid dynamics in many works, see [6,7,79,77,65] and the ref-
erences therein. The separation of scales ideas adopted by these authors are older and date back
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at least to the pioneering work of Hasselmann [59] in stochastic climate modeling; Hasselman-
n’s paradigm has become a standard in modern applications, see the review [52]. For a recent
revisitation of Hasselmann’s ideas in the framework of [65], see [30]. For regular coefficients, a
large class of first and second order SPDEs are treated in the monograph [70]. Among the theo-
retical reasons for transport noise, besides modeling ones like the Wong—Zakai principle, let us
mention the fascinating possibility of regularization by noise phenomena, as first noticed in [45].
Stochastic fluid dynamics is currently a very active field of research and we do not aim here at
describing it in its entirety; we refer to the monographs [50,49,29] for an overview.

Yudovich’s theorem [91,92] remains to this day among the sharpest well-posedness results
for 2D Euler, also in view of the recent counterexamples [1,4,8]. It has received numerous
revisitations over the years, see for instance [71,34,82]. In the SPDE case with Stratonovich
Brownian noise, with domain T2, an analogous result was first established in [11]. Therein,
leveraging on the power of Itd calculus, the authors only need to require the coefficients & to be
Lipschitz continuous, with suitable summability; they however impose the additional condition
Zk & ® & = clb, where I is the 2 x 2 identity matrix. To the best of our knowledge, even in
the Brownian case, our result is the first to treat the full space case R?; although we need the
higher regularity & e CZ, coming from the applicability of rough path theory, we do not need to
impose any further condition on the resulting covariance of the noise.

Born with the seminal work of Terry Lyons [75], rough paths have now grown into a mature
theory; we refer to the monographs [72,55,46] for a comprehensive overview.

RDE:s (5) are well-known to be solvable when & are regular enough (typically & € C}; with
y ~p) and the drift b is bounded and globally Lipschitz, see [55, Ch. 12.1] and [43, Thm. 8];
this result can now also be seen as a particular subcase of the one concerning rough stochastic
differential equations from [47]. Possibly unbounded drifts satisfying monotonicity conditions
have been treated in [87,9], while measure-valued drifts corresponding to a reflection measure
are considered in [39]. Our work seems to be the first one treating Osgood drifts instead.

Rough transport PDEs remain somewhat less studied, in comparison to the vast literature of
RDEs. Among the first results in this direction, let us mention [26,28,24,43], mostly based on
pathwise arguments like stability properties of the underlying RDEs, random flow transforma-
tions, random rough paths and Feynman—Kac representations. This class of results however did
not allow to provide an intrinsic meaning to the RPDE, whose solutions were merely recovered
as the unique limit of mollified problems. This issue was successfully addressed by different
methods in [37] (later refined in [51]) and, more important to our approach, the framework of
unbounded rough drivers from [12]. The latter provides a purely Eulerian framework, without re-
lying on representations based on the Lagrangian flow of the underlying RDE; it takes inspiration
from the approach to RDEs developed by Davie [35]. In some sense, the present paper merges
the ideas of [37] and [12] by using the Eulerian formulation of [12] along with a product for-
mula to show well-posedness, as done in [37]. The theory of unbounded rough drivers has been
subsequently developed in [38,64] and these techniques have been applied to the rough Navier-
Stokes equations in [63,62,48] and to rough Euler equations in [31]. Among other approaches to
transport equations driven by (higher order) rough paths, let us also mention the recent [10].

While preparing this paper, the preprint [88] appeared on arXiv. Therein, the authors show
well-posedness of Euler equations in the Yudovich class on the 2D torus T2, as well as well-
posedness of (5) for log-Lipschitz b (which is a particular case of Osgood drift). Their work
shares similar intuitions as ours, based on the use of spaces of finite p-variation and unbounded
rough drivers. However their results are as not as general in scope, as they do not include any
treatment of linear RPDEs with DiPerna—Lions drifts, nor general nonlinear rough continuity
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equations or weak existence results of Schochet-Delort type; moreover, differently from ours,
the stability results obtained therein are not robust enough to construct the underlying continuous
random dynamical system.

1.3. Future perspectives

The results obtained in this paper open up several directions to be developed in the future.

First of all, in order to solve the linear RPDEs (6)-(7), here we pursued an Eulerian approach
a la DiPerna—Lions [40] (and its readaptation in the rough framework from [12]), based on a
priori LP-estimates and commutators; it would be interesting instead to focus directly on the
construction of a (rough) Regular Lagrangian Flow for the RDE (5), readapting the techniques
from Crippa—De Lellis [25].

In the context of nonlinear fluid dynamics equations, in this paper we only focused on (more
challenging) inviscid RPDEs like rough 2D Euler (9), but it is clear that similar arguments apply
to viscous ones like rough 2D Navier—Stokes:

do/ + (K *w}) - Vo; + & - Vo, dZ; =vAw,.

Similarly to the deterministic case studied in [83,22,23], we expect the techniques from the proof
of Theorem 1.4 to provide quantitative convergence rates of rough 2D Navier—Stokes to rough
2D Euler in the vanishing viscosity limit v — 07. Notice however that the use of a Feyman-
Kac type flow representation for the rough Navier—Stokes requires to consider an underlying
rough stochastic differential equation, admitting both a rough path and a Brownian motion as
underlying drivers; therefore, additional techniques from either [43] or more recently [47] might
be needed for this task.

The stability properties of the solution map 2D Euler obtained in Theorem 1.5 immediately
imply Wong—Zakai type results, see [46, Section 9.2] and [88] for similar discussions, as well as
support theorems, cf. [46, Section 9.3]. In the case of Gaussian rough paths, one can then employ
Schilder’s theorem and the contraction principle to derive large deviation results in the vanishing
noise limit, by considering (9) with Z replaced by /¢Z and sending ¢ — 0. It would be inter-
esting to couple this result to the one described in the previous paragraph, and actually consider
large deviations in the joint limit (g, v) — (0, 0) of vanishing noise and vanishing diffusion.

The construction of a random dynamical system from Theorem 1.5 on Xz, which is compact
when endowed with appropriate topologies, is a natural stepping stone in order to analyze the
long time behavior for such systems. For instance, the techniques from [80] readily allow to
construct stationary solutions in this case. However, the applicability of tools from ergodic theory
and dynamical systems for RPDEs is still very much in development; in different contexts, let
us mention [14] for the construction of random attractors, [69] for center manifolds, [81] for the
study of finite-time Lyapunov exponent and [86] for Lyapunov exponents. We leave the study of
similar questions for (9) for the future.

Although our main motivation for studying rough continuity equations (8) comes from fluid
dynamics, there is another fundamental PDE sharing a similar structure, which is given by the
Vlasov-Poisson equations, as noted in [71]; in fact, in the deterministic setting Euler can be re-
covered by Vlasov through a quasi-neutral limit, see the classical work [16]. Loeper’s techniques
for Vlasov-Poisson have recently received many revisitations, see [66,33,67]. A specific type of
transport Brownian noise was recently proposed in the Vlasov-Poisson system in [15], where
local well-posedness in Sobolev spaces was shown; it would be interesting to pursue instead the
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Lagrangian approach to prove global wellposedness and propagation of regularity, for general
rough transport noise sharing the same structure as in [15].

Throughout the paper we only considered 2D Euler in full space R?; as mentioned, one can
similarly treat the torus T?2. It would be interesting to extend the result by allowing general
smooth domains € C R2, endowed with the slip condition u - 7 =0on 0€2, where 7 denotes
the outward normal at the boundary. For deterministic Euler, Yudovich theorem still holds in this
framework, see [78, Sec. 2.3, Thm. 3.1]; however, in the SPDE and RPDE literature, we have
found almost no references treating this problem (differently from Dirichlet/no slip b.c., which
in different contexts is analyzed e.g. in [54,84,85]). The closest result we are aware of in this
direction is [56, Thm. 1.17], providing a weak existence result for stochastic 2D Euler equations
in convex domains, under slip b.c. u - 7 =0.

Structure of the paper

In Section 2 we collect the notation and preliminary results needed in the main body of the
paper; they concern function spaces, space of p-variation, rough paths, moduli of continuity
and finally some novel concepts of weak convergence for Banach-valued paths. Section 3 shows
well-posedness of the RDE (5) under Osgood regularity conditions on b, as well as regularity and
quasi-incompressibility of the induced flow. Section 4 is devoted to linear rough continuity and
transport equations (6)-(7). By employing the unbounded rough drivers framework, we provide
criteria for existence, uniqueness, as well as renormalizability and continuous dependence on
the data (in strong and weak topologies), when the drift b satisfies a DiPerna—Lions regularity
condition. In Section 5, we consider general nonlinear rough continuity equations on R of the
form (8); we obtain existence, uniqueness and continuous dependence results. From them, we
infer a Yudovich-type theorem in Section 5.3, where we also construct the underlying random
dynamical system; we then prove a Schochet—Delort-type result in Section 5.4. We collect several
technical results in the Appendices A, B and C, concerning respectively rough path lemmas,
compactness criteria in weak topologies, and tensorization and smoothing operator results from
the theory of unbounded rough drivers.

2. Notation and preliminaries

This section is mostly a collection of standard terminologies and recaps, which can be skipped
at a first reading by the experienced reader.

Sections 2.1-2.2 consist of notations and function spaces used throughout the whole paper;
Sections 2.3-2.4 deal respectively with spaces of finite p-variation and Osgood moduli of conti-
nuity, which will be mostly needed in the study of RDEs from Section 3. Finally, Section 2.5 is
a bit more original and introduces a concept of uniform convergence in weak topologies, which
will be crucial when applying compactness arguments in Sections 4-5.

2.1. Notation

We write a < b if there exists a constant ¢ > 0 such that a < ¢b, and a <, b if we want to
stress that the constant ¢ depends on a parameter A.

For x,y € R¢, we write x - y for their scalar product and |x| for the Euclidean norm. We
write Br(x) for the d-dimensional open ball of radius R centered in x; when x = 0, we use
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the shorthand notation B := Br(0). We set R>o = [0, +00). We denote by £’ d the Lebesgue
measure on R?.

For a smooth function f : RY — R”, we denote by 9 ; fi its partial derivatives and by D, f =
(9 fi)i,j its Fréchet differential, seen as a map from R? to R"*4: when there is no room for
confusion, we simply write Df. When n = 1, we write Vf = (0; f )fl:l for the gradient, and
whenn =d we write V - f = Z;jz 1 0; fi for the divergence.

We denote by C2° (]Rd; R™), or simply C2° when there is no risk of confusion, the set of
infinitely differentiable, compactly supported functions, with the usual topology of test func-
tions. Given U C R¢, we write C2°(U) for the subset of test functions such that suppy C U,
where supp ¢ denotes the support. We denote by D'(R?; R™), or simply 7', the dual space of
(possibly vector-valued) distributions. We keep using the notations 9; f;, Df to denote weak
derivatives/differentials whenever f € D’. We let f * g denote the convolution between (suffi-
ciently integrable) functions, as well as between test functions and (fastly decaying) distributions.

Given Banach spaces E|, Ey, L(E1, E») denotes the Banach space of bounded linear opera-
tors from E; to E,, with operator norm || - || (g, E,)- Whenever E; C F fori =1,2, where F is
an ambient Banach space, the intersection E; N E» is again a Banach space with the canonical

norm || - ||g,ne, = Il - |E, + || - | E,; we denote by Ey + E» the space of all elements f € F which
may be written as f = f] + f> with f; € E;. We denote by E* the topological dual of a Banach
space E.

When there is no risk of confusion, we will use the notation ® to denote different kinds of
tensor products. Specifically: given x, y € RY, x ® y € R?*? is the matrix given by (x ® y); ;=
x;y;; given functions f, g : RY — R, f ® g : R* — R is given by (f ® g)(x,y) = f(x)g(y),
and we extend this definition by duality to distributions, so that if f, g € D'(R?), then f ® g €
D’(RM); if Eq, E, are abstract Banach spaces and v € E|, w € E3, then v @ w € L(EX, Ey) is
given by (v ® w)(w*) := v{w, W*>E2,E;, for all w* € E; with a slight abuse, v ® w may also be
interpreted as a bilinear operator on Ef x EJ, by (v ® w)(v*, w*) := (v, v*>E1,Ei‘ (w, W*>E2,E§"
or as an element of the tensor space E1 ® E».

2.2. Function spaces

For m > 0, we denote by C,’j’ (Rd ; R™) the Banach space of m-times differentiable functions
from R? to R” which are bounded and with continuous bounded derivatives up to order m, with
norm

m m
Iflle =D ID® flico:= " sup |DW f )],

k=0 k=0x<R?

with the convention that D® f = f. When the domain and codomain are clear from the context,
we simply write C'. We denote by C}\'. = Cl’gC(]Rd; R") the Fréchet space of functions which
are locally in C;', namely such that f ¢ e C}' for all ¢ € C2°; f" — f in Cj_ if and only
if lo(f" = f )||ng — 0 for all ¢ € CZ°. Note that convergence in CI%C amounts to uniform
convergence on compact sets.

For p € [1, 00], we write LP(R?; R") for the usual Lebesgue spaces; when domain and
codomain are clear, we simply write L%, and denote their norm by || fIl Lo Given p € [1, o0],
we denote by p’ its conjugate Holder exponent, viz 1/p + 1/p’ = 1. Given a Lebesgue measur-
able subset A C R?, we denote by 1 4 its characteristic function and set Nfllzrcay :=I1f1a ||L5.
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P _gp
Lloc =L loc
pelCr.

For k € N, we write Wk-P (Rd ; R™) for the usual Sobolev spaces; since we shall only consider
Sobolev spaces in the space variable x, whenever clear we shortly denote them by W*7 and their

norm by

(R4; R") stand for local L? spaces, given by functions f such that f¢ € LY for all

m
L lwep ==Y 1D Fllr.
k=0

We write Wllf)’cp for the Fréchet space of functions f € Lﬁc such that ¢ f € Wk for all peCX.
For k = 0, as a convention we have W07 = L?, Wl(())’cp =L f"— fin Wllf)’cp if |o(f" —
D lwer — 0forall p € C.

Given a locally convex space V, we write either (f, g)v v+ or (g, f)v+ v for the duality
pairing between V and its dual space V*. When there is no risk of confusion, we simply write
(-, -); we use it for instance to denote the inner product in L%, but also the duality pairing between
LY and LY /, or the one between Cfo(Rd) and the dual space of distributions D’(R?).

Given a closed interval I C [0, oo) and a function f : I — E for some set E, we shall employ
the subscript notation f; for the evaluation of f at¢ € I. When E is a Banach space, we denote
by By (I; E) the space of bounded, measurable functions f : I — E, where E is endowed with
the Borel o -algebra coming from | - ||g. Bp(1; E) is a Banach space with norm

N flB,:E) :=supllfillE-
tel

When E is a Banach space and the interval I is clear from the context, we denote by L/ E :=
LP(I; E) the Bochner—Lebesgue space of (equivalence classes of) strongly measurable functions

f : I — E such that
1/q
I fllpag = (/”ft”qut) <00
1

with the usual convention that we take the essential supremum norm if ¢ = oo.

For E € {C}", LY .W* P}, we denote by L] Ejoc = L4(I; Eioc) the Fréchet space of functions
f such that ¢ f € LY E for all ¢ € C°; f* — f in L] Ejoc if lo(f" — Dligsg — 0 for all
pelCx.

Given a measure space (E, £, u) and a measurable mapping f : (E, &, u) — (F, F), where
F is a o-algebra on F, we denote by f:u the pushforward of v under f, namely the measure
on (F, F) defined by

fan(A) ==u(f~'(A)  VAEeF.
2.3. Spaces of p-variation and rough paths
We recall in this section several basic concepts from rough path theory; for further details, see
the monographs [55,46]. We mostly follow the presentations from [38, Section 2], [63, Section

2.2].
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For a closed interval I, we define
— 2. @ ._ 3.
Api={s,0el”:s<t}, A7 :={G,u,n)el’:s<u<t}

For notational simplicity, for T € (0, +-00), we let A7 := Ao 7] and A(Tz) = AES?T]. Let (E, || -
|lg) be a Banach space; given a function g : A; — E, we denote by g,; the evaluation of g at
(s, 1) € Aj. g is said to have finite p-variation on I for some p € (0, +00) if

1/p
[8]p.1: == sup( > ||gt,-t,-+]||f;> < oo,

melll) (T tiy1)ET

where IT(7) denotes the set of all possible finite partitions = of I; we denote by C; YT E)
the set of all continuous functions g : A; — E of finite p-variation. Similarly, we denote by
CP~v4(]; E) the set of all continuous paths x : I — E such that x € Cg_m(l; E), where
8xg 1= x; — x; for s <. In the latter case, with a slight abuse, we will identify [x], 7.z with
[8x]p,1:£. For any p € [1, 00), the space CP~"¥([s, ¢]; E) is Banach with norm

Il 15,01 2= x5 Il E + [xX]p15,01: -
Whenever E = R™ for some m € N and the context is clear, we will shorten the notation and
just write [[xlp (5.1, [x]p,[s,7- When [s, £] = [0, T1, we will just write ||lx ||y 7, [x]p,7 and denote
CP=Yr([0, T1; R™) simply by CP~Y4, similarly for C5 .
Remark 2.1. For any p € [0, +00), using the definition, it is easy to check that the C ; Y semi-
norm is lower semicontinuous (l.s.c.): given a bounded, pointwise converging sequence {g"}, in

C;ivar(l; E), namely such that sup, [[g”]]p,,;E < oo and g%, — g in E for all (s, 1) € A; and
some g € C(Ay; E), it holds that g € CY ™ (I; E) and

lglp.re < l}ln_l)grgf[[g”]]p,[;E.
Similarly for bounded sequences {x"},, C CP~Y¥(I; E) converging pointwise to x € C(I; E).

We say that a mapping w : A; — [0, +00) is a control on I if it is continuous, w(s, s) = 0 for
all s € I and it is superadditive, namely

w(s,u) +wu,t) <w(s,t) V(s,u,t)e Agz)'
Remark 2.2. Given g € Cg ~Y4(I; E), it can be shown (cf. [55, Proposition 5.8]) that

wg(S7 )= [[g]]i,[s,t];E

defines a control. This control is “optimal”, in the sense that || gs|lg < wg(s, $)'/P and for any
other control w satisfying this property it holds wg (s, #) < w(s, ), cf. [55, Proposition 5.10].
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Given any g : A — E, we define the second order increment operator §g : A(Iz) — E by

2
O8sut = 8st — &su — ur YV (s,u, 1) € AE ).
With these preparations, we can now recall some fundamental concepts from rough path theory.

Definition 2.3.Let m € N, T € (0,+00) and p € [2,3). Apair Z=(Z,Z) :[0,T] - R™ x
R™>M is a continuous p-rough path, Z € C? = C¥*([0, T]; R™) for short, if Z € CP™V¥, Z ¢
C; /2% and they satisfy Chen’s relation

8Zsur = 8Zsu ® 8Zus Y (s,u,1) € AP an

For any Z € C? and s < t, we adopt the incremental notation Zy; := (8 Zy;, Zy;). CP lacks a
linear structure, but is a complete metric space endowed with the metric

do7(Z,2):=Z — Zllp1 +Z — Z]p 2,7 (12)

With a slight abuse, we will still use the norm notation to denote

1Zllp, 7 :=dp,7(Z,0) :=Zllp,7 + [Z]p /2,7

Remark 2.4. Analogously to Remark 2.2, the joint condition (Z,Z) € CP~V¥ x C‘; [T g
equivalent to the existence of a control wz such that

18Z(|P 4+ |Zs|P? Swgz(s, 1) V(s,1) € Ar, (13)

with an explicit choice given by wz(s, t) := [[Z]]E ]t [[Z]]gﬁ [s.1]- Again this is “almost opti-

mal”, in the sense that if w is another control satisfying (13), then it holds

- 2 - -
1210 g <tis.0). (2103, <is.0).  wz(s.r) <2i(s.1).
Any smooth path Z : [0, T] — R admits a so called canonical lift to a rough path, by setting

t

Z,, = / 57, ® 2, dr: (14)

N

it is easy to check that such Z satisfies (11) and the resulting Z is called a smooth rough path.

Definition 2.5. A continuous p-rough path Z is geometric if it belongs to the closure of the set
of smooth rough paths, under the metric dp 7. In other terms, Z is geometric if there exists a
sequence of smooth rough paths Z" as defined by (14) such that dy, 7(Z, Z") — 0. The space of
geometric p-rough paths is denoted by C} = CE ([0, T1; R™).
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To exemplify the concept, let us mention that in the case of Z being sampled as a Brownian
motion, its Stratonovich lift (Z, Z5"%") is a geometric p-rough path for any p > 2, while the It6
lift (Z, 219 is not, cf. [55, Exercise 13.11].

Let us recall some properties of controls which will come handy in the sequel.

Remark 2.6. If w{, wy are controls, then it is immediate to check that so is a w; + b w, for all
a, b >0, as well as wjw,. More generally, if w is a control and y : A — [0, +00) is increasing,
in the sense that y (s, 1) < y (s, t) whenever [s, ] C [s/, t'], then y w is a control. Moreover for
any controls wy, wy and any a, b > 0, there exists another control w3 such that

wi (s, )%wa(s, )P = ws(s, )t Vs, 1] C [0, T]

which is precisely given by w3 = w?/(a+h)wl27/(a+b); if @ > 1 and w is a control, then so is w®.

For the proofs of the last two statements, see [55, Exercise 1.9].
A key tool in rough path theory is the so called sewing lemma, first introduced in [58,44]. The
statement here is a convenient rephrasing of [38, Lemma 2.2], to which we refer the reader for a

proof.

Lemma 2.7 (Sewing Lemma). Let E be a Banach space, I as interval, g : Aj — E. Suppose

ge Czl/"_var(l; E) for some n > 1 and that there exists a control w such that

18gsutlle <w(s, ) V(s,u,1) € AP,

then it holds

llgselle < Cw(s, )" V(s, 1) € Ay,

and therefore as a consequence

[gli/m s, < Cw(s, 1)1 V(s,t) € Aj.
2.4. Osgood moduli of continuity
We recall here some basic facts concerning moduli of continuity, which will be used later.

Definition 2.8. We say that 4 : R>o — R is an Osgood modulus of continuity if / is continu-
ous, strictly increasing, subadditive (i.e. h(ry 4+ r2) < h(r1) 4+ h(ry)) and satisfying

1
h(0) =0, /mdrz—i-oo. (15)
0+

Remark 2.9. Given a subadditive modulus gf continuity &, [76, Lem. B] guarantees the existence
of another concave modulus of continuity £ satisfying the two-sided bound & < h < 2h; thus if
needed, we may always assume the Osgood modulus & we are working with to be concave
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without loss of generality. Together with 4 (0) = 0O, this implies pseudoconcavity of h, namely
that

h(r) . .
r — —— is decreasing.
r

In particular, & grows at most linearly at infinity, since i(r) < h(1)r for r > 1, while it satisfies
h(r) > h(1)r close to the origin.

In particular, if 4 is concave and Osgood, then so is » +— h(r) + ar, for any @ > 0: indeed for
any ¢ € (0, 1) we have

& &

/;d ><1+L>7]/Ld =
ho) tar h(l) h T

0 0
which implies the validity of (15) for h(r)=h@r) +ar.

Correspondingly to a Osgood modulus #, for any rp € (0, +00), we set

r

60)i= [ i,

ro

Remark 2.10. Combining the Osgood condition and the at most linear growth at infinity from
Remark 2.9, we see that G is an increasing, invertible function that can be extended to the whole
[0, +00] by setting G(0) := —00, G(400) := +00. Correspondingly, for any 8 > 0 we can
define

M"P (@) := M" (@, B) := G (G () + B). (16)

M"-# is an increasing, continuous function on [0 4 co], whose values are independent of rg
appearing in the definition of G; moreover it satisfies M (0) = 0 for any 8 > 0.

The importance of Osgood moduli of continuity, in connection to solvability of ODEs, comes
from the Bihari-Osgood inequalities (see [13] and [73, Lemma 2.1] for more general statements
and the proof).

Lemma 2.11. Let h be an Osgood modulus of continuity, T € (0, 400]. Let f, g be nonnegative,
integrable functions on [0, T) such that

t

f,gK—i—/gxh(fs)ds Vtel0,T)
0

for some constant K > 0. Then it holds
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t
fi < Mh(K, /gs ds) Vielo,T)
0

for M" as defined in (16). In particular, if K =0, then f =0.
2.5. Uniform convergence in weak topologies

If V is a Banach space, we write — for weak convergence in V; namely, v — v in v if
(V" u)y v+ = (v,u)y, v+ for all u € V*. Similarly, if V has a dual structure, V = U*, then we

* . * .
denote weak-* convergence by —, viz v" — v if (v"*, u)y* y — (v, u)y+ y forall u € U. For an
overview of basic properties of weak and weak-* topologies, we refer to [17].

Definition 2.12. Let V be a Banach space, T € (0, +00). We denote by C,, ([0, T']; V) the space
of weakly continuous functions f : [0, T] — V, namely such that f;, — f; in V whenever ¢, —
t.

Given a sequence { f"*},, C C, ([0, T]; V), we say that f" — f in C, ([0, T]; V) if

lim sup [(f)' — fi.8)v,vx|=0 VYgeV™

=00 1¢[0,T]

If V has a dual structure, V = U™ for some Banach U, we similarly denote by Cy,— ([0, T']; V)

the space of weakly-* continuous functions f : [0, 7] — V, namely such that f; = fiinV
whenever t, — t. Given { "}, C Cy—«([0,T1]; V), f" — fin Cy—4([0, T]; V) if,

lim sup |(f,n—fz,g>U*,U|:O VgGU

=0 rel0,T]

Remark 2.13. Definition 2.12 encodes the concept of “uniform convergence on compacts in the
weak topology” (resp. “uniform convergence on compacts in the weak-* topology™). It satisfies
the following properties:

i) Notation is consistent: if f* — f in Cy ([0, T]; V), then f € Cy ([0, T]; V). Indeed, for
any g € V*, t — (f, g)v.v+ is continuous as it is the uniform limit of continuous functions.
Similarly for convergence in Cy,—«([0, T]; V).

ii) By testing against g and using properties of uniform convergence, it’s easy to see that if
thn — tand f" — fin Cy ([0, T]; V), then f;" — fi; similarly for Cy,—([0, T]; V).

iii) If f" — f in either Cy ([0, T]; V) or Cyy—«([0, T']; V), then

sup sup || f'llv < oo.
n tel0,T]

Indeed, suppose this was not the case, say for f” — f in Cy—.([0, T]; V). Then we could
find a sequence (ng, ;) such that || f,Z: |ly = oo. Since [0, T'] is compact, up to extracting

* .
a (not relabeled) subsequence, we may assume #,, — ¢. But then f,’;: — fi, which by the

Banach-Steinhaus theorem implies that { ftf:l’:}k is bounded in V, absurd.
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iv) By the same logic, it’s easy to check thatif f € Cy, ([0, T]; V) (resp. Cyy—«([0, T]; V), then

sup | fillv < oo.
t€[0,T]

Moreover, if either V is separable or V = U* with U separable, then the weak (resp. weak-x
topology) and the strong topology generate the same Borel o -algebra, therefore in this case
Cy([0,T]; V) C Bp([0,T]; V) (resp. Cyy—x([0,T]; V) C Bp([0, T]; V)). In particular, if
V = U* for some separable U, then we have the chain of inclusions

C([0,T]; V) C Cu([0,T1; V) C Cuy—s ([0, T1; V) C By ([0, T]; E) C L=([0, T]; E).

v) Suppose now that V = U* for some separable U in this case, by the previous point (and
lower semicontinuity of || - ||y w.r.t. weak-* convergence), there exists R > 0 such that

Il <R, lfilv<R VneN,re€l0,T].

Set By(R) ={v eV :|v|ly < R}; by [17, Thm. 3.28], there exists a metric d which induces
the weak-* topology on By (R) and such that (By (R), d) is a complete metric space. It is
then easy to check that f", f € C([0, T']; By (R), d) and that

lim sup d(f/, fi)=0.

n—=>00 10,T]

In other words, under the above assumptions, convergence in Cy,— ([0, T']; V) is equivalent
to uniform convergence in C ([0, T]; By (R), d), for some R € (0, 00).

Convergence in Cy, ([0, T]; V) (resp. Cy—« ([0, T]; V)) will be extremely useful throughout
the paper, especially in Sections 4-5, whenever we will construct weak solutions by compact-
ness arguments; we refer to Appendix B for a class of compactness criteria for convergence in
Cw ([0, T1; LY) and Cyy—4([0, T1; LYO).

3. RDEs with Osgood drifts

The overall goal of this section is to present a satisfying solution theory for rough differential
equations (RDEs) on R of the form

dy; = b (y,)dt + &(y,)dZ,,

where b : R x R? — R?, £ : R?Y — R and Z is the rough path enhancement of an R"-
valued path Z; in particular, the drift b is assumed to be Osgood continuous in space, but not
Lipschitz. In this case, we will see that it is still possible to establish existence and uniqueness
of solutions, which form a flow of homeomorphisms on R9; furthermore the flow depends con-
tinuously on (b, &, Z) and, under suitable assumptions on the divergences of b and &, leaves the
Lebesgue measure on R quasi-invariant.

Throughout the section, we will always assume the rough paths Z € CP in consideration to be
defined for ¢ € [0, +00). For simplicity, we will work on finite intervals [0, T'], but these may be
taken arbitrarily large.
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3.1. Forced RDEs and a priori estimates

Whenever useful, we will identify & : RY — R?*™ with a collection {& Jee; of vector fields

on R¥, and viceversa. Associated to &, we define the second order map E(x) := D&(x)&(x),
such that for any fixed x € R?, E(x) is a map from R”*™ to R?, as follows:

m

E()A:= Y D&ME(X)Ajk.

jok=1

With this notation, we can provide a solution concept for RDEs, in the style of Davie [35].
Such concept is useful for numerical schemes and has a natural generalization to rough PDEs,
see [12,38] as well as the upcoming Section 4.

The main novelty, compare to the majority of the rough path literature, is that here we focus
on RDEs with a finite 1-variation forcing term p appearing on the r.h.s. This will be very useful
later in Section 3.2, when replacing w by the actual drift term fo bs(ys)ds.

Definition 3.1. Letp € [2,3), Z € CP ™", n € Ccl-var and £ € le. We say that y : R>o — RY is
a solution to the RDE

dy, =du, +&(y)dZ, 17

on an interval [0, T'] if, for any [s, ¢] C [0, T'], it holds that

8ys =815 +E(5)8Zst + B Lot + ¥yt (18)
where the two-parameter function y° defined by (18) is such that y* € C§ BV We will some-
times refer to (x, ) as the data associated to the RDE (17), where x := y|;—g € R? is the
initial datum. We say that y is a global solution to the RDE if it is a solution on [0, T] for
all T € (0, +00).

/3—var

Remark 3.2. By Remark 2.2, condition y* € C; is equivalent to the existence of a control

wy such that |yi,| < wy(s, t)3/p for all (s, t) € Ar. Moreover, by the assumptions on u and Z
coming from Definition 3.1 and properties of controls, it is easy to check that if y is a solution to
(17), then necessarily y € C?~V3, By repeatedly applying Taylor expansion, one can check that
in the case of smooth u and smooth rough path Z, Definition 3.1 is in agreement with y being a
classical solution to the ODE

Vi =i+ 50 .
Definition 3.1 is also in agreement with other solution concepts from rough path theory, like
Gubinelli’s controlled rough paths and Lyons’ original definition, see Sections 8.8-8.9 from [46]
for a deeper discussion.

The next lemma provides a priori estimates for the RDE (17).
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Lemma 3.3. Let p € [2,3), Z€ CP™V & ¢ Cg and y be a solution to the RDE (17) on [0, T]
associated to (x, ). Then there exists a constant C = C(p, ||& ”C,f’ IZ|lp, 1), increasing in all its
entries, such that

sup |y, — x| <CA+[lpllr), (19)
t€l0,T]

18y5e] < Vg1 < C (wpals, ) +wz (s, )'/P) ¥ (s,1) € Ar, (20)

Vil < Dp/aisn < Clwuls, D wz (s, VP +wz(s,0)3") V(s,nHeAr. (21

The controls w,, and wz, appearing in the above estimates come respectively from Remark 2.2
(applied for g = u and p = 1) and Remark 2.4.

Proof. By Remark 3.2, y € CP™**; denote by w, the associated control, coming from Re-
mark 2.2. By the structure of (18), it holds

wy (s, )P Swp (s, 1) + wz (s, P + wy(s, )P, o)
el Swuls, 1) +wzls, P +wy (s, )P,

where all hidden constants are allowed to depend on the aforementioned parameters, so that e.g.
we may omit ||§||C§ and we may write wz (s, 1)*/? < wz (s, 1)!/¥.

The proof is split in two main steps: we first show that (21) holds for all (s,#) such that
wz(s,t) < h, for some appropriately chosen # > 0, aided by the sewing lemma (Lemma 2.7);
we then upgrade this to global bounds, by applying several times Lemma A.4 from Appendix A.

In order to apply Lemma 2.7 to y, we start by computing 8y_fm; by (18) and basic algebraic
computations, it holds

ayEut =88V us 6 Zur + B(Ys) ZLisy + Lyt — L) + SEQY)sulows

(23)
= (85()’)514 - E(y‘s)gzsu)(szut +8EWsulouts

where in the second step we applied Chen’s relation (11). Next, let us introduce the notation

Vi = 8y — E(9)8 Zyr = Sitgr + B(s) Lyt + ¥, (24)

where the second identity comes from an application of (18), as well as

E(y)f, =8E(V)su — BE(¥5)8Zsy = 8E(y)st — DE(¥5)E(y5)8Zss.

By applying (componentwise) Lemma A.l from Appendix A for f =& € C,f and z =8Zy, it
holds

EDE NS 195+ 18750118 Z
Swy (s, 1) 4+ wzls, 0P +wy(s, )P +wy (s, Pwz (s, 1)l/P 25)

Swy (s, 1)+ wz(s, )P + wy(s, 1)3/P
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where in the last step we applied (22). Observing that by our assumptions E is globally Lipschitz,
combining (23) and (25) yields
18950l SIEGENO Zue| + 18Ysul | Zut|
Swz(s, ) Pw, (s, 1) + +wzs, 1)3/®
+ wz (s, ) Pwy(s, P +wz(s, t)z/pwy(s, Hl/p
< wz(s, t)l/pwu(s, 1)+ wz(s, t)l/pwu(s, I)S/p + wz(s, 1)3/®

where in the last passage we used (22). Applying Lemma 2.7 (for n = 3/p) we conclude that
there exists a constant K = K (p, ||§||C£, IZ||p,7) such that, for all (s,t) € Ar, it holds

wy (s, P < K[wz (s, )VPwy(s, 03P 4wz (s, 0 Pwu(s,0) +wz(s,0¥P];  (26)
in turn, (26) implies that for all s < ¢ such that wz(s, ) < h := (2K) ™", it holds

5 S wy(s, 7P < 2K [wz (s, 0 /Pw, (s, 1) + wa s, )P/P]. @7

Having established the desired local bound (27), we now pass to the global one. Reinserting
(27) in the first equation in (22), one finds

18y5t] S wyu(s, 1) +wz (s, VP S (wyu(s, )P + wg (s, 1)/

whenever wz (s, t) < h. Observe that by Remark 2.6 w := w,'i + wg is still a control; therefore the
hypothesis of Lemma A.4 from Appendix A are satisfied for g = §y, whose application readily
yields the desired bound (20) (modulo reabsorbing several terms coming from 2 = (2K) ™",
K, etc. in the hidden constant C depending on the aforementioned parameters). Estimate (19)
follows from (20) and the basic bound |y, — x| < [y] p,[0,7]» coming from the definition of p-
variation.

Finally, estimate (27) implies that

%] S [wzts, 02w, (s, 0P + wy(s,n]"" whenever wy (s, 1) <h,

where @ := wy/ 3wﬂ/ s wyz is again a control by Remark 2.6; applying again Lemma A 4, this
time for g = y? and p = p/3, yields

/30500 S wzls, Y Pw, (s, 1) + wzls, )P + wz(s, 0> sup |yl
SKSULV!
Swz (s, )Y Pw, (s, 1) +wzs, )P +wz s, 1) Pwy (s, 0)!/P

where in the last passage we applied the second estimate in (22). Inserting the bound (20) in the
above estimate readily yields (21). O

While Lemma 3.3 is typically useful to achieve existence of solutions by compactness argu-
ments, the next result can be used to guarantee their uniqueness and continuous dependence on

the data of the problem.
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Lemma 34. Let p € [2,3), Z € CP7V, & € Cg. Let yi, i = 1,2, be global solutions to the
RDE (17) with data (x', ,uf) e RY x C'=Y_ Then for any T > O there exists a constant C =
Cp, T, ||§||C2, IZllp,7, I 11,7), increasing in all its entries, such that

sup |y — v <C(Ix' =21+ In' = 12l 7). (28)
tel0,T]

Proof. Let y' be any such solutions and define

vi=yl—y? Fi= )2 =yt =t

where the terms yi”: are defined as in (24). Set w, = w ul + w2 +wz, so that by the a priori
estimates from Lemma 3.3 it holds

Y4 [P+ 5P+ PP Swals, ) Yi=1,2, (5,0 € Ay (29)
Additionally, by the definition of the RDE (18) and the Lipschitz continuity of £, &, we see that

18vse] S wy (s, 1) + Joslwz (s, HOYP +wy (s, )P, o)
0f, | S wuls, 1) + luslwz (s, )P +wya (s, VP

As before, we start by looking for local estimates;, we will apply several elementary bounds

based on Taylor expansions which are collected in Appendix A (cf. Lemmas A.1-A.3), as well
as Lemma 2.7. By the same computation as in (23) and the definition of &(y?)?, it holds that

505 = [N — E0D818Zur + [BEG s — 8800 Zu.

Next, we apply Lemma A.3 for the choice f =£ € C;, 7=06Zg, to find

EONE, = EGDE] S0+ 180l (v LA+ 18Zsul) + 1os1 (152 + 1890, 118 Zsu)
S 05|+ 180 wals, VP + [vs|wals, )P

Swy(s, 1) + |vs|was, NP+ w1 (s, 1)3>/P

where we used several times the estimates (29)-(30). On the other hand, by assumption E € C,f
and so by Lemma A.2 it holds

BB s = BEG)sul S 18vsul + [vs18y5, | S wls, 1) + s wals, VP +wye (s, 0P,
where in the second passage we applied again (30). Combining everything, we arrive at
18051 S e (5, )P wyu (5, 1) + 10118, .1 W (5, P wils, P wa(s, 0P, (31)
where we employ the short-hand notation [[v||B,(s,1]) = SUP,¢[s.¢) IVr|- Noticing that the map-
ping (s,1) = [Vl B, 15,7 W+ (S, )3/? is a control by Remark 2.6, by (31) and Lemma 2.7 there

exists K > 0 such that
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Wy (5, P <K (wils, 0 Pwy(s, 1) + 10118, (15,1 Wi (s, P+ wils, ) Pwis (s, 1)),
Choosing now any (s, ) € A7 such that w,(s, ) < (2K) ™, we find the desired local estimate
0 S wys(s. 0P 2K (11018, 15,01y we(s. PP 4+ wi(s, )Py (s.1)). (32)

It remains to upgrade this estimate to a global one, which we achieve by applying the so called
rough Gronwall lemma (Lemma A.5 in Appendix A). We can reinsert (32) in the first equation
of (30) to deduce that

1805t S wals, VP 0l By (1517 + Wy (s, 7)  whenever wi (s, 1) < (2K)7P.

We can then apply Lemma A.5 for the choice w = wy, ¥y = w,, and G, = ||[v||5,(0,7) to deduce
that there exists a constant K > 0 such that

sup v < KeX¥* O (120 4w, (0, T))
te[0,T]

which upon relabeling of constants implies the conclusion (28). O

We conclude this section with a short digression on time reversed rough paths and time re-
versed RDEs, which will be relevant in order to construct inverse flows. Let us mention that while
time reversal techniques are quite common in the case of geometric rough paths, see e.g. [72,
Theorem 3.3.3] or [55, Proposition 11.11], the literature seems much more sparse in the general
case, with some key definitions and properties given in [46, Exercise 2.6 & Prop. 5.12] in the case
of Holder rough paths. However a general statement on time reversal of RDEs, for non geometric
p-variation rough paths, seems to be missing; we fill here this gap in the literature.

Definition 3.5. Let Z € CP ([0, T]; R™) for p € [2, 3). The time-reversed rough path (at time 7)
S 5 < e |
7' =7 =(Z, 7Z) is defined by

<« <~ <« <«
Zi:=7Zr_y, L g = —ZT—t,T—s +3ZT—1,T—S ®5ZT—t,T—x = _ZT—I,T—S +8Z4®8Z .

Remark 3.6. Definition 3.5 is in agreement with [46, Exercise 2.6]; as therein, one can check
P <«
that Z is a rough path, in the sense that it satisfies Chen’s relation (11), and that Z is geometric

if and only if Z is so. Moreover the map Z +— <i is continuous in the rough path metric, as one
can check that for any pair of rough paths Z = (Z, Z), W = (W, W) € C? it holds

<«
I Z o7 SNZlp,7,

<~ 5 ' )
dy 7 (2. W) S dy 7 (W) +1Z = WILTAUZIT +IW D).

Similarly to Definition 3.5, whenever dealing with a path u, we denote by Jz 7 = Tt the path
W= ur—rs; similarly for y.

' Given the presence of 7' — t, whenever dealing with two-parameter maps g, if needed we will use the notation g
in place of gy, to avoid any confusion.
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Lemma 3.7. Letp € [2,3), ZeCP™"™, n e C' ™" and £ € Cg and let y be a solution to (17) on

«—
[0, T). Then 37 is a solution on [0, T to the same RDE, with (., Z) replaced by ((;7, Z) and
with new initial condition X = yT.

Proof. Throughout the proof, we will adopt the following convention: given any two-parameters

maps, fs; & gs; means that their difference belongs to C; / 3, so that it can be regarded as negli-
gible remainder in the setting of Definition 3.1. By the definition of § and (18), it holds

S?sz =0yT—s,7—t = —8YT—1,T—s
~ =t —1,7—s —EOVT-1)8Z7—1.7—5s — E(YT—0)LT—1,T—5
<« “— -
=8 s +&( y s)0 Z gt + (‘i:(nys) - E(nyt))(SZTft,Tfs - r—"(nyt)ZTft,Tfs-
Applying Taylor expansion to £(yr—s) — §(yr—;) and reinserting (18) in it, we find
EOr—s) —EOT-)Z7 -1, 7—5s X DEYT-1)(6YT—1.T—5)8ZT —1,T—s
_ _ <~ <~
N EOT-1)8Z7—1.7-5s ®8Z1—1.,7T-s = E(YV1-1)8 L5t ®S Z st
so that
<~ “~ <~
8V s MWt +E(VISZ st + BTG Z5t @8 Z st = L1—1,7—5)
<~ <~
=85 +§(V )8 Zt + EGr-0) L.
. . . _ 2 2—
By our assumptions, E is Lipschitz, y € CP ™Y@ and Z e CP/?>~V therefore
- 2 - 2 ey 2
BOr-1) Lt ®E(QYT-5) Lt =8(ys5) Ly
which finally yields the conclusion. O
3.2. Construction of flows and their properties

We are now ready to pass to the study of actual R¢-valued RDEs with time-dependent drift,
of the form

dy; = b; (y,)dt +&(y;)dZ;. (33)

The concept of solution to (33) coincides with Definition 3.1, for the choice p; = fot b (ys)ds, un-

der the condition that fOT |bs(ys)|ds < oo for all T < oo, which makes it a well-defined Lebesgue
integral and a bounded variation path. We will enforce the following condition on the drift.

Assumption 3.8. There exist a locally integrable g : R>9p — R>( and an Osgood modulus of
continuity / such that the measurable map b : Rxq x R? — R4 satisfies

b () < g b (x) = b(B) < g h(lx —F]) V(2 x,%) € R x R¥. (34)
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We are now ready to state and prove a more rigorous version of Theorem 1.1 from the intro-
duction, providing an explicit formula for the function F therein.

Theorem 3.9. Let p € [2,3), Z € CP™V £ ¢ C;’ and b satisfying Assumption 3.8. Then for any
initial condition x € R, there exists a unique global solution to the RDE (33). Moreover the

solution map (x, 1) — ®;(x) defines a family of homeomorphisms from R¢ to itself and for any
T > 0 it holds

T

sup [,(0) = @,(D)] < 1 (Cla = 71, [ g.ds) (35)
t€[0,T]

0
where M" is defined as in (16), for h as in Assumption 3.8, and the constant C is the same
appearing in Lemma 3.4, with ||| 1.7 replaced by fOT gsds. Moreover, estimate (35) holds with

O, (y) replaced by its inverse d>71(y).

Proof. Let p € C2°(B)) be a probability density, {0°}¢~0 the associated standard mollifiers and
set b = pl/" % b. Ttis easy to check that b" satisfies (34) for the same g and /4 and moreover, for
any t € R>¢ such that g, < 00, it holds

xeRd xeR4

sup |b;(x) — b} (x)| < sup /Ibt(x+y/n)—b(x)lp(y)dyngh(l/n)—>0asn—>oo.
By

Upon mollifying in time, we can further assume b” to be smooth in ¢, while keeping a uniform
bound in n of the form (34), up to introducing an additional sequence g" with the properties that

T T T
sup/g;'ds </gsds, lim /lg;l —gslds=0 VT >0; (36)
n n—oo

0 0 0

furthermore, these approximations can be constructed so that, similarly to the above, we have
T
lim /Hb;’—b,”codt:O vT >0. (37)
n—oo b
0

For each smooth 5", since & € Cg, standard rough path results guarantee the existence of a flow
of diffeomorphisms ®”, cf. [55, Proposition 11.11].

We claim that, for any 7' > 0, the sequence {®"}, is Cauchy w.r.t. uniform convergence
in [0, T] x R¥. Indeed, for any n, m € N and x € R, we can apply Lemma 3.4 to u! =
Jo b (@Mds, u? = [, b (®™)ds to obtain

Hw = s (670 07 0] < H [ - preranar
rel0,z
0

1,t
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where the hidden constant does not depend on the given x nor 7, since by construction it holds

T
max 1.7 < [ (167(@7 o+ 187 (@ el
0
T
< [asigg+ 1icpar <2 [ gar
0 0

Thus we obtain

Ix(x)S/Ibf(CDf(x))—bT(@T(X))IdV
0

t
< [ rcoren - spcorcotar+ [ 10 b gar
0 0

t t

< [ gn(or —eranar+ [ 1 - iy
0

t t
< [ e eoar+ [ 16— igar

0

where again the hidden constant does not depend on x. Applying Lemma 2.11 and property (36),
we can find C > 0 such that

T T

T
IT(x)th<c/||b;’—b;"||cgdr,c/g"dr <Mh f||b” byl ey dr. c/g,dr

0 0

As the estimate is uniform in x and M" is continuous and monotone, we get

T
sup sup | DY (x) — D (x)] < C sup / o) — b'”||co dr, C/g,dr)
n,m>=N (t,x)e[0,T1xR4 n,m>=N 0

which by virtue of (37) and M0, fOT grdr) = 0 shows the claim.

We deduce that there exist a continuous map ® : R>¢ x R? — R¢ such that " — @ uni-
formly in [0, T'] x R4, for all finite T. We claim that for each fixed x, vt := ®,(x) is a solution to
the RDE (33) starting at x. To see this, define correspondingly y;' := &} (x); by the construction
of our approximation sequence and the regularity of &, E, for any s < ¢ it holds
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t

. b . -
Jim y = lim 8y, — / B OMdr — £03)8Zss — B Zs:
N

t

— Sy — / by (9)dr — E(3)8 Zss — BO) gt = ¥:

s

on the other hand, by the a priori estimates of Lemma 3.3 and (36), it holds sup,, [[y’“”]]]J /3,7 < 00

37V and so that yis a

for any T > 0; combined with Remark 2.1, this implies that y© e C; /
solution.

Next we show that any two solutions y;', yf to (33), with initial data x, X € R, satisfy
estimate (35); this checks both uniqueness (viz y; = ®;(x)) and the associated estimate for
®; (x). The proof is very similar to the previous one for {®}},, so we mostly sketch it. Setting

Iy = supgepo. 1 X5 — X¥|, by Lemma 3.4 and Assumption 3.8 it holds

t
I <Clx =& + Cf by (X2) — by(XD)|ds < Clx — &| + c/gshus)ds
0

where as before the constant C is uniform in x, X; Lemma 2.11 then readily implies (35).

It remains to show that for each ¢, the map ®; is invertible, with inverse satisfying the same
regularity estimate (35), which we do by a time-reversal argument. For any fixed ¢, consider now
the ¢-time reversal of the RDE (33), which by Lemma 3.7 is the one associated to the rough
path (Z_, same & and time-reversed drift <l7s (x) := —bs_s(x). It is easy to check (by invoking
Remark 3.6) that (<Z, &, <b_) satisfies the same properties as (Z, £, b), so that going through the
same procedure as above we can construct the associated solution map (s, x) — W (x), which
again satisfies (35) (up to possibly relabeling C). On the other hand, again by Lemma 3.7, a
solution to the z-time reversed RDE with initial datum &;(x) is given by s > ®,_;(x), which
implies that x = ®g(x) = WI(P,(x)) and thus shows that W! is the inverse of ®,. To show that
(35) also holds for the inverse flow, notice that (35) applied to the time ¢ reversed solution W’
gives

t

T
sup |\IJ'(x) W ()| <Mh<C|x—)?|,/gsds)<Mh<C|x—)E|,/g5ds).
0

s€[0
0

Choosing s = ¢ on the left hand side we find

T
‘l(x)—d>;1(»?)) Clx—i /

0

taking supremum over ¢ on the left hand side gives the conclusion. 0O

Remark 3.10. In order not to make the notation too burdensome, in the statement and proof of
Theorem 3.9 we considered the solution map (¢, x) — ®,(x) as depending only on the terminal
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time ¢. Up to small modifications, the proof can be readapted to construct the unique flow of
homeomorphisms (s, t,x) — ®s_;(x), which stands for the terminal position at time ¢ of a
solution to the RDE starting at position x at time s. In particular, one can still show that ®;_,,
is a homeomorphism; denoting by ®,.; its continuous inverse, one then has naturally the group
properties

O 5=1d, Py ,0P5,=Id, Py 0P, =P, Vs<ucxt.

A similar extensions applies to the upcoming Corollary 3.11, concerning convergence of ®7_,
to ®;_,, uniformly on compact sets.

Corollary 3.11. Let p € [2, 3) and consider a sequence {(Z",&",b™)}, satisfying the assump-
tions of Theorem 3.9 uniformly in n, namely such that for all T > 0

sup {[16" |3 + 12" llp,r} < 00
neN

and such that b" satisfy Assumption 3.8 for the same g and h. Further assume that there exist
(b,§,Z) such that (b", ") — (b, §) uniformly on compact sets and sup,¢(o 1) |Z8,z —Zo:|—>0
forany T > 0. Then the flows ®" associated to (b", ", Z") converge uniformly on compact sets
to the flow ® associated to (b, &, Z), namely

lim sup D/ (y) — D, (»)|=0 VT, Re(0,+00).

n—=>00¢[0,T], yeBg
A similar statement holds for ®} and ®; replaced by their inverses.

Proof. Let us fix any 7 > 0. First of all observe that, by the uniform convergence Zg’ > Lo
and Chen’s relation (11), it holds sup,<, <7 |Z§ , — Zs,1| = 0 as well, cf. [46, Exercises 2.4-b) &
2.9]. Combined with the uniform p-variation bound, arguing as in [55, Corollary 5.29], it follows
that for any p € (p, 3) we have ||Z" — Z|l3 15,7 — 0. As in [55, Corollary 5.31], the associated
p-variation seminorms are equicontinuous, so that there exists a common modulus of continuity
y such that

sup [Z"]5 15, < v (It —s)) V(s,1) € Ar. (38)
n

For notation simplicity, we will henceforth drop the tilde and assume that (38) holds for p.
Interpolating between the C g’ uniform bound and uniform convergence on compact sets, £ —
& also in CIZOC, therefore E” converge to E in Cl%c as well.
Next observe that, by combining the uniform assumptions on (b”, £",Z"), the uniform esti-
mate (38) and the estimates from Lemma 3.3 and Theorem 3.9, it holds

T
sup |7 (1) — ¥} ()| £ (1t —s1) + M" (€l = 51.€ [ guds)
n
0
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which shows equicontinuity of {®”"},; in particular, by Ascoli-Arzela we can extract a (not
relabeled) subsequence such that " — F uniformly on compact sets. If we show that the unique
candidate limit is F' = @, as the argument holds for any subsequence we can extract, conclusion
follows.

Fix any x € RY. Arguing as in the proof of Theorem 3.9, using the fact that (", £", ") —
(b, &, E) uniformly on compacts and Z" — Z in CP~¥¥  while by Lemma 3.3 it holds
sup, [y ’uﬂ p/3—var < 00 (for y/' := ®}(x)), it’s easy to check that any limit point of y;' must
be a solution to the RDE associated to (b, &,Z). By Theorem 3.9, solutions to such RDE are
unique, thus F;(x) = ®;(x), implying the conclusion.

As before, the final claim concerning the convergence of the inverse is established by time
reversal. By applying (35) to the inverse flow, we find that x > W} ! (x) are equicontinuous in x,
uniformly in . To find equicontinuity w.r.t. to t € [0, T'], we fix x, choose 0 <] <#, < T and
write

3l

b0 = @, 0] = [0y 00 = @ (@] 00| <" (1= ¥, 0 [ ).
0

By applying (19) to uj = fot b (®7(x))dr and using the hypothesis on 5", we get

19}

@7 () — x| 5[grdr;

4]
the latter quantity can be made arbitrarily small by choosing |t — 1| small, since g € L'([0,T)).
Overall this proves equicontinuity in space-time of {W"},; the rest of the argument is identical to
above. O
In the next lemma, we specialize to flows associated to geometric rough paths; in this case,
under suitable assumptions on (b, £), we can prove that the flow leaves the Lebesgue measure

quasi-invariant, which will be a crucial property in the study of the corresponding rough PDEs.

Corollary 3.12. Let p € [2,3), & € Ci’, Z e Cg_m and b satisfying Assumption 3.8. Suppose
further that V - &, =0 forallk =1, ...,m and

T
/IIV-bSHLoods <00 VT >0.
0

Then the flow ® associated to the RDE (33) is quasi-incompressible, in the sense that for any
t > 0 and any Borel set A C R? it holds

t t
exp (- / 1V by llds ). 29(A) < 29 (@, (A)) < exp (+ f IV - bylluds) 27(4)  (39)
0 0
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where ¢ denotes the Lebesgue measure on RY. A similar statement holds with ®, replaced by
o !

Proof. Set b" = p!/" % b as in the proof of Theorem 3.9 and let Z" = (Z", Z") be a sequence
of smooth rough paths such that dy, 7(Z, Z") — 0. Observe that, by properties of convolutions,
under our assumptions it holds

T T
supf||V-b?||Lmds§/||V-bS||Loods VT >0. 40)
n

0 0

For each n, due to the regularity of (0", &, Z"), there exists a flow of diffeomorphisms ®”" asso-
ciated to the corresponding ODE (thus also RDE); denote by J} (x) := D, ®¥ (x) its Jacobian and

by @?;_1 its inverse. The validity of the standard chain rule in this regular setting then yields the
classical formula

t

detJ" (x) = exp ( / [v DH@I(xX) + YV £ (DT (x))Z’f;”] ds)
0 k

t
=exp ( / v b?(cb?(x))ds),
0

where the second passage is due to the assumption V - & = 0. Combined with (40), this yields
the uniform-in-n two-sided bound

(41)

t 1
oxp (= [ 19 buliwds) =detdi ) exp(+ [ 1V bull ).
0 0

Correspondingly, for any non negative ¢ € C2°, the change of variables formula yields

t
exp (= [ 19 bulimas) [pooar = [o(@f o
0

R4 RY
(42)

t
sexp(+/||V~bs||Loods)/<o(x)dx.
0

]Rd

Since {(b", &, Z")} satisfy the hypothesis of Corollary 3.11, ¢ 0 @' — ¢ o ;! uniformly
in x, and thus passing to the limit, we find the bound (42) with &, Uin place of CD?;_I. By the
monotone class theorem, we deduce that the same estimate holds for ¢ replaced by the indicator
function 1, of any Borel set A with .£¢(A) < oo, yielding (39).

The analogous statement for , ! follows as before by time reversal. O
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4. Linear rough continuity and transport equations

The main aim of this section is to develop a meaningful theory of weak solutions to rough
continuity equations of the form

dp+ V- (bp)dt + > V- (Ep)dZ* =0 (43)
k=1

under minimal regularity requirements on b. The results included here range from existence,
uniqueness and renormalizability criteria, as well as flow representation, culminating in Theo-
rem 4.38. They constitute an extension of the DiPerna—Lions theory to the rough case and will
be the basic building block to approach nonlinear PDEs in the upcoming Section 5.

We will treat the aforementioned rough PDEs in the unbounded rough drivers framework,
which is recalled in Section 4.1. We then pass to examine criteria for existence of solutions and
a priori estimates in Section 4.2; Section 4.3 is devoted to the proof of key product and duality
formulas, resulting in the uniqueness, renormalizability and stability results from Section 4.4.

From here on we will work exclusively with geometric rough paths, recall Definition 2.5; in
other terms, we will always assume Z € Cg for some p € [2, 3). Whenever not specified, we will
be implicitly working on a compact time interval [0, T'], finite but possibly arbitrarily large; all
Bochner-Lebesgue spaces L‘;E must be interpreted as L9([0, T']; E). Whenever working with
t € R0, we will state it explicitly, see for instance the upcoming Definition 4.12 and Proposi-
tion 4.14; in such cases, we might consider elements in Lﬁ)cE =Ny L9([0, T]; E).

4.1. A primer on unbounded rough drivers

We recall here some basic facts about unbounded rough drivers, a framework first developed
in [12] in order to give meaning to a general abstract class of rough PDEs (RPDEs). The advan-
tage of this theory, originally designed for transport equations, is that it allows to easily derive a
priori estimates (cf. the key Lemma 4.9 below) which are at the heart of existence results, while
also allowing nonlinear operations such as fensorization (cf. Proposition 4.21 in Section 4.3)
paving the way for uniqueness statements.

Our exposition mainly follows [38]; see also [60,63,61] for other accounts and applications
to RPDEs. Let us stress that, although the abstract theory is designed in an axiomatic fashion,
where the fundamental objects involved (scales of spaces and smoothing, see below) are given,
in practical applications part of the problem is also identifying what are the correct choices for
this setup.

Definition 4.1. A tuple (Ey, || - ll1)ogi<3 18 a scale of Banach spaces if Ejy1 continuously em-
beds into E; for each / =0, 1,2. We denote by E_; the topological dual of E;, so that E_;
continuously embeds into £_;_ as well.

Definition 4.2. A smoothing on a scale (Ej)ogi<3 is a family of operators (J"),¢(,1] acting on
E; such that, for all n € (0, 1], it holds

'~ for (j,1) € {(0,1),(0,2),(1,2)},  (44)

I" =Tl e) SCn' ™
<Cnp™ =D for (j,) € {(1,1),(1,2),(2,2),(1,3),(2,3)},  (45)

C
I e ey < C

33



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124

for some constant C > 0. In this case, we denote the optimal choice of C by ||| J]||.

Remark 4.3. Up to redefining the norms | - ||g,, we can and will assume in the sequel that
lelle < llellg,, forl =0, 1,2. Correspondingly, by duality ||[¢[g_,_; < ¥ llg_, for{=0,1,2.

Although more elastic in its scope, the concept of smoothing is closely related to the idea of
performing interpolation estimates on the dual spaces (E_;)og/<3, and it does indeed imply their
validity. For instance, for any 1 < j <! < 3 and any ¢ € E_g, we claim that

i/l 1—j/1
Wiz, <207 Mg w2, (46)

To show (46), by homogeneity we may assume ||¥||g_, = 1. In this case, for any ¢ € E; with
lolle; =1, it holds

(W, @) < W, J70) + [, (1 — I < 1[Il (07w e, +n7)

Taking first supremum over ¢ and then choosing n = || ”;2/_11 (which is allowed since ||V ||g_, <
Il g_, =1) yields the desired (46). For further discussion, see also [61, Section 2.1].

The next lemma provides some practical examples of spaces admitting a smoothing, which
will be relevant in the sequel; the proof is postponed to Appendix C.

Lemma 4.4. The following hold.

a) Forany p € [1, 00, the scale of spaces E; = WP = WHP(R?) admits a smoothing.
b) For afixed R € [1, 00), consider the scale of spaces F| r given by

Fir=FirRY) :={p e W (RY) : suppy C Br); (47)

then Fi g admits a smoothing (J")pe(0,1], which moreover can be constructed so that || J |||
does not depend on R.
c) For a fixed R € [1, 00), define

x=Ey |xy |?

Xt 1= , Cr(x. ) =07

2
> + x|

and consider the scale of spaces & g given by
& =Er®¥) =[O e WS RM) i tr(x, ) 21 = @(r,0)=0);  48)

then & g admits a smoothing (J")ye (0,17, with ||| J ||| independent of R as in point b).

Remark 4.5. By definition, Fj, r(RY) is a closed subspace of W!o°o(R4), thus a Banach space
when endowed with the norm || - [ yi.cora); similarly, &, r(R%) is a closed subspace of

WHo(R24), thus Banach with norm || - [l wi.co(24y. By definition of x4, for any R > 1 it holds
that
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2
x4 ]
R2

20 P+ 1y = I P+ x-* < Rz( + |x_|2) = R*{r(x, y),

so that & g (R*) .7:1’\/§R(]R2d) forevery [ € {0, ..., 3}.

Definition 4.6. Let (E;)o<i<3 be a scale of spaces. We say that a pair A = (A, A) of 2-index
maps is a continuous unbounded p-rough driver w.r.t. (E;)ogi<3 if the following hold:

i) Aqg e L(E_;, E_;_1)forl €{0,2}and A;; € L(E_;, E_;_») for[ € {0, 1};
ii) there exists a control wa on [0, T'] such that, for [ as above, it holds

1 2
NAsellce_y ey SWAG, P, NAglloE B SWAGS, )P V(s,t) € Ar;
iii) finally, Chen’s relation holds, in the sense that
8Asu =0, SAg;=AuAs Y(s,u,t)e A%"' (49)

In analogy to Section 3, we start by defining solutions to RPDEs in the presence of an addi-
tional forcing w, which is of bounded variation in suitable topologies.

Definition 4.7. Let p € [2, 3), (E;)o<i<3 be a scale of spaces and A be an unbounded p-rough
driver w.r.t. (Ep)ogigs; let e C!=VE_3. A bounded Borel path p € B,([0, T]; E_p) is a solu-
tion to the rough PDE

dpr + pu(de) + A(dr)pr =0 (50)

if there exists p? € C; / 3_VarE_g such that

805t + Siss + Agips = Agips + pYy V(s.1) € A (51)

Remark 4.8. By the assumptions and (51), it holds

1 3
6psellE_y S wpls, ) +wals, 1)? +wi(s,1)?  V(s,1) € Ar

where w, and wy are the controls associated respectively to pu, p%. In particular, p €
C ([0, T]; E_3); if additionally E3 densely embeds in Ep, then a standard duality argument
combined with the uniform boundedness of p in E_q implies that p € Cy,—« ([0, T]; E_p).

The next fundamental result provides a link between unbounded rough drivers and smooth-
ing operators on (E})og/<3, in the form of conditional a priori bounds for solutions to (50); in
particular, Lemma 4.9 informs us that it suffices to control || o115, 0,71;E_g) = SUPseqo,77 lP Il E_o
in order to obtain estimates for all the higher order terms coming from the Davie-type expansion
(51). This type of result was first established in [12, Theorem 4.4]; the version below can be seen

as an extension of [60, Proposition 3.1].
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Lemma 4.9. Let p, (Ej)o<i<3, A, i be as in Definition 4.7 and p be a rough solution to (50); sup-
pose that (Ej)ogi<3 admits a smoothing, in the sense of Definition 4.2, and that . € Cl-vrp_,.
Consider the controls defined by

£ P _p
wi(s, 1) = [l E s wals, 0= 1013, (s.r1: o) WA 1)+ Wy (s, D) Swals, )73

and set ,ogt :=38pst + Agt ps. Then for any T > O there exists a constant C, depending on p, |||J |||
and wa (0, T), increasing in the last two variables, such that for all (s, t) € A7 it holds
3
[0 /315,01 Es < Cwsls, 1), (52)

2 2
[P Tp g5t < C(L+ 1ol s 12 ) (WaG P +wa(s. 07 ) + Cu(s,0) (53)

3/2 1 1 1
[[P]]p,[s,t];E_| < C(l + ||p||B/b([S’[];E70))(wA(S7t)p + w*(s,t)P + w#(s,t)Z). (54)

Proof. Our assumptions imply that all the conditions from [38, Corollary 2.11] are satisfied;
we deduce the existence of a parameter L = L(p, |||/ |||) > O such that, for all s < ¢ such that
wa (s, t) < L, it holds

3 3 3
A Se 10118, (5.61: E_o) WA (S, 1) P+ wy (s, DwA(s, 1) P Sp wals, )P

Applying the first part of Lemma A.4, for g = p” and p = p/3, it then holds

3 3
0" /3151 E 5 Spor Wi (s, 1) + wa(s, P 0%l Ay Es)- (55)

On the other hand, since p satisfies (51), we have

ol s < USps.ellEy + I8mscll By + I AstpsllE_s + IAsepslE_s
Swa 1018y (15.61:E_g) + W (s, 1);
combined with (55) and the definition of w,, overall this yields the desired bound (52).
Next observe that by (51), it holds

/031 =005t + Agi ps = —8lbsr + Agr o5 + PE-,; (56)

testing against any ¢ € E, with ||¢| g, = 1, by relation (56) and properties of smoothing opera-
tors, we find
|<P§t, ©) = [(8pst + Ageps, (I — IN@)| + (=8t + A ps + PEt’ J"p)]
<8pselle_o I = Il gy + 1 Astll 2o, 5yl oslE_o + 1815l E, 11T @l E,
+ 1A 2o 2 105 o 1 "0l 2y + Nl o5 N £ 1T "0l 5

) 1
Sn7lelBy s, E—o) + 1P IBy (15,11 E_g) WA(S, 1) P +wy, (s, 1)

1

2 3
+ ollBy (5,11 E_g) WA(S, )P + 17 wy(s, 1)¥.
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Taking supremum over ¢ € E with ||¢| g, = 1 and applying the basic estimate 2xy < x2+y2,
we arrive at

1

-115%

2 2 _
||/0§t||E,2 SolellBy s E_) + Wu (S, 1) + 10118y (15,1 E_g) WA (S, )P + 17 wy(s, 1)P.

Whenever wy (s, ) < 1, choosing n = wy(s, t)l/'g then yields

(A

2 2
< (1 11,2 0) (A G 0F +wals.DF ) 4 w5, 1)

applying the first part of Lemma A4, for g = p? and p = p/2, we arrive at the global estimate

2 2
||p§t||E_2 5 (1 + ”p”Bb([s,t];E,O))<wA(Ss 1P+ wy(s, [)p)
2
Fwu (s, 1) + 107 c(ag g o Ws (5, )P . (57)

By the definition of ,of,, it holds

||/03t||E,2 S8ostlle_y + 1 AsiosE-y Swa 118y (1.1 E_0)

which combined with (57) readily yields (53).
The proof of (54) is very similar, so let us only sketch the key passages. Using the relation
Spst = —Agtps + pgt and smoothing operators, one finds

1

[ 2 2
18psel -y S MlloIBy 5.1 E_g) + WAL, DY + 0 wels, 007, wals, 1) :=[0°]2 5 (ks

1 .
whenever w;(s, ) < 1, we can then choose n = w;(s, £)? to get an estimate where all controls

appearing have powers 1/p or higher. From there one applies Lemma A.4 and the available
estimate for wy coming from (53) to finally arrive at (54). O

Remark 4.10. It is important to stress that the structure of the spaces (E;); (e.g. their geometry)
doesn’t play a role in the estimates of Lemma 4.9, only |||/||| does; this will allows to consider a
sequence {p"}, of solutions possibly defined on different scales (E;');, and pass to the limit in n
by exploiting the available uniform bounds.

4.2. Existence of weak solutions

From now on, we will work exclusively with divergence free vector fields &, namely V - & =
0 for all k =1,...,m; to express it, we will just write V - £ = 0. In view of this, whenever
convenient, we may (at least formally) rewrite (43) as

m
dpr +V - (bipdt + ) & - VpidZ, =0. (58)
k=1
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For simplicity, we just write ), in place of ) ;°_,. The next statement allows us to reinterpret
(43)/ (58) in an unbounded rough driver fashion.

Lemma 4.11. Let £ € Cl%, V-&=0Z¢c Cg for some p € [2,3); define A= (A, A) by

Aag=) &-VsZh., Aypi=) & V(& Vo)Ll (59)
k -k

Then A is an unbounded rough driver, in the sense of Definition 4.6, on the scales of spaces
E; = Wi and E; = Fi g defined by (47). Moreover it holds

wa (s, 1) S 1§17, wz (s, 1)
b
where the hidden constant is independent of R. Finally, A is conservative, in the sense that

AL, =—Ag, Ay +AY, =—-A% A (60)

Proof. These are all classical facts from the unbounded rough drivers framework [12,38], so let
us motivate them shortly. Chen’s relation (49) follows from the definition of A and the corre-
sponding Chen’s relation (11) for Z. Note that Ay; and Ay, are defined as sums and compositions
of the differential operators V; = &; - V, which by the assumptions V - &; = 0, &; € C satisfy

V;( = —Vj, ||Vj||L(Wl+l,ooﬁwl,00) S ||§]||C§ for l =0, 1, 2,
being local operators, they also respect the support of function, thus the scales F; g. Conditions
i)-ii) from Definition 4.6 then readily follow by duality. Finally, A being conservative follows

from V -&; = 0 and Z being a geometric rough path, see the discussion right after [12, Definition
511, O

Definition 4.12. Let £ € C2, V- £ =0, Z € C} for some p € [2,3) and b € LI L] . We say that
amap p:[0,T] — LlloC is a weak solution to the rough continuity equation (58) on [0, T'] if, for
any R €[1, 00), it is a solution to the rough PDE (50) on F; g, in the sense of Definition 4.7, for
the choice (1 =V - (bp) and A as given in (59).

In other words, p solves (58) if for all R € [1, 00), the following hold: p € B ([0, T']; F—o.r),
V. (bp) € Ltl]-lz, &, and the two-parameter map p” defined by

t

ik
Sps + f Ve (updu+ & VpdZh = Y6 VE Vo2 = o,
s k J.k

Y(s,1) € At (61)
. b p/3—var
satisfies p" € C, F_3,R
When b € LIIOCL}C and Z € CE([O, T]) forevery T € (0, +00), we say that p is a global weak
solution to (58) if it is a solution on [0, T], for every T € (0, +00).
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Remark 4.13. Definition 4.12 combines the standard concept of weak solution, based on testing
against ¢ € C2°, with the more quantitative setup from unbounded rough drivers, which requires
to work with (a family of) scales of Banach spaces, rather than a locally convex topological
vector space like D’. This is the reason why we enforce identity (61) to hold on all scales F; g,
with arbitrarily large but finite R.

By Remark 4.8, condition (61) implies the continuity of # — (¢, p;) for all ¢ € C°. In par-
ticular, the map ¢ — p; is continuous in D’, which allows to give meaning to an initial (resp.
terminal) condition p|;=0 = po (resp. p|;=r = pr) coupled with the rough PDE.

A sufficient condition for V - (bp) € L} F_5 g is to verify that bp € L} Llloc; indeed, by duality
KV - (bepr), @) = bepr, Vo) | < ||V(P||L§°||btpt||Ll(3R) < ||V¢||F2,R||btpt||Ll(BR)

Vo€ For,

where in the intermediate passages we used the support property of ¢, so that we actually get the
stronger outcome that V - (bp) € Ltl]-ll, R:

T T
/||v'(bt,0t)||]-',1_,gdf</||btPt||L1(BR)dl VR =0. (62)
0 0

Let us finally mention that, if b and & are smooth, Z is a smooth rough path and p is a classical
smooth solution to the PDE

dp+ V- (bp)+ ) V- (&p) 2 =0
k

then a Taylor expansion readily shows that it is also a solution to the associated rough PDE
(similarly to the RDE case from Remark 3.2).

Proposition 4.14. Let p € [2,3), Z € chee Cg withV -& =0and p € [1, +0o0]. Let

poell, beL'L  V.beL'L®. (63)

loc’

Then there exists a weak solution p € By ([0, T1; LY) to the rough continuity equation (58) on
[0, T'], in the sense of Definition 4.12, with initial condition p|;=o = po, which moreover satisfies

t
1
ol < exp ((1 -) / IV bullzge du) leollz Ve, 71, (64)
0

If moreover b, Z are defined for t € R>( and the above conditions are satisfied on every compact
interval [0, T], then there exists a global weak solution p, satisfying (64) for every t > 0.
Proof. For simplicity, we only present the proof on a finite interval [0, T']; the global existence
statement follows similarly, up to an additional Cantor diagonal argument. Let us start by treating

the case p € (1, +00).
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Given (b, Z, &) as in the assumptions, we can find smooth approximations (b", Z", p(')’) such
that

b —>b1nL L{;c, /”bn”LP (BR) /”b “LP (BR+1)
1V "l 3 e IV Bl 1o (63)

as well as dy 7(Z",7Z) — 0 and py; — po in LY. We may further assume that ||,o{)’||L§ < ||p0||L§
for all n and, arguing as in Corollary 3.11, we can take the associated controls wz» to be equicon-
tinuous, namely such that sup, wz» (s, ) < y (|t —s|) for some modulus of continuity y. For each
n, the associated PDE

Bp" + V" ")+ Y V- Ep"MZE =0
k

now classically admits a unique solution, which we denote by p/'. Since V - & = 0, it has an
explicit solution formula given by

t

p110) = (@, 60 exp (= [ (V-6 @ (o). (66)
0

where ®" is the flow associated to (b", &, Z"*). Together with (41) and (65), for p € [1, 00), this
yields

lof Iz, /I,Oo (X)I”eXp (1 - p)/(V b”)(%_)u(X))du)dx

R4 (67)

< exp (=1 [ 19 bl ).
namely the equivalent of (64) for the solutions p” to the mollified equations; the estimate for
p = oo follows similarly. By Remark 4.13, p" is also a solution to the rough PDE (50), with A"

defined in terms of (§,Z") by (59) and u} = fé V- (b} piy)du. Arguing as in (62) and using (67),
for any R > 1 it holds

1310 < [ 1002 1 g S 16 oy [ 00 5 ol s )

where we define the control wy, g 1= f 1651, (B )du. We are therefore in the position to apply
Lemma 4.9, in combination with the above estimates, to find
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1 1 1
182517y S (1 N2 ) (wan 5.0 + w5, 0P + wp k(5. 1)7)
(68)

1 1
S U+ lpol2 ) (v (Ut = 5P +wp (s, 1)7 )

which shows equicontinuity of p" in F_; g for all R > 1. Thanks to estimates (67)-(68), the
assumptions of Proposition B.4 in Appendix B are met; we can therefore find a (not relabeled for
simplicity) subsequence and a function p € C,, ([0, T]; LY) such that p" — p in C,, ([0, T]; LY)
(recall Definition 2.12). In particular, o/’ — p; in L? forall t € [0, T'].

We claim that p is the desired weak solution to (58). Properties of weak convergence and the
uniform bound (67) readily imply (64), while by construction p|;—o = po as desired. To see that
p is a weak solution, let us consider for any ¥ € F3 g the expansion

(80, U) + (S W) + (%, AT ) — (ol AT ) = (%, )

and study convergence of each term. By construction, Aj;* and AY;* converge to A¥, and A,
respectively, in the appropriate strong operator topologies, which combmed with pf! — ps in LP
and weak-strong convergence implies that

<p€l’A?£*1//)_) (pS7A;k[W)7 (pstn *1//>_) (pﬁAt[‘()[/> V(S,I)EAT.

Since b" — b in L} Lloc’ off — p; for all t € [0, T] and ¢ is compactly supported, by weak-
strong convergence it holds

n=>0te(0,T]

T
lim sup () — Mz,WH<nlingo/|(ps,bz'VW)—@u,bu'VlPHdM:O (69)
0

and clearly (o7, V) = (8pss, V). In order to conclude that p is a weak solution, it remains to

p/3—var

show that the associated two-parameter ,oS, belongs to c? 2 F_3,R; by the previous estimates,

(pst, ¥) = hmn—)oo(ps; ,¥) for all ¥ € F3 g, namely ,os, is the weak-* limit of p?,’n in F_3 g.
On the other hand, applying again Lemma 4.9 (more precisely (52)), taking into account the
previous bounds on w1, one finds

, 3 3 _
los 152, S MBI (e (s, 1) + wp r(s, )P Pwzn (s, 1) 7).

By lower-semicontinuity of norms in weak-* topologies, passing to the limit it then holds

HHP/3

3 _
ol <timinf 5 1% < ool (wa s, 1) + wp (s, 0P Pwa (s, ) =P

which finally by Remark 2.2 implies that p% € C¥/* ™ F_3 ¢ forall R > 1

Next we consider the case p = oo. The proof is almost identical, as one can still develop
uniform estimates for || 0" || 5, (0,71 L) and 1605+l 7_,  Which are robust enough to apply com-
pactness arguments (Proposition B.4) and pass to the limit. The only differences, due to lack of

separability and reflexivity of L°, is that now pj — pg in L? forany p < oo and 04 A 0o in

loc

41



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124

L%, while p" — p in Cyy—4 ([0, T1; L$°); the rest of the proof is identical to before, since we
can pass to the limit without problems whenever testing against compactly supported functions.

Finally we deal with p = 1, which is a bit more delicate. In this case, ,og — po in L' but we
can only allow smooth approximations b" such that |V - b || Lo < ||V - byl Lo and

||b;l||L00(BR) < bl YR 21, b;l(x) — b;(x) for Lebesgue a.e. (¢, x). (70)

We can still derive uniform bounds on || p"|| LeLl and equicontinuity estimates in F_1 g as be-
fore; in order to get weak compactness, we aim to apply Corollary B.3 from Appendix B, which
requires to verify local equi-integrability of p". To this end, fix & > 0; since py — po in L}C,
there exists 6 > 0 such that

AN <s = sup/|p8(x)|dx<s.
n
A

Now let us set § := 8 exp(—|V - b”L}LOO); observe that for any Borel set A with .#4 (A) <3, by
Corollary 3.12 and our choice of approximations, for any ¢ € [0, T'] it holds

t
LUy (A) < exp( / ||V-b;'||L;ods)$d(/i) <6;
0

therefore by the explicit solution formula (66), we obtain

LA <S = sup / o} (x)]dx = sup / g (¥)]dx <&
tef0,71J 1€[0,T] y
A s (A)
which proves equi-integrability. We can now apply Corollary B.3 to find a (not relabeled) sub-
sequence such that p” — p in Cy, ([0, T]; Llloc), which in particular implies that p/'yy — p; ¢
weakly in L)lc for all + € [0, T] and ¥ € C2°; combining this fact with the convergence (70)
and more refined weak-strong convergence results (for instance Egorov’s theorem), one can still
show that

/V~(p§lb?)ds—>/v‘(psbs)ds in Cy—«([0, T]; F2,r)
0 0

as well as in fact the stronger estimate (69). From here, one can pass to the limit as before to find
the conclusion. O

Remark 4.15. Let us discuss some variants and extensions of Proposition 4.14, under the same
assumptions on Z, &, b. If pg € LY' N LY for some p; < p», then going through the same proof
one can construct a global solution p to (58) satisfying

t
1
oIl g éeXP<<1 - 6—1) f IV - bullrge du>||,00||Lz V120, q¢€lp1,p2]
0
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Similarly, for any p € [1,00] and any p7 € L%, one can construct solutions 5 with terminal
condition p|;—7 = p7 such that

T
i ! i
16:l,p <exp ((1 —;)f||V~bu||L;odu>||pT||Lg Viel0,7].
1

Similar considerations apply to the stochastic transport equation

dfi+b - Vfidi+Y & VfidZ, =0; (1)
k

one can define solutions to (71) similarly to Definition 4.12, up to requiring instead that b- V f €
L,]]-'_z,R. This condition is satisfied whenever bf € L}Llloc, f e By(0,T]; Llloc) and V-b €
L} L: indeed by duality, similarly to (62), one has

T T T

/ by -V fillz, di < / o fllrcodi+ sup 1fillicay / IV -blliedi YR>0. (72)
tel0,T]

0 0 0

In the case of (71), for any p € [1, 0o] and any initial fo € LY (respectively terminal fT elL?),
under the same assumptions as in Proposition 4.14 one can similarly construct a weak solution
f (resp. f) satisfying

t T
1 ~ 1 ~
||fz||Lg<CXP<;/||V'bu||L;°dM)||f0||L§, ||ft||Lg<exp<;/||V-bu||L;odu)||fT||Lg.
0 t

Remark 4.16. For future convenience, let us collect here the necessary ingredients from the proof
of Proposition 4.14 guaranteeing compactness of {p"}, in Cy, ([0, T']; Llloc) (cf. Proposition B.1)
when p = 1. To achieve the necessary a priori estimates, all one needs is:

o sup, |V - 0"l 100 < 00;

X
® sup, ||b"||L}LcX,O(BR) < oo forevery R > 1;
e equi-integrability on pg.

In particular, this part of the proof would already work under the assumption that pj — po weakly
in L}C. Furthermore, to show convergence of the drifts 1", in addition to the above conditions,
one only needs to require b} (x) — b;(x) for Lebesgue a.e. (¢, x) (see (70)).

Similar arguments apply to the transport RPDE (71) as well; the only major difference is
that in this case, in order to show convergence (in the sense of distributions) of the drifts 1" =
fd b} -V f]' ds, one needs to additionally require V - b} (x) — V - b;(x) for Lebesgue a.e. (¢, x).

Proposition 4.14 only requires local integrability conditions on b; under an additional growth
assumption, see (73) below, one can additionally prove uniform p-integrability of solutions.

Condition (73) first appeared in the DiPerna—Lions theory, where it is usually exploited to set
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up a Gronwall type argument at the level of uniqueness, cf. [40, Theorem II.1]. Here instead we
employ it at the level of a priori estimates, which are valid also in situations where uniqueness is
not known, with an approach reminiscent of [25, Section 3].

Lemma 4.17. Let b, &, Z and pg be as in Proposition 4.14, for some p € [1, 00). Additionally
assume that

b(x)
1+ x|

eL!LI+LILY. (73)

Then the solution p from Proposition 4.14 can be further constructed so that it is uniformly
p-integrable on any finite interval [0, T). In particular it holds

lim sup /lpt(x)|"’dx=0. (74)
R—004¢[0,T]
|x|>R

Proof. We give the proof for p = 1, the other cases being similar. For simplicity, we assume
everything smooth and derive estimates which are independent of the smoothness of (b, &, pg);
the conclusion then follows by passing to the limit in the smooth approximations, as done in
Proposition 4.14, and using properties of weak convergence in L', guaranteeing that the bound
(74) still holds after the limit.

By formula (66), it holds

sup / |or(x)|dx = sup / [oo(x)|dx. (75)
1€[0,T) 1€[0,T]
[x|>R |®;(x)|>R

We need to derive some bounds on |®,(x)|, for x € R4, By assumption (73), we can write
b (x)| < (1+ |x])(h; + g;(x)) for some g € LI L] and h € L}. Since ®,(x) solves an RDE, we
can apply estimate (19) from Lemma 3.3 for u; = fé bs (D4 (x))ds; in particular, we can find a
constant x =« (]|€ ||C§) > 0 such that for any ¢ € [0, T'] it holds

t
1+ 0 ()] < 14 |x] +K+Kf |bs (P (x))|ds
0

t
ST+Ix[+« +K/(hs + 85 (s (X)) (1 + [Py (x))ds
0

An application of Gronwall’s lemma then yields

T

tog (1+ sup_|®,(0)l) <log(1+# + [x]) + &1l + f g (; (x))ds
1€[0,7]
0

=:log(l +« + |x]) +K||/’l||L[| + G(x).

(76)
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Moreover, by Corollary 3.12, it holds

T
[ G =« [ [ ac@conrds <cepV -0l 00l )
R4 0 R4

We now go back to the original quantity we want to estimate; let us conveniently choose R =
exp(l + 3R) for R large enough so that R > «||Ai|| Ll Estimate (76) informs us that, whenever

®;(x) > R, at least one between log(1 + « + |x|) and G(x) must be larger than R. Therefore,
for any fixed K > 0, we find

/ lo0(r)ldx < / 1000 ldx + / 1000 ldx

[ D¢ (x)|>R [po(x)|>K [ (x)|>R, |po(X)|<K

< / o0 () dx + f loo()ldx + K f 1dx

[po(x)|>K log(1+x+Ix))>R |G(x)|>R
K
< lpo(x)[dx + Ipo(x)ldx+§||GllL;;
loo(x)|>K log(1+k+|x)>R

combined with (75) and (77), this yields the quantitative estimate

sup f lo(x)|dx

t€[0,7T] ~
|x|>e'+3R
< KK Vbl 1,0 (78)
< |po(x)|dx + [oo(x)|dx + 7 e gl e
lpo (x)|>K Ix|>eR—1—k
VRZ |-

This is a quantitative bound, which is stable w.r.t. weak convergence; therefore even though we
performed all computations in the smooth case, after passing to the limit in the approximations,
estimate (78) remains true for the weak solution p constructed in Proposition 4.14.

Since pg € L}, we can first take limsup o On both sides to see that the second and third
term on the RHS of (78) vanish, and subsequently take K — oo (employing again integrability
of pp) to conclude that (74) holds (for p=1). O

Notice that, by Lemma 4.17, the solutions p" associated to some smooth approxima-
tions constructed in Proposition 4.14 are always uniformly-p-integrable, in the sense that
{lp|P;t €0, T], n € N} is a uniformly integrable family (i.e. equi-integrable and tight) when-
ever {|py1?; n € N} is so.

Under suitable integrability requirements, we can additionally show that L }C-valued solutions
to the rough continuity equation preserve mass, as formally expected by integration by parts.
Combined with the upcoming product formula from Section 4.3, Lemma 4.18 below is the key
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to establish uniqueness results by a duality argument, see the proof of forthcoming Theorem 4.29.
By no coincidence, the proof of Lemma 4.18 is similar to that of [40, Theorem II.1], although
here no Sobolev regularity is required. Note that in the next statement, very few conditions are
imposed on b, in particular we do not enforce neither (63) nor (73).

Lemma 4.18. Let p € [2,3), Z € C'p, £ e c: v. & =0; let p be a solution to (58), in the sense
of Definition 4.12, additionally satisfying

bp

eLlL!. 79
1+|x| t X ( )

p€By([0,T]; LD,

Then it holds {(p;, 1) = (po, 1) forall t € [0, T].

Proof. Consider a function ¢ € C2° such that ¢(x) =1 for |x| < 1/2 and ¢(x) =0 for |x| >
1 and set <pR (x) := @(x/R), so that gaR € F3 g for all R. Our aim is to derive uniform-in-R
estimates for (8p,;, @), so to pass to the limit as R — oo.

Let us define a control by w,(s, ) := f; 1(bp),/(1 + |x|)||L)1(dr; in the rest of the proof,
for notational simplicity, we will allow hidden constants to depend on wa, w, and ||| LeLl
whenever needed. By assumption (79) and the definition of /; g, for any R > 1 it holds

t

t
181t 5 < / IV - (e o)l 5, pdr < / f (b ) ()l dr < Rung (s, 1)
S

s Bg

moreover [0l 7, < llorllg1 uniformly in R, therefore we are in the position to apply
Lemma 4.9. In particular, upon defining a new control w := wp + wg/ BwA_p/ 3

R large enough estimates (53)-(54) correspond to

+ wp, for all

P57 S RBYP, 1805l o S RVZ0VP. (80)

In order to estimate (pX, ,OE,), we are going to employ Lemma 2.7. To this end, first observe that
by applying Definition 4.7 and Chen’s relation (49), it holds

8psuut = Autpsﬁu + Ay 8osu (81)

for pgu = 8pst + Agips as in Lemma 4.9. Next observe that, by definition (59), the operators A},
and A}, only involve first and second order derivatives, thus by scaling it holds

11 -1.2
1AL @R Iy SR /Ps ), 1AL @R e S R (s, 0). (82)
Testing identity (81) against ¢® and using the estimates (80)-(82), we find
1800t @I S WAL @R e 05 1 7y g + 1AL @R Iwroo 1800l 7, S (s, 1)Y/P.
By Lemma 2.7, we can conclude that for all R large enough it holds
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(o ™) S (s, 0P V(s 1) € Ar. (83)

Next we claim that, for u = V - (bp), under assumption (79) we have

lim (8150, %) =0 V(s,1) € Ar. (84)
R—00

Indeed, for any fixed r by the definition of ¢ it holds

/ |(brpr)(x)|d .

b)) |, (x

R < |( rrr - < 00

|(br pr, Voo >|\/7R Vo(%)|ax S 19l Sama
R4

R/2<IxI<R

by assumption, for a.e. r € [0, T], b, p, /(1 + |x]|) € L)lc and it is integrated on the domain Bpg \
Bpg/> which escapes at co as R — 00; by dominated convergence, it follows that

T
lim /|<br pr VM) [dr =0
R—o0

0

thus proving the claim (84). We now have all the ingredients to conclude. Indeed, by Defini-
tion 4.12, testing 8p against ¢, we have

18050, ™) < 1Bks.e. @) + o5, A% ™) + 15, A% OB + (05, 95 ;
applying the assumption (79) and the estimates (82), (83), (84), we find
[(8ps,e, ) = 1im [(8ps,, 9%) S (s, 1)/
R—o0
Namely, # — (p;, 1) is of finite p/3-variation, with p/3 < 1, thus necessarily constant. O

Remark 4.19. In the simplest scenario, condition (79) is satisfied when p € B ([0, T']; L)lc NLY)
and b satisfies the growth assumption (73).

4.3. Product formula for Sobolev drifts

As in Section 4.2, in the following we always assume the vector fields & to be divergence
free. The goal of this section is to show a product formula between the rough continuity equation

dor + V- (b di + ) V- (1) dZ =0 (RCE)
k

and the rough transport equation

dfy+b - Vfidi+) &V fidZf =0. (RTE)
k

To explain what we mean, assume everything to be smooth for the moment; then we have
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d(o: fr) = fidpr + pid fi
=iV Gipdi + YV - GeodZf) = pi (b V fidt + Y & V £,dZf)
k k

==V - (o fb)dt = Y V- (Expy f1)dZy .
k

In other words, the product pf still solves (RCE). Integrating the RPDE for pf in space, using
Lemma 4.18, we expect to find

d(/pz(x)fz(x)dx>=0 = {01, fr) ={po, fo) Yi=0.

]Rd

The main goal of this section is to formalize the above heuristics in the rough setting, under
the suitable regularity assumptions.

Theorem 4.20 (Product formula and duality). Let p € [2,3), Z € P ee Cg’ with V - & =0. Let
D, q,r €[1,00] be parameters such that 1/p +1/q + 1/r = 1 and assume that

be L'WY peBy(0,TI; LY, feBy(0,TTLL), (85)

loc

where p and f are respectively solutions to (RCE) and (RTE); then the product pf €
Byp([0, T]; Llr(;c) is a solution to (RCE). If additionally

bpf
of €By([0,TT; L)), TFal eL!L!, (86)
then we have the duality formula
(ot f1) = (po. fo) Vi el0.T]. (87)

As in [12], in order to prove Theorem 4.20, we employ a doubling of variables procedure;
we start by deriving the RPDE satisfied by the tensor product (o ® f)(x,y) := p(x) f(y). More
generally, given i, v € D'(RY), we denote by 11 ® v their distributional tensor, which is again a
distribution in doubled variables, namely it belongs to D’'(R?¢). We will adopt the same tensor-
notation for operators: if B; € L(E;, F;) fori = 1,2, then we denote by B; ® B, the element of
L(E| ® Ey; F| ® F,) which is the unique linear extension of the mapping

(B1 ® By)(e1 ® e2) :=(Bie1) @ (Bez) Ve € Eq, ex e Es.

Given any Banach space, we denote by I the identity operator on it.

With this preparation, we can present a tensorization statement, which is the analogue of
[60, Proposition 5.1]. Here, & r = &, r(R%) denote the spaces introduced in Lemma 4.4; by
Remark 4.5, they are subspaces of .7-'1 VIR (R%).
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Proposition 4.21. Let p, f be respectively solutions to (RCE) and (RTE). Let p,q,r € [1, 00]
be parameters such that 1/p + 1/q + 1/r =1 and assume that

peB(0, T, LY ), feBy(0,TI;LL), beLlLl, V-beL/L,.

loc
Then p® f € Bp([0, T]; LIIOC(RM)) is an unbounded rough driver solution of
d(pr ® f1) + (V- (i) ® fi + pr ® (by - V f;))dt
+ (G- Vo) ® fi+pi ® & -V f))dZ =0 (88)

in the scale of spaces & r defined by (48), for every R > 1. That is to say, we have

d(p ® f)r + M(dr) + X (d)(p ® f)r =0

for the unbounded rough driver X given by the second quantization of A, namely

Xst = X(A)sr = Xst, X)) = (At @I + 1 Q Ast, Ay @ I + 1 @ Ay + At @ Agy), (39)
and the forcing M given by

t

Mt = / ([V : (bupu)] ® fu +0ou® (bu : Vf“))du (90)
0

Moreover M belongs to C' ™" E_| g for every R > 1.

Results in the style of Proposition 4.21 appear in several works across the unbounded rough
drivers literature, albeit on different scales of spaces from the one we are using in the present
paper. Thus, we include a self-contained proof which relies on the following lemma, whose
proof is postponed to Appendix C.

Lemma 4.22. Let R > 1, I, j € N. Then the distributional tensor product (f,g)— f @ g isa
bounded bilinear map from F_; py1 X F_j ry1t0o E_j_j R.

Proof of Proposition 4.21. Let R > 1 fixed. As in Lemma 4.9, we introduce the notations

t 1

= / V- (oub)du,  ply =805 + Agips, vy i= / by -V fudu, f5=08fu—+ Asfi,
0 0

so that

8pst = —Spkst — At ps + Agrps + )0;1, p‘lg:t = —8us + Ay ps + PEp
8fst = —0vg — Ayt fs + A fs + fxu[» fsﬁt = vy + Ay fs + fsut-
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Note that by assumption, p, f € B,([0, T']; F—o,r+1); moreover arguing as in (62)-(72), it holds
w,veCIVEF | p. 1. Now we write

8(p® fst =08pst ® fs + ps ® 8fst + 8pst ® 8fst
= —81t5t ® [y — Astps ® [y + Astps ® fs + pgy ® f
— s ® 8V — ps ® At fy + ps ® Agt fy + ps ® f;
+ 0L ® 85t + Agips ® Ast fy — Agips ® f

which by the definition of X yields

t
8(p®f)st:_/(/:Lu®fu+pu®"}u)du_Xst(ps®fs)+Xst(ps®fs)+(p®f)Ep on

where we define the remainder

t

(P® flii=— / fou ® 8 fudu

N

t

- / 80su ® Dydt + pls ® fi + ps ® frr+ pl, ® 8fs — Asips ® [

N

€ (]'11,R+1 ®]—",1,R+1) + (]:71,R+1 ®]-',1,R+1) + (]'13,R+1 ®]—lo,R+1)
+ (F0,r+1 ® F-3,41) + (Fo2,r1 @ F-1,8+1) + (F-1,R4+1 ® F-2,r+1)

Using the assumptions and Lemmas 4.9 and 4.22, we get that each term above has finite p/3-vari-
ation in £_3 g.
In order to conclude, it remains to show that M defined by (90) belongs to C 1_"‘“5_1’1@.
Similarly to (62)-(72), we have
IV - Gro) 7oy gy S MWbepell L1 By )y SR WD Lr By 106l Lr (BRy )
br -V fll 7oy gy S Mbefill i Byyy F IV b fill LBy

Sk (162 Brar) + IV - bellLr B ) fill Lo (Brar)-
Combined with Lemma 4.22 and the assumptions, this yields the estimate

T

IMlcrme o= [ IV Go® it p@ b,
0

SR (||b”L,]L’(BR+1) + V- b”L}Lr(BRH))||P||Bb([O,T];LP(BR+1))||f||Bb([0,T];L‘1(BR+|))

and thus the conclusion. O
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The next step is to derive an equation for the product p;(x) f;(x), which formally amounts
to testing (88) against the distribution §y—,. To achieve this, we follow [12] by employing a
so-called blow-up transformation: for ¢ € (0, 1) and ¥ € L (R??), define

—d X_ X_
T, W(x,y) :=¢ \Il(x+ - —),
e &
where as before x1 = (x £ y)/2. It’s easy to see that T is a linear isomorphism from Whoo(R24)
to itself, for every / € N.
Recall the function ¢g(x, y) = |x;|>/R? + |x_|? from Lemma 4.4; note that

X N L E e
CR(X++ — x4 — — ) =—F5+—>— =28k, y) Vee(01),

£ g R £

so that T leaves the spaces & g invariant. 5’1,5, g = T:(& r) in general is strictly smaller that
&1, r, and can be similarly characterized as

P P L e ool
R2 82 = :> x5y - £l

Eler= {q> e WhooR)

given the above formula, it’s immediate to check that gl, ¢.r 1s a closed subspace of Wl'oo(de )
(thus Banach with induced norm) and that local operators (like differential ones) map éN'l, &R Into
Sk’ ¢,r for suitable / and k, since they respect properties of supports. Moreover, T is a bijection
from & g to é:[’g,R, thus admits an inverse Tg_1 € L(& R, gl,g,R).

The reason for introducing T, as we will see more in detail later (see eq. (101)), is that at
least formally

P f(x)=(p® f.0x=y) = lim(p ® f. T V) Zgig})(Tg*(p ® ). ¥)

for some appropriately chosen W. In the last passage, we denoted by T* the dual operator of T,
which belongs to £L(E_; g, E_; ) for every [ and R > 1. W.r.t. the L2(R2d)-pairing, whenever
the argument is regular enough, 7 admits the pointwise representation

TrW(x,y) =W(xs +ex_, x4 — x_).

Consequently, by applying 7,* to (91), our candidate approximation T, (o; ® f;) of the product
or(x) fr(x) satisfies

AT (o ® fi) +dME +X° AN T (o @ f) =0 92)
on the scales (& g);, where we set

X = (TFXTH ™V, TAXTA Y = (T X T, (T, 1XT)%) (93)
t
M=M= [ 17 (0b0) ® fr 4 009 B V) ©4)
0
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for (X, X), M as defined in (89)-(90).

Since the operators Xj; (resp. X, ) consist of sums and compositions of differential operators,
it’s easy to check that they map ENI, ¢ R INto g’k, ¢,r for suitable / and k; consequently, Tg_lX st Te
(resp. Tg_IXS, T.) map & g into & g. Since (& g); is a scale of spaces, arguing as in Lemma 4.11,
we get the following.

Lemma 4.23. Let £ € CI%, V-&=0,Z¢ C}; for some p € [2,3), let ¢ € (0, 1) and X® be defined
by (93). Then X® is an unbounded rough driver on the scales of spaces & g defined by (48) and
it holds

wxe (5, 0) S N€ 117, wz (s, 1)
b

where the hidden constant is independent of R, but may depend on ¢.

Our next goal, under additional regularity assumptions on (b, &) is to obtain uniform-in-¢
estimates for the unbounded rough driver X® and the forcing M*.

Proposition 4.24 (Proposition 3.4 from [38]). Let p € [2,3), Z € cr Ee C; and V - & =0, let
X? be defined by (93). Then we have

XN 28 po&r ) < Cwz(s, P forle{—0,-2},
IXE N 26 p810 ) < Cwz(s, P forle{—0,—1},

where the constant C depends on ||& ||C3 but is uniform in € and R > 1.

Proposition 4.25. Let p, f be respectively solutions to (RCE) and (RTE). Let p,q,r € [1, 00]
be parameters such that 1/p +1/q + 1/r = 1; assume that

peBp(0, T LY ), feBy(0,TILL), beL!w’

loc loc loc

and let M?® be defined by (94). Then there exists a constant C, independent of R and ¢, such that

'
”8Mft ”571,R < C”p“Bb(lO,T];L”(BRH))”f”Bb([O,T];Lq(BRH))/ ”bu”le’(BRH)du'
N

Proof. We begin by noticing that
1 1
ViTe = E(Tavx + Tavy) + Z(Tsvx - Tavy)
1 1
VT, = E(Tsvx + Tsvy) - E(Tsvx - Tsvy)§

therefore for any W € & g, it holds that
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t
—(8M;,, V) = —/(Vx ((Pubu) @ fu) +Vy - (pu @ (bu fu)) — pu ® (V- bu) fu), Te W)du

N

t

= /((pubu) & fu> VaTe W) + {ou ® (by fu), VyTe\IJ> + {ou ® (V-by) fu), T, V)du

N

t

1
:/E((pubu)(gfu‘i‘/)u@(bufu)a Tavx‘p‘i‘Tsvy‘y)d”

N

t

1
+f E((pubu) & fu — pu ® by fu), TeVy ¥V — Tsvy\p)du

s

t
+ f (Pu ® (V- ba) fu). T W)

1
= / E(Tg*[(;oubu) ® fu+pu® (bufu)]» Vi + VyW)du 95)
t 1
+/ Z(Tg*[(pubu) Y fu —Pu ® (bufu)]’ quj - Vy‘II)du (96)
t
+/<T§‘[pu ® (V- bu) fu)]. W)du 7

= If + If + IS

To bound I} and I3, we use integrability of b, V - b as follows. For /7, by Holder’s inequality

t
s / / / |0u (s + £x2) b (X + £x2) + by (xs — £x2)) fu (s — £x2)

S Br B;
(VX\I/ + V},\I/) (r +x_, x4 — x,)|dx,dx+du
t

<//IIPu('+€x—)||LP(BR)(||bu('+€x—)||Lr(BR)+||bu('—8x—)||Lr(BR))
s B
| fu —ex)lLaBrydx— | Vi W + VW] Loo(pyydu

t
§/||,0u||LP(BR+1)IIbu||Lr(BR+1)||fuIILq(BRH)II‘I’IIEI,RdM
N
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t
S NellByqo, 7117 (Brir) ||f||B;,([O,T];Lq(BR+1))/ 16ullLr (Brynydu W]l &

\)

similarly, for /5 we have

t
1385/ loullLe Bri IV - bullLr Brop) | fullLa(Brindu 1 Wllg, &
N

t
< ||p||B;,([O,T];LP(BR+1))||f||Bh([O,T];Lq(BR+1))/ IV - bullLrBrpdu Wil g -

N

To bound 75, we need Sobolev regularity of b to cancel out the factor e~ 1; this term behaves
similarly to a DiPerna—Lions commutator. For Lebesgue a.e. u it holds that p, € L (Bgr+1), fu €
L9(Bg+1) and b, € W“(BR_H); for such u and a.e. x4 € Bg, x_ € By, we have

1
ETS*[(p“b”) Qfu—Pu® (bufu)](xv y)

by(xy +ex_) — by (x4 —ex_)
2 (98)

= puls +ex) fuley —ex_)

1
= %pu(x+ +ex_) fulxy — 8x_)(/ Dby, (x4 + Gex_)de)x_.
-1

Integrating w.r.t. # and using that W € &1  is compactly supported in the x_-direction, we find

t 1
55 f / / 1u s + x| fuley — ex0) f |Dby (s +Bex_)]do dx_dxy
—1

S Br B;

VW — VW oodu

A (99)
5/ loullLrBry) 1 full La(Bry) IDDullLr (Bry)du W] g, &
s

t
< ||P||Bb([O,T];LP(BR+1))||f||Bb([O,T];L‘1(BR+1))/ I Dby llLr (Bgydu IWllg, &
s

Overall, this proves the claim. O

We now have all the ingredients to derive the RPDE for the product pf. Towards this
end, in the rest of this section, we fix a radially symmetric probability density x € C2°,
such that supp(x) C B(0, 1/2). Let {x®}. denote the associated family of mollifiers, x*(x) =
e % (e~'x). Then for any ¢ € F3.r, we may define
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00,y = o ex i) =9(2E k- e Esam (100)

by the definition of 7, and properties of mollifiers, we have

X+ Y\ .
T, y) = (55 )2 (=) = ¢ (@bicy (101)
as ¢ — 0, where convergence holds in the sense of distributions.

The goal is now to test (92) against W as defined above, send ¢ — 0, and identify the limits of
(X®, M?) to find that

d(pf, ¢) — (pbf, V)dt — (p& f, V)dZE =0

holds for any ¢ € F3 g, which is to say that pf satisfies the rough continuity equation (RCE),
since & is divergence free.

The next result guarantees pointwise convergence of the unbounded rough drivers X® as ¢ —
0.

Proposition 4.26 (Proposition 5.13 from [38]). Let p € [2,3), Z € b ge Cb and V - £ =0.
Let X¢ be defined by (93), p and f be measurable functions such that p € Lloc, fe Lfoc with

1/p+1/q <1, x as given above. Then for every R > 1 and ¢ € F3 R, defining V as in (100),
we have that

lim(p® f, X5"W) = (of, AT,$),  lim(p® £ X{"W) = (pf, AL¢)  V(s,1) € A7,

Next, we show that the forcing M? converges as well.

Proposition 4.27. Let p, f, b satisfy the assumptions of Proposition 4.25 and let ¢, x and ¥V as
in Proposition 4.26. Then for any (s,t) € AT we have

t

im (5045, %) = = [ (pu b, Vo)

e—0
s

Proof. Note that, since 1/p+ 1/g + 1/r =1, we have that pfb, pf Db € L! LIOC As in Propo-
sition 4.25, developing the expression for (§My,, W), we obtain the terms {I° }l: defined by

st

(95)-(97). Recall formula (101) for T, W and further notice that

1
VU, y)—EV¢>< ;y)x<x—y>+¢(¥)w(x—y),

1
Yy, y)=5V¢ <x;y)x(x—y)—¢<¥> Vx(x =y,
T.[ (Ve + Vv, y)_v¢< +y)xsoc—y).

Plugging these identities into I} defined by (95), we find
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t
1
=3 / / / Pu (O () + bu (D1 fu )V (%) X° (x — y)dxdydu

S Bagr Bar

t
—>//pu(X)bu(X)fu(X)V¢(X)dxdu
N ]Rd

where convergence follows from the integrability assumptions and properties of mollifiers {x ¢}..
For I§, since p, (V- by) fu € LtlL1 we similarly get

loc?

t

tim 15 = [ (pu(5 - bu) f )

N

Arguing as in (98), changing the area of integration into (x4, x_)-variables and plugging in
W(x,y) =¢(x4)x(2x-), we can write I5 from (96) as

t 1
=2 [ [ [ [oisterfii - eioe
(102)

s —1 By Bg

Db, (x4 +0ex_)x_-Vx(2x_)dx;dx_do du.

Forany x_ € By, 0 € [—1, 1] and almostevery u € [s,t],as 1/p+1/q + 1/r = 1, it follows that
1im -+ £x2) fu(- = £x2) Dby (- + 0ex2) = pu fu Dby in L' (Bry)

since translations are continuous operators on Llloc. Thus, for Lebesgue a.e. 6 and x_, we find

liﬂ% Pu(xy +ex-) fu(xq — ex_)¢(x4) Dby (x4 + Oex_)dx
e—>
Bg

_ / Pu i) fi (1) () Dby (x4 )

Br

Using the bound (99) and dominated convergence, by the above and identity (102), we find

t
tim 5 = 220+ / / f Pu) fulr )b (o) [ Db (e )x] - Vx 2 dx_du
S Bj Bp

t
= / / Pu(x4) fu(x4)p (x4) Dby (x4) : (22‘”‘ / x_ ®VX(2x—)dx—>dx+du

s Bg By
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where we employed the notation A : B = Zi, j AijBij for the Frobenius product of matrices. By
integration by parts, we have '

5241 /x_ ® Vy (2x_)dx_ = 2zd/x_ ® V(x(2x_))dx_ = —1Iy 24/X(2x_)dx_ L
B B, 5

Overall, we deduce that

lim 15 = — / / PuC) Fule IV by ) (e du = — i 15

e—0
S Rd
which proves the claim. O
We are finally ready to present the

Proof of Theorem 4.20. Thanks to assumption (85), we can apply all the results presented in
this section. Let R > 1 be fixed. Let ¢ € F3 g and define W as in (100); testing (92) against W,
we have

(8 ® flss TeW) + (BMS, W) + (o ® fi, X5t ™ W) — {ps ® fi, X5 W) = (T} (0 ® )iy, W).
(103)
By Propositions 4.26 and 4.27, as well as identity (101) and standard properties of mollifiers, we
see that the LHS of (103) converges to

t
(8(of)st, P) — /(pufubu, Vo)du + (ps fs, A z¢ (o5 fs, A t¢

Thus also the RHS of (103) is converging, and we denote its limit by ((of )”, ¢). Itis clear that
(of ) s+ € F_2.R; in order to verify that pf satisfies Definition 4.12, it only remains to show that
(pf)" e 3P F 3

From Proposition 4.24, we see that the unbounded rough drivers X satisfy uniform-in-&
bounds in operator norms; moreover it is clear that p ® f € By ([0, T']; £-0.2r), and Proposi-
tion 4.25 ensures uniform-in-¢ bounds for || M| c1-var E ik Therefore we can apply Lemma 4.9

(for the RPDE satisfied by p ® f on the scale (&,2r);) to deduce that the remainders 7, (p ® f )
remain uniformly bounded in ¢, i.e. there exists a control wg, g,y such that

Sup 17,50 ® £)irlle s an < W, R(s, 1)VP.

e>0

Since [[Wlg; .5 S 191175 4 it follows that

{(of)irs ) = lim [(T(p ® Dy W) Swe. ks, D3PI 7,
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which overall shows that (of)" € C; / 37var]-"_3, R- As the argument holds for any R > 1, we

conclude that pf solves the rough continuity equation (RCE).
Finally, since pf solves (RCE), the duality formula (87) follows from assumption (86) and
Lemma 4.18 appliedto p = pf. O

Remark 4.28. If the vector fields & are not divergence free, in light of the heuristic computa-
tions presented at the beginning of Section 4.3, we still expect the product and duality formulas
from Theorem 4.20 to be true. However at a technical level, obtaining a priori estimates for L?-
norms of solutions becomes more challenging, since we do not have a clean expression like (41)
anymore; moreover handling commutators estimates in the style of Propositions 4.24-4.26 gets
harder, since we cannot rely anymore on cancellations coming from conservativity (60). Since
we are mostly interested in the incompressible case, in light of applications to fluid dynamics,
we leave this extension for future investigations.

4.4. Uniqueness, stability, renormalizability and compactness

With Theorem 4.20 at hand, we are finally ready to prove uniqueness of solutions. We will
keep referring to the rough PDEs (RCE)-(RTE) introduced in the previous section.

Theorem 4.29. Let p € [2,3), Z € b ee Cg with V - & = 0. Let b satisfy

eL!L 4+ LIL®, V-beLlL®, beLlw)! (104)

1+ x|

Then for any py € L)lc N L there exists a unique solution p € By([0, T1; L}C N L) to (RCE).
Similarly, for any p € [1,00] and any p € LY, there exists a unique solution
p € By([0, T): LY) to (RCE) as soon as

b
I+ x|

eLlLl, Vv.beL'L® beLlwlr (105)

Remark 4.30. As in Remark 4.15, one can similarly prove uniqueness statements for (RTE), as
well as both rough PDEs (RCE)-(RTE) with terminal conditions p|;=1 = p;.

Proof. We give the proof of the first statement, the second one being similar. By linearity, it
suffices to show that any solution p € B, ([0, T]; L}C N L$°) with pg = 0 is necessarily p = 0.
Fix any v € (0, T] and any ¢ € C2°; let f € B,([0, ]; L}C N L$°) be a solution to (RTE) with
terminal condition f|;—; = ¢, whose existence follows by Remark 4.15. By Theorem 4.20 (with
p=q=o00,r=1), pf is still a solution to (RCE), which by the above properties satisfies
of € Bp([0,t]; L )15 N L%°); combined with the first condition in (104), this implies that

bpf 171
—— €L/ L,.
1+|x| t~x

Again by Theorem 4.20 it then holds
(pr. @) = (pr. fr) = (po. fo) =0.
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As the reasoning holds for all ¢ € C°, we conclude that p. = 0; by the arbitrariness of 7 €
(0, T'], conclusion follows. O

Having established uniqueness, we pass to study the continuous dependence of solutions on
the data of the problem. From now on, for simplicity of exposition, we mostly focus on L%-
valued solutions, which are well-posed under condition (105); his however doesn’t play any
major role in the statements and proofs, which up to minor modifications hold can be rephrased
to accommodate the setting of (104).

Corollary 4.31. Let p € [2, 3), p €[1, oo] and assume that

eLIL!, V-beLlL®., bellW)', &eC), V-£=0, ZeCP. (106)

14 |x|

Given any p(]), ,03 e LY, the associated unique solutions p' € By([0, T1; LY) to (RCE) satisfy

T
L 52 = L 02,0 < V.b d g 107
o™ = p%lB,qo, 1100y = sgp oy —ppllpr <exp IV - bullLeedu Jllpg — pyllp.  (107)
t€[0,T]
0

Consider now a sequence (b",E",Z") satisfying condition (106) uniformly in n, namely such
that V - £" =0 for all n and

bn
sup (18" g + 12" .1 +1V -5+ | | H IV g s} < 00

neN Ltl 154
VR > 1. (108)
Further assume that there exist (b, &, Z) such that
b"—>binL/Ll,, & —&inCh., sup |Z), —Zos| — O; (109)
1€[0,T]

then for any sequence py — po in LY for p €[1, 00) (resp. o0 = po for p = 00), denoting by
p", resp. p, the solutions to (RCE) associated to (b, ", Z"), resp. (b, &, 7Z), it holds p" — p in
Cw ([0, TT; LY) (resp. in Cy—+([0, T1; L) for p = 00).

Proof. The first claim is a direct consequence of linearity: p! — p? is the unique solution asso-
ciated to initial condition ,06 - ,og, which by Proposition 4.14 must satisfy (64), yielding (107).

To show the second part, notice that as in the proof of Corollary 3.11 we get the conver-
gence Z" — Z in CP for any p € (p,3) and equicontinuity of (s,) > sup, [Z"]5,15,0- Ar-
guing as in the proof of Proposition 4.14, we can show that the sequence {p"}, is compact in
Cw ([0, TT; LYY (Cpy—x ([0, T1; L) if p = 00). In particular, in the case p = 1, using the fact that
{0g}n are uniformly integrable (by the Dunford-Pettis theorem, since p; — pp) we can argue as
in Lemma 4.17 (by combining estimate (78) with assumption (108)) to deduce that
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lim sup sup f |pf (x)]dx = 0;
R—00,eN1€[0,T]
[x|>R
in particular, the tightness condition from Proposition B. 1-iii. is satisfied, hence we get compact-
ness in Cy, ([0, T']; L)lc) and not just C, ([0, T']; Llloc)'

Arguing as in Proposition 4.14, it follows that {p"}, admits a convergent subsequence in
Cy([0,T]; Lf) (Cuw—x([0, T1; LY) for p = 00), and that its limit point is a solution to the rough
continuity (RCE) associated to (b, &, Z), belonging to Cy, ([0, T']; L?). Since uniqueness holds
for (RCE) in this class, and the argument holds for any subsequence we can extract, we conclude

that the full sequence converges. 0O

A similar stability result holds for (RTE) as well; notice however the difference between
condition (109) and (110) below.

Corollary 4.32. Let p € [2,3), p € [1, 00] and (b, &, Z) satisfying (106). Then for any f, f €
L%, the associated unique solutions fi € By([0, T1; L) to (RTE) satisfy

T
1 2 _ 1 2 1 2
1Y = g, qorieey = sup 1A= f, ||Lg<exp(/||V~bu||L;odu)||fo — fellr.
tel0,T]
0

Consider now a sequence (b, ", L") satisfying condition (108), V - " =0 for all n, and further
assume that there exist (b, &, Z) such that

b"—>binL/Li,, V-b"—V-binL/L\., £ —&inC)., sup |Z}, —Zo,|—0;
te[0,T]

(110)
then for any sequence fj — fo in LY for p € [1,00) (resp. b AN fo for p = 00), denoting by
f", resp. f, the solutions to (RTE) associated to (b",&",Z"), resp. (b, &,Z), it holds f" — f
in Cy ([0, T1; LY) (resp. in Cy,—4([0, T1; L) for p = 00).

Proof. Existence follows from Remark 4.15, uniqueness from Remark 4.30. The stability esti-
mate then follows again by linearity of the equation and the estimates from Remark 4.15. The
rest of the proof is almost identical to that of Corollary 4.31, so let us only highlight the differ-
ence coming from assumption (110). In order to pass to the limit as # — oo and show that f is
a solution to (RTE), one must now show that

"V =NV ) = (V)T > Ve bf) = (Vb f=b-Vf

in the sense of distributions; this is where, in order to employ weak-strong convergence argu-
ments, we additionally need V- 5" — V -bin L} L] _(cf. also Remark 4.16). O

Proposition 4.33. Let p € [2,3), p € [1,00), (b, &, Z) satisfying (106) and po € LY. Then the
associated solution p to (RCE) satisfies p € C([0, T, LYy and

d
E”pt”if = /(1 = PP (V- b)(x)dx. (111
Rd
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As a consequence, for all (s, t) € At we have

'
1 ||V'b||L11L§o
SSexp| ————— IV - brlliLge du )llpollp- (112)
p
N

[lorlle = llpsll 2 .

Proof. Let us first show how to derive (112) from (111). We have

d 1 1-p d P 1 .
5||Pt||L!;—;||Pt||Lf a||,0t||L§< 1—; ol IV - brllLges
applying estimate (64), one then finds

d 1 ”V'b”Lngo
Ellpzlng < ?exp (T’)IIV'@HL;@IIPOIIL;’

from which (112) follows upon integrating in time.

Recall that p € Cy, ([0, T1; L?); it follows from (112) that, whenever t, — ¢, P, — pr and
||p,n||L§ — ||p,||L§; for p € (1, 00), by uniform convexity of L%, this implies that Pr, = Pt
strongly in L? and therefore p € C([0, T1; LY).

To handle the case p = 1, we need an extra argument: first assume that pg € L }C N L°; then by
the above, p € C([0, TT; LY(Bg)) for any R < oo, and moreover {p;}:c[0,7] 1s tight by (74) (for
p = 1), therefore p € C([0, T]; L}(). For general pg € L)lc, consider a sequence {p( }, C L}C NLY
such that p; — pg in L}C; then by the above the associated solutions p” belong to C ([0, T']; L )16)
and p" — p in By([0, T1; L1) by (107), therefore p € C([0, T1; L) as well.

It only remains to prove formula (111); for simplicity, we show it for pg € L }C N LS°, as the
general case follows from an approximation procedure like the one outlined above, thanks to the
stability property (107). We split the proof of (111) in several steps.

Step 1: smooth approximations. Consider a nice sequence of smooth approximations
(pg, g7 of (§,7), e.g. like the ones from Proposition 4.14; we may further construct it
in such a way that V- " — V - b in L}Li’oc for all ¢ € [1, 0co) and

suplipgllze <llpollpg Vg ell, ool sup V-5l <V - byllrge
n n
for Leb. a.e.r €[0, T]. (113)

Let p" be the solution to (RCE) associated to (§", Z"), with initial condition pg. Since p" now
solves a classical PDE and V - £" =0, for any ¢ € [1, 00) it holds that

d —
allp{’ll’ig =61/|p,"|" 2sgn(p!")d, py'dx
]Rd

= —q/ o} 197 2sgn(p!)V - (bp)' + £" p' 2} ) dx (114)
R4

= /(1 = @lp; (D) (V - b")(x)dx
R4
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where in the last passage we used integration by parts and the fact that V - £” = 0. This is exactly
(111) for (p", b") and g = p; therefore arguing as above and using (113), we find

n n 1 ”v.bn”Lrngo \ n n
R e R s | § AR R T [
N

t
1 ”v’b”LlLoo
< e (T) (/ IV byl du)llp(')’lng
s

Step 2: reduction to pointwise convergence of || p}' || L2- We claim that, in order to conclude, it
suffices to show that [|p}'||;2 — |lp¢|l ;2 for all £ € [0, T']. Indeed, arguing by compactness as in

(115)

Corollary 4.31, we know that p" — p in Cy, ([0, T']; Lz) for all g € [1, 00), which combined with
the claim and uniform convexity of L2 implies that p!" — p, strongly in L2. Since the sequence
is bounded in L)]C N L%, convergence in LI for g € (1,00) then follows by interpolation. By
(115), the maps {t — [ p/ | L,‘{} are equicontinuous; for g € (1, 0o0), together with strong point-
wise convergence and convergence in Cy, ([0, T']; Lﬁ), this implies that p* — p in C([0, T']; Lf{)
by Corollary B.5. In the case ¢ = 1, as before we can use convergence in C([0, T']; L>(Bg))
and tightness (coming from in Corollary 4.31) to deduce convergence in C ([0, T']; L }C) as well.
Overall this shows that p € C([0, T]; Lg) for all ¢ € [1, 00), being a limit of smooth functions
in this topology; moreover with strong convergence in C ([0, T']; LY) at hand, we can pass to the
limit in (114) (using that V - 5" — V - b in L} quoc for all g € [1, 00)) to deduce the validity of
(111).

Step 3: duality. Let us fix any v € (0, T] and let f" (resp. f) denote the unique solution
to (RTE) on [0, t] with associated terminal condition f"|;—; = p¥ (resp. fl|;=: = pr). Since
pr — p in L% and the b" satisfy (113), by Corollary 4.32 (and time reversal) fj' — fo in L%.
On the other hand, pj; — pp in L)ZC, so by weak-strong convergence and the duality formula (87)
we find

Tim o7 I7, = Tim (o, f3) = (po. fo) = llpell7s-

As the argument holds for any 7 € (0, T], this verifies the claim from Step 2 and concludes the
proof. O

Remark 4.34. Formula (111) is only possible thanks to the assumption V - & = 0, otherwise some
“rough component” would appear on the r.h.s. when computing d|| p; ||’Z p-

We can now actually strengthen Corollary 4.31 to get stability results in stronger topologies.
Corollary 4.35. Let p € [2,3), p € [1, 00), let (", E", L") be a sequence such that V -£" = 0 for
all n, (108) is satisfied and there exist (b, &, Z) such that (110) holds. Let pyy — po strongly in LY
and denote by p", p, the associated solutions to (RCE). Then it holds p" — p in C([0, T1; LY).

Proof. Since pj — po in LY, for any & > 0, by mollifications and cutoffs we can construct
another sequence {4f}, C L1 N L2, pp € L1 N L2 such that
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~ ~ . q ~ ~
pop—> PoinLy Vqe[l,00), suplipg—pyll e <e loo—polr <e.
n

As a consequence, it suffices to give the proof for {p;j}, bounded in L}C N L{° and converging
in L )lc N LY for g € [1, 00); the general case then follows by triangular inequality, the stability
estimate (107) and the arbitrariness of & > 0.

The majority of the proof, up to minor details, is similar to that of Proposition 4.33, so let
us mostly sketch it. We can assume p € (1, 00), the case p = 1 then following by tightness.
Running the same duality argument as in Step 3 above, one can show that p;' — p; in L for all
t €[0,T] and g € [1, 00); by Corollary B.5, in order to achieve convergence in C ([0, T]; Lf),
it then suffices to show equicontinuity of {t — || o} || L? }n. By formula (111), in order to do so, it
suffices to show that

(1= PP (V- b")(x) = (1= p)lo ()P (V-b)(x) inL'LL.

This now follows from a combination of assumptions (108), (110), the pointwise-in-time strong
convergence p;' — p; in L% and Vitali’s convergence theorem. [

A consequence of Corollary 4.35, in the context of transport equations, is the property of
renormalizability. In the spirit of [40], we will say that a solution f to the rough transport equa-
tion (RTE) is renormalized if, for any 8 € C é, B(f) also solves (RTE).

Corollary 4.36. Let p € [2, 3), p € [1, 00) and (b, Z, &) satisfy (106) for these parameters. Then
for any fo € LY, the unique solution f € C([0, T1; LY) to (RTE) is renormalized.

Proof. Consider a family of smooth approximants (b",Z", p;) as in Proposition 4.14, f" be
the associated solutions to (RTE). By Remark 4.15, these are also solutions to the corresponding
classical PDE and are therefore renormalized, namely 8( f) solves the same equation with initial

datum B(fy). On the other hand, by Corollary 4.35 f* — f; in C([0, T]; LY) and so B(fM) X
B(f:) for all t > 0; by the weak stability from Corollary 4.31, we deduce that 8( f) is the unique
solution associated to (b, Z, B(fo)). O

We are now ready to complete the

Proof of Theorem 1.2. Existence and uniqueness of solutions come from Theorem 4.29 and
Remark 4.30; product formula and duality from Theorem 4.20. Renormalizability for the trans-
port equation follows from Corollary 4.36 and the fact that solutions belong to C([0, T]; LY)
from Proposition 4.33 (for simplicity stated only for (RCE), with almost identical proof for
(RTE)). O

Under suitable assumptions on the drift, the above stability results readily imply compactness
of solutions in strong topologies. Such results are often achieved by working in the Lagrangian
framework, where convergence is stated at the level of flows @7 (x), cf. [25]. Here instead we
get it at the Eulerian level, up to requiring an additional compactness condition on V - b”; notice
that this is automatically satisfied when working with incompressible fluids, since V - b" = 0.
For simplicity, we state the result in the case of autonomous coefficients; generalizations to the
time-dependent case can be achieved easily, up to enforcing additional sufficient conditions to
guarantee time-compactness as well (like Aubin-Lions-Simon’s compactness criteria from [90]).
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Corollary 4.37. Let p € [2,3), p € [1,00), Z € CE and po € LY be fixed. Consider a bounded
sequence {(b", &™)} in (L)'Z, N Wl’pl) X Cg such that:

loc
e V. &"=0foralln;
o {V.b"}, is bounded in LY;
e {V.b"}, is compact in Llloc"

denote by p" the solution associated to (b",&",Z, po). Then the sequence {p"}, is compact in
C([0, T]; LY).

Proof. By Rellich-Kondrakov and Ascoli-Arzela theorems, WLP(Br) — LP(Bg) and
C3(Bg) — C?(Bg) with compact embeddings. By a Cantor diagonal argument, we can there-
fore find a (not relabeled) subsequence such that 5" — b in Lﬁ) o &"— €& in Clzoc; by lower-
semicontinuity, the limits (b, £) still satisfy V-b € LY, V-& = 0. Corollary 4.35 then ensures the
convergence p" — p in C([0, T]; LY), where p is the unique solution associated to (b, £, Z, po).

Overall this proves compactness of {p"}, in C([0,T]; LY). O

Finally, we can combine the RDE theory developed in Section 3 with the RPDE one from
this section to deduce an explicit Lagrangian representation formula for solutions, whenever b
satisfies all the relevant assumptions.

The next result is a more detailed version of Theorem 1.3 from the introduction.

Theorem 4.38. Let p € [2,3), ZeCh, & € Cg with V - & = 0. Suppose that

T IeL}L}C+L}L§°, V-beLlL®, beLlwl!
X

and additionally assume that b is an Osgood drift, in the sense that it satisfies Assumption 3.8.
Then for any pg € L)lc N L° there exists a unique solution p € Bp([0, T1; L)lc N L) to (RCE),
which is given by the formula p; = (®;)z po, namely

(pz,¢)=/§0(‘bz(x))po(x)dx VoeCZ; (116)
R4

here @ is the flow associated to the underlying RDE, given by Theorem 3.9, which satisfies the
quasi-incompressibility condition (39) from Corollary 3.12. Moreover, p € C([0, T1; LY) for all
pell,00), peCy_([0,T]; LY) and

d
E”pt”if = /(1 = P ()IP(V-b)(x)dx Vp e[l o00). 17
R4

Furthermore, for any fy € L)lc N LS°, there exists a unique solution f € By ([0, T']; L}C N L) to
(RTE); for any t € [0, T], it holds

fix) = fo(d)l_1 (x)) for Lebesgue a.e. x € R4, (118)
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Proof. Existence and uniqueness of p € B, ([0, T']; L}C N L) comes from Theorem 4.29. Sim-
ilarly to Corollary 4.31, consider suitable smooth approximations of (b, &,Z, p) and let p" be
the associated solutions. It classically holds p;' = (®7)zp;, where ®" are the associated flows.
For any ¢ > 0, by Corollary 3.11, ®} — ®; uniformly on compact sets, while by Corollary 4.35,
" — pin Cy ([0, T]; LY) for any p € [1, 00). Combining these facts with weak-strong conver-
gence and passing to the limit, one readily concludes that (116) holds. The formula for % Il o ||i »
can then be proved going through the same arguments as in Proposition 4.33. ’

Existence and uniqueness of f € B, ([0, T']; L)]C N L) again comes from Theorem 4.29. In
order to prove (118), first notice that thanks to the quasi-incompressibility of the flow @, the
integrability of po and standard density arguments, formula (116) extends to any ¢ € LY, for any
p €11, oo]. In light of this, by applying the duality formula, for any fixed ¢ € [0, T'] we find

/fo(x)po(X)dX=/ft(X)pz(X)dx=/fz(4>z(X))po(X)dX-
R R

R4

As the argument works for any choice of pg € L}C N L*°, we deduce that fy(x) = f;(D;(x))
for Lebesgue a.e. x, from which conclusion follows by applying <I>f1 on both sides (by quasi-
incompressibility, d>,_1 preserves negligible sets). O

Remark 4.39. In line with the Di Perna—Lions theory [40], it is reasonable to expect the La-
grangian representation formulas to hold true under the sole assumption (104), without the need
for Osgood regularity (Assumption 3.8). This would require to introduce a suitable concept of
(rough) generalized Lagrangian flow, in analogy to the deterministic theory [40,2,25]; we leave
this problem for future investigations.

5. Nonlinear rough continuity equations

Like in the majority of Section 4, we will enforce throughout this section that V - £ = 0. Here,
if not stated otherwise, we work on a fixed finite time interval [0, T'].

Having established a robust wellposedness theory for linear rough PDEs, we now pass to the
study a class of nonlinear continuity equations on R? of the form

dpi+ V- [(K: ® ppildr + YV - (Eep)dZf =0, (119)
k=1

Hered >2and K : [0, T] x R x R - RY, K = K,(x, y), is a given measurable kernel satis-
fying suitable assumptions (see below); for f : R¢ — R, we define

(K: ® f)(x) = / K (x, ) f(dy, (K@ f)(x) = / K;(y,x) f(y)dy.
R4 R4
The notation is meant to stress that, at least formally, (K ®)* = K® : whenever everything is
sufficiently integrable, it holds (K ® f, g) = (f, K ®” g). As before, the RPDE (119) is coupled

with an initial condition p|;=¢ = po. We will impose three relevant conditions on the kernel K,
which play different roles in the proofs and cover an interesting class of examples; combined
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together, they guarantee wellposedness of (119) for py € L)lC N LY, see Theorem 5.9 for more
details.

Assumption 5.1. There exist a constant Cx > 0 and an Osgood modulus % such that

/IKz(x,y)llf(y)ldy < Cxlflpng (120)
R4
/ 1K, y) = K DI F Iy < Ch hllx = X' DIf L1 pgee. (121)
R4

forallt € [0,T] and f € L)lc N LY. Moreover, the same estimates hold with K, (x, y) replaced
by K (x, y) = K¢ (y, x).

Assumption 5.2. There exists a constant Cg > 0 such that

IV (K @ fllLe <Ckllfllpy Vtel0,T], feLy.

Assumption 5.3. For any R > 0, it holds that

IV(K: ® Ol < Ckrl flpine Y1el0.T] feLlnLE,
for a suitable constant Cg g > 0.

Remark 5.4. Assumption 5.1 guarantees that, given any f € L )1C NLY¥ andanyt€[0,T], K, ®
fe Cl? with Osgood modulus of continuity proportional to 4; moreover the same holds for

K ®T f. Assumption 5.2 provides a control on the quasi-incompressibility properties of K ® f,
in a way which only depends on ||f||L§- Finally, Assumption 5.3 implies that K; ® f € whi

loc

5.1. Existence
In agreement with Definition 4.12, we adopt the following terminology.

Definition 5.5. We say that a map p € B, ([0, T']; Llloc) is a weak solution to the nonlinear RPDE
(119) if, for all R € [1, 00), the following hold:

i. V-([K ® p]p) is a well-defined distribution, belonging to L}]—lz,R;
ii. there exists p% belonging to C; / 3_Var.7-"_3, g such that

t

3pst + / V- (K, ® p10)dr + Agipy = Agps + psy Y (s,1) € Ar

N

where A = (A, A) is the unbounded rough driver associated to (&, Z) given by (59).
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Remark 5.6. Under condition (120) on K , if p € L2(L1 N L), then necessarily V- ([K ® p]p) €
Ltl}"_l, R C L,l]-'_z, R, thanks to the pointwise estimate

IV - (Kr ® pr 1o 7y S NKr @ prlorllpisgy < IKr ® prllzgellorllpy S CK||pr||iLngo-

There are however interesting situations where less integrability on p is needed and bounds in
F_2,r become crucial, cf. Section 5.4.

Proposition 5.7. Let p € [2,3), Z € C;, & e C,f with V - £ =0, and let K be a kernel satisfying
Assumptions 5.1-5.2. Then for any pgy € L}C NLE, there exists a solution p € By ([0, TT; L)l( NLY)
to (119), which moreover satisfies the estimate

1
sup |l prll r < exp <<1 - —) TCKIIPOII@) leollr Vpell, ool (122)
te[0,T] p ’

Proof. The proof is based on a priori estimates and compactness arguments, similar to the ones
already presented in Proposition 4.14 and Lemma 4.17. For this reason, we will sketch several
passages and mostly focus on the ones related to the nonlinear kernel K, which require a different
treatment.

Let {x¢}c>0 be a family of standard mollifiers on R4 associated to a radial x € C2. Corre-
spondingly, consider the mollified kernels K¢ given by

Kiwo)i= [0 DK DG - i
R4 xR4
observe that they act on functions f by the relation
Ki® f=x" (K ®(x"* )
Using the above relations, it’s easy to verify that the family {K¢}..¢ still satisfies Assump-

tions 5.1-5.2 with same modulus 4 and uniform-in-& constants. Given pg € L}C NLYP, Ze Cg ,
consider suitable smooth approximations {0g}. and Z*, such that

Z° - ZinC}, o5 — poin LY Vpel[l,00), lpflize <llpolle Vg ell, oo]

and define the mollified nonlinear PDEs

80f + V- I(KF ® pD)pf1+ > V- (rpd) ZE* =0, (123)
k

Since for ¢ > 0 the kernel K¢ is smooth and & € Ci, standard results (dating back at least to
Dobrushin [42]) ensure existence and uniqueness of solutions to (123). By Remark 4.13, such
solutions solve the nonlinear RPDE associated to Z° and u® := K* ® p®; moreover p; = (®;)z 05
where ®¢ is the flow associated to (u°, £, Z®). Observe that, by properties of the push-forward
map, it holds
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lof 1= (@915l (124)

where || = u™ + pn~ denotes the variation of a signed measure w; in particular, |of|| L=
logllzr < llpoll 1. By Assumption 5.2, this implies that '

sup IV uiliree < Ckllof iz < Ckllpoll
e>0,12>0 !

which in turn by estimate (64) and the choice of approximations yields

1
sup ||,Of||L1;<8XP<<1——)CKTHPOHLL)HPOHLQ Vpell,ool.  (125)
£>0,t€[0,T] ’ p ’

Combining this estimate (for p € 1, 0o) together with assumptions (120)-(121), we get

ut(x) —u

I e+ sup H < looll i (126)
uniformly in ¢ € [0, T] and & > 0. Arguing as in Proposition 4.14, Lemma 4.17 and Corol-
lary 4.31, one can then check that the assumptions of Propositions B.1-B.4 are satisfied; therefore
we can extract a (not relabeled) subsequence such that p® — p in C, ([0, T]; L}C). Since p°?
is bounded in B, ([0, T]; L)]( N L) by (125), we also get convergence in Cy, ([0, T'; L?) for
p € (1,00) and in Cy,—4 ([0, T]; L°).

It remains to show that p; is a weak solution to the nonlinear RPDE, in the sense of Def-
inition 5.5; we will only show convergence of the nonlinear term, namely that for all # > 0O it
holds

(0. Vuip) =—(Vo.(K; ® p)p;) = —(Vo, (K; ® p)pr) = (9, V(K ® prlp)  (127)

since the other terms can be treated as in Proposition 4.14.

Towards this end, recall that K ® p; = x® * (K; ® (x° % p{)) and p; — p; in L}C; by strong
continuity of convolutions, it holds x® % pf — p; in L)lc as well. On the other hand, for any
@ € C¥ it holds x® * ¢ — ¢ in L1 N L% and by Assumption 5.1, the dual operator K®' ¢
L(L )lc NLY; Cg). Combining all these observations, by weak-strong convergence, for any ¢ €
CZ* it holds that

(0, Kf® pf) = (K, ®" (x* %), x**pf) — (K: ®" ¢, py).

For fixed ¢, by (126) and Ascoli-Arzela, the convergence of K7 ® p; can be updated to uniform
on compact sets, i.e. Kf ® pf — K; ® p; in CI%C. Again by weak-strong convergence, it then
follows that (K7 ® pof)pf — (K; ® p;)p; in Llloc, yielding (127).

To see that (122) holds, it suffices to pass to the limit in (125), using the lower semicontinuity

of || - || 1P WLt weak convergence (weak-* convergence for p =o00). O
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5.2. Uniqueness and stability

Proposition 5.8. Ler p € [2,3), Z € Cg, IS Cg with V - & =0, and let K be a kernel satisfying
Assumptions 5.1-5.2-5.3. Then for any pg € L}C N L°, there can be at most one solution p €
Bp([0, T1; L1 N L) to (119). Moreover, p € C([0, T1; LY) N Cy—«([0, T1; L) for all p €
[1, 00) and p is given by

pr = (DP1)zp0

where ® is the flow generated by the RDE

dyr = u; (y)dt +&(y,)dZ,
foru; = K; ® p;.

Proof. Existence of a solution p € B, ([0, T; L}C N L) comes from Proposition 5.7. By Re-
mark 5.4, for u := K ® p, we have

ueL®LY, V-uel®L®, uel®W)! (128)
and u is Osgood continuous; therefore the flow representation and continuity properties of p
follow from Theorem 4.38. It only remains to show uniqueness of solutions.

Let pg € L NLY be fixed and assume we are given two distinct solutlons ple LOo (L NL),
i=1,2. As above p' are solutions to the hnear RPDEs with drifts u, =K ® ,0,, which are
Osgood continuous and satisfy (128), therefore p' = (CIJ’ )t 00, where @' are the flows associated
to the RDEs

ddi(x) = ul (D! (x))dr + &(P!(x))dZ. (129)

Moreover arguing as in (124), it holds | ,ot" | = (@i)ﬁ |pol|. Define the quantity

I ::/|d>}<x>—<1>?(x>||po(x>|dx;

in order to conclude, it suffices to show that I; = 0 for all ¢ € [0, T']. Indeed if this is the case,
then for any ¢ € C° it holds

e, o} —p3>|=’ / [0(®] (X)) — (@} (x) ] po(x)dx| < / |} (x) — @Z(x)|lpo(x)dx =0
d R4

implying that p; = p? for all ¢ € [0, T].
In order to estimate I;, we nged to manipulate the RDEs (129). First observe that each of them
has associated forcing terms u}(x) = fot ul (P (x))ds satisfying

”/‘L @7 < ”M ”L LP N ”,0 ”Bb([() T];LINL®) vx e RY.
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Therefore we can apply Lemma 3.4 to deduce that

t
10! (x) — 2(1)| < / ! (@1 (x)) — w2 (®2(x))]ds
0

where the hidden constant is uniform in ¢ € [0, T'] and x € R¢. Integrating in space and applying
Fubini, we find

t

Il5//|u§(q>;(x))—u?(cbf(x))llpo(x)ldx

0 R4

t
< f / [lul (@) — ul(@2(x)) 00 ()]

0 R?

[(Ks ® pD) (D2 (x)) — (Ky ® p2)(2(x))]] po(x)|]dx ds

+
t

=: / (I} + 12)ds.
0

By Assumption 5.1, utl is Osgood with modulus proportional to || o;||;1q700/; by Remark 2.9,
we can assume % to be concave. Then by Jensen’s inequality we find

L Sllpllpraree / (1@} (x) — D ()D]po)dx S llog 1|1 nge ().
R4

On the other hand, by applying the relations ,0§ = (@i); 00, | ,03| = (CI>32,)1| po| and assumption
(121) (for K in place of K), it holds

2= / (Ks ® ph) () — (K, ® p2)(x))]]p2(0)ldx
Ra’

_ / ‘ / K, (x, DL () — K, (x, &2 (0))]dy| [p200)[dx

R4 R4

<02l / / 1Ky (r, ©) (1)) — Ky (x, ®2(y)]dx dy
R4 R4

<ol / h(|®) () — 2Dy S 2l h(Ly).
Rd

Combining everything, we arrive at
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IS / (ol nree + 10211 o) (Is)ds

which implies the conclusion by Lemma 2.11. O
We are now ready to present the
Proof of Theorem 1.4. In light of Proposition 5.8, we only need to verify that the convolutional

kernel K satisfies Assumptions 5.1-5.2-5.3. Let K = K' + K2 with K' e L!, K? € LY, as
granted by assumption i. Then by Young’s inequalities

[ 1o < DK 1ot < TR 11 o < IR F e + 1K 221 Ly,
IV (K % Hlle < IV - Kzl fllL

which verifies (120) and Assumption 5.2. Moreover by ii. and Mihlin’s multiplier theorem [57,
Theorem 6.2.7], for any p € (1, co) we have

IVCK % Dl = 1V * fllge Sp IF e <UF Lz

verifying Assumption 5.3. It remains to check property (121); to this end, using Young’s inequal-
ity as above, it suffices to show that K = K' + K2, where K € Cb and

IK?(x +) = K2l Sh(lx)) VxeR?,

for some Osgood modulus of continuity 4. We claim that we can achieve the above decomposi-
tion with K% € L! and

h(r)=r(1 —Inr)lo,1)(r) +rlpc)@);
since K2 e L }C, only the behavior of & for small enough r matters, so it suffices to show that

1K (x4 = K2l S

—|x|log|x| VYx € Bip. (130)

To achieve the desired decomposition, we work with inhomogeneous Littlewood-Paley blocks
{Aj}j>—1,see[5]. Since K € L}C + LY, AjK € Cp° forall j > —1, therefore we can set

K'=A_ K+ Aok, K>= ZA,-K.
i1

Thanks to assumption ii. and the action of multipliers on functions whose Fourier transform is
supported in an annulus [5, Lemma 2.2], for every j > 1 it holds

1A Kl SUA; 1Kl + 1A K + 144K $277
so that K2 belongs to the Besov space Bll’oo (thus also in L}C).
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To conclude, it suffices to show that any f € Bl1 o Satisfies (130); by homogeneity, we may

assume ”f”Bll =1.Let x € R?, |x| < 1/2 be fixed; then by Bernstein inequalities and proper-
ties of translations in W1, for any N € N it holds that

1F Gt = fll < 3 IA NG+~ AjfllL

j=—1
SO INVA; £l + Y 2085 f
J<N j=N

SNIxl+ Y277 ~Nix|+27".
jZN

Taking N such that 27V ~ |x| (which is allowed since |x| < 1/2), conclusion follows. O

Combining Propositions 5.7-5.8 and the stability results from Section 4.4, we obtain a com-
prehensive well-posedness statement (in the sense of Hadamard) for (119) in the class of initial
conditions pg € L} N LS.

Theorem 5.9. Let p € [2, 3). Consider a sequence {(Z", ", K™)}, satisfying the assumptions of
Proposition 5.8 uniformly in n, namely such that:

i) V-&"=0and 2" € C} for all n;
i) sup,cn {II€" ez + 112" lp.7} < o00;
iii) the kernels K" satisfy Assumptions 5.1-5.2-5.3 with the same constants Ck , Cg_ g indepen-
dent of n.

Further assume that there exist (&, Z, K) such that:
1) &" — & uniformly on compact sets;
2) SUP;e[0,7] |Z8,, —Zy,| — 0;
3) forallp € C°, K| @l ¢ > K, ®T ¢ strongly in L, forallt €[0,T].
Let {py}n be a bounded sequence in L)lc N LSS, resp. po € L}C N LSS, and denote by p", resp. p,

the associated unique solution to (119) associated to (Z", ", K"), resp. (Z, &, K), coming from
Proposition 5.8. Then:

a) if p§ = po in L, then p" — p in Cy, ([0, TT; L) N Coy—i ([0, T1; L) for all g € [1, 00);

b) if either pg X po in LS, or pg — po in LY for some p € (1,00), then p" — p in
Cw ([0, T1; L) N Cu—s ([0, TT; L) for all g € (1, 00).

If in addition to 1)-2)-3) we also have
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4) foranyt €0, T], the linear operators g — V - (K}' ® g) are uniformly compact from L}C N

L to Llloc, in the following sense: if {g"}, is a bounded sequence in L}C N LY such that

g”i\ginL)‘?o,thenV~(Kt”®g”)—>V~(K,®g)inL1

loc’

then:
c) if py — po in Lfforsome p €[l,00), then p" — pin C([0, T1; Lﬁ)forallq e{plu(l, o).

Proof. We start by proving b). First notice that, since {p(}, is bounded in L}C N L$°, weak

convergence in LY for some p € (1, 00) is equivalent to weak convergence in any other LY with
p € (1,00), as well as to weak-* convergence in LY. Moreover, since {p( }, is bounded in L }C N
L, it follows from (122) that {0"},>1 is bounded in By ([0, T'1; L?) for any p € [1, oo]. Arguing
similarly to the proof of Proposition 5.7, we can extract a subsequence {0"};>1 which converges
in Cy—([0, T1; L) and Cy, ([0, T']; LYy for all q € (1, 00) to some limit p € B, ([0, T]; L}C N
L;").2 Once we show that p solves the nonlinear RPDE, uniqueness implies convergence of the
full sequence {0"},,>1, thus proving c).

We focus on the convergence of the drift terms; setting u” := K" ® p", u := K ® p, we want
to show that u"* — u in L,1 CI% - Once this is shown, the rest of the argument is almost identical
to that of Corollary 4.31. We start by showing that, for any fixed ¢ € [0, T, u}* — u, in the sense
of distributions. Indeed, for any ¢ € C2° and € [0, T'] we have

Wit @) = (K™ ® pi*, ) = (0%, K;* @ @) — (o, K ®" @) = (K; ® pr, ¢) = (s, )

where we used weak-strong convergence and assumption 3). Next, notice that thanks to the uni-
form bounds in Assumptions 5.1-5.2- 5.3 and the uniform boundedness of p" in By ([0, T']; L)lc N
L), we have

| (x) — u (y)|
llu|| oo + sup ————122
Py h(x =D

Therefore by Ascoli-Arzela, for any fixed ¢, {u;*} is compact in Cl%c and weakly converging
to u;; thus u;* — u, in Cl%c as well. As the argument holds for any ¢, u’** — u in L}Cl%c by
dominated convergence, which overall concludes the proof of c).

The proof of a) is almost identical, up to the fact that now since p; — po in L )1” we can
successfully apply Proposition B.1 to deduce convergence in Cy, ([0, T']; L)]C) as well.

It remains to prove c), under the additional condition 4). Noting that under c) the assumptions
of b) are also satisfied, by the previous proof we know that p" — p in Cy, ([0, T]; L%) for all
q € (1, 00); if moreover p = 1, then the assumptions of a) are satisfied as well, so that p"* —
p in Cy ([0, TT; L}C). In what follows, let us only consider p € (1, 00), the case p = 1 being
similar. By part b), we know that p" are solutions to the rough continuity equations associated to
", E", 1), where (§",Z") satisfy i)-ii) and 1)-2), and for every R € (0, +00) we have

2 Since in b) we are not assuming p(')' — po weakly in L i in general we do not have tightness estimates, so that we

cannot invoke Lemma 4.17 and Proposition B.1 to deduce compactness in Cy, ([0, T]; L)lc).
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: 10
sup {||u”||LtooL§c n ||w"||L?oL.(BR)} <00, u"—>uinL'CO,.
n

In order to conclude, it remains to show that V- 4" — V - u in L}Llloc, as in that case we

can go through the same linear stability arguments as in Corollary 4.35. Since p" — p in
Cyw—«([0, T]; L), we can apply assumption 4) to deduce that

Vul =V-(K'®p)—>V-(K;®p)=V-u;inL},, Vtel0,T].
By dominated convergence, V - u" — V -u in L/ Llloc, yielding the conclusion. O
5.3. Yudovich theory for rough 2D Euler and random dynamical systems

We now apply the results from the previous section to the specific case of the rough stochastic
Euler equations on R?, in vorticity form, given by

doy + V- [(K*w) - odt + Y V- (o) dZ =0 (131)
k=1

where K is the Biot-Savart kernel, K (x) = cx*/|x|? for x* = (—x2, x1).
It is well-known that K satisfies the assumptions of Theorem 1.4. Indeed, as a Fourier multi-
plier K = VLA~1 sothat V- K =0 in the sense of distributions, and

nen
In|?

VK@) =—

which is 0-homogeneous. Finally, by its explicit formula in real space variables, it’s easy to check
that K = K1jyj<1 + K1jx=1 € L1+ L.

Therefore by the proof of Theorem 1.4 we deduce that K satisfies Assumptions 5.1-5.2-5.3,
with Osgood modulus of continuity 4 (cf. (130)) given by

h(r):r(l—lnr)ﬂ(ogl)(r)+r]1[1,oo)(r), /’l(O):O.
Since K does not depend on time, it makes sense here to directly state results for global solu-

tions, namely indexed over ¢ € R >¢. In light of forthcoming applications to random dynamical
systems, it makes sense to introduce some definitions. We set

CP(R>0; R™) := () CE(I0, T; R™)
T>0

which is a complete metric space when endowed with the distance

o
dp.oo(Z,Z) = Zmin (27", dp u(Z, 7))

n=1
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where dj, 7 was given by (12). In particular, Z" — Z in Cg (R>0; R™) if and only if Z" — Z
in Cg([O, T1; R™) for all T € (0, 400). We regard Cg (R>0; R™) as measurable space when
endowed with the Borel o-algebra induced by the metric dj .

Notice that, for any u > 0, the translations t, given by

wl =2, tv2), twZ; = Zitu, TuZS,t = ZS—Ht,l—I—u

form a family of continuous mappings from CE (R>0; R™) to itself, such that 7, 7, = 7,4, for all
u,v=0.
We are now ready to state a rough version of Yudovich’s theorem.

Theorem 5.10. Let p € [2,3), Z € Cg (Rxo; R™), & € C; with V - & = 0. Then for any wg €
L)lc NLS, there exists a unique global solution w € By (R >0; L)lc N L) to (131), which moreover
belongs to C(Rxq; LN Cuw—sxRx0; LY) forany p € [1, 00). The solution is renormalized and
it is of the form

wr(x) = wo(®; ' (x)) (132)

where @ is the flow generated by the RDE

dyr = u; (y)dt + &(y,)dZ,

foru; = K * w;, K being the Biot-Savart kernel. Moreover, we have

lorllp = lwoll o, Yi>0,Ypell, ool (133)

Proof. Existence and uniqueness on fixed intervals [0, T'] follow from Propositions 5.7 and 5.8.
By uniqueness, all maps defined in this way are consistent with each another; since we can take T
arbitrarily large, this defines a unique global solution, given by formula w; = (®;)4wp. Note that
w is also a solution of the linear equation with drift #, and V - u; = 0 since V - K = 0 in the sense
of distributions; therefore w solves both a continuity and a transport equation at the same time,
and the representation (132) (as well as renormalizability) follow from Theorem 4.38. Equality
(133) now follows from (132) and incompressibility of <I>,_1. O

As before, also in the Euler case we obtain stability results, w.r.t. both weak and strong topolo-
gies. For simplicity, here we keep the Biot-Savart kernel K fixed, but we could approximate it by

smooth kernels as well (e.g. by mollifications, or multiplications by a cutoff close to 0 0).

Theorem 5.11. Let p € [2,3). Consider a sequence {(Z",&")}, satisfying the assumptions of
Theorem 5.10 uniformlyinn € N and T € (0, +00), namely such that:

i) V-&"=0and C§ (R>o; R™) for all n;
ii) sup,cN {||§"||CZ + ||1Z" ||p,T} <ooforall T > 0.

Further assume that there exist (&, 7.) such that
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1) &" — & uniformly on compact sets;

2) SUP,[0,7] |Z8’t —Zo:|— 0, forall T > 0.
Let {a)g }n be a bounded sequence in L}C N LSC, resp. wo € L)lc N L$°, and denote by o", resp.
w, the associated unique solution to (131) associated to (Z",&"), resp. (Z,&). Then, for all
T € (0, 400), it holds that:

a) if oy — wo in L)l(, then " — w in Cyy ([0, T1; LY) N Cpy—x ([0, TT; L) forall g € [1, 00);

b) if either wy A wo in L3°, or wy — wp in LY for some p € (1,00), then " — w in
Cw([0, T1; LY N Copy—s([0, T1; L) for all g € (1, 00).
c) ifa)g — wg in LY for some p € [1,00), then &" — w in C([0, T]; LY forall g € {p} U

(1, 00).

Proof. The statement is a direct consequence of Theorem 5.9, since conditions i)-ii)-iii) and 1)-
2)-3) are satisfied for any finite interval [0, T']. Notice moreover that 4) is automatically satisfies,
since K" =K foralln and V- (K x g) = (V - K) * g = 0 for all functions g € L)l(. O

Next, we show how the above results can be used to generate a random dynamical system for
the rough 2D Euler system (131), when Z is a random driver. To this end, we need to introduce
some notation and definitions; we follow [18]. Given a probability space €2, we will denote its
elements by @, so to avoid notational conflict with the vorticity .

Definition 5.12. Let (2, 7, P) be a probability space and let 6 = (6;);>0 be a family of measur-
able mappings from (€2, F) to itself. We say that the tuple (2, F, P, 0) is a measurable metric
dynamical system® provided that:

o (t, @)+ O is BR>o) ® F/F measurable;
o Oyp=1dg;

e Os1y=0;00; forall s,t >0;

e Pot ' =P foralls>0.

Definition 5.13. Let (2, F, P, 0) be a measurable metric dynamical system. A geometric p-
rough path cocycle is a random variable Z : Q — Cg (R>0; R™) such that, for every @ € Q, we
have the cocycle property

8Zsiniin(w) =02y (Ohw), Lsihin(@) =L (Ohw). (134)

Note that, given a geometric p-rough path cocycle Z, we can always realize it as a canonical
process, namely take Q2 = Cg (Rx0; R™), P the law of Z and 6}, = t;,. The cocycle property (134)
then amounts to the stochastic process having stationary rough path increments.

It is shown in [18, Section 2] that a large class of Gaussian stochastic processes, including
fractional Brownian motion for H € (1/3, 1), can be lifted to such a geometric p-rough path
cocycle with p € [2, 3).

3 Contrary to what the name suggests, there is no metric space structure involved in Definition 5.12.
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Definition 5.14. Let (2, F, P, 0) be a measurable metric dynamical system and let (X, t) be a
topological space. A mapping

P:[0,c0) x 2 x X —> X
a continuous random dynamical system (continuous RDE for short) on X provided that:

o O(t,w, ) : X — X is continuous for every (¢, w) € R>o x Q;
e &(0,w, ) =1dy forevery w € Q;
o O(t+s,w, )=, 0w, )od(s, w,-) forall (s,t,w) € Réo x Q.

In light of Theorem 5.10 for any R € (0, +00), the set
Xpg = {a)o S L)lc N Lio : ||w0||leL;>o < R}

is invariant under the dynamics (131). Notice that X is a closed, convex, bounded subset of
L? (by Fatou’s lemma) and therefore it is also closed w.r.t. to the weak topology of LY, for any
p € [1, 00); similarly, it is closed under the weak-* topology of L$°. Being closed and bounded,
by the Banach-Alaoglu theorem, X'g is compact in the weak-* topology, with topology induced
by a metric. Moreover, since X’z is bounded in LY for every p, it is also weakly compact in
LY for every p € (1, 00); in fact, for such p, the weak-* topology of L$° and weak topology
of L% coincide on X, as they are induced by the same metric. Similarly, it is clear that given a
sequence { f"}, C Xg, f* — f in LY for some p € (1, c0) if and only if f* — f in LY for all
g € (1, 00), and that different L? norms induce the same metric.

To sum up, for any R € (0, +00), we have two main candidate topologies we can endow X’
with:

e The topology induced by the weak-* topology of L°, equivalently induced by the weak
topology of LY for any p € (1, c0), which we denote by ¢?K. (X, t%¢?*) is then a compact
metric space.

e The topology induced by | - || L for any p € (1,00), which we denote by t
(Xr, T877°"8) is then a separable metric space.

strong

Theorem 5.15. Letp € [2,3), R € (0, +00), &€ € Cg with V -& =0 and Z be a geometric p-rough
path cocycle. Then (131) generates a continuous random dynamical system on (Xg, T¢*) and
on (XRy .L.strung)'

Proof. Denote by S(s, ¢, @, wg) the solution of (131) at time r when the equation is started in
wo € X at time s and the driving rough path is Z(w). From (133), S(s, ¢, @, -) is a well-defined
map from X into itself, which is continuous w.r.t. both 7% and 7578 thanks to points b)

and ¢) of Theorem 5.11.
It is straightforward to check that by uniqueness we get the flow property

S(s,t,w,wp) =Su,t,w,-)oS(s,u, w, wy), Y(s,u,t,w,wy) € A(Tz) XQxX < —r.
Moreover, using uniqueness and the cocycle property of Z we find that
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S(h,t +h, @, w0) = SO, 1,0,m,w0) Yt h, @, ) € [0,00)% x Q x Xg.

Combining all these observations, we conclude that the map @ : [0, 00) x Q x A'r — Xg defined
by

O(t, @, wo) =S(0,1, @, wo)
is a continuous random dynamical system. O

Remark 5.16. (X, 1) and (Xg, t77°"8) are natural choices to discuss continuous RDS in-
duced by the Euler dynamics, in light of their compactness/separability properties, but they are
not the only possible ones. For instance, we could have endowed X with the convergence in-

duced by | - ||, 1, which is slight stronger than convergence in LY for some p > 1. Alternatively,

we could have considered the whole X = L! N L%, with norm || - 1o notice however

that this space is not separable, and convergence in L{° is a very strong assumption. More-
over, if f" — fin L1 N L, then we can find R < oo such that {f"}, C Xk and f" — f in
(Xg, T57°"8), Finally, one could be tempted to consider X endowed with weak L }C-topology;
however in this case we cannot prove Theorem 5.15, as this topology is not metrizable, there-
fore the sequential continuity provided by part a) of Theorem 5.11 is not enough to guarantee
continuity of the solution map.

5.4. More refined existence results for 2D Euler

As the Biot—Savart kernel K presents a specific structure, we can obtain more sophisticated
results than in the general case of (119). In particular, we can derive a weak existence result, in
the style of those from DiPerna-Majda [41], Delort [36] and Schochet [89], concerning L}C NnLE-
valued solutions, for any p > 1. To this end, we need a preliminary lemma.

Lemma 5.17. Let K be the Biot-Savart kernel on R?; then the map f — V - [(K % f) f], pre-
viously defined from L}C N LY to (WY extends uniquely to a map from L)lc to (W2o0)*,
satisfying

IV LK % ) Flllwaoops SIFI, -

Moreover if f* — f in L)lc, then V - [(K % f™) f"*] converge to V - [(K % f) f] in the sense of
distributions.

Proof. Since K (z) ~ z*/|z|? is an odd kernel, upon symmetrization one finds

(x — ) (Vo(x) — Vo(y))
lx — yI?

(V-I(K*x f)f] @)~
R2xR2

J () f(y)dxdy (135)

which implies the estimate
((V-I(K* f)fl o) < ||f||%lllfﬂ||w2,oo-
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The second claim follows from formula (135) and the fact that, if p" — p in LY(R?), then
P"Rp" = p®pin LYR2xR?). O

Remark 5.18. Lemma 5.17 readily allows to give meaning to weak solutions w € By, ([0, T']; L)]C)

to (131), in the style of Definition 4.12. Indeed, in this case the forcing term p with 1 = V - [(K *
w)w] is well defined and

t
Il v s gy < / IV (K * ooz, xds ST =sllold gy (136)
s

uniformly in s <t and R > 1.
Proposition 5.19. Ler p € [2,3), Z € Cg Rxo; R™), & € Cl% with V - £ = 0. Then for any p €

[1, 00) and any wq € L)lc N LY, there exists a global weak solution w € Bp(R>0; L)]C NLYY to
(131) satisfying

sup lxll ¢ < loollg Vg €l1. pl. (137)

=0

Proof. We give the proof for p = 1, the other cases being similar. For fixed Z, consider a
sequence of approximations (§", wy;) of (£, wp) obtained by mollifications, so that &, € Cg,
wy € L}C N LS and

Supllénllcg<lléllc§, V-£"=0, & —>&inCp,
n

: 1
supllwfll < lwoll 1. wf — woin L.
. !

For each wyj, let " be the unique solution in Bj(R >0; L)lc NLY) to

m
dof + V- [(K %)) - of1dt + > V- (& o) dZf =0
k=1

whose existence is guaranteed by Theorem 5.10. By (132), such solutions are of the form
o' (x) = o (] " (x)) (138)
where @7, resp. @, 1;", are incompressible flows. By construction, we have

sup | 111 = 1 < ool ¥neN. (139)

t>0

Set K!:= K1y<1, K?:= K 1x|>1, so that the Biot-Savart kernel decomposes
K=K'+K% K'eL! vge[l,2), K eLl Vje(@, ool (140)
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then the velocity fields u} := K * o} associated to the solutions similarly decompose as u} =
u?’l + u':’z, where by (139) and Young convolutional inequalities we have

n,1 1
sup sup Juy [l < NK g lleof iz S lleoll
neN t€[0,T] ’ (141)

2 2
sup sup lu;" [l < NK Mg llof iy S lwoll -
neN t€[0,T] ’

By the uniform estimate (14 1), arguing as in Lemma 4.17 (in particular, bound (78)) and Corol-
lary 4.31, we deduce that

lim sup sup / |wf (x)|dx =0 VT €(0,c0). (142)
R—W"nel\lte[O,T]| L
X|[>

Estimate (139) provided equiboundedness for {w"},, (142) tightness; using the flow representa-
tion (138), the fact that w; — wp and arguing as in Proposition 4.14, local equi-integrability of
{w"}, follows as well. In order to invoke Proposition B.1, it remains to verify weak equicontinu-
ity.

Note that " solves a rough continuity equation with forcing u} := fot V- [(Ks * wf)wi ]ds
and we have the uniform bound (139). We can thus invoke the a priori estimates from Lemma 4.9
(in particular, apply bound (54), together with (139) and the formula for w,) to find

1 1_1 1 1
||C!):l _a)?”]:—l,R < [[wn]]p,[s,f]lE_l 5 wA”(Svt)p + wA”(Svt)p 3wll"(s1 t)3 + w[in(svt)z

where the operators A" are defined in function of (£", Z) as in Lemma 4.1 1. Noting that Z (which
is independent of n) is responsible for the time regularity of A", and that {£"} are bounded in
le, for any T € (0, co) we can find a control yr such that

sup wan (s, 1) < yr(s,t) V(s,t) € Ar.
neN

Moreover by estimate (136), we have

2
wpyn (Sa t) = [IM”]]CI_V“r([s,t];ffzyR) S, |t - S|||a)n||61,([0,T];L)l() < |t - S|||a)0||L)]C

and so overall we find

1 1_1 1 1
sup [lof — g llr p ST yr(s,)F +yr(s,t)p 3t —s|3 + [t —s|2
neN

V(s,t) e A7, T €(0,400).

We can therefore apply Proposition B.1 to extract a (not relabeled) subsequence such that " —
win Cy ([0, T]; L }C), for fixed finite 7'; up to a Cantor diagonal argument, we may further assume
that the above convergence holds for all T € (0, +00).

By (139) and properties of weak convergence, w satisfies (137), so it only remains to show
that solves (131). By Lemma 5.17 and dominated convergence, it’s easy to check that
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t

Mf:/V-[(Ks*a);’)a);‘]ds%/V~[(Ks>x<a)s)a)s]ds =u; V=0
0

in the sense of distributions; the rest of the argument needed in order to pass to the limit in the
rough part is then identical to that of Proposition 4.14, which overall shows that w solves (131)
as desired. O

Under additional regularity of £ and higher integrability, the weak solutions from Proposi-
tion 5.19 satisfy additional properties.

Proposition 5.20. Let p € [2,3), Z € Cg R>o; R™), & € C; with V - & =0. Let p € [2,00),
T € (0, 4+00) and suppose that w € Bp ([0, T1; L}C N LYY is a weak solution to (131). Then w €
c(o,Ty; L}C N LYY and is renormalized: for any p € Cg, v = B(w) is a weak solution on [0, T']
to the RPDE

de+(K*(I)l) ~Vvt +§ 'VUtdZt =0.
Proof. Since w also solves a linear transport (equiv. continuity) RPDE with drift # = K * w, in

order to conclude we want to invoke Theorem 4.29, Proposition 4.33 and Corollary 4.36. To this
end, since w € By ([0, T']; Li) and V - u = 0, it suffices to check that

€ By([0, T1; L?), Vu e By([0,T]; L?). (143)
1+ x|

The second requirement immediately follows from properties of the Biot-Savart kernel, so we
focus on the first one. Employing the decomposition (140) of K and setting corresponding

u:ul—i—uz::Kl*w—i—Kz*w,
by (140) and Young convolution inequalities it holds that

1 1
lugll2 < NIK Mg lledllze S llelis,go,r1:22),

2 2
<K *wt“Li SIK ||L§ ||60t||L; S ”w”Bh([O,T];L}()

H1+|x| 1+ x| L

which overall proves (143). O

Proof of Theorem 1.6. This is just a combination of Propositions 5.19 and 5.20, the latter ap-
plied on [0, T'] for any finite 7. O

Remark 5.21. Our results are partially incomplete compared to the deterministic case [41,36,89],
where the possibility of measure-valued initial conditions wq “with a preference sign” is allowed
(think of wg = 8¢ + @, where @y € L}C. Moreover in the series of works [3,21,22], it has been
shown that in the full range p € [1, 00), (L )15 N L?)-valued solutions can be constructed in such
a way that they are renormalized and admit a Lagrangian representation. We leave such more
delicate extension to future works.
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Appendix A. Some useful lemmas

We collect in this appendix some basic results that have been used throughout the paper. We
start with some well-known Taylor-type expansion which are frequently needed in rough path
theory.

To this end, let us consider a path y : I — R? and a regular function f : R¢ — R; one can
then immediately extend everything to R™-valued functions by arguing componentwise. For
k € {1,2}, define

1

()5 = / (1= F (s + A8ysr)da;
0

then by Taylor’s formula we have

8F st = F D) — F0) = (DF)s 8yses (FDsi = £ () = (D> 8y

Lemma A.l. Let f € C,f(Rd; R), & € CI?(]R'”; R9); then there exists a constant C = C(||$||C2,
||f||c§) such that for any y : I — R? and any z € R™ it holds

18f (st = Df (v)E(vs)zl S 18yse —E(vo)zl +18yllzl ¥V (s, 1) € Ay, z € R™.

Proof. By Taylor expansion and algebraic manipulations, it holds

8 (st — DF(3)E(s)z = (D)3 8yst — Df (3)E ()2
= (D)7 [8yse — EG)z] + (D2 £)5 8yse £ (s s

the regularity assumptions on f, & then readily imply the conclusion. 0O

Lemma A.2. Let f € C,f(]Rd; R), then there exists C = C(||f||c§) such that

|f(x1) — f(x2) — f(x3) + fa)| S xn — x2l|x2 — xal + [x1 —x2 — x3 +x4] Vx; eRY
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Proof. Again applying Taylor expansions and algebraic manipulations, we find
Fx) = fx) — f(x3) + f(xq)
1
=</TDf@2+de—Xﬁ%—Df@4+k@r—mD}M)@1—xﬂ

0
+[f(a+x1—x2) — fx3)];
since by assumption f and Df are globally Lipschitz, conclusion follows. O

In order to state the next lemma, it is convenient to introduce some basic notation. Given
fe CZ, Ee Cl? and y, z as in Lemma A.1, let us set

TV =08 (st — DFOEGSZ, ¥y = 8yy — E(yo)z:

moreover for fixed £ and z, given two distinct paths yl, y2, consider

1, 2,
vei=yl =02, ok =t = e = vy — EOD) — £z

Lemma A.3. Let f € Ci, e Cll,; then there exists a constant C = C(||§||Cb1, ||f||C2) such that
forany y',y* : I — R% and any z € R™, for v as defined above, it holds

1, 1,
PO = FODEN S 5T+ 1805 (1y ™1+ 121) + [us (s + 184 1121) - Vs, 1) € Ay

Proof. Similar computations to those from Lemma A.1 give us

Ly' 1, 1,y? 2,
f(yl)gz - f(yz)fz = (]Dstty y”ti - (]DfDxt) ystﬁ+
1

+( / [Dr Gy + 2833 = DFOH]Ar) €6z

0
1

~( / [Dr G2 +2852) = DFOGD]dA) £z
0

h+bL+6L+1

for

) Ly* Lg 2.8 1Ly? ¢
L = (]Dstty (yst — Vst )= (]Dfl)sty Usts
1

L,
b= ([ (D70} + 285l = DFOZ + 302 Ja0) i
0
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1
= (/ Df(yl +8yl) — Df(y)) — Df (y2 + A8y2%) + Df (? )]dk)é(yA )z,
0

2, )2
L= (D £ 8y5, (§05) — §(7))z
We can estimate terms /1, I and I4 in a standard manner, yielding
L,
IS IEL 1L S (usl+ 180 DIyl sl S 18y llvsllzl.
For term I3 we can instead apply Lemma A.2, which gives
1131 S (1835 1vs] + [8vse]) 2.
Combining all the estimates gives the conclusion. O

The next basic lemma allows to pass from local to global estimates, which is often useful to
obtain a priori estimates when combined with sewing techniques (Lemma 2.7).

Lemma A.4. Let I be an interval, E a Banach space, g € C(Ay; E); suppose there exist con-
stants C, h > 0, an exponent p € (0, +00) and some controls w, w on I such that

1
lgstlle K Cw(s,t)? forall (s,t) € Ay such that w(s,t) < h. (144)

Then g € C;ivar(lg E) and it holds

_ 11 1
[glp.s.E Sp Cw(s, )P +h P wis, )P lgllcag ) Vs, €A (145)

where we set |1 gllc(ay 1 E) = SUP( vyea,, , 18uvl E-
If additionally p € [1, 00) and g is the increment of a path, i.e. g = §x for some x € C(I; E),
then it holds

1 1
[]p.fs.r1: < 2C (s, t)p<1+h6*‘w(s,t)‘*a) V(s,1) € A (146)
where the estimate now does not depend on p.

Proof. Up to relabeling the controls w, w, we can assume C = h = 1 in both cases.

Fix (s,t) € Ay and consider any finite partition 7 = {f; }N o Of [s, t]. Correspondingly, define
Z:={ie{0,...,N—1}:w(t, tiy1) < 1}; by superadditivity, ) ; w(#;, t;+1) < w(s, 1), therefore
the complement Z¢ = {0, ..., N — 1} \ Z can have at most cardinality w(s, ¢). In order to estimate
the p-variation of g along the partition 7, we split the sum and treat differently i € Z and i € Z¢:

Z [P R Y T2 A Y o

i€ ieZc
<D i, tip1) + Card(Z°) 18 1€ ag i)
i€l
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< ws, 1) +ws, DIENEay o)

where we first used the assumption (144), then superadditivity of w and finally the above obser-
vation on Card(Z*). Taking supremum over all possible partitions and elevating both sides of the
estimate to 1/p readily yields (145).

Concerning the claim (146), we proceed as in [55, Proposition 5.10(ii)]. Fix any [s, ] C I;
we only need to consider the case w(s, ) > 1, otherwise there is nothing to prove (since (146) is
implied by (144)). Define fo = s and #; 41 = inf{u > t; : w(¢#;, u) = 1} A t, then by superadditivity
it holds ¢, =t for n > w(s, t) and the resulting partition contains at most N = 1 4+ w(s, ) <
2w(s, t) subintervals. It holds

N—-1 N—-1
1
18%5e Il < D 81yl < D WDt tig1)?
i=0 i=0
N L 1 1
<N (Yt n)” <2wis 0T b, 08
i=0

where we used the previous observation on N, superadditivity of w and Holder’s inequality.
Combined with the assumption (144), this overall shows that for any (s, ) € Aj it holds

1 1
8x5¢ | 2 < 20 (s, 1) % (1 + w(s, 1)¥)
which readily yields the conclusion in view of Remark 2.2. 0O
Another basic tool in a priori estimates is the so called rough Gronwall lemma. Recall that,
as in Remark 2.6, a function y : Ay — [0, +00) is increasing if y (s, ) < y(s’,t") whenever

[s,11C[s, 7]

Lemma A.5 (Lemma A.2 from [63]). Let G : [0, T] — Rx>q be a path such that for some con-
stants C, L > 0, p € [1, 00), some control w and some increasing function y on A, one has

1
G, —Gs<Csup Grw(s,t)? +y(s,t)

r<t

for every s < t satisfying w(s,t) < L. Then it holds

sup G; < 2exp <M)<Go+y(0 T))
et AL ’

for x:=1A[LQ2Ce*)P].
Appendix B. Compactness criteria

We collect here some useful compactness Ascoli—Arzela type results, tailored to uniform con-
vergence in weak topologies (cf. Definition 2.12).
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To this end, recall that (-, -) denotes both the duality pairing between test functions C2° and

distributions D’, and between L% and its dual LY . For any p € [1, c0), we employ the notation
Cw([0,TT; LY) in agreement with Definition 2.12, similarly for Cy,—+([0, T]; LS).
The next statement is taken from [34], although we conveniently rephrase it in terms of

Definition 2.12, so that it can be interpreted as a compactness criterion for convergence in
Cu((0, T1; LY.

Proposition B.1 (Theorem A.1 from [34]). Let T € (0,4+00), {f"}, be a sequence in
By([0,T]; L )1() which is bounded and equi-integrable in space, uniformly in time, namely such
that:

i. (uniform boundedness) sup, <N ;ejo.7) 1/ L1 < o©.
ii. (local equi-integrability) For any & > O there exists §; > 0 such that

29N <8, = sup /|f,"(x)|dx<e;

neN,re[0,T]
A

iii. (tightness) For any ¢ > 0 there exists Q2 C R? such that

LUQ) <00 and sup / | f'(x)]dx < e.

neN,r€[0,T]
]R‘I\QF,

Further assume the following:

iv. (weak equicontinuity) For every ¢ € CX°, the functions {t — (f!', @)}, are uniformly
equicontinuous on [0, T]; namely, for any ¢ > 0 there exists § = §(¢, €) > 0 such that

s,t€[0,T] [t—sl<8 = sup(f = f, 0l <e
neN

Then there exists a subsequence { f"*} and a function f such that f"* — f in C ([0, T]; L)lc).

Under weaker assumptions, we can still deduce “uniform weak convergence in Llloc”.

Definition B.2. We say that f* — f in C,, ([0, T]; Llloc) if, for every ¢ € C2°, f"¢ — fy in
Cu([0,T1; LY.

Corollary B.3. Let T € (0, 4+00), { "}, be a sequence in By ([0, TT; L,lc) which is bounded, lo-
cally equi-integrable and weakly equicontinuous, namely satisfying properties i., ii. and iv. from
Proposition B.1. Then there exists a subsequence { f"*}, and a function f € Bp([0, T, L)lc) such
that " — fin C, ([0, TT; Ll ). Moreover it holds

loc

_ . . n —1; : n
”f“Bb([O,T];L}() —t:[gPT] I fellr < l}fgloréft:[lépT Il —lkfgggf”f ||B;,([O,T];L})- (147)

]
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Proof. First notice that, by definition of convergence in C ([0, T]; L )16), if g" - g in
Cy([0,T]; L}C), then also g"¢ — g in Cy, ([0, T']; L}C), for any ¢ € LS°.

Consider a sequence {{/X}gen C C2° of nonnegative functions such that YR =1 on Bg,

R=0on Bf | and y Ry R =y R By assumption, for any fixed R, {f"y R}, satisfies the
assumptions of Proposition B.1, therefore we can extract a (not relabeled) subsequence so that
f”wR — gR for some gR e Cy([0,T]; L}C). By the initial observations, these limits are con-
sistent, in the sense that g®+1y R = ¢® By a Cantor diagonal argument, we can deduce the
existence of a (n.r.) subsequence and a function f : [0, T] — LllOC such that "y R — fy® in
Cy,(0,T]; L }C) for all R € N. Again by the initial remark, since for any given ¢ € C2° we can
find R large enough such that ¥ Xp = ¢, we deduce that f"¢ — f¢ forall ¢ € CX.

It remains to show that f € B, ([0, T]; L }C) and estimate (147). To this end, recall that C2° is
a norming subspace for L }C, in the sense that for any g € LllOC it holds that

lgllzy = sup {I(g. 9)]: ¢ € C2° such that gl < 1. (148)

It follows that the Borel o -algebra of L )1( is generated by the functions g — (g, ¢) ranging over
¢ € C2°. Since by construction f is such that ¢ = (f;, @) is continuous for any ¢ € C2°, we
deduce that f is Borel measurable. Concerning estimate (147), by virtue of (148), for any fixed
t €[0, T] and any ¢ € CZ° with |[¢|| L < 1 it holds

I(feo o)l = lim [(f", )| < liminf || £l 1
n—>oo n—o00 x
Taking the supremum over such ¢ thus yields

< liminf || £" <liminf su !
I fellp < imin 1A e < lm i IE[OPT] A Nz

from which the conclusion follows upon taking another supremum over ¢ € [0, T]. O

We haven’t found a reference in the literature for the next result, which is an analogue of
Proposition B.1 for LY -spaces; therefore we give a short proof.

Proposition B.4. Let p € (1,00), T € (0, +00), { f"}, be a bounded sequence in By ([0, T1; LY);
further assume that, for each ¢ € C2°, the functions {t — (f", @)}, are equicontinuous on
[0, T). Then { f*}, C Cy ([0, T1; LYY and there exists a subsequence { f"*} such that " — f
in Cy ([0, T1; L).

In the case p = 0o, under the same assumptions, all the conclusion of the statement still apply,
with the only differences that { f"}, C Cyy—«([0, T1; L) and f™* — f in Cy—4([0, T]; LY°).

Proof. We only treat p € (1, 00), the case p = oo being similar. Fix R > 0 large enough such
that || f/* ”Lf < Rforalln e N and ¢ € [0, T]; consider a countable collection {¢"},,eny C C°

which is dense in Lf/. By the assumptions, for any fixed m, {t — (f}*, ¢"")}, are equibounded,
equicontinuous maps, therefore by Ascoli-Arzela they are precompact in C ([0, T']). Performing
a Cantor diagonal extraction argument, we can then find a subsequence such that (£, ™)
converge as k — oo to some limit g in C([0, T']), for all m € N. From now on we will work
only with this subsequence and drop the subindex ny for simplicity.
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Fix any ¢ € [0, T'], then the sequence {f}'}, is bounded in L%, thus precompact in the weak
topology; at the same time, since {{/"},, are dense in Lf, and (f/*, ™) converge for all m,
there can exist at most one limit point f; for the whole sequence. We can conclude that f" — f;
in LY, for all p € [0, T], and that g/ = (f;, ¥™). Since || f"'||L» < R, lower semicontinuity
of the norm in the weak topology implies that || f;||.» < R as well, for all ¢ € [0, T'], so that
f €By([0.TI: LY). ,

It remains to show convergence in Cy, ([0, T]; LY). Given ¢ € LY , fix ¢ > 0 and choose /"
such that ||y — ™ ||L1,r < ¢g; then

limsup sup |{f — fi, V)]

n—oo te[0,T]

<limsup sup [(f" = fi, ¥ —¢™)| +limsup sup [(f;" — fi, ¥"™)|

n—00 tef0,T] k—o0 1€[0,T]

Slimsup sup [[f" = fill ol —¥™[|, » <2Re.
k—oo t€[0,T] : x

By the arbitrariness of ¢ > 0, the conclusion follows. O

Finally, we provide a criterion to upgrade uniform convergence in the weak topology to uni-
form convergence in the strong one.

Corollary B.5. Let p € (1,00), T € (0,4+00) and {f"}, be a sequence satisfying the assump-
tions of Proposition B.4 and such that f" — f in Cy([0,T1; LY). Then the following are
equivalent:

i. The functions {t — || f|" ”Lf In are equicontinuous on [0, T and
limsup |/ l,0 < I fil,e Viel0.T].
n—oo

ii. f",feC((0,T], LYY and we have the strong convergence

lim sup || £~ fill .p =0. (149)

=0 ¢el0,T]

Proof. The implication ii. = i. is trivial, so let us show i. = ii.

Recall that, for any sequence g" in LY such that g” — g and ||g"|| = llgll LD it holds
llg" — gl = 0; this is a consequence of uniform convexity of L? spaces and the associated
properties, see [17, Sections 3.7 & 4.3]. In view of this fact and the assumptions, we immediately
deduce that /" € C([0, T]; L?) for all n; moreover by f/' = fi, lower semicontinuity of || - || LP
in weak topologies and the assumptions, it holds

gim [ =1 filly Vi, Tl.

As the family {t > || fl| .p}» is uniformly continuous, thus compact, we deduce that the above
convergence is not only pointwise but rather uniform, namely
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lim sup [|lf"ll = lfell| = 0: (150)
=X e(0,T]

but then 7 — || f; ||L§ € C([0, T]) and arguing as above f € C([0, T']; LY). Next recall that, since
f"— fin Cy([0, T1; LY) by assumption, by Remark 2.13 it holds that

ft’: — f;in L as n — oo for any sequence {t,}, C [0, T] such that,, — z. (151)

Suppose now by contradiction that the conclusion (149) is not true; then there exist § > 0 and
a sequence {f,}, such that || f" — fi,|l L > 8 > 0 for all n sufficiently large. Since [0, T'] is
compact, we can further assume such that ¢, — ¢ for some ¢ € [0, 7]. But then by (150) and
(151) it holds f/' — f; and | f}! Iz = Il /el p, which by uniform convexity implies = fi
strongly in LY. Since f € C([0, T1; LY), f;, — f: strongly in LY as well; but then by triangular
inequality we find 0 = lim, . || f — fi, ||L£ > § > 0, whichis absurd. O

Remark B.6. It is clear from the proof that a statement in the style of Corollary B.5 holds
for LY replaced by any separable, uniformly convex Banach space V. On the other hand, it
does not hold for non-uniformly convex spaces like L )1(: already without dependence on ¢, a
standard counterexample on L'((0, 27)) is given by f(x) = 1 + sin(nx), satisfying f* — 1,
1" 11 0,.272) = 27 = |11l 10, 27) Tor all m, but || f* — 1l 19 25y = 4 # O for all n.

Appendix C. Smoothing operators and tensor products

The first aim to this section is to present the proof of Lemma 4.4. To this end, we start by
treating specifically Part b) of the statement in the proposition below; recall the definition of
Fi.r by (47).

Proposition C.1. For all R € [3, 00), the scale (F; r)o<i<3 admits a smoothing (J7),¢(0,1], in
the sense of Definition 4.2; moreover it can be chosen in such a way that |||J ||| does not depend
on R.

Proof. As the proof is very similar to other existing in the literature, cf. [38, Section 5.3] and
[60, Proposition A.3], we will mostly sketch it, making however particular attention on explain-
ing why the resulting estimates do not degenerate as R becomes larger and larger. For practical
convenience, we will restrict ourselves to R > 3; it is clear however that, up to tuning the pa-
rameters correctly, any R > 1 could be considered (or more generally R > R > 0, for any fixed
threshold Ry, in which case the resulting estimates only depend on Ry).

For n € (0, 1), consider a family {©%7}, 0 1) C C2° such that ®%-?(x) € [0, 1] for all x and

Of"=10nBg_3,, OFT=00nRI\ Br_y,, DR <n™* Vvixo. (152)

Let us illustrate a standard way to construct ®. Consider a smooth, radially symmetric probability
density & supported on Bi; define the associated mollifiers 7" = n~¢h(n~'-) and M"¢ = h"
¢. Then we can take ¥R (x) := 1Bg_s,, and ©, = M2 R The verification of the first two
requirements from (152) are immediate, in light of the supports of ¥ X and 4"/? and properties
of convolution; for the last one, by Young’s convolutional inequality and scaling it holds
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ID'O% M Lo < YR Lo I DRIy S~ ID Rl V=0
uniformly in R. Arguing as in [60, Lemma A.3], one can then show that

||®R’”g0||Wz.oo < Chllellwre foralll €{0,1,2} and ¢ € Fi g (153)

as well as

10 = O8Nl < Cunf 7 llgllyice foralll, j €{0,1,2,3} with j <! and ¢ € Fi g,

(154)
where the constant only depends on the choice of the smooth function /. Let us shortly illustrate
the main difficulty in deriving the bounds (153)-(154) and how to overcome it. Whenever esti-
mating W’ *-norms, the most problematic terms comes from the highest order derivatives 3%,
|| =1, falling on ®&" as a consequence of looking at 3%(®R-7¢) and Leibniz rule; the main
task is to estimate [|(3*©®R")g|| Lo, where [|0%©F7|| o grows like n~1*|. However, the only x
where D)%G)77 (x) is non zero by construction belong to Ag ;, := Br—2; \ Br—y; by hypothesis
¢ is supported on Bg, therefore all its derivatives vanish at the boundary; for any x € Ag ,, by
Taylor expanding ¢ around x = Rx/|x|, we deduce that

o) S l@llres Ix =3 S @l n’ Yx € Agy

Such estimates compensate the growth of derivatives of @%-7 for x € A R,y» allowing in the end
to prove the desired bounds (153)-(154).

Next, let us recall that the smoothing operators M" as defined above form a smoothing on the
scales (Wl'°°)0<1<3, cf. [60, Lemma A.2].

Finally, we can define a family of operators (J ¥ '), on the scale F; g by

JRN g = M1 (©R1y).

The definition is meaningful: by construction, supp (8%7¢) C Bgr_2y, so that by properties of
convolutions supp (J X-7¢) C Bgr_y, showing that JR19 € Fi k.

The proof that all conditions from Definition 4.2 are satisfied by (J¥ '), follows from com-
bining the bounds (153)-(154) (which were uniform in R), the fact that (M7), is a smoothing
on W5 and the triangular inequality. For instance, for any (j,[) € {(0, 1), (0,2), (1,2)} and
¢ € Fi g, it holds

le = T 0llyioe < llo = M@llypioe + 1M (9 = OF19) 0
S Nelwie + 1o — 0% gllyio S 1 l@llyico

where we repeatedly used the smoothing properties of (M), and the bounds (154). The verifi-
cation of the other properties is similar; overall, this yields the desired uniform-in-R bounds for
[P =

We are now ready to complete the
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Proof of Lemma 4.4. Part b) of the statement is covered by Proposition C.1 above, while part
c) is given by [38, Corollary 5.4]. The statement from a) is much more classical and comes from
interpolation theory, but let us briefly give an explicit example of the smoothing (J"),. Consider
the inhomogeneous Littlewood-Paley blocks (A ;) j> 1 associated to a partition of unity and the
corresponding low-frequency cut-off operator S; given by

Sjp = Z Aig,
i<j-1

see [5] for more details. Set J7 := §;(;) for j(n) defined as the integer part of —log,n;
then (J7), satisfies the requirements (44)-(45). Indeed, the boundedness of S; as element of
L(WELP WP) comes from [5, Remark 2.11], while the bounds for ||J7|| Lawtp. i’y follow
from a standard application of Bernstein estimates, cf. [5, Lemma 2.1]. O

Next we present the proof of Lemma 4.22; recall again the definitions of F; g and & r from
(47) and (48) respectively.

Proof of Lemma 4.22. In order to prove the claim we need to show that, for any given f €
F_1,R+1, & € F_j ry1 and ® € &4 j g, it holds

I(f @& PSS NAINF g 1817 it IPllgy s RS

recall that the distributional tensor product is defined (or equivalently characterized) by duality
by

(fegv) = | fOgMYkx,ydxdy V¢ eCXRY)
R2d

Fix ® € &4 j g; observe that by definition its support is included in {(x, y) : [x | < R, [x_| <
1} and thus in Bry1 X Br4+1 ={(x,y) : |x| V |y| < R + 1}. For fixed g, introduce the auxiliary
function

@3 (x) == (g, (x,") = /g(y)q)(x, y)dy
R4
sothat (f ® g, ¥) = (f, ¢8). In order to conclude, it then suffices to show that
162117 1 S N8IF st 1Pl 0
since in that case [(f, %) <1l 7 o 198N A oy SNFIF g lgIA_ a1 PN &
By the previous observation on the support of @, it’s clear that ®(x, -) € F; g1 for all x, so

that ¢ is well defined, and that moreover ¢¢ (x) = 0 for all x € By ;. Therefore we only need
to check that ¢8 € W' 1f [ = 0 this is immediate, since by definition

Sup 105 (Ol < 1217, prr SUp 1PCE, I, pr S 1817 ps [Pl 5
xeR4 xeR4
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Assume now / > (; we first claim that for all derivatives « up to order / — 1, we have the relation
08 (x) = (g, 07 P(x, ). It is enough to prove this for |«| =1 and / > 2, since the general case
follows by iteration. By using difference quotients, we have

D(x + hej, ) — D(x, )
h

B () = lim (g, )= (g2 ®(x, )

where the last passage comes from the easily verifiable fact that, if ® € W!*/:%° with [ > 2, then
(O(x + hej, ) — P(x, -))/ h converges to dy, P(x, -) in W72 for any fixed x € R4,

Having established the claim, in order to conclude that p8 € Wl it suffices to show that
all its derivatives of order o with |o| =1 — 1, are bounded and globally Lipschitz (recall that
f € W™ if and only if f is bounded and Lipschitz, in which case its optimal Lipschitz constant
is exactly || Df | Le). We omit boundedness, which is simpler, and pass to verify the Lipschitz
property. Observing that for ® € & ; g, it holds 07 ® € £; 11 g, we find

0¥ % (x) — 0¥ 9% (2)| = (g, OY P(x, ) — T D(z, )

<O @(x, ) = Y P2, IF oy 187 s

5 ”8;[@”5]413”gl']'—,j,RJrl'x _ZI 5 ”(D”S]JFJ“R”g”]‘—,j,R+1|x _Z|’

which overall proves that [|@® || .o S 1 ®@llg,,; £ llgll 7 ; ., and yields the conclusion. O
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