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Abstract

Motivated by applications to fluid dynamics, we study rough differential equations (RDEs) and rough 
partial differential equations (RPDEs) with non-Lipschitz drifts. We prove well-posedness and existence of 
a flow for RDEs with Osgood drifts, as well as well-posedness of weak Lp-valued solutions to linear rough 
continuity and transport equations on Rd under DiPerna–Lions regularity conditions; a combination of the 
two then yields flow representation formulas for linear RPDEs. We apply these results to obtain existence, 
uniqueness and continuous dependence for L1 ∩ L∞-valued solutions to a general class of nonlinear con
tinuity equations. In particular, our framework covers the 2D Euler equations in vorticity form with rough 
transport noise, providing a rough analogue of Yudovich’s theorem. As a consequence, we construct an 
associated continuous random dynamical system, when the driving noise is a fractional Brownian motion 
with Hurst parameter H ∈ (1/3,1). We further prove weak existence of solutions for initial vorticities in 
L1 ∩Lp , for any p ∈ [1,∞).
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1. Introduction

Over the last thirty years, several authors have advocated for the use of stochastic fluid dy
namics equations with transport-type noise, in order to account for the turbulent small scales of 
realistic fluids, see for instance [6,7,79,77,65,27]. The starting point of the theoretical derivation 
in most of these works is to prescribe an evolution for the Lagrangian particles composing the 
fluid, formally of the form

ẏt = ut (yt )+
m ∑︂
k=1 

ξk(yt )Ż
k
t , y0 = x ∈Rd . (1)

Here u is the coarse-grained macroscopic velocity field of the fluid, while the random terms 
Żk represent the unresolved, turbulent small scales fluctuations around it. Starting from this La
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grangian description one can then move to an Eulerian one, by means of the (stochastic) material 
derivative. For instance, the evolution of a density ρ carried along the fluid flow (1), by the 
conservation of mass principle, is (formally) given by the stochastic continuity equation

∂tρt +∇ · (utρt )+
m ∑︂
k=1 

∇ · (ξkŻk
t )= 0. (2)

One can similarly derive more complex nonlinear equations for the fluid flow u itself, resulting 
in stochastic Euler and Navier–Stokes-type systems.

Separation of scales and homogenization arguments suggest to take the fluctuations Gaussian 
in nature. Due to mathematical convenience, most authors (cf. [6,79,77]) then assume Zk to 
be Brownian, in order to have access to Itô calculus and consequently solve (1)-(2). However, in 
terms of modeling turbulent fluids, it is important to allow for non-Markovian noise with memory 
dependence, see for instance [74,53,52].

Rough path theory, introduced by Terry Lyons in [75], allows to overcome this obstacle, pro
viding a comprehensive solution theory for differential equations of the form (1) whenever Z
is not differentiable in time, but can be lifted to a rough path. As a consequence, it allows 
for a large class of non-Markovian signals, like fractional Brownian motion of Hurst parameter 
H ∈ (1/4,1). However, the implementation of this theory typically requires generous regularity 
assumptions on u and ξk , which can be become challenging to verify when u is itself a solution 
to a nonlinear equation.

The seminal paper [65] by Holm provides a systematic way of deriving stochastic fluid 
dynamics equations from geometric constraints, by enforcing the validity of an underlying vari
ational principle; at the Eulerian level, the resulting noise is usually of Lie transport type. As 
a consequence, the geometrical structure of geophysical fluids can become as a guiding prin
ciple for designing robust stochastic parametrization schemes and has relevant applications in 
uncertainty quantification, data assimilation and filtering (see e.g. [19,20]).

Recently, the framework from [65] has been combined with rough path theory in [32], where 
the authors allow the noise Z to be any geometric rough path. The resulting incompressible Euler 
equations with rough Lie transport take the form{︄

∂tu+ ut · ∇ut +∑︁m
k=1

(︁
ξk · ∇ut + (Dξk)

T ut
)︁
Żk
t +∇pt = 0,

∇ · ut = 0.
(3)

On the d-dimensional torus T d , the mathematical solvability of (3) is studied in [31], proving lo
cal well-posedness of maximal solutions in Wn,2 for n⩾ ⌊ d2 ⌋+2, as well as a Beale-Kato-Majda 
blow-up criterion in terms of the L1

t L
∞
x -norm of the vorticity; the results hold for sufficiently 

regular, divergence-free ξk . In dimension d = 2, the equation for the vorticity ω := ∇⊥ · u reads 
as

∂tωt + ut · ∇ωt +
m ∑︂
k=1 

ξk · ∇ωt Żk
t = 0, (4)

where the velocity u can be recovered from ω by the Biot-Savart law u=K ∗ω; the active scalar 
transport nature of (4) then allows to deduce preservation of the L∞x -norm of ω. Combined with 
the aforementioned blow-up criterion, this ultimately allows the authors in [31] to deduce global 
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well-posedness for the rough 2D Euler equations (3) for velocities u in W 3,2. However, the 
associated norms ∥ut∥W 3,2 are expected to grow double-exponentially in time, thus making them 
untractable for large times.

On the other hand, in light of the structure (4) and the classical results by Yudovich [91,92] in 
the deterministic case, it is reasonable to expect (4) to be wellposed as soon as (for instance) ω0 ∈
L1
x ∩L∞x , without the need for any further Sobolev regularity. Moreover, ∥ωt∥L1

x∩L∞x is expected 
to be bounded by ∥ω0∥L1

x∩L∞x at all times, and the solution map ω0 ↦→ ωt to be continuous in 
rather weak topologies.

The goal of the present paper is to address the current gaps in the existing literature con
cerning the solvability of (1)-(2)-(4), in the presence of rough path noise Z, in order to provide 
a robust theoretical framework to support the aforementioned applications. In short, our main 
contributions the following:

• Wellposedness of the RDE (1) and existence of an underlying continuous flow, in any di
mension d ⩾ 1, whenever u satisfies an Osgood regularity condition, but is not necessarily 
Lipschitz.

• Solvability of rough transport and continuity equations of the form (2), in any dimension 
d ⩾ 2, whenever u satisfies DiPerna–Lions regularity conditions [40].

• Solvability the rough 2D Euler equations in the class of vorticities ω ∈ L1
x ∩L∞x , as part of a 

more general class of nonlinear rough continuity equations (see (8) below), and construction 
of an underlying random dynamical system.

Along the way we establish a number of useful properties for such systems, like: moduli of 
continuity of the flow for (1); duality relations for solutions to (2) and those of the associated 
transport equations, which in turn are renormalized; the conservation of Casimir invariants for 
2D Euler, cf. (10), and in particular of the enstrophy (for p= 2).

Let us finally remark that throughout this paper we take the underlying state space to be the 
(technically slightly more challenging) full space Rd , rather than the torus T d as in previous 
works. We believe this choice to be important in order to pave the way for future generalizations 
to arbitrary smooth domains, by using extension theorems and flow representation methods; it is 
clear however that, mutatis mutandis, our results readily readapt to the torus T d as well.

1.1. Main results and discussion

The first main goal of the present work is to prove well-posedness of rough differential equa
tions and construct the corresponding flow of homeomorphisms, when the drift term enjoys 
Osgood-type regularity. In the following, in order to specify what we mean by the (1) when Zk

are not differentiable, we will assume that Z admits a rough lift Z= (Z,Z) of finite 𝔭-variation 
for some 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭 for short, so that we can apply rough path theory (cf. Section 3). 
Within this framework, (1) admits a rigorous interpretation as the rough differential equation 
(RDE) (5) below.

Our main result for RDEs can be summarized as follows:

Theorem 1.1. Assume that Z lifts to a rough path Z ∈ 𝒞𝔭 for 𝔭 ∈ [2,3), ξ ∈ C3
b and b is a 

bounded Osgood vector field. Then the rough differential equation
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dyt = bt (yt )dt +
m ∑︂
k=1 

ξk(yt )dZk
t , y0 = x ∈Rd (5)

is well-posed and induces a flow (t, x) ↦→Φt(x) of homeomorphisms on Rd , which satisfies

sup 
t∈[0,T ]

|Φt(x)−Φt(x̃)|⩽ F(|x − x̃|)

for some modulus of continuity F . The same estimate holds with Φ replaced by its inverse Φ−1.

See Theorem 3.9 in Section 3.2 for the more precise version of the above statement, with an 
explicit formula for F , which is defined in terms of the Osgood modulus of continuity of b. At 
a technical level, Theorem 1.1 is non-trivial as it truly requires to work with finite 𝔭-variation 
spaces, and the same proof would not work when manipulating simpler Hölder spaces Cγ (with 
γ ∼ 1/𝔭) as often done in rough paths [46]. This is because, in order to establish uniqueness and 
regularity of the flow leveraging on the regularity of b, one needs to close estimates for quantities 
of the form

⟦︃ · ∫︂
0 

bt (y
1
t )dt −

· ∫︂
0 

bt (y
2
t )dt

⟧︃
E

for a suitable choice of the seminorm and function space E. Contrary to Hölder functions, spaces 
of finite 𝔭-variation are very convenient for this task, as the 1-variation of Lebesgue integrals can 
be controlled by the L1-norm of its integrand. Let us also point out that Theorem 3.9 holds for 
any rough path Z, not necessarily geometric; in particular, existence and regularity of the inverse 
flow Φ−1 requires the use of time reversal arguments. However a general statement about time
reversed RDEs, for non geometric 𝔭-variation rough paths, seems to be missing in the literature; 
we fill here this gap, cf. Definition 3.5 and Lemma 3.7 from Section 3.2.

Next, we pass to consider the linear rough partial differential equations (RPDEs) on Rd asso
ciated to the RDE (5), namely the rough continuity equation

dρt +∇ · (btρt )dt +
m ∑︂
k=1 

∇ · (ξkρt )dZk
t = 0 (6)

and rough transport equation

dft + bt · ∇ft dt +
m ∑︂
k=1 

ξk · ∇ft dZk
t = 0. (7)

Equations (6)-(7) again can be made meaningful by a rough path formalism; in particular, 
here we adopt the unbounded rough drivers framework from [12]. To this end, from now on we 
will always assume Z to be a geometric rough path of finite 𝔭-variation, which we abbreviate by 
Z ∈ 𝒞𝔭g .

In view of applications to nonlinear PDEs, where the drift depends nontrivially on the solu
tion itself, it is often unreasonable to impose too strong regularity assumptions on b; moreover, 
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as long as the vector fields ξk are taken smooth enough, it is reasonable to expect the equations 
(6)-(7) to be well-posed under the same conditions on b allowed by the deterministic literature. 
We prove that this is indeed the case, and in particular we successfully develop a wellposedness 
theory for Lp-valued solutions, as long as b satisfies the same regularity assumptions as in the 
celebrated DiPerna–Lions theory [40], filling a noticeable gap in the existing RPDE literature. 
The main analytical challenge with such low-regularity solutions is that the RPDE is only satis
fied in the sense of distributions (in space); thus, special care is needed whenever using energy 
estimates, duality or doubling of variables arguments. On top of that, one must handle low time 
regularity coming from Z. Nevertheless, a careful combination of the techniques from [40] and 
[12] allows to successfully solve (6)-(7), under rather minimal requirements on (b, ξ). That is, 
the joint regularity condition we impose on (b, ξ) coincides with the known ones for each term 
taken separately, coming respectively from deterministic and rough PDEs.

Compared the standard deterministic theory from [40], our strategy for solving linear RPDEs 
adds a little twist by mostly focusing on (6) rather than (7). Uniqueness is achieved by estab
lishing a product formula, see below, which gives access to duality arguments and weak-strong 
stability results. Renormalizability of transport equations then becomes a mere corollary of the 
latter, and does not play anymore a pivotal role as it did in [40].

Our main result for linear RPDEs is summarized below; we refer the reader to Section 2.2 for 
the relevant function spaces and notations.

Theorem 1.2. Let 𝔭 ∈ [2,3) and assume that Z lifts to a geometric rough path Z ∈ 𝒞𝔭g ; let

b

1+ |x| ∈ L
1
t L

1
x +L1

t L
∞
x , b ∈ L1

t W
1,1
loc , ∇ · b ∈ L1

t L
∞
x , ξk ∈ C3

b , ∇ · ξk = 0.

Then for any ρ0 ∈ L1
x ∩L∞x (resp. f0 ∈ L1

x ∩L∞x ), there exists a unique solution to (6) (resp. (7)) 
belonging to ℬb([0, T ];L1

x ∩L∞x ); furthermore, ρ,f ∈ C([0, T ];Lpx ) for all p ∈ [1,∞).
Moreover, the following hold:

i) Product formula: the product ρf is again a solution to (6);
ii) Duality: for every t ∈ [0, T ], ⟨ρt , ft ⟩ = ⟨ρ0, f0⟩;

iii) Renormalizability: for every β ∈ C1
b , β(f ) is again a solution to (7).

Theorem 1.2 will be proved in Section 4.4. Let us stress that Section 4 overall contains many 
other useful results, like for instance conservation of mass (Lemma 4.18), stability in both weak 
and strong topologies (Corollaries 4.32 and 4.35) and criteria for strong compactness (Corol
lary 4.37). The result remain true whenever e.g. ρ0 ∈ L

p
x for some p ∈ [1,∞], as long as b

possesses the correct ``complementary integrability'', cf. Theorem 4.29.
In the case when ∇ · b= 0, renormalizability of solutions to (7) implies ∥ft∥Lp = ∥f0∥Lp for 

all t ∈ [0, T ] and p ∈ [1,∞), see eq. (117) from Theorem 4.38 for a more precise statement. In 
particular, for p = 2, this likely excludes the possibility of anomalous dissipation of energy in 
the vanishing viscosity limit.

When b satisfies the Osgood regularity assumption, we can further show that solutions to the 
continuity and transport equations (6)-(7) admit classical flow representations; see Theorem 4.38
in Section 4.4 for a more precise version of the next statement. Here, given a measure μ on Rd , 
(Φt )♯μ denotes its pushforward under the continuous map Φt .
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Theorem 1.3. Under the assumptions of Theorem 1.2, suppose in addition that b is an Osgood 
vector field. Then the flow Φ associated to the RDE (5) from Theorem 1.1 is quasi-incompressible, 
in the sense that for any t ⩾ 0 and any Borel set A⊂Rd it holds

exp
(︂
−

t∫︂
0 

∥∇ · bs∥L∞ds
)︂
L d(A)⩽ L d(Φt (A))⩽ exp

(︂
+

t∫︂
0 

∥∇ · bs∥L∞ds
)︂
L d(A)

where L d denotes the Lebesgue measure on Rd ; a similar statement holds with Φt replaced by 
Φ−1
t .
Moreover in this case the unique solution ρ to (6) is given by

ρt = (Φt )♯ρ0

and the unique solution f to (7) is given by

ft = f0 ◦Φ−1
t .

Armed with the above results, we are then able to deduce well-posedness in L1
x ∩ L∞x and 

flow-representation for a class of non-linear rough PDEs of the form

dρt +∇ · ((K ∗ ρt )ρt )dt +
m ∑︂
k=1 

∇ · (ξkρt )dZk
t = 0 (8)

for suitable convolutional kernels K .

Theorem 1.4. Let ξ ∈ C3
b with ∇ · ξk = 0 and assume that Z lifts to a geometric rough path 

Z ∈ 𝒞𝔭g for some 𝔭 ∈ [2,3). Further assume that the convolution kernel K satisfies the following:

i. K ∈ L1
x +L∞x , ∇ ·K ∈ L∞x .

ii. ∇K is a Fourier multiplier of 0-homogeneity: denoting by ˆ︃∇K the Fourier transform of ∇K , 
it holds ˆ︃∇K ∈ C∞(Rd \ {0}) and there exists C > 0 such that

|D(α)ˆ︃∇K(η)|⩽ C|η|−α ∀ η ∈Rd \ {0}, α ∈
{︃

0, . . . ,2
⌊︂

1+ d

2 

⌋︂}︃
.

Then for every initial condition ρ0 ∈ L1
x ∩L∞x there exists a unique solution ρ to (8) in the class 

ℬb([0, T ];L1
x ∩ L∞x ). Moreover, ρ is of the form ρt = (Φt )♯ρ0, where Φ is the flow associated 

to the RDE (5) with bt =K ∗ ρt .

In fact, the results from Section 5 allow a more general class of (time-dependent) kernels K , 
see the (slightly more technical) Assumptions 5.1-5.2-5.3 therein; in particular, Theorem 1.4 is a 
consequence of Proposition 5.8 and Theorem 5.9 from Section 5.2. To the best of our knowledge, 
even in the deterministic case ξ ≡ 0, at this level of generality our result on well-posedness for 
(8) appears to be new; the only work sufficiently close to it we are aware of (imposing stronger 
assumptions on the kernel K) is [68].
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The most important example of nonlinear rough continuity equations of the form (8) we can 
cover are the 2D rough Euler equations in vorticity form:{︄

dωt + ut · ∇ωt dt +∑︁m
k=1 ξk · ∇ωt dZk

t = 0,

∇ · ut = 0, ∇⊥ · ut = ωt .
(9)

In this case, the velocity field u can be reconstructed from ω by the Biot–Savart law:

ut =K ∗ωt , where K(z)= z⊥

2π |z|2 .

Theorem 1.4 then recovers the celebrated wellposedness result due to Yudovich [91,92] and 
extends it to the rough setting. In particular, the stability estimates we obtain in this case are 
strong enough to construct a random dynamical system underlying the dynamics induces by 
random Z. In the next statement, we allow for an infinite time horizon t ∈R⩾0 = [0,+∞).

Theorem 1.5. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C3
b with ∇ · ξk = 0. Then for any ω0 ∈ L1

x ∩L∞x , there 
exists a unique global solution ω ∈ ℬb(R⩾0;L1

x ∩ L∞x ) to (131), which moreover belongs to 
C(R⩾0;Lpx ) ∩ Cw−∗(R⩾0;L∞x ) for any p ∈ [1,∞). The solution is renormalized and of the 
form

ωt(x)= ω0(Φ
−1
t (x))

where Φ is the flow generated by the RDE (5) for bt =K ∗ ωt , K being the Biot-Savart kernel. 
Moreover, we have

∥ωt∥Lpx = ∥ω0∥Lpx , ∀ t ⩾ 0, ∀ p ∈ [1,∞]. (10)

Let {ωn0}n be a bounded sequence in L1
x ∩L∞x , resp. ω0 ∈ L1

x ∩L∞x , and denote by ωn, resp. ω, 
the associated solutions to (131). Let p ∈ (1,∞), then:

i) if ωn0 ⇀ω0 weakly in Lpx , then ωn converge to ω in Cw([0, T ];Lqx)∩Cw−∗([0, T ];L∞x ) for 
all q ∈ (1,∞) and T ∈ (0,+∞);

ii) if ωn0 → ω0 strongly in Lpx , then ωn → ω in C([0, T ];Lqx) for all q ∈ (1,∞) and T ∈
(0,+∞).

Let R ∈ (0,+∞) and define

𝒳R :=
{︂
ω0 ∈ L1

x ∩L∞x : ∥ω0∥L1
x∩L∞x ⩽R

}︂
.

Suppose now that Z is a random geometric 𝔭-rough path cocycle. Then the associated RPDE 
(131) generates a continuous random dynamical system on 𝒳R, when it is endowed with either 
the strong topology τ strong induced on 𝒳R by the Lpx -norm, or the weak topology τweak induced 
by weak convergence in Lpx .

8 



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124 

Theorem 1.5 comes from a combination of the more general Theorems 5.10, 5.11 and 5.15
from Section 5.3. The stability results in points i) and ii) above are on par with the deterministic 
literature, cf. [82]. Let us point out that, with the aforementioned topologies, (𝒳R, τ

strong) is a 
separable metric space, while (𝒳R, τ

weak) is a compact metric space. In particular, Theorem 1.5
applies when the driving signal Z is (the geometric rough enhancement of) a fractional Brownian 
motion of Hurst parameter H ∈ (1/3,1). In the Brownian case H = 1/2, the geometric require
ment amounts to working with Stratonovich noise, and our result is comparable to previous ones 
like [11].

Finally, in the case of unbounded initial vorticity ω0 and less regular ξk , we are still obtain 
a weak existence result for (9), in the style of those from DiPerna–Majda [41], Delort [36] and 
Schochet [89]. This last statement follows from Propositions 5.19 and 5.20 from Section 5.4.

Theorem 1.6. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C2
b with ∇ · ξ = 0. Then for any p ∈ [1,∞) and any 

ω0 ∈ L1
x ∩Lpx , there exists a global weak solution ω to (9) satisfying

sup
t⩾0 

∥ωt∥Lqx ⩽ ∥ω0∥Lqx ∀ q ∈ [1,p].

If moreover p ∈ [2,∞), then ω ∈ C(R⩾0;L1
x ∩Lpx ) and it is renormalized, in the sense that for 

any β ∈ C1
b , v = β(ω) is a weak solution to

dvt + (K ∗ωt) · ∇vt +
m ∑︂
k=1 

ξk · ∇vt dZk
t = 0.

Thanks to their renormalizability, for p ⩾ 2, the solutions constructed in Theorem 1.6 still 
satisfy (10), similarly to the ones from Theorem 1.5. In both cases in particular the enstrophy 
∥ωt∥L2 is constant over time. This hints to the possibility of an inverse cascade and a coarse
graining effect in the long-time limit, similarly to the deterministic case, even though the energy 
is no longer exactly preserved; we leave this question for future research.

In this paper we always work on the full space Rd . This implies a few technical difficulties, 
related to compact embeddings not being naively available anymore, and the need in applications 
to work with coefficients b only satisfying local regularity and/or growth conditions. Moreover, 
natural distributional concepts of solutions are only local in nature, based on testing against C∞c , 
which lacks either a Banach or Fréchet structure; therefore at the level of unbounded rough 
drivers, rather than working with a fixed scale of Banach spaces, we need to consider a family 
(ℱl,R)l,R of them, indexed by the radius R ∈ (0,+∞) related to the support of functions; see 
Section 4.1 for the details.

It is clear however that all aforementioned results transfer to the (simpler) case of RPDEs on 
the torus T d , with periodic boundary conditions; in this case, both local regularity and growth 
conditions can be replaced by simpler global requirements.

1.2. Relations to the existing literature

Stochastic partial differential equations (SPDEs) with Brownian transport-type noise have 
been advocated in the context of fluid dynamics in many works, see [6,7,79,77,65] and the ref
erences therein. The separation of scales ideas adopted by these authors are older and date back 
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at least to the pioneering work of Hasselmann [59] in stochastic climate modeling; Hasselman
n’s paradigm has become a standard in modern applications, see the review [52]. For a recent 
revisitation of Hasselmann’s ideas in the framework of [65], see [30]. For regular coefficients, a 
large class of first and second order SPDEs are treated in the monograph [70]. Among the theo
retical reasons for transport noise, besides modeling ones like the Wong–Zakai principle, let us 
mention the fascinating possibility of regularization by noise phenomena, as first noticed in [45]. 
Stochastic fluid dynamics is currently a very active field of research and we do not aim here at 
describing it in its entirety; we refer to the monographs [50,49,29] for an overview.

Yudovich’s theorem [91,92] remains to this day among the sharpest well-posedness results 
for 2D Euler, also in view of the recent counterexamples [1,4,8]. It has received numerous 
revisitations over the years, see for instance [71,34,82]. In the SPDE case with Stratonovich 
Brownian noise, with domain T 2, an analogous result was first established in [11]. Therein, 
leveraging on the power of Itô calculus, the authors only need to require the coefficients ξk to be 
Lipschitz continuous, with suitable summability; they however impose the additional condition ∑︁

k ξk ⊗ ξk = cI2, where I2 is the 2× 2 identity matrix. To the best of our knowledge, even in 
the Brownian case, our result is the first to treat the full space case R2; although we need the 
higher regularity ξk ∈ C3

b , coming from the applicability of rough path theory, we do not need to 
impose any further condition on the resulting covariance of the noise.

Born with the seminal work of Terry Lyons [75], rough paths have now grown into a mature 
theory; we refer to the monographs [72,55,46] for a comprehensive overview.

RDEs (5) are well-known to be solvable when ξk are regular enough (typically ξk ∈ Cγ

b with 
γ ∼ 𝔭) and the drift b is bounded and globally Lipschitz, see [55, Ch. 12.1] and [43, Thm. 8]; 
this result can now also be seen as a particular subcase of the one concerning rough stochastic 
differential equations from [47]. Possibly unbounded drifts satisfying monotonicity conditions 
have been treated in [87,9], while measure-valued drifts corresponding to a reflection measure 
are considered in [39]. Our work seems to be the first one treating Osgood drifts instead.

Rough transport PDEs remain somewhat less studied, in comparison to the vast literature of 
RDEs. Among the first results in this direction, let us mention [26,28,24,43], mostly based on 
pathwise arguments like stability properties of the underlying RDEs, random flow transforma
tions, random rough paths and Feynman–Kac representations. This class of results however did 
not allow to provide an intrinsic meaning to the RPDE, whose solutions were merely recovered 
as the unique limit of mollified problems. This issue was successfully addressed by different 
methods in [37] (later refined in [51]) and, more important to our approach, the framework of 
unbounded rough drivers from [12]. The latter provides a purely Eulerian framework, without re
lying on representations based on the Lagrangian flow of the underlying RDE; it takes inspiration 
from the approach to RDEs developed by Davie [35]. In some sense, the present paper merges 
the ideas of [37] and [12] by using the Eulerian formulation of [12] along with a product for
mula to show well-posedness, as done in [37]. The theory of unbounded rough drivers has been 
subsequently developed in [38,64] and these techniques have been applied to the rough Navier
Stokes equations in [63,62,48] and to rough Euler equations in [31]. Among other approaches to 
transport equations driven by (higher order) rough paths, let us also mention the recent [10].

While preparing this paper, the preprint [88] appeared on arXiv. Therein, the authors show 
well-posedness of Euler equations in the Yudovich class on the 2D torus T 2, as well as well
posedness of (5) for log-Lipschitz b (which is a particular case of Osgood drift). Their work 
shares similar intuitions as ours, based on the use of spaces of finite 𝔭-variation and unbounded 
rough drivers. However their results are as not as general in scope, as they do not include any 
treatment of linear RPDEs with DiPerna–Lions drifts, nor general nonlinear rough continuity 
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equations or weak existence results of Schochet-Delort type; moreover, differently from ours, 
the stability results obtained therein are not robust enough to construct the underlying continuous 
random dynamical system.

1.3. Future perspectives

The results obtained in this paper open up several directions to be developed in the future.
First of all, in order to solve the linear RPDEs (6)-(7), here we pursued an Eulerian approach 

à la DiPerna–Lions [40] (and its readaptation in the rough framework from [12]), based on a 
priori Lp-estimates and commutators; it would be interesting instead to focus directly on the 
construction of a (rough) Regular Lagrangian Flow for the RDE (5), readapting the techniques 
from Crippa–De Lellis [25].

In the context of nonlinear fluid dynamics equations, in this paper we only focused on (more 
challenging) inviscid RPDEs like rough 2D Euler (9), but it is clear that similar arguments apply 
to viscous ones like rough 2D Navier–Stokes:

dωνt + (K ∗ωνt ) · ∇ωνt + ξ · ∇ωνt dZt = νΔωνt .

Similarly to the deterministic case studied in [83,22,23], we expect the techniques from the proof 
of Theorem 1.4 to provide quantitative convergence rates of rough 2D Navier–Stokes to rough 
2D Euler in the vanishing viscosity limit ν → 0+. Notice however that the use of a Feyman
Kac type flow representation for the rough Navier–Stokes requires to consider an underlying 
rough stochastic differential equation, admitting both a rough path and a Brownian motion as 
underlying drivers; therefore, additional techniques from either [43] or more recently [47] might 
be needed for this task.

The stability properties of the solution map 2D Euler obtained in Theorem 1.5 immediately 
imply Wong–Zakai type results, see [46, Section 9.2] and [88] for similar discussions, as well as 
support theorems, cf. [46, Section 9.3]. In the case of Gaussian rough paths, one can then employ 
Schilder’s theorem and the contraction principle to derive large deviation results in the vanishing 
noise limit, by considering (9) with Z replaced by 

√
εZ and sending ε→ 0+. It would be inter

esting to couple this result to the one described in the previous paragraph, and actually consider 
large deviations in the joint limit (ε, ν)→ (0,0) of vanishing noise and vanishing diffusion.

The construction of a random dynamical system from Theorem 1.5 on 𝒳R , which is compact 
when endowed with appropriate topologies, is a natural stepping stone in order to analyze the 
long time behavior for such systems. For instance, the techniques from [80] readily allow to 
construct stationary solutions in this case. However, the applicability of tools from ergodic theory 
and dynamical systems for RPDEs is still very much in development; in different contexts, let 
us mention [14] for the construction of random attractors, [69] for center manifolds, [81] for the 
study of finite-time Lyapunov exponent and [86] for Lyapunov exponents. We leave the study of 
similar questions for (9) for the future.

Although our main motivation for studying rough continuity equations (8) comes from fluid 
dynamics, there is another fundamental PDE sharing a similar structure, which is given by the 
Vlasov-Poisson equations, as noted in [71]; in fact, in the deterministic setting Euler can be re
covered by Vlasov through a quasi-neutral limit, see the classical work [16]. Loeper’s techniques 
for Vlasov-Poisson have recently received many revisitations, see [66,33,67]. A specific type of 
transport Brownian noise was recently proposed in the Vlasov-Poisson system in [15], where 
local well-posedness in Sobolev spaces was shown; it would be interesting to pursue instead the 
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Lagrangian approach to prove global wellposedness and propagation of regularity, for general 
rough transport noise sharing the same structure as in [15].

Throughout the paper we only considered 2D Euler in full space R2; as mentioned, one can 
similarly treat the torus T 2. It would be interesting to extend the result by allowing general 
smooth domains Ω⊂R2, endowed with the slip condition u · −→n = 0 on ∂Ω, where −→n denotes 
the outward normal at the boundary. For deterministic Euler, Yudovich theorem still holds in this 
framework, see [78, Sec. 2.3, Thm. 3.1]; however, in the SPDE and RPDE literature, we have 
found almost no references treating this problem (differently from Dirichlet/no slip b.c., which 
in different contexts is analyzed e.g. in [54,84,85]). The closest result we are aware of in this 
direction is [56, Thm. 1.17], providing a weak existence result for stochastic 2D Euler equations 
in convex domains, under slip b.c. u · −→n = 0.

Structure of the paper

In Section 2 we collect the notation and preliminary results needed in the main body of the 
paper; they concern function spaces, space of 𝔭-variation, rough paths, moduli of continuity 
and finally some novel concepts of weak convergence for Banach-valued paths. Section 3 shows 
well-posedness of the RDE (5) under Osgood regularity conditions on b, as well as regularity and 
quasi-incompressibility of the induced flow. Section 4 is devoted to linear rough continuity and 
transport equations (6)-(7). By employing the unbounded rough drivers framework, we provide 
criteria for existence, uniqueness, as well as renormalizability and continuous dependence on 
the data (in strong and weak topologies), when the drift b satisfies a DiPerna–Lions regularity 
condition. In Section 5, we consider general nonlinear rough continuity equations on Rd of the 
form (8); we obtain existence, uniqueness and continuous dependence results. From them, we 
infer a Yudovich-type theorem in Section 5.3, where we also construct the underlying random 
dynamical system; we then prove a Schochet–Delort-type result in Section 5.4. We collect several 
technical results in the Appendices A, B and C, concerning respectively rough path lemmas, 
compactness criteria in weak topologies, and tensorization and smoothing operator results from 
the theory of unbounded rough drivers.

2. Notation and preliminaries

This section is mostly a collection of standard terminologies and recaps, which can be skipped 
at a first reading by the experienced reader.

Sections 2.1-2.2 consist of notations and function spaces used throughout the whole paper; 
Sections 2.3-2.4 deal respectively with spaces of finite 𝔭-variation and Osgood moduli of conti
nuity, which will be mostly needed in the study of RDEs from Section 3. Finally, Section 2.5 is 
a bit more original and introduces a concept of uniform convergence in weak topologies, which 
will be crucial when applying compactness arguments in Sections 4-5.

2.1. Notation

We write a ≲ b if there exists a constant c > 0 such that a ⩽ cb, and a ≲λ b if we want to 
stress that the constant c depends on a parameter λ.

For x, y ∈ Rd , we write x · y for their scalar product and |x| for the Euclidean norm. We 
write BR(x) for the d-dimensional open ball of radius R centered in x; when x = 0, we use 
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the shorthand notation BR := BR(0). We set R⩾0 = [0,+∞). We denote by L d the Lebesgue 
measure on Rd .

For a smooth function f :Rd →Rn, we denote by ∂jfi its partial derivatives and by Dxf =
(∂jfi)i,j its Fréchet differential, seen as a map from Rd to Rn×d ; when there is no room for 
confusion, we simply write Df . When n = 1, we write ∇f = (∂if )

d
i=1 for the gradient, and 

when n= d we write ∇ · f =∑︁d
i=1 ∂ifi for the divergence.

We denote by C∞c (Rd;Rn), or simply C∞c when there is no risk of confusion, the set of 
infinitely differentiable, compactly supported functions, with the usual topology of test func
tions. Given U ⊂ Rd , we write C∞c (U) for the subset of test functions such that suppφ ⊂ U , 
where suppφ denotes the support. We denote by 𝒟′(Rd;Rm), or simply 𝒟′, the dual space of 
(possibly vector-valued) distributions. We keep using the notations ∂jfi , Df to denote weak 
derivatives/differentials whenever f ∈ 𝒟′. We let f ∗ g denote the convolution between (suffi
ciently integrable) functions, as well as between test functions and (fastly decaying) distributions.

Given Banach spaces E1, E2, ℒ(E1,E2) denotes the Banach space of bounded linear opera
tors from E1 to E2, with operator norm ∥ · ∥ℒ(E1,E2). Whenever Ei ⊂ F for i = 1,2, where F is 
an ambient Banach space, the intersection E1 ∩ E2 is again a Banach space with the canonical 
norm ∥ · ∥E1∩E2 = ∥ · ∥E1 +∥ · ∥E2 ; we denote by E1+E2 the space of all elements f ∈ F which 
may be written as f = f1 + f2 with fi ∈Ei . We denote by E∗ the topological dual of a Banach 
space E.

When there is no risk of confusion, we will use the notation ⊗ to denote different kinds of 
tensor products. Specifically: given x, y ∈Rd , x ⊗ y ∈Rd×d is the matrix given by (x ⊗ y)ij =
xiyj ; given functions f,g :Rd → R, f ⊗ g :R2d →R is given by (f ⊗ g)(x, y)= f (x)g(y), 
and we extend this definition by duality to distributions, so that if f,g ∈𝒟′(Rd), then f ⊗ g ∈
𝒟′(R2d); if E1, E2 are abstract Banach spaces and v ∈ E1, w ∈ E2, then v ⊗w ∈ ℒ(E∗2 ,E1) is 
given by (v⊗w)(w∗) := v⟨w,w∗⟩E2,E

∗
2
, for all w∗ ∈E∗2 ; with a slight abuse, v⊗w may also be 

interpreted as a bilinear operator on E∗1 ×E∗2 , by (v⊗w)(v∗,w∗) := ⟨v, v∗⟩E1,E
∗
1
⟨w,w∗⟩E2,E

∗
2
, 

or as an element of the tensor space E1 ⊗E2.

2.2. Function spaces

For m⩾ 0, we denote by Cm
b (R

d ;Rn) the Banach space of m-times differentiable functions 
from Rd to Rn which are bounded and with continuous bounded derivatives up to order m, with 
norm

∥f ∥Cm
b
:=

m ∑︂
k=0 

∥D(k)f ∥C0
b
:=

m ∑︂
k=0 

sup 
x∈Rd

|D(k)f (x)|,

with the convention that D(0)f = f . When the domain and codomain are clear from the context, 
we simply write Cm

b . We denote by Cm
loc = Cm

loc(R
d ;Rn) the Fréchet space of functions which 

are locally in Cm
b , namely such that f φ ∈ Cm

b for all φ ∈ C∞c ; f n → f in Cm
loc if and only 

if ∥φ(f n − f )∥Cm
b
→ 0 for all φ ∈ C∞c . Note that convergence in C0

loc amounts to uniform 
convergence on compact sets.

For p ∈ [1,∞], we write Lp(Rd ;Rn) for the usual Lebesgue spaces; when domain and 
codomain are clear, we simply write Lpx , and denote their norm by ∥f ∥Lpx . Given p ∈ [1,∞], 
we denote by p′ its conjugate Hölder exponent, viz 1/p+ 1/p′ = 1. Given a Lebesgue measur
able subset A⊂Rd , we denote by 1A its characteristic function and set ∥f ∥Lp(A) := ∥f1A∥Lpx . 
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L
p

loc = L
p

loc(R
d;Rn) stand for local Lp spaces, given by functions f such that f φ ∈ Lpx for all 

φ ∈ C∞c .
For k ∈N , we write Wk,p(Rd ;Rn) for the usual Sobolev spaces; since we shall only consider 

Sobolev spaces in the space variable x, whenever clear we shortly denote them by Wk,p and their 
norm by

∥f ∥Wk,p :=
m ∑︂
k=0 

∥D(k)f ∥Lpx .

We write Wk,p

loc for the Fréchet space of functions f ∈ Lploc such that φ f ∈Wk,p for all φ ∈ C∞c . 

For k = 0, as a convention we have W 0,p = L
p
x , W 0,p

loc = L
p

loc; f n → f in Wk,p

loc if ∥φ(f n −
f )∥Wk,p → 0 for all φ ∈ C∞c .

Given a locally convex space V , we write either ⟨f,g⟩V,V ∗ or ⟨g,f ⟩V ∗,V for the duality 
pairing between V and its dual space V ∗. When there is no risk of confusion, we simply write 
⟨·, ·⟩; we use it for instance to denote the inner product in L2

x , but also the duality pairing between 

L
p
x and Lp

′
x , or the one between C∞c (Rd) and the dual space of distributions 𝒟′(Rd).

Given a closed interval I ⊂ [0,∞) and a function f : I →E for some set E, we shall employ 
the subscript notation ft for the evaluation of f at t ∈ I . When E is a Banach space, we denote 
by ℬb(I ;E) the space of bounded, measurable functions f : I → E, where E is endowed with 
the Borel σ -algebra coming from ∥ · ∥E . ℬb(I ;E) is a Banach space with norm

∥f ∥ℬb(I ;E) := sup
t∈I 

∥ft∥E.

When E is a Banach space and the interval I is clear from the context, we denote by Lpt E :=
Lp(I ;E) the Bochner–Lebesgue space of (equivalence classes of) strongly measurable functions 
f : I →E such that

∥f ∥Lqt E :=
(︃∫︂
I

∥ft∥qE dt

)︃1/q

<∞

with the usual convention that we take the essential supremum norm if q =∞.
For E ∈ {Cm

b ,L
p
x .W

k,p}, we denote by Lqt Eloc = Lq(I ;Eloc) the Fréchet space of functions 
f such that φ f ∈ L

q
t E for all φ ∈ C∞c ; f n → f in Lqt Eloc if ∥φ(f n − f )∥Lqt E → 0 for all 

φ ∈ C∞c .
Given a measure space (E,ℰ,μ) and a measurable mapping f : (E,ℰ,μ)→ (F,ℱ), where 

ℱ is a σ -algebra on F , we denote by f♯μ the pushforward of μ under f , namely the measure 
on (F,ℱ) defined by

f♯μ(A) := μ(f−1(A)) ∀ A ∈ℱ .

2.3. Spaces of 𝔭-variation and rough paths

We recall in this section several basic concepts from rough path theory; for further details, see 
the monographs [55,46]. We mostly follow the presentations from [38, Section 2], [63, Section 
2.2].

14 



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124 

For a closed interval I , we define

ΔI := {(s, t) ∈ I 2 : s ⩽ t}, Δ
(2)
I := {(s, u, t) ∈ I 3 : s ⩽ u⩽ t}.

For notational simplicity, for T ∈ (0,+∞), we let ΔT :=Δ[0,T ] and Δ(2)
T :=Δ

(2)
[0,T ]. Let (E,∥ ·

∥E) be a Banach space; given a function g : ΔI → E, we denote by gst the evaluation of g at 
(s, t) ∈ΔI . g is said to have finite 𝔭-variation on I for some 𝔭 ∈ (0,+∞) if

⟦g⟧𝔭,I ;E := sup 
π∈Π(I)

(︃ ∑︂
(ti ,ti+1)∈π

∥gti ti+1∥𝔭E
)︃1/𝔭

<∞,

where Π(I) denotes the set of all possible finite partitions π of I ; we denote by C𝔭−var
2 (I ;E)

the set of all continuous functions g : ΔI → E of finite 𝔭-variation. Similarly, we denote by 
C𝔭−var(I ;E) the set of all continuous paths x : I → E such that δx ∈ C

𝔭−var
2 (I ;E), where 

δxst := xt − xs for s ⩽ t . In the latter case, with a slight abuse, we will identify ⟦x⟧𝔭,I ;E with ⟦δx⟧𝔭,I ;E . For any 𝔭 ∈ [1,∞), the space C𝔭−var([s, t];E) is Banach with norm

∥x∥𝔭,[s,t];E := ∥xs∥E + ⟦x⟧𝔭,[s,t];E.
Whenever E = Rm for some m ∈ N and the context is clear, we will shorten the notation and 
just write ∥x∥𝔭,[s,t], ⟦x⟧𝔭,[s,t]. When [s, t] = [0, T ], we will just write ∥x∥𝔭,T , ⟦x⟧𝔭,T and denote 
C𝔭−var([0, T ];Rm) simply by C𝔭−var, similarly for C𝔭−var

2 .

Remark 2.1. For any 𝔭 ∈ [0,+∞), using the definition, it is easy to check that the C𝔭−var
2 -semi

norm is lower semicontinuous (l.s.c.): given a bounded, pointwise converging sequence {gn}n in 
C
𝔭−var
2 (I ;E), namely such that supn⟦gn⟧𝔭,I ;E <∞ and gnst → gst in E for all (s, t) ∈ΔI and 

some g ∈ C(ΔI ;E), it holds that g ∈ C𝔭−var
2 (I ;E) and

⟦g⟧𝔭,I ;E ⩽ lim inf
n→∞ 

⟦gn⟧𝔭,I ;E.
Similarly for bounded sequences {xn}n ⊂ C𝔭−var(I ;E) converging pointwise to x ∈ C(I ;E).

We say that a mapping w :ΔI →[0,+∞) is a control on I if it is continuous, w(s, s)= 0 for 
all s ∈ I and it is superadditive, namely

w(s,u)+w(u, t)⩽w(s, t) ∀(s, u, t) ∈Δ(2)
I .

Remark 2.2. Given g ∈ C𝔭−var
2 (I ;E), it can be shown (cf. [55, Proposition 5.8]) that

wg(s, t) := ⟦g⟧𝔭
𝔭,[s,t];E

defines a control. This control is ``optimal'', in the sense that ∥gst∥E ⩽ wg(s, t)
1/p and for any 

other control w̃ satisfying this property it holds wg(s, t)⩽ w̃(s, t), cf. [55, Proposition 5.10].
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Given any g :ΔI →E, we define the second order increment operator δg :Δ(2)
I →E by

δgsut := gst − gsu − gut ∀ (s, u, t) ∈Δ(2)
I .

With these preparations, we can now recall some fundamental concepts from rough path theory.

Definition 2.3. Let m ∈ N , T ∈ (0,+∞) and 𝔭 ∈ [2,3). A pair Z = (Z,Z) : [0, T ] → Rm ×
Rm×m is a continuous 𝔭-rough path, Z ∈ 𝒞𝔭 = 𝒞𝔭([0, T ];Rm) for short, if Z ∈ C𝔭−var, Z ∈
C
𝔭/2−var
2 and they satisfy Chen’s relation

δZsut = δZsu ⊗ δZut ∀ (s, u, t) ∈Δ(2)
T . (11)

For any Z ∈ 𝒞𝔭 and s ⩽ t , we adopt the incremental notation Zst := (δZst ,Zst ). 𝒞𝔭 lacks a 
linear structure, but is a complete metric space endowed with the metric

d𝔭,T (Z, Z̃) := ∥Z − Z̃∥𝔭,T + ⟦Z− Z̃⟧𝔭/2,T . (12)

With a slight abuse, we will still use the norm notation to denote

∥Z∥𝔭,T := d𝔭,T (Z,0) := ∥Z∥𝔭,T + ⟦Z⟧𝔭/2,T

Remark 2.4. Analogously to Remark 2.2, the joint condition (Z,Z) ∈ C𝔭−var × C
𝔭/2−var
2 is 

equivalent to the existence of a control wZ such that

|δZst |𝔭 + |Zst |𝔭/2 ⩽wZ(s, t) ∀ (s, t) ∈ΔT , (13)

with an explicit choice given by wZ(s, t) := ⟦Z⟧𝔭
𝔭,[s,t] + ⟦Z⟧𝔭/2

𝔭/2,[s,t]. Again this is ``almost opti
mal'', in the sense that if w̃ is another control satisfying (13), then it holds

⟦Z⟧𝔭
𝔭,[s,t] ⩽ w̃(s, t), ⟦Z⟧𝔭/2

𝔭/2,[s,t] ⩽ w̃(s, t), wZ(s, t)⩽ 2w̃(s, t).

Any smooth path Z : [0, T ]→Rm admits a so called canonical lift to a rough path, by setting

Zst :=
t∫︂

s

δZsr ⊗ Żr dr; (14)

it is easy to check that such Z satisfies (11) and the resulting Z is called a smooth rough path.

Definition 2.5. A continuous 𝔭-rough path Z is geometric if it belongs to the closure of the set 
of smooth rough paths, under the metric d𝔭,T . In other terms, Z is geometric if there exists a 
sequence of smooth rough paths Zn as defined by (14) such that d𝔭,T (Z,Zn)→ 0. The space of 
geometric 𝔭-rough paths is denoted by 𝒞𝔭g = 𝒞𝔭g ([0, T ];Rm).

16 
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To exemplify the concept, let us mention that in the case of Z being sampled as a Brownian 
motion, its Stratonovich lift (Z,ZStrat ) is a geometric 𝔭-rough path for any 𝔭> 2, while the Itô 
lift (Z,ZI t ô) is not, cf. [55, Exercise 13.11].

Let us recall some properties of controls which will come handy in the sequel.

Remark 2.6. If w1, w2 are controls, then it is immediate to check that so is a w1 + b w2 for all 
a, b⩾ 0, as well as w1w2. More generally, if w is a control and γ :Δ→[0,+∞) is increasing, 
in the sense that γ (s, t)⩽ γ (s′, t ′) whenever [s, t] ⊂ [s′, t ′], then γ w is a control. Moreover for 
any controls w1, w2 and any a, b > 0, there exists another control w3 such that

w1(s, t)
aw2(s, t)

b =w3(s, t)
a+b ∀ [s, t] ⊂ [0, T ]

which is precisely given by w3 = w
a/(a+b)
1 w

b/(a+b)
2 ; if a > 1 and w is a control, then so is wa . 

For the proofs of the last two statements, see [55, Exercise 1.9].

A key tool in rough path theory is the so called sewing lemma, first introduced in [58,44]. The 
statement here is a convenient rephrasing of [38, Lemma 2.2], to which we refer the reader for a 
proof.

Lemma 2.7 (Sewing Lemma). Let E be a Banach space, I as interval, g : ΔI → E. Suppose 
g ∈ C1/η−var

2 (I ;E) for some η > 1 and that there exists a control w such that

∥δgsut∥E ⩽w(s, t)η ∀ (s, u, t) ∈Δ(2)
I ;

then it holds

∥gst∥E ⩽ C w(s, t)η ∀ (s, t) ∈ΔI ,

and therefore as a consequence

⟦g⟧1/η,[s,t];E ⩽ Cw(s, t)η ∀ (s, t) ∈ΔI .

2.4. Osgood moduli of continuity

We recall here some basic facts concerning moduli of continuity, which will be used later.

Definition 2.8. We say that h :R⩾0 →R⩾0 is an Osgood modulus of continuity if h is continu
ous, strictly increasing, subadditive (i.e. h(r1 + r2)⩽ h(r1)+ h(r2)) and satisfying

h(0)= 0, 
∫︂

0+ 

1 
h(r)

dr =+∞. (15)

Remark 2.9. Given a subadditive modulus of continuity h, [76, Lem. B] guarantees the existence 
of another concave modulus of continuity h̃ satisfying the two-sided bound h⩽ h̃⩽ 2h; thus if 
needed, we may always assume the Osgood modulus h we are working with to be concave 
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without loss of generality. Together with h(0) = 0, this implies pseudoconcavity of h, namely 
that

r ↦→ h(r)

r
is decreasing.

In particular, h grows at most linearly at infinity, since h(r)⩽ h(1)r for r ⩾ 1, while it satisfies 
h(r)⩾ h(1)r close to the origin.

In particular, if h is concave and Osgood, then so is r ↦→ h(r)+ αr , for any α ⩾ 0: indeed for 
any ε ∈ (0,1) we have

ε∫︂
0 

1 
h(r)+ αr

dr ⩾
(︂

1+ α

h(1)

)︂−1
ε∫︂

0 

1 
h(r)

dr =+∞

which implies the validity of (15) for h̃(r)= h(r)+ αr .

Correspondingly to a Osgood modulus h, for any r0 ∈ (0,+∞), we set

G(r) :=
r∫︂

r0

1 
h(r̃)

dr̃ .

Remark 2.10. Combining the Osgood condition and the at most linear growth at infinity from 
Remark 2.9, we see that G is an increasing, invertible function that can be extended to the whole 
[0,+∞] by setting G(0) := −∞, G(+∞) := +∞. Correspondingly, for any β ⩾ 0 we can 
define

Mh,β(α) :=Mh(α,β) :=G−1(G(α)+ β). (16)

Mh,β is an increasing, continuous function on [0 +∞], whose values are independent of r0
appearing in the definition of G; moreover it satisfies Mh,β(0)= 0 for any β ⩾ 0.

The importance of Osgood moduli of continuity, in connection to solvability of ODEs, comes 
from the Bihari–Osgood inequalities (see [13] and [73, Lemma 2.1] for more general statements 
and the proof).

Lemma 2.11. Let h be an Osgood modulus of continuity, T ∈ (0,+∞]. Let f , g be nonnegative, 
integrable functions on [0, T ) such that

ft ⩽K +
t∫︂

0 

gs h(fs) ds ∀ t ∈ [0, T )

for some constant K ⩾ 0. Then it holds

18 
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ft ⩽Mh
(︂
K,

t∫︂
0 

gs ds
)︂

∀ t ∈ [0, T )

for Mh as defined in (16). In particular, if K = 0, then f ≡ 0.

2.5. Uniform convergence in weak topologies

If V is a Banach space, we write ⇀ for weak convergence in V ; namely, vn ⇀ v in v if 
⟨vn,u⟩V,V ∗ → ⟨v,u⟩V,V ∗ for all u ∈ V ∗. Similarly, if V has a dual structure, V = U∗, then we 

denote weak-∗ convergence by 
∗−⇀, viz vn

∗−⇀v if ⟨vn,u⟩U∗,U →⟨v,u⟩U∗,U for all u ∈U . For an 
overview of basic properties of weak and weak-∗ topologies, we refer to [17].

Definition 2.12. Let V be a Banach space, T ∈ (0,+∞). We denote by Cw([0, T ];V ) the space 
of weakly continuous functions f : [0, T ]→ V , namely such that ftn ⇀ ft in V whenever tn→
t .

Given a sequence {f n}n ⊂ Cw([0, T ];V ), we say that f n→ f in Cw([0, T ];V ) if

lim 
n→∞ sup 

t∈[0,T ]
|⟨f n

t − ft , g⟩V,V ∗ | = 0 ∀ g ∈ V ∗.

If V has a dual structure, V =U∗ for some Banach U , we similarly denote by Cw−∗([0, T ];V )
the space of weakly-∗ continuous functions f : [0, T ] → V , namely such that ftn

∗−⇀ ft in V
whenever tn→ t . Given {f n}n ⊂ Cw−∗([0, T ];V ), f n→ f in Cw−∗([0, T ];V ) if,

lim 
n→∞ sup 

t∈[0,T ]
|⟨f n

t − ft , g⟩U∗,U | = 0 ∀ g ∈U.

Remark 2.13. Definition 2.12 encodes the concept of ``uniform convergence on compacts in the 
weak topology'' (resp. ``uniform convergence on compacts in the weak-∗ topology''). It satisfies 
the following properties:

i) Notation is consistent: if f n → f in Cw([0, T ];V ), then f ∈ Cw([0, T ];V ). Indeed, for 
any g ∈ V ∗, t ↦→ ⟨ft , g⟩V,V ∗ is continuous as it is the uniform limit of continuous functions. 
Similarly for convergence in Cw−∗([0, T ];V ).

ii) By testing against g and using properties of uniform convergence, it’s easy to see that if 
tn→ t and f n→ f in Cw([0, T ];V ), then f n

tn
⇀ ft ; similarly for Cw−∗([0, T ];V ).

iii) If f n→ f in either Cw([0, T ];V ) or Cw−∗([0, T ];V ), then

sup
n 

sup 
t∈[0,T ]

∥f n
t ∥V <∞.

Indeed, suppose this was not the case, say for f n→ f in Cw−∗([0, T ];V ). Then we could 
find a sequence (nk, tnk ) such that ∥f nk

tnk
∥V →∞. Since [0, T ] is compact, up to extracting 

a (not relabeled) subsequence, we may assume tnk → t . But then f nk
tnk

∗−⇀ft , which by the 

Banach–Steinhaus theorem implies that {f nktnk }k is bounded in V , absurd.
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iv) By the same logic, it’s easy to check that if f ∈ Cw([0, T ];V ) (resp. Cw−∗([0, T ];V ), then

sup 
t∈[0,T ]

∥ft∥V <∞.

Moreover, if either V is separable or V =U∗ with U separable, then the weak (resp. weak-∗
topology) and the strong topology generate the same Borel σ -algebra, therefore in this case 
Cw([0, T ];V ) ⊂ ℬb([0, T ];V ) (resp. Cw−∗([0, T ];V ) ⊂ ℬb([0, T ];V )). In particular, if 
V =U∗ for some separable U , then we have the chain of inclusions

C([0, T ];V )⊂ Cw([0, T ];V )⊂ Cw−∗([0, T ];V )⊂ ℬb([0, T ];E)⊂ L∞([0, T ];E).
v) Suppose now that V = U∗ for some separable U ; in this case, by the previous point (and 

lower semicontinuity of ∥ · ∥V w.r.t. weak-∗ convergence), there exists R > 0 such that

∥f n
t ∥V ⩽R, ∥ft∥V ⩽R ∀ n ∈N, t ∈ [0, T ].

Set BV (R)= {v ∈ V : ∥v∥V ⩽R}; by [17, Thm. 3.28], there exists a metric d which induces 
the weak-∗ topology on BV (R) and such that (BV (R), d) is a complete metric space. It is 
then easy to check that f n,f ∈ C([0, T ];BV (R), d) and that

lim 
n→∞ sup 

t∈[0,T ]
d(f n

t , ft )= 0.

In other words, under the above assumptions, convergence in Cw−∗([0, T ];V ) is equivalent 
to uniform convergence in C([0, T ];BV (R), d), for some R ∈ (0,∞).

Convergence in Cw([0, T ];V ) (resp. Cw−∗([0, T ];V )) will be extremely useful throughout 
the paper, especially in Sections 4-5, whenever we will construct weak solutions by compact
ness arguments; we refer to Appendix B for a class of compactness criteria for convergence in 
Cw([0, T ];Lpx ) and Cw−∗([0, T ];L∞x ).

3. RDEs with Osgood drifts

The overall goal of this section is to present a satisfying solution theory for rough differential 
equations (RDEs) on Rd of the form

dyt = bt (yt )dt + ξ(yt )dZt ,

where b : R⩾0 × Rd → Rd , ξ : Rd → Rd×m and Z is the rough path enhancement of an Rm
valued path Z; in particular, the drift b is assumed to be Osgood continuous in space, but not 
Lipschitz. In this case, we will see that it is still possible to establish existence and uniqueness 
of solutions, which form a flow of homeomorphisms on Rd ; furthermore the flow depends con
tinuously on (b, ξ,Z) and, under suitable assumptions on the divergences of b and ξ , leaves the 
Lebesgue measure on Rd quasi-invariant.

Throughout the section, we will always assume the rough paths Z ∈ 𝒞𝔭 in consideration to be 
defined for t ∈ [0,+∞). For simplicity, we will work on finite intervals [0, T ], but these may be 
taken arbitrarily large.
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3.1. Forced RDEs and a priori estimates

Whenever useful, we will identify ξ :Rd →Rd×m with a collection {ξk}mk=1 of vector fields 
on Rd , and viceversa. Associated to ξ , we define the second order map Ξ(x) := Dξ(x) ξ(x), 
such that for any fixed x ∈Rd , Ξ(x) is a map from Rm×m to Rd , as follows:

Ξ(x)A :=
m ∑︂

j,k=1

Dξk(x)ξj (x)Ajk.

With this notation, we can provide a solution concept for RDEs, in the style of Davie [35]. 
Such concept is useful for numerical schemes and has a natural generalization to rough PDEs, 
see [12,38] as well as the upcoming Section 4.

The main novelty, compare to the majority of the rough path literature, is that here we focus 
on RDEs with a finite 1-variation forcing term μ appearing on the r.h.s. This will be very useful 
later in Section 3.2, when replacing μ by the actual drift term 

∫︁ ·
0 bs(ys)ds.

Definition 3.1. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭−var, μ ∈ C1−var and ξ ∈ C2
b . We say that y :R⩾0 →Rd is 

a solution to the RDE

dyt = dμt + ξ(yt )dZt (17)

on an interval [0, T ] if, for any [s, t] ⊂ [0, T ], it holds that

δyst = δμst + ξ(ys)δZst +Ξ(ys)Zst + y
♮
st (18)

where the two-parameter function y♮ defined by (18) is such that y♮ ∈ C𝔭/3−var
2 . We will some

times refer to (x,μ) as the data associated to the RDE (17), where x := y|t=0 ∈ Rd is the 
initial datum. We say that y is a global solution to the RDE if it is a solution on [0, T ] for 
all T ∈ (0,+∞).

Remark 3.2. By Remark 2.2, condition y♮ ∈ C𝔭/3−var
2 is equivalent to the existence of a control 

w♮ such that |y♮s,t | ⩽ w♮(s, t)
3/𝔭 for all (s, t) ∈ΔT . Moreover, by the assumptions on μ and Z

coming from Definition 3.1 and properties of controls, it is easy to check that if y is a solution to 
(17), then necessarily y ∈ C𝔭−var. By repeatedly applying Taylor expansion, one can check that 
in the case of smooth μ and smooth rough path Z, Definition 3.1 is in agreement with y being a 
classical solution to the ODE

ẏt = μ̇t + ξ(yt )Żt .

Definition 3.1 is also in agreement with other solution concepts from rough path theory, like 
Gubinelli’s controlled rough paths and Lyons’ original definition, see Sections 8.8-8.9 from [46] 
for a deeper discussion.

The next lemma provides a priori estimates for the RDE (17).
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Lemma 3.3. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭−var, ξ ∈ C2
b and y be a solution to the RDE (17) on [0, T ]

associated to (x,μ). Then there exists a constant C = C(𝔭,∥ξ∥C2
b
,∥Z∥𝔭,T ), increasing in all its 

entries, such that

sup 
t∈[0,T ]

|yt − x|⩽ C(1+ ∥μ∥1,T ), (19)

|δyst |⩽ ⟦y⟧𝔭,[s,t] ⩽ C 
(︁
wμ(s, t)+wZ(s, t)

1/𝔭)︁ ∀ (s, t) ∈ΔT , (20)

|y♮st |⩽ ⟦y♮⟧𝔭/3,[s,t] ⩽ C
(︁
wμ(s, t) wZ(s, t)

1/𝔭 +wZ(s, t)
3/𝔭)︁ ∀ (s, t) ∈ΔT . (21)

The controls wμ and wZ appearing in the above estimates come respectively from Remark 2.2
(applied for g = μ and 𝔭= 1) and Remark 2.4.

Proof. By Remark 3.2, y ∈ C𝔭−var; denote by wy the associated control, coming from Re
mark 2.2. By the structure of (18), it holds

wy(s, t)
1/𝔭 ≲wμ(s, t)+wZ(s, t)

1/𝔭 +w♮(s, t)
3/𝔭,

|y♮st |≲wμ(s, t)+wZ(s, t)
1/𝔭 +wy(s, t)

1/𝔭,
(22)

where all hidden constants are allowed to depend on the aforementioned parameters, so that e.g. 
we may omit ∥ξ∥C2

b
and we may write wZ(s, t)

2/𝔭 ≲wZ(s, t)
1/𝔭.

The proof is split in two main steps: we first show that (21) holds for all (s, t) such that 
wZ(s, t) ⩽ h, for some appropriately chosen h > 0, aided by the sewing lemma (Lemma 2.7); 
we then upgrade this to global bounds, by applying several times Lemma A.4 from Appendix A.

In order to apply Lemma 2.7 to y♮, we start by computing δy♮sut ; by (18) and basic algebraic 
computations, it holds

δy
♮
sut = δξ(y)us δZut +Ξ(ys)(Zsu +Zut −Zst )+ δΞ(y)suZut

= (︁
δξ(y)su −Ξ(ys)δZsu

)︁
δZut + δΞ(y)suZut ,

(23)

where in the second step we applied Chen’s relation (11). Next, let us introduce the notation

y
♯
st := δyst − ξ(ys)δZst = δμst +Ξ(ys)Zst + y

♮
st , (24)

where the second identity comes from an application of (18), as well as

ξ(y)
♯
st := δξ(y)su −Ξ(ys)δZsu = δξ(y)st −Dξ(ys)ξ(ys)δZst .

By applying (componentwise) Lemma A.1 from Appendix A for f = ξ ∈ C2
b and z = δZst , it 

holds

|ξ(y)♯st |≲ |y♯st | + |δyst ||δZst |
≲wμ(s, t)+wZ(s, t)

2/𝔭 +w♮(s, t)
3/𝔭 +wy(s, t)

1/𝔭wZ(s, t)
1/𝔭

≲wμ(s, t)+wZ(s, t)
2/𝔭 +w♮(s, t)

3/𝔭

(25)
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where in the last step we applied (22). Observing that by our assumptions Ξ is globally Lipschitz, 
combining (23) and (25) yields

|δy♮sut |≲ |ξ(y)♯su||δZut | + |δysu||Zut |
≲wZ(s, t)

1/𝔭wμ(s, t)++wZ(s, t)
3/𝔭

+wZ(s, t)
1/𝔭w♮(s, t)

3/𝔭 +wZ(s, t)
2/𝔭wy(s, t)

1/𝔭

≲wZ(s, t)
1/𝔭wμ(s, t)+wZ(s, t)

1/𝔭w♮(s, t)
3/𝔭 +wZ(s, t)

3/𝔭

where in the last passage we used (22). Applying Lemma 2.7 (for η = 3/𝔭) we conclude that 
there exists a constant K =K(𝔭,∥ξ∥C2

b
,∥Z∥𝔭,T ) such that, for all (s, t) ∈ΔT , it holds

w♮(s, t)
3/𝔭 ⩽K

[︁
wZ(s, t)

1/𝔭w♮(s, t)
3/𝔭 +wZ(s, t)

1/𝔭wμ(s, t)+wZ(s, t)
3/𝔭]︁; (26)

in turn, (26) implies that for all s < t such that wZ(s, t) < h := (2K)−𝔭, it holds

|y♮st |⩽w♮(s, t)
3/𝔭 ⩽ 2K

[︁
wZ(s, t)

1/𝔭wμ(s, t)+wZ(s, t)
3/𝔭]︁. (27)

Having established the desired local bound (27), we now pass to the global one. Reinserting 
(27) in the first equation in (22), one finds

|δyst |≲wμ(s, t)+wZ(s, t)
1/𝔭 ≲

(︁
wμ(s, t)

𝔭 +wZ(s, t)
)︁1/𝔭

whenever wZ(s, t)⩽ h. Observe that by Remark 2.6 w̃ :=w
𝔭
μ+wZ is still a control; therefore the 

hypothesis of Lemma A.4 from Appendix A are satisfied for g = δy, whose application readily 
yields the desired bound (20) (modulo reabsorbing several terms coming from h = (2K)−𝔭, 
K , etc. in the hidden constant C depending on the aforementioned parameters). Estimate (19)
follows from (20) and the basic bound |yt − x| ⩽ ⟦y⟧𝔭,[0,t], coming from the definition of 𝔭
variation.

Finally, estimate (27) implies that

|y♮st |≲
[︁
wZ(s, t)

1/3wμ(s, t)
𝔭/3 +wZ(s, t)

]︁3/𝔭 whenever wZ(s, t)⩽ h,

where w̃ := w
1/3
Z w

𝔭/3
μ +wZ is again a control by Remark 2.6; applying again Lemma A.4, this 

time for g = y♮ and 𝔭̃= 𝔭/3, yields

⟦y♮⟧𝔭/3;[s,t] ≲wZ(s, t)
1/𝔭wμ(s, t)+wZ(s, t)

3/𝔭 +wZ(s, t)
3/𝔭 sup 

s⩽u⩽v⩽t

|y♮uv|

≲wZ(s, t)
1/𝔭wμ(s, t)+wZ(s, t)

3/𝔭 +wZ(s, t)
3/𝔭wy(s, t)

1/𝔭

where in the last passage we applied the second estimate in (22). Inserting the bound (20) in the 
above estimate readily yields (21). □

While Lemma 3.3 is typically useful to achieve existence of solutions by compactness argu
ments, the next result can be used to guarantee their uniqueness and continuous dependence on 
the data of the problem.
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Lemma 3.4. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭−var, ξ ∈ C3
b . Let yi , i = 1, 2, be global solutions to the 

RDE (17) with data (xi,μi) ∈ Rd × C1−var. Then for any T > 0 there exists a constant C =
C(𝔭, T ,∥ξ∥C3

b
,∥Z∥𝔭,T ,∥μi∥1,T ), increasing in all its entries, such that

sup 
t∈[0,T ]

|y1
t − y2

t |⩽ C
(︁ |x1 − x2| + ∥μ1 −μ2∥1,T

)︁
. (28)

Proof. Let yi be any such solutions and define

v := y1 − y2, v♯ := y1,♯ − y2,♯, v♮ := y1,♮ − y2,♮, μ= μ1 −μ2

where the terms yi,♯ are defined as in (24). Set w∗ = wμ1 + wμ2 + wZ, so that by the a priori 
estimates from Lemma 3.3 it holds

|δyist |𝔭 + |yi,♯st |𝔭/2 + |yi,♮st |𝔭/3 ≲w∗(s, t) ∀ i = 1,2, (s, t) ∈ΔT . (29)

Additionally, by the definition of the RDE (18) and the Lipschitz continuity of ξ , Ξ, we see that

|δvst |≲wμ(s, t)+ |vs |wZ(s, t)
1/𝔭 +wv♮(s, t)

3/𝔭,

|v♯st |≲wμ(s, t)+ |vs |wZ(s, t)
2/𝔭 +wv♮(s, t)

3/𝔭.
(30)

As before, we start by looking for local estimates;, we will apply several elementary bounds 
based on Taylor expansions which are collected in Appendix A (cf. Lemmas A.1-A.3), as well 
as Lemma 2.7. By the same computation as in (23) and the definition of ξ(yi)♯, it holds that

δv
♮
sut =

[︁
ξ(y1)♯su − ξ(y2)♯su

]︁
δZut +

[︁
δΞ(y1)su − δΞ(y2)su

]︁
Zut .

Next, we apply Lemma A.3 for the choice f = ξ ∈ C3
b , z= δZsu to find

|ξ(y1)♯su − ξ(y2)♯su|≲ |v♯su| + |δvsu|
(︁|y1,♯

su | + |δZsu|
)︁+ |vs |(︁|y1,♯

su | + |δy1
su||δZsu|

)︁
≲ |v♯su| + |δvsu|w∗(s, t)1/𝔭 + |vs |w∗(s, t)2/𝔭
≲wμ(s, t)+ |vs |w∗(s, t)2/𝔭 +wz♮(s, t)

3/𝔭

where we used several times the estimates (29)-(30). On the other hand, by assumption Ξ ∈ C2
b

and so by Lemma A.2 it holds

|δΞ(y1)su − δΞ(y2)su|≲ |δvsu| + |vs ||δy1
su|≲wμ(s, t)+ |vs |w∗(s, t)1/𝔭 +wv♮(s, t)

3/𝔭,

where in the second passage we applied again (30). Combining everything, we arrive at

|δv♮sut |≲w∗(s, t)1/𝔭wμ(s, t)+ ∥v∥ℬb([s,t]) w∗(s, t)
3/𝔭 +w∗(s, t)1/𝔭wz♮(s, t)

3/𝔭, (31)

where we employ the short-hand notation ∥v∥ℬb([s,t]) := supr∈[s,t] |vr |. Noticing that the map
ping (s, t) ↦→ ∥v∥ℬb([s,t])w∗(s, t)3/𝔭 is a control by Remark 2.6, by (31) and Lemma 2.7 there 
exists K > 0 such that
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wv♮(s, t)
3/𝔭 ⩽K

(︁
w∗(s, t)1/𝔭wμ(s, t)+ ∥v∥ℬb([s,t]) w∗(s, t)

3/𝔭 +w∗(s, t)1/𝔭wv♮(s, t)
3/𝔭)︁.

Choosing now any (s, t) ∈ΔT such that w∗(s, t)⩽ (2K)−𝔭, we find the desired local estimate

|v♮st |⩽wv♮(s, t)
3/𝔭 ⩽ 2K

(︁∥v∥ℬb([s,t]) w∗(s, t)
3/𝔭 +w∗(s, t)1/𝔭wμ(s, t)

)︁
. (32)

It remains to upgrade this estimate to a global one, which we achieve by applying the so called 
rough Grönwall lemma (Lemma A.5 in Appendix A). We can reinsert (32) in the first equation 
of (30) to deduce that

|δvst |≲w∗(s, t)1/𝔭∥v∥ℬb([s,t]) +wμ(s, t) whenever w∗(s, t)⩽ (2K)−𝔭.

We can then apply Lemma A.5 for the choice w =w∗, γ =wμ and Gt = ∥v∥ℬb([0,t]) to deduce 
that there exists a constant K̃ > 0 such that

sup 
t∈[0,T ]

|vt |⩽ K̃eK̃w∗(0,T ) (|z0| +wμ(0, T ))

which upon relabeling of constants implies the conclusion (28). □
We conclude this section with a short digression on time reversed rough paths and time re

versed RDEs, which will be relevant in order to construct inverse flows. Let us mention that while 
time reversal techniques are quite common in the case of geometric rough paths, see e.g. [72, 
Theorem 3.3.3] or [55, Proposition 11.11], the literature seems much more sparse in the general 
case, with some key definitions and properties given in [46, Exercise 2.6 & Prop. 5.12] in the case 
of Hölder rough paths. However a general statement on time reversal of RDEs, for non geometric 
𝔭-variation rough paths, seems to be missing; we fill here this gap in the literature.

Definition 3.5. Let Z ∈ 𝒞𝔭([0, T ];Rm) for 𝔭 ∈ [2,3). The time-reversed rough path (at time T ) ←−
Z T =←−Z = (

←−
Z ,
←−
Z ) is defined by1

←−
Z t := ZT−t , 

←−
Z st := −ZT−t,T−s + δZT−t,T−s ⊗ δZT−t,T−s =−ZT−t,T−s + δ

←−
Z st ⊗ δ

←−
Z st .

Remark 3.6. Definition 3.5 is in agreement with [46, Exercise 2.6]; as therein, one can check 
that 

←−
Z is a rough path, in the sense that it satisfies Chen’s relation (11), and that 

←−
Z is geometric 

if and only if Z is so. Moreover the map Z ↦→←−
Z is continuous in the rough path metric, as one 

can check that for any pair of rough paths Z= (Z,Z), W= (W,W ) ∈ 𝒞𝔭 it holds

∥←−Z ∥𝔭,T ≲ ∥Z∥𝔭,T ,
d𝔭,T (

←−
Z ,
←−
W )≲ d𝔭,T (Z,W)+ ∥Z−W∥1/2

𝔭,T (∥Z∥1/2
𝔭,T + ∥W∥1/2

𝔭,T ).

Similarly to Definition 3.5, whenever dealing with a path μ, we denote by ←−μ T =←−μ the path ←−μ t := μT−t ; similarly for y.

1 Given the presence of T − t , whenever dealing with two-parameter maps g, if needed we will use the notation gs,t
in place of gst , to avoid any confusion.
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Lemma 3.7. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭−var, μ ∈ C1−var and ξ ∈ C2
b and let y be a solution to (17) on 

[0, T ]. Then ←−y is a solution on [0, T ] to the same RDE, with (μ,Z) replaced by (←−μ ,
←−
Z ) and 

with new initial condition x̃ = yT .

Proof. Throughout the proof, we will adopt the following convention: given any two-parameters 
maps, fst ≈ gst means that their difference belongs to C𝔭/3

2 , so that it can be regarded as negli
gible remainder in the setting of Definition 3.1. By the definition of ←−y and (18), it holds

δ
←−
y st = δyT−s,T−t =−δyT−t,T−s

≈−δμT−t,T−s − ξ(yT−t )δZT−t,T−s −Ξ(yT−t )ZT−t,T−s

= δ←−μ st + ξ(
←−
y s)δ

←−
Z st + (ξ(yT−s)− ξ(yT−t ))δZT−t,T−s −Ξ(yT−t )ZT−t,T−s .

Applying Taylor expansion to ξ(yT−s)− ξ(yT−t ) and reinserting (18) in it, we find

(ξ(yT−s)− ξ(yT−t ))δZT−t,T−s ≈Dξ(yT−t )(δyT−t,T−s)δZT−t,T−s

≈Ξ(yT−t )δZT−t,T−s ⊗ δZT−t,T−s =Ξ(yT−t )δ
←−
Z st ⊗ δ

←−
Z st

so that

δ
←−
y st ≈ δ←−μ st + ξ(

←−
y s)δ

←−
Z st +Ξ(yT−t )(δ

←−
Z st ⊗ δ

←−
Z st −ZT−t,T−s)

= δ←−μ st + ξ(
←−
y s)δ

←−
Z st +Ξ(yT−t )

←−
Z st .

By our assumptions, Ξ is Lipschitz, y ∈ C𝔭−var and 
←−
Z ∈ C𝔭/2−var, therefore

Ξ(yT−t )
←−
Z st ≈Ξ(yT−s)

←−
Z st =Ξ(

←−
y s)

←−
Z st

which finally yields the conclusion. □
3.2. Construction of flows and their properties

We are now ready to pass to the study of actual Rd -valued RDEs with time-dependent drift, 
of the form

dyt = bt (yt )dt + ξ(yt )dZt . (33)

The concept of solution to (33) coincides with Definition 3.1, for the choice μt =
∫︁ t

0 bs(ys)ds, un

der the condition that 
∫︁ T

0 |bs(ys)|ds <∞ for all T <∞, which makes it a well-defined Lebesgue 
integral and a bounded variation path. We will enforce the following condition on the drift.

Assumption 3.8. There exist a locally integrable g : R⩾0 → R⩾0 and an Osgood modulus of 
continuity h such that the measurable map b :R⩾0 ×Rd →Rd satisfies

|bt (x)|⩽ gt , |bt (x)− bt (x̃)|⩽ gt h(|x − x̃|) ∀ (t, x, x̃) ∈R⩾0 ×R2d . (34)
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We are now ready to state and prove a more rigorous version of Theorem 1.1 from the intro
duction, providing an explicit formula for the function F therein.

Theorem 3.9. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭−var, ξ ∈ C3
b and b satisfying Assumption 3.8. Then for any 

initial condition x ∈ Rd , there exists a unique global solution to the RDE (33). Moreover the 
solution map (x, t) ↦→Φt(x) defines a family of homeomorphisms from Rd to itself and for any 
T > 0 it holds

sup 
t∈[0,T ]

|Φt(x)−Φt(x̃)|⩽Mh
(︂
C|x − x̃|,C

T∫︂
0 

gsds
)︂

(35)

where Mh is defined as in (16), for h as in Assumption 3.8, and the constant C is the same 
appearing in Lemma 3.4, with ∥μi∥1,T replaced by 

∫︁ T

0 gsds. Moreover, estimate (35) holds with 
Φt(y) replaced by its inverse Φ−1

t (y).

Proof. Let ρ ∈ C∞c (B1) be a probability density, {ρε}ε>0 the associated standard mollifiers and 
set bn = ρ1/n ∗ b. It is easy to check that bn satisfies (34) for the same g and h and moreover, for 
any t ∈R⩾0 such that gt <∞, it holds

sup 
x∈Rd

|bt (x)− bnt (x)|⩽ sup 
x∈Rd

∫︂
B1

|bt (x + y/n)− b(x)| ρ(y) dy ⩽ gt h(1/n)→ 0 as n→∞.

Upon mollifying in time, we can further assume bn to be smooth in t , while keeping a uniform 
bound in n of the form (34), up to introducing an additional sequence gn with the properties that

sup
n 

T∫︂
0 

gns ds ⩽
T∫︂

0 

gsds, lim 
n→∞

T∫︂
0 

|gns − gs |ds = 0 ∀ T > 0; (36)

furthermore, these approximations can be constructed so that, similarly to the above, we have

lim 
n→∞

T∫︂
0 

∥bnt − bt∥C0
b

dt = 0 ∀ T ⩾ 0. (37)

For each smooth bn, since ξ ∈ C3
b , standard rough path results guarantee the existence of a flow 

of diffeomorphisms Φn, cf. [55, Proposition 11.11].
We claim that, for any T ⩾ 0, the sequence {Φn}n is Cauchy w.r.t. uniform convergence 

in [0, T ] × Rd . Indeed, for any n, m ∈ N and x ∈ Rd , we can apply Lemma 3.4 to μ1· =∫︁ ·
0 b

n
s (Φ

n
s )ds, μ2· =

∫︁ ·
0 b

m
s (Φ

m
s )ds to obtain

It (x) := sup 
r∈[0,t]

|Φn
r (x)−Φm

r (x)|≲
⃦⃦⃦⃦ · ∫︂

0 

[bnr (Φn
r (x))− bmr (Φ

m
r (x))] dr

⃦⃦⃦⃦
1,t
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where the hidden constant does not depend on the given x nor n, since by construction it holds

max
i
∥μi∥1,T ⩽

T∫︂
0 

(︁|bnt (Φn
t (x))| + |bmt (Φm

t (x))|
)︁
dt

⩽
T∫︂

0 

(∥bnt ∥C0
b
+ ∥bmt ∥C0

b
)dt ⩽ 2

T∫︂
0 

gt dt.

Thus we obtain

It (x)≲
t∫︂

0 

|bnr (Φn
r (x))− bmr (Φ

m
r (x))| dr

≲
t∫︂

0 

|bnr (Φn
r (x))− bnr (Φ

m
r (x))| dr +

T∫︂
0 

∥bnr − bmr ∥C0
b
dr

≲
t∫︂

0 

gnr h
(︁|Φn

r (x)−Φm
r (x)|

)︁
dr +

t∫︂
0 

∥bnr − bmr ∥C0
b
dr

≲
t∫︂

0 

gnr h(Ir (x)) dr +
t∫︂

0 

∥bnr − bmr ∥C0
b

dr

where again the hidden constant does not depend on x. Applying Lemma 2.11 and property (36), 
we can find C > 0 such that

IT (x)⩽Mh
(︂
C

T∫︂
0 

∥bnr − bmr ∥C0
b

dr,C

T∫︂
0 

gnr dr
)︂
⩽Mh

(︂
C

T∫︂
0 

∥bnr − bmr ∥C0
b

dr,C

T∫︂
0 

grdr
)︂
.

As the estimate is uniform in x and Mh is continuous and monotone, we get

sup 
n,m⩾N

sup 
(t,x)∈[0,T ]×Rd

|Φn
t (x)−Φn

t (x)|⩽Mh
(︂
C sup 

n,m⩾N

T∫︂
0 

∥bnr − bmr ∥C0
b

dr,C

T∫︂
0 

grdr
)︂

which by virtue of (37) and Mh(0,
∫︁ T

0 grdr)= 0 shows the claim.
We deduce that there exist a continuous map Φ : R⩾0 ×Rd → Rd such that Φn → Φ uni

formly in [0, T ]×Rd , for all finite T . We claim that for each fixed x, yt :=Φt(x) is a solution to 
the RDE (33) starting at x. To see this, define correspondingly ynt :=Φn

t (x); by the construction 
of our approximation sequence and the regularity of ξ , Ξ, for any s < t it holds
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lim 
n→∞y

n,♮
st = lim 

n→∞ δynst −
t∫︂

s

bnr (y
n
r )dr − ξ(yns )δZst −Ξ(yns )Zst

= δyst −
t∫︂

s

br (yr )dr − ξ(ys)δZst −Ξ(ys)Zst =: y♮st ;

on the other hand, by the a priori estimates of Lemma 3.3 and (36), it holds supn⟦yn,♮⟧𝔭/3,T <∞
for any T > 0; combined with Remark 2.1, this implies that y♮ ∈ C𝔭/3−var

2 and so that y is a 
solution.

Next we show that any two solutions yxt , yx̃t to (33), with initial data x, x̃ ∈ Rd , satisfy 
estimate (35); this checks both uniqueness (viz yxt = Φt(x)) and the associated estimate for 
Φt(x). The proof is very similar to the previous one for {Φn

t }n, so we mostly sketch it. Setting 
It = sups∈[0,t] |Xx

s −Xx̃
s |, by Lemma 3.4 and Assumption 3.8 it holds

It ⩽ C|x − x̃| +C

t∫︂
0 

|bs(Xx
s )− bs(X

x̃
s )|ds ⩽ C|x − x̃| +C

t∫︂
0 

gs h(Is)ds

where as before the constant C is uniform in x, x̃; Lemma 2.11 then readily implies (35).
It remains to show that for each t , the map Φt is invertible, with inverse satisfying the same 

regularity estimate (35), which we do by a time-reversal argument. For any fixed t , consider now 
the t-time reversal of the RDE (33), which by Lemma 3.7 is the one associated to the rough 
path 

←−
Z , same ξ and time-reversed drift 

←−
b s(x) := −bt−s(x). It is easy to check (by invoking 

Remark 3.6) that (
←−
Z , ξ,

←−
b ) satisfies the same properties as (Z, ξ, b), so that going through the 

same procedure as above we can construct the associated solution map (s, x) ↦→ Ψt
s(x), which 

again satisfies (35) (up to possibly relabeling C). On the other hand, again by Lemma 3.7, a 
solution to the t-time reversed RDE with initial datum Φt(x) is given by s ↦→ Φt−s(x), which 
implies that x =Φ0(x)=Ψt

t (Φt (x)) and thus shows that Ψt
t is the inverse of Φt . To show that 

(35) also holds for the inverse flow, notice that (35) applied to the time t reversed solution Ψt·
gives

sup 
s∈[0,t]

⃓⃓
Ψt
s(x)−Ψt

s(x̃)
⃓⃓
⩽Mh

(︂
C|x − x̃|,

t∫︂
0 

gsds
)︂
⩽Mh

(︂
C|x − x̃|,

T∫︂
0 

gsds
)︂
.

Choosing s = t on the left hand side we find

⃓⃓⃓
Φ−1
t (x)−Φ−1

t (x̃)

⃓⃓⃓
⩽Mh

(︂
C|x − x̃|,

T∫︂
0 

gsds
)︂
;

taking supremum over t on the left hand side gives the conclusion. □
Remark 3.10. In order not to make the notation too burdensome, in the statement and proof of 
Theorem 3.9 we considered the solution map (t, x) ↦→Φt(x) as depending only on the terminal 
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time t . Up to small modifications, the proof can be readapted to construct the unique flow of 
homeomorphisms (s, t, x) ↦→ Φs→t (x), which stands for the terminal position at time t of a 
solution to the RDE starting at position x at time s. In particular, one can still show that Φs→t

is a homeomorphism; denoting by Φs←t its continuous inverse, one then has naturally the group 
properties

Φs→s = Id, Φs→t ◦Φs←t = Id, Φu→t ◦Φs→u =Φs→t ∀ s ⩽ u⩽ t.

A similar extensions applies to the upcoming Corollary 3.11, concerning convergence of Φn
s→t

to Φs→t uniformly on compact sets.

Corollary 3.11. Let 𝔭 ∈ [2,3) and consider a sequence {(Zn, ξn, bn)}n satisfying the assump
tions of Theorem 3.9 uniformly in n, namely such that for all T > 0

sup 
n∈N

{︁∥ξn∥C3
b
+ ∥Zn∥𝔭,T

}︁
<∞

and such that bn satisfy Assumption 3.8 for the same g and h. Further assume that there exist 
(b, ξ,Z) such that (bn, ξn)→ (b, ξ) uniformly on compact sets and supt∈[0,T ] |Zn

0,t −Z0,t | → 0
for any T > 0. Then the flows Φn associated to (bn, ξn,Zn) converge uniformly on compact sets 
to the flow Φ associated to (b, ξ,Z), namely

lim 
n→∞ sup 

t∈[0,T ], y∈BR
|Φn

t (y)−Φt(y)| = 0 ∀ T , R ∈ (0,+∞).

A similar statement holds for Φn
t and Φt replaced by their inverses.

Proof. Let us fix any T > 0. First of all observe that, by the uniform convergence Zn
0,t → Z0,t

and Chen’s relation (11), it holds sups⩽t⩽T |Zn
s,t −Zs,t | = 0 as well, cf. [46, Exercises 2.4-b) & 

2.9]. Combined with the uniform 𝔭-variation bound, arguing as in [55, Corollary 5.29], it follows 
that for any 𝔭̃ ∈ (𝔭,3) we have ∥Zn − Z∥𝔭̃,[s,t] → 0. As in [55, Corollary 5.31], the associated 
𝔭̃-variation seminorms are equicontinuous, so that there exists a common modulus of continuity 
γ such that

sup
n 

⟦Zn⟧𝔭̃,[s,t] ⩽ γ (|t − s|) ∀ (s, t) ∈ΔT . (38)

For notation simplicity, we will henceforth drop the tilde and assume that (38) holds for 𝔭.
Interpolating between the C3

b uniform bound and uniform convergence on compact sets, ξn→
ξ also in C2

loc, therefore Ξn converge to Ξ in C0
loc as well.

Next observe that, by combining the uniform assumptions on (bn, ξn,Zn), the uniform esti
mate (38) and the estimates from Lemma 3.3 and Theorem 3.9, it holds

sup
n 
|Φn

t (x)−Φn
s (x̃)|≲ γ (|t − s|)+Mh

(︂
C|x − x̃|,C

T∫︂
0 

gsds
)︂
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which shows equicontinuity of {Φn}n; in particular, by Ascoli–Arzelà we can extract a (not 
relabeled) subsequence such that Φn→ F uniformly on compact sets. If we show that the unique 
candidate limit is F =Φ, as the argument holds for any subsequence we can extract, conclusion 
follows.

Fix any x ∈ Rd . Arguing as in the proof of Theorem 3.9, using the fact that (bn, ξn,Ξn)→
(b, ξ,Ξ) uniformly on compacts and Zn → Z in 𝒞𝔭−var, while by Lemma 3.3 it holds 
supn⟦yn,♮t ⟧𝔭/3−var <∞ (for ynt := Φn

t (x)), it’s easy to check that any limit point of ynt must 
be a solution to the RDE associated to (b, ξ,Z). By Theorem 3.9, solutions to such RDE are 
unique, thus Ft(x)=Φt(x), implying the conclusion.

As before, the final claim concerning the convergence of the inverse is established by time 
reversal. By applying (35) to the inverse flow, we find that x ↦→Ψ

n,t
t (x) are equicontinuous in x, 

uniformly in t . To find equicontinuity w.r.t. to t ∈ [0, T ], we fix x, choose 0 ⩽ t1 ⩽ t2 ⩽ T and 
write

⃓⃓⃓
Φn

0←t2
(x)−Φn

0←t1
(x)

⃓⃓⃓
=

⃓⃓⃓
Φn

0←t2
(x)−Φn

0←t2
(Φn

t1→t2
(x))

⃓⃓⃓
⩽Mh

(︂
|x −Φn

t1→t2
(x)|,

t1∫︂
0 

gsds
)︂
.

By applying (19) to μnt =
∫︁ t

0 b
n
r (Φ

n
r (x))dr and using the hypothesis on bn, we get

|Φn
t1→t2

(x)− x|≲
t2∫︂

t1

grdr;

the latter quantity can be made arbitrarily small by choosing |t2− t1| small, since g ∈ L1([0, T ]). 
Overall this proves equicontinuity in space-time of {Ψn}n; the rest of the argument is identical to 
above. □

In the next lemma, we specialize to flows associated to geometric rough paths; in this case, 
under suitable assumptions on (b, ξ), we can prove that the flow leaves the Lebesgue measure 
quasi-invariant, which will be a crucial property in the study of the corresponding rough PDEs.

Corollary 3.12. Let 𝔭 ∈ [2,3), ξ ∈ C3
b , Z ∈ 𝒞𝔭−var

g and b satisfying Assumption 3.8. Suppose 
further that ∇ · ξk = 0 for all k = 1, . . . ,m and

T∫︂
0 

∥∇ · bs∥L∞ds <∞ ∀ T > 0.

Then the flow Φ associated to the RDE (33) is quasi-incompressible, in the sense that for any 
t > 0 and any Borel set A⊂Rd it holds

exp
(︂
−

t∫︂
0 

∥∇ · bs∥L∞ds
)︂
L d(A)⩽ L d(Φt (A))⩽ exp

(︂
+

t∫︂
0 

∥∇ · bs∥L∞ds
)︂
L d(A) (39)
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where L d denotes the Lebesgue measure on Rd . A similar statement holds with Φt replaced by 
Φ−1
t .

Proof. Set bn = ρ1/n ∗ b as in the proof of Theorem 3.9 and let Zn = (Zn,Zn) be a sequence 
of smooth rough paths such that d𝔭,T (Z,Zn)→ 0. Observe that, by properties of convolutions, 
under our assumptions it holds

sup
n 

T∫︂
0 

∥∇ · bns ∥L∞ds ⩽
T∫︂

0 

∥∇ · bs∥L∞ds ∀ T > 0. (40)

For each n, due to the regularity of (bn, ξ,Zn), there exists a flow of diffeomorphisms Φn asso
ciated to the corresponding ODE (thus also RDE); denote by Jnt (x) :=DxΦ

n
t (x) its Jacobian and 

by Φn;−1
t its inverse. The validity of the standard chain rule in this regular setting then yields the 

classical formula

det Jnt (x)= exp

(︃ t∫︂
0 

[︂
∇ · bns (Φn

s (x))+
∑︂
k

∇ · ξk(Φn
s (x))Ż

k;n
s

]︂
ds

)︃

= exp

(︃ t∫︂
0 

∇ · bns (Φn
s (x)) ds

)︃
,

(41)

where the second passage is due to the assumption ∇ · ξk = 0. Combined with (40), this yields 
the uniform-in-n two-sided bound

exp
(︂
−

t∫︂
0 

∥∇ · bs∥L∞ ds
)︂
≤ det Jnt (x)≤ exp

(︂
+

t∫︂
0 

∥∇ · bs∥L∞ ds
)︂
.

Correspondingly, for any non negative φ ∈ C∞c , the change of variables formula yields

exp
(︂
−

t∫︂
0 

∥∇ · bs∥L∞ ds
)︂ ∫︂
Rd

φ(x)dx ≤
∫︂
Rd

φ(Φ
n;−1
t (x))dx

≤ exp
(︂
+

t∫︂
0 

∥∇ · bs∥L∞ ds
)︂ ∫︂
Rd

φ(x)dx.

(42)

Since {(bn, ξ,Zn)} satisfy the hypothesis of Corollary 3.11, φ ◦ Φn;−1
t → φ ◦ Φ−1

t uniformly 
in x, and thus passing to the limit, we find the bound (42) with Φ−1

t in place of Φn;−1
t . By the 

monotone class theorem, we deduce that the same estimate holds for φ replaced by the indicator 
function 1A of any Borel set A with L d(A) <∞, yielding (39).

The analogous statement for Φ−1
t follows as before by time reversal. □
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4. Linear rough continuity and transport equations

The main aim of this section is to develop a meaningful theory of weak solutions to rough 
continuity equations of the form

dρ +∇ · (bρ)dt +
m ∑︂
k=1 

∇ · (ξkρ)dZk = 0 (43)

under minimal regularity requirements on b. The results included here range from existence, 
uniqueness and renormalizability criteria, as well as flow representation, culminating in Theo
rem 4.38. They constitute an extension of the DiPerna–Lions theory to the rough case and will 
be the basic building block to approach nonlinear PDEs in the upcoming Section 5.

We will treat the aforementioned rough PDEs in the unbounded rough drivers framework, 
which is recalled in Section 4.1. We then pass to examine criteria for existence of solutions and 
a priori estimates in Section 4.2; Section 4.3 is devoted to the proof of key product and duality 
formulas, resulting in the uniqueness, renormalizability and stability results from Section 4.4.

From here on we will work exclusively with geometric rough paths, recall Definition 2.5; in 
other terms, we will always assume Z ∈ 𝒞𝔭g for some 𝔭 ∈ [2,3). Whenever not specified, we will 
be implicitly working on a compact time interval [0, T ], finite but possibly arbitrarily large; all 
Bochner-Lebesgue spaces LqT E must be interpreted as Lq([0, T ];E). Whenever working with 
t ∈ R⩾0, we will state it explicitly, see for instance the upcoming Definition 4.12 and Proposi
tion 4.14; in such cases, we might consider elements in LqlocE :=

⋂︁
T>0L

q([0, T ];E).

4.1. A primer on unbounded rough drivers

We recall here some basic facts about unbounded rough drivers, a framework first developed 
in [12] in order to give meaning to a general abstract class of rough PDEs (RPDEs). The advan
tage of this theory, originally designed for transport equations, is that it allows to easily derive a 
priori estimates (cf. the key Lemma 4.9 below) which are at the heart of existence results, while 
also allowing nonlinear operations such as tensorization (cf. Proposition 4.21 in Section 4.3) 
paving the way for uniqueness statements.

Our exposition mainly follows [38]; see also [60,63,61] for other accounts and applications 
to RPDEs. Let us stress that, although the abstract theory is designed in an axiomatic fashion, 
where the fundamental objects involved (scales of spaces and smoothing, see below) are given, 
in practical applications part of the problem is also identifying what are the correct choices for 
this setup.

Definition 4.1. A tuple (El,∥ · ∥l)0⩽l⩽3 is a scale of Banach spaces if El+1 continuously em
beds into El for each l = 0,1,2. We denote by E−l the topological dual of El , so that E−l
continuously embeds into E−l−1 as well.

Definition 4.2. A smoothing on a scale (El)0⩽l⩽3 is a family of operators (J η)η∈(0,1] acting on 
El such that, for all η ∈ (0,1], it holds

∥J η − I∥ℒ(El,Ej ) ⩽ Cηl−j for (j, l) ∈ {(0,1), (0,2), (1,2)}, (44)

∥J η∥ℒ(Ej ,El) ⩽ Cη−(l−j) for (j, l) ∈ {(1,1), (1,2), (2,2), (1,3), (2,3)}, (45)
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for some constant C > 0. In this case, we denote the optimal choice of C by ⫴J⫴.

Remark 4.3. Up to redefining the norms ∥ · ∥El
, we can and will assume in the sequel that 

∥φ∥El
⩽ ∥φ∥El+1 for l = 0,1,2. Correspondingly, by duality ∥ψ∥E−l−1 ⩽ ∥ψ∥E−l for l = 0,1,2.

Although more elastic in its scope, the concept of smoothing is closely related to the idea of 
performing interpolation estimates on the dual spaces (E−l)0⩽l⩽3, and it does indeed imply their 
validity. For instance, for any 1 ⩽ j < l ⩽ 3 and any ψ ∈E−0, we claim that

∥ψ∥E−j ⩽ 2 ⫴ J ⫴ ∥ψ∥j/ lE−l∥ψ∥
1−j/ l
E−0

. (46)

To show (46), by homogeneity we may assume ∥ψ∥E−0 = 1. In this case, for any φ ∈ Ej with 
∥φ∥Ej

= 1, it holds

|⟨ψ,φ⟩|⩽ |⟨ψ,J ηφ⟩| + |⟨ψ, (I − J η)φ⟩|⩽ ⫴J ⫴ (︁
η−l+j∥ψ∥E−l + ηj

)︁
Taking first supremum over φ and then choosing η= ∥ψ∥1/l

E−l (which is allowed since ∥ψ∥E−l ⩽
∥ψ∥E−0 = 1) yields the desired (46). For further discussion, see also [61, Section 2.1].

The next lemma provides some practical examples of spaces admitting a smoothing, which 
will be relevant in the sequel; the proof is postponed to Appendix C.

Lemma 4.4. The following hold.

a) For any p ∈ [1,∞], the scale of spaces El =Wl,p =Wl,p(Rd) admits a smoothing.
b) For a fixed R ∈ [1,∞), consider the scale of spaces ℱl,R given by

ℱl,R =ℱl,R(R
d) := {φ ∈Wl,∞(Rd) : suppφ ⊂ BR}; (47)

then ℱl,R admits a smoothing (J η)η∈(0,1], which moreover can be constructed so that ⫴J⫴
does not depend on R.

c) For a fixed R ∈ [1,∞), define

x± := x ± y

2 
, ζR(x, y) := |x+|2

R2 + |x−|2

and consider the scale of spaces ℰl,R given by

ℰl,R = ℰl,R(R2d) :=
{︂
Φ ∈Wl,∞(R2d) : ζR(x, y)⩾ 1 ⇒ Φ(x,y)= 0

}︂
; (48)

then ℰl,R admits a smoothing (J η)η∈(0,1], with ⫴J⫴ independent of R as in point b).

Remark 4.5. By definition, ℱl,R(Rd) is a closed subspace of Wl,∞(Rd), thus a Banach space 
when endowed with the norm ∥ · ∥Wl,∞(Rd ); similarly, ℰl,R(R2d) is a closed subspace of 
Wl,∞(R2d), thus Banach with norm ∥ · ∥Wl,∞(R2d ). By definition of x±, for any R ⩾ 1 it holds 
that
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2(|x|2 + |y|2)= |x+|2 + |x−|2 ⩽R2
(︃ |x+|2

R2 + |x−|2
)︃
=R2 ζR(x, y),

so that ℰl,R(R2d)⊂ℱ
l,
√

2R(R
2d) for every l ∈ {0, . . . ,3}.

Definition 4.6. Let (El)0⩽l⩽3 be a scale of spaces. We say that a pair A = (A,A) of 2-index 
maps is a continuous unbounded 𝔭-rough driver w.r.t. (El)0⩽l⩽3 if the following hold:

i) Ast ∈ ℒ(E−l ,E−l−1) for l ∈ {0,2} and Ast ∈ ℒ(E−l ,E−l−2) for l ∈ {0,1};
ii) there exists a control wA on [0, T ] such that, for l as above, it holds

∥Ast∥ℒ(E−l ,E−l−1) ⩽wA(s, t)
1 
𝔭 , ∥Ast∥ℒ(E−l ,E−l−2) ⩽wA(s, t)

2 
𝔭 ∀ (s, t) ∈ΔT ;

iii) finally, Chen’s relation holds, in the sense that

δAsut = 0, δAsut =AutAsu ∀ (s, u, t) ∈Δ2
T . (49)

In analogy to Section 3, we start by defining solutions to RPDEs in the presence of an addi
tional forcing μ, which is of bounded variation in suitable topologies.

Definition 4.7. Let 𝔭 ∈ [2,3), (El)0⩽l⩽3 be a scale of spaces and A be an unbounded 𝔭-rough 
driver w.r.t. (El)0⩽l⩽3; let μ ∈ C1−varE−3. A bounded Borel path ρ ∈ ℬb([0, T ];E−0) is a solu
tion to the rough PDE

dρt +μ(dt)+A(dt)ρt = 0 (50)

if there exists ρ♮ ∈ C𝔭/3−var
2 E−3 such that

δρst + δμst +Astρs =Astρs + ρ
♮
st ∀ (s, t) ∈ΔT . (51)

Remark 4.8. By the assumptions and (51), it holds

∥δρst∥E−3 ≲wμ(s, t)+wA(s, t)
1 
𝔭 +w♮(s, t)

3 
𝔭 ∀ (s, t) ∈ΔT

where wμ and w♮ are the controls associated respectively to μ, ρ♮. In particular, ρ ∈
C([0, T ];E−3); if additionally E3 densely embeds in E0, then a standard duality argument 
combined with the uniform boundedness of ρ in E−0 implies that ρ ∈ Cw−∗([0, T ];E−0).

The next fundamental result provides a link between unbounded rough drivers and smooth
ing operators on (El)0⩽l⩽3, in the form of conditional a priori bounds for solutions to (50); in 
particular, Lemma 4.9 informs us that it suffices to control ∥ρ∥ℬb([0,T ];E−0) = supt∈[0,T ] ∥ρ∥E−0

in order to obtain estimates for all the higher order terms coming from the Davie-type expansion 
(51). This type of result was first established in [12, Theorem 4.4]; the version below can be seen 
as an extension of [60, Proposition 3.1].
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Lemma 4.9. Let 𝔭, (El)0⩽l⩽3, A, μ be as in Definition 4.7 and ρ be a rough solution to (50); sup
pose that (El)0⩽l⩽3 admits a smoothing, in the sense of Definition 4.2, and that μ∈ C1−varE−2. 
Consider the controls defined by

wμ(s, t) := ⟦μ⟧1,[s,t];E−2, w∗(s, t) := ∥ρ∥
𝔭
3 
ℬb([s,t];E−0)

wA(s, t)+wμ(s, t)
𝔭
3 wA(s, t)

1− 𝔭
3 

and set ρ♯st := δρst +Astρs . Then for any T > 0 there exists a constant C, depending on 𝔭, ⫴J⫴
and wA(0, T ), increasing in the last two variables, such that for all (s, t)∈ΔT it holds

⟦ρ♮⟧𝔭/3,[s,t];E−3 ⩽ Cw∗(s, t)
3 
𝔭 , (52)

⟦ρ♯⟧𝔭/2,[s,t];E−2 ⩽ C
(︁
1+ ∥ρ∥ℬb([s,t];E−0)

)︁(︂
wA(s, t)

2 
𝔭 +w∗(s, t)

2 
𝔭

)︂
+Cwμ(s, t) (53)

⟦ρ⟧𝔭,[s,t];E−1 ⩽ C
(︁
1+ ∥ρ∥3/2

ℬb([s,t];E−0)

)︁(︂
wA(s, t)

1 
𝔭 +w∗(s, t)

1 
𝔭 +wμ(s, t)

1
2

)︂
. (54)

Proof. Our assumptions imply that all the conditions from [38, Corollary 2.11] are satisfied; 
we deduce the existence of a parameter L = L(𝔭,⫴J⫴) > 0 such that, for all s < t such that 
wA(s, t)⩽ L, it holds

∥ρ♮st∥E−3 ≲𝔭 ∥ρ∥ℬb([s,t];E−0)wA(s, t)
3 
𝔭 +wμ(s, t)wA(s, t)

3 
𝔭
−1 ≲𝔭 w∗(s, t)

3 
𝔭 .

Applying the first part of Lemma A.4, for g= ρ♮ and 𝔭̃= 𝔭/3, it then holds

⟦ρ♮⟧𝔭/3,[s,t];E−3 ≲𝔭,L w∗(s, t)
3 
𝔭 +wA(s, t)

3 
𝔭 ∥ρ♮∥C(Δ[s,t];E−3). (55)

On the other hand, since ρ satisfies (51), we have

∥ρ♮st∥E−3 ⩽ ∥δρs,t∥E−3 + ∥δμs,t∥E−3 + ∥Astρs∥E−3 + ∥Astρs∥E−3

≲wA ∥ρ∥ℬb([s,t];E−0) +wμ(s, t);
combined with (55) and the definition of w∗, overall this yields the desired bound (52).

Next observe that by (51), it holds

ρ
♯
st = δρst +Astρs =−δμst +Astρs + ρ

♮
st ; (56)

testing against any φ ∈ E2 with ∥φ∥E2 = 1, by relation (56) and properties of smoothing opera
tors, we find

|⟨ρ♯st , φ⟩| = |⟨δρst +Astρs, (I − J η)φ⟩| + |⟨−δμst +Astρs + ρ
♮
st , J

ηφ⟩|
⩽ ∥δρst∥E−0∥(I − J η)φ∥E0 + ∥Ast∥ℒ(E−0,E−1)∥ρs∥E−0 + ∥δμst∥E−2∥J ηφ∥E2

+ ∥Ast∥ℒ(E−0,E−2)∥ρs∥E−0∥J ηφ∥E2 + ∥ρ♮st∥E−3∥J ηφ∥E3

≲ η2∥ρ∥ℬb([s,t];E−0) + η∥ρ∥ℬb([s,t];E−0) wA(s, t)
1 
𝔭 +wμ(s, t)

+ ∥ρ∥ℬb([s,t];E−0) wA(s, t)
2 
𝔭 + η−1w∗(s, t)

3 
𝔭 .
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Taking supremum over φ ∈ E2 with ∥φ∥E2 = 1 and applying the basic estimate 2xy ⩽ x2 + y2, 
we arrive at

∥ρ♯st∥E−2 ≲ η2∥ρ∥ℬb([s,t];E−0) +wμ(s, t)+ ∥ρ∥ℬb([s,t];E−0)wA(s, t)
2 
𝔭 + η−1w∗(s, t)

3 
𝔭 .

Whenever w∗(s, t) < 1, choosing η=w∗(s, t)1/𝔭 then yields

∥ρ♯st∥E−2

≲
(︁
1+ ∥ρ∥ℬb([s,t];E−0)

)︁(︂
wA(s, t)

2 
𝔭 +w∗(s, t)

2 
𝔭

)︂
+wμ(s, t);

applying the first part of Lemma A.4, for g= ρ♯ and 𝔭̃= 𝔭/2, we arrive at the global estimate

∥ρ♯st∥E−2 ≲
(︁
1+ ∥ρ∥ℬb([s,t];E−0)

)︁(︂
wA(s, t)

2 
𝔭 +w∗(s, t)

2 
𝔭

)︂
+wμ(s, t)+ ∥ρ♯∥C(Δ[s,t];E−2)w∗(s, t)

2 
𝔭 . (57)

By the definition of ρ♯st , it holds

∥ρ♯st∥E−2 ≲ ∥δρst∥E−1 + ∥Astρs∥E−1 ≲wA ∥ρ∥ℬb([s,t];E−0)

which combined with (57) readily yields (53).
The proof of (54) is very similar, so let us only sketch the key passages. Using the relation 

δρst =−Astρs + ρ
♯
st and smoothing operators, one finds

∥δρst∥E−1 ≲ η∥ρ∥ℬb([s,t];E−0) +wA(s, t)
1 
𝔭 + η−1w♯(s, t)

2 
𝔭 , w♯(s, t) := ⟦ρ♯⟧ 𝔭

2 
𝔭/2,[s,t];E−2

;

whenever w♯(s, t) ⩽ 1, we can then choose η = w♯(s, t)
1 
𝔭 to get an estimate where all controls 

appearing have powers 1/𝔭 or higher. From there one applies Lemma A.4 and the available 
estimate for w♯ coming from (53) to finally arrive at (54). □
Remark 4.10. It is important to stress that the structure of the spaces (El)l (e.g. their geometry) 
doesn’t play a role in the estimates of Lemma 4.9, only ⫴J⫴ does; this will allows to consider a 
sequence {ρn}n of solutions possibly defined on different scales (En

l )l , and pass to the limit in n
by exploiting the available uniform bounds.

4.2. Existence of weak solutions

From now on, we will work exclusively with divergence free vector fields ξk, namely ∇ · ξk =
0 for all k = 1, . . . ,m; to express it, we will just write ∇ · ξ = 0. In view of this, whenever 
convenient, we may (at least formally) rewrite (43) as

dρt +∇ · (btρt )dt +
m ∑︂
k=1 

ξk · ∇ρtdZt = 0. (58)
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For simplicity, we just write 
∑︁

k in place of 
∑︁m

k=1. The next statement allows us to reinterpret 
(43)/ (58) in an unbounded rough driver fashion.

Lemma 4.11. Let ξ ∈ C2
b , ∇ · ξk = 0, Z ∈ 𝒞𝔭g for some 𝔭 ∈ [2,3); define A= (A,A) by

Astφ :=
∑︂
k

ξk · ∇φ δZk
st , Astφ :=

∑︂
j,k 

ξk · ∇(ξj · ∇φ)Zjk
st . (59)

Then A is an unbounded rough driver, in the sense of Definition 4.6, on the scales of spaces 
El =Wl,∞ and El =ℱl,R defined by (47). Moreover it holds

wA(s, t)≲ ∥ξ∥𝔭C2
b

wZ(s, t)

where the hidden constant is independent of R. Finally, A is conservative, in the sense that

A∗st =−Ast , Ast +A∗st =−A∗stAst . (60)

Proof. These are all classical facts from the unbounded rough drivers framework [12,38], so let 
us motivate them shortly. Chen’s relation (49) follows from the definition of A and the corre
sponding Chen’s relation (11) for Z. Note that Ast and Ast are defined as sums and compositions 
of the differential operators Vj = ξj · ∇ , which by the assumptions ∇ · ξj = 0, ξj ∈ C2

b satisfy

V ∗j =−Vj , ∥Vj∥ℒ(W l+1,∞,W l,∞) ≲ ∥ξj∥C2
b

for l = 0,1,2;

being local operators, they also respect the support of function, thus the scales ℱl,R. Conditions 
i)-ii) from Definition 4.6 then readily follow by duality. Finally, A being conservative follows 
from ∇ · ξj = 0 and Z being a geometric rough path, see the discussion right after [12, Definition 
5.1]. □
Definition 4.12. Let ξ ∈ C2

b , ∇ · ξ = 0, Z ∈ 𝒞𝔭g for some 𝔭 ∈ [2,3) and b ∈ L1
t L

1
loc. We say that 

a map ρ : [0, T ]→ L1
loc is a weak solution to the rough continuity equation (58) on [0, T ] if, for 

any R ∈ [1,∞), it is a solution to the rough PDE (50) on ℱl,R , in the sense of Definition 4.7, for 
the choice μ̇=∇ · (bρ) and A as given in (59).

In other words, ρ solves (58) if for all R ∈ [1,∞), the following hold: ρ ∈ ℬb([0, T ];ℱ−0,R), 
∇ · (bρ) ∈ L1

t ℱ−2,R , and the two-parameter map ρ♮ defined by

δρst +
t∫︂

s

∇ · (buρu)du+
∑︂
k

ξk · ∇ρsδZk
st −

∑︂
j,k 

ξk · ∇(ξj · ∇ρs)Zjk
st = ρ

♮
st

∀ (s, t) ∈ΔT (61)

satisfies ρ♮ ∈ C𝔭/3−var
2 ℱ−3,R .

When b ∈ L1
locL

1
x and Z ∈ 𝒞𝔭g ([0, T ]) for every T ∈ (0,+∞), we say that ρ is a global weak 

solution to (58) if it is a solution on [0, T ], for every T ∈ (0,+∞).
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Remark 4.13. Definition 4.12 combines the standard concept of weak solution, based on testing 
against φ ∈ C∞c , with the more quantitative setup from unbounded rough drivers, which requires 
to work with (a family of) scales of Banach spaces, rather than a locally convex topological 
vector space like 𝒟′. This is the reason why we enforce identity (61) to hold on all scales ℱl,R , 
with arbitrarily large but finite R.

By Remark 4.8, condition (61) implies the continuity of t ↦→ ⟨φ,ρt ⟩ for all φ ∈ C∞c . In par
ticular, the map t ↦→ ρt is continuous in 𝒟′, which allows to give meaning to an initial (resp. 
terminal) condition ρ|t=0 = ρ0 (resp. ρ|t=T = ρT ) coupled with the rough PDE.

A sufficient condition for ∇ · (bρ) ∈ L1
t ℱ−2,R is to verify that bρ ∈ L1

t L
1
loc; indeed, by duality

|⟨∇ · (btρt ), φ⟩| = |⟨btρt ,∇φ⟩|⩽ ∥∇φ∥L∞x ∥btρt∥L1(BR)
⩽ ∥∇φ∥ℱ2,R∥btρt∥L1(BR)

∀ φ ∈ℱ2,R,

where in the intermediate passages we used the support property of φ, so that we actually get the 
stronger outcome that ∇ · (bρ) ∈ L1

t ℱ−1,R :

T∫︂
0 

∥∇ · (btρt )∥ℱ−1,Rdt ⩽
T∫︂

0 

∥btρt∥L1(BR)
dt ∀ R ⩾ 0. (62)

Let us finally mention that, if b and ξ are smooth, Z is a smooth rough path and ρ is a classical 
smooth solution to the PDE

∂tρ +∇ · (bρ)+
∑︂
k

∇ · (ξkρ) Żk = 0

then a Taylor expansion readily shows that it is also a solution to the associated rough PDE 
(similarly to the RDE case from Remark 3.2).

Proposition 4.14. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C2
b with ∇ · ξ = 0 and p ∈ [1,+∞]. Let

ρ0 ∈ Lpx , b ∈ L1
t L

p′
loc, ∇ · b ∈ L1

t L
∞
x . (63)

Then there exists a weak solution ρ ∈ ℬb([0, T ];Lpx ) to the rough continuity equation (58) on 
[0, T ], in the sense of Definition 4.12, with initial condition ρ|t=0 = ρ0, which moreover satisfies

∥ρt∥Lpx ⩽ exp

(︃(︂
1− 1 

p

)︂ t∫︂
0 

∥∇ · bu∥L∞x du

)︃
∥ρ0∥Lpx ∀ t ∈ [0, T ]. (64)

If moreover b, Z are defined for t ∈R⩾0 and the above conditions are satisfied on every compact 
interval [0, T ], then there exists a global weak solution ρ, satisfying (64) for every t ⩾ 0.

Proof. For simplicity, we only present the proof on a finite interval [0, T ]; the global existence 
statement follows similarly, up to an additional Cantor diagonal argument. Let us start by treating 
the case p ∈ (1,+∞).
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Given (b,Z, ξ) as in the assumptions, we can find smooth approximations (bn,Zn, ρn0 ) such 
that

bn→ b in L1
t L

p′
loc, 

T∫︂
0 

∥bnu∥Lp′ (BR)du⩽
T∫︂

0 

∥bu∥Lp′ (BR+1)
du,

∥∇ · bn∥L1
t L

∞
x
⩽ ∥∇ · b∥L1

t L
∞
x
, (65)

as well as d𝔭,T (Zn,Z)→ 0 and ρn0 → ρ0 in Lpx . We may further assume that ∥ρn0∥Lpx ⩽ ∥ρ0∥Lpx
for all n and, arguing as in Corollary 3.11, we can take the associated controls wZn to be equicon
tinuous, namely such that supn wZn(s, t)⩽ γ (|t−s|) for some modulus of continuity γ . For each 
n, the associated PDE

∂tρ
n +∇ · (bn ρn)+

∑︂
k

∇ · (ξkρn)Żk,n = 0

now classically admits a unique solution, which we denote by ρnt . Since ∇ · ξ = 0, it has an 
explicit solution formula given by

ρnt (x)= ρn0 (Φ
n
0←t (x)) exp

(︂
−

t∫︂
0 

(∇ · bnu)(Φn
u←t (x))du

)︂
, (66)

where Φn is the flow associated to (bn, ξ,Zn). Together with (41) and (65), for p ∈ [1,∞), this 
yields

∥ρnt ∥pLp =
∫︂
Rd

|ρn0 (x)|p exp
(︂
(1− p)

t∫︂
0 

(∇ · bnu)(Φn
0→u(x))du

)︂
dx

⩽ ∥ρn0∥pLp exp
(︂
(p− 1)

t∫︂
0 

∥∇ · bu∥L∞x du
)︂
,

(67)

namely the equivalent of (64) for the solutions ρn to the mollified equations; the estimate for 
p =∞ follows similarly. By Remark 4.13, ρn is also a solution to the rough PDE (50), with An

defined in terms of (ξ,Zn) by (59) and μnt =
∫︁ t

0 ∇ · (bnuρnu)du. Arguing as in (62) and using (67), 
for any R ⩾ 1 it holds

∥δμnst∥ℱ−1,R ⩽
t∫︂

s

∥bnuρnu∥L1(BR)
du≲ ∥ρn∥L∞t L

p
x

t∫︂
s

∥bnu∥Lp′ (BR)du≲ ∥ρ0∥Lpx wb,R(s, t)

where we define the control wb,R :=
∫︁ t

s
∥bnu∥Lp′ (BR)du. We are therefore in the position to apply 

Lemma 4.9, in combination with the above estimates, to find
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∥δρnst∥ℱ−1,R ≲ (1+ ∥ρn0∥2
L
p
x
)
(︂
wAn(s, t)

1 
𝔭 +wb,R(s, t)

1 
𝔭 +wb,R(s, t)

1
2

)︂
≲ (1+ ∥ρ0∥2

L
p
x
)
(︂
γ (|t − s|) 1 

𝔭 +wb,R(s, t)
1 
𝔭

)︂ (68)

which shows equicontinuity of ρn in ℱ−1,R for all R ⩾ 1. Thanks to estimates (67)-(68), the 
assumptions of Proposition B.4 in Appendix B are met; we can therefore find a (not relabeled for 
simplicity) subsequence and a function ρ ∈ Cw([0, T ];Lpx ) such that ρn→ ρ in Cw([0, T ];Lpx )
(recall Definition 2.12). In particular, ρnt ⇀ ρt in Lp for all t ∈ [0, T ].

We claim that ρ is the desired weak solution to (58). Properties of weak convergence and the 
uniform bound (67) readily imply (64), while by construction ρ|t=0 = ρ0 as desired. To see that 
ρ is a weak solution, let us consider for any ψ ∈ℱ3,R the expansion

⟨δρnst ,ψ⟩ + ⟨δμnst ,ψ⟩ + ⟨ρns ,An,∗
st ψ⟩ − ⟨ρns ,An,∗

st ψ⟩ = ⟨ρn,♮st ,ψ⟩

and study convergence of each term. By construction, An,∗
st and An,∗

st converge to A∗st and A∗st
respectively, in the appropriate strong operator topologies, which combined with ρns ⇀ ρs in Lp

and weak-strong convergence implies that

⟨ρns ,An,∗
st ψ⟩→ ⟨ρs,A∗stψ⟩, ⟨ρns ,An,∗

st ψ⟩→ ⟨ρs,A∗stψ⟩ ∀ (s, t) ∈ΔT .

Since bn → b in L1
t L

p′
loc, ρnt ⇀ ρt for all t ∈ [0, T ] and ψ is compactly supported, by weak

strong convergence it holds

lim 
n→∞ sup 

t∈[0,T ]
|⟨μnt −μt ,ψ⟩|⩽ lim 

n→∞

T∫︂
0 

|⟨ρnu, bnu · ∇ψ⟩ − ⟨ρu, bu · ∇ψ⟩|du= 0 (69)

and clearly ⟨δρnst ,ψ⟩ → ⟨δρst ,ψ⟩. In order to conclude that ρ is a weak solution, it remains to 
show that the associated two-parameter ρ♮st belongs to C𝔭/3−var

2 ℱ−3,R ; by the previous estimates, 
⟨ρ♮st ,ψ⟩ = limn→∞⟨ρn,♮st ,ψ⟩ for all ψ ∈ ℱ3,R , namely ρ♮st is the weak-∗ limit of ρn,♮st in ℱ−3,R . 
On the other hand, applying again Lemma 4.9 (more precisely (52)), taking into account the 
previous bounds on μn, one finds

∥ρn,♮st ∥𝔭/3
ℱ−3,R

≲ ∥ρn0∥𝔭/3
L
p
x
(wZn(s, t)+wb,R(s, t)

𝔭/3wZn(s, t)1−𝔭/3).

By lower-semicontinuity of norms in weak-∗ topologies, passing to the limit it then holds

∥ρ♮st∥𝔭/3
ℱ−3,R

⩽ lim inf
n→∞ 

∥ρn,♮st ∥𝔭/3
ℱ−3,R

≲ ∥ρ0∥𝔭/3
L
p
x
(wZ(s, t)+wb,R(s, t)

𝔭/3wZ(s, t)
1−𝔭/3)

which finally by Remark 2.2 implies that ρ♮ ∈ C𝔭/3−var
2 ℱ−3,R for all R ⩾ 1.

Next we consider the case p = ∞. The proof is almost identical, as one can still develop 
uniform estimates for ∥ρn∥ℬb([0,T ];L∞x ) and ∥δρns,t∥ℱ−1,R which are robust enough to apply com
pactness arguments (Proposition B.4) and pass to the limit. The only differences, due to lack of 

separability and reflexivity of L∞x , is that now ρn0 → ρ0 in Lploc for any p <∞ and ρn0
∗−⇀ρ0 in 
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L∞x , while ρn → ρ in Cw−∗([0, T ];L∞x ); the rest of the proof is identical to before, since we 
can pass to the limit without problems whenever testing against compactly supported functions.

Finally we deal with p= 1, which is a bit more delicate. In this case, ρn0 → ρ0 in L1, but we 
can only allow smooth approximations bn such that ∥∇ · bnt ∥L∞x ⩽ ∥∇ · bt∥L∞x and

∥bnt ∥L∞(BR) ⩽ ∥bt∥L∞(BR) ∀ R ⩾ 1, bnt (x)→ bt (x) for Lebesgue a.e. (t, x). (70)

We can still derive uniform bounds on ∥ρn∥L∞t L1
x

and equicontinuity estimates in ℱ−1,R as be
fore; in order to get weak compactness, we aim to apply Corollary B.3 from Appendix B, which 
requires to verify local equi-integrability of ρn. To this end, fix ε > 0; since ρn0 → ρ0 in L1

x , 
there exists δ > 0 such that

L d(A)⩽ δ ⇒ sup
n 

∫︂
A 

|ρn0 (x)|dx ⩽ ε.

Now let us set δ̃ := δ exp(−∥∇ · b∥L1
t L

∞
x
); observe that for any Borel set Ã with L d(Ã)⩽ δ̃, by 

Corollary 3.12 and our choice of approximations, for any t ∈ [0, T ] it holds

L d(Φn
0←t (Ã))⩽ exp

(︂ t∫︂
0 

∥∇ · bns ∥L∞x ds
)︂

L d(Ã)⩽ δ;

therefore by the explicit solution formula (66), we obtain

L d(Ã)⩽ δ̃ ⇒ sup 
t∈[0,T ]

∫︂
Ã

|ρnt (x)|dx = sup 
t∈[0,T ]

∫︂
Φn

0←t (Ã)

|ρn0 (x)|dx ⩽ ε

which proves equi-integrability. We can now apply Corollary B.3 to find a (not relabeled) sub
sequence such that ρn → ρ in Cw([0, T ];L1

loc), which in particular implies that ρnt ψ ⇀ ρtψ

weakly in L1
x for all t ∈ [0, T ] and ψ ∈ C∞c ; combining this fact with the convergence (70)

and more refined weak-strong convergence results (for instance Egorov’s theorem), one can still 
show that

· ∫︂
0 

∇ · (ρns bns ) ds→
· ∫︂

0 

∇ · (ρs bs) ds in Cw−∗([0, T ];ℱ−2,R)

as well as in fact the stronger estimate (69). From here, one can pass to the limit as before to find 
the conclusion. □
Remark 4.15. Let us discuss some variants and extensions of Proposition 4.14, under the same 
assumptions on Z, ξ , b. If ρ0 ∈ Lp1

x ∩Lp2
x for some p1 ⩽ p2, then going through the same proof 

one can construct a global solution ρ to (58) satisfying

∥ρt∥Lqx ⩽ exp

(︃(︂
1− 1 

q

)︂ t∫︂
0 

∥∇ · bu∥L∞x du

)︃
∥ρ0∥Lqx ∀ t ⩾ 0, q ∈ [p1,p2].
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Similarly, for any p ∈ [1,∞] and any ρ̃T ∈ L
p
x , one can construct solutions ρ̃ with terminal 

condition ρ̃|t=T = ρ̃T such that

∥ρ̃t∥Lpx ⩽ exp

(︃(︂
1− 1 

p

)︂ T∫︂
t

∥∇ · bu∥L∞x du

)︃
∥ρ̃T ∥Lpx ∀ t ∈ [0, T ].

Similar considerations apply to the stochastic transport equation

dft + bt · ∇ft dt +
∑︂
k

ξk · ∇ft dZt = 0; (71)

one can define solutions to (71) similarly to Definition 4.12, up to requiring instead that b · ∇f ∈
L1
t ℱ−2,R . This condition is satisfied whenever bf ∈ L1

t L
1
loc, f ∈ ℬb([0, T ];L1

loc) and ∇ · b ∈
L1
t L

∞
x : indeed by duality, similarly to (62), one has

T∫︂
0 

∥bt · ∇ft∥ℱ−1,Rdt ⩽
T∫︂

0 

∥btft∥L1(BR)
dt + sup 

t∈[0,T ]
∥ft∥L1(BR)

T∫︂
0 

∥∇ · b∥L∞x dt ∀ R ⩾ 0. (72)

In the case of (71), for any p ∈ [1,∞] and any initial f0 ∈ Lpx (respectively terminal f̃T ∈ Lpx ), 
under the same assumptions as in Proposition 4.14 one can similarly construct a weak solution 
f (resp. f̃ ) satisfying

∥ft∥Lpx ⩽ exp

(︃
1 
p

t∫︂
0 

∥∇ · bu∥L∞x du

)︃
∥f0∥Lpx , ∥f̃t∥Lpx ⩽ exp

(︃
1 
p

T∫︂
t

∥∇ · bu∥L∞x du

)︃
∥f̃T ∥Lpx .

Remark 4.16. For future convenience, let us collect here the necessary ingredients from the proof 
of Proposition 4.14 guaranteeing compactness of {ρn}n in Cw([0, T ];L1

loc) (cf. Proposition B.1) 
when p= 1. To achieve the necessary a priori estimates, all one needs is:

• supn ∥∇ · bn∥L1
t L

∞
x
<∞;

• supn ∥bn∥L1
t L

∞
x (BR)

<∞ for every R ⩾ 1;
• equi-integrability on ρn0 .

In particular, this part of the proof would already work under the assumption that ρn0 ⇀ρ0 weakly 
in L1

x . Furthermore, to show convergence of the drifts μn, in addition to the above conditions, 
one only needs to require bnt (x)→ bt (x) for Lebesgue a.e. (t, x) (see (70)).

Similar arguments apply to the transport RPDE (71) as well; the only major difference is 
that in this case, in order to show convergence (in the sense of distributions) of the drifts μ̃n =∫︁ ·

0 b
n
s · ∇f n

s ds, one needs to additionally require ∇ · bnt (x)→∇ · bt (x) for Lebesgue a.e. (t, x).

Proposition 4.14 only requires local integrability conditions on b; under an additional growth 
assumption, see (73) below, one can additionally prove uniform p-integrability of solutions. 
Condition (73) first appeared in the DiPerna–Lions theory, where it is usually exploited to set 
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up a Grönwall type argument at the level of uniqueness, cf. [40, Theorem II.1]. Here instead we 
employ it at the level of a priori estimates, which are valid also in situations where uniqueness is 
not known, with an approach reminiscent of [25, Section 3].

Lemma 4.17. Let b, ξ, Z and ρ0 be as in Proposition 4.14, for some p ∈ [1,∞). Additionally 
assume that

b(x) 
1+ |x| ∈ L

1
t L

1
x +L1

t L
∞
x . (73)

Then the solution ρ from Proposition 4.14 can be further constructed so that it is uniformly 
p-integrable on any finite interval [0, T ]. In particular it holds

lim 
R→∞ sup 

t∈[0,T ]

∫︂
|x|>R

|ρt (x)|pdx = 0. (74)

Proof. We give the proof for p = 1, the other cases being similar. For simplicity, we assume 
everything smooth and derive estimates which are independent of the smoothness of (b, ξ, ρ0); 
the conclusion then follows by passing to the limit in the smooth approximations, as done in 
Proposition 4.14, and using properties of weak convergence in L1, guaranteeing that the bound 
(74) still holds after the limit.

By formula (66), it holds

sup 
t∈[0,T ]

∫︂
|x|>R

|ρt (x)|dx = sup 
t∈[0,T ]

∫︂
|Φt (x)|>R

|ρ0(x)|dx. (75)

We need to derive some bounds on |Φt(x)|, for x ∈ Rd . By assumption (73), we can write 
|bt (x)|⩽ (1+ |x|)(ht + gt (x)) for some g ∈ L1

t L
1
x and h ∈ L1

t . Since Φt(x) solves an RDE, we 
can apply estimate (19) from Lemma 3.3 for μt =

∫︁ t

0 bs(Φs(x))ds; in particular, we can find a 
constant κ = κ(∥ξ∥C2

b
) > 0 such that for any t ∈ [0, T ] it holds

1+ |Φt(x)|⩽ 1+ |x| + κ + κ

t∫︂
0 

|bs(Φs(x))|ds

⩽ 1+ |x| + κ + κ

t∫︂
0 

(hs + gs(Φs(x)))(1+ |Φs(x)|)ds

An application of Grönwall’s lemma then yields

log
(︂

1+ sup 
t∈[0,T ]

|Φt(x)|
)︂
⩽ log(1+ κ + |x|)+ κ∥h∥L1

t
+

T∫︂
0 

κgs(Φs(x))ds

=: log(1+ κ + |x|)+ κ∥h∥L1
t
+G(x).

(76)
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Moreover, by Corollary 3.12, it holds

∫︂
Rd

G(x)dx = κ

T∫︂
0 

∫︂
Rd

gs(Φs(x))dxds ⩽ κ exp(∥∇ · b∥L1
t L

∞
x
)∥g∥L1

t L
1
x
. (77)

We now go back to the original quantity we want to estimate; let us conveniently choose R =
exp(1+ 3R̃) for R̃ large enough so that R̃ ⩾ κ∥h∥L1

t
. Estimate (76) informs us that, whenever 

Φt(x) > R, at least one between log(1+ κ + |x|) and G(x) must be larger than R̃. Therefore, 
for any fixed K > 0, we find∫︂

|Φt (x)|>R
|ρ0(x)|dx ⩽

∫︂
|ρ0(x)|>K

|ρ0(x)|dx +
∫︂

|Φt (x)|>R, |ρ0(x)|⩽K

|ρ0(x)|dx

⩽
∫︂

|ρ0(x)|>K
|ρ0(x)|dx +

∫︂
log(1+κ+|x|)>R̃

|ρ0(x)|dx +K

∫︂
|G(x)|>R

1dx

⩽
∫︂

|ρ0(x)|>K
|ρ0(x)|dx +

∫︂
log(1+κ+|x|)>R̃

|ρ0(x)|dx + K

R̃
∥G∥L1

x
;

combined with (75) and (77), this yields the quantitative estimate

sup 
t∈[0,T ]

∫︂
|x|>e1+3R̃

|ρ0(x)|dx

⩽
∫︂

|ρ0(x)|>K
|ρ0(x)|dx +

∫︂
|x|>eR̃−1−κ

|ρ0(x)|dx + κK

R̃
e
∥∇·b∥

L1
t L
∞
x ∥g∥L1

t L
∞
x
,

∀ R̃ ⩾ κ∥h∥L1
x
.

(78)

This is a quantitative bound, which is stable w.r.t. weak convergence; therefore even though we 
performed all computations in the smooth case, after passing to the limit in the approximations, 
estimate (78) remains true for the weak solution ρ constructed in Proposition 4.14.

Since ρ0 ∈ L1
x , we can first take lim sup

R̃→∞ on both sides to see that the second and third 
term on the RHS of (78) vanish, and subsequently take K→∞ (employing again integrability 
of ρ0) to conclude that (74) holds (for p = 1). □

Notice that, by Lemma 4.17, the solutions ρn associated to some smooth approxima
tions constructed in Proposition 4.14 are always uniformly-p-integrable, in the sense that 
{|ρnt |p; t ∈ [0, T ], n ∈N} is a uniformly integrable family (i.e. equi-integrable and tight) when
ever {|ρn0 |p;n ∈N} is so.

Under suitable integrability requirements, we can additionally show that L1
x-valued solutions 

to the rough continuity equation preserve mass, as formally expected by integration by parts. 
Combined with the upcoming product formula from Section 4.3, Lemma 4.18 below is the key 
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to establish uniqueness results by a duality argument, see the proof of forthcoming Theorem 4.29. 
By no coincidence, the proof of Lemma 4.18 is similar to that of [40, Theorem II.1], although 
here no Sobolev regularity is required. Note that in the next statement, very few conditions are 
imposed on b, in particular we do not enforce neither (63) nor (73).

Lemma 4.18. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C2
b , ∇ · ξ = 0; let ρ be a solution to (58), in the sense 

of Definition 4.12, additionally satisfying

ρ ∈ ℬb([0, T ];L1
x), 

b ρ 
1+ |x| ∈ L

1
t L

1
x. (79)

Then it holds ⟨ρt ,1⟩ = ⟨ρ0,1⟩ for all t ∈ [0, T ].

Proof. Consider a function φ ∈ C∞c such that φ(x) = 1 for |x| ⩽ 1/2 and φ(x) = 0 for |x| ⩾
1 and set φR(x) := φ(x/R), so that φR ∈ ℱ3,R for all R. Our aim is to derive uniform-in-R
estimates for ⟨δρst , φR⟩, so to pass to the limit as R→∞.

Let us define a control by wρ(s, t) :=
∫︁ t

s
∥(bρ)r/(1 + |x|)∥L1

x
dr ; in the rest of the proof, 

for notational simplicity, we will allow hidden constants to depend on wA, wρ and ∥ρ∥L∞t L1
x

whenever needed. By assumption (79) and the definition of ℱl,R , for any R ⩾ 1 it holds

∥δμst∥ℱ−1,R ⩽
t∫︂

s

∥∇ · (brρr)∥ℱ−1,Rdr ⩽
t∫︂

s

∫︂
BR

|(brρr)(x)|dx dr ≲Rwρ(s, t);

moreover ∥ρt∥ℱ−0,R ⩽ ∥ρt∥L1
x

uniformly in R, therefore we are in the position to apply 

Lemma 4.9. In particular, upon defining a new control w̃ := wA + w
𝔭/3
ρ w

1−𝔭/3
A + wρ , for all 

R large enough estimates (53)-(54) correspond to

∥ρ♯st∥ℱ−2,R ≲Rw̃2/𝔭, ∥δρst∥ℱ−1,R ≲R1/2w̃1/𝔭. (80)

In order to estimate ⟨φR,ρ♮st ⟩, we are going to employ Lemma 2.7. To this end, first observe that 
by applying Definition 4.7 and Chen’s relation (49), it holds

δρ
♮
sut =Autρ

♯
su +Aut δρsu (81)

for ρ♯su = δρst +Astρs as in Lemma 4.9. Next observe that, by definition (59), the operators A∗st
and A∗st only involve first and second order derivatives, thus by scaling it holds

∥A∗stφR∥W 2,∞ ≲R−1w
1/𝔭
A (s, t), ∥A∗stφR∥W 1,∞ ≲R−1w

2/𝔭
A (s, t). (82)

Testing identity (81) against φR and using the estimates (80)-(82), we find

|⟨δρ♮sut , φR⟩|≲ ∥A∗utφR∥W 2,∞∥ρ♯su∥ℱ−2,R + ∥A∗utφR∥W 1,∞∥δρsu∥ℱ−1,R ≲ w̃(s, t)3/𝔭.

By Lemma 2.7, we can conclude that for all R large enough it holds
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|⟨ρ♮st , φR⟩|≲ w̃(s, t)3/𝔭 ∀(s, t) ∈ΔT . (83)

Next we claim that, for μ=∇ · (bρ), under assumption (79) we have

lim 
R→∞⟨δμst , φ

R⟩ = 0 ∀(s, t) ∈ΔT . (84)

Indeed, for any fixed r by the definition of φR it holds

|⟨br ρr ,∇φR⟩|⩽
∫︂
Rd

|(brρr)(x)|
R

⃓⃓⃓
∇φ

(︂ x
R

)︂⃓⃓⃓
dx ≲ ∥∇φ∥L∞

∫︂
R/2⩽|x|⩽R

|(brρr)(x)|
1+ |x| dx;

by assumption, for a.e. r ∈ [0, T ], brρr/(1+ |x|) ∈ L1
x and it is integrated on the domain BR \

BR/2 which escapes at ∞ as R→∞; by dominated convergence, it follows that

lim 
R→∞

T∫︂
0 

|⟨br ρr ,∇φR⟩|dr = 0

thus proving the claim (84). We now have all the ingredients to conclude. Indeed, by Defini
tion 4.12, testing δρ against φR , we have

|⟨δρs,t , φR⟩|⩽ |⟨δμs,t , φR⟩| + |⟨ρs,A∗stφR⟩| + |⟨ρs,A∗stφR⟩| + |⟨ρ♮st , φR⟩|;
applying the assumption (79) and the estimates (82), (83), (84), we find

|⟨δρs,t ,1⟩| = lim 
R→∞|⟨δρs,t , φ

R⟩|≲ w̃(s, t)3/𝔭.

Namely, t ↦→ ⟨ρt ,1⟩ is of finite 𝔭/3-variation, with 𝔭/3< 1, thus necessarily constant. □
Remark 4.19. In the simplest scenario, condition (79) is satisfied when ρ ∈ ℬb([0, T ];L1

x ∩L∞x )
and b satisfies the growth assumption (73).

4.3. Product formula for Sobolev drifts

As in Section 4.2, in the following we always assume the vector fields ξk to be divergence 
free. The goal of this section is to show a product formula between the rough continuity equation

dρt +∇ · (btρt ) dt +
∑︂
k

∇ · (ξkρt ) dZk
t = 0 (RCE)

and the rough transport equation

dft + bt · ∇ftdt +
∑︂
k

ξk · ∇ft dZk
t = 0. (RTE)

To explain what we mean, assume everything to be smooth for the moment; then we have
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d(ρtft )= ftdρt + ρtdft

=−ft
(︂
∇ · (btρt )dt +

∑︂
k

∇ · (ξkρt )dZk
t

)︂
− ρt

(︂
bt · ∇ftdt +

∑︂
k

ξk · ∇ftdZk
t

)︂
=−∇ · (ρtftbt )dt −

∑︂
k

∇ · (ξkρtft )dZk
t .

In other words, the product ρf still solves (RCE). Integrating the RPDE for ρf in space, using 
Lemma 4.18, we expect to find

d

(︃ ∫︂
Rd

ρt (x)ft (x)dx

)︃
= 0 ⇒ ⟨ρt , ft ⟩ = ⟨ρ0, f0⟩ ∀ t ⩾ 0.

The main goal of this section is to formalize the above heuristics in the rough setting, under 
the suitable regularity assumptions.

Theorem 4.20 (Product formula and duality). Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C3
b with ∇ · ξ = 0. Let 

p,q, r ∈ [1,∞] be parameters such that 1/p+ 1/q + 1/r = 1 and assume that

b ∈ L1
t W

1,r
loc , ρ ∈ ℬb([0, T ];Lploc), f ∈ ℬb([0, T ];Lqloc), (85)

where ρ and f are respectively solutions to (RCE) and (RTE); then the product ρf ∈
ℬb([0, T ];Lr ′loc) is a solution to (RCE). If additionally

ρf ∈ ℬb([0, T ];L1
x), 

bρf 
1+ |x| ∈ L

1
t L

1
x, (86)

then we have the duality formula

⟨ρt , ft ⟩ = ⟨ρ0, f0⟩ ∀ t ∈ [0.T ]. (87)

As in [12], in order to prove Theorem 4.20, we employ a doubling of variables procedure; 
we start by deriving the RPDE satisfied by the tensor product (ρ ⊗ f )(x, y) := ρ(x)f (y). More 
generally, given μ,ν ∈𝒟′(Rd), we denote by μ⊗ ν their distributional tensor, which is again a 
distribution in doubled variables, namely it belongs to 𝒟′(R2d). We will adopt the same tensor
notation for operators: if Bi ∈ ℒ(Ei,Fi) for i = 1,2, then we denote by B1 ⊗B2 the element of 
ℒ(E1 ⊗E2;F1 ⊗ F2) which is the unique linear extension of the mapping

(B1 ⊗B2)(e1 ⊗ e2) := (B1e1)⊗ (B2e2) ∀ e1 ∈E1, e2 ∈E2.

Given any Banach space, we denote by I the identity operator on it.
With this preparation, we can present a tensorization statement, which is the analogue of 

[60, Proposition 5.1]. Here, ℰl,R = ℰl,R(R2d) denote the spaces introduced in Lemma 4.4; by 
Remark 4.5, they are subspaces of ℱ

l,
√

2R(R
2d).
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Proposition 4.21. Let ρ, f be respectively solutions to (RCE) and (RTE). Let p,q, r ∈ [1,∞]
be parameters such that 1/p+ 1/q + 1/r = 1 and assume that

ρ ∈ ℬb([0, T ];Lploc), f ∈ ℬb([0, T ];Lqloc), b ∈ L1
t L

r
loc, ∇ · b ∈ L1

t L
r
loc.

Then ρ ⊗ f ∈ ℬb([0, T ];L1
loc(R

2d)) is an unbounded rough driver solution of

d(ρt ⊗ ft )+
(︁∇ · (btρt )⊗ ft + ρt ⊗ (bt · ∇ft )

)︁
dt

+ (︁
(ξk · ∇ρt )⊗ ft + ρt ⊗ (ξk · ∇ft )

)︁
dZk

t = 0 (88)

in the scale of spaces ℰl,R defined by (48), for every R ⩾ 1. That is to say, we have

d(ρ ⊗ f )t +M(dt)+X(dt)(ρ ⊗ f )t = 0

for the unbounded rough driver X given by the second quantization of A, namely

Xst =X(A)st = (Xst ,Xst ) := (Ast ⊗ I + I ⊗Ast ,Ast ⊗ I + I ⊗Ast +Ast ⊗Ast ), (89)

and the forcing M given by

Mt :=
t∫︂

0 

(︁[∇ · (buρu)] ⊗ fu + ρu ⊗ (bu · ∇fu)
)︁
du. (90)

Moreover M belongs to C1−varℰ−1,R for every R ⩾ 1.

Results in the style of Proposition 4.21 appear in several works across the unbounded rough 
drivers literature, albeit on different scales of spaces from the one we are using in the present 
paper. Thus, we include a self-contained proof which relies on the following lemma, whose 
proof is postponed to Appendix C.

Lemma 4.22. Let R ⩾ 1, l, j ∈N . Then the distributional tensor product (f, g) ↦→ f ⊗ g is a 
bounded bilinear map from ℱ−l,R+1 ×ℱ−j,R+1 to ℰ−l−j,R .

Proof of Proposition 4.21. Let R ⩾ 1 fixed. As in Lemma 4.9, we introduce the notations

μt :=
t∫︂

0 

∇ · (ρubu)du, ρ
♯
st := δρst +Astρs, νt :=

t∫︂
0 

bu · ∇fudu, f
♯
st := δfst +Astfs,

so that

δρst =−δμst −Astρs +Astρs + ρ
♮
st , ρ

♯
st =−δμst +Astρs + ρ

♮
st ,

δfst =−δνst −Astfs +Ast fs + f
♮
st , f

♯
st =−δνst +Ast fs + f

♮
st .
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Note that by assumption, ρ,f ∈ ℬb([0, T ];ℱ−0,R+1); moreover arguing as in (62)-(72), it holds 
μ,ν ∈ C1−varℱ−1,R+1. Now we write

δ(ρ ⊗ f )st = δρst ⊗ fs + ρs ⊗ δfst + δρst ⊗ δfst

=−δμst ⊗ fs −Astρs ⊗ fs +Astρs ⊗ fs + ρ
♮
st ⊗ fs

− ρs ⊗ δνst − ρs ⊗Astfs + ρs ⊗Ast fs + ρs ⊗ f
♮
st

+ ρ
♯
st ⊗ δfst +Astρs ⊗Astfs −Astρs ⊗ f

♯
st

which by the definition of X yields

δ(ρ ⊗ f )st =−
t∫︂

s

(μ̇u ⊗ fu + ρu ⊗ ν̇u)du−Xst (ρs ⊗ fs)+Xst (ρs ⊗ fs)+ (ρ ⊗ f )
♮
st , (91)

where we define the remainder

(ρ ⊗ f )
♮
st := −

t∫︂
s

μ̇u ⊗ δfsudu

−
t∫︂

s

δρsu ⊗ ν̇udu+ ρ
♮
st ⊗ fs + ρs ⊗ f

♮
st + ρ

♯
st ⊗ δfst −Astρs ⊗ f

♯
st

∈ (︁
ℱ−1,R+1 ⊗ℱ−1,R+1

)︁+ (︁
ℱ−1,R+1 ⊗ℱ−1,R+1

)︁+ (︁
ℱ−3,R+1 ⊗ℱ−0,R+1

)︁
+ (︁

ℱ−0,R+1 ⊗ℱ−3,R+1
)︁+ (︁

ℱ−2,R+1 ⊗ℱ−1,R+1
)︁+ (︁

ℱ−1,R+1 ⊗ℱ−2,R+1
)︁

Using the assumptions and Lemmas 4.9 and 4.22, we get that each term above has finite 𝔭/3-vari
ation in ℰ−3,R .

In order to conclude, it remains to show that M defined by (90) belongs to C1−varℰ−1,R . 
Similarly to (62)-(72), we have

∥∇ · (btρt )∥ℱ−1,R+1 ⩽ ∥btρt∥L1(BR+1)
≲R ∥bt∥Lr(BR+1)∥ρt∥Lp(BR+1),

∥bt · ∇ft∥ℱ−1,R+1 ⩽ ∥btft∥L1(BR+1)
+ ∥∇ · btft∥L1(BR+1)

≲R

(︁∥bt∥Lr(BR+1) + ∥∇ · bt∥Lr(BR+1)

)︁∥ft∥Lq(BR+1).

Combined with Lemma 4.22 and the assumptions, this yields the estimate

∥M∥C1−varℰ−1,R
=

T∫︂
0 

⃦⃦[∇ · (btρt )] ⊗ ft + ρt ⊗ (bt · ∇ft )
⃦⃦
ℰ−1,R

dt

≲R

(︁∥b∥L1
t L

r (BR+1)
+ ∥∇ · b∥L1

t L
r (BR+1)

)︁∥ρ∥ℬb([0,T ];Lp(BR+1))∥f ∥ℬb([0,T ];Lq(BR+1))

and thus the conclusion. □
50 



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124 

The next step is to derive an equation for the product ρt(x)ft (x), which formally amounts 
to testing (88) against the distribution δx=y . To achieve this, we follow [12] by employing a 
so-called blow-up transformation: for ε ∈ (0,1) and Ψ ∈ L∞(R2d), define

TεΨ(x, y) := ε−d Ψ
(︂
x+ + x−

ε
, x+ − x−

ε

)︂
,

where as before x± = (x±y)/2. It’s easy to see that Tε is a linear isomorphism from Wl,∞(R2d)

to itself, for every l ∈N .
Recall the function ζR(x, y)= |x+|2/R2 + |x−|2 from Lemma 4.4; note that

ζR

(︂
x+ + x−

ε
, x+ − x−

ε

)︂
= |x+|2

R2 + |x−|2
ε2 ⩾ ζR(x, y) ∀ ε ∈ (0,1),

so that Tε leaves the spaces ℰl,R invariant. ℰ̃l,ε,R := Tε(ℰl,R) in general is strictly smaller that 
ℰl,R , and can be similarly characterized as

ℰ̃l,ε,R =
{︃
Φ ∈Wl,∞(R2d) : |x+|

2

R2 + |x−|2
ε2 ⩾ 1 ⇒ Φ(x,y)= 0

}︃
;

given the above formula, it’s immediate to check that ℰ̃l,ε,R is a closed subspace of Wl,∞(R2d)

(thus Banach with induced norm) and that local operators (like differential ones) map ℰ̃l,ε,R into 
ℰ̃k,ε,R for suitable l and k, since they respect properties of supports. Moreover, Tε is a bijection 
from ℰl,R to ℰ̃l,ε,R , thus admits an inverse T −1

ε ∈ ℒ(ℰl,R, ℰ̃l,ε,R).
The reason for introducing Tε , as we will see more in detail later (see eq. (101)), is that at 

least formally

ρ(x)f (x)= ⟨ρ ⊗ f, δx=y⟩ = lim 
ε→0

⟨ρ ⊗ f,TεΨ⟩ = lim 
ε→0

⟨T ∗ε (ρ ⊗ f ),Ψ⟩

for some appropriately chosen Ψ. In the last passage, we denoted by T ∗ε the dual operator of Tε , 
which belongs to ℒ(ℰ−l,R,ℰ−l,R) for every l and R ⩾ 1. W.r.t. the L2(R2d)-pairing, whenever 
the argument is regular enough, T ∗ε admits the pointwise representation

T ∗ε Ψ(x, y)=Ψ(x+ + εx−, x+ − εx−).

Consequently, by applying T ∗ε to (91), our candidate approximation T ∗ε (ρt ⊗ ft ) of the product 
ρt (x)ft (x) satisfies

dT ∗ε (ρt ⊗ ft )+ dMε
t +Xε(dt)T ∗ε (ρt ⊗ ft )= 0 (92)

on the scales (ℰl,R)l , where we set

Xε := (T ∗ε XT ∗,−1
ε , T ∗ε XT ∗,−1

ε ) := ((T −1
ε XTε)

∗, (T −1
ε XTε)

∗) (93)

Mε
t := T ∗ε Mt =

t∫︂
0 

T ∗ε (∇ · (ρrbr)⊗ fr + ρr ⊗ (br · ∇fr))dr (94)
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for (X,X), M as defined in (89)-(90).
Since the operators Xst (resp. Xst ) consist of sums and compositions of differential operators, 

it’s easy to check that they map ℰ̃l,ε,R into ℰ̃k,ε,R for suitable l and k; consequently, T −1
ε XstTε

(resp. T −1
ε XstTε) map ℰl,R into ℰk,R . Since (ℰl,R)l is a scale of spaces, arguing as in Lemma 4.11, 

we get the following.

Lemma 4.23. Let ξ ∈ C2
b , ∇ · ξk = 0, Z ∈ 𝒞𝔭g for some 𝔭 ∈ [2,3); let ε ∈ (0,1) and Xε be defined 

by (93). Then Xε is an unbounded rough driver on the scales of spaces ℰl,R defined by (48) and 
it holds

wXε (s, t)≲ ∥ξ∥𝔭
C2
b

wZ(s, t)

where the hidden constant is independent of R, but may depend on ε.

Our next goal, under additional regularity assumptions on (b, ξ) is to obtain uniform-in-ε
estimates for the unbounded rough driver Xε and the forcing Mε .

Proposition 4.24 (Proposition 3.4 from [38]). Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C3
b and ∇ · ξ = 0; let 

Xε be defined by (93). Then we have

∥Xε
st∥ℒ(ℰl,R,ℰl−1,R) ⩽ CwZ(s, t)

1/𝔭 for l ∈ {−0,−2},
∥Xε

st∥ℒ(ℰl,R,ℰl−2,R) ⩽ CwZ(s, t)
2/𝔭 for l ∈ {−0,−1},

where the constant C depends on ∥ξ∥C3
b

but is uniform in ε and R ⩾ 1.

Proposition 4.25. Let ρ, f be respectively solutions to (RCE) and (RTE). Let p,q, r ∈ [1,∞]
be parameters such that 1/p+ 1/q + 1/r = 1; assume that

ρ ∈ ℬb([0, T ];Lploc), f ∈ ℬb([0, T ];Lqloc), b ∈ L1
t W

1,r
loc

and let Mε be defined by (94). Then there exists a constant C, independent of R and ε, such that

∥δMε
st∥ℰ−1,R ⩽ C∥ρ∥ℬb([0,T ];Lp(BR+1))∥f ∥ℬb([0,T ];Lq(BR+1))

t∫︂
s

∥bu∥W 1,r (BR+1)
du.

Proof. We begin by noticing that

∇xTε = 1

2
(Tε∇x + Tε∇y)+ 1 

2ε
(Tε∇x − Tε∇y)

∇yTε = 1

2
(Tε∇x + Tε∇y)− 1 

2ε
(Tε∇x − Tε∇y);

therefore for any Ψ ∈ ℰ1,R , it holds that
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− ⟨δMε
st ,Ψ⟩ = −

t∫︂
s

⟨∇x · ((ρubu)⊗ fu)+∇y · (ρu ⊗ (bufu))− ρu ⊗ ((∇ · bu)fu), TεΨ⟩du

=
t∫︂

s

⟨(ρubu)⊗ fu,∇xTεΨ⟩ + ⟨ρu ⊗ (bufu),∇yTεΨ⟩ + ⟨ρu ⊗ ((∇ · bu)fu), TεΨ⟩du

=
t∫︂

s

1

2
⟨(ρubu)⊗ fu + ρu ⊗ (bufu), Tε∇xΨ+ Tε∇yΨ⟩du

+
t∫︂

s

1 
2ε
⟨(ρubu)⊗ fu − ρu ⊗ (bufu), Tε∇xΨ− Tε∇yΨ⟩du

+
t∫︂

s

⟨ρu ⊗ ((∇ · bu)fu), TεΨ⟩du

=
t∫︂

s

1

2
⟨T ∗ε

[︁
(ρubu)⊗ fu + ρu ⊗ (bufu)

]︁
,∇xΨ+∇yΨ⟩du (95)

+
t∫︂

s

1 
2ε
⟨T ∗ε

[︁
(ρubu)⊗ fu − ρu ⊗ (bufu)

]︁
,∇xΨ−∇yΨ⟩du (96)

+
t∫︂

s

⟨T ∗ε
[︁
ρu ⊗ ((∇ · bu)fu)

]︁
,Ψ⟩du (97)

=: I ε1 + I ε2 + I ε3 .

To bound I ε1 and I ε3 , we use integrability of b, ∇ · b as follows. For I ε1 , by Hölder’s inequality

I ε1 ≲
t∫︂

s

∫︂
BR

∫︂
B1

⃓⃓
ρu(x+ + εx−){bu(x+ + εx−)+ bu(x+ − εx−)}fu(x+ − εx−)

(︁∇xΨ+∇yΨ)︁
(x+ + x−, x+ − x−)

⃓⃓
dx−dx+du

⩽
t∫︂

s

∫︂
B1

∥ρu(· + εx−)∥Lp(BR)(∥bu(· + εx−)∥Lr(BR) + ∥bu(· − εx−)∥Lr(BR))

∥fu(· − εx−)∥Lq(BR)dx−∥∇xΨ+∇yΨ∥L∞(BR)du

≲
t∫︂

s

∥ρu∥Lp(BR+1)∥bu∥Lr(BR+1)∥fu∥Lq(BR+1)∥Ψ∥ℰ1,Rdu

53 



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124 

≲ ∥ρ∥ℬb([0,T ];Lp(BR+1))∥f ∥ℬb([0,T ];Lq(BR+1))

t∫︂
s

∥bu∥Lr(BR+1)du ∥Ψ∥ℰ1,R

similarly, for I ε3 we have

I ε3 ≲
t∫︂

s

∥ρu∥Lp(BR+1)∥∇ · bu∥Lr(BR+1)∥fu∥Lq(BR+1)du ∥Ψ∥ℰ0,R

≲ ∥ρ∥ℬb([0,T ];Lp(BR+1))∥f ∥ℬb([0,T ];Lq(BR+1))

t∫︂
s

∥∇ · bu∥Lr(BR+1)du ∥Ψ∥ℰ0,R .

To bound I ε2 , we need Sobolev regularity of b to cancel out the factor ε−1; this term behaves 
similarly to a DiPerna–Lions commutator. For Lebesgue a.e. u it holds that ρu ∈ Lp(BR+1), fu ∈
Lq(BR+1) and bu ∈W 1,r (BR+1); for such u and a.e. x+ ∈ BR , x− ∈ B1, we have

1 
2ε
T ∗ε

[︁
(ρubu)⊗ fu − ρu ⊗ (bufu)

]︁
(x, y)

= ρu(x+ + εx−)fu(x+ − εx−)
bu(x+ + εx−)− bu(x+ − εx−)

2ε 

= 1

2
ρu(x+ + εx−)fu(x+ − εx−)

(︂ 1 ∫︂
−1 

Dbu(x+ + θεx−)dθ
)︂
x−.

(98)

Integrating w.r.t. u and using that Ψ ∈ ℰ1,R is compactly supported in the x−-direction, we find

I ε2 ≲
t∫︂

s

∫︂
BR

∫︂
B1

|ρu(x+ + εx−)||fu(x+ − εx−)|
1 ∫︂

−1 

|Dbu(x+ + θεx−)|dθ dx−dx+

∥∇xΨ−∇yΨ∥L∞du

≲
t∫︂

s

∥ρu∥Lp(BR+1)∥fu∥Lq(BR+1)∥Dbu∥Lr(BR+1)du ∥Ψ∥ℰ1,R

≲ ∥ρ∥ℬb([0,T ];Lp(BR+1))∥f ∥ℬb([0,T ];Lq(BR+1))

t∫︂
s

∥Dbu∥Lr(BR+1)du ∥Ψ∥ℰ1,R

(99)

Overall, this proves the claim. □
We now have all the ingredients to derive the RPDE for the product ρf . Towards this 

end, in the rest of this section, we fix a radially symmetric probability density χ ∈ C∞c , 
such that supp(χ) ⊂ B(0,1/2). Let {χε}ε denote the associated family of mollifiers, χε(x) =
ε−dχ(ε−1x). Then for any ϕ ∈ℱ3,R , we may define
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Ψ(x,y) := ϕ(x+)χ(2x−)= ϕ
(︂x + y

2 

)︂
χ(x − y) ∈ ℰ3,2R; (100)

by the definition of Tε and properties of mollifiers, we have

TεΨ(x, y)= ϕ
(︂x + y

2 

)︂
χε(x − y)→ ϕ(x)δx=y (101)

as ε→ 0, where convergence holds in the sense of distributions.
The goal is now to test (92) against Ψ as defined above, send ε→ 0, and identify the limits of 

(Xε,Mε) to find that

d⟨ρf,ϕ⟩ − ⟨ρbf,∇ϕ⟩dt − ⟨ρξkf,∇ϕ⟩dZk
t = 0

holds for any ϕ ∈ ℱ3,R , which is to say that ρf satisfies the rough continuity equation (RCE), 
since ξk is divergence free.

The next result guarantees pointwise convergence of the unbounded rough drivers Xε as ε→
0.

Proposition 4.26 (Proposition 5.13 from [38]). Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C3
b and ∇ · ξ = 0. 

Let Xε be defined by (93), ρ and f be measurable functions such that ρ ∈ Lploc, f ∈ Lqloc with 
1/p + 1/q ⩽ 1, χ as given above. Then for every R ⩾ 1 and ϕ ∈ ℱ3,R , defining Ψ as in (100), 
we have that

lim 
ε→0

⟨ρ ⊗ f,X
ε,∗
st Ψ⟩ = ⟨ρf,A∗stϕ⟩, lim 

ε→0
⟨ρ ⊗ f,Xε,∗

st Ψ⟩ = ⟨ρf,A∗stϕ⟩ ∀ (s, t) ∈ΔT .

Next, we show that the forcing Mε converges as well.

Proposition 4.27. Let ρ, f , b satisfy the assumptions of Proposition 4.25 and let ϕ, χ and Ψ as 
in Proposition 4.26. Then for any (s, t) ∈ΔT we have

lim 
ε→0

⟨δMε
st ,Ψ⟩ = −

t∫︂
s

⟨ρufubu,∇ϕ⟩du.

Proof. Note that, since 1/p+ 1/q + 1/r = 1, we have that ρf b, ρfDb ∈ L1
t L

1
loc. As in Propo

sition 4.25, developing the expression for ⟨δMε
st ,Ψ⟩, we obtain the terms {I εi }3i=1 defined by 

(95)-(97). Recall formula (101) for TεΨ and further notice that

∇xΨ(x, y)= 1

2
∇ϕ

(︃
x + y

2 

)︃
χ(x − y)+ ϕ

(︃
x + y

2 

)︃
∇χ(x − y),

∇yΨ(x, y)= 1

2
∇ϕ

(︃
x + y

2 

)︃
χ(x − y)− ϕ

(︃
x + y

2 

)︃
∇χ(x − y),

Tε

[︂
(∇x +∇y)Ψ

]︂
(x, y)=∇ϕ

(︃
x + y

2 

)︃
χε(x − y).

Plugging these identities into I ε1 defined by (95), we find
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I ε1 =
1

2

t∫︂
s

∫︂
B2R

∫︂
B2R

ρu(x)[bu(x)+ bu(y)]fu(y)∇ϕ
(︃
x + y

2 

)︃
χε(x − y)dxdydu

→
t∫︂

s

∫︂
Rd

ρu(x)bu(x)fu(x)∇ϕ(x)dxdu

where convergence follows from the integrability assumptions and properties of mollifiers {χε}ε . 
For I ε3 , since ρu(∇ · bu)fu ∈ L1

t L
1
loc, we similarly get

lim 
ε→0

I ε3 =
t∫︂

s

⟨ρu(∇ · bu)fu,ϕ⟩du.

Arguing as in (98), changing the area of integration into (x+, x−)-variables and plugging in 
Ψ(x,y)= ϕ(x+)χ(2x−), we can write I ε3 from (96) as

I ε3 = 22d

t∫︂
s

1 ∫︂
−1 

∫︂
B1

∫︂
BR

ρu(x+ + εx−)fu(x+ − εx−)ϕ(x+)

Dbu(x+ + θεx−)x− · ∇χ(2x−)dx+dx−dθ du.

(102)

For any x− ∈ B1, θ ∈ [−1,1] and almost every u ∈ [s, t], as 1/p+ 1/q+ 1/r = 1, it follows that

lim 
ε→0

ρu(· + εx−)fu(· − εx−)Dbu(· + θεx−)= ρufuDbu in L1(BR+1)

since translations are continuous operators on L1
loc. Thus, for Lebesgue a.e. θ and x−, we find

lim 
ε→0

∫︂
BR

ρu(x+ + εx−)fu(x+ − εx−)ϕ(x+)Dbu(x+ + θεx−)dx+

=
∫︂
BR

ρu(x+)fu(x+)ϕ(x+)Dbu(x+)dx+.

Using the bound (99) and dominated convergence, by the above and identity (102), we find

lim 
ε→0

I ε2 = 22d+1

t∫︂
s

∫︂
B1

∫︂
BR

ρu(x+)fu(x+)ϕ(x+)
[︁
Dbu(x+)x−

]︁ · ∇χ(2x−)dx+dx−du

=
t∫︂

s

∫︂
BR

ρu(x+)fu(x+)ϕ(x+)Dbu(x+) :
(︃

22d+1
∫︂
B1

x− ⊗∇χ(2x−)dx−
)︃

dx+du

56 



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124 

where we employed the notation A : B =∑︁
i,j AijBij for the Frobenius product of matrices. By 

integration by parts, we have

22d+1
∫︂
B1

x− ⊗∇χ(2x−)dx− = 22d
∫︂
B1

x− ⊗∇(χ(2x−))dx− =−Id 2d
∫︂
B1

χ(2x−)dx− =−Id .

Overall, we deduce that

lim 
ε→0

I ε2 =−
t∫︂

s

∫︂
Rd

ρu(x+)fu(x+)∇ · bu(x+)ϕ(x+)dx+du=− lim 
ε→0

I ε3

which proves the claim. □
We are finally ready to present the

Proof of Theorem 4.20. Thanks to assumption (85), we can apply all the results presented in 
this section. Let R ⩾ 1 be fixed. Let ϕ ∈ ℱ3,R and define Ψ as in (100); testing (92) against Ψ, 
we have

⟨δ(ρ ⊗ f )st , TεΨ⟩ + ⟨δMε
st ,Ψ⟩ + ⟨ρs ⊗ fs,X

ε,∗
st Ψ⟩ − ⟨ρs ⊗ fs,X

ε,∗
st Ψ⟩ = ⟨T ∗ε (ρ ⊗ f )

♮
st ,Ψ⟩.

(103)
By Propositions 4.26 and 4.27, as well as identity (101) and standard properties of mollifiers, we 
see that the LHS of (103) converges to

⟨δ(ρf )st , ϕ⟩ −
t∫︂

s

⟨ρufubu,∇ϕ⟩du+ ⟨ρsfs,A∗stϕ⟩ − ⟨ρsfs,A∗stϕ⟩.

Thus, also the RHS of (103) is converging, and we denote its limit by ⟨(ρf )♮st , ϕ⟩. It is clear that 
(ρf )

♮
st ∈ ℱ−2,R ; in order to verify that ρf satisfies Definition 4.12, it only remains to show that 

(ρf )♮ ∈ C𝔭/3−var
2 ℱ−3,R .

From Proposition 4.24, we see that the unbounded rough drivers Xε satisfy uniform-in-ε
bounds in operator norms; moreover it is clear that ρ ⊗ f ∈ ℬb([0, T ];ℰ−0,2R), and Proposi
tion 4.25 ensures uniform-in-ε bounds for ∥Mε∥C1−varℰ−1,2R

. Therefore we can apply Lemma 4.9

(for the RPDE satisfied by ρ⊗f on the scale (ℰl,2R)l) to deduce that the remainders T ∗ε (ρ⊗f )♮

remain uniformly bounded in ε, i.e. there exists a control w⊗,R,♮ such that

sup
ε>0 

∥T ∗ε (ρ ⊗ f )
♮
st∥ℰ−3,2R ⩽w⊗,R,♮(s, t)3/𝔭.

Since ∥Ψ∥ℰ3,2R ≲ ∥ϕ∥ℱ3,R it follows that

|⟨(ρf )♮st , ϕ⟩| = lim 
ϵ→0

|⟨T ∗ε (ρ ⊗ f )
♮
st ,Ψ⟩|≲w⊗,R,♮(s, t)3/𝔭∥ϕ∥ℱ3,R
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which overall shows that (ρf )♮ ∈ C
𝔭/3−var
2 ℱ−3,R . As the argument holds for any R ⩾ 1, we 

conclude that ρf solves the rough continuity equation (RCE).
Finally, since ρf solves (RCE), the duality formula (87) follows from assumption (86) and 

Lemma 4.18 applied to ρ̃ = ρf . □
Remark 4.28. If the vector fields ξk are not divergence free, in light of the heuristic computa
tions presented at the beginning of Section 4.3, we still expect the product and duality formulas 
from Theorem 4.20 to be true. However at a technical level, obtaining a priori estimates for Lpx
norms of solutions becomes more challenging, since we do not have a clean expression like (41)
anymore; moreover handling commutators estimates in the style of Propositions 4.24-4.26 gets 
harder, since we cannot rely anymore on cancellations coming from conservativity (60). Since 
we are mostly interested in the incompressible case, in light of applications to fluid dynamics, 
we leave this extension for future investigations.

4.4. Uniqueness, stability, renormalizability and compactness

With Theorem 4.20 at hand, we are finally ready to prove uniqueness of solutions. We will 
keep referring to the rough PDEs (RCE)-(RTE) introduced in the previous section.

Theorem 4.29. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C3
b with ∇ · ξ = 0. Let b satisfy

b

1+ |x| ∈ L
1
t L

1
x +L1

t L
∞
x , ∇ · b ∈ L1

t L
∞
x , b ∈ L1

t W
1,1
loc . (104)

Then for any ρ0 ∈ L1
x ∩L∞x there exists a unique solution ρ ∈ ℬb([0, T ];L1

x ∩L∞x ) to (RCE).
Similarly, for any p ∈ [1,∞] and any ρ ∈ L

p
x , there exists a unique solution 

ρ ∈ ℬb([0, T ];Lpx ) to (RCE) as soon as

b

1+ |x| ∈ L
1
t L

p′
x , ∇ · b ∈ L1

t L
∞
x , b ∈ L1

t W
1,p′
loc . (105)

Remark 4.30. As in Remark 4.15, one can similarly prove uniqueness statements for (RTE), as 
well as both rough PDEs (RCE)-(RTE) with terminal conditions ρ|t=T = ρt .

Proof. We give the proof of the first statement, the second one being similar. By linearity, it 
suffices to show that any solution ρ ∈ ℬb([0, T ];L1

x ∩ L∞x ) with ρ0 = 0 is necessarily ρ ≡ 0. 
Fix any τ ∈ (0, T ] and any φ ∈ C∞c ; let f ∈ ℬb([0, τ ];L1

x ∩ L∞x ) be a solution to (RTE) with 
terminal condition f |t=τ = φ, whose existence follows by Remark 4.15. By Theorem 4.20 (with 
p = q = ∞, r = 1), ρf is still a solution to (RCE), which by the above properties satisfies 
ρf ∈ ℬb([0, τ ];L1

x ∩L∞x ); combined with the first condition in (104), this implies that

bρf 
1+ |x| ∈ L

1
t L

1
x.

Again by Theorem 4.20 it then holds

⟨ρτ ,φ⟩ = ⟨ρτ , fτ ⟩ = ⟨ρ0, f0⟩ = 0.
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As the reasoning holds for all φ ∈ C∞c , we conclude that ρτ = 0; by the arbitrariness of τ ∈
(0, T ], conclusion follows. □

Having established uniqueness, we pass to study the continuous dependence of solutions on 
the data of the problem. From now on, for simplicity of exposition, we mostly focus on Lpx
valued solutions, which are well-posed under condition (105); his however doesn’t play any 
major role in the statements and proofs, which up to minor modifications hold can be rephrased 
to accommodate the setting of (104).

Corollary 4.31. Let 𝔭 ∈ [2,3), p ∈ [1,∞] and assume that

b

1+ |x| ∈ L
1
t L

p′
x , ∇ · b ∈ L1

t L
∞
x , b ∈ L1

t W
1,p′
loc , ξ ∈ C3

b , ∇ · ξ = 0, Z ∈ 𝒞𝔭g . (106)

Given any ρ1
0 , ρ2

0 ∈ Lpx , the associated unique solutions ρi ∈ ℬb([0, T ];Lpx ) to (RCE) satisfy

∥ρ1 − ρ2∥ℬb([0,T ];Lpx ) = sup 
t∈[0,T ]

∥ρ1
t − ρ2

t ∥Lpx ⩽ exp

(︃ T∫︂
0 

∥∇ · bu∥L∞x du

)︃
∥ρ1

0 − ρ2
0∥Lpx . (107)

Consider now a sequence (bn, ξn,Zn) satisfying condition (106) uniformly in n, namely such 
that ∇ · ξn = 0 for all n and

sup 
n∈N

{︁∥ξn∥C3
b
+ ∥Zn∥𝔭,T + ∥∇ · bn∥L1

t L
∞
x
+

⃦⃦⃦
bn

1+ |x|
⃦⃦⃦
L1
t L

p′
x

+ ∥∇bn∥
L1
t L

p′ (BR)
}︁
<∞

∀ R ⩾ 1. (108)

Further assume that there exist (b, ξ,Z) such that

bn→ b in L1
t L

1
loc, ξn→ ξ in C0

loc, sup 
t∈[0,T ]

|Zn
0,t −Z0,t |→ 0; (109)

then for any sequence ρn0 ⇀ρ0 in Lpx for p ∈ [1,∞) (resp. ρn0
∗−⇀ρ0 for p =∞), denoting by 

ρn, resp. ρ, the solutions to (RCE) associated to (bn, ξn,Zn), resp. (b, ξ,Z), it holds ρn→ ρ in 
Cw([0, T ];Lpx ) (resp. in Cw−∗([0, T ];L∞x ) for p =∞).

Proof. The first claim is a direct consequence of linearity: ρ1 − ρ2 is the unique solution asso
ciated to initial condition ρ1

0 − ρ2
0 , which by Proposition 4.14 must satisfy (64), yielding (107).

To show the second part, notice that as in the proof of Corollary 3.11 we get the conver
gence Zn → Z in 𝒞p̃ for any p̃ ∈ (p,3) and equicontinuity of (s, t) ↦→ supn ⟦Zn⟧𝔭̃,[s,t]. Ar
guing as in the proof of Proposition 4.14, we can show that the sequence {ρn}n is compact in 
Cw([0, T ];Lpx ) (Cw−∗([0, T ];L∞x ) if p =∞). In particular, in the case p= 1, using the fact that 
{ρn0 }n are uniformly integrable (by the Dunford-Pettis theorem, since ρn0 ⇀ρ0) we can argue as 
in Lemma 4.17 (by combining estimate (78) with assumption (108)) to deduce that
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lim 
R→∞ sup 

n∈N
sup 

t∈[0,T ]

∫︂
|x|>R

|ρnt (x)|dx = 0;

in particular, the tightness condition from Proposition B.1-iii. is satisfied, hence we get compact
ness in Cw([0, T ];L1

x) and not just Cw([0, T ];L1
loc).

Arguing as in Proposition 4.14, it follows that {ρn}n admits a convergent subsequence in 
Cw([0, T ];Lpx ) (Cw−∗([0, T ];L∞x ) for p =∞), and that its limit point is a solution to the rough 
continuity (RCE) associated to (b, ξ,Z), belonging to Cw([0, T ];Lpx ). Since uniqueness holds 
for (RCE) in this class, and the argument holds for any subsequence we can extract, we conclude 
that the full sequence converges. □

A similar stability result holds for (RTE) as well; notice however the difference between 
condition (109) and (110) below.

Corollary 4.32. Let 𝔭 ∈ [2,3), p ∈ [1,∞] and (b, ξ,Z) satisfying (106). Then for any f 1
0 , f 2

0 ∈
L
p
x , the associated unique solutions f i ∈ ℬb([0, T ];Lpx ) to (RTE) satisfy

∥f 1 − f 2∥ℬb([0,T ];Lpx ) = sup 
t∈[0,T ]

∥f 1
t − f 2

t ∥Lpx ⩽ exp

(︃ T∫︂
0 

∥∇ · bu∥L∞x du

)︃
∥f 1

0 − f 2
0 ∥Lpx .

Consider now a sequence (bn, ξn,Zn) satisfying condition (108), ∇ ·ξn = 0 for all n, and further 
assume that there exist (b, ξ,Z) such that

bn→ b in L1
t L

1
loc, ∇ · bn→∇ · b in L1

t L
1
loc, ξn→ ξ in C0

loc, sup 
t∈[0,T ]

|Zn
0,t −Z0,t |→ 0;

(110)

then for any sequence f n
0 ⇀f0 in Lpx for p ∈ [1,∞) (resp. f n

0
∗−⇀f0 for p =∞), denoting by 

f n, resp. f , the solutions to (RTE) associated to (bn, ξn,Zn), resp. (b, ξ,Z), it holds f n→ f

in Cw([0, T ];Lpx ) (resp. in Cw−∗([0, T ];L∞x ) for p =∞).

Proof. Existence follows from Remark 4.15, uniqueness from Remark 4.30. The stability esti
mate then follows again by linearity of the equation and the estimates from Remark 4.15. The 
rest of the proof is almost identical to that of Corollary 4.31, so let us only highlight the differ
ence coming from assumption (110). In order to pass to the limit as n→∞ and show that f is 
a solution to (RTE), one must now show that

bn · ∇f n =∇ · (bnf n)− (∇ · bn)f n→∇ · (bf )− (∇ · b)f = b · ∇f
in the sense of distributions; this is where, in order to employ weak-strong convergence argu
ments, we additionally need ∇ · bn→∇ · b in L1

t L
1
loc (cf. also Remark 4.16). □

Proposition 4.33. Let 𝔭 ∈ [2,3), p ∈ [1,∞), (b, ξ,Z) satisfying (106) and ρ0 ∈ Lpx . Then the 
associated solution ρ to (RCE) satisfies ρ ∈ C([0, T ];Lpx ) and

d 
dt
∥ρt∥p

L
p
x
=

∫︂
Rd

(1− p)|ρt (x)|p(∇ · b)(x)dx. (111)
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As a consequence, for all (s, t) ∈ΔT we have

⃓⃓∥ρt∥Lpx − ∥ρs∥Lpx ⃓⃓⩽ 1 
p′

exp

(︃∥∇ · b∥L1
t L

∞
x

p′

)︃(︃ t∫︂
s

∥∇ · br∥L∞x du

)︃
∥ρ0∥Lpx . (112)

Proof. Let us first show how to derive (112) from (111). We have

d 
dt
∥ρt∥Lpx =

1 
p
∥ρt∥1−p

L
p
x

d 
dt
∥ρt∥p

L
p
x
⩽

(︃
1− 1 

p

)︃
∥ρt∥Lpx ∥∇ · bt∥L∞x ;

applying estimate (64), one then finds

d 
dt
∥ρt∥Lpx ⩽

1 
p′

exp

(︃∥∇ · b∥L1
t L

∞
x

p′

)︃
∥∇ · bt∥L∞x ∥ρ0∥Lpx

from which (112) follows upon integrating in time.
Recall that ρ ∈ Cw([0, T ];Lpx ); it follows from (112) that, whenever tn → t , ρtn ⇀ ρt and 

∥ρtn∥Lpx → ∥ρt∥Lpx ; for p ∈ (1,∞), by uniform convexity of Lpx , this implies that ρtn → ρt

strongly in Lpx and therefore ρ ∈ C([0, T ];Lpx ).
To handle the case p= 1, we need an extra argument: first assume that ρ0 ∈ L1

x ∩L∞x ; then by 
the above, ρ ∈ C([0, T ];L1(BR)) for any R <∞, and moreover {ρt}t∈[0,T ] is tight by (74) (for 
p = 1), therefore ρ ∈ C([0, T ];L1

x). For general ρ0 ∈ L1
x , consider a sequence {ρn0 }n ⊂ L1

x ∩L∞x
such that ρn0 → ρ0 in L1

x ; then by the above the associated solutions ρn belong to C([0, T ];L1
x)

and ρn→ ρ in ℬb([0, T ];L1
x) by (107), therefore ρ ∈ C([0, T ];L1

x) as well.
It only remains to prove formula (111); for simplicity, we show it for ρ0 ∈ L1

x ∩ L∞x , as the 
general case follows from an approximation procedure like the one outlined above, thanks to the 
stability property (107). We split the proof of (111) in several steps.

Step 1: smooth approximations. Consider a nice sequence of smooth approximations 
(ρn0 , ξ

n,Zn) of (ξ,Z), e.g. like the ones from Proposition 4.14; we may further construct it 
in such a way that ∇ · bn→∇ · b in L1

t L
q

loc for all q ∈ [1,∞) and

sup
n 
∥ρn0∥Lqx ⩽ ∥ρ0∥Lqx ∀ q ∈ [1,∞], sup

n 
∥∇ · bnt ∥L∞x ⩽ ∥∇ · bt∥L∞x

for Leb. a.e. t ∈ [0, T ]. (113)

Let ρn be the solution to (RCE) associated to (ξn,Zn), with initial condition ρn0 . Since ρn now 
solves a classical PDE and ∇ · ξn = 0, for any q ∈ [1,∞) it holds that

d 
dt
∥ρnt ∥qLqx = q

∫︂
Rd

|ρnt |q−2sgn(ρnt )∂tρ
n
t dx

=−q
∫︂
Rd

|ρnt |q−2sgn(ρnt )∇ ·
(︁
bρnt + ξnρnt Zn

t

)︁
dx

=
∫︂
Rd

(1− q)|ρnt (x)|q(∇ · bn)(x)dx

(114)
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where in the last passage we used integration by parts and the fact that ∇ · ξn = 0. This is exactly 
(111) for (ρn, bn) and q = p; therefore arguing as above and using (113), we find

⃓⃓∥ρnt ∥Lqx − ∥ρns ∥Lqx ⃓⃓⩽ 1 
q ′

exp

(︃∥∇ · bn∥L1
t L

∞
x

q ′

)︃(︃ t∫︂
s

∥∇ · bnr ∥L∞x du

)︃
∥ρn0∥Lqx

⩽ 1 
q ′

exp

(︃∥∇ · b∥L1
t L

∞
x

q ′

)︃(︃ t∫︂
s

∥∇ · br∥L∞x du

)︃
∥ρn0∥Lqx

(115)

Step 2: reduction to pointwise convergence of ∥ρnt ∥L2
x
. We claim that, in order to conclude, it 

suffices to show that ∥ρnt ∥L2
x
→∥ρt∥L2

x
for all t ∈ [0, T ]. Indeed, arguing by compactness as in 

Corollary 4.31, we know that ρn→ ρ in Cw([0, T ];Lqx) for all q ∈ [1,∞), which combined with 
the claim and uniform convexity of L2

x implies that ρnt → ρt strongly in L2
x . Since the sequence 

is bounded in L1
x ∩ L∞x , convergence in Lqx for q ∈ (1,∞) then follows by interpolation. By 

(115), the maps {t ↦→ ∥ρnt ∥Lqx } are equicontinuous; for q ∈ (1,∞), together with strong point

wise convergence and convergence in Cw([0, T ];Lqx), this implies that ρn→ ρ in C([0, T ];Lqx)
by Corollary B.5. In the case q = 1, as before we can use convergence in C([0, T ];L2(BR))

and tightness (coming from in Corollary 4.31) to deduce convergence in C([0, T ];L1
x) as well. 

Overall this shows that ρ ∈ C([0, T ];Lqx) for all q ∈ [1,∞), being a limit of smooth functions 
in this topology; moreover with strong convergence in C([0, T ];Lqx) at hand, we can pass to the 
limit in (114) (using that ∇ · bn→∇ · b in L1

t L
q

loc for all q ∈ [1,∞)) to deduce the validity of 
(111).

Step 3: duality. Let us fix any τ ∈ (0, T ] and let f n (resp. f ) denote the unique solution 
to (RTE) on [0, τ ] with associated terminal condition f n|t=τ = ρnτ (resp. f |t=τ = ρτ ). Since 
ρnτ ⇀ ρτ in L2

x and the bn satisfy (113), by Corollary 4.32 (and time reversal) f n
0 ⇀f0 in L2

x . 
On the other hand, ρn0 → ρ0 in L2

x , so by weak-strong convergence and the duality formula (87)
we find

lim 
n→∞∥ρ

n
τ ∥2

L2
x
= lim 

n→∞⟨ρ
n
0 , f

n
0 ⟩ = ⟨ρ0, f0⟩ = ∥ρτ∥2

L2
x
.

As the argument holds for any τ ∈ (0, T ], this verifies the claim from Step 2 and concludes the 
proof. □
Remark 4.34. Formula (111) is only possible thanks to the assumption ∇ ·ξ = 0, otherwise some 
“rough component'' would appear on the r.h.s. when computing d∥ρt∥p

L
p
x
.

We can now actually strengthen Corollary 4.31 to get stability results in stronger topologies.

Corollary 4.35. Let 𝔭 ∈ [2,3), p ∈ [1,∞); let (bn, ξn,Zn) be a sequence such that ∇ ·ξn = 0 for 
all n, (108) is satisfied and there exist (b, ξ,Z) such that (110) holds. Let ρn0 → ρ0 strongly in Lpx
and denote by ρn, ρ, the associated solutions to (RCE). Then it holds ρn→ ρ in C([0, T ];Lpx ).

Proof. Since ρn0 → ρ0 in Lpx , for any ε > 0, by mollifications and cutoffs we can construct 
another sequence {ρ̃n0 }n ⊂ L1

x ∩L∞x , ρ̃0 ∈ L1
x ∩L∞x such that
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ρ̃n0 → ρ̃0 in Lqx ∀ q ∈ [1,∞), sup
n 
∥ρ̃n0 − ρn0∥Lpx ⩽ ε, ∥ρ̃0 − ρ0∥Lpx ⩽ ε.

As a consequence, it suffices to give the proof for {ρn0 }n bounded in L1
x ∩ L∞x and converging 

in L1
x ∩ L

q
x for q ∈ [1,∞); the general case then follows by triangular inequality, the stability 

estimate (107) and the arbitrariness of ε > 0.
The majority of the proof, up to minor details, is similar to that of Proposition 4.33, so let 

us mostly sketch it. We can assume p ∈ (1,∞), the case p = 1 then following by tightness. 
Running the same duality argument as in Step 3 above, one can show that ρnt → ρt in Lqx for all 
t ∈ [0, T ] and q ∈ [1,∞); by Corollary B.5, in order to achieve convergence in C([0, T ];Lpx ), 
it then suffices to show equicontinuity of {t ↦→ ∥ρnt ∥Lpx }n. By formula (111), in order to do so, it 
suffices to show that

(1− p)|ρnt (x)|p(∇ · bn)(x)→ (1− p)|ρt (x)|p(∇ · b)(x) in L1
t L

1
x.

This now follows from a combination of assumptions (108), (110), the pointwise-in-time strong 
convergence ρnt → ρt in Lqx and Vitali’s convergence theorem. □

A consequence of Corollary 4.35, in the context of transport equations, is the property of 
renormalizability. In the spirit of [40], we will say that a solution f to the rough transport equa
tion (RTE) is renormalized if, for any β ∈ C1

b , β(f ) also solves (RTE).

Corollary 4.36. Let 𝔭 ∈ [2,3), p ∈ [1,∞) and (b,Z, ξ) satisfy (106) for these parameters. Then 
for any f0 ∈ Lpx , the unique solution f ∈ C([0, T ];Lpx ) to (RTE) is renormalized.

Proof. Consider a family of smooth approximants (bn,Zn, ρn0 ) as in Proposition 4.14, f n be 
the associated solutions to (RTE). By Remark 4.15, these are also solutions to the corresponding 
classical PDE and are therefore renormalized, namely β(f n) solves the same equation with initial 

datum β(f n
0 ). On the other hand, by Corollary 4.35 f n

t → ft in C([0, T ];Lpx ) and so β(f n
t )

∗−⇀
β(ft ) for all t ⩾ 0; by the weak stability from Corollary 4.31, we deduce that β(f ) is the unique 
solution associated to (b,Z, β(f0)). □

We are now ready to complete the

Proof of Theorem 1.2. Existence and uniqueness of solutions come from Theorem 4.29 and 
Remark 4.30; product formula and duality from Theorem 4.20. Renormalizability for the trans
port equation follows from Corollary 4.36 and the fact that solutions belong to C([0, T ];Lpx )
from Proposition 4.33 (for simplicity stated only for (RCE), with almost identical proof for 
(RTE)). □

Under suitable assumptions on the drift, the above stability results readily imply compactness 
of solutions in strong topologies. Such results are often achieved by working in the Lagrangian 
framework, where convergence is stated at the level of flows Φn

t (x), cf. [25]. Here instead we 
get it at the Eulerian level, up to requiring an additional compactness condition on ∇ · bn; notice 
that this is automatically satisfied when working with incompressible fluids, since ∇ · bn ≡ 0. 
For simplicity, we state the result in the case of autonomous coefficients; generalizations to the 
time-dependent case can be achieved easily, up to enforcing additional sufficient conditions to 
guarantee time-compactness as well (like Aubin-Lions-Simon’s compactness criteria from [90]).
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Corollary 4.37. Let 𝔭 ∈ [2,3), p ∈ [1,∞), Z ∈ 𝒞𝔭g and ρ0 ∈ Lpx be fixed. Consider a bounded 

sequence {(bn, ξn)} in (Lp
′

x ∩W 1,p′
loc )×C3

b such that:

• ∇ · ξn = 0 for all n;
• {∇ · bn}n is bounded in L∞x ;
• {∇ · bn}n is compact in L1

loc;

denote by ρn the solution associated to (bn, ξn,Z, ρ0). Then the sequence {ρn}n is compact in 
C([0, T ];Lpx ).

Proof. By Rellich-Kondrakov and Ascoli-Arzelà theorems, W 1,p(BR) ↪→ Lp(BR) and 
C3(BR) ↪→ C2(BR) with compact embeddings. By a Cantor diagonal argument, we can there
fore find a (not relabeled) subsequence such that bn → b in Lploc, ξn → ξ in C2

loc; by lower
semicontinuity, the limits (b, ξ) still satisfy ∇ ·b ∈ L∞x , ∇ ·ξ = 0. Corollary 4.35 then ensures the 
convergence ρn→ ρ in C([0, T ];Lpx ), where ρ is the unique solution associated to (b, ξ,Z, ρ0). 
Overall this proves compactness of {ρn}n in C([0, T ];Lpx ). □

Finally, we can combine the RDE theory developed in Section 3 with the RPDE one from 
this section to deduce an explicit Lagrangian representation formula for solutions, whenever b
satisfies all the relevant assumptions.

The next result is a more detailed version of Theorem 1.3 from the introduction.

Theorem 4.38. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g , ξ ∈ C3
b with ∇ · ξ = 0. Suppose that

b

1+ |x| ∈ L
1
t L

1
x +L1

t L
∞
x , ∇ · b ∈ L1

t L
∞
x , b ∈ L1

t W
1,1
loc ,

and additionally assume that b is an Osgood drift, in the sense that it satisfies Assumption 3.8. 
Then for any ρ0 ∈ L1

x ∩ L∞x there exists a unique solution ρ ∈ ℬb([0, T ];L1
x ∩ L∞x ) to (RCE), 

which is given by the formula ρt = (Φt )♯ρ0, namely

⟨ρt , φ⟩ =
∫︂
Rd

φ(Φt (x))ρ0(x)dx ∀ φ ∈ C∞c ; (116)

here Φ is the flow associated to the underlying RDE, given by Theorem 3.9, which satisfies the 
quasi-incompressibility condition (39) from Corollary 3.12. Moreover, ρ ∈ C([0, T ];Lpx ) for all 
p ∈ [1,∞), ρ ∈ Cw−∗([0, T ];L∞x ) and

d 
dt
∥ρt∥p

L
p
x
=

∫︂
Rd

(1− p)|ρt (x)|p(∇ · b)(x)dx ∀ p ∈ [1,∞). (117)

Furthermore, for any f0 ∈ L1
x ∩L∞x , there exists a unique solution f ∈ ℬb([0, T ];L1

x ∩L∞x ) to 
(RTE); for any t ∈ [0, T ], it holds

ft (x)= f0(Φ
−1
t (x)) for Lebesgue a.e. x ∈Rd . (118)
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Proof. Existence and uniqueness of ρ ∈ ℬb([0, T ];L1
x ∩ L∞x ) comes from Theorem 4.29. Sim

ilarly to Corollary 4.31, consider suitable smooth approximations of (b, ξ,Z, ρ) and let ρn be 
the associated solutions. It classically holds ρnt = (Φn

t )♯ρ
n
0 , where Φn are the associated flows. 

For any t ⩾ 0, by Corollary 3.11, Φn
t →Φt uniformly on compact sets, while by Corollary 4.35, 

ρn→ ρ in Cw([0, T ];Lpx ) for any p ∈ [1,∞). Combining these facts with weak-strong conver
gence and passing to the limit, one readily concludes that (116) holds. The formula for d 

dt ∥ρt∥pLpx
can then be proved going through the same arguments as in Proposition 4.33.

Existence and uniqueness of f ∈ ℬb([0, T ];L1
x ∩ L∞x ) again comes from Theorem 4.29. In 

order to prove (118), first notice that thanks to the quasi-incompressibility of the flow Φ, the 
integrability of ρ0 and standard density arguments, formula (116) extends to any φ ∈ Lpx , for any 
p ∈ [1,∞]. In light of this, by applying the duality formula, for any fixed t ∈ [0, T ] we find∫︂

Rd

f0(x)ρ0(x)dx =
∫︂
Rd

ft (x)ρt (x)dx =
∫︂
Rd

ft (Φt (x))ρ0(x)dx.

As the argument works for any choice of ρ0 ∈ L1
x ∩ L∞, we deduce that f0(x) = ft (Φt (x))

for Lebesgue a.e. x, from which conclusion follows by applying Φ−1
t on both sides (by quasi

incompressibility, Φ−1
t preserves negligible sets). □

Remark 4.39. In line with the Di Perna–Lions theory [40], it is reasonable to expect the La
grangian representation formulas to hold true under the sole assumption (104), without the need 
for Osgood regularity (Assumption 3.8). This would require to introduce a suitable concept of 
(rough) generalized Lagrangian flow, in analogy to the deterministic theory [40,2,25]; we leave 
this problem for future investigations.

5. Nonlinear rough continuity equations

Like in the majority of Section 4, we will enforce throughout this section that ∇ · ξ = 0. Here, 
if not stated otherwise, we work on a fixed finite time interval [0, T ].

Having established a robust wellposedness theory for linear rough PDEs, we now pass to the 
study a class of nonlinear continuity equations on Rd of the form

dρt +∇ · [(Kt ⊛ ρt )ρt ]dt +
m ∑︂
k=1 

∇ · (ξkρt )dZk
t = 0. (119)

Here d ⩾ 2 and K : [0, T ] ×Rd ×Rd →Rd , K =Kt(x, y), is a given measurable kernel satis
fying suitable assumptions (see below); for f :Rd →R, we define

(Kt ⊛ f )(x)=
∫︂
Rd

Kt (x, y)f (y)dy, (Kt ⊛T f )(x) :=
∫︂
Rd

Kt (y, x)f (y)dy.

The notation is meant to stress that, at least formally, (K⊛)∗ = K⊛T : whenever everything is 
sufficiently integrable, it holds ⟨K ⊛ f,g⟩ = ⟨f,K ⊛T g⟩. As before, the RPDE (119) is coupled 
with an initial condition ρ|t=0 = ρ0. We will impose three relevant conditions on the kernel K , 
which play different roles in the proofs and cover an interesting class of examples; combined 
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together, they guarantee wellposedness of (119) for ρ0 ∈ L1
x ∩ L∞x , see Theorem 5.9 for more 

details.

Assumption 5.1. There exist a constant CK > 0 and an Osgood modulus h such that∫︂
Rd

|Kt(x, y)||f (y)|dy ⩽ CK∥f ∥L1
x∩L∞x , (120)

∫︂
Rd

|Kt(x, y)−Kt(x
′, y)||f (y)|dy ⩽ CK h(|x − x′|)∥f ∥L1

x∩L∞x , (121)

for all t ∈ [0, T ] and f ∈ L1
x ∩ L∞x . Moreover, the same estimates hold with Kt(x, y) replaced 

by K̃t (x, y)=Kt(y, x).

Assumption 5.2. There exists a constant CK > 0 such that

∥∇ · (Kt ⊛ f )∥L∞x ⩽ CK∥f ∥L1
x

∀ t ∈ [0, T ], f ∈ L1
x.

Assumption 5.3. For any R > 0, it holds that

∥∇(Kt ⊛ f )∥L1(BR)
⩽ CK,R∥f ∥L1

x∩L∞x ∀ t ∈ [0, T ], f ∈ L1
x ∩L∞x ,

for a suitable constant CK,R > 0.

Remark 5.4. Assumption 5.1 guarantees that, given any f ∈ L1
x ∩L∞x and any t ∈ [0, T ], Kt ⊛

f ∈ C0
b with Osgood modulus of continuity proportional to h; moreover the same holds for 

K ⊛T f . Assumption 5.2 provides a control on the quasi-incompressibility properties of K ⊛ f , 
in a way which only depends on ∥f ∥L1

x
. Finally, Assumption 5.3 implies that Kt ⊛ f ∈W 1,1

loc .

5.1. Existence

In agreement with Definition 4.12, we adopt the following terminology.

Definition 5.5. We say that a map ρ ∈ ℬb([0, T ];L1
loc) is a weak solution to the nonlinear RPDE 

(119) if, for all R ∈ [1,∞), the following hold:

i. ∇ · ([K ⊛ ρ]ρ) is a well-defined distribution, belonging to L1
tℱ−2,R ;

ii. there exists ρ♮ belonging to C𝔭/3−var
2 ℱ−3,R such that

δρst +
t∫︂

s

∇ · ([Kr ⊛ ρr ]ρr)dr +Astρs =Astρs + ρ
♮
st ∀ (s, t) ∈ΔT

where A= (A,A) is the unbounded rough driver associated to (ξ,Z) given by (59).
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Remark 5.6. Under condition (120) on K , if ρ ∈ L2
t (L

1
x∩L∞x ), then necessarily ∇ ·([K⊛ρ]ρ) ∈

L1
t ℱ−1,R ⊂ L1

t ℱ−2,R , thanks to the pointwise estimate

∥∇ · ([Kr ⊛ ρr ]ρr)∥ℱ−1,R ≲ ∥[Kr ⊛ ρr ]ρr∥L1(BR)
⩽ ∥Kr ⊛ ρr∥L∞x ∥ρr∥L1

x
≲ CK∥ρr∥2

L1
x∩L∞x .

There are however interesting situations where less integrability on ρ is needed and bounds in 
ℱ−2,R become crucial, cf. Section 5.4.

Proposition 5.7. Let 𝔭 ∈ [2,3), Z ∈ C𝔭
g , ξ ∈ C2

b with ∇ · ξ = 0, and let K be a kernel satisfying 
Assumptions 5.1-5.2. Then for any ρ0 ∈ L1

x∩L∞x , there exists a solution ρ ∈ ℬb([0, T ];L1
x∩L∞x )

to (119), which moreover satisfies the estimate

sup 
t∈[0,T ]

∥ρt∥Lpx ⩽ exp

(︃(︃
1− 1 

p

)︃
T CK∥ρ0∥L1

x

)︃
∥ρ0∥Lpx ∀ p ∈ [1,∞]. (122)

Proof. The proof is based on a priori estimates and compactness arguments, similar to the ones 
already presented in Proposition 4.14 and Lemma 4.17. For this reason, we will sketch several 
passages and mostly focus on the ones related to the nonlinear kernel K , which require a different 
treatment.

Let {χε}ε>0 be a family of standard mollifiers on Rd associated to a radial χ ∈ C∞c . Corre
spondingly, consider the mollified kernels Kε given by

Kε
t (x, y) :=

∫︂
Rd×Rd

χε(x − x̃)Kt (x̃, ỹ)χ
ε(ỹ − y)dx̃ dỹ;

observe that they act on functions f by the relation

Kε
t ⊛ f = χε ∗ (Kt ⊛ (χε ∗ f )).

Using the above relations, it’s easy to verify that the family {Kε}ε>0 still satisfies Assump
tions 5.1-5.2 with same modulus h and uniform-in-ε constants. Given ρ0 ∈ L1

x ∩ L∞x , Z ∈ 𝒞𝔭g , 
consider suitable smooth approximations {ρε0}ε and Zε , such that

Zε→ Z in C𝔭
g , ρε0 → ρ0 in Lpx ∀ p ∈ [1,∞), ∥ρε0∥Lq ⩽ ∥ρ0∥Lq ∀ q ∈ [1,∞]

and define the mollified nonlinear PDEs

∂tρ
ε
t +∇ · [(Kε

t ⊛ ρεt )ρ
ε
t ] +

∑︂
k

∇ · (ξkρεt ) Żk,ε
t = 0. (123)

Since for ε > 0 the kernel Kε is smooth and ξ ∈ C2
b , standard results (dating back at least to 

Dobrushin [42]) ensure existence and uniqueness of solutions to (123). By Remark 4.13, such 
solutions solve the nonlinear RPDE associated to Zε and uε :=Kε⊛ρε; moreover ρεt = (Φε

t )♯ρ
ε
0

where Φε
t is the flow associated to (uε, ξ,Zε). Observe that, by properties of the push-forward 

map, it holds
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|ρεt | = (Φε
t )♯|ρε0 |, (124)

where |μ| = μ+ + μ− denotes the variation of a signed measure μ; in particular, ∥ρεt ∥L1
x
=

∥ρε0∥L1
x
⩽ ∥ρ0∥L1

x
. By Assumption 5.2, this implies that

sup 
ε>0, t⩾0

∥∇ · uεt ∥L∞x ⩽ CK∥ρεt ∥L1
x
⩽ CK∥ρ0∥L1

x

which in turn by estimate (64) and the choice of approximations yields

sup 
ε>0,t∈[0,T ]

∥ρεt ∥Lpx ⩽ exp

(︃(︂
1− 1 

p

)︂
CKT ∥ρ0∥L1

x

)︃
∥ρ0∥Lpx ∀ p ∈ [1,∞]. (125)

Combining this estimate (for p ∈ 1,∞) together with assumptions (120)-(121), we get

∥uεt ∥L∞x + sup 
x≠y

|uεt (x)− uεt (y)|
h(|x − y|) ≲ ∥ρ0∥L1

x∩L∞x (126)

uniformly in t ∈ [0, T ] and ε > 0. Arguing as in Proposition 4.14, Lemma 4.17 and Corol
lary 4.31, one can then check that the assumptions of Propositions B.1-B.4 are satisfied; therefore 
we can extract a (not relabeled) subsequence such that ρε → ρ in Cw([0, T ];L1

x). Since ρε

is bounded in ℬb([0, T ];L1
x ∩ L∞x ) by (125), we also get convergence in Cw([0, T ];Lpx ) for 

p ∈ (1,∞) and in Cw−∗([0, T ];L∞x ).
It remains to show that ρt is a weak solution to the nonlinear RPDE, in the sense of Def

inition 5.5; we will only show convergence of the nonlinear term, namely that for all t ⩾ 0 it 
holds

⟨φ,∇(uεt ρεt )⟩ = −⟨∇φ, (Kε
t ⊛ ρεt )ρ

ε
t ⟩→−⟨∇φ, (Kt ⊛ ρt )ρt ⟩ = ⟨φ,∇([Kt ⊛ ρt ]ρt )⟩ (127)

since the other terms can be treated as in Proposition 4.14.
Towards this end, recall that Kε

t ⊛ ρεt = χε ∗ (Kt ⊛ (χε ∗ ρεt )) and ρεt ⇀ ρt in L1
x ; by strong 

continuity of convolutions, it holds χε ∗ ρεt ⇀ ρt in L1
x as well. On the other hand, for any 

φ ∈ C∞c it holds χε ∗ φ→ φ in L1
x ∩ L∞x and by Assumption 5.1, the dual operator K⊛T ∈

ℒ(L1
x ∩ L∞x ;C0

b). Combining all these observations, by weak-strong convergence, for any φ ∈
C∞c it holds that

⟨φ,Kε
t ⊛ ρεt ⟩ = ⟨Kt ⊛T (χε ∗ φ),χε ∗ ρεt ⟩→ ⟨Kt ⊛T φ,ρt ⟩.

For fixed t , by (126) and Ascoli-Arzelà, the convergence of Kε
t ⊛ ρεt can be updated to uniform 

on compact sets, i.e. Kε
t ⊛ ρεt → Kt ⊛ ρt in C0

loc. Again by weak-strong convergence, it then 
follows that (Kε

t ⊛ ρεt )ρ
ε
t ⇀ (Kt ⊛ ρt )ρt in L1

loc, yielding (127).
To see that (122) holds, it suffices to pass to the limit in (125), using the lower semicontinuity 

of ∥ · ∥Lpx w.r.t. weak convergence (weak-∗ convergence for p=∞). □
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5.2. Uniqueness and stability

Proposition 5.8. Let 𝔭 ∈ [2,3), Z ∈ C𝔭
g , ξ ∈ C3

b with ∇ · ξ = 0, and let K be a kernel satisfying 
Assumptions 5.1-5.2-5.3. Then for any ρ0 ∈ L1

x ∩ L∞x , there can be at most one solution ρ ∈
ℬb([0, T ];L1

x ∩ L∞x ) to (119). Moreover, ρ ∈ C([0, T ];Lpx ) ∩ Cw−∗([0, T ];L∞x ) for all p ∈
[1,∞) and ρ is given by

ρt = (Φt )♯ρ0

where Φ is the flow generated by the RDE

dyt = ut (yt )dt + ξ(yt )dZt

for ut =Kt ⊛ ρt .

Proof. Existence of a solution ρ ∈ ℬb([0, T ];L1
x ∩ L∞x ) comes from Proposition 5.7. By Re

mark 5.4, for u :=K ⊛ ρ, we have

u ∈ L∞t L∞x , ∇ · u ∈ L∞t L∞x , u ∈ L∞t W 1,1
loc (128)

and u is Osgood continuous; therefore the flow representation and continuity properties of ρ
follow from Theorem 4.38. It only remains to show uniqueness of solutions.

Let ρ0 ∈ L1
x∩L∞x be fixed and assume we are given two distinct solutions ρi ∈ L∞t (L1

x∩L∞x ), 
i = 1,2. As above, ρi are solutions to the linear RPDEs with drifts uit := Kt ⊛ ρit , which are 
Osgood continuous and satisfy (128), therefore ρi = (Φi

t )♯ρ0, where Φi are the flows associated 
to the RDEs

dΦi
t (x)= uit (Φ

i
t (x))dt + ξ(Φi

t (x))dZt . (129)

Moreover arguing as in (124), it holds |ρit | = (Φi
t )♯|ρ0|. Define the quantity

It :=
∫︂
Rd

|Φ1
t (x)−Φ2

t (x)||ρ0(x)|dx;

in order to conclude, it suffices to show that It ≡ 0 for all t ∈ [0, T ]. Indeed if this is the case, 
then for any φ ∈ C∞c it holds

|⟨φ,ρ1
t − ρ2

t ⟩| =
⃓⃓⃓⃓ ∫︂
Rd

[︁
φ(Φ1

t (x))− φ(Φ2
t (x))

]︁
ρ0(x)dx

⃓⃓⃓⃓
≲

∫︂
Rd

|Φ1
t (x)−Φ2

t (x)||ρ0(x)|dx = 0

implying that ρ1
t = ρ2

t for all t ∈ [0, T ].
In order to estimate It , we need to manipulate the RDEs (129). First observe that each of them 

has associated forcing terms μit (x)=
∫︁ t

0 u
i
s(Φ

i
s(x))ds satisfying

∥μi(x)∥1,T ⩽ ∥ui∥L1
t L

∞
x
≲ ∥ρi∥ℬb([0,T ];L1

x∩L∞x ) ∀ x ∈Rd .
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Therefore we can apply Lemma 3.4 to deduce that

|Φ1
t (x)−Φ2

t (x)|≲
t∫︂

0 

|u1
s (Φ

1
s (x))− u2

s (Φ
2
s (x))|ds

where the hidden constant is uniform in t ∈ [0, T ] and x ∈Rd . Integrating in space and applying 
Fubini, we find

It ≲
t∫︂

0 

∫︂
Rd

|u1
s (Φ

1
s (x))− u2

s (Φ
2
s (x))||ρ0(x)|dx

≲
t∫︂

0 

∫︂
Rd

[︁|u1
s (Φ

1
s (x))− u1

s (Φ
2
s (x))||ρ0(x)|

]︁
+ [︁|(Ks ⊛ ρ1

s )(Φ
2
s (x))− (Ks ⊛ ρ2

s )(Φ
2
s (x))||ρ0(x)|

]︁
dx ds

=:
t∫︂

0 

(I 1
s + I 2

s )ds.

By Assumption 5.1, u1
t is Osgood with modulus proportional to ∥ρt∥L1∩L∞h; by Remark 2.9, 

we can assume h to be concave. Then by Jensen’s inequality we find

I 1
s ≲ ∥ρ1

s ∥L1
x∩L∞x

∫︂
Rd

h(|Φ1
s (x))−Φ2

s (x)|)|ρ0(x)|dx ≲ ∥ρ1
s ∥L1

x∩L∞x h(Is).

On the other hand, by applying the relations ρis = (Φi
s)♯ρ0, |ρ2

s | = (Φ2
s )♯|ρ0| and assumption 

(121) (for K̃ in place of K), it holds

I 2
s =

∫︂
Rd

|(Ks ⊛ ρ1
s )(x)− (Ks ⊛ ρ2

s )(x))||ρ2
s (x)|dx

=
∫︂
Rd

⃓⃓⃓⃓ ∫︂
Rd

[Ks(x,Φ
1
s (y))−Ks(x,Φ

2
s (y))]dy

⃓⃓⃓⃓
|ρ2
s (x)|dx

⩽ ∥ρ2
s ∥L∞x

∫︂
Rd

∫︂
Rd

|Ks(x,Φ
1
s (y))−Ks(x,Φ

2
s (y))|dx dy

≲ ∥ρ2
s ∥L∞x

∫︂
Rd

h(|Φ1
s (y))−Φ2

s (y))|)dy ≲ ∥ρ2
s ∥L∞x h(Is).

Combining everything, we arrive at
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It ≲
t∫︂

0 

(∥ρ1
s ∥L1

x∩L∞x + ∥ρ2
s ∥L1

x∩L∞x )h(Is)ds

which implies the conclusion by Lemma 2.11. □
We are now ready to present the

Proof of Theorem 1.4. In light of Proposition 5.8, we only need to verify that the convolutional 
kernel K satisfies Assumptions 5.1-5.2-5.3. Let K = K1 + K2 with K1 ∈ L1

x , K2 ∈ L∞x , as 
granted by assumption i. Then by Young’s inequalities⃦⃦|K| ∗ |f |⃦⃦

C0
b
⩽

⃦⃦|K1| ∗ |f |⃦⃦
C0
b
+⩽

⃦⃦|K2| ∗ |f |⃦⃦
C0
b
⩽ ∥K1∥L1

x
∥f ∥L∞x + ∥K1∥L2

x
∥f ∥L1

x
,

∥∇ · (K ∗ f )∥L∞x ⩽ ∥∇ ·K∥L∞x ∥f ∥L1
x
,

which verifies (120) and Assumption 5.2. Moreover by ii. and Mihlin’s multiplier theorem [57, 
Theorem 6.2.7], for any p ∈ (1,∞) we have

∥∇(K ∗ f )∥Lpx = ∥(∇K) ∗ f ∥Lpx ≲p ∥f ∥Lpx ⩽ ∥f ∥L1
x∩L∞x

verifying Assumption 5.3. It remains to check property (121); to this end, using Young’s inequal
ity as above, it suffices to show that K = K̃1 + K̃2, where K̃1 ∈ C1

b and

∥K̃2(x + ·)− K̃2∥L1
x
≲ h(|x|) ∀ x ∈Rd,

for some Osgood modulus of continuity h. We claim that we can achieve the above decomposi
tion with K̃2 ∈ L1

x and

h(r)= r(1− ln r)1(0,1)(r)+ r1[1,∞)(r);

since K̃2 ∈ L1
x , only the behavior of h for small enough r matters, so it suffices to show that

∥K̃2(x + ·)− K̃2∥L1
x
≲−|x| log |x| ∀ x ∈ B1/2. (130)

To achieve the desired decomposition, we work with inhomogeneous Littlewood-Paley blocks 
{Δj }j⩾−1, see [5]. Since K ∈ L1

x +L∞x , ΔjK ∈ C∞b for all j ⩾−1, therefore we can set

K̃1 =Δ−1K +Δ0K, K̃2 =
∑︂
j⩾1

ΔjK.

Thanks to assumption ii. and the action of multipliers on functions whose Fourier transform is 
supported in an annulus [5, Lemma 2.2], for every j ⩾ 1 it holds

∥ΔjK̃
2∥L1

x
⩽ ∥Δj−1K∥L1

x
+ ∥ΔjK∥L1

x
+ ∥Δj+1K∥L1

x
≲ 2−j

so that K̃2 belongs to the Besov space B1
1,∞ (thus also in L1

x).
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To conclude, it suffices to show that any f ∈ B1
1,∞ satisfies (130); by homogeneity, we may 

assume ∥f ∥B1
1,∞

= 1. Let x ∈Rd , |x|⩽ 1/2 be fixed; then by Bernstein inequalities and proper

ties of translations in W 1,1, for any N ∈N it holds that

∥f (x + ·)− f ∥L1
x
⩽

∞ ∑︂
j=−1

∥(Δjf )(x + ·)−Δjf ∥L1
x

≲
∑︂
j<N

|x|∥∇Δjf ∥L1
x
+

∑︂
j⩾N

2∥Δjf ∥L1
x

≲N |x| +
∑︂
j⩾N

2−j ∼N |x| + 2−N.

Taking N such that 2−N ∼ |x| (which is allowed since |x|⩽ 1/2), conclusion follows. □
Combining Propositions 5.7-5.8 and the stability results from Section 4.4, we obtain a com

prehensive well-posedness statement (in the sense of Hadamard) for (119) in the class of initial 
conditions ρ0 ∈ L1

x ∩L∞x .

Theorem 5.9. Let 𝔭 ∈ [2,3). Consider a sequence {(Zn, ξn,Kn)}n satisfying the assumptions of 
Proposition 5.8 uniformly in n, namely such that:

i) ∇ · ξn = 0 and Zn ∈ 𝒞𝔭g for all n;
ii) supn∈N

{︁∥ξn∥C3
b
+ ∥Zn∥𝔭,T

}︁
<∞;

iii) the kernels Kn satisfy Assumptions 5.1-5.2-5.3 with the same constants CK,CK,R indepen
dent of n.

Further assume that there exist (ξ,Z,K) such that:

1) ξn→ ξ uniformly on compact sets;
2) supt∈[0,T ] |Zn

0,t −Z0,t |→ 0;

3) for all φ ∈ C∞c , Kn
t ⊛T φ→Kt ⊛T φ strongly in L∞x , for all t ∈ [0, T ].

Let {ρn0 }n be a bounded sequence in L1
x ∩ L∞x , resp. ρ0 ∈ L1

x ∩ L∞x , and denote by ρn, resp. ρ, 
the associated unique solution to (119) associated to (Zn, ξn,Kn), resp. (Z, ξ,K), coming from 
Proposition 5.8. Then:

a) if ρn0 ⇀ρ0 in L1
x , then ρn→ ρ in Cw([0, T ];Lqx)∩Cw−∗([0, T ];L∞x ) for all q ∈ [1,∞);

b) if either ρn0
∗−⇀ ρ0 in L∞x , or ρn0 ⇀ ρ0 in Lpx for some p ∈ (1,∞), then ρn → ρ in 

Cw([0, T ];Lqx)∩Cw−∗([0, T ];L∞x ) for all q ∈ (1,∞).

If in addition to 1)-2)-3) we also have
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4) for any t ∈ [0, T ], the linear operators g ↦→ ∇ · (Kn
t ⊛ g) are uniformly compact from L1

x ∩
L∞x to L1

loc, in the following sense: if {gn}n is a bounded sequence in L1
x ∩ L∞x such that 

gn
∗−⇀g in L∞x , then ∇ · (Kn

t ⊛ gn)→∇ · (Kt ⊛ g) in L1
loc,

then:

c) if ρn0 → ρ0 in Lpx for some p ∈ [1,∞), then ρn→ ρ in C([0, T ];Lqx) for all q ∈ {p}∪ (1,∞).

Proof. We start by proving b). First notice that, since {ρn0 }n is bounded in L1
x ∩ L∞x , weak 

convergence in Lpx for some p ∈ (1,∞) is equivalent to weak convergence in any other Lp̃x with 
p̃ ∈ (1,∞), as well as to weak-∗ convergence in L∞x . Moreover, since {ρn0 }n is bounded in L1

x ∩
L∞x , it follows from (122) that {ρn}n⩾1 is bounded in ℬb([0, T ];Lpx ) for any p ∈ [1,∞]. Arguing 
similarly to the proof of Proposition 5.7, we can extract a subsequence {ρnk}k⩾1 which converges 
in Cw−∗([0, T ];L∞x ) and Cw([0, T ];Lqx) for all q ∈ (1,∞) to some limit ρ ∈ ℬb([0, T ];L1

x ∩
L∞x ).2 Once we show that ρ solves the nonlinear RPDE, uniqueness implies convergence of the 
full sequence {ρn}n⩾1, thus proving c).

We focus on the convergence of the drift terms; setting un :=Kn ⊛ ρn, u :=K ⊛ ρ, we want 
to show that unk → u in L1

t C
0
loc. Once this is shown, the rest of the argument is almost identical 

to that of Corollary 4.31. We start by showing that, for any fixed t ∈ [0, T ], unkt → ut in the sense 
of distributions. Indeed, for any φ ∈ C∞c and t ∈ [0, T ] we have

⟨unkt , φ⟩ = ⟨Knk
t ⊛ ρ

nk
t , φ⟩ = ⟨ρnkt ,K

nk
t ⊛T φ⟩→ ⟨ρt ,Kt ⊛T φ⟩ = ⟨Kt ⊛ ρt , φ⟩ = ⟨ut , φ⟩

where we used weak-strong convergence and assumption 3). Next, notice that thanks to the uni
form bounds in Assumptions 5.1-5.2- 5.3 and the uniform boundedness of ρn in ℬb([0, T ];L1

x ∩
L∞x ), we have

∥unt ∥L∞x + sup 
x≠y

|unt (x)− unt (y)|
h(|x − y|) <∞.

Therefore by Ascoli–Arzelà, for any fixed t , {unkt } is compact in C0
loc and weakly converging 

to ut ; thus unkt → ut in C0
loc as well. As the argument holds for any t , unk → u in L1

t C
0
loc by 

dominated convergence, which overall concludes the proof of c).
The proof of a) is almost identical, up to the fact that now since ρn0 ⇀ ρ0 in L1

x , we can 
successfully apply Proposition B.1 to deduce convergence in Cw([0, T ];L1

x) as well.
It remains to prove c), under the additional condition 4). Noting that under c) the assumptions 

of b) are also satisfied, by the previous proof we know that ρn → ρ in Cw([0, T ];Lqx) for all 
q ∈ (1,∞); if moreover p = 1, then the assumptions of a) are satisfied as well, so that ρn →
ρ in Cw([0, T ];L1

x). In what follows, let us only consider p ∈ (1,∞), the case p = 1 being 
similar. By part b), we know that ρn are solutions to the rough continuity equations associated to 
(un, ξn,Zn), where (ξn,Zn) satisfy i)-ii) and 1)-2), and for every R ∈ (0,+∞) we have

2 Since in b) we are not assuming ρn0 ⇀ρ0 weakly in L1
x , in general we do not have tightness estimates, so that we 

cannot invoke Lemma 4.17 and Proposition B.1 to deduce compactness in Cw([0, T ];L1
x).
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sup
n 

{︂
∥un∥L∞t L∞x + ∥∇un∥L∞t L1(BR)

}︂
<∞, un→ u in L1

t C
0
loc.

In order to conclude, it remains to show that ∇ · un → ∇ · u in L1
t L

1
loc, as in that case we 

can go through the same linear stability arguments as in Corollary 4.35. Since ρn → ρ in 
Cw−∗([0, T ];L∞x ), we can apply assumption 4) to deduce that

∇ · unt =∇ · (Kn
t ⊛ ρnt )→∇ · (Kt ⊛ ρt )=∇ · ut in L1

loc, ∀ t ∈ [0, T ].

By dominated convergence, ∇ · un→∇ · u in L1
t L

1
loc, yielding the conclusion. □

5.3. Yudovich theory for rough 2D Euler and random dynamical systems

We now apply the results from the previous section to the specific case of the rough stochastic 
Euler equations on R2, in vorticity form, given by

dωt +∇ · [(K ∗ωt) ·ωt ] dt +
m ∑︂
k=1 

∇ · (ξk ωt ) dZk
t = 0 (131)

where K is the Biot-Savart kernel, K(x)= cx⊥/|x|2 for x⊥ = (−x2, x1).
It is well-known that K satisfies the assumptions of Theorem 1.4. Indeed, as a Fourier multi

plier K =∇⊥Δ−1, so that ∇ ·K = 0 in the sense of distributions, and

ˆ︃∇K(η)=−η⊗ η

|η|2

which is 0-homogeneous. Finally, by its explicit formula in real space variables, it’s easy to check 
that K =K1|x|⩽1 +K1|x|>1 ∈ L1

x +L∞x .
Therefore by the proof of Theorem 1.4 we deduce that K satisfies Assumptions 5.1-5.2-5.3, 

with Osgood modulus of continuity h (cf. (130)) given by

h(r)= r(1− ln r)1(0,1)(r)+ r1[1,∞)(r), h(0)= 0.

Since K does not depend on time, it makes sense here to directly state results for global solu
tions, namely indexed over t ∈ R⩾0. In light of forthcoming applications to random dynamical 
systems, it makes sense to introduce some definitions. We set

𝒞𝔭g (R⩾0;Rm) :=
⋂︂
T>0

𝒞𝔭g ([0, T ];Rm)

which is a complete metric space when endowed with the distance

d𝔭,∞(Z, Z̃) :=
∞ ∑︂
n=1 

min
{︁
2−n, d𝔭,n(Z, Z̃)

}︁
74 



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124 

where d𝔭,T was given by (12). In particular, Zn → Z in 𝒞𝔭g (R⩾0;Rm) if and only if Zn → Z
in 𝒞𝔭g ([0, T ];Rm) for all T ∈ (0,+∞). We regard 𝒞𝔭g (R⩾0;Rm) as measurable space when 
endowed with the Borel σ -algebra induced by the metric d𝔭,∞.

Notice that, for any u⩾ 0, the translations τu given by

τuZ := (τuZ, τuZ), τuZt := Zt+u, τuZs,t =Zs+u,t+u

form a family of continuous mappings from 𝒞𝔭g (R⩾0;Rm) to itself, such that τuτv = τu+v for all 
u,v ⩾ 0.

We are now ready to state a rough version of Yudovich’s theorem.

Theorem 5.10. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g (R⩾0;Rm), ξ ∈ C3
b with ∇ · ξ = 0. Then for any ω0 ∈

L1
x ∩L∞x , there exists a unique global solution ω ∈ ℬb(R⩾0;L1

x ∩L∞x ) to (131), which moreover 
belongs to C(R⩾0;Lpx )∩Cw−∗(R⩾0;L∞x ) for any p ∈ [1,∞). The solution is renormalized and 
it is of the form

ωt(x)= ω0(Φ
−1
t (x)) (132)

where Φ is the flow generated by the RDE

dyt = ut (yt )dt + ξ(yt )dZt

for ut =K ∗ωt , K being the Biot-Savart kernel. Moreover, we have

∥ωt∥Lpx = ∥ω0∥Lpx , ∀ t ⩾ 0, ∀ p ∈ [1,∞]. (133)

Proof. Existence and uniqueness on fixed intervals [0, T ] follow from Propositions 5.7 and 5.8. 
By uniqueness, all maps defined in this way are consistent with each another; since we can take T
arbitrarily large, this defines a unique global solution, given by formula ωt = (Φt )♯ω0. Note that 
ω is also a solution of the linear equation with drift u, and ∇ ·ut = 0 since ∇ ·K = 0 in the sense 
of distributions; therefore ω solves both a continuity and a transport equation at the same time, 
and the representation (132) (as well as renormalizability) follow from Theorem 4.38. Equality 
(133) now follows from (132) and incompressibility of Φ−1

t . □
As before, also in the Euler case we obtain stability results, w.r.t. both weak and strong topolo

gies. For simplicity, here we keep the Biot-Savart kernel K fixed, but we could approximate it by 
smooth kernels as well (e.g. by mollifications, or multiplications by a cutoff close to 0 0).

Theorem 5.11. Let 𝔭 ∈ [2,3). Consider a sequence {(Zn, ξn)}n satisfying the assumptions of 
Theorem 5.10 uniformly in n ∈N and T ∈ (0,+∞), namely such that:

i) ∇ · ξn = 0 and 𝒞𝔭g (R⩾0;Rm) for all n;
ii) supn∈N

{︁∥ξn∥C3
b
+ ∥Zn∥𝔭,T

}︁
<∞ for all T > 0.

Further assume that there exist (ξ,Z) such that

75 



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124 

1) ξn→ ξ uniformly on compact sets;
2) supt∈[0,T ] |Zn

0,t −Z0,t |→ 0, for all T > 0.

Let {ωn0}n be a bounded sequence in L1
x ∩ L∞x , resp. ω0 ∈ L1

x ∩ L∞x , and denote by ωn, resp. 
ω, the associated unique solution to (131) associated to (Zn, ξn), resp. (Z, ξ). Then, for all 
T ∈ (0,+∞), it holds that:

a) if ωn0 ⇀ω0 in L1
x , then ωn→ ω in Cw([0, T ];Lqx)∩Cw−∗([0, T ];L∞x ) for all q ∈ [1,∞);

b) if either ωn0
∗−⇀ ω0 in L∞x , or ωn0 ⇀ ω0 in Lpx for some p ∈ (1,∞), then ωn → ω in 

Cw([0, T ];Lqx)∩Cw−∗([0, T ];L∞x ) for all q ∈ (1,∞).
c) if ωn0 → ω0 in Lpx for some p ∈ [1,∞), then ωn → ω in C([0, T ];Lqx) for all q ∈ {p} ∪

(1,∞).

Proof. The statement is a direct consequence of Theorem 5.9, since conditions i)-ii)-iii) and 1)
2)-3) are satisfied for any finite interval [0, T ]. Notice moreover that 4) is automatically satisfies, 
since Kn =K for all n and ∇ · (K ∗ g)= (∇ ·K) ∗ g = 0 for all functions g ∈ L1

x . □
Next, we show how the above results can be used to generate a random dynamical system for 

the rough 2D Euler system (131), when Z is a random driver. To this end, we need to introduce 
some notation and definitions; we follow [18]. Given a probability space Ω, we will denote its 
elements by ϖ , so to avoid notational conflict with the vorticity ω.

Definition 5.12. Let (Ω,ℱ ,P ) be a probability space and let θ = (θt )t⩾0 be a family of measur
able mappings from (Ω,ℱ) to itself. We say that the tuple (Ω,ℱ ,P , θ) is a measurable metric 
dynamical system3 provided that:

• (t,ϖ) ↦→ θtϖ is ℬ(R⩾0)⊗ℱ/ℱ measurable;
• θ0 = IdΩ;
• θs+t = θt ◦ θs for all s, t ⩾ 0;
• P ◦ θ−1

t = P for all t ⩾ 0.

Definition 5.13. Let (Ω,ℱ ,P , θ) be a measurable metric dynamical system. A geometric 𝔭
rough path cocycle is a random variable Z :Ω→ 𝒞𝔭g (R⩾0;Rm) such that, for every ϖ ∈Ω, we 
have the cocycle property

δZs+h,t+h(ϖ)= δZst (θhϖ), Zs+h,t+h(ϖ)=Zst (θhϖ). (134)

Note that, given a geometric 𝔭-rough path cocycle Z, we can always realize it as a canonical 
process, namely take Ω= 𝒞𝔭g (R⩾0;Rm), P the law of Z and θh = τh. The cocycle property (134)
then amounts to the stochastic process having stationary rough path increments.

It is shown in [18, Section 2] that a large class of Gaussian stochastic processes, including 
fractional Brownian motion for H ∈ (1/3,1), can be lifted to such a geometric 𝔭-rough path 
cocycle with 𝔭 ∈ [2,3).

3 Contrary to what the name suggests, there is no metric space structure involved in Definition 5.12.
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Definition 5.14. Let (Ω,ℱ ,P , θ) be a measurable metric dynamical system and let (𝒳 , τ ) be a 
topological space. A mapping

Φ : [0,∞)×Ω×𝒳 →𝒳

a continuous random dynamical system (continuous RDE for short) on 𝒳 provided that:

• Φ(t,ϖ, ·) :𝒳 →𝒳 is continuous for every (t,ϖ) ∈R⩾0 ×Ω;
• Φ(0,ϖ, ·)= Id𝒳 for every ϖ ∈Ω;
• Φ(t + s,ϖ, ·)=Φ(t, θsϖ, ·) ◦Φ(s,ϖ, ·) for all (s, t,ϖ) ∈R2

⩾0 ×Ω.

In light of Theorem 5.10 for any R ∈ (0,+∞), the set

𝒳R :=
{︂
ω0 ∈ L1

x ∩L∞x : ∥ω0∥L1
x∩L∞x ⩽R

}︂
is invariant under the dynamics (131). Notice that 𝒳R is a closed, convex, bounded subset of 
L
p
x (by Fatou’s lemma) and therefore it is also closed w.r.t. to the weak topology of Lpx , for any 

p ∈ [1,∞); similarly, it is closed under the weak-∗ topology of L∞x . Being closed and bounded, 
by the Banach-Alaoglu theorem, 𝒳R is compact in the weak-∗ topology, with topology induced 
by a metric. Moreover, since 𝒳R is bounded in Lpx for every p, it is also weakly compact in 
L
p
x for every p ∈ (1,∞); in fact, for such p, the weak-∗ topology of L∞x and weak topology 

of Lpx coincide on 𝒳R , as they are induced by the same metric. Similarly, it is clear that given a 
sequence {f n}n ⊂ 𝒳R , f n→ f in Lpx for some p ∈ (1,∞) if and only if f n→ f in Lqx for all 
q ∈ (1,∞), and that different Lpx norms induce the same metric.

To sum up, for any R ∈ (0,+∞), we have two main candidate topologies we can endow 𝒳R

with:

• The topology induced by the weak-∗ topology of L∞x , equivalently induced by the weak 
topology of Lpx for any p ∈ (1,∞), which we denote by τweak . (𝒳R, τ

weak) is then a compact 
metric space.

• The topology induced by ∥ · ∥Lpx for any p ∈ (1,∞), which we denote by τ strong . 
(𝒳R, τ

strong) is then a separable metric space.

Theorem 5.15. Let 𝔭 ∈ [2,3), R ∈ (0,+∞), ξ ∈ C3
b with ∇ ·ξ = 0 and Z be a geometric 𝔭-rough 

path cocycle. Then (131) generates a continuous random dynamical system on (𝒳R, τ
weak) and 

on (𝒳R, τ
strong).

Proof. Denote by S(s, t,ϖ,ω0) the solution of (131) at time t when the equation is started in 
ω0 ∈𝒳R at time s and the driving rough path is Z(ω). From (133), S(s, t,ϖ, ·) is a well-defined 
map from 𝒳R into itself, which is continuous w.r.t. both τweak and τ strong thanks to points b) 
and c) of Theorem 5.11.

It is straightforward to check that by uniqueness we get the flow property

S(s, t,ϖ,ω0)= S(u, t,ϖ, ·) ◦ S(s,u,ϖ,ω0), ∀ (s, u, t,ϖ,ω0) ∈Δ(2)
T ×Ω×𝒳 <−r.

Moreover, using uniqueness and the cocycle property of Z we find that
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S(h, t + h,ϖ,ω0)= S(0, t, θhϖ,ω0) ∀ (t, h,ϖ,ω0) ∈ [0,∞)2 ×Ω×𝒳R.

Combining all these observations, we conclude that the map Φ : [0,∞)×Ω×𝒳R →𝒳R defined 
by

Φ(t,ϖ,ω0)= S(0, t,ϖ,ω0)

is a continuous random dynamical system. □
Remark 5.16. (𝒳R, τ

weak) and (𝒳R, τ
strong) are natural choices to discuss continuous RDS in

duced by the Euler dynamics, in light of their compactness/separability properties, but they are 
not the only possible ones. For instance, we could have endowed 𝒳R with the convergence in
duced by ∥ · ∥L1

x
, which is slight stronger than convergence in Lpx for some p > 1. Alternatively, 

we could have considered the whole 𝒳 = L1
x ∩ L∞x , with norm ∥ · ∥L1

x∩L∞x ; notice however 
that this space is not separable, and convergence in L∞x is a very strong assumption. More
over, if f n → f in L1

x ∩ L∞x , then we can find R <∞ such that {f n}n ⊂ 𝒳R and f n → f in 
(𝒳R, τ

strong). Finally, one could be tempted to consider 𝒳R endowed with weak L1
x-topology; 

however in this case we cannot prove Theorem 5.15, as this topology is not metrizable, there
fore the sequential continuity provided by part a) of Theorem 5.11 is not enough to guarantee 
continuity of the solution map.

5.4. More refined existence results for 2D Euler

As the Biot–Savart kernel K presents a specific structure, we can obtain more sophisticated 
results than in the general case of (119). In particular, we can derive a weak existence result, in 
the style of those from DiPerna-Majda [41], Delort [36] and Schochet [89], concerning L1

x ∩Lpx
valued solutions, for any p⩾ 1. To this end, we need a preliminary lemma.

Lemma 5.17. Let K be the Biot-Savart kernel on R2; then the map f ↦→ ∇ · [(K ∗ f )f ], pre
viously defined from L1

x ∩ L∞x to (W 1,∞)∗, extends uniquely to a map from L1
x to (W 2,∞)∗, 

satisfying

∥∇ · [(K ∗ f )f ]∥(W 2,∞)∗ ≲ ∥f ∥2
L1
x
.

Moreover if f n ⇀ f in L1
x , then ∇ · [(K ∗ f n)f n] converge to ∇ · [(K ∗ f )f ] in the sense of 

distributions.

Proof. Since K(z)∼ z⊥/|z|2 is an odd kernel, upon symmetrization one finds

⟨∇ · [(K ∗ f )f ], φ⟩ ∼
∫︂

R2×R2

(x − y)⊥ · (∇φ(x)−∇φ(y))
|x − y|2 f (x)f (y)dxdy (135)

which implies the estimate

|⟨∇ · [(K ∗ f )f ], φ⟩|⩽ ∥f ∥2
L1
x
∥φ∥W 2,∞ .
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The second claim follows from formula (135) and the fact that, if ρn ⇀ ρ in L1(R2), then 
ρn ⊗ ρn ⇀ ρ ⊗ ρ in L1(R2 ×R2). □
Remark 5.18. Lemma 5.17 readily allows to give meaning to weak solutions ω ∈ ℬb([0, T ];L1

x)

to (131), in the style of Definition 4.12. Indeed, in this case the forcing term μ with μ̇=∇ · [(K ∗
ω)ω] is well defined and

∥μ∥C1−var([s,t];ℱ−2,R)
⩽

t∫︂
s

∥∇ · ([K ∗ωs]ωs)∥ℱ−2,Rds ≲ |t − s|∥ω∥2
ℬb([s,t];L1

x)
(136)

uniformly in s ⩽ t and R ⩾ 1.

Proposition 5.19. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g (R⩾0;Rm), ξ ∈ C2
b with ∇ · ξ = 0. Then for any p ∈

[1,∞) and any ω0 ∈ L1
x ∩ L

p
x , there exists a global weak solution ω ∈ ℬb(R⩾0;L1

x ∩ L
p
x ) to 

(131) satisfying

sup
t⩾0 

∥ωt∥Lqx ⩽ ∥ω0∥Lqx ∀ q ∈ [1,p]. (137)

Proof. We give the proof for p = 1, the other cases being similar. For fixed Z, consider a 
sequence of approximations (ξn,ωn0) of (ξ,ω0) obtained by mollifications, so that ξn ∈ C3

b , 
ωn0 ∈ L1

x ∩L∞x and

sup
n 
∥ξn∥C2

b
⩽ ∥ξ∥C2

b
, ∇ · ξn = 0, ξn→ ξ in C2

loc,

sup
n 
∥ωn0∥L1

x
⩽ ∥ω0∥L1

x
, ωn0 → ω0 in L1

x.

For each ωn0 , let ωn be the unique solution in ℬb(R⩾0;L1
x ∩L∞x ) to

dωnt +∇ · [(K ∗ωnt ) ·ωnt ] dt +
m ∑︂
k=1 

∇ · (ξnk ωt ) dZk
t = 0

whose existence is guaranteed by Theorem 5.10. By (132), such solutions are of the form

ωnt (x)= ωn0(Φ
−1;n
t (x)) (138)

where Φn
t , resp. Φ−1;n

t , are incompressible flows. By construction, we have

sup
t⩾0 

∥ωnt ∥L1
x
= ∥ωn0∥L1

x
⩽ ∥ω0∥L1

x
∀ n ∈N. (139)

Set K1 :=K1|x|⩽1, K2 :=K1|x|>1, so that the Biot-Savart kernel decomposes

K =K1 +K2, K1 ∈ Lqx ∀ q ∈ [1,2), K2 ∈ Lq̃x ∀ q̃ ∈ (2,∞]; (140)
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then the velocity fields unt := K ∗ ωnt associated to the solutions similarly decompose as unt =
u
n,1
t + u

n,2
t , where by (139) and Young convolutional inequalities we have

sup 
n∈N

sup 
t∈[0,T ]

∥un,1t ∥L1
x
⩽ ∥K1∥L1

x
∥ωnt ∥L1

x
≲ ∥ω0∥L1

x
,

sup 
n∈N

sup 
t∈[0,T ]

∥un,2t ∥L∞x ⩽ ∥K2∥L∞x ∥ωnt ∥L1
x
≲ ∥ω0∥L1

x
.

(141)

By the uniform estimate (141), arguing as in Lemma 4.17 (in particular, bound (78)) and Corol
lary 4.31, we deduce that

lim 
R→∞ sup 

n∈N
sup 

t∈[0,T ]

∫︂
|x|>R

|ωnt (x)|dx = 0 ∀ T ∈ (0,∞). (142)

Estimate (139) provided equiboundedness for {ωn}n, (142) tightness; using the flow representa
tion (138), the fact that ωn0 → ω0 and arguing as in Proposition 4.14, local equi-integrability of 
{ωn}n follows as well. In order to invoke Proposition B.1, it remains to verify weak equicontinu
ity.

Note that ωn solves a rough continuity equation with forcing μnt :=
∫︁ t

0 ∇ · [(Ks ∗ ωns )ωns ]ds
and we have the uniform bound (139). We can thus invoke the a priori estimates from Lemma 4.9
(in particular, apply bound (54), together with (139) and the formula for w∗) to find

∥ωnt −ωns ∥ℱ−1,R ⩽ ⟦ωn⟧𝔭,[s,t];E−1 ≲wAn(s, t)
1 
𝔭 +wAn(s, t)

1 
𝔭
− 1

3wμn(s, t)
1
3 +wμn(s, t)

1
2

where the operators An are defined in function of (ξn,Z) as in Lemma 4.11. Noting that Z (which 
is independent of n) is responsible for the time regularity of An, and that {ξn} are bounded in 
C2
b , for any T ∈ (0,∞) we can find a control γT such that

sup 
n∈N

wAn(s, t)⩽ γT (s, t) ∀ (s, t) ∈ΔT .

Moreover by estimate (136), we have

wμn(s, t)= ⟦μn⟧C1−var([s,t];ℱ−2,R)
≲ |t − s|∥ωn∥2

ℬb([0,T ];L1
x)
⩽ |t − s|∥ω0∥L1

x

and so overall we find

sup 
n∈N

∥ωnt −ωns ∥ℱ−1,R ≲T γT (s, t)
1 
𝔭 + γT (s, t)

1 
𝔭
− 1

3 |t − s| 1
3 + |t − s| 1

2

∀ (s, t) ∈ΔT , T ∈ (0,+∞).

We can therefore apply Proposition B.1 to extract a (not relabeled) subsequence such that ωn→
ω in Cw([0, T ];L1

x), for fixed finite T ; up to a Cantor diagonal argument, we may further assume 
that the above convergence holds for all T ∈ (0,+∞).

By (139) and properties of weak convergence, ω satisfies (137), so it only remains to show 
that solves (131). By Lemma 5.17 and dominated convergence, it’s easy to check that
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μnt =
t∫︂

0 

∇ · [(Ks ∗ωns )ωns ]ds→
t∫︂

0 

∇ · [(Ks ∗ωs)ωs]ds =: μt ∀t ⩾ 0

in the sense of distributions; the rest of the argument needed in order to pass to the limit in the 
rough part is then identical to that of Proposition 4.14, which overall shows that ω solves (131)
as desired. □

Under additional regularity of ξ and higher integrability, the weak solutions from Proposi
tion 5.19 satisfy additional properties.

Proposition 5.20. Let 𝔭 ∈ [2,3), Z ∈ 𝒞𝔭g (R⩾0;Rm), ξ ∈ C3
b with ∇ · ξ = 0. Let p ∈ [2,∞), 

T ∈ (0,+∞) and suppose that ω ∈ ℬb([0, T ];L1
x ∩ Lpx ) is a weak solution to (131). Then ω ∈

C([0, T ];L1
x ∩Lpx ) and is renormalized: for any β ∈ C1

b , v = β(ω) is a weak solution on [0, T ]
to the RPDE

dvt + (K ∗ωt) · ∇vt + ξ · ∇vt dZt = 0.

Proof. Since ω also solves a linear transport (equiv. continuity) RPDE with drift u=K ∗ ω, in 
order to conclude we want to invoke Theorem 4.29, Proposition 4.33 and Corollary 4.36. To this 
end, since ω ∈ ℬb([0, T ];L2

x) and ∇ · u= 0, it suffices to check that

u 
1+ |x| ∈ ℬb([0, T ];L2

x), ∇u ∈ ℬb([0, T ];L2
x). (143)

The second requirement immediately follows from properties of the Biot-Savart kernel, so we 
focus on the first one. Employing the decomposition (140) of K and setting corresponding

u= u1 + u2 =:K1 ∗ω+K2 ∗ω,
by (140) and Young convolution inequalities it holds that

∥u1
t ∥L2

x
⩽ ∥K1∥L1

x
∥ωt∥L2

x
≲ ∥ω∥ℬb([0,T ];L2

x )
,⃦⃦⃦⃦

u2
t

1+ |x|
⃦⃦⃦⃦
L2
x

⩽ ∥K2 ∗ωt∥L4
x

⃦⃦⃦⃦
1 

1+ |x|
⃦⃦⃦⃦
L4
x

≲ ∥K2∥L4
x
∥ωt∥L1

x
≲ ∥ω∥ℬb([0,T ];L1

x)

which overall proves (143). □
Proof of Theorem 1.6. This is just a combination of Propositions 5.19 and 5.20, the latter ap
plied on [0, T ] for any finite T . □
Remark 5.21. Our results are partially incomplete compared to the deterministic case [41,36,89], 
where the possibility of measure-valued initial conditions ω0 ``with a preference sign'' is allowed 
(think of ω0 = δ0 + ω̃0, where ω̃0 ∈ L1

x . Moreover in the series of works [3,21,22], it has been 
shown that in the full range p ∈ [1,∞), (L1

x ∩ Lpx )-valued solutions can be constructed in such 
a way that they are renormalized and admit a Lagrangian representation. We leave such more 
delicate extension to future works.
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Appendix A. Some useful lemmas

We collect in this appendix some basic results that have been used throughout the paper. We 
start with some well-known Taylor-type expansion which are frequently needed in rough path 
theory.

To this end, let us consider a path y : I → Rd and a regular function f : Rd → R; one can 
then immediately extend everything to Rm-valued functions by arguing componentwise. For 
k ∈ {1,2}, define

⦅f ⦆k,yst =
1 ∫︂

0 

(1− λ)k−1f (ys + λδyst )dλ;

then by Taylor’s formula we have

δf (y)st := f (yt )− f (ys)= ⦅Df ⦆1,y
st δyst , ⦅f ⦆1,y

st − f (ys)= ⦅Df ⦆2,yδyst .

Lemma A.1. Let f ∈ C2
b(R

d ;R), ξ ∈ C0
b(R

m;Rd); then there exists a constant C = C(∥ξ∥C0
b
, 

∥f ∥C2
b
) such that for any y : I →Rd and any z ∈Rm it holds

|δf (y)st −Df (ys)ξ(ys)z|≲ |δyst − ξ(ys)z| + |δy||z| ∀ (s, t) ∈ΔI , z ∈Rm.

Proof. By Taylor expansion and algebraic manipulations, it holds

δf (y)st −Df (ys)ξ(ys)z= ⦅Df ⦆1,y
st δyst −Df (ys)ξ(ys)z

= ⦅Df ⦆1,y
st [δyst − ξ(ys)z] + ⦅D2f ⦆2,y

st δyst ξ(ys)z;

the regularity assumptions on f , ξ then readily imply the conclusion. □
Lemma A.2. Let f ∈ C2

b(R
d ;R), then there exists C = C(∥f ∥C2

b
) such that

|f (x1)− f (x2)− f (x3)+ f (x4)|≲ |x1 − x2||x2 − x4| + |x1 − x2 − x3 + x4| ∀ xi ∈Rd .
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Proof. Again applying Taylor expansions and algebraic manipulations, we find

f (x1)− f (x2)− f (x3)+ f (x4)

=
(︃ 1 ∫︂

0 

[︁
Df (x2 + λ(x1 − x2))−Df (x4 + λ(x1 − x2))

]︁
dλ

)︃
(x1 − x2)

+ [︁
f (x4 + x1 − x2)− f (x3)];

since by assumption f and Df are globally Lipschitz, conclusion follows. □
In order to state the next lemma, it is convenient to introduce some basic notation. Given 

f ∈ C2
b , ξ ∈ C0

b and y, z as in Lemma A.1, let us set

f (y)
♯
st := δf (y)st −Df (ys)ξ(ys)z, y

♯
st := δyst − ξ(ys)z;

moreover for fixed ξ and z, given two distinct paths y1, y2, consider

vt := y1
t − y2

t , v
♯
st := y

1,♯
st − y

2,♯
st = δvst − (ξ(y1

s )− ξ(y2
s ))z.

Lemma A.3. Let f ∈ C3
b , ξ ∈ C1

b ; then there exists a constant C = C(∥ξ∥C1
b
,∥f ∥C3

b
) such that 

for any y1, y2 : I →Rd and any z ∈Rm, for v as defined above, it holds

|f (y1)
♯
st − f (y2)

♯
st |≲ |v♯st | + |δvst |

(︁|y1,♯
st | + |z|

)︁+ |vs |(︁|y1,♯
st | + |δy1

st ||z|
)︁ ∀ (s, t) ∈ΔI .

Proof. Similar computations to those from Lemma A.1 give us

f (y1)
♯
st − f (y2)

♯
st = ⦅Df ⦆1,y1

st y
1,♯
st − ⦅Df ⦆1,y2

st y
2,♯
st +

+
(︂ 1 ∫︂

0 

[︁
Df (y1

s + λδy1
st )−Df (y1

s )
]︁
dλ

)︂
ξ(y1

s )z

−
(︂ 1 ∫︂

0 

[︁
Df (y2

s + λδy2
st )−Df (y2

s )
]︁
dλ

)︂
ξ(y2

s )z

= I1 + I2 + I3 + I4

for

I1 := ⦅Df ⦆1,y2

st (y
1,♯
st − y

2,♯
st )= ⦅Df ⦆1,y2

st v
♯
st ,

I2 :=
(︂ 1 ∫︂

0 

[︁
Df (y1

s + λδy1
st )−Df (y2

s + λδy2
st )

]︁
dλ

)︂
y

1,♯
st ,
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I3 :=
(︂ 1 ∫︂

0 

[︁
Df (y1

s + λδy1
st )−Df (y1

s )−Df (y2
s + λδy2

st )+Df (y2
s )

]︁
dλ

)︂
ξ(y2

s )z,

I4 := ⦅D2f ⦆2,y2

st δy1
st

(︁
ξ(y1

s )− ξ(y2
s )

)︁
z.

We can estimate terms I1, I2 and I4 in a standard manner, yielding

|I1|≲ |v♯st |, |I2|≲ (|vs | + |δvst |)|y1,♯
st |, |I4|≲ |δy1

st ||vs ||z|.

For term I3 we can instead apply Lemma A.2, which gives

|I3|≲
(︁|δy1

st ||vs | + |δvst |
)︁|z|.

Combining all the estimates gives the conclusion. □
The next basic lemma allows to pass from local to global estimates, which is often useful to 

obtain a priori estimates when combined with sewing techniques (Lemma 2.7).

Lemma A.4. Let I be an interval, E a Banach space, g ∈ C(ΔI ;E); suppose there exist con
stants C, h > 0, an exponent 𝔭 ∈ (0,+∞) and some controls w, w̃ on I such that

∥gst∥E ⩽ C w̃(s, t)
1 
𝔭 for all (s, t) ∈ΔI such that w(s, t)⩽ h. (144)

Then g ∈ C𝔭−var
2 (I ;E) and it holds

⟦g⟧𝔭,[s,t];E ≲𝔭 C w̃(s, t)
1 
𝔭 + h

− 1 
𝔭 w(s, t)

1 
𝔭 ∥g∥C(Δ[s,t];E) ∀ (s, t) ∈ΔI (145)

where we set ∥g∥C(Δ[s,t];E) := sup(u,v)∈Δ[s,t] ∥guv∥E .
If additionally 𝔭 ∈ [1,∞) and g is the increment of a path, i.e. g = δx for some x ∈ C(I ;E), 

then it holds

⟦x⟧𝔭,[s,t];E ⩽ 2C w̃(s, t)
1 
𝔭

(︂
1+ h

1 
𝔭
−1
w(s, t)

1− 1 
𝔭

)︂
∀ (s, t) ∈ΔI (146)

where the estimate now does not depend on 𝔭.

Proof. Up to relabeling the controls w, w̃, we can assume C = h= 1 in both cases.
Fix (s, t) ∈ΔI and consider any finite partition π = {ti}Ni=0 of [s, t]. Correspondingly, define 

ℐ := {i ∈ {0, . . . ,N−1} :w(ti, ti+1)⩽ 1}; by superadditivity, 
∑︁

i w(ti , ti+1)⩽w(s, t), therefore 
the complement ℐc = {0, . . . ,N−1}\ℐ can have at most cardinality w(s, t). In order to estimate 
the 𝔭-variation of g along the partition π , we split the sum and treat differently i ∈ ℐ and i ∈ ℐc:∑︂

i

∥gti ti+1∥𝔭E ⩽
∑︂
i∈ℐ 

∥gti ti+1∥𝔭E +
∑︂
i∈ℐc

∥gti ti+1∥𝔭E

⩽
∑︂
i∈ℐ 

w̃(ti , ti+1)+Card(ℐc) ∥g∥𝔭
C(Δ[s,t];E)
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⩽ w̃(s, t)+w(s, t)∥g∥𝔭
C(Δ[s,t];E)

where we first used the assumption (144), then superadditivity of w̃ and finally the above obser
vation on Card(ℐc). Taking supremum over all possible partitions and elevating both sides of the 
estimate to 1/𝔭 readily yields (145).

Concerning the claim (146), we proceed as in [55, Proposition 5.10(ii)]. Fix any [s, t] ⊂ I ; 
we only need to consider the case w(s, t) > 1, otherwise there is nothing to prove (since (146) is 
implied by (144)). Define t0 = s and ti+1 = inf{u > ti :w(ti, u)= 1} ∧ t , then by superadditivity 
it holds tn = t for n ⩾ w(s, t) and the resulting partition contains at most N = 1 + w(s, t) ⩽
2w(s, t) subintervals. It holds

∥δxst∥E ⩽
N−1∑︂
i=0 

∥δxti ,ti+1∥E ⩽
N−1∑︂
i=0 

w̃(ti , ti+1)
1 
𝔭

⩽N
1− 1 

𝔭

(︂N−1∑︂
i=0 

w̃(ti , ti+1)
)︂ 1 

𝔭 ⩽ 2 w(s, t)1−
1 
𝔭 w̃(s, t)

1 
𝔭

where we used the previous observation on N , superadditivity of w̃ and Hölder’s inequality. 
Combined with the assumption (144), this overall shows that for any (s, t) ∈ΔI it holds

∥δxst∥E ⩽ 2w̃(s, t)
1 
𝔭
(︁
1+w(s, t)

1 
𝔭
)︁

which readily yields the conclusion in view of Remark 2.2. □
Another basic tool in a priori estimates is the so called rough Grönwall lemma. Recall that, 

as in Remark 2.6, a function γ : ΔT → [0,+∞) is increasing if γ (s, t) ⩽ γ (s′, t ′) whenever 
[s, t] ⊂ [s′, t ′].

Lemma A.5 (Lemma A.2 from [63]). Let G : [0, T ] → R⩾0 be a path such that for some con
stants C, L> 0, 𝔭 ∈ [1,∞), some control w and some increasing function γ on ΔT , one has

Gt −Gs ⩽ C sup
r⩽t 

Gr w(s, t)
1 
𝔭 + γ (s, t)

for every s < t satisfying w(s, t)⩽ L. Then it holds

sup 
t∈[0,T ]

Gt ⩽ 2 exp

(︃
w(0, T )

λL 

)︃(︂
G0 + γ (0, T )

)︂
for λ := 1∧ [L(2Ce2)𝔭]−1.

Appendix B. Compactness criteria

We collect here some useful compactness Ascoli–Arzelà type results, tailored to uniform con
vergence in weak topologies (cf. Definition 2.12).
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To this end, recall that ⟨·, ·⟩ denotes both the duality pairing between test functions C∞c and 

distributions 𝒟′, and between Lpx and its dual Lp
′

x . For any p ∈ [1,∞), we employ the notation 
Cw([0, T ];Lpx ) in agreement with Definition 2.12, similarly for Cw−∗([0, T ];L∞x ).

The next statement is taken from [34], although we conveniently rephrase it in terms of 
Definition 2.12, so that it can be interpreted as a compactness criterion for convergence in 
Cw([0, T ];L1).

Proposition B.1 (Theorem A.1 from [34]). Let T ∈ (0,+∞), {f n}n be a sequence in 
ℬb([0, T ];L1

x) which is bounded and equi-integrable in space, uniformly in time, namely such 
that:

i. (uniform boundedness) supn∈N,t∈[0,T ] ∥f n
t ∥L1 <∞.

ii. (local equi-integrability) For any ε > 0 there exists δε > 0 such that

L d(A) < δε ⇒ sup 
n∈N,t∈[0,T ]

∫︂
A 

|f n
t (x)|dx < ε;

iii. (tightness) For any ε > 0 there exists Ωε ⊂Rd such that

L d(Ωε) <∞ and sup 
n∈N,t∈[0,T ]

∫︂
Rd\Ωε

|f n
t (x)|dx < ε.

Further assume the following:

iv. (weak equicontinuity) For every φ ∈ C∞c , the functions {t ↦→ ⟨f n
t , φ⟩}n are uniformly 

equicontinuous on [0, T ]; namely, for any ε > 0 there exists δ = δ(φ, ε) > 0 such that

s, t ∈ [0, T ], |t − s|< δ ⇒ sup 
n∈N

|⟨f n
t − f n

s , φ⟩|< ε.

Then there exists a subsequence {f nk }k and a function f such that f nk → f in Cw([0, T ];L1
x).

Under weaker assumptions, we can still deduce ``uniform weak convergence in L1
loc''.

Definition B.2. We say that f n → f in Cw([0, T ];L1
loc) if, for every φ ∈ C∞c , f nφ→ f φ in 

Cw([0, T ];L1).

Corollary B.3. Let T ∈ (0,+∞), {f n}n be a sequence in ℬb([0, T ];L1
x) which is bounded, lo

cally equi-integrable and weakly equicontinuous, namely satisfying properties i., ii. and iv. from 
Proposition B.1. Then there exists a subsequence {f nk }k and a function f ∈ ℬb([0, T ];L1

x) such 
that f nk → f in Cw([0, T ];L1

loc). Moreover it holds

∥f ∥ℬb([0,T ];L1
x)
= sup 

t∈[0,T ]
∥ft∥L1 ⩽ lim inf

n→∞ 
sup 

t∈[0,T ]
∥f n

t ∥L1 = lim inf
n→∞ 

∥f n∥ℬb([0,T ];L1
x)
. (147)

86 



L. Galeati, J.-M. Leahy and T. Nilssen Journal of Differential Equations 462 (2026) 114124 

Proof. First notice that, by definition of convergence in Cw([0, T ];L1
x), if gn → g in 

Cw([0, T ];L1
x), then also gnφ→ gφ in Cw([0, T ];L1

x), for any φ ∈ L∞x .
Consider a sequence {ψR}R∈N ⊂ C∞c of nonnegative functions such that ψR ≡ 1 on BR , 

ψR ≡ 0 on Bc
R+1 and ψRψR+1 = ψR . By assumption, for any fixed R, {f nψR}n satisfies the 

assumptions of Proposition B.1, therefore we can extract a (not relabeled) subsequence so that 
f nψR → gR for some gR ∈ Cw([0, T ];L1

x). By the initial observations, these limits are con
sistent, in the sense that gR+1ψR = gR . By a Cantor diagonal argument, we can deduce the 
existence of a (n.r.) subsequence and a function f : [0, T ] → L1

loc such that f nψR → fψR in 
Cw([0, T ];L1

x) for all R ∈N . Again by the initial remark, since for any given φ ∈ C∞c we can 
find R large enough such that ψRφ = φ, we deduce that f nφ→ f φ for all φ ∈ C∞c .

It remains to show that f ∈ ℬb([0, T ];L1
x) and estimate (147). To this end, recall that C∞c is 

a norming subspace for L1
x , in the sense that for any g ∈ L1

loc it holds that

∥g∥L1
x
= sup

{︂
|⟨g,φ⟩| : φ ∈ C∞c such that ∥φ∥L∞x ⩽ 1

}︂
. (148)

It follows that the Borel σ -algebra of L1
x is generated by the functions g ↦→ ⟨g,φ⟩ ranging over 

φ ∈ C∞c . Since by construction f is such that t ↦→ ⟨ft , φ⟩ is continuous for any φ ∈ C∞c , we 
deduce that f is Borel measurable. Concerning estimate (147), by virtue of (148), for any fixed 
t ∈ [0, T ] and any φ ∈ C∞c with ∥φ∥L∞x ⩽ 1 it holds

|⟨ft , φ⟩| = lim 
n→∞|⟨f

n
t , φ⟩|⩽ lim inf

n→∞ 
∥f n

t ∥L1
x

Taking the supremum over such φ thus yields

∥ft∥L1
x
⩽ lim inf

n→∞ 
∥f n

t ∥L1
x
⩽ lim inf

n→∞ 
sup 

t∈[0,T ]
∥f n

t ∥L1
x

from which the conclusion follows upon taking another supremum over t ∈ [0, T ]. □
We haven’t found a reference in the literature for the next result, which is an analogue of 

Proposition B.1 for Lpx -spaces; therefore we give a short proof.

Proposition B.4. Let p ∈ (1,∞), T ∈ (0,+∞), {f n}n be a bounded sequence in ℬb([0, T ];Lpx ); 
further assume that, for each φ ∈ C∞c , the functions {t ↦→ ⟨f n

t , φ⟩}n are equicontinuous on 
[0, T ]. Then {f n}n ⊂ Cw([0, T ];Lpx ) and there exists a subsequence {f nk }k such that f nk → f

in Cw([0, T ];Lpx ).
In the case p =∞, under the same assumptions, all the conclusion of the statement still apply, 

with the only differences that {f n}n ⊂ Cw−∗([0, T ];L∞x ) and f nk → f in Cw−∗([0, T ];L∞x ).

Proof. We only treat p ∈ (1,∞), the case p =∞ being similar. Fix R ⩾ 0 large enough such 
that ∥f n

t ∥Lpx ⩽ R for all n ∈N and t ∈ [0, T ]; consider a countable collection {ψm}m∈N ⊂ C∞c
which is dense in Lp

′
x . By the assumptions, for any fixed m, {t ↦→ ⟨f n

t , φ
m⟩}n are equibounded, 

equicontinuous maps, therefore by Ascoli-Arzelà they are precompact in C([0, T ]). Performing 
a Cantor diagonal extraction argument, we can then find a subsequence such that ⟨f nkt ,ψm⟩
converge as k→∞ to some limit gm in C([0, T ]), for all m ∈N . From now on we will work 
only with this subsequence and drop the subindex nk for simplicity.
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Fix any t ∈ [0, T ], then the sequence {f n
t }n is bounded in Lpx , thus precompact in the weak 

topology; at the same time, since {ψm}m are dense in Lp
′

x and ⟨f n
t ,ψ

m⟩ converge for all m, 
there can exist at most one limit point ft for the whole sequence. We can conclude that f nt ⇀ ft
in Lpx , for all p ∈ [0, T ], and that gmt = ⟨ft ,ψm⟩. Since ∥f n

t ∥Lp ⩽ R, lower semicontinuity 
of the norm in the weak topology implies that ∥ft∥Lp ⩽ R as well, for all t ∈ [0, T ], so that 
f ∈ ℬb([0, T ];Lpx ).

It remains to show convergence in Cw([0, T ];Lpx ). Given ψ ∈ Lp′x , fix ε > 0 and choose ψm

such that ∥ψ −ψm∥
L
p′
x
< ε; then

lim sup
n→∞ 

sup 
t∈[0,T ]

|⟨f n
t − ft ,ψ⟩|

⩽ lim sup
n→∞ 

sup 
t∈[0,T ]

|⟨f n
t − ft ,ψ −ψm⟩| + lim sup

k→∞ 
sup 

t∈[0,T ]
|⟨f n

t − ft ,ψ
m⟩|

⩽ lim sup
k→∞ 

sup 
t∈[0,T ]

∥f n
t − ft∥Lpx ∥ψ −ψm∥

L
p′
x
⩽ 2Rε.

By the arbitrariness of ε > 0, the conclusion follows. □
Finally, we provide a criterion to upgrade uniform convergence in the weak topology to uni

form convergence in the strong one.

Corollary B.5. Let p ∈ (1,∞), T ∈ (0,+∞) and {f n}n be a sequence satisfying the assump
tions of Proposition B.4 and such that f n → f in Cw([0, T ];Lpx ). Then the following are 
equivalent:

i. The functions {t ↦→ ∥f n
t ∥Lpx }n are equicontinuous on [0, T ] and

lim sup
n→∞ 

∥f n
t ∥Lpx ⩽ ∥ft∥Lpx ∀ t ∈ [0, T ].

ii. f n,f ∈ C([0, T ];Lpx ) and we have the strong convergence

lim 
n→∞ sup 

t∈[0,T ]
∥f n

t − ft∥Lpx = 0. (149)

Proof. The implication ii.⇒ i. is trivial, so let us show i.⇒ ii.
Recall that, for any sequence gn in Lpx such that gn ⇀ g and ∥gn∥Lpx → ∥g∥Lpx , it holds 

∥gn − g∥Lpx → 0; this is a consequence of uniform convexity of Lp spaces and the associated 
properties, see [17, Sections 3.7 & 4.3]. In view of this fact and the assumptions, we immediately 
deduce that f n ∈ C([0, T ];Lpx ) for all n; moreover by f n

t ⇀ ft , lower semicontinuity of ∥ · ∥Lpx
in weak topologies and the assumptions, it holds

lim 
n→∞∥f

n
t ∥Lpx = ∥ft∥Lpx ∀ t ∈ [0, T ].

As the family {t ↦→ ∥f n
t ∥Lpx }n is uniformly continuous, thus compact, we deduce that the above 

convergence is not only pointwise but rather uniform, namely
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lim 
n→∞ sup 

t∈[0,T ]
⃓⃓∥f n

t ∥ − ∥ft∥
⃓⃓= 0; (150)

but then t ↦→ ∥ft∥Lpx ∈ C([0, T ]) and arguing as above f ∈ C([0, T ];Lpx ). Next recall that, since 
f n→ f in Cw([0, T ];Lpx ) by assumption, by Remark 2.13 it holds that

f n
tn
⇀ ft in Lpx as n→∞ for any sequence {tn}n ⊂ [0, T ] such that tn→ t. (151)

Suppose now by contradiction that the conclusion (149) is not true; then there exist δ > 0 and 
a sequence {tn}n such that ∥f n

tn
− ftn∥Lpx > δ > 0 for all n sufficiently large. Since [0, T ] is 

compact, we can further assume such that tn → t for some t ∈ [0, T ]. But then by (150) and 
(151) it holds f n

tn
⇀ ft and ∥f n

tn
∥Lpx → ∥ft∥Lpx , which by uniform convexity implies f n

tn
→ ft

strongly in Lpx . Since f ∈ C([0, T ];Lpx ), ftn → ft strongly in Lpx as well; but then by triangular 
inequality we find 0= limn→∞∥f n

tn
− ftn∥Lpx > δ > 0, which is absurd. □

Remark B.6. It is clear from the proof that a statement in the style of Corollary B.5 holds 
for Lpx replaced by any separable, uniformly convex Banach space V . On the other hand, it 
does not hold for non-uniformly convex spaces like L1

x : already without dependence on t , a 
standard counterexample on L1((0,2π)) is given by f n(x) = 1+ sin(nx), satisfying f n ⇀ 1, 
∥f n∥L1(0,2π) = 2π = ∥1∥L1(0,2π) for all n, but ∥f n − 1∥L1(0,2π) = 4 ≠ 0 for all n.

Appendix C. Smoothing operators and tensor products

The first aim to this section is to present the proof of Lemma 4.4. To this end, we start by 
treating specifically Part b) of the statement in the proposition below; recall the definition of 
ℱl,R by (47).

Proposition C.1. For all R ∈ [3,∞), the scale (ℱl,R)0⩽l⩽3 admits a smoothing (J η)η∈(0,1], in 
the sense of Definition 4.2; moreover it can be chosen in such a way that ⫴J⫴ does not depend 
on R.

Proof. As the proof is very similar to other existing in the literature, cf. [38, Section 5.3] and 
[60, Proposition A.3], we will mostly sketch it, making however particular attention on explain
ing why the resulting estimates do not degenerate as R becomes larger and larger. For practical 
convenience, we will restrict ourselves to R ⩾ 3; it is clear however that, up to tuning the pa
rameters correctly, any R ⩾ 1 could be considered (or more generally R⩾R0 > 0, for any fixed 
threshold R0, in which case the resulting estimates only depend on R0).

For η ∈ (0,1), consider a family {ΘR,η}η∈(0,1) ⊂ C∞c such that ΘR,θ (x) ∈ [0,1] for all x and

ΘR,η ≡ 1 on BR−3η, ΘR,η ≡ 0 on Rd \BR−2η, |DkΘR,η|≲ η−k ∀ k ⩾ 0. (152)

Let us illustrate a standard way to construct Θ. Consider a smooth, radially symmetric probability 
density h supported on B1; define the associated mollifiers hη = η−dh(η−1·) and Mηφ = hη ∗
φ. Then we can take ψR(x) := 1BR−5η/2 and Θη :=Mη/2ψR . The verification of the first two 
requirements from (152) are immediate, in light of the supports of ψR and hη/2 and properties 
of convolution; for the last one, by Young’s convolutional inequality and scaling it holds
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∥DlΘR,η∥L∞x ⩽ ∥ψR∥L∞x ∥Dlhη/2∥L1
x
≲ η−l∥Dlh∥L1

x
∀ l ⩾ 0

uniformly in R. Arguing as in [60, Lemma A.3], one can then show that

∥ΘR,ηφ∥Wl,∞ ⩽ Ch∥φ∥Wl,∞ for all l ∈ {0,1,2} and φ ∈ℱl,R (153)

as well as

∥(1−ΘR,η)φ∥Wj,∞ ⩽ Chη
l−j∥φ∥Wl,∞ for all l, j ∈ {0,1,2,3} with j ⩽ l and φ ∈ℱl,R,

(154)
where the constant only depends on the choice of the smooth function h. Let us shortly illustrate 
the main difficulty in deriving the bounds (153)-(154) and how to overcome it. Whenever esti
mating Wl,∞-norms, the most problematic terms comes from the highest order derivatives ∂α, 
|α| = l, falling on ΘR,η as a consequence of looking at ∂α(ΘR,ηφ) and Leibniz rule; the main 
task is to estimate ∥(∂αΘR,η)φ∥L∞x , where ∥∂αx ΘR,η∥L∞x grows like η−|α|. However, the only x
where D2

xΘη(x) is non zero by construction belong to 𝒜R,η := BR−2η \ BR−η; by hypothesis 
φ is supported on BR , therefore all its derivatives vanish at the boundary; for any x ∈𝒜R,η , by 
Taylor expanding φ around x̄ =Rx/|x|, we deduce that

|φ(x)|≲ ∥φ∥Wl,∞ |x − x̄|l ≲ ∥φ∥Wl,∞ ηl ∀ x ∈𝒜R,η

Such estimates compensate the growth of derivatives of ΘR,η for x ∈𝒜R,η , allowing in the end 
to prove the desired bounds (153)-(154).

Next, let us recall that the smoothing operators Mη as defined above form a smoothing on the 
scales (W l,∞)0⩽l⩽3, cf. [60, Lemma A.2].

Finally, we can define a family of operators (JR,η)η on the scale ℱl,R by

JR,ηφ :=Mη(ΘR,ηφ).

The definition is meaningful: by construction, supp (ΘR,ηφ) ⊂ BR−2η , so that by properties of 
convolutions supp (JR,ηφ)⊂ BR−η, showing that JR,ηφ ∈ℱl,R .

The proof that all conditions from Definition 4.2 are satisfied by (JR,η)η follows from com
bining the bounds (153)-(154) (which were uniform in R), the fact that (Mη)η is a smoothing 
on Wl,∞ and the triangular inequality. For instance, for any (j, l) ∈ {(0,1), (0,2), (1,2)} and 
φ ∈ℱl,R , it holds

∥φ − JR,ηφ∥Wj,∞ ⩽ ∥φ −Mηφ∥Wj,∞ + ∥Mη(φ −ΘR,ηφ)∥Wj,∞

≲ ηl−j∥φ∥Wl,∞ + ∥φ −ΘR,ηφ∥Wj,∞ ≲ ηl−j∥φ∥Wl,∞

where we repeatedly used the smoothing properties of (Mη)η and the bounds (154). The verifi
cation of the other properties is similar; overall, this yields the desired uniform-in-R bounds for ⫴JR⫴. □

We are now ready to complete the
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Proof of Lemma 4.4. Part b) of the statement is covered by Proposition C.1 above, while part 
c) is given by [38, Corollary 5.4]. The statement from a) is much more classical and comes from 
interpolation theory, but let us briefly give an explicit example of the smoothing (J η)η . Consider 
the inhomogeneous Littlewood-Paley blocks (Δj)j⩾−1 associated to a partition of unity and the 
corresponding low-frequency cut-off operator Sj given by

Sjφ =
∑︂

i⩽j−1

Δiφ,

see [5] for more details. Set J η := Sj(η) for j (η) defined as the integer part of − log2 η; 
then (J η)η satisfies the requirements (44)-(45). Indeed, the boundedness of Sj as element of 
ℒ(W l,p,W l,p) comes from [5, Remark 2.11], while the bounds for ∥J η∥ℒ(W l,p,W l′,p) follow 
from a standard application of Bernstein estimates, cf. [5, Lemma 2.1]. □

Next we present the proof of Lemma 4.22; recall again the definitions of ℱl,R and ℰl,R from 
(47) and (48) respectively.

Proof of Lemma 4.22. In order to prove the claim we need to show that, for any given f ∈
ℱ−l,R+1, g ∈ℱ−j,R+1 and Φ ∈ ℰl+j,R , it holds

|⟨f ⊗ g,Φ⟩|≲ ∥f ∥ℱ−l,R+1∥g∥ℱ−j,R+1∥Φ∥ℰl+j ,R;

recall that the distributional tensor product is defined (or equivalently characterized) by duality 
by

⟨f ⊗ g,ψ⟩ :=
∫︂
R2d

f (x)g(y)ψ(x, y) dxdy ∀ ψ ∈ C∞c (R2d)

Fix Φ ∈ ℰl+j,R ; observe that by definition its support is included in {(x, y) : |x+|⩽R, |x−|⩽
1} and thus in BR+1 × BR+1 = {(x, y) : |x| ∨ |y|⩽ R + 1}. For fixed g, introduce the auxiliary 
function

φg(x) := ⟨g,Φ(x, ·)⟩ =
∫︂
Rd

g(y)Φ(x, y)dy

so that ⟨f ⊗ g,ψ⟩ = ⟨f,φg⟩. In order to conclude, it then suffices to show that

∥φg∥ℱl,R+1 ≲ ∥g∥ℱ−j,R+1∥Φ∥ℰl+j,R
since in that case |⟨f,φg⟩|⩽ ∥f ∥ℱ−l,R+1∥φg∥ℱl,R+1 ≲ ∥f ∥ℱ−l,R+1∥g∥ℱ−j,R+1∥Φ∥ℰl+j,R .

By the previous observation on the support of Φ, it’s clear that Φ(x, ·) ∈ ℱj,R+1 for all x, so 
that φg is well defined, and that moreover φg(x)= 0 for all x ∈ Bc

R+1. Therefore we only need 
to check that φg ∈Wl,∞. If l = 0 this is immediate, since by definition

sup 
x∈Rd

|φg(x)|⩽ ∥g∥ℱ−j,R+1 sup 
x∈Rd

∥Φ(x, ·)∥ℱj,R+1 ≲ ∥g∥ℱ−j,R+1∥Φ∥ℰj,R .
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Assume now l > 0; we first claim that for all derivatives α up to order l− 1, we have the relation 
∂αx φ

g(x)= ⟨g, ∂αx Φ(x, ·)⟩. It is enough to prove this for |α| = 1 and l ⩾ 2, since the general case 
follows by iteration. By using difference quotients, we have

∂xi φ
g(x)= lim 

h→0

⟨︂
g,
Φ(x + hei, ·)−Φ(x, ·)

h 

⟩︂
= ⟨g, ∂xiΦ(x, ·)⟩

where the last passage comes from the easily verifiable fact that, if Φ∈Wl+j,∞ with l ⩾ 2, then 
(Φ(x + hei, ·)−Φ(x, ·))/h converges to ∂xiΦ(x, ·) in Wj,∞, for any fixed x ∈Rd .

Having established the claim, in order to conclude that φg ∈Wl,∞, it suffices to show that 
all its derivatives of order α with |α| = l − 1, are bounded and globally Lipschitz (recall that 
f ∈W 1,∞ if and only if f is bounded and Lipschitz, in which case its optimal Lipschitz constant 
is exactly ∥Df ∥L∞x ). We omit boundedness, which is simpler, and pass to verify the Lipschitz 
property. Observing that for Φ ∈ ℰl+j,R , it holds ∂αx Φ ∈ ℰj+1,R , we find

|∂αx φg(x)− ∂αx φ
g(z)| = |⟨g, ∂αx Φ(x, ·)− ∂αx Φ(z, ·)⟩|

⩽ ∥∂αx Φ(x, ·)− ∂αx Φ(z, ·)∥ℱj,R+1∥g∥ℱ−j,R+1

≲ ∥∂αx Φ∥ℰj+1,R∥g∥ℱ−j,R+1 |x − z|≲ ∥Φ∥ℰl+j,R∥g∥ℱ−j,R+1 |x − z|,
which overall proves that ∥φg∥Wl,∞ ≲ ∥Φ∥ℰl+j,R∥g∥ℱ−j,R+1 and yields the conclusion. □
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[69] Christian Kuehn, Alexandra Neamţu, Center manifolds for rough partial differential equations, Electron. J. Probab. 
28 (2023) 48, 31.

[70] Kunita Hiroshi, Stochastic Flows and Stochastic Differential Equations, Cambridge Studies in Advanced Mathe
matics, vol. 24, Cambridge University Press, Cambridge, 1997. Reprint of the 1990 original.

[71] Grégoire Loeper, Uniqueness of the solution to the Vlasov–Poisson system with bounded density, J. Math. Pures 
Appl. 86 (1) (2006) 68--79.

[72] Terry Lyons, Zhongmin Qian, System Control and Rough Paths, Oxford Mathematical Monographs, Oxford Uni
versity Press, Oxford, 2002.

[73] Wei Liu, Michael Röckner, Local and global well-posedness of SPDE with generalized coercivity conditions, J. Dif
fer. Equ. 254 (2) (2013) 725--755.

[74] Jonathan M. Lilly, Adam M. Sykulski, Jeffrey J. Early, Sofia C. Olhede, Fractional Brownian motion, the Matérn 
process, and stochastic modeling of turbulent dispersion, Nonlinear Process. Geophys. 24 (3) (2017) 481--514.

[75] Terry J. Lyons, Differential equations driven by rough signals, Rev. Mat. Iberoam. 14 (2) (1998) 215--310.
[76] A.V. Medvedev, On a concave differentiable majorant of a modulus of continuity, Real Anal. Exch. 27 (1) (2001/02) 

123--129.
[77] Etienne Mémin, Fluid flow dynamics under location uncertainty, Geophys. Astrophys. Fluid Dyn. 108 (2) (2014) 

119--146.
[78] Carlo Marchioro, Mario Pulvirenti, Mathematical Theory of Incompressible Nonviscous Fluids, vol. 96, Springer 

Science & Business Media, 2012.
[79] R. Mikulevicius, B.L. Rozovskii, Stochastic Navier-Stokes equations for turbulent flows, SIAM J. Math. Anal. 

35 (5) (2004) 1250--1310.
[80] Bohdan Maslowski, Björn Schmalfuss, Random dynamical systems and stationary solutions of differential equations 

driven by the fractional Brownian motion, Stoch. Anal. Appl. 22 (6) (2004) 1577--1607.
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