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Abstract

In the present paper, we consider star-shaped mean convex hypersurfaces of the real, complex
and quaternionic hyperbolic space evolving by a class of nonhomogeneous expanding flows.
For any choice of the ambient manifold, the initial conditions are preserved and the long-time
existence of the flow is proved. The geometry of the ambient space influences the asymptotic
behaviour of the flow: after a suitable rescaling, the induced metric converges to a conformal
multiple of the standard Riemannian round metric of the sphere if the ambient manifold is
the real hyperbolic space; otherwise, it converges to a conformal multiple of the standard
sub-Riemannian metric on the odd-dimensional sphere. Finally, in every case, we are able to
construct infinitely many examples such that the limit does not have constant scalar curvature.

Keywords Curvature flows - Hyperbolic space - Star-shaped hypersurfaces -
Sub-Riemannian geometry

Mathematics Subject Classification 53C17 - 53E10

1 Introduction

In recent years, many results about nonhomogeneous curvature flows in the Euclidean space
appear. Different types of speed have been studied and many different problems addressed.
Just to mention some of the most recent results, Sinestrari produced convexity estimates
with Alessandroni [1] and considered volume and area preserving flows with Bertini [2] and
ancient solutions for a very general class of expanding flows with Risa [3]. McCoy considered
contracting nonhomogeneous flows [4] and their self-similar solutions [5]. Moreover, Li
Chen, Xi Guo and Qiang Tu [6] extended to class of nonhomogeneous expanding speeds the
classical result of Gerhardt [7] and Urbas [8].

Despite a growing interest in nonhomogeneous flows, the literature about their evolution
in Riemannian manifolds is still at the beginning. To the best of our knowledge, the first paper
about nonhomogeneous flows in a curved space is that one of Bertini with the author of the
present paper [9], where we consider volume and area preserving flow in the real hyperbolic
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space. The ambient manifold is always a space form in all the recent papers on the subject:
[10, 11].

The goal of this paper is to study nonhomogeneous expanding flows in the real, complex
and quaternionic hyperbolic spaces exploring the role of the geometry of the ambient space.

Let K be either the real field R, or the complex field C, or the algebra of quaternions
H. Let KH" be the K-hyperbolic space endowed with its standard Riemannian metric. Let
F : M x[0,T) - KH" be a one-parameter family of smooth embeddings such that
Fo(-) = F(-,0) is a given hypersurface and F evolves by

oF 1

=y,

ot Y(H)
where v is the unit outward normal vector of F, H is its mean curvature and v : [0, 00) —> R

is a continuous function C? differentiable in (0, co) which satisfies the following structural
conditions:

(1.1)

(i) v&x)>0, ¥'(x) >0, Vx>0

(ii) X () <1, Vx > 0;
Y (x)
(i) ¥ ()P (x) —2(¥' (x))?* <0, Vx > 0. (1.2)

These conditions are part of the properties of the speed considered in [6], but our class is
more general. In fact, as a consequence of a richer geometry in the ambient space, we will
prove that H cannot converge to zero; hence, we do not need to prescribe the behaviour of ¥
and v’ when x is tends to 0. Clearly the classical inverse mean curvature flow is included in
the class of flows that we are considering, but there are many other speeds satisfying (1.2):
for example In(1 + x), or Zle cixPi with¢; >0and 0 < p; < 1.

Before giving the precise statement of our main result, we need to introduce some useful
notations in order to consider the three cases at once. For any K, we define:

0if K=R,

a = dmprK-1={1if K=C, (1.3)
3if K=H;

m = dimpKH" —1 = (a+ 1n —1. (1.4)

Clearly m is the dimension of any real hypersurface in KH". Let o be the round metric
on the sphere, and if K # R, let o be the standard sub-Riemannian metric on S™. See
Notation 2.1 for more details. The main result of this paper is the following.

Theorem 1.1 Let M be a closed star-shaped, mean convex hypersurface of KH". If K = R
suppose that n > 3, otherwise suppose that n > 2 and My is S*-invariant. Let M; be the
evolution of Mg along the nonhomogeneous flow (1.1) , where \ satisfies Conditions (1.2).
Let g; be the induced metric on M; and consider the rescaled metric

~ __2
8 = M| mtag,.
Then:

(1) M; is star-shaped, mean convex and S*-invariant for any time the flow is defined;
(2) the flow is defined for any positive time;
(3a) if K = R, there is a smooth function f : S""' — R such that §, converges to the
Riemannian metric §oo = ¢/ o; moreover, there are infinitely many Mg such that oo
does not have constant scalar curvature;
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(3b) ifK = C, there is a smooth S'-invariant function f : S*"~! — R such that §; converges
to the sub-Riemannian metric §oo = €2/ oc; moreover, there are infinitely many My
such that go does not have constant Webster scalar curvature;

(3¢) ifK = H, there is a smooth S*-invariant function f : S*'~! — R suchthat g, converges
to the sub-Riemannian metric 8o = ¢*f om; moreover, there are infinitely many My
such that g0 does not have constant quaternionic contact scalar curvature.

Our main Theorem 1.1 extends to a bigger class of speeds of a series of results about
the inverse mean curvature flow. The case of the real hyperbolic space has been studied by
Gerhardt [12], Ding [13], Hung and Wang [14]. In this last paper, the authors showed a
fundamental difference with the Euclidean space: in the hyperbolic space, there are infinitely
many initial data such that the limit is not round. More recently, the author of the present
paper has studied the inverse mean curvature flow in the complex hyperbolic space [15]
and in the quaternionic hyperbolic space [16] observing for the first time the presence of a
sub-Riemannian limit. A survey about the inverse mean curvature flow in the Euclidean and
hyperbolic spaces can be read in [17].

The presence of the nonhomogeneous speed introduces some technical difficulties. Con-
ditions (1.2) are crucial for proving especially part (1) and (2). In fact, (i) guarantees the
short-time existence of the flow, (ii) is used for proving that the star-shapeness is preserved
and (iii) helps for the mean convexity and the long-time existence of the flow.

It is well known that there are deep interactions between geometric flows and general
relativity. In fact, the tools for proving the final parts of Theorem 1.1 come from the general
relativity. When K = R, we adopt the strategy developed in [14] showing that the modified
Hawking mass (5.22) is an excellent tool for any speed in the class (1.2): we have that the
rescaled induced metric is round if and only if its mass converges to zero; finally, we are able
to prove that there are infinitely many examples with a mass that does not converges to zero.
If K # R, the modified Hawking mass cannot be used; therefore, in [15, 16] we introduced
a weaker notion of mass (5.24) that has the disadvantage that it does not fully classify the
initial data with round limit, but it is enough to construct the desired counterexamples. In the
final section, we will prove that this mass works very well with the flow (1.1) too, completing
the proof of Theorem 1.1 (3b) and (3c).

The paper is organized as follows. In Section 2, we collect some basic notions about the
geometry of KH" and its hypersurfaces and we list some general properties of our flows,
including the evolution equations of the most significant geometric quantities. In Section 3,
we start the proof of Theorem 1.1 showing that the star-shapeness and the mean convexity
are preserved. The main results of Section 4 is the long-time existence of the flow. The
convergence of the rescaled induced metric and the construction of the examples which
develops a limit with not constant scalar curvature is the topic of Section 5.

2 Preliminaries

2.1 Riemannian and sub-Riemannian metric on the sphere

Every hypersurface considered in this paper is closed and star-shaped and so it is an embed-
ding of S, the sphere of dimension m into R”*+! = K". On that sphere, we will consider

different “standard” metrics. In particular, we will use the following notations. When K = R,
they are redundant, but they are useful for giving an unique proof for any value of K.
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Notation 2.1 (i) We denote by o the round Riemannian metric on the sphere with constant
sectional curvature 1.

(i) When K # R, we denote by o the sub-Riemannian metric on S™ which coincides with
o on the horizontal distribution H of the Hopf fibration w = S™ — KP"~!. They are
sub-Riemannian because in both cases H + [H, H] = TS™.

(iii) We define or := o.

(iv) When K # R, fix . > 0, we denote with e, the Berger metric of parameter A on S™
obtained deforming o with a factor ) in the vertical distribution V of the Hopf fibration.
Note that we used the same symbol for both the value of K, but it is important to keep
in mind that we defined two different family of metrics. In fact, for example, dim'V = a.

(v) When K =R, for any & > 0 we define e) = o.

Note that when A — oo we have that ¢ — ox. Moreover, we introduce the following
notation in order to distinguish between derivatives of a function on the sphere with respect
to different metrics.

Notation 2.2 For any given function f : S™ — R, let f;; (resp. f,, ) be the components of
the Hessian of f with respect to o (resp. e;). The value of » and K will be clear from the
context. The indices go up and down with the associated metric: for instance fik = f, | e{k,
while fl.k = ﬁjaj k_ Analogous notations will be used for higher-order derivatives. Moreover,
here and in the following, unless explicitly stated otherwise, we will always use the Einstein

convention about the repeated indices.

For any given function, it will be useful to compare its second derivatives computed with
respect to the Berger metric and those determined by o. This comparison is simpler if we
assume the S%-invariance. In the following result, we summarize Lemma 2.3 of [15] and
Lemma 2.3 of [16].

Lemma23 FixK # R, A > Oandlet ¢ : S™ — R be a smooth function. If ¢ is S*-invariant,
we have:

A = @,l = A5 = (PII:Z
IV2I2 = ¢/ @' = V2012 +2a(0 — D|Vool2 = ¢l ¢ + 2a( — Dgig'.

Each one of the metrics discussed above carries with it a notion of curvature. When the
metric is Riemannian it is obvious what we mean by curvature. On the other hand, it can be
computed that, if K # R, as A — oo, the sectional curvature of e, diverges. This happens
every time we approximate a sub-Riemannian metric with a family of Riemannian metrics.
Therefore, when we talk about the curvature of ok (and their conformal multiples) we need
to clarify what we mean.

When K = C, S has a in a natural way a C R-structure given by the 1-form 6(-) =
o (Jv, ), where v is unit normal to S” embedded in the standard way in R?" = C", and
J is the complex structure of C". The sub-Riemannian metric ¢2/o¢ can be thought as
the restriction to H x H of the Webster metric of the C R-structure definite by ¢>/6. In
this context, a fundamental notion is the Tanaka—Webster connection which is the unique
connection which satisfies some compatibility conditions with the C R-structure. With this
connection, we can define in the usual formal way a curvature, called Webster curvature. It
is well known that 6 has constant Webster curvature (equal to 1), while in general ¢>/ 0 may
not. More details and results about C R-geometry can be found in the monograph [18]. In
the same spirit, when K = H, S™ inherits from R = H" a quaternionic contact-structure
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(qc-structure for short). The role of the Tanaka—Webster connection is played by the Biquard
connection. It can be used to define a qc-Ricci tensor and a qe-scalar curvature. Once again,
the standard qc-structure has constant qc-curvature, but its conformal multiples may not. A
good introduction to qc-geometry is [19].

A central and classical subject in Geometric Analysis is the Yamabe problem: find, if
they exist, the metrics with constant scalar curvature in a fixed conformal class. It has been
solved in great generality for all the three concept of curvature mentioned above. The detailed
explanation of its solution goes beyond the purposes of the present work. In the next result,
we focus only on the cases of our interest.

Lemma24 Let f : S" — R be a smooth function. If K # R, suppose that f is S*-invariant.
The following characterizations of the solution of the Yamabe problem hold.

(1) €/ o has constant scalar curvature ifand only if e~/ is a linear combination of constants
and first eigenfunctions on the sphere;

(2) e* o has constant Webster scalar curvature if and only if f is constant;

(3) €*f oy has constant ge-scalar curvature if and only if f is constant.

Part (1) is the content of Lemma 4 of [14], part (2) is Lemma 2.5 of [15] and part (3) is
Lemma 2.4 of [16].

2.2 Geometry of hyperbolic spaces

The ambient manifolds that we are considering can be characterized in many ways and they
can be described with many different isometric models. Since we wish to work with star-
shaped hypersurfaces, the best thing to do is to introduce polar coordinates. The underlying
manifold of KH" is R@*tD? = K" where a has been defined in (1.3), equipped with the
metric

g =dp” + sinh® (0)eoq2)»

where p is the radial distance from the centre of the polar coordinates and €2, is the

Berger metric of parameter cosh?(p) as defined in Notation 2.1. Its curvature tensor has the
following explicit expression

R(X,Y,Z, W) =—g(X,2)g(¥Y, W)+ 5(X, W)z, Z)

+Z [-8(X. JiD)g(Y, JiW) + (X, JiW)g(Y, J; Z)]
i=1

~2) (X, IY)E(Z. JiW). 2.5)
i=1

where Ji, ..., J, are the complex structure of KH". Note that if K = R, and hence, a = 0,
the sums in the second and third line of (2.5) are empty. From (2.5), it follows that the our
ambient manifolds are symmetric, the curvature is constant equal to —1 if K = R, otherwise
is bounded between —4 and —1. Moreover, KH" is Einstein with Ricci tensor given by

Ric = —(m + 3a)3. (2.6)
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2.3 Geometry of hypersurfaces in hyperbolic spaces

Let M be a real closed star-shaped hypersurface of KH", then it is an embedding of the
sphere of dimension m in KH". Up to an isometry of the ambient manifold, we can always
suppose that it is star-shaped with respect to the centre of the polar coordinates. Hence,
M is determined by a positive function p : S — R such that in polar coordinate M =
{(x, p(x)) € KH" | x € S"™}. Forany given M, we call such p the radial function associated
with M. If K # R, we know that S acts by isometries on S"”. In this case, we say that M
is S¢-invariant if its radial function is S®-invariant. For reasons of synthesis, sometimes will
talk about, with an abuse of notation, S%-invariance even when K = R: in this case, it has
to be considered as an empty condition. With the same proof of Lemma 3.1 of [20], we can
prove the following result.

Lemma 2.5 The evolution of an S*-invariant hypersurface of KH" stays S®-invariant during
the whole duration of the flow.

Now we want to describe the main geometric quantities associated with a star-shaped
hypersurface in term of its radial function. For more details and explicit computations we
refer to Section 3 of [16] and Section 3 of [15]. We introduce an auxiliary function ¢ = ¢(p)
such that Z—‘g = gmh(p) Fix (Y1, ..., Yy) atangent basis of S™ and denote with p; := Y;(p)
and with ¢; 1= Yi(¢) = mh(p) When K # R, since the ambient metric is no more isotropic,
it is convenient to choose a tangent basis on S adapted to the contact structure: from now
on we always suppose that forany i = 1, ..., a Y; = J;v, where v is the unit normal of the
standard immersion of $” in R”*! = K”. The use of this base simplifies some computations
because, for example, p; = ¢; = Oforeveryi = 1,...,a.Let V; ;== F.Y; = Y; + p;dp,
then (V1, ..., V) is a basis of the tangent space of M. Let g = F*g be the induced metric
on M. In coordinates it can be expressed as

gij = sinh*(p) (¢igj + eij) . 2.7
The outward unit normal vector field of M is
1 Vo
=—\p—=——=; 2.8
T ( g sinh(p)) 8)

where

v=3W,80) " =1+ |Vl

and the gradient Vg is with respect to o for any K because of the S*-invariance. The inverse
of the induced metric is
ij_ 1 ij ¢'p/
gl =———\e" -5,
sinh“(p) v

where we are using Notation 2.1 when K = R. The second fundamental form of M is

i_ (/A;f»kék,/ co.sh(p) 5/ sinh(p) Z(Sk 2.9)
vsinh(p) ~ wvsinh(p) ' v cosh(p)
where & = sinh?(p)g"/ = '/ — (”U"’ and we used Notation 2.2 for the second derivative

of ¢. Taking the trace of (2.9) and using Lemma 2.3, we can compute the mean curvature of
M:
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el A
H=__%uo 1 (2.10)
v sinh(p)

L . i
where 6"/ = o/ — £4- and

o _cosh(p) sinh(p)
H(p)=m sinh(p) +a cosh(p)” (2.11)

2.4 Evolution equations

Since by Condition (1.2) we have that ¢/ > 0, the short-time existence and uniqueness of
the solution for the flow (1.1) are guaranteed by standard arguments. Moreover, well-known
computations (see for example [21]) can be repeated to compute the evolution equation of
the main geometric quantities.

Lemma 2.6 Since the ambient space is symmetric the following evolution equations hold:

9gij _ 2 dg” 2

() =L = Zpy, =——nY,
ot ) ot )
oH Y’ Yy — 2y 1 s,
@ 5= H+3w|VH|2—¢(|A|2+ch(v, v)),
Y W) v =
G Gy =52t =275 IVH| - 7 (1AP + Ric(v, v),
oh! 11 kpi
- :—v,-vfajL w( 0,02 — hkn )
v’ V'Y =2y : L, HY R
“ WAh/ TWHVJH - (W + W) (h{(hljc + Roz'ol)’
+j— ((|A|2 o+ Ric(, v) ] + 2R} T ni, — RESh] = R )
Bdu
5w _H,,
(5) v

Here and in the following, if there is no risk of confusion, we are using for brevity only
Y for saying ¥ (H), and analogously for its derivatives. Note that integrating the evolution
equation of the volume form du we get

d H
M| =f —dpu, (2.12)
dt M, w

in particular it follows that (1.1) is an expanding flow, at least as far the evolving hypersurface
is mean convex.

Example 2.7 A geodesic sphere is a star-shaped hypersurface with constant radial function.
Therefore, by (2.10) its mean curvature is given by H(p). In particular, it is constant. The
evolution of a geodesic sphere is a family of geodesic spheres such that the radius evolves in
the following way

dp 1

dt — y(H(p))

For a general ¥, we cannot find the explicit solution of this ODE, but % < 0 by direct
computations, ¥’ > 0 by Conditions (1.2); therefore, p is increasing and it blows up in
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infinite time. Since lim,_, ﬁ(p) = m + a, then

0 ast — +00.

t
T Ym+a)

3 First-order estimates

The main goal of this section is to prove that the initial conditions are preserved, i.e. part (1)
of Theorem 1.1. The most important technical result is the following.

Proposition 3.1 There is a positive constant c such that if Y satisfies Conditions (1.2) (i) and
(ii), then

2 - saat
(l) |V€0| E ce Vmta) R
2 2
Q) |H—m—a| <ce 7' |y (H) — Y (m~+a)| <ce vora
Part (1) of this proposition has a direct important consequences.

Corollary 3.2 The evolution of any star-shaped S*-invariant hypersurface stays star-shaped
for any time the flow is defined.

Proof By Proposition 3.1, there exists a positive constant ¢ such that

3 ~1

v=§(3—,v> =1+ Vg2 <ec.
o

It follows that % and v are never orthogonal in KH". This means that M; is star-shaped for

any time ?. O

The proof of Proposition 3.1 proceeds by steps: first we prove that V¢ is just bounded
(which is already enough for having Corollary 3.2), then we prove that it decays exponentially
fast, and finally, we find the optimal exponent. In the meanwhile, we are able to show that
H stays strictly positive and bounded, and converges exponentially fast to m + a, i.e. to the
mean curvature of a horosphere in KH"; finally, we can find the optimal exponent for H too.
The first crucial step is the following lemma.

Lemma 3.3 If ¢ satisfies Conditions (1.2) i) and ii), then for any (x, t)
IVo(x, D> < max [Vo(y, 0)]*.
yESm

Proof Let us define w = %lV(pl2 = %(pkqok . We want to compute the evolution equation
of @ and apply the maximum principle. We have that the radial function satisfies the scalar
evolution equation a—f = ﬁ; hence, the evolution of ¢ is given by

ap v

— = G(9ij, ¢i, 9) = m (3.13)

ot
The original geometric flow (1.1) is defined at least as far the scalar flow (3.13) is defined,
and when both are defined, they are equivalent. Therefore, we can work with (3.13).
Let '/ = 3875;} = %glj : it is a symmetric and positive definite, at least as far % is
bounded and strictly positive. Moreover, we denote by b’ = %. From (3.13), we have:

¥ k( ij i G
%8 — e = o (g + o + — ) -
ot ¢ Vi 31 <a Pijk Pik a(p @k)
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Let R be the Riemannian curvature tensor of o, then the Ricci identity says
Pijk = @kij + Rijpom = Qkij + @j0ik — r0ij- (3.14)

Since a'/ is symmetric and positive definite, applying (3.14), after some explicit computations
we get

e e . y
a'’ gijrg” = a' wij — a" girg; +a’ pigj — 2aj0 < a' wij.

As a consequence of the S¢-invariance, we have

il v
— =0, —=0
dg dp
hence, using the explicit expression of the mean curvature (2.10) we can compute
G h Hy' !
7=M(i—1>—%<m+a+%) (3.15)
dp  sinh(p)y \ ¢ 4 cosh*(p)
< ‘”/( tat—2 ) (3.16)
—_—— m a .
-y cosh?(p)

where in the last line we used Condition (1.2) (ii). Summarizing we have just found that
E < a”a)ij —I—bla)i.
The result follows by the maximum principle. O

Now we are able to prove that H is strictly positive and bounded.

Lemma 3.4 If{ satisfies Conditions (1.2), then there exist two positive constant c1, cp such
that for any time the flow is defined we have

0<cy <H<o.

Proof We can start from the upper bound. Combining the evolution equation of H given in
Lemma 2.6, with Condition (1.2) iii), the fact that H2 < m|A |2 and (2.6) we have:

OH v/ 1 (H?
< AH— —|——-m—3a].

o Tyl v\ m
By the maximum principle, we have that H < c¢; for some constant ¢ depending only on
m, a and M. On the other hand, let « = %—(f = sinhl(}p)v,b’ then by (3.16) and (3.13)
d

= = a’ojj +b'o; + a—a <aajj +D'a;.
4
By the maximum principle, « is bounded from above; therefore, there is a positive constant
¢ such that
c
= = .
sinh(p)

Since p does not blow up in finite time, this means that ¥/, and hence H, are strictly positive
for any finite time. Now we can improve what just said showing that H cannot converge

H 3 - v rrf a 1 o 4
to zero. Let us consider the function & = ST € venta)  Recalling that p ~ TnTa
t — 400 (if we can take arbitrary big times ¢), Lemma 3.3, and the fact that ¥’ > 0, then an
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upper bound for & implies a strictly positive lower bound for H. We compute the evolution
equation of &:

o _ ava; +b'a; + G5 + ! s

ot ! Y v (m +a)
<a"f&,~-+bl‘&—&(m+a)£/+7l a
- Y ’ Y2 Y(m+a)

¥’ sinh(p) 1 -
- a.
Uemw ‘(/f(m +(1)

=aa; +b'a —a*(m+a) (3.17)

¥ x)
¥ (x)

We claim that for any ¢ > 0 there exists a constant ¢, > 0 such that > ¢, for any

x € [0, €]. In fact, by Conditions (1.2) iii) we have
12 / / 2
(%) =(5)-
4 14

_v'©
ZON
Note that y(e) > 0 by (1.2) i). It follows that for any x € [0, €]

LACT (s L —x)l > ¢p 1= y(0) = (e + 1>l
yx) — y(€) B y(€)

hence, the claim holds.
Now let ¢ = ¢ where ¢ is the constant found above, applying the above claim there
exists a ¢ > 0 such that

Let y be the solution of

Y =y% e

oa . ST 1 ~
— <aYa;j+ba; — @t + ——a.
Jt v(m+a)
By the maximum principle, we can conclude that & is bounded from above from a constant
that does not depend on time. O

Now we can improve what said so far showing that |Vg|? decays exponentially fast and
that H converges (once we will prove long-time existence for the flow) exponentially fast to
m+a.

Lemma 3.5 There exist positive constants B, y, c¢ such that
(1) |Vgl? < ceP;
2) |[H—m—a|<ce™"; |Y(H)—¥(m+a) <ce .

’

Proof (1) The function % is continuous and strictly positive in [c1, c2], where ¢ and ¢, are
determined in Lemma 3.4. Then we can find a strictly positive constant b such that for
any time ¢

Hence, we can define 8 = (m + a)b and repeat the proof of Lemma 3.3 improving the
estimates of the reaction term in order to have an exponential decay:
/

E<_( _|_)7<_
by = m a1//2_ B.
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(2) When K = R, we have @ = 0 and H can be estimate as follows:

oH ! 1 ! 1
< Voan- L (ap-m) s Lan— L (- ).
ar — 2 i v? myr
Since in Lemma 3.4 we proved that H is bounded and it cannot be too close to 0, we
have that i is bounded too. Therefore, applying the maximum principle we get that there

exists a constant y > 0 such that

H—m<ce V!

WhenK e {C, H}, the proof is more involved. By the S*-invariance, foranyk =1, ..., a
(2.9) reduced to hK = ;;’fg‘;{’/}) + Uségzl(]f;). By part (1) of this lemma, we have that for

anyk=1,...,a
Ihlli—2| <ce P,

We can define the tensorlij = h{ +8ij — zzl 8?8,{, and its trace L := lf =H+m—a.
We get:

T %AH ! — (IA]* + Ric(v,v))
%AH % |l|2—2(H—m—a)+2Z(h§—2)—4m>
k=1
/ 2
< %AH—%(%—2(H—m—a)—4m>+ce_5t
= %AH—m]—w(H—m—a)(H—i—m—a)—i—ce_ﬂ’.

Since % is strictly positive and, by Lemma 3.4, bounded, by the maximum principle
there is a constant 0 < y < B such that

H—-—m—a<ce . (3.18)

On the other hand, like in the proof of Lemma 3.4, we are able to estimate H from below

t
only considering first 1 with the help of the function & = %. We restart from

(3.17), but this time we need to use a finer estimate on the reaction term: from (3.15),
part (1) of this lemma and (3.18) we get
e . ) > ! h h
0 _ gy v bia 4+ —2 (L (reosh) ) veosh@)y g
ot Y(m + a) %2 \ sinh(p) ¥ sinh(p)

1 A
a Ollj +b(¥l (m—kce*w—E)a.

Therefore, by the maximum principle & < TnTa) + o T ce ~Y! hence, by definition of &
we have

IA

IA

V(H) —y(m+a)>—ce . (3.19)

We can combine (3.18) and (3.19) to get the result using the mean value theorem.

Finally we can look for the optimal exponent.
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Proof of Proposition 3.1 (1) As in Lemma 3.3, we consider again the evolution of w. Using
Lemma 3.5 and estimating the reaction terms of the evolution equation of w with (3.15),
we get

9 . ; 2
—wga”wi,-—}—b’wi—f— ce V- ——w
ot : Y (m+a)

The result follows from the maximum principle.

(2) The proofs of Lemma 3.5, part (2) can be repeated using § = W and noting that
HL&/_“ converges exponentially fastto mi’g‘ﬁ which is smaller than m ; therefore,

we can take A = St (m D
O

4 Higher-order estimate and long-time existence

The main goal of this section is to prove part (2) of Theorem 1.1, i.e. the long-time existence
of the flow. Moreover, we will show some other important auxiliary results, such as the
convergence of the second fundamental form to that of a horosphere of KH".

Proposition 4.1 The principal curvatures of the evolving hypersurface are uniformly bounded
for any time.

Proof Since by the results of the previous section H is bounded from below, it is sufficient
to prove that the principal curvatures are bounded from above. We define the tensor Ml./ =
v(H )h{ . By Lemma 2.6 and after some standard computations, we have that the evolution

equation of M/ is

J / l I "2 .
818‘? :Zz MJ _2? <VMJ V¢>+M#VJIWH
1/112 (1 - %) Mim] — <1 + %) Ryl

52 (2R iy — RS M — Ry M)

Let uy < pa < --- < u, be the eigenvalues of M/ Since Zl 1 mi = HYy(H) > 0, then
m > 0 everywhere. The goal is to prove that u,, is bounded from above. Fix any time 7*
strictly smaller than the maximal time 7 . We can find a point (x, f9) where w,, reaches its
maximum in §™ x [0, T*]. At this point, we can fix an orthonormal basis which diagonalizes
Mij ; then, in this system of coordinates we have u,, = M ,{‘,,4 at this point; hence, 1, satisfies
the same evolution equation of M};. By Condition (1.2), the term Ww;iWVmH V™H is
negative and it can be ignored. Moreover, the curvature of KH" is bounded; hence, all the
coefficients involving R are bounded. Furthermore, H, Y and ¢ are uniformly bounded
too; therefore, there are positive constants Cy, C;, C, independent on the choice of T* such
that in (xg, 7o) the following holds
m _ Y/ Y’

2
oy = WAMm - 2$ (Vim, V) — Copyyy + Crigg + Co.
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Since p,, is positive, it follows by Hamilton’s maximum principle [22] that u,, is bounded
by a constant depending on My, but not on the choice of 7*. O

Corollary 4.2 The flow exists for any positive time. Moreover, the flow is expanding, and as
t diverges, the volume goes like

.
IM,| ~ eTnta’,

Proof From Proposition 4.1, it follows the uniform parabolicity of Equation (3.13) and a
uniform C2-estimate for the function ¢. Arguing as in Chapter 2.6 of [23], we can apply
the C2¢ estimates of [24] and higher-order estimates as Theorem 2.5.9 of [23]; hence, the
solution is smooth up to the maximal time. Moreover, this maximal time cannot be finite in
order to not have contradiction with the short-time existence of the ﬂoma

For the growth of the volume, consider the quantity V = [M;,|e” 7@+’ By Lemma 2.6
and Proposition 3.1, we have

dv| _ -y / (E _ u) du,| < co TV,
dt M A\Y Y(m+a)
cyr(m+a) cy(m+a)
Hence, 0 < [Mgle™ 7 <V < |Mple el O

Lemma 4.3 Forevery N € N, there is a positive constant ¢ such that the Nth derivative of
@ satisfies

2
|VN(p|2 < ce 1/f(m+a)t.

Proof Fix N € N and consider the quantity w = %|VN<,0|2 = %(pk""kkal.__kN. With the
notations of the proof of Lemma 3.3, its evolution equation is

e

ow
_— = g[)kl"'kN Vk] cee VkN E

ot

. . G
= gki-kn (a”(pijk....kN + bl‘ﬂikl...kN) + 25(»

. )
By (3.15) and Proposition 3.1, we have that ‘;—G <Cie v — W for some constant

C1 > 0. Applying a finite number of times the Ricci identity (3.14), we have

9 - . __2 2
i <avw;j +b'w; + (2C16 vt 7> 1)
t v(m+a)
+a*VNg0*VN<p+b*VN71<p*VNg0,
where given two tensors S and T, S * T denotes any linear combination obtained contracting
S and T by o. We have that

. v v’ o 2 o
a’ = =g = —5——6Y < Cre VT g, (4.20)
v sini®(p)y2 ~
Moreover, by direct computations we have that
i 1 2
b = Vo x V. 4.21)

sinh(p)
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The case N = 1 has been already proved in Proposition 3.1. Suppose by induction that the
result holds for N — 1, then by (4.20) and (4.21) we have that there is a positive constant C3
such that

2
a*VNg)*VN(p—i—b*VN_I(p*VNga§C3e_mtw,

Therefore, there is a C4 > 0 such that

8—w<a"ja)-'—i-b"w--i- Ceimt—# w
or — I Ym+a))”

The desired estimates follow by the maximum principle. O

A consequence of this lemma is the convergence of the second fundamental form to that
of a horosphere.

Corollary 4.4 There is a positive constant ¢ such that

(1) if K =R, we have

. 212 4 2
J J ot 1A o0
hi =8| <ce ¥, |A|" <ce V™

2) if K # R, we have
2
__2
f ce ¥ (m+a) ,

a
h =5l =Y " sks;
k=1

while on the horizontal distribution we have a faster convergence

S J_ sivepi _si - ot
> (] =) — 5% < ce” T
i, j=a+1

Proof (1) From (2.9), Proposition 3.1 and Lemma 4.3, we get

2 h 2
<Pik5k” +m M -1
v sinh(p)

2 1
"~ vZsinh?(p)

2 M—l H—ﬁ <ceiﬁt.
v sinh(p) v )~

2 n H 2 .
< 'hl] —81.]’ +m (— - l) < ce V',
m

J J
hy —&;

Therefore,

o2 i H _;
|A|” = |n] — =&/
m

(2) By (2.9), Lemma 2.3, Proposition 3.1, Proposition 3.1 and Lemma 4.3, we have

a 2 1 2
h =5 =N "5k5]| = ——5— <&kf’
Pl k; % T 2 sinh2(p) 19K
2 h H
+£|V¢|2+2 M_l H— —
v? vsinh(p) v

. ( cosh(p) 1)2 i ( sinh(p) 1>2
v sinh(p) v cosh(p)
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cosh(p) ] sinh(p) !
a |l =2 o
v sinh(p) v cosh(p)
< cefmt.

On the horizontal distribution, the computations are similar to those of part (1) of this
corollary; hence, we have a faster convergence.
O

5 Convergence and curvature of the induced metric

We finish this paper with the proof of statements (3a), (3b) and (3c) of Theorem 1.1. This
is the part where the geometries of the ambient manifolds influence mostly the result. Each
geometry produces its own typical behaviour, and all of them are very different from what
found in the Euclidean case in [6]. We recall that in the Euclidean case the limit is always
o. We will show in a while that in the hyperbolic spaces the limit is not necessarily round
and even not necessarily Riemannian. We start from the convergence of the rescaled induced
metric.

Theorem 5.1 For any given K, there is a smooth S*-invariant function f : S™ — R such

~ _ 2 . .
that the rescaled induced metric g, = | M;|” m+a g, converges, as t goes to infinity, to the
metric ezfaK.

Proof For any time ¢, let p (7) be the radius of a geodesic sphere ; such that [M;| = |5;].
The mean curvature of B; is H = H(p); hence,
dp 1

dr — y(H)

then p = ) + o(1) as t — oo. Consider the function f(x t) = p(x,t) — p(t). We

w(m+a
claim that f converges to a smooth function foo. In fact, as a consequence of Lemma 4.3 we
know that for any N € N V¥ f = V¥ p is uniformly bounded. Moreover, by Proposition 3.1
we have
1
Y(H)  y(H)
1 1 -

< o114 (W (H) = Yo + ) + W (D) = Yo +0))

v (H) v (H)y(H)

<ce Tlf(m-%—a)t_

When K = R e = ogr by Notation 2.1. When K # R e converges to og. Moreover, by
definition of p we have that |[M;| = w,, sinh™ (p) cosh?(p) for some constant w,,. Therefore,
there is a constant ¢ > 0 such that when t — 0o we have

1
sinh(p)| M, |7 ~ cePP = ce/ .

Recalling that in Proposition 3.1 we proved that |V¢| decays to 0, it follows by (2.7) that
there exists a positive constant ¢ such that

lim g, = cezf(’caK.
—00
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The function f that we are looking for is the solution of ¢/ = ce?/>, O

We want to describe the construction of examples such that the associated limit g, has
not constant scalar curvature. The proof is an adaptation to a general ¢ of the techniques
developed for the inverse mean curvature flow. As previous literature suggests, we need
different tools for different values of K. When K = R, we use the modified Hawking mass
taken from [14], but it is not useful in the other two ambient manifolds. In the other cases,
we use the Brown—York-like masses introduced in [15, 16].

5.1 The case of the real hyperbolic space

In this subsection, we will focus only on the real hyperbolic space. Following Hung and
Wang [14], for any hypersurface M in RH" we consider the modified Hawking mass

QM) = [M| i fM APdp, (522)

)
where |A| is the norm of the trace free part of the second fundamental form.
We can compute the evolution of the modified Hawking mass under the flow (1.1).

Lemma 5.2 Let M; be a closed hypersurface of RH" evolving according to (1.1), then

,,dQ(M ) 4 _ o2 H .2 H
[ M| di m | M| Mr| | dy ™, v Mt Mz| | " 1223

. . i w/
Y M, V2

where h denotes trace free part of the shape operator.

—ViHVI i dp,,

Proof By Lemma 2.6 and the explicit expression of the curvature tensor of the ambient space,

we have
oh! 1 2H . ; 1 9H\ _;
:—vvu—f WR] + 2=k )+ [ — + =) /.
ot vy m ! 1// ar ) !
Therefore,
o 2
9|A (Wi H 4H 2 iy e
AL _ Hgi (VY Ry — — A ——h’h'?hjc.
ot I/ mys vt

The result follows easily considering the evolution of the volume form in Lemma 2.6. O

The goal is to show that if Q is decreasing, then it does so very slowly. Looking at the
evolution of Q, we need to add an estimate to those of the previous sections.

Lemma 5.3 IfK =R, there is a positive constant ¢ such that
o 2 __6
VA" < ce 7",

Proof 1In this proof, the C; will be positive constants. By Lemma 2.6, Proposition 3.1 and
Corollary 4.4, we can compute

o 2
A l "y =2 N2 ..
AL _ Y AAf _2£|VA| YV 220G iy Hi
o Y2 v v !
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Hy' ko v ’ 20\ 2H) g2
_Z(W e )hhh -|-2<w2 <|A| +m mH) mw>|A|

I/f —gast
A|A| —C1|VA| + [ Cre”Fm |A| + Cze” o'
w? ¥ (m)
Moreover,
VAL oh!  agr L. ..
VA = 2V* iV, 8 VIV, i
ot ar or P
. vy —2(y7)2 H o o
=2ijvs[w {+%v HV/H — (w wf)h;hi

(w < 5 2H2> 2H> ] 2 o sio g
—I1AP +m - — hi | — —h""Vhi V,.h',
Y2 myr myr ¥ /
,(/f/

o 2 6
< = A|A] +<C4e‘W’— )IVAI +C5|VA|
¥ Y (m)

. .- . o 2 o 2 ..
Consider the auxiliary function 8 = log|VA| + K|A| for some positive constant K to
be determined later. From the above two evolution equations, we get

3’3 Vg Y v1og|vfi|2‘ S VAP — KCy VAP + Coe T
WQ y2 Y (m)

. . 02 4
By Corollary 4.4, there is a constant C7 such that for any time 7 we have |A|” < C7e” 7m0,
Fix t* big enough such that

16c5c7j—;e‘ﬁ’* <c2
Consider § only for times ¢ > t*. In a point (xg, fo) where $ attains its maximum, we have
’v1og|w§|2‘2 = K2 ‘w&ﬂz < 4K2AP VA < 4K2Coe 70" VAL
By the choice of t*, we can find a K > 0 such that

’
4K C7z e V’(’") —KC1+C5§0.

By the maximum principle, we have g < — Fom (m) t+ Cjg, and by the definition of B, the desired
result follows. O

Proposition 5.4 Let M; be the evolution of a star-shaped, mean convex hypersurface of RH",
then there is a positive constant ¢ such that
dO(M,) -
——— > —ce .
dt

o2 4
Proof By Corollary 4.4, we know that in the real hyperbolic space |A| < ce 7' More-
over, by Corollary 3.1 we have

o [

__2
<ce Vvim",

/ 2
v (m) e "
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Classical inequalities say that there is a positive constant ¢ such that
o2
IVH|?> < m|VA|? < c|VA|".

The first inequality is trivial, and the second one follows by Lemma 2.2 of [25]. Finally,
we can use the Cauchy—Schwarz inequality and Lemma 5.3 to estimate the last term in the
evolution equation of Q:

o o 02 __6
’ViHV/h’j < |VH|-|VA| < c|VA]* < ce 7o',

[m}

Now we have all the ingredients to repeat the construction of the not round examples
described in [14]. We recall it briefly for completeness. Let f : S — R be a smooth
function and T > 0, let M7 be the star-shaped hypersurface of RH" defined by the radial
function p(z) = v + f(z) + o(1). Proposition 5 of [14] says that

- ~l 2
lim Q(M") = ( / o da> / =21 ’Vze_f ‘ do, (5.23)
T—>00 m m

where V2 is the trace free part of the Hessian.
Pick a constant ¢y > 0 and a function f such that

_ —1+4 _
(/ emfda> / =27

Let M7 be the star-shaped hypersurface of RH" defined by the radial function p(z) =
T+ f(z). By (5.23) we can choose t big enough such that Q(MT) > 2co. Moreover, for
such hypersurface, the first addendum in the right-hand side of (2.10) is negligible for 7 big;
therefore, we can choose 7 big enough such that MT is mean convex too.

Let M7 be the evolution according to the flow (1.1) with initial data M7 . In the previous
sections, we proved that this evolution is defined for any positive time, and as ¢ diverges,
the rescaled induced metric converges to ¢>/ o for some function f : S — R. By Proposi-
tion 5.4, we have that if ¢y is big enough then lim; . oo Q(M;) > ¢o > 0, and by Proposition
5 of [14], we can conclude that €2/ & is not round.

. 212
Vze_f‘ do > 4cy.

5.2 The cases of the complex and quaternionic hyperbolic space

The richer geometry of CH” and HH" makes the research of a not round limit harder. In
fact, it is well known that in these spaces there are no totally umbilical hypersurfaces (see

Theorem 5.1 of [26] for a proof). Therefore, |f§ |2 is always bounded away from zero and the
modified Hawking mass is no more useful in this context. On the other hand, the complexity
of the problem can be reduced using the S®-invariance. In fact, under this further hypothesis,
Lemma 2.4 suggests that the limits with constant scalar curvature should be very rare. In
order to overcome all these difficulties in [15, 16], we defined the following weaker notion
of mass.

O(M) = |M|*”ﬁ/

» (H - H) du, (5.24)

where H is the function defined in (2.11). Note that Q in general does not have a sign, but
it is bounded. Moreover, it is important to keep in mind that, even if we are using an unique
symbol, Q depends on the choice of K. Its evolution is given by the following result.
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Lemma 5.5 Let M; be the evolution of a star-shaped, mean convex, S?-invariant hypersur-
face of KH", then

M, |1 LMD Q(M) (

2 H N
1+ —) M, |~ / Zap | (H = Bydu
+ ! M, ¥ M,

+/ E( m_ a >d
M, ¥ \sinh(p)  coshZ(p) ) "

Proof The result follows combining Lemma 2.6 with

OH v ( a m )
3t ¥ \cosh?(p) sinh%(p)/’
and the fact that for any ¢

" Y — 22 2> f ( ! )
AH+ —|VH du = — Al —)du=0.
/ <w2 tys VAR de= L Ay )

With the help of the results of the previous sections, we can estimate the evolution equation
of Q proving that if Q decays, then it does so very slowly.

m}

Proposition 5.6 Ler M; be the evolution of a star-shaped, mean convex, S*-invariant hyper-
surface of KH", then there is a positive constant ¢ such that
dQ(M;) (Mr)
dt

—ce w(nz+a)

Proof By the explicit expressions of the second fundamental form (2.9), of the mean curvature
(2.10) and by Lemma 2.3, we have

%k(/?] Ye et 2 cosh(p) H I:I
v2sinh%(p) v sinh(p)

v
h? inh? 2
(SO ) (2
v2 sinh?(p) vZcosh?(p) v

|A|? + Ric(v,v) =

_ pugjs6M6  2cosh(p)H Vol
v2sinh%(p) ~ vZ(v + 1) sinh(p)
2 cosh(p) H_f m a
v sinh(p) ( B ) v2 sinh?(p) 2 cosh2(p)’

By substituting this formula in the result of Lemma 5.5, we can rearrange the terms of the
evolution equation of Q as follows:

1--2-dOM)) _ 2 H cosh(p)
R 2f<H - H) ((m+a)|M,\ f g — stinl;O(p))d/“L
% H
+f(H - H) (W Sn fwd“) du

m a
1y (” - F) (st - cqsh2<p>) ap y

\vwz _ 2cosh@A g p vikeisUE0
+/ vy <m+“ (v+1>sinh(p>)d“ vzwsmh%p)d

(5.25)
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4
We claim that every term in the right-hand side of (5.25) is smaller than ce” 7@’ | M|,
for some constant ¢ > 0. In fact, by Proposition 3.1, Lemma 4.3, the facts that p grows like
m, and % is bounded, the various terms of (5.25) can be estimate as follow:

2
N A _ '
|H—-—H|<|H—-m-—a|l+|m+a—H|<ce vimto;

1 H cosh(p) 1 H m+a
[ Zap - == < i
(m+a) M J ¥ vy sinh(p) (m + a)| M| v Ym+a)
cosh(p) |1 1
vsinh(p) |[¥ ¥ (m + a)
+ 1 cosh(p)
vy (m + a) | sinh(p)
< ce_mt;
H 1 H H m+a 1 H m+a
— = —du| < |— — + — — —|d
v ML) Y v Yym+a)| M ¥ Ym+a)
< Ceimt;
2
v_i:ﬂ<cefmf;
vZ 2w +1) T
2cosh(p)ﬁ 2 cosh(p)

m+a S‘m—i—a—ﬁl’—i—ﬁ‘l

~ (v+ D)sinh(p) (14 v)sinh(p)
2

ce T’

. ~ij~kS‘ —W’

PikPjsO "0 =< ce .

IA

[m}

We can construct many S“-invariant examples M such that lim;_, o, Q(M;) > 0. By
Proposition 9.4 of [15] and Proposition 7.1 of [16], we get that the sub-Riemannian limit
metric go, cannot have constant (Webster or qc) scalar curvature. The strategy is analogous
to that of Hung and Wang [14] described in the previous subsection and it use the mass (5.24)
instead of the modified Hawking mass (5.22).
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