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ABSTRACT
We investigate the contribution of inelastic electron collisions to nonlinear (NL) dynamics in ultraviolet plasmonic nanoparticles, exploring
their potential for harmonic generation. Employing the Landau weak coupling formalism to model radiation-driven electron dynamics in
sodium and aluminum, we account for both electron–electron and electron–phonon scattering processes by a set of hydrodynamic equa-
tions, which we solve perturbatively to obtain third-order NL susceptibilities. Furthermore, we model high harmonic generation enhanced
by localized surface plasmons in nanospheres composed of such poor metals, demonstrating their efficient operation for extreme ultraviolet
generation. Our investigation reveals that plasmonic nanospheres composed of sodium and aluminum produce a large field intensity enhance-
ment of ≃ 103–105, boosting the harmonic generation process. Our findings indicate that poor metals hold great promise for advanced extreme
ultraviolet nano-sources with potential applications in nano-spectroscopy.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0210865

I. INTRODUCTION

Harnessing nonlinear (NL) effects in nanoscaled photonic sys-
tems is crucial for several applications encompassing low-power
frequency conversion,1 NL switching,2 and soliton formation.3
Indeed, because NL effects in isotropic systems depend over the
field intensity, they can get enhanced by the subwavelength localiza-
tion properties of surface plasmons (SPs),4–6 collective electrostatic
excitations of electrons in nanostructures composed of metals or
semi-metals. Surface-induced nonlinearity enhancement by surface
plasmon polariton (SPP)7,8 and localized plasmon (LP)9,10 reso-
nances has been adopted for diverse NL plasmonic applications
based on noble metals, mainly operating in the visible spectral
domain. However, the large absorption of noble metals in the vis-
ible range poses a stringent limitation on the NL functionalities of
plasmonic devices. In turn, absorption mitigation, for example, by

surface roughness reduction11 or SPP amplification by externally
pumped active media,12–15 plays an important role for advanc-
ing plasmon-enhanced NL functionalities. Moreover, the adoption
of infrared (IR) plasmonic materials, for example, graphene,16,17

oxides, and nitrides,18–20 produces absorption mitigation thanks to
electron density reduction.

IR plasmonic media also offer appealing epsilon-near-zero
(ENZ) features21 that enhance nonlinearity22 and can be exploited
in a number of photonic applications,23 for example, NL tunnel-
ing control,24 enhanced harmonic generation,25,26 and frozen soli-
tary doughnut formation.27 Furthermore, ENZ media enable high
harmonic generation (HHG)28 that can be exploited to develop
ultraviolet (UV) radiation sources,29,30 holding great potential for
micromachining and special marking.31 However, because HHG in
solids does not ensue from multiphoton tunneling ionization like in
atoms,32 extreme ultraviolet (XUV) generation by IR ENZ media is
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not efficient due to the high harmonic order required to reach pho-
ton energies >10 eV in the XUV spectral regime. For this reason,
the adoption of UV plasmonic materials such as poor metals21 is
promising for XUV generation, manipulation, and guidance.33

Here, we investigate the potential of plasmonic nanospheres
(NSs) based on poor metals, particularly sodium (Na) and alu-
minum (Al), for plasmon-enhanced harmonic generation. Because
Na and Al do not undergo interband dynamics in the visible–UV
spectral range, they are particularly promising plasmonic media
with mitigated absorption and a purely intraband Drude-like elec-
tromagnetic (EM) response. In turn, the NL properties of such
materials ensue mainly from electron plasma dynamics damped
by inelastic collisions with the ionic lattice background, which
we account for by the Landau weak coupling formalism and by
a previously reported generalized hydrodynamic model (GHM)
accounting for electron–electron and electron–ion grazing collisions
non-perturbatively.34 Collision-driven third-harmonic generation
(THG) NL susceptibilities of Al and Na are obtained by previously
reported analytical expressions obtained through the perturbative
solution of the GHM.35 By considering Na/Al-based NSs illuminated
by EM pump pulses with ≃ps time duration, we solve the scattering
problem in the electrostatic regime, obtaining analytical expressions
for the radiated THG power in the undepleted pump approximation.
We find that such NSs produce a large field intensity enhance-
ment of ≃ 105, boosting the harmonic generation process. Finally, by
numerically solving the GHM in the local response regime through
a fourth-order Runge Kutta algorithm, we evaluate the ultrafast
heating dynamics of electrons over the ≃ps timescale, finding that
Na/Al-based NSs produce efficient HHG due to the fast tempo-
ral oscillations of the nonlinearly-saturated instantaneous absorbed
power density. Our results shed light on the opportunities offered by
poor metals for advanced NL plasmonic applications.

II. COLLISION-DRIVEN NONLINEARITY
We model collision-driven nonlinearity of Na and Al by a pre-

viously reported GHM,34,35 whose derivation and working principles
are briefly summarized in this section. Owing to the nonresonant
electronic response of bulk Na and Al in the visible–UV spectral
range, their EM response is dominated by plasma dynamics that can
be evaluated within the classical kinetic theory framework. Here, the
conduction electrons are treated as a dilute plasma while the lat-
tice ions with mass M are regarded as a homogeneous thermal bath
of positive charge at equilibrium temperature T0 = 300 K with dis-
tribution function f0(r, w) = n0(M/2πkbT0)3/2 exp (−Mw2/2kbT0),
where w is the microscopic velocity, r is the position vector, n0 is the
lattice ion density, and kb is the Boltzmann constant. The temporal
evolution of the electron distribution function f(r, w, t) is governed
by the Boltzmann equation,

∂t f +w ⋅ ∇r f + 1
m

Fw(r, t) ⋅ ∇w f = (∂t f )coll, (1)

where Fw(r, t) = −eE(r, t) − ew × B(r, t) is the external EM force
exerted by the electric E(r, t) and magnetic B(r, t) pump fields,
−e and m are the electron charge and effective mass, respec-
tively, and (∂t f )coll = (∂t f )el−el

coll + (∂t f )el−ph
coll is the total colli-

sion rate resulting from electron–electron (el–el) [(∂t f )el−el
coll ] and

electron–phonon (el–ph) [(∂t f )el−ph
coll ] collisions. The Landau weak

coupling formalism enables the evaluation of (∂t f )coll, where
frontal el–el and el–ion (producing phonons) collisions are disre-
garded and only grazing collisions are retained.34,35 This leads to the
expression of (∂t f )coll in differential form through the introduction
of NL Rosenbluth potentials.34,35 In turn, Eq. (1) is solved by the
Landau method of moments (truncated at the second moment) and
the non-perturbative calculation of (∂t f )coll.34,35 The local tempo-
ral evolution of the moments v(r, t) (first-order, mean velocity) and
Te(r, t) (second-order, temperature) is governed by

∂tv(r, t) = 1
m

Feff(r, t) − γFγ(v, Te)v(r, t), (2a)

∂tTe(r, t) = Q(v, Te), (2b)

where Feff = −eE − ev × B is the external effective force, γ is the lin-
ear damping rate, and Fγ and Q are the NL damping and heating
rates,34,35 respectively, explicitly given by

Fγ(v, Te) =
3v3

T0

2v2vT
[G(v/vT) − e

−
v2

v2
T ], (3a)

Q(v, Te) = γth
Mv3

T0

2kbvT
[G(v/vT) −

Tev2
T0

T0v2
T

e
−

v2

v2
T ]. (3b)

In the expressions above G(v, Te) =
√

πvTerf(v/vT)/2v, γth = 2mγ/
(m +M) is the linear thermal relaxation rate coefficient, and vT(Te)
=
√

2kb(T0/M + Te/m) and vT0 = vT(T0) are the electron thermal
velocities in out-of-equilibrium and equilibrium conditions, respec-
tively. Such GHM accounts for ultrafast heating and its effect on
the induced current density J(r, t) = −en0v(r, t), and has been pre-
viously adopted to model out-of-equilibrium electron dynamics in
silver34 and THG in Na-based thin films.35 Here, we adopt the
GHM to derive (i) novel analytical expressions for THG polar-
izabilities of Na/Al-based nanospheres (see Sec. III), and (ii) to
model plasmon-enhanced HHG non-perturbatively (see Sec. IV).
In our calculations, we consider a Na/Al-based NS with diameter
D immersed in vacuum and illuminated by an ultrafast pulse with
time duration τ ≃ 0.1–1 ps (intensity full-width at half-maximum),
peak intensity I0, and carrier vacuum wavelength λ0 (angular fre-
quency ω0 = 2πc/λ0, where c is the speed of light in vacuum),
see Fig. 1(a). In turn, the impinging pump electric field is given
by E0(r, t) = Re[a0(t − z/c)eik0z−iω0t], where k0 = ω0/c, a0(t − z/c)
=
√

2I0/ϵ0ce−2 ln 2(t−z/c)2
/τ2

êy is the vectorial pulse envelope, and ϵ0
is the dielectric permittivity of vacuum. The pump field is assumed
to propagate over the z-direction and to be linearly polarized over
the y-direction, indicated by the êy unit vector. Because the mag-
netic force produces significant effects only in the relativistic regime,
it can be neglected in the weak EM excitation limit. In the lin-
ear regime, the electron mean velocity v(r, t) ≃ vl(r, t) remains
unaffected by heating and satisfies the Drude model ∂tvl = −γvl
− (e/m)Ein(r, t), where Ein(r, t) = Re[Ain(r, t)e−iω0t] is the electric
field within the NS, produced by the superposition of the imping-
ing and induced pump fields. Owing to the quasi-monochromatic
regime τ ≫ 2π/ω0, we adopt the slowly-varying envelope approx-
imation (SVEA), where the pump vectorial envelope Ain(r, t) is
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FIG. 1. (a) Schematic of the considered NSs with diameter D, illuminated by an ultrafast pump pulse with ≃ps time duration and carrier angular frequency ω0 producing
harmonic generation. (b) Dependence of the RLDPs ϵNa,Al(λ0) real (solid curve) and imaginary (dashed curve) parts over the pump carrier wavelength λ0. The circles
indicate the UV plasma wavelengths of Na (solid circle) and Al (dashed circle). (c) and (d) Dependence of the (c) real and (d) imaginary parts of the linear polarizabilities
αNa,Al over λ0 for Na/Al-based NSs with D = 15 nm. In both plots, the solid vertical black lines indicate the LP resonance wavelengths of Na (λNa

LP) and Al (λAl
LP).

temporally modulated over a duration much longer than the single-
cycle period 2π/ω0. In turn, in such assumptions, one gets the
solution Jl(r, t) = ϵ0 Re{−iω0[ϵ(ω0) − 1]Ain(r)e−iω0t}, where ϵ(ω0)
= 1 − ω2

p/ω0(ω0 + iγ) is the Drude relative linear dielectric per-

mittivity (RLDP) of Na (ϵNa) or Al (ϵAl), and ωp =
√

n0e2/ϵ0m
is their plasma frequency. In Fig. 1(b), we illustrate the depen-
dence of ϵNa,Al(λ0) over the carrier vacuum wavelength λ0, where
the plasma frequencies ωp (ωNa

p ≃ 8.2 × 1015 rad/s, ωAl
p ≃ 2.3 × 1016

rad/s) and the damping rates γ (γNa ≃ 24.6 ps−1, γAl ≃ 195.3 ps−1)
of Na36 and Al37 are obtained from previously reported results. In
the quasi-static limit where D≪ λ0, the delay associated with radi-
ation propagation is negligible, the induced polarization charges
follow adiabatically the external field over time, and the field dis-
tribution is practically uniform within the NS. In turn, the linear
polarizability of the Na-(αNa) and Al-based (αAl) NS can be cal-
culated in the electrostatic approximation, yielding α(ω0) = πϵ0D3

[ϵ(ω0) − 1]/[2ϵ(ω0) + 4] and the uniform internal field Ain(t)
= 3/[ϵ(ω0) + 2]a0(t).

In Figs. 1(c) and 1(d), we illustrate the dependence of the
(c) real and (d) imaginary parts of the linear polarizabilities α(λ0)
= αNa,Al(λ0) of Na and Al over the carrier vacuum wavelength λ0.
Note that at two characteristic wavelengths, the linear polarizabilities
of Na (at λNa

LP ≃ 399 nm) and Al (at λAl
LP ≃ 142 nm) become resonant

due to LP resonance. Conversely to noble metals where LP reso-
nances are spectrally broad, we observe that the bandwidth of LP
resonances of Al/Na-based NSs is spectrally narrow (Δλ0 ≃ 1–5 nm)
due to the reduced absorption accounted for by the small damp-
ing rates γNa,Al. In turn, the linear absorption cross-section of the
Na/Al-based NS can be calculated through the optical theorem,
yielding the quasi-static approximation σNa,Al

abs = (k0/ϵ0)Im[α(ω0)].
When the NS diameter becomes comparable with the driving
wavelength, the quasi-static approximation does not provide accu-
rate results, and the absorption cross-section should be calculated
through the full Mie theory38 (σMie

abs ). In Figs. 2(a) and 2(b), we
illustrate the deviation between Mie theory and quasi-static results
∣σMie

abs − σNa,Al∣/σNa,Al
max as a function of D and λ0 for (a) Na- and (b) Al-

based NSs, where σNa,Al
max = max [σNa,Al

abs ] and Mie results are obtained
from open-source data.39 Note that for NS diameters D < 20 nm,
the quasi-static approximation becomes accurate, and the approach
developed below is justified. Owing to LP excitation, the induced

FIG. 2. (a) and (b) Color density plot illustrating the dependence of
∣σMie

abs − σNa,Al
abs ∣/σ

max
Na,Al over D and λ0 for (a) Na- and (b) Al-based NSs, respectively.

Such a quantity accounts for the deviation of absorption scattering cross-section
calculations obtained by the full Mie theory (σMie

abs) and the electrostatic approx-
imation (σNa,Al), normalized to the maximum absorption cross section (σNa,Al

max

= max [σNa,Al
abs ]).

surface charge density resonates, enhancing the local field inten-
sity within the NS by a factor Fenh = ∣Ain(t)/a0(t)∣2 = 9/∣ϵ(ω0) + 2∣2
≃ 103–105 [Fenh(λNa

LP) ≃ 3.7 × 104 for Na and Fenh(λAl
LP) ≃ 4.6 × 103

for Al]. Again, we emphasize that such large field intensity enhance-
ments arise from the reduced absorption of Na and Al in the
considered spectral range. Owing to the amplified electric field pro-
duced by the considered Na/Al-based NSs, odd-order NL effects are
boosted.

III. PLASMON-ENHANCED THG
In order to attain the THG NL susceptibilities of Na and Al,

we follow a previously reported multiple scale expansion of Eq. (2)
in the SVEA and in the weak EM excitation limit,35 providing
the THG NL polarization field PTHG(t) = ϵ0 Re[χ(3ω0)

coll A2
inAine−3iω0t],

where χ(3ω0)

coll (ω0) = (mω2
p/3ieω0)s(3ω0)

3 (ω0) is the collision-induced
THG-NL susceptibility and

s(3ω0)

3 = −e3(2γ − γth)(5γ − γth − 3iω0)
40m2kbT0(γth − 2iω0)(γ − 3iω0)(γ − iω0)3 . (4)

In our calculations, we take m = mNa ≃ 1.184 × 10−30 kg for Na40 and
m = mAl ≃ 1.275 × 10−30 kg for Al.40 To the best of our knowledge,
quantitative measurements of the thermalization rate of conduction
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FIG. 3. Dependence of the THG polarizability modulus ∣α(3ω0)∣ over λ0 for Na-
(blue dot-dashed line) and Al-based (red dotted line) NSs with fixed diameter
D = 15 nm. The black solid vertical lines indicate λNa

LP and λAl
LP.

electrons in Na are lacking, and thus we assume that they relax to
equilibrium over the same timescale of gold41 γth = γNa

th = (300 fs)−1.
Conversely, the hot conduction electron relaxation rate in Al γth

= γAl
th = (500 fs)−1 has been measured by transient extinction spec-

troscopy.42 We emphasize that the obtained expressions for the
THG-NL susceptibilities of Na and Al account for collision-driven
nonlinearity. In principle, in such materials also, band anharmonic-
ity and off-resonant interband transitions could provide contri-
butions to the NL response. However, as the scope of our work
lies in the modeling of collision-driven nonlinear radiation–matter
interaction, we do not account for such contributions in our calcu-
lations. The THG-NL polarization generates a pulsed electric dipole
moment oscillating at carrier frequency 3ω0, explicitly given by

dTHG(t) = ∫
τsph

PTHG(t)dτsph

= Re[α(3ω0)(ω0)a2
0(t)a0(t)e−3iω0t], (5)

where α(3ω0)(ω0) = τsphϵ0χ(3ω0)

coll {3/[ϵ(ω0) + 2]}3 is the THG NL
polarizability and τsph = (4/3)πR3. In Fig. 3, we depict the depen-
dence of ∣α(3ω0)(λ0)∣ over the pump carrier wavelength λ0 for Na

(dot-dashed blue line) and Al (dotted red line) based NSs with
diameter D = 15 nm. Note that, owing to the field enhancement
produced by the NSs, the THG-NL polarizabilities are boosted
at the LP resonance by a factor ≃ 106 for Na (at λNa

LP ) and by a
factor ≃ 105 for Al (at λAl

LP). Hence, the electric ETHG
dip (r, t) and mag-

netic HTHG
dip (r, t) fields produced by the NL oscillating dipoles of

the NSs in the far field can be readily calculated by the Green
function approach, providing an analytical expression for the time-
dependent Poynting vector of the emitted THG pulses STHG(r, t)
= ⟨ETHG

dip (r, t) ×HTHG
dip (r, t)⟩T , where ⟨⋅ ⋅ ⋅⟩T indicates the time aver-

age over the single-cycle duration T = 2π/ω0. In the far field
region STHG(r, t)∝ êr/r2 and in turn the THG emitted power at
distance r is pulsed PTHG(r, t) = ∫ 2π

0 dϕ∫ π
0 dθr2 sin θSTHG(r, t) ⋅ êr

= Ppeak
THGe−12 ln 2(t−r/c)2

/τ2
, where Ppeak

THG = 54ω4
0∣α(3ω0)(ω0)∣2I3

0/πϵ4
0c6,

the position distance affects only the time delay and the peak power
Ppeak

THG does not depend over r.
In Figs. 4(a)–4(d), we illustrate the dependence of the THG

radiated peak power Ppeak
THG by (a) and (c) Na- and (b) and (d) Al-

based NSs over (a) and (b) the pump carrier wavelength λ0 and
(c) and (d) its peak intensity I0. Note that, owing to the peaked
THG-NL polarizability at the Na/Al LP resonances λNa,Al

LP , the THG
radiated power is enhanced by a factor ≃ 1012 (in Na-based NSs) and
≃ 1010 (in Al-based NSs). We also emphasize that in Al-based NSs,
the THG process is reduced with respect to Na-based NSs owing
to their inherently weaker collision-driven THG-NL susceptibility
∣χ3ω0

coll,Al(λ
Al
LP)∣ ≃ 10−1∣χ3ω0

coll,Na(λ
Na
LP)∣.35 Moreover, due to the perturba-

tive nature of the considered THG-NL process, the emitted THG
peak power Ppeak

THG ∝ I3
0 depends cubically over the pump peak inten-

sity reaching orders of ≃ 10−4 W in Na-based NSs and ≃ 10−7 W
in Al-based NSs for I0 = 1 GW/cm2, see Figs. 4(c) and 4(d). Even
though the THG process in Al-based NSs is weaker, it is worth high-
lighting that it produces photon energies >20 eV in the XUV spectral
range due to the smaller LP resonance wavelength λAl

LP = 142 nm
<λNa

LP = 399 nm. In addition, the THG process produces pulse com-
pression by a factor 1/

√
3 and the dipolar emission occurs uniformly

over the whole azimuthal angle while being peaked at the equatorial
circle denoted by the π/2 zenithal angle. In this respect, we envisage
that collective resonances in Na/Al-based NS arrays may provide a
viable platform for directional THG emission.43

FIG. 4. Dependence of the THG emitted peak power Ppeak
THG(λ0, I0) by (a) and (c) Na- and (b) and (d) Al-based NSs over (a) and (b) λ0 and (c) and (d) I0. (a) and (b) Plots

are obtained for several distinct NS diameters D = 10, 15, 20 nm and fixed I0 = 1 GW/cm2. The black vertical lines indicate the LP resonance wavelengths λNa,Al
LP . (c) and (d)

Plots are obtained for fixed D = 15 nm and several distinct (c) λ0 = 395, 400, 402 nm and (d) λ0 = 135, 138, 145 nm.
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FIG. 5. (a) and (b) Temporal evolution of the electronic temperature Te for fixed pump peak intensity I0 = 100 MW/cm2 and several diverse pulse durations τ = 0.1, 0.5,
1 ps for (a) λ0 = λNa

LP = 399 nm in Na-based NSs, and (b) λ0 = λAl
LP = 142 nm in Al-based NSs, both with diameter D = 15 nm. (c) and (d) Dependence of the dipole moment

power spectrum ∣d(ω)∣2 [rescaled to its maximum ∣dmax∣
2
= maxω∣d(ω)∣2] over ω/ω0 for fixed D = 15 nm and I0 = 1 GW/cm2, and (c) Na- and (d) Al-based NSs upon

diverse pump carrier wavelengths (c) λ0 = 399, 500 nm and (d) λ0 = 142, 300 nm.

IV. PLASMON-ENHANCED HHG
The considered collision-driven harmonic-generation process

ensues from the fast temporal oscillations of the nonlinearly-
saturated instantaneous absorbed power density, accounted by Fγ
and Q in Eq. (2). Such a saturated absorption arises from the
quenching of el–el and el–ph grazing collisions upon strong-field
excitation due to their reduced interaction time with the scatter-
ing center.34 Such fast oscillations are the ones responsible for THG
described in the Sec. III and lead to HHG for intense EM excitation.
Modeling of higher order harmonic generation requires the non-
perturbative solution of Eq. (2), which we undertake numerically
in the undepleted-pump approximation by a fourth-order Runge-
Kutta algorithm by considering the electric force acting on the NS
conduction electrons Feff = −eEin(r, t). In Figs. 5(a) and 5(b), we
illustrate the temporal evolution of the out-of-equilibrium electron
temperature Te for several distinct pump pulse durations and fixed
peak intensity I0 = 100 Mw/cm2 for (a) Na- and (b) Al-based NSs at
their LP resonant wavelengths λNa,Al

LP . Note that the electronic tem-
perature increase in Al-based NSs is smaller owing to the reduced
field enhancement with respect to Na-based NSs. The obtained
numerical results for the instantaneous mean electron velocity v(t)
enable the calculation of the instantaneous dipole moment spec-
trum in the SVEA by a fast Fourier transform algorithm providing

FIG. 6. Color density plot illustrating the dependence of the electric dipole power
spectrum ∣d(ω)/dmax∣ over the pump wavelengths λ0 and ω/ω0 for Na (a) and Al
(b), respectively. The dashed black lines represent the LP resonance wavelengths
λNa/Al

LP . All plots are obtained for a fixed pump peak intensity of I0 = 1 GW/cm2.

d(ω) = (−ien0τsph/ω)v(ω). In Figs. 5(c) and 5(d), we depict the cal-
culated electric dipole power spectrum ∣d(ω)/dmax∣2, where ∣dmax∣2
= maxω∣d(ω)∣2 for (c) Na- and (d) Al-based NSs with diameter
D = 15 nm pumped at their LP resonant wavelengths with pump
peak intensity I0 = 1 GW/cm2. We observe that the considered NSs
produce HHG (c) up to the 13th (in Na-based NSs) and (d) fifth
harmonic (in Al-based NSs) with conversion efficiency >10−15 in
the XUV spectral range. To fairly assess the plasmon-induced HHG
process, in Fig. 6, we illustrate the dependence of ∣d(ω)/dmax∣2 over
ω and the pump wavelength λ0 for (a) Na- and (b) Al-based NSs
at the same pump peak intensity I0 = 1 GW/cm2. Note that in both
cases, the maximum efficiency is attained near the LP wavelength
λNa/Al

LP (slightly shifted due to Ohmic losses), see the black dashed
lines in Figs. 6(a) and 6(b). We also emphasize that our calculations
are based on the electric dipole approximation, which breaks for
sufficiently higher harmonics in the highly non-perturbative regime
where the field intensity of the higher harmonics becomes com-
parable with the pump field intensity. However, due to the weak
radiation–matter interaction in the considered spectral range, such
a regime is not attainable and the undepleted pump approximation
is valid. Indeed, the HHG weights of the dipolar power spectrum are
much smaller than one, see Figs. 5 and 6. In turn, in the undepleted
pump approximation and in the pump quasi-static regime the field
radiated by the nanosphere is purely dipolar.

We also highlight that both perturbative and non-perturbative
calculations predict only odd-order harmonic generation. Such
observations arise from (i) the neglection of nonlocal contribu-
tions to collision-driven nonlinearity accounted by the GHM in
Eq. (2) and (ii) the centrosymmetric geometry of the considered NSs.
In principle, similarly to intraband anharmonicity and interband
dynamics, also collision-driven nonlinearity can produce even-order
harmonics by the nonlocal convective nonlinearity of the GHM,34,35

neglected in this paper. In turn, we anticipate that HHG in nanopar-
ticles with more complex geometric features is expected to display
shape-dependent spectra arising from non-destructive interference
of surface nonlinear contributions to the HHG process.44,45 More-
over, surface roughness, nonlocality, finite-size effects, and elec-
tronic spill-out may provide resonance shifts and absorption correc-
tions,46 becoming dominant for D < 10 nm. The accounting of such
corrections requires more advanced numerical tools, for example,
quantum hydrodynamic frequency domain calculations.47,48
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V. CONCLUSIONS
In conclusion, we explored the potential of poor metal-based

nanostructures for plasmon-enhanced harmonic generation. By
focusing on Na/Al-based NSs, we have modeled the harmonic gen-
eration process by a GHM accounting non-perturbatively for el–el
and el–ph grazing collisions. By perturbatively solving the GHM
equations upon ultrafast EM pumping, we have derived analytical
expressions for the THG-NL polarizabilities of Na/Al-based NSs.
Our results indicate that LP resonances in such nanostructures
enable the efficient enhancement of the local field by 103–105,
leading to plasmon-enhanced THG. Furthermore, by numerically
solving the GHM equations, we found that Na/Al-based NSs pro-
duce HHG up to (Na) 15th harmonic and (Al) fifth harmonic with
conversion efficiencies >10−15 in the XUV spectral range. Our results
shed light on the possibilities offered by poor metals for advanced
nanosources of XUV radiation that may find application in future
nano-spectroscopy devices.
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