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pressure to reach 106 Pa in hydrodynamic lubrication and 
109 Pa in elastohydrodynamic lubrication (Szeri 2010; Sari 
et al. 2024). Furthermore, the high speed of motion induces 
large shear stresses in the fluid. These conditions can cause 
the film to depart from an ideally Newtonian characteris-
tic and exhibit strongly non-Newtonian traits such as shear 
thinning, viscoelasticity or even viscoplasticity (Mortier et 
al. 2010; Ahmed and Biancofiore 2022).

From a modeling perspective, the contact regions in 
these systems span a few millimeters in length (ℓx) and a 
few micrometers in height (H0), leading to the formation 
of a thin film (Szeri 2010). The ratio of the characteristic 

height to length, i.e., the thin-film ratio ϵ = H0
ℓx

<< 1, is 
small enough to apply the lubrication approximation in the 
governing set of equations (mass and momentum conser-
vation laws) which gives simplified models for analyzing 
these systems using computational methods.

Under the conditions where the fluid remains Newto-
nian, the mathematical models further simplify and yield, 
in some cases, exact analytical expressions for the film 
pressure p∗, stress tensor τ ∗, and velocity field u∗ (see for 

Introduction

Many load-bearing mechanical and biological systems rely 
on a lubricating mechanism in order to properly function 
(Tichy and Bou-Saïd 2008). Some examples include con-
tact regions in bearings and gears, human biological joints 
(spherical hip joint, synovial joint etc), tear film lubrication, 
all of which comprise two surfaces in relative motion sepa-
rated by a thin lubricating film. The typical operating condi-
tions, especially in mechanical systems, involve handling a 
large external load over a small region which causes the film 
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Abstract
Tribological components such as bearings and gears sustain a tremendous external load and operate at high relative 
speeds. For hydrodynamically lubricated contacts, subject to these extreme conditions, the lubricating fluid film exhibits 
non-Newtonian characteristics. In particular, when the ratio of fluid relaxation time to the flow residence time, i.e., the 
Deborah number (De), becomes appreciable, viscoelastic effects emerge. In this work, we model the effect of viscoelas-
ticity using the viscoelastic Reynolds equation (VR) in cylindrical coordinates under the ultra-dilute limit in which the 
solvent concentration in terms of viscosity is larger than the polymeric contribution. As such, the velocity field remains 
Newtonian and the polymer stress constitutive relation is further simplified. We examine the effect of fluid viscoelasticity 
on the load carrying capacity for two geometries; (i) a conical configuration (that could be aligned or misaligned) and (ii) 
a flat surface embedded with different kind of textures. Our results show that viscoelasticity can enhance the load carrying 
capacity in both cases. Small errors in alignment strongly affect the trend in the load versus De and a strong nonlinear 
trend emerges exhibiting load both saturation and diminishment. Introducing pockets in the surface further improves the 
load bearing capability beyond the Newtonian values. However, numerical simulation of such textured configurations is 
challenging and, unlike the inclined asymmetric cone, large values of the Deborah number could not be reached.
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example the one-dimensional plane slider bearing Szeri 
2010). For the general case, using numerical techniques, 
e.g. the finite difference method, the finite element method 
etc., the solution for the pressure and stress distribution in 
the film can be obtained. Formulae for practical quantities, 
relevant for several load bearing applications, such as the 
load carrying capacity Fℓ =

´ ℓx

0 p∗dx∗, and surface friction 
fℓ =

´ ℓx

0 τ∗
xydx∗ immediately follow.

For a rheological perspective, in thin film hydrodynamic 
lubrication, the high relative sliding velocity of the surfaces 
U∗ leads to a short residence time, ℓx/U∗. Industrial grade 
lubricants and biological fluids, comprising a base Newto-
nian solvent and polymeric additives that can stretch long 
distances, then tend to exhibit additional elastic stresses 
(compared to the purely viscous stresses of the solvent) 
that require a finite time to relax measured via the polymer 
relaxation time λ. The fluid film exhibits viscoelastic effects 
when the Deborah number, i.e., the ratio between the poly-
mer relaxation time and the residence time scale is not neg-
ligible De = λU∗/ℓx > 0.

Contrary to the Newtonian formulations for pressure, 
velocity and stress, the ensuing mathematical models for 
capturing viscoelasticity are inherently complex. The fun-
damental governing system of equations now includes a 
polymer stress constitutive relation (a coupled system of 
hyperbolic partial differential equations), e.g., the Oldroyd-
B model, and replaces the momentum balance by the more 
general Cauchy’s equation of motion. Hence, we have a 
three-way coupling between the pressure, velocity and 
stress which is challenging to model computationally and 
analytically. Nevertheless, for two-dimensional channels, 
several simplified models have been achieved via clever 
and meaningful assumptions. For instance, assuming the 
lubricant is only weakly viscoelastic a classical perturba-
tion in the Deborah number allows linearizing the system 
of equations (Tichy 1996), and, expansions up to O(De8) 
are attainable (Housiadas and Beris 2023) for cases where 
De can reach modest values. Similarly, the reciprocal theo-
rem also allows obtaining meaningful expansions to high 
De-order (Boyko and Stone 2021, 2022) and have been 
validated against direct numerical simulations. In special 
cases, through careful consideration of the type of flow 
and geometry exact analytical solutions for pressure-driven 
flow (within a reasonable range of the Deborah number) 
are given for low to moderate values of De (Housiadas and 
Beris 2024). In particular, for solutions in which the poly-
mer viscosity is much smaller than the solvent viscosity, 
i.e., the ultra-dilute limit, exact analytical expressions for 
all quantities are attainable for pressure-driven flow via a 
clever curvilinear coordinate transformation (Boyko et al. 
2024). Other notable reduced-order modeling approaches 

include the generalized Reynolds equations (Johnson and 
Tevaarwerk 1977), ultra-thin film assumption (Venkatesh et 
al. 2022), shear stress dominated flow (Akyildiz and Bellout 
2004), second-order (or higher) fluid models (Sawyer and 
Tichy 1998).

For three-dimensional channels, for example, the flow 
through engineered surfaces, lubricated joints (Tichy and 
Bou-Saïd 2008) etc., the channel geometry varies along the 
streamwise and spanwise direction. In these cases, develop-
ing simplified models that span a wide range of the Deborah 
number is especially challenging since the leading-order 
(Newtonian) solution itself is not analytically accessible.

It is increasingly important to model these contacts 
because experiments have shown that surface variation 
can be exploited by placing pocketed textures to further 
enhance load carrying capacity and minimize surface fric-
tion (reducing shear stress and mitigating the effects of 
shear thinning) (Schuh and Ewoldt 2016; Hoon Lee et al. 
2017; Schuh et al. 2017; Schuh and Ewoldt 2019; Lee et al. 
2019). In particular, a simplified mathematical framework 
using the Criminale-Ericksen-Filbey (CEF) model (Bird et 
al. 1987) showed potential in modeling textured surfaces in 
cylindrical coordinates using the pseudo-spectral method 
(Schuh et al. 2017) and paved the way for optimizing the 
texture design, maximizing load and minimizing frictional 
losses (Hoon Lee et al. 2017). Although, the CEF equa-
tion is suitable for problems involving variable properties 
(for instance, shear thinning), it builds upon the order-fluid 
model for capturing the viscoelasticity of the fluid (Owens 
and Phillips 2002).

An alternative is the recent viscoelastic Reynolds numer-
ical method which constitutes a single partial differential 
equation for the pressure in terms of the fluid extra stress 
components (Ahmed and Biancofiore 2025). A key feature 
is the decoupling of the pressure, velocity and stress com-
ponents which greatly simplifies the computational cost. 
The decoupling is achieved by an a priori estimate of the 
velocity field by assuming a weak linear perturbation to the 
flow which has been numerically verified via direct numeri-
cal simulations (DNS) (Ahmed and Biancofiore 2021, 2023, 
2025) and experimental evidence albeit for different flow 
configurations is also available (Phan-Thien and Tanner 
1983; Zhang et al. 2023; Zheng et al. 2023). In fact, experi-
ments on thin films formed by bubbles laden with surfactant 
show no influence of viscoelasticity on the drainage dynam-
ics (Lombardi et al. 2025b, a). The ultra-dilute approxima-
tion well-known in modeling non-Newtonian fluid flow 
(Moore and Shelley 2012) has been recently applied to pres-
sure driven thin-film flow (Boyko et al. 2024) and offers 
another promising alternative that can achieve a full decou-
pling of the velocity field from the pressure and fluid extra 
stress.
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In this work, we utilize the viscoelastic Reynolds numer-
ical approach (VR) for modeling the viscoelastic flow 
through channel geometries conforming ideally to cylin-
drical coordinates using the Oldroyd-B and Giesekus con-
stitutive relations in the ultra-dilute limit. We examine an 
untextured inclined surface, mimicking a (mis)aligned rhe-
ometer, and two types of textured pads: (i) one with straight 
cylindrical pockets and (ii) one with inclined pockets, fol-
lowing Schuh and Ewoldt (2016). We compare and contrast 
the variation in the load carrying capacity as the strength of 
viscoelasticity is varied (via the Deborah number), and also 
examine the influence of secondary nonlinear effects such 
as finite polymer extension and shear thinning which are 
absent from the classical Oldroyd-B constitutive relation.

The paper is organized as follows. Section “Mathemati-
cal and numerical formulation” deals with the mathemati-
cal model included some information about the numerical 
details. The results for the pressure, load and friction are 
presented in Section “Results and discussion”. In particular, 
the inclined (mis)aligned conical configuration, and the tex-
tured pad are discussed in Sections “Cone-and-plate geom-
etry” and “Textured pad”, respectively. Finally, conclusions 
are drawn in Section “Conclusions and future work” with 
recommendations for potential future work.

Mathematical and numerical formulation

In this section, we present the governing system of equa-
tions that mathematically describe the flow of a viscoelastic 
fluid through a thin channel. Using lubrication theory, and 
the ultra-dilute assumption (Boyko et al. 2024), we arrive 
to a single differential equation, the viscoelastic Reynolds 
numerical approach (VR), see Section “Viscoelastic Reyn-
olds model”, for determining the pressure in cylindrical 
coordinates. It is adapted and modified from previous works 
in a Cartesian domain (Ahmed and Biancofiore 2021, 2023, 
2025), which allows predicting the pressure distribution for 
two- and three-dimensional configurations.

Governing equations

The governing system of equations for the flow of a visco-
elastic fluid in a thin channel consists of the mass conserva-
tion equation and Cauchy’s equation of motion, 

∇∗ · u∗ = 0, � (1a)

ρ
D(u∗)
Dt∗ = −∇∗p∗ + ∇∗ · σ∗, � (1b)

τ ∗ + λ
▽
τ ∗ = 2ηpD∗, � (1c)

σ∗ = 2ηsD∗ + τ ∗, � (1d)

 where, u∗ is the velocity field, p∗ is the pressure, σ∗ is 
the total stress tensor, τ ∗ is the polymer extra stress ten-
sor, ηs is the solvent viscosity, ηp is the polymer viscosity, 
D∗ = 1/2(∇∗u∗ + ∇∗u∗T ) is the deformation rate ten-
sor, ▽

τ ∗ = Dτ ∗

Dt∗ − L∗τ ∗ − τ ∗L∗T  is the upper convected 
rate operator, L∗ = ∇∗u∗ is the velocity gradient tensor.

Equation 1c represents the Oldroyd-B constitutive rela-
tion that captures the viscoelastic contribution of the fluid. 
However, it excludes any secondary effects such as shear 
thinning and finite extension of the polymers (Bird et al. 
1987). To account for these two affects, the Giesekus model

τ ∗ + λ
▽
τ ∗ + α

λ

ηp
τ ∗τ ∗ = 2ηpD∗,� (2)

where, 0 < α < 1 is the mobility parameter, is also employed 
in this study. Equation 2 is also used for validating the results 
against published work (Hoon Lee et al. 2017). The robust 
approach is the direct numerical simulation of the full set of 
equations. However, this poses significant challenges due to 
the high Weissenberg number problem (HWNP) (Fattal and 
Kupferman 2004) and is computationally expensive owing 
to the numerical constraints of a thin film, strongly reducing 
the mesh spacing and the time step size.

Thin film equations

A set of thin-film reduced equations are derived for a lubri-
cated channel of radius R0 and height h∗(r∗, θ) modeled 
via the cylindrical coordinate system (r∗, θ, z∗). Using the 
scaling 

r∗ = R0r, z∗ = H0z, h∗ = H0h, ϵ = H0

R0
, � (3a)

u∗
r = U0ur, u∗

θ = U0uθ, u∗
z = ϵU0uz, � (3b)

τ∗
rr = τrr

η0U0R0

H2
0

, τ∗
θr = τθr

η0U0

H0
, τ∗

zr = τzr
η0U0

H0
, � (3c)

τ∗
θθ = τθθ

η0U0R0

H2
0

, τ∗
zθ = τzθ

η0U0

H0
, τ∗

zz = τzz
η0U0

R0
, � (3d)

p∗ = η0U0R0
H2

0
p, De = λ U0

R0
,

β = ηs

η0
, η0 = ηs + ηp

� (3e)

where, H0 is the film height, R0 is the characteristic 
length (radius), U0 is the reference velocity (equivalently 
U0 = R0Ω0 for some rotation rate Ω0). The scalar compo-
nents for the tensor equations are given in Ref. Owens and 
Phillips (2002).
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Note that the Newtonian system of equations (p = p(0), 
u = u(0) and τ = τ (0)) is obtained by setting De = 0 in 
Eqs. 4a-4j (and simplifying), 

1
r

∂(ru
(0)
r )

∂r
+ 1

r

∂u
(0)
θ

∂θ
+ ∂u

(0)
z

∂z
= 0, � (5a)

∂p(0)

∂r
= ∂2u

(0)
r

∂z2 , � (5b)

1
r

∂p(0)

∂θ
=

∂2u
(0)
θ

∂z2 , � (5c)

∂p(0)

∂z
= 0. � (5d)

 This simplified system is solved subject to the boundary 
conditions for a sliding (rotating about the z-axis) lubricated 
channel, 

u(0)
r (r, θ, z = 0) = 0, u(0)

r (r, θ, z = h) = 0,� (6a)

u
(0)
θ (r, θ, z = 0) = r, u

(0)
θ (r, θ, z = h) = 0,� (6b)

u(0)
z (r, θ, z = 0) = 0, u(0)

z (r, θ, z = h) = 0,� (6c)

 to give explicit equations for the Newtonian pressure and 
velocity components, 

1
r

∂

∂r

(
rh3

12
∂p(0)

∂r

)
+ 1

r

∂

∂θ

(
h3

12r

∂p(0)

∂θ

)
= 1

2
∂h

∂θ
, � (7a)

u(0)
r = 1

2
∂p(0)

∂r
(z2 − zh), � (7b)

u
(0)
θ = 1

2r

∂p(0)

∂θ
(z2 − zh) + r

(
1 − z

h

)
, � (7c)

u(0)
z = z3

(
− 1

6
∂2p

∂r2 − 1
6r

∂p(0)

∂r
− 1

6r2
∂2p

∂θ2

)

+ z2
(

h

4
∂2p(0)

∂r2 + 1
4

∂h

∂r

∂p(0)

∂r
+ 1

2h2
∂p(0)

∂θ

+ h

4r

∂p(0)

∂r
+ h

4r2
∂2p(0)

∂θ2 + 1
4r2

∂h

∂θ

∂p(0)

∂θ

)
.

� (7d)

The pressure distribution from Eq. 7a is obtained using any 
of the classical numerical methods, for example, the finite 
difference method, subject to the boundary conditions for a 
periodic domain

Substituting Eqs. 3a-3e into the governing system of Eqs. 
1a-1d and applying the lubrication limit ϵ2 → 0, gives the 
reduced set of dimensionless scalar equations, 

1
r

∂(rur)
∂r

+ 1
r

∂uθ

∂θ
+ ∂uz

∂z
= 0, � (4a)

∂p

∂r
= β

∂2ur

∂z2 + 1
r

∂

∂r
(rτrr) + 1

r

∂τθr

∂θ
+ ∂τzr

∂z
− τθθ

r
, � (4b)

1
r

∂p

∂θ
= β

∂2uθ

∂z2 + 1
r2

∂

∂r
(r2τrθ) + 1

r

∂τθθ

∂θ
+ ∂τzθ

∂z
, � (4c)

∂p

∂z
= 0, � (4d)

τrr + De

(
∂τrr

∂t
+ ur

∂τrr

∂r
+ uθ

r

∂τrr

∂θ
+ uz

∂τrr

∂z
− 2uθ

r
τθr

)
� (4e)

− De

(
2τrr

∂ur

∂r
+ 2

r
τθr

∂ur

∂θ
+ 2τzr

∂ur

∂z
− 2

r
uθ

)
= 0,

τθr + De

(
∂τθr

∂t
+ ur

∂τθr

∂r
+ uθ

r

∂τθr

∂θ
+ uz

∂τθr

∂z
− uθ

r
(τθr − τθθ)

)� (4f)

− De

(
τrr

∂uθ

∂r
+ τzr

∂uθ

∂z
+ τθr

∂ur

∂r
+ τzθ

∂ur

∂z
+ urτθr

r
− uθτθθ

r

+ τθr

r

∂uθ

∂θ
+ τθθ

r

∂ur

∂θ

)
= 0,

τzr + De

(
∂τzr

∂t
+ ur

∂τzr

∂r
+ uθ

r

∂τzr

∂θ
+ uz

∂τzr

∂z
− uθ

r
τθz

)
� (4g)

− De

(
τrr

∂uz

∂r
+ τzr

∂ur

∂r
+ τzr

∂uz

∂z
+ τzz

∂ur

∂z
− uθτθz

r
+ τθr

r

∂uz

∂θ

+ τθz

r

∂ur

∂θ

)
= (1 − β)∂ur

∂z
,

τθθ + De

(
∂τθθ

∂t
+ ur

∂τθθ

∂r
+ uθ

r

∂τθθ

∂θ
+ uz

∂τθθ

∂z
+ 2uθ

r
τθr

)
� (4h)

− De

(
2τθr

∂uθ

∂r
+ 2τθz

∂uθ

∂z
+ 2urτθθ

r
+ 2τθθ

r

∂uθ

∂θ

)
= 0,

τzθ + De

(
∂τzθ

∂t
+ ur

∂τzθ

∂r
+ uθ

r

∂τzθ

∂θ
+ uz

∂τzθ

∂z
+ uθ

r
τzr

)� (4i)

− De

(
τzr

∂uθ

∂r
+ τrθ

∂uz

∂r
+ τzz

∂uθ

∂z
+ τθz

∂uz

∂z
+ urτθz

r
+ τθz

r

∂uθ

∂θ

+ τθθ

r

∂uz

∂θ

)
= (1 − β)∂uθ

∂z
,

τzz + De

(
∂τzz

∂t
+ ur

∂τzz

∂r
+ uθ

r

∂τzz

∂θ
+ uz

∂τzz

∂z

)

− De

(
2τrz

∂uz

∂r
+ 2τzz

∂uz

∂z
+ 2τθz

r

∂uz

∂θ

)
= 0,

� (4j)

where, η0 = ηs + ηp is the total viscosity of the fluid. Equa-
tions 4a-4j comprise a coupled system of nonlinear partial 
differential equations. The classical lubrication result of 
constant pressure across the film is clearly retrieved, but the 
numerical solution is still challenging because of the three-
way coupling of p, u and τ .
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where, Z = z/h. The details regarding the derivation are 
presented in Appendix A and are no different from the Car-
tesian case presented in Ahmed and Biancofiore (2021). 
Note (i) the resemblance to the Newtonian form of Eq. 7a 
and the generalized Reynolds equation (Dowson and Tay-
lor 1979; Ahmed and Biancofiore 2022) and (ii) the explicit 
dependence of pressure gradients on the components of the 
viscoelastic stress. Next, we demonstrate how to decouple 
the pressure from the stress components.

There are several ways to achieve one-way coupling. 
For example, in sliding two-dimensional configurations (Li 
2014) or pressure-driven flows (Boyko and Stone 2022), 
having equal inlet and outlet channel heights causes the 
velocity field of De-order (and higher) to vanish point-wise 
in the channel. Furthermore, for weakly viscoelastic cases, 
the velocity field deviates weakly from the Newtonian limit 
(Tanner 1969; Phan-Thien and Tanner 1983) which is espe-
cially observable for squeeze film lubrication (Zhang et al. 
2023; Zheng et al. 2023).

In this work, in order to decouple Eqs. 4a-4j and remain 
in the high De-limit, we apply the ultra-dilute assumption 
(Boyko et al. 2024) in which the concentration of solvent 
is large, i.e., (1 − β) << 1 and, as a result, the (1 − β)-
order velocity field is Newtonian, but the Deborah number 
can acquire any value. This allows a unique decoupling of 
the fluid stress equations from the velocity field, and, also 
the pressure as well, but in the limit of high solvent con-
centration ratio β. It should be stated that in the original 
work, analytical solutions for the stress components at the 
(1 − β)-order are obtained through a clever transformation 
of the coordinate system for a two-dimensional pressure 
driven flow.

To solve for the film pressure, the fluid stress distribution 
(an unknown in Eq. 9a) is obtained via the constitutive rela-
tion using the following boundary conditions 

∂τij

∂r
(r = 0, θ, z) = 0, � (10a)

τij(r, θ = 0, z) = τij(r, θ = 2π, z), � (10b)

∂p(0)

∂r (r = 0, θ) = 0, p(0)(r = 1, θ) = 0,
and p(0)(r, θ = 0) = p(0)(r, θ = 2π).

� (8)

To obtain the pressure distribution in the viscoelastic case, 
one can solve the reduced system of Eqs. 4a-4j which is 
challenging for the three-dimensional case and for complex 
geometries. An alternative method is the viscoelastic Reyn-
olds numerical approach in which an integral-differential 
form of the pressure equation is obtained (Ahmed and Bian-
cofiore 2021), see Section “Viscoelastic Reynolds model” 
for details.

Viscoelastic Reynolds model

In this section, we present a reduced-order approach that 
comprises (i) a one-way coupled approach mitigating the 
costly iterative approach for the fully coupled system of 
equations (Eqs. 4a-4j) and (ii) the viscoelastic Reynolds 
equation (VR), a single integral differential equation for the 
pressure that replaces the continuity, r-momentum and θ

-momentum equations altogether.
The pressure equation has the form 

1
r

∂

∂r

(
rh3

12
∂p

∂r

)
+ 1

r

∂

∂θ

(h3

12
∂p

∂θ

)
= 1

r

∂G
∂θ

+ 1
r

∂(rF)
∂r

, � (9a)

F = h3

2

[
(Z − Z2)1

r

∂(rτrr)
∂r

]

+h2

2
[(2Z − 1)τrz]+

h3

2

[
(Z − Z2)1

r

∂τrθ

∂θ

]
� (9b)

− h3

2

[
(Z − Z2)τθθ

r

]
,

G = β

2
rh + h3

2

[
(Z − Z2) 1

r2
∂(r2τrθ)

∂r

]
+ h2

2
[(2Z − 1)τzθ]

+ h3

2

[
(Z − Z2)1

r

∂τθθ

∂θ

]
.

� (9c)

τij(r, θ, h) + De

((
∂τij(r, θ, h)

∂t
− Lik(r, θ, h)τkj(r, θ, h) − τik(r, θ, h)Ljk(r, θ, h)

)
= D̂ij(r, θ, h).

� (10c)

where, Lij  is the velocity gradient, Dij  is the thin-film reduced 
deformation gradient tensor (Eqs. 4e-4j), and initial condition 
τij(r, θ, z) = 2(1 − β)D̂ij  which assumes the stress is ini-
tially Newtonian. Equation 10c is obtained by setting

u(0)
r (r, θ, h) = 0, u

(0)
θ (r, θ, h) = 0, u(0)

z (r, θ, h) = 0,� (11)

in the scalar stress component relations.
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the condition ||τ (k+1)
ij − τ

(k)
ij || < 10−12 the algorithm ter-

minates, where, k is the iteration (or time) level. For the 
smooth conical surface (see Section “Cone-and-plate geom-
etry”), (Nr, Nθ, Nz) = (96, 32, 96) is sufficient for grid 
independent solutions, and (Nr, Nθ, Nz) = (384, 32, 384) 
is required for the textured surface (see Section “Textured 
pad”).

Results and discussion

In this section, we present the results for the load carrying 
capacity and friction for two different surface configura-
tions; (i) an inclined (untextured) surface mimicking a cone-
and-plate rheometer adapted from Ref. Lee et al. (2019) (see 
Section “Cone-and-plate geometry”) and (ii) a circular plate 
embedded with cylindrical textures straight or inclined at 
angles βt (see Section “Textured pad”). For each of these 
cases, we investigate the influence of geometric parameters, 
the angle of inclination of the cone, influence (mis)align-
ment and the texture angle on the load carrying capacity and 
friction on the lower plate.

Cone-and-plate geometry

In this section, we investigate the dependency of the 
load and friction on the viscoelasticity of the fluid. We 
focus on a smooth inclined conical surface that mimics a 
cone-and-plate rheometer. Although surfaces in practice 
may be considered sufficiently smooth and assumed to 
be symmetric about the vertical axis, it is possible to 
incur a small degree of misalignment leading to gradi-
ents along the circumferential direction. If the misalign-
ment is small enough, it can be safely ignored for the 
Newtonian fluid. However, viscoelastic fluids respond 
strongly to surface gradients and can lead to vastly dif-
ferent predictions.

Geometry

The cone-and-plate configuration is modeled using

h = 1 + r tan (δ)(1 + e cos (θ)),� (16)

where, δ is the angle of inclination (in degrees) and e is 
a coefficient (e ≥ 0) that controls the degree of misalign-
ment. Figure 1 shows the geometry for an inclined cone 
(δ = 20◦): (a) perfectly aligned e = 0 and (b) with mis-
alignment e = 0.75. Both configurations are reported in Fig. 
1c for θ = 0 and θ = π. For a better depiction of the figures 
involving the cylindrical coordinates, we report them using 
the Cartesian coordinates: x = r sin(θ) and y = r cos θ. If 

The full viscoelastic problem reduces to (i) estimating 
the fluid velocity (Eqs. 7b-7d), (ii) solving the constitutive 
relation for the fluid extra stress (Eqs. 4e-4j), subject to the 
boundary conditions Eqs. 10a-10c and, finally, (iii) predict-
ing the pressure using the VR model (Eqs. 9a). The pressure 
is then integrated over the domain to obtain the load carry-
ing capacity

Fℓ =
ˆ 1

0

ˆ 2π

0
pr drdθ,� (12)

and the friction on the lower flat plate

fℓ =
ˆ 1

0

ˆ 2π

0

(
β

∂u
(0)
θ

∂z
+ τθz

)
r drdθ.� (13)

Numerical method

In this work, we pursue the classical finite difference 
method (FDM) for the numerical solution of the equations 
presented in Section “Viscoelastic Reynolds model” owing 
to its simplicity and amenability to implicit treatment. A 
transformation of the physical domain, r = (r, θ, z), to a 
computational domain, R = (R, Θ, Z),

r = R, θ = Θ, z = Zh(r, θ),� (14)

is required for direct application of the FDM. Using the 
relation

∂q

∂Rk
= ∂q

∂rs

∂rs

∂Rk
,� (15)

where, q = {p, ui, τij}, the derivative operators in the con-
stitutive relations are transformed into the computational 
domain for which we can freely choose a uniform mesh or 
unit box. The finite difference stencils for the derivatives 
can be easily found in literature (Hirsch 2007) and are not 
presented here.

The textured pad described in Section “Textured pad” 
requires careful implementation of derivatives in θ. Using 
a central difference scheme gives erroneous results. There-
fore for the textured pad, a simple first-order forward or 
backward scheme (depending on the texture orientation) is 
employed, and since the inclination of the textures is strictly 
linear, the first-order derivative of the surface becomes 
exact. For the conical geometry (see Section “Cone-and-
plate geometry”), this issue can be ignored and we employ 
fourth-order accurate schemes throughout.

The constitutive relations are transient but the problems 
considered here have a steady state and upon satisfying 
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models, a numerical approach should be adopted. The pur-
pose here is to assess the efficacy of the VR approach cou-
pled with the ultra-dilute assumption which, in theory, 
allows reaching large values of the Deborah number (for 
large β).

Before proceeding, we validate our model against 
the results presented by Lee et al. (2019) for the dimen-
sional friction (which they call torque) on the lower plate 

f∗
ℓ =
´ R0

0
´ 2π

0 r∗2τ∗
θz∗ |z∗=0dr∗dθ. The dimensional param-

eters used for the comparison are taken from the supple-
mentary material of the original study (Lee et al. 2019) and 
are shown in Table 1. The variation in the net torque versus 
the rotation rate of the cone (Ω) is shown in Fig. 2 for the 
Oldroyd-B and the Giesekus models using the VR model. 
We find a good agreement for the net torque produced (after 

e > 0, we have surface gradients (smoothly varying) along 
both the radial and circumferential direction.

Aligned configuration cone (e = 0)

A slightly inclined flat conical surface can be used to rep-
resent a fully aligned cone-and-plate rheometer. Aside from 
its practical significance in modeling a cone-and-plate type 
rheometer, Eq. 16 carries also several computational advan-
tages. The shear rate in the channel is purely Couette

γ̇θz = ∂uθ

∂z
= − 1

h(r)
,� (17)

and the invariance of the h along θ allows enforcing ∂
∂θ = 0. 

An immediate consequence is the zero net load generation 
in the Newtonian case (the right hand side vanishes com-
pletely in Eq. 7a) and in the viscoelastic case, the linear 
stress constitutive relations such as the Oldroyd-B reduce to

τrr = 0, τrθ = 0, τrz = 0,

τθθ = 2De(1 − β)γ̇2
θz, τθz = (1 − β)γ̇θz, τzz = 0.

� (18)

These relations can be used to validate the results for the 
Oldroyd-B model and the numerical method. For nonlinear 

Table 1  The dimensional parameters used for validation of the VR 
model against experimental data for the torque taken from Lee et al. 
(2019)
Parameter Value
Outer radius (R0) 20 mm
Rotation rate (Ω0) 10 rad/s
Gap (h0) 269 µm
Solvent viscosity (ηs) 9.624 mPa.s
Solvent density (ρs) 873.4 kg/m3

Fig. 1  A conical geometry mimick-
ing a cone-and-plate rheometer for 
(a) a fully aligned case with e = 0 
and (b) a misaligned case with 
e = 0.75 using δ = 20◦. (c) The 
two configurations for θ = 0, π
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values of De, α = 0.01, and β = 0.8. As expected, the 
Oldroyd-B model predicts a linear scaling of the net verti-
cal force and the net torque. However, the Giesekus model 
accounts for shear thinning and finite polymer extension 
through an additional parameter α, and, as we modify the 
net shear rate through the cone angle, the results no longer 
collapse onto a single curve. The strength of the shear thin-
ning effect, proportional to the Deborah number, reduces 
the lift and torque as expected. Oddly, for a diverging cone 
(δ > 0◦), the shear rate in the channel, reduces but the pre-
dicted load and torque are lower compared to a convergent 
cone for the same angle.

The load increase shown in Fig. 3 is due to the generation 
of circumferential stress τθθ which varies radially. In Eqs. 
9a, setting ∂

∂θ = 0 and using Eqs. 18, the pressure distri-
bution becomes a function of the circumferential (normal) 
stress

r
∂p

∂r
= 1

2
τθθ + K,� (19)

where, K is a constant of integration. The precise analyti-
cal expression is not of interest, but can be achieved by 
continuing the integration. More importantly, the explicit 
dependence of the pressure gradient on the normal stress is 
apparent. As normal stresses increase, pressure immediately 
follows.

considering the dimensional parameters contained in the 
original work) versus the rotation speed.

Figure 3 shows the variation in the scaled net vertical 
force versus the angle of inclination of the cone for different 

Fig. 4  The Newtonian pressure dis-
tribution across a misaligned coni-
cal configuration for δ = 1.011◦ 
and e = 0.5

 

Fig. 3  The variation in the (a) net 
vertical force and (b) the friction 
on the pad scaled with De versus 
the cone inclination angle for the 
Oldroyd-B (black line) and the 
Giesekus (with α = 0.01) constitu-
tive relations for three different 
values of the Deborah number 
β = 0.8. Note that Oldroyd-B is 
a linear model in the stress and all 
the curves then collapse onto the 
black line

 

Fig. 2  The dimensional friction f∗
ℓ  predicted versus the angular rate of 

rotation for the Oldroyd-B and Giesekus model using the VR model 
compared against the results presented in the supplementary material 
from Lee et al. (2019)
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viscoelastic effects strengthen, the load increases linearly 
versus De for the Oldroyd-B model suggesting a weakly 
viscoelastic response (since the cone inclination angle is 
very small). However, the nonlinear Giesekus model pre-
dicts a saturation versus De as the secondary effects of finite 
extension and shear thinning dominate. Similarly, the net 
friction on the lower plate remains unaffected by the Old-
royd-B model but decreases versus De in the nonlinear case 
due to shear thinning.

More importantly is the effect of misalignment and 
asymmetry of the surface. Unlike the tilted cone in Fig. 
3, where the maximum and minimum height of the cone 
changed significantly with the inclination angle δ, the fac-
tor e only slightly affects the surface height. Although we 
introduce a very weak effect by varying e from zero (fully 
aligned) to one, a significant change in the load is observed 
for both models while the friction remains unaffected. The 
load decreases versus e but remains positive for Oldroyd-B. 
Whereas, for Giesekus, depending on α, the load becomes 
negative. From an experimental point of view, a slight asym-
metry in the surface, due to misalignment or other surface 

Misaligned cone-and-plate rheometer (e > 0)

We introduce a tilt in the surface that allows circumferen-
tial variation of the surface height and, consequently, all 
dependent quantities. Practically, this would represent a 
misaligned cone-and-plate rheometer, see Fig. 1b. For very 
small values of e (Eq. 16) the plates are slightly tilted but the 
Newtonian pressure distribution across the channel, shown 
in Fig. 4, is now finite. Although the pressure reaches finite 
values (equal parts positive and negative), the load for the 
small tilt is zero indicating that e ∼ O(1) is insufficient to 
induce any asymmetry in the pressure.

Next, we examine the viscoelastic case using the Gie-
sekus (single mode) constitutive relation but for a very 
small misalignment. Figure 5 compares the load carrying 
capacity and the friction for a slightly tilted and nearly 
flat (δ = 1.011◦) cone versus the Deborah number (Fig. 
5a) with fixed tilt e = 0.5, and versus the tilt factor with 
De = 0.1 (Fig. 5b). Note that the α = 0 case, i.e. the black 
lines in Fig. 5, is equivalent to study the Oldroyd-B con-
stitutive relationships. Firstly, observe from Fig. 5a, as 

Fig. 6  The pressure distribu-
tion across the tilted misaligned 
conical pad for (a) De = 0, (b) 
De = 0.25, (c) De = 0.5, (d) 
De = 0.75, (e) De = 1, (f) 
De = 1.25 for δ = 1.011◦, e = 1, 
β = 0.8, and α = 0

 

Fig. 5  The variation in the load 
(solid lines) and friction (dashed 
lines) versus (a) the Deborah num-
ber for e = 0.5 and (b) the mis-
alignment factor e for De = 0.1 
for the Giesekus model for differ-
ent values of α using β = 0.8 and 
δ = 1.011◦
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1996; Castillo-Sánchez et al. 2022). Such instabilities could, 
in principle, hinder the convergence of the numerical algo-
rithm to a steady solution. A detailed investigation of this 
aspect lies beyond the scope of the present work and will be 
addressed in future studies.

Textured pad

Textured surfaces reduce friction and increase load carrying 
capacity. The size and shape of the surface textures improve 
their positive effect. In this section, we present results for (i) 
symmetric and smooth and (ii) asymmetric sharp textures 
(Schuh et al. 2017) using only the Oldroyd-B constitutive 
equation. The latter pocket type exhibits a net increment 
to the load carrying capacity and reduction in friction even 
for Newtonian fluids, but is arguably numerically challeng-
ing. We explore the feasibility of using the VR model under 
the ultra-dilute assumption to study such surfaces given the 
inherent numerical complexity of resolving abruptly vary-
ing surface profiles. For the inclined pocket case, we have 
included also a comparison to the results of Schuh et al. 
(2017) for the Newtonian case.

Straight pockets

The cylindrical pocket are smoothed by using the function s

s = 1
2

(
1 − tanh

(
wp

√
(x − xc)2 + (y − yc)2 − rp

2

))
� (20)

where, wp = 0.05 is the width of the smoothed edge, 
rp = 0.2 is the radius of the pocket and (xc, yc) are the coor-
dinates of the center of the pocket. The final shape is found 
by multiplying s with the cylindrical pocket

h = 1 if
√

(x − xc)2 + (y − yc)2 > rp

and h = 1 + dp otherwise,
� (21)

where dp = 0.2 is the depth of the pocket. Figure 8(a) shows 
a cylindrical pad with ten equally spaced pockets with edges 
that are smoothed.

defects may result in an entirely incorrect assessment of the 
net force. The friction, and hence, the torque remains unaf-
fected which may further mislead the results.

Afterwards we consider only the Oldroyd-B model and 
explore the range of high Deborah number. In Fig. 6, the 
pressure distribution over the misaligned tilted pad is given 
for 0 < De < 1.25 using δ = 1.011◦, e = 1, β = 0.8. An 
observable asymmetry of the pressure is observed as De 
increases, favoring the cone tilt direction since the flow 
accelerates in that region (as the cross-sectional area 
reduces). This movement of the pressure peak reflects the 
subtle advection of the stretched polymers, and, therefore, 
the normal stress, which induces a strong asymmetry in the 
pressure distribution beyond what the small tilt induces. 
When the flow is Newtonian (De = 0), the load produced 
by a small misalignment (e << 1) is negligible. This 
implies that the surface is still appreciably flat. However, for 
a viscoelastic fluid, these small variations reflect strongly in 
the load carrying capacity. We remark here again that the 
friction was not affected.

In Fig. 7a, we show the net vertical force scaled with 
the Deborah number versus the tilt for different De. For 
small e (a well aligned channel without surface asymme-
try), the results are perfectly linear. A disparity arises when 
we increase the degree of misalignment. If we increase 
the Deborah number further, depicted in Fig. 7b, we find a 
strong onset of a nonlinear trend in the load when De > 2. 
A saturation in the load occurs, similar to the sliding Carte-
sian configuration (Ahmed and Biancofiore 2021), followed 
by an eventual reduction.

Lastly, from a numerical perspective, despite the simplis-
tic choice of the surface and an accurate apriori estimation 
of the Newtonian velocity field, the numerical solution of the 
constitutive relations still becomes unstable for very large 
values of the Deborah number. Nonetheless, the ultra-dilute 
assumption was effective in decoupling the system of equa-
tions and greatly increasing the computational efficiency. It 
is possible that global methods such as the pseudo-spectral 
method could prove more efficient. However, the onset of 
elastic instabilities cannot be ruled out, as the critical Debo-
rah number may be comparable to the largest De explored 
in this study (Pakdel and McKinley 1996; McKinley et al. 

Fig. 7  The variation in the load 
carrying capacity scaled versus 
(a) the misalignment coefficient e 
and (b) the Deborah number for 
δ = 1.011◦, β = 0.8, and α = 0
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D = 2R0 sin β, � (22a)

Y = 2R0 cos β − R0, � (22b)

θβ = t0 + arctan
(

Y

r0

)
, � (22c)

h(θ) =




D

θβ − θmin
(θ − θmin), θmin ≤ θ ≤ θβ ,

D

θmax − θβ
(θmax − θ), θβ ≤ θ ≤ θmax,

0, otherwise,

� (22d)

 where, θmin and θmax are the start and end of the pocket. 
Using Eqs. 22, the textures employed in Schuh et al. (2017) 
are obtained. However, owing to the numerical challenge 
in dealing with the sharp edges of the texture, we apply the 
same smoothing function s utilised for the straight pocket 
(see Eq. 20). We depict in Figs. 9(a)-(d) the textured pad 
analysed for varying texture angles. Furthermore, a valida-
tion of the numerical procedure which relies on the finite 
difference method is depicted in Figs. 9(b) which shows 
a comparison between this work and the results from lit-
erature of the load carrying capacity (or net vertical force) 
exerted on the pad versus the inclination angle of the tex-
tures (βt) for a Newtonian fluid.

We find a good agreement between our results using the 
classical finite difference method and the pseudo-spectral 
method used in Schuh et al. (2017) over the entire range of 
the texture angle, βt. Moreover, the variation in the normal 
force is smooth and free of any discrepancies for steeper 
textures. A small difference is observed between the results 
which is attributed to (i) the different numerical schemes 
adopted in this work and (ii) the use in our work of the full 
circular pad as opposed to a single periodic texture as in 
Schuh et al. (2017). In the latter case, only a single texture is 
simulated (using a highly resolved mesh).

For this configuration, the load carrying capacity versus 
the intensifying viscoelasticity of the lubricant is predicted 
in Fig. 8(b) for different values of the edge width (decreas-
ing wp sharpens the pocket boundary). Firstly, we note that 
the net force increases considerably above the Newtonian 
baseline of zero. For a symmetric pocket, the Newtonian 
case unsurprisingly produces an antisymmetric pressure dis-
tribution, summing to zero upon integration over the area, 
but the advective nature of the viscoelastic stresses (Ahmed 
and Biancofiore 2021) leads to a net positive force that 
varies nonlinearly with De. Steepening the pocket edges 
(decreasing wp) increases the load slightly indicating that 
the major contribution of the stresses is produced within the 
core of the pocket as opposed to its boundaries.

Numerically, pockets with smooth edges are less chal-
lenging and convergence is achieved over a wide range of 
De and geometric parameters. However, local effects that 
lead to physical and numerical instability that might arise 
close to sharp and straight edges are naturally eliminated. 
We observe that further steepening the edges of the pocket 
by setting wp = 0.0025 gives Fℓ = 0.0047 for De = 0.2, 
an increase of 7% above the smoother case; wp = 0.025 and 
Fℓ = 0.0044. For practical purposes, the use of smooth 
pockets can incur inaccuracy of a few percent points over 
the exact sharp case, but is sufficient to extract the trend 
in load versus the Deborah number. More importantly, we 
demonstrate that the onset of viscoelasticity in the lubricant 
increases the load carrying capacity well above the Newto-
nian baseline.

Inclined pockets

Asymmetric pockets with sharp straight edges give a finite 
load in the Newtonian case. We modify the cylindrical tex-
ture from Eq. 20

Fig. 8  A flat cylindrical pad lined 
with ten symmetric pockets with 
smoothed edges wp = 0.05, 
rp = 0.1, dp = 0.1 and (b) the 
load carrying capacity versus the 
Deborah number, varying the 
width of the smoothed edges of the 
pockets
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However, a difference in the load carrying capacity 
is expected as De grows, for example, a 7% difference 
was recorded for the symmetric pocket case in Section 
“Straight pockets” for De = 0.2 and wp = 0.025. Gen-
erally, the VR approach fails to reach a steady state (or 
the iterative procedure stagnates/slows down) when the 
value of De reaches De ∼ 1. We attribute this failure to a 
numerical instability typical of simulations of viscoelastic 
flows, however we cannot disregard the onset of elastic 
instabilities (Castillo-Sánchez et al. 2022) either for the 
textured pad at this value of the Deborah number. Lin-
earized models in De are typically used for such studies 
(Li 2014) (assuming their validity when De is small), but 
we demonstrate the variation of the load can be strongly 
nonlinear depending on the angle of inclination of the tex-
ture. Finally, we remark that the classical finite difference 
method (or any mesh-based approach) will require large 
mesh sizes to capture the full pad which greatly increases 
the amount of computer memory required. However, 
global approaches such as the pseudo-spectral or colloca-
tion methods could offer more computationally efficient 
alternatives (Schuh et al. 2017).

We now introduce a viscoelastic lubricant for the 
same textured pad and examine the variation of the 
load with the Deborah number, shown in Fig. 10(a), and 
with the texture inclination angle, shown in Fig. 10(b), 
for ϵ = 0.01 and β = 0.8. An initial increase in load is 
observed as polymer elasticity strengthens, and this incre-
ment remains significant across the entire range of De 
examined. This indicates that elastic polymers enhance 
load generation beyond the Newtonian case, where only 
viscous forces are present. The additional gain arises 
from finite normal stresses in the radial and circumferen-
tial directions. At larger De, however, the load response 
becomes strongly nonlinear and highly sensitive to βt. A 
general trend emerges: (i) for low βt, the load reaches a 
maximum before decreasing, while (ii) for higher βt, the 
decrease is less steep and may eventually be followed by 
a secondary rise at large De. Moreover, viscoelasticity 
amplifies the effect of the texture inclination angle, as 
seen in Fig. 10b.

From a numerical perspective, the smooth edges allow 
the simulations to converge even for relatively large 
values of the Deborah number and steep texture angles. 

Fig. 10  The variation of the net 
vertical force exerted on the pad 
embedded with smooth inclined 
textures versus (a) the Deborah 
number for different angles of 
inclination and (b) the angle of 
inclination of the texture for differ-
ent De using β = 0.2, α = 0

 

Fig. 9  (a) The cylindrical textured 
pad with smoothed asymmetrical 
textures inclined at βt = 7.5◦, and 
(b) the net vertical force exerted on 
the pad versus the inclination of the 
textures using the finite difference 
method compared with the results 
from Schuh et al. (2017) (Hoon 
Lee et al. 2017) for a Newtonian 
fluid. The textures in this study 
were smoothed using the function 
s, see Eq. 20
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Appendix A: Deriving the viscoelastic 
Reynolds model

In this section, we present a brief derivation of the visco-
elastic Reynolds (Eq. 9) in the cylindrical coordinate sys-
tem. We follow the procedure for the Cartesian coordinate 
system from Ahmed and Biancofiore (2021) and extend it to 
three dimensions. Beginning with the scalar Eqs. 4a-4j, we 
integrate the r and θ momentum equations twice (subject to 
the no-slip boundary conditions 10a-10b) to get, 

ur = 1
2β

∂p

∂r
+ 1

β

(
−
ˆ z

0

ˆ z

0
R dz

′
dz + z

h

ˆ h

0

ˆ z

0
R dz

′
dz

)
, � (A1a)

uθ = 1
2βr

∂p

∂θ
+ r

(
1 − z

h

)
+ 1

β(
−
ˆ z

0

ˆ z

0
T dz

′
dz + z

h

ˆ h

0

ˆ z

0
T dz

′
dz

)
,

� (A1b)

R = 1
r

∂

∂r
(rτrr) + 1

r

∂τθr

∂θ
+ ∂τzr

∂z
− τθθ

r
, � (A1c)

T = 1
r2

∂

∂r
(r2τrθ) + 1

r

∂τθθ

∂θ
+ ∂τzθ

∂z
. � (A1d)

Substituting Eqs. A1a-A1b into the continuity equation 
and integrating across in accordance with the Leibnitz theo-
rem yields an integral differential equation for the pressure, 

1
r

∂

∂r

(
rh3

12
∂p

∂r

)
+ 1

r

∂

∂θ

(
h3

12r

∂p

∂θ

)
= 1

r

∂G
∂θ

+ 1
r

∂(rF)
∂r

� (A2a)

F = C
(

1
r

∂(rτrr)
∂r

)
+ C

(
1
r

∂τθr

∂θ

)
+ C

(
−τθθ

r

)
+ D(τzr), � (A2b)

G = β

2
rh + C

(
1
r2

∂(r2τrθ)
∂r

)
+ C

(
1
r

∂τθθ

∂θ

)
+ D(τzθ), � (A2c)

C(·) =
ˆ h

0

z

h

ˆ h

0

ˆ z
′

0
(·) dz

′
dzdz −

ˆ h

0

ˆ z
′′

0

ˆ z
′

0
(·) dz

′
dz

′′
dz, � (A2d)

D(·) =
ˆ h

0

z

h

ˆ h

0
(·) dz

′
dz −

ˆ h

0

ˆ z
′

0
(·) dz

′
dz. � (A2e)

Note that

ˆ h

0

∂uz

∂z
dz = uz(r, θ, h) − uz(r, θ, 0) = 0.� (A3)

Conclusions and future work

In this work, we have examined the influence of fluid visco-
elasticity on the load carrying capacity and friction using the 
cylindrical viscoelastic Reynolds equation in the ultra-dilute 
limit using the linear Oldroyd-B and Giesekus constitutive 
relations. We considered two geometric configurations ide-
ally suited for the cylindrical coordinate system: an inclined 
(mis)aligned cone mimicking a cone-and-plate rheometer 
and a textured pad.

The results for the inclined cone show a strong change in 
the load and friction versus the angle of inclination. How-
ever, pressure was produced (identically zero in the New-
tonian case) only due to the circumferential normal stress 
component. In contrast, when we introduced a small degree 
of misalignment due to which the surface height varied 
along r and θ, the predicted load changed quite consider-
ably while friction was less affected. In particular, for the 
nonlinear Giesekus constitutive model, negative values 
were observed in comparison to a positive load for a fully 
aligned cone.

We introduce first a textured pad with straight smooth-
ened cylinder pockets. Interestingly, the load carrying 
capacity, that will be zero for the Newtonian case, increases 
with De. Conversely, the pad with the inclined pockets 
shows a strong non-linear behaviour and a general increase 
in the load due to viscoelasticity compared to the non-zero 
Newtonian case. The variation in the load versus the texture 
angle of inclination mimicked the pattern for the Newtonian 
distribution with a net increase depending on De.

Despite the significantly simplified form of the VR using 
an apriori estimate of the velocity field and a fully-implicit 
numerical algorithm, the problem still proved challenging 
as De increased. Convergence for larger values was not 
reached either for the cone and plate configuration or the 
textured pads. This failure is attributed to either an early 
onset of the HWNP or to the onset of an elastic instaiblity 
(Castillo-Sánchez et al. 2022).

In addition the use of the finite difference method which 
may not be the best option for the cylindrical coordinate 
system. The use of global methods such as the pseudo-
spectral method may achieve more success. We believe, 
for smoother surfaces, the ultra-dilute approximation and 
the VR model is a good combination to study viscoelastic 
fluid flow through thin contacts conforming to cylindrical 
coordinates. Modeling the thin contact between bubbles, 
soft surfaces, joints etc. can be efficiently performed via this 
approach.
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for the quantity q, yielding (upon substitution into Eqs. 
A2a and A2c) 
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