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ABSTRACT
We study a Hegselmann–Krause type opinion formation model for a system of two populations. The two groups interact with
each other via subsets of individuals, namely, the leaders, and natural time delay effects are considered. By using careful estimates
of the system’s trajectories, we are able to prove an asymptotic convergence to consensus result. Some numerical tests illustrate
the theoretical result and point out some possible applications.
MSC2020 Classification: 34D05, 91D10, 34K20

1 � Introduction

Due to applications in various scientific fields, multiagent sys-
tems have become in the last years a very attractive research topic.
They naturally appear, for example, in biology [1–3], ecology [4],
economics [2, 5], social sciences [6–12], physics [13, 14], control
theory [15–19], and engineering and robotics [20, 21]. For other
applications, see also [22–24]. An important feature often ana-
lyzed is the possible emergence of self-organization leading the
group’s agents to globally collective behaviors. Here, we are inter-
ested in the celebrated Hegselmann–Krause model for opinion
formation, originally proposed in [25]. Since then, several gener-
alizations have been proposed (see, e.g., [6, 7, 26–30]).

One of the most natural extensions of the Hegselmann–Krause
model concerns the analysis of the time-delayed interactions,
in order to take into account the times necessary for each
agent to receive information from other agents or reaction
times. Opinion formation models in the presence of time delay
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effects have already been studied by several authors; see, for
example, [17, 31–36]. Concerning the second-order version of the
Hegselmann–Krause model, namely, the Cucker–Smale model
[3], introduced to describe flocking phenomena, delayed interac-
tions have also been considered in many papers; see, for example,
[37–46].

In this paper, we are interested in studying the convergence to
consensus for a Hegselmann–Krause type opinion formation
model involving two populations. The term “opinion” admits
various interpretations in different scientific areas. Typically, it
stands for a numerical characteristic of a social agent, which
can change and evolve due to interactions with other agents in
the same or different groups (cf. [47, 48]). Individuals’ opinions
reflect attitudes towards a specific issue or person (say, political
candidates or some controversial topics such as global warming).
However, many other interpretations are present in the literature.
In psychology, for example, an opinion can be regarded as an ori-
entation towards a particular action, object, or issue (cf. [49]); in
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sociology, it denotes the sets of cultural features of an individual
(cf. [50]) or characterizes the agent’s knowledge skills [51].

In order to make the model more realistic, it is important to
consider time delay effects. It is natural assume that, while one
can consider almost instantaneous the influence among agents
in the same population, a certain time lag appears in the inter-
action among individuals of different populations. A more gen-
eral model would include time delays (eventually smaller) also
in the interactions in the same population. Here, for simplic-
ity, we choose to consider delay effects only in the interactions
among agents of different populations. An analogous analysis
could be performed also in the more general situation with mul-
tiple delays.

Consider two finite sets of � and � agents, respectively, with
��� � I N� ��� � 2 . Without loss of generality, we assume
� � � . Let ����� � I R� � � � 1� � �� , be the opinion of the i-th
particle of the first family at time � and ����� � I R� � � � 1� � �� ,
be the opinion of the i-th particle of the second family at time
�. We consider that a (small) group of agents of the first family
interacts with another (small) group of the second family with a
time delay appearing as a time needed from an agent of a popula-
tion to receive information from agents of the other one. The time
delay is assumed to be a positive constant, � 	 0. Given
� � � I N,

 � � and � � � , the opinions of the two populations evolve
following the Hegselmann–Krause opinion formation model:
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(1.1)
with the interaction weights ��� ���� � � 0, of the form:

��� ��� ��
1

� � � � 1
�������� �� ����� � � 1� � � 	� 
 � 1� � ���

��� ��� ��
1

� � 1
�������� �� ����� � � 	 � 1� � ��� 
 � 1� � ���

(1.2)
and the weights ��� ���� � � 0, of the form:

������ ��
1

� � � � 1
��������� ������� � � 1� � � 	� 
 � 1� � ���

������ ��
1

� � 1
��������� ������� � � 	 � 1� � ��� 
 � 1� � ���

(1.3)

Here, � � I R� 	 I R�
� I R and �� � I R� 	 I R�

� I R are
continuous, positive and bounded functions. Moreover, the
interaction coefficients ��� ��� and ��� ���, for � � 0, among individ-
uals of different populations have the form:

��� ��� ��
1

� � 
 � 1
�������� �� �� � ����

� � 1� � � �� � � 1� � � 
�

��� ��� ��
1

� � � � 1
��������� �� �� � ����

� � 1� � � 
� � � 1� � � ��

(1.4)

where � � I R� 	 I R�
� I R and �� � I R� 	 I R�

� I R are con-
tinuous, positive, and bounded functions. Note that the differ-
ent normalization factors in the above coefficients correspond,
for each group, to the number of agents involved in the interac-
tion. We emphasize that, in our model, the influence functions
do not necessarily depend on the distance between the agents
as, instead, in most of the related literature. Moreover, we do not
require symmetry or monotonicity assumptions.

Let us denote


 �� max
�������� �������� ������� �������� �

Let us assume the initial conditions:

�������

����� � �0
�
���� � � 1� � � �� � � ���� 0��

���0� � �0
�
� � � � � 1� � ���

����� � �0
�
���� � � 1� � � 
� � � ���� 0��

���0� � �0
�
� � � 
 � 1� � ���

(1.5)

where �0
�
���� � � 1� � � �� �0

�
���� � � 1� � � 
, are continuous

functions defined on ���� 0�� �0
�
� I R� � � � � � 1� � ��� �0

�
�

I R� � � � 
 � 1� � �� .

For well-posedness results for models (1.1)–(1.5), we refer to clas-
sical texts on functional differential equations [52, 53]. Here, we
will focus on the asymptotic behavior of the solutions. For this
aim, we assume the continuity of the involved influence functions
only. Of course, the continuity alone does not ensure uniqueness.
For solutions to (1.1)–(1.5), we want to prove the convergence to
consensus.

Let us define the diameter of each population as

�� ��� �� max
����1�� ��

����� � � ����� �� ��� �� max
����1�� ��

������ � �� �����
Moreover, let us define the global diameter as

��� �� max
	

����� � ���� max
��1�� �	

max
��1�� �


������ � �� ����
�

Definition 1.1. We say that the solution ������� �� ����� � �

1� � ��� � � 1� � �� , to system (1.1), with initial condition
(1.5), converges to consensus if

lim
���

��� � 0

This kind of model can have applications in social sciences, eco-
nomics, politics, and ecology. Indeed, it is reasonable to try reach-
ing a global consensus among individuals of different countries,
or different groups of individuals in the same country, about
important questions such as, for example, ecological behaviors,
climate change’s reasons, and appropriate strategies to reduce
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��2 emissions. The proof of a consensus result for model (1.1)
can be considered as a first insight for more quantitative studies
aiming to design appropriate control strategies.

For other consensus results for opinion formation models on
a network in the presence of time delays, see [54]. However,
we deal here with more general interaction coefficients. In
particular, the influence functions depend on both arguments,
��� �� , and not necessarily on their distance. Moreover, we do not
require any lower bounds, Lipschitz continuity, or monotonicity
assumptions.

The rest of the paper is organized as follows. In Section 2,
we introduce some notations and give preliminary lemmas. In
Section 3, we state and prove the consensus result. Finally, in
Section 4, we present some numerical tests validating the theo-
retical results and discuss some possible applications to ecology
and sustainability.

2 � Preliminaries

In this section, we present some preliminary results useful for
studying the consensus behavior.

Firstly, for any fixed a vector � � �� , let us define the following
quantities:

�0 �� min
	

min
��1�� ��

min
������0�

������� ��� min
���	1�� �	

����0�� ���
min

��1�� ��
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������0�
������� ��� min

���	1�� �

����0�� ��
�

(2.6)

and

�0 �� max
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���	1�� �	

����0�� ���
max

��1�� ��
max
������0�

������� ��� max
���	1�� �


����0�� ��
�

(2.7)

Note that �0 and �0 should be �
0 and �

0 . For simplicity of
notation, we omit the dependence on the vector �. The following
estimates hold true.

Lemma 2.1. Let ������� �� ����� � � 1 � ��� � � 1� � �� , be
a global classical solution of systems (1.1)– (1.5). Then, for all � �
�
� , we have that

�0 � ������� �� � �0 (2.8)

and
�0 � ������� �� � �0 (2.9)

for all � � ��� � � 1� � � �� � � 1� � � 
, and for all � � 0� � �

� � 1� � ��� � � 
 � 1� � �� .

Proof. Fix a vector � � �� and let �0��0 be the constants
defined in (2.6) and (2.7). By definition of �0 and �0, we
have that the inequalities (2.8) and (2.9) are trivially satisfied
for � � ���� 0�� � � 1� � � � and � � 1� � � 
. Then, we want to
prove (2.8) and (2.9) for � � 0. Let us prove (2.8); (2.9) follows
analogously.

For a fixed parameter � 	 0, let us define the following set:

� � ��
�
� 	 0 � ������� �� � �0 � �� � � 1� � ���������� �� � �0 � �� � � 1� � ��� � � �0� ��

�
�

By continuity, � � � �. Let us call �� �� sup� � . We want to prove
that �� � ��. Let us suppose by contradiction that �� � ��.
Then,

max
��1�� �	

������� �� � �0 � �� � � �0� ��� (2.10)

and
lim
�����

max
��1�� �	

������� �� � �0 � � (2.11)

For all � � �0� ��� and � � � � 1� � �� , we have



�
������� �� ��

���

��������� ��� � ������ ��
�
�
���

��������0 � � � ������� ���
� 
��0 � � � ������� ����

(2.12)

Applying Grönwall’s lemma over � � �0� ���, we find

������� �� � ��
�����0�� �� � ��0 � ���1 � ��
��

��0 � � � ���
� � �0 � � � ���
�
�

(2.13)

for all � � �0� ��� and � � � � 1� � �� . Therefore, we deduce that

max
���	1�� �	

������� �� � �0 � � � ���
�
�

� � � �0� ����

Consider now � � �0� ��� and � � 1� � � �. Then, we have
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������� �� ��

���

��� ������ ��� � ������ ��
�

��
��1

��� ������ �� � �� � ������ ��
�
�
���

��� �����0 � � � ������� ���
�

��
��1
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(2.14)

Therefore, we can find analogously that

max
��1�� ��

������� �� � �0 � � � ���
�
�

� � � �0� ����

Then, we have that

max
��1�� �	

������� �� � �0 � � � ���
�
�

� � � �0� ����

Passing to the limit for � � ���, we find

lim
�����

max
��1�� �	

������� �� � �0 � � � ���
�
�

� �0 � ��
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and this gives a contradiction. Then, we have that �� � ��.
Hence, by arbitrarily of �, we have that

max
��1�� �	

������� �� � �0� � � 0� � � �� �

Therefore, we have that

������� �� � �0�  � � ��� � � 1� � � ��

and ������� �� � �0� � � 0� � � � � 1� � ���

In order to prove the other inequality, we observe that, by the
proven estimate,

� ������� �� � ����������
� max

	
max

��1�� ��
max
������0�

����������� max
���	1�� �	

����0������
max

��1�� ��
max
������0�

����������� max
���	1�� �


����0�����

� � min
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����0�� ��
 � ��0�

(2.15)
This concludes the proof. �

The above lemma allows us to deduce a bound on the states.

Lemma 2.2. Let ������� �� ����� � � 1 � ��� � � 1� � �� , be
a global classical solution of systems (1.1)–(1.5). Then,

������� � �0� ��� ���� � �0 (2.16)

 � � ��, for � � 1� � � �� � � 1� � � 
, and  � � 0, for � � � � 1�
� ��� � � 
 � 1� � �� , where �0 is given by

�0 �� max
	

max
��1�� ��

max
������0�

�������� max
���	1�� �	

����0���
max

��1�� ��
max
������0�

��� ����� max
���	1�� �


��� �0��
�

Proof. We prove the first inequality of (2.16). The second one
for ��� ����� � � 1� � �� , follows analogously. For � � 1� � ��

and � � ��, if ������� � 0, the result is trivial. Let us suppose������� 	 0 and define the vector

� ��
������������ �

Then, applying (2.8) and the Cauchy–Schwarz inequality, we get

������� � ������� �� � �0

� max
	

max
��1�� ��

max
������0�

������� ��� max
���	1�� �	

����0�� ���
max

��1�� ��
max
������0�

������� ��� max
���	1�� �


����0�� ��

� max

	
max

��1�� ��
max
������0�

����������� max
���	1�� �	

����0������
max

��1�� ��
max
������0�

����������� max
���	1�� �


��� �0�����
 � �0�

(2.17)
being v a unit vector. So, the first inequality of (2.16) is proven. �

Remark 2.3. From Lemma 2.2, since the influence functions
� and �� are continuous, we deduce that

�������� �� ���� � �0 �� min
��1����2���0

���1� �2� 	 0�

��������� ������ � ��
0 �� min

��1����2���0
����1� �2� 	 0�

(2.18)

for each � � 0� �� � � 1� � �� and ��  � 1� � �� . Moreover,
since the functions � and �� are continuous too, again, we
deduce that

�������� �� �� � ��� � �0 �� min
��1����2���0

���1� �2� 	 0�

��������� ���� � ��� � ��
0 �� min

��1����2���0
����1� �2� 	 0�

(2.19)

for each � � 0� ��  � 1� � � � and �� � � 1� � � 
.

From Remark 2.3, we can define the positive constant

� �� min
�
�0� �

�
0 � �0� �

�
0
�

(2.20)

Now, fix � � �� and let �0� �0 be as in (2.6) and (2.7), respec-
tively. Since, up to changes of influence function, system (1.1)
is invariant by translation, without loss of generality, we may
assume

0 � �0 � �0�

Inspired by [34], we can prove the next lemma. Note that [34]
deals with the Hegselmann–Krause model with all-to-all con-
nection; namely, each agent is influenced and influences any
other agent. In our model, we have four different agents’ groups:
two populations and, in each population, leaders and nonlead-
ers. This requires finer and tricky analysis: Our estimates can
be deduced through careful arguments involving the different
agents’ groups in the appropriate order.

Lemma 2.4. Let ������� �� ����, with � � 1� � �� and � �

1� � �� , be a global classical solution of systems (1.1)–(1.5).
Then, for � � �5�� 6��, we have

�0 �
�1

2
��0 � �0� � ������� �� � �0 �

�1

2
��0 � �0� (2.21)
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and

�0 �
�1

2
��0 � �0� � ��� ���� �� � �0 �

�1

2
��0 � �0� (2.22)

for a suitable constant �1 � �0� 1�.

Proof. Let us proceed by steps.

Step 1: Suppose that ! � �� � 1� � ��� exists such that����0�� �� � �0. Then, since �� "������ ��� � 2
�0� � � 0, we have
that

�0 � ������� �� � �0 � �0

2
� � � �0� #��

where # is a positive number such that

# � min
	

��
�0 � �0

4
�0



(2.23)

Consider � � �� � 1� � ��� � �!� and � � �0� #�. Then,
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��������� ��� � ������ ��
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�
�
���

���
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2
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�
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� ������


�0 � �0

2
� ������� ���

� �
 � ���������0 � ������� ���
� ������


�0 � �0

2
� ������� ���

� 
��0 � ������� ��� � ������
�0 � �0

2
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�0 �

�

� � 1
�0 � �0

2

�
� 
������� ���

(2.24)

Integrating over �0� �� with � � �0� #�, we find

��
�
���� �� � ������

�
�0�� �� ��

�0 �
1

� � 1
�

�

�0 ��0
2

�
�1 � �����	

Taking � � # in the above inequality, we can find

����#�� �� � �0 � �1 � ��
��
1

� � 1
�




�0 � �0

2
�

Denoting

Æ1
�
�� �1 � ��
��

1
2�� � 1�

�





1 �

�0

�0

�
(2.25)

we have the inequality

����#�� �� � �1 � Æ1
�
��0� � � �� � 1� � ��� � �!� (2.26)

Consider now � � �#� 6��.



�
������� �� ��

���

��������� ��� � ������ ��
� 
��0 � ������� ���� � � �� � 1� � ��� � �!��

(2.27)
Integrating over �#� �� with � � �#� 6��, we have

������� �� � ��
���������#�� �� ��0�1 � ��
������

� ��
������1 � Æ1
�
��0 ��0�1 � ��
������

��0
�
1 � Æ1

�
��
�����

�
��0

�
1 � Æ1

�
��6
���

Then,

������� �� ��0�1 � Æ1
�
��6
� ��

� � �� � 1� � ��� � �!�� � � �#� 6���
(2.28)

Consider now � � �1� � � �� and fix �1 � �� � 1� � ��� � �!�.
Taking � � �#� 6��, we have



�
������� �� ��

���

���1

��� ������ ��� � ������ ��
�

��
��1

��� ������ �� � �� � ������ ��
� ���1 ������1 ��� � ������ ��

�

��
���

��� ��� � ���1 ���

�
��0 � ������� ���

�



� � 
 � 1

��0 � ������� ���

� ���1 �����0�1 � Æ1
�
��6�
� � ������� ���

�
� � 1

� � 
 � 1

��0 � ������� ���

�



� � 
 � 1

��0 � ������� ���

�
1

� � 
 � 1
��0Æ

1
�
��6�


�
�0

�
1 � 1

� � 
 � 1
�



Æ1
�
��6�


�
� 
������� ���

(2.29)
Integrating over �#� �� with � � �#� 6��, we find

������� �� � ��
���������#�� ��
��0

�
1 � 1

� � 
 � 1
�



Æ1
�
��6�


�
�1 � ��
������

��0

�
1 � 1

� � 
 � 1
�



Æ1
�
��6�
�1 � ��
������

�
�

(2.30)
Shrinking to � � �2�� 6��, we find that

������� �� ��0

�
1 � 1

� � 
 � 1
�



Æ1
�
��6�
�1 � ��
� �

�
�

� � �1� � � ���

(2.31)

Using the state �1 � �� � 1� � ��� � �!�, we can find an upper
bound for �� too. Indeed, for � � �#� 6��, analogous to (2.27),
we obtain

5 of 14

 10991476, 0, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/m

m
a.10632 by C

ochraneItalia, W
iley O

nline L
ibrary on [13/12/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense





�
������� �� ��

���

���1

������ ��� � ������ �� � ���1���1 ��� � ������ ��
�
�0

�
1 � 1

� � 1
�



Æ1
�
��6
�

�
� 
������� ���

(2.32)
Integrating over �#� �� with � � �#� 6��, we find

������� �� � ��
���������#�� ��
��0

�
1 � 1

� � 1
�



Æ1
�
��6
�

�
�1 � ��
�������

(2.33)

Shrinking to � � �2�� 6��, we have the estimate

������� �� � �0

�
1 � 1

� � 1
�



Æ1
�
��6
� �1 � ��
� �

�
(2.34)

Consider now � � �1� � � 
� and fix �2 � �1� � � ��. Taking � �

�3�� 6��, we have



�
������� �� ��

���

��� ������ ��� � ������ ��
�

��
��1
���2

��� ������ �� � �� � ������ ��
� ���2 ������2 �� � �� � ������ ��

�
� � 1

� � � � 1

��0 � ������� ���

�

�
��
��1

��� ��� � ���2 ���

�
��0 � ������� ���

� ���2 ���
�
�0

�
1 � 1

� � 
 � 1
�



Æ1
�
��6�
�1 � ��
� �

�
� ������� ���

� 
�0


1 � 1

�� � 
 � 1��� � � � 1��
�




�2
Æ1
�
��6�
�1 � ��
� �

�
� 
������� ���

(2.35)
Integrating over �3�� ��, with � � �3�� 6��, we find that

������� �� � ��
���3������3��� ��
��0

�
1 � 1

�� � 
 � 1��� � � � 1�

�
�




�2

Æ1
�
��6�
�1 � ��
� �

�
�1 � ��
���3���

��0

�
1 � 1

�� � 
 � 1��� � � � 1�

�
�




�2

Æ1
�
��6�
�1 � ��
� ��1 � ��
���3���

�
�

(2.36)

Shrinking to � � �4�� 6��, we find that

������� �� ��0

�
1 � 1

�� � 
 � 1��� � � � 1�

�
�




�2

Æ1
�
��6�
�1 � ��
� �2

�
�� � �1� � � 
��

(2.37)

Finally, consider � � �
 � 1� � ��� and fix �1 � �1� � � 
�.
Taking � � �4�� 6��, with analogous computation, we find



�
������� �� ��

���

���1

��� ������ ��� � ������ ��
� ���1

������1
��� � ������ ��

� 
�0

�
1 � 1

�� � 1��� � 
 � 1��� � � � 1�

�
�




�3

Æ1
�
��6�
�1 � ��
� �2

�
� 
������� ���

(2.38)

Integrating over �4�� �� with � � �4�� 6��, we have that

������� �� � ��
���4������4��� ��
��0

�
1 � 1

�� � 1��� � 
 � 1��� � � � 1�

�
�




�3

Æ1
�
��6
� �1 � ��
� �2

�
�1 � ��
���4���

��0

�
1 � 1

�� � 1��� � 
 � 1��� � � � 1�

�
�




�3

Æ1
�
��6
� �1 � ��
� �2�1 � ��
���4���

�
�

Shrinking to � � �5�� 6��, we find that

������� �� ��0

�
1 � 1

�� � 1��� � 
 � 1��� � � � 1�

�
�




�3

Æ1
�
��6
� �1 � ��
� �3

�
�

� � �
 � 1� � ����

(2.39)
Then, inequality (2.39) holds for all the nonleader of the sec-
ond population, for � � �5�� 6��. Moreover, one can notice that
the right-hand side of (2.39) is larger than the right-hand side of
(2.37). Thus, the estimate (2.39) holds for all the states of the sec-
ond population. Since the right-hand side of (2.39) is larger than
the one of (2.31) and (2.34), we have that (2.39) holds for all the
states of the first population too, for � � �5�� 6��.

Step 2: Assume now that ! � �1� � � �� is such that ������� �� �
�0 for some � � ���� 0�. By continuity, then there exists a closed
interval �$�� %�� & ���� 0� such that
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�0 � ������� �� � �0 � �0

2
� � � �$�� %���

Eventually choosing a smaller # in (2.23), we may assume %� �

$� � #. Consider � � �1� � � 
� and � � �$� � �� %� � ��. Then,



�
������� �� ��

���

��� ������ ��� � ������ ��
�

��
��1
���

��� ������ �� � �� � ������ ��
� ����������� � �� � ������ ��

�
� � 1

� � � � 1

��0 � ������� ���

�

�
��

��1
��� � ���

�
��0 � ������� ���

� ������


�0 � �0

2
� ������� ����

and so,



�
������� �� � � � 1

� � � � 1

��0 � ������� ���

�
�

� � � � 1
��0 � ������� ���

� ��������0 � ������� ���
� ������


�0 � �0

2
� ������� ���

�
��0 � ������� ��� � ������
�0 � �0

2

�



�0 �

1
� � � � 1

�
�0 � �0

2

�
� 
������� ���

(2.40)

Integrating (2.40) on �$� � �� �� with � � �$� � �� %� � ��, we have
that

������� �� � ��
������������$� � ��� ��
�


�0 �

1
� � � � 1

�




�0 � �0

2

�
�1 � ��
����������

Putting � � %� � � in the equation above, we find

����%� � ��� �� � �0 �
1

� � � � 1
�




�0 � �0

2
�1 � ��
�� (2.41)

From (2.41), denoting,

Æ2
�
��

1
2�� � � � 1�

�





1 �

�0

�0

�
�1 � ��
�� (2.42)

we deduce that

����%� � ��� �� � �1 � Æ2
�
��0� � � �1� � � 
� (2.43)

Consider now � � �%� � �� 6��. Then,



�
������� �� ��

���

��� ������ ��� � ������ ��
�

��
��1

��� ������ �� � �� � ������ ��
�
��0 � ������� ����

(2.44)

Integrating on �%� � �� �� with � � �%� � �� 6��, we have that

������� �� � ��
������������%� � ��� �� ��0�1 � ��
���������

� ��
���������1 � Æ2
�
��0 ��0�1 � ��
���������

��0�1 � Æ2
�
��
���������

��0�1 � Æ2
�
��6�
��

(2.45)
where the last inequality is obtained observing that � � %� � � �

6�. Then,

������� �� ��0�1 � Æ2
�
��6�
��

� � �1� � � 
�� � � �%� � �� 6��� � � �1� � � 
��

(2.46)
Consider now � � �
 � 1� � ��� and fix �1 � �1� � � 
�. Taking
� � �%� � �� 6��, we have



�
������� �� ��

���

���1

��� ������ ��� � ������ ��
� ���1 ������1 ��� � ������ ��

�

��
���

��� ��� � ���1 ���

�
��0 � ������� ���

� ���1 �����0�1 � Æ2
�
��6�
� � ������� ���

�
�0

�
1 � 1

� � 1
�



Æ2
�
��6�


�
� 
������� ���

(2.47)

Applying the Grönwall inequality on �%� � �� �� with � � �%� �

�� 6��, from (2.47), we find that

������� �� � ��
������������%� � ��� ��
��0

�
1 � 1

� � 1
�



Æ2
�
��6�


�
�1 � ��
���������

��0

�
1 � 1

� � 1
�



Æ2
�
��6�
�1 � ��
���������

�
�

Shrinking to � � �2�� 6��, noticing that � � %� � � � �, we have
that

������� �� ��0

�
1 � 1

� � 1
�



Æ2
�
��6�
�1 � ��
� �

�
�

� � �
 � 1� � ����

(2.48)
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Consider now � � �1� � � �� and fix �2 � �1� � � 
�. Notice that
could be that �2 � �1. For � � �2�� 6��, we have



�
������� �� ��

���

��� ������ ��� � ������ ��
�

��
��1
���2

��� ������ �� � �� � ������ ��
� ���2 ������2 ��� � ������ ��

�
�0

�
1 � 1

� � 
 � 1
�



Æ2
�
��6�


�
� 
������� ���

Integrating over �2�� �� with � � �2�� 6��, we find

������� �� � ��
���2������2��� ��
��0

�
1 � 1

� � 
 � 1
�



Æ2
�
��6�


�
�1 � ��
���2����

Shrinking to � � �3�� 6��, we have

������� �� ��0

�
1 � 1

� � 
 � 1
�



Æ2
�
��6�
�1 � ��
� �

�
�

� � �1� � � ���

(2.49)

Finally, we consider � � �� � 1� � ��� and fix �3 � �1� � � ��.
Taking � � �3�� 6��, we have



�
������� �� ��

���

���3

��������� ��� � ������ ��
� ���3 ������3 ��� � ������ ��

� 
�0

�
1 � 1

�� � 1��� � 
 � 1�

�
�




�2

Æ2
�
��6�
�1 � ��
� �

�
� 
������� ���

Integrating the inequality above over �3�� �� for � � �3�� 6��, we
find that

������ �� � ������3	����3��� ��
��0

�
1 � 1

�� � 1��� � 	 � 1�

�
�

	

�2
Æ2
�
��6	��1 � ���	 �

�

�1 � ������3	���

Shrinking to � � �4�� 6��, we finally have that

������� �� ��0


1 � 1

�� � 1��� � 
 � 1�

�
�




�2

Æ2
�
��6�
�1 � ��
� �2

�
�

� � �� � 1� � ����

(2.50)

As in the previous case, the estimate (2.50) holds for all the pos-
sible states of the system for � � �5�� 6��.

Step 3: From Steps 1 and 2, using definitions (2.25) and (2.42), we
have then

������� �� ��0

�
1 � 1

2�� � 1��� � 1��� � 	 � 1��� � � � 1�

�
�

	

�4




 �6���1 � ��� ��1 � ��� �3
�

1 �
�0
�0

��
�

(2.51)
� � �1� � ���� � � �5�� 6��, and

������� �� ��0

�
1 � 1

2�� � 1��� � 1��� � 	 � 1��� � � � 1�

�
�

	

�4




 �6���1 � �����1 � ��� �3
�

1 �
�0
�0

��
�

(2.52)
� � �1� � ���� � � �5�� 6��. Analogous estimates can be
obtained if �0 or �0 are attained by scalar products ���� ���
� � 1� � �� . Since

�� � 1��� � 1��� � 
 � 1��� � � � 1� � 4�4�

from (2.51) and (2.52), we obtain the second inequalities of (2.21)
and (2.22), respectively, with

�1 ��
1

8�4

�
�




�4
��6�
�1 � ��
� �3�1 � ��
�� (2.53)

Step 4: Now, we focus on the lower bound in (2.21) and (2.22).

Assume that there exists ' � �� � 1� � ��� such that����0�� �� � �0. Then, as before, we have that

�0 � �0

2
� ������� �� � �0� � � �0� #��

with # as in (2.23). Using similar arguments to the ones in Step 1,
we find that, for � � �5�� 6��,

������� �� ��0

�
1 � 1

�� � 1��� � 
 � 1��� � � � 1�

�
�




�3

Æ1
	
��6�
�1 � ��
� �3

�
�

� � �1� � ����

(2.54)
and

������� �� ��0

�
1 � 1

�� � 1��� � 
 � 1��� � � � 1�

�
�




�3

Æ1
	
��6�
�1 � ��
� �3

�
�

� � �1� � ����

(2.55)
with

Æ1
	
��

1
2�� � 1�

�



�1 � ��
��


�0

�0
� 1

�
(2.56)

Suppose, instead, that ������� �� � �0 for some ' � �1� � � ��

and for some � � ���� 0�. Then, by continuity, there exists a closed
interval �$�� %�� & ���� 0� such that
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�0 � �0

2
� ������� �� � �0� � � �$�� %���

Eventually choosing a smaller # in (2.23) above, we may assume
that %� � $� � #. Arguing analogously to Step 2, we can obtain,
for � � �5�� 6��,

������� �� ��0

	
1 � 1

�� � 1��� � � � 1�

�
�

	

�2
Æ2
�
�6���1 � ��� �2



�

�� � 1� � ����

(2.57)

and

FIGURE 1 � Time evolution of solutions with different time delays, number of agents � � 50� � � 5, number of leaders � � � � 1. [Color figure
can be viewed at wileyonlinelibrary.com]
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������� �� ��0

�
1 � 1

�� � 1��� � 
 � 1�

�
�




�2

Æ2
	
��6�
�1 � ��
� �2

�
�� � �1� � ����

(2.58)

with

Æ2
	
��

1
2�� � � � 1�

�



�1 � ��
��


�0

�0
� 1

�
(2.59)

Now, note that the right-hand side of (2.54) and (2.55) is smaller
than the right-hand side of (2.57) and (2.58), and so using

FIGURE 2 � Time evolution of solutions with different time delays, number of agents � �� � 5, number of leaders � � 4� � � 1. [Color figure
can be viewed at wileyonlinelibrary.com]
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definitions (2.56) and (2.59), we have that, for � � �5�� 6��,

������� �� ��0

�
1 � 1

2�� � 1��� � 1��� � 	 � 1��� � � � 1�

�
�

	

�4




�6���1 � �����1 � ��� �3
�
�0
�0

� 1
��

�

� � �1� � ���, and

������� �� ��0

�
1 � 1

2�� � 1��� � 1��� � 	 � 1��� � � � 1�

�
�

	

�4




�6���1 � �����1 � ��� �3
�
�0
�0

� 1
��

�

� � �1� � ���. Using definition (2.53), from the last two
inequalities, we obtain the lower bounds in the lemma’s state-
ment. This completes the proof. �

3 � Asymptotic Consensus

In this section, we will show the asymptotic convergence to con-
sensus of solutions to (1.1).

Definition 3.1. For fixed � � �� unit vector, for all ( � �,
one can define the quantities �� and �� as follows:

�� �� min
	

min
��1�� ��

min
����

������� ��� min
���	1�� �	

����6(��� ���
min

��1�� ��
min
����

������� ��� min
���	1�� �


����6(��� ��
�

(3.60)

�� �� max
	

max
��1�� ��

max
����

������� ��� max
���	1�� �	

����6(��� ���
max

��1�� ��
max
����

������� ��� max
���	1�� �


����6(��� ��
�

(3.61)

with )� � ��6( � 1��� 6(��. Notice that for ( � 0, we recover (2.6)
and (2.7).

Theorem 3.2. Let ������� �� ����� � � 1� � ��� � � 1� � �� ,
be a global classical solution to system (1.1) with continuous initial
conditions (1.5).Then, ������� �� ����� � � 1� � ��� � � 1� � �� ,
achieve an asymptotic consensus in the sense of Definition 1.1.

Proof. Using (3.60) and (3.61), we define the quantities *� ��

�� � ��. Moreover, let us denote

�1� ��
1

8�4

�
�




�4
��6�
�1 � ��
� �3�1 � ��
�� ��

where #� �� min
�
��


����

4

0

�
, for ( � 1, and #0 � # as in (2.23).

Then, �1 � �10 and �1� � �0� 1� if �� 	 ��. Now, we use
Lemma 2.4 with � � )�� ( � �. For ( � 1, we have

*1 ��1 � �1 � �0 �
�10

2
��0 � �0� � �0

�
�10

2
��0 � �0� � ��0 � �0��1 � �10� � *0�1 � �10��

So, we find that *1 � �1 � �10�*0. Iterating the process of Lemma
2.4, we can find

*�	1 � �1 � �1��*�� ( � ��

Let us denote
+#�*� �� min

	
��

*

4
�0



�

so that #� � +#�*��� ( � �� ( � 1. Moreover, let be

+�1�*� ��
1

8�4

�
�




�4
��6�
�1 � ��
� �3�1 � ��
 �������

so that �1� � +�1�*��� ( � �. Therefore, we have

*�	1 � �1 � +��*���*��

Then, �*����� is a nonnegative and decreasing sequence. Let us
call * the limit of �*�����, and passing to the limit as ( goes to
�� in the above estimate, we find

* � �1 � +�1�*��*�

FIGURE 3 � Opinion formation in an ecological discussion: to the left, number of agents � �� � 20, number of leaders � � � � 20; to the right,
number of agents � �� � 20, number of leaders � � 4� � � 20. [Color figure can be viewed at wileyonlinelibrary.com]
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that is true if and only if +�1�*� � 0. This gives * � 0, and noticing
that, ������ � �� ���� �� � �� � �� � *�

for all �� � � 1� � �� , we have that ������ � �� ���� �� � 0 as � �

�� and for all �� � � 1� � �� . The same holds for ������ �
�� ���� ��� with �� � � 1� � �� , and for ������ � �� ���� ��� with � �

1� � �� and � � 1� � �� .

Notice that the result above can be obtained for each unit vec-
tor � � �� . In particular, by considering the canonical basis of
�
� � ����

�
��1, and taking � � ��, we have that

������� � �� ���� ���� � 0�

as � � ��, for all �� � � 1� � �� and 
 � 1� � � . The same
happens to ������� � �� ���� ����, for all �� � � 1� � �� , and to������� � �� ���� ����, for all � � 1� � �� and � � 1� � �� . Then,
the system achieves asymptotic consensus. �

4 � Numerical Simulations and Application
to Ecology

In this section, we present some numerical tests for the system
(1.1) in the one-dimensional case, that is,  � 1. We consider the
weight functions ������ and ��� ��� defined by

�� �  � � ��� �  � �� +��� �  ���  �   � �0�����

Meanwhile, the weight functions ��� ��� and ��� ��� are assumed to
be constant.

In particular, we consider the functions

+�� � �� �����1�2 �  � �0�����

��� ��� ��
,1

� � 
 � 1
�  � � �1� � � ��� � � �1� � � 
�

��� ��� ��
,2

� � � � 1
�  � � �1� � � 
�� � � �1� � � ���

(4.62)

with ,1� ,2 positive constants.

In Figure 1, the top two graphics illustrate a scenario where one
population is larger than the other, yet the influence of the lead-
ers from the smaller population overpowers that of the larger one
(,1 - ,2). As expected, the larger population tends to converge
towards the consensus of the smaller population. The bottom two
graphics depict a similar scenario but with equal influence from
both sets of leaders (,1 � ,2). In this case, it is observed that the
larger population pulls the smaller one towards its consensus.

Moving to Figure 2, the top two graphics illustrate a scenario
where the total number of agents in both populations is equal, but
the distribution of leaders differs (� � 4� 
 � 1). Furthermore,
the solitary leader in the second population holds more influence
than the others (,2 - ,1). It is noticeable that the system tends
to a consensus closer to the initial average of the population with
only one leader. This is due to the different normalization factors
of the weight functions. In the bottom two graphics of Figure 2,
a similar scenario is presented but with equally strong influence

from leaders on both sides (,1 � ,2). Here, it is observed that the
consensus converges towards a mean value of the initial states.

In this paper, we used a Hegselmann–Krause type model to
explore social dynamics and opinion formation in a set of two
interacting populations, particularly in the context of discussing
ecology strategies and sustainable development. We conducted
simulations to investigate two different scenarios:

1. Equal influence scenario (Figure 3, left): In this scenario,
all agents are considered equal, meaning the total popula-
tion coincides with the leaders’ subgroup. However, only
one group has a mild influence on the other group (� � 
 �

� � �� ,1 � 0�3� ,2 � 0). This could represent a situa-
tion with only one group spreading ecological information
on social media.

2. Asymmetric influence scenario (Figure 3, right): In this sce-
nario, one group has a significant influence over a sub-
group of the other population (,1 � 30� ,2 � 0� � � 
).
This could represent a scenario where a community of sci-
entists interacts with a leading group in the other popula-
tion, e.g., a politicians’ group.

We observed that with a fixed time delay (� � 5), consensus is
reached more rapidly in the second scenario. This implies that
exerting a strong influence on decision-makers who in turn influ-
ence the entire population leads to a faster consensus formation.
Therefore, we conclude that the most effective strategy for rais-
ing awareness on ecological topics is to exert a strong influence
on key decision-makers who can influence the entire population.
This highlights the importance of targeting influential individu-
als or groups in shaping public opinion and fostering consensus
on issues, for example, related to ecology and sustainability.
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