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1 | INTRODUCTION

Abstract

We give sharp conditions for global in time existence of
gradient flow solutions to a Cahn-Hilliard-type equa-
tion, with backwards second-order degenerate diffusion,
in any dimension and for general initial data. Our equa-
tion is the 2-Wasserstein gradient flow of a free energy
with two competing effects: the Dirichlet energy and the
power-law internal energy. Homogeneity of the func-
tionals reveals critical regimes that we analyse. Sharp
conditions for global in time solutions, constructed via
the minimising movement scheme, also known as JKO
scheme, are obtained. Furthermore, we study a sys-
tem of two Cahn-Hilliard-type equations exhibiting an
analogous gradient flow structure.

MSC 2020
35A01, 35A15, 35A21 (primary), 35D30, 35G20 (secondary)

In this manuscript we are interested in the mathematical analysis of the equation

00 = —div(pV(Ap)) — xAp™, (L)
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where m > 1, and its extension to systems. We look for solutions of (1.1) in the set of probability
densities, p € L}r(Rd) :={p € L'(R%) : p > 0}, thus setting the mass to one in the sequel without
loss of generality. The parameter y > 0 measures the relative balance between aggregation, mod-
elled by backwards degenerate diffusion, and repulsion, modelled by fourth-order diffusion. The
case of general masses can be reduced to (1.1) with a suitable parameter y upon a standard time
rescaling and mass normalisation, cf. Remark 3.1.

Equation (1.1) is related to the classical thin-film equations from lubrication theory, cf. [6, 7,
28, 41, 42, 55] and the references therein. Starting from a conjecture of Hocherman and Rosenau
[42], the authors in [8] study well-posedness and finite-time singularities of Cahn-Hilliard-type
equations, in one spatial dimension on bounded interval with periodic boundary conditions. More
precisely, they analyse the family of equations of the form

atp = _(pnpxxx)x - (pm_lpx)x’ 1.2)

proving that for nonnegative (weak) solutions, blow-up can only occur for m > n + 3. The results
in [8, 42] hold for general degenerate mobilities, as in [8, Conjectures 1 and 2]. Afterwards, several
contributions to the analysis of the one-dimensional problem have been made. Linear in/stability
of steady states for the one-dimensional periodic problem was analysed in [44, 59]. Using the dis-
sipation of a suitable energy functional, the authors of [46] were able to further characterise the
energy landscape distinguishing between local minima and saddles among periodic steady states.
Stability of droplets steady states with a fixed contact angle for the one-dimensional periodic
problem was further studied in [45].

The critical case m = n + 3 in one dimension is analysed in [66], where blow-up in finite time
can only happen above a certain critical mass identified thanks to a sharp Sz. Nagy inequality;
cf. [53, 62]. Existence of self-similar blow-up solutions of (1.2) is explored in [60] for the critical
case m = n + 3. In particular, for n = 1, there exists a family of blowing-up symmetric self-similar
solutions with zero contact angle. Further analysis of one-dimensional self-similar solutions, both
expanding and blowing-up, for the critical cases of (1.2) has been done in [37, 38, 59].

The nonlinear Cahn-Hilliard-type equations (1.1) have also been recently proposed as
approximations of nonlocal aggregation-diffusion models of the form

9,0 = Ap® + div(oV(W % p)), s>1 1.3)

by truncation of the Fourier expansion of the interaction potential W; see [5]. This approximation
has been rendered rigorous under certain assumptions on the interaction potential W in [34].

The connection between aggregation-diffusion and Cahn-Hilliard equations has also been
generalised to systems of aggregation-diffusion equations modelling tissue growth and pattern-
ing due to cell-cell adhesion [25]. The authors in [39] show that cell-sorting phenomena are kept
for the resulting system of equations:

9,0 = —div(pV(xAp + aln + Bp + wn)), (L4a)

0, = =div(nV(alp + An + wp + 1)). (1.4b)

The parameters in the model are such that 8, w € R and the matrix

=9
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COMPETING EFFECTS IN FOURTH-ORDER AGGREGATION-DIFFUSION PDES | 30f49

is positive definite. We extend the theory developed for the one-species case (1.1) to construct solu-
tions to the systems of Equations (1.4). The nonlocal-to-local limit in the context of systems has
also been studied rigorously in [21]. We also mention that different multi-species Cahn-Hilliard
equations are considered in [33, 35, 36] and references therein.

Equation (1.1) can be interpreted as 2-Wasserstein gradient flow of the (extended) energy
functional

L[ VRGP dx - xeylel. b€ PARY, Vo € L2
R

Fulel = (1.5)
+00, otherwise,
as already noted in [59], being
/ p(x)logp(x)dx, m=1,
d
Enlp] =177 (1.6)

;/ pMdx, m> 1.
m-—1 RrRd

This gradient flow structure was made rigorous for related Cahn-Hilliard equations in [47, 52].
However, the former does not include the second-order backwards diffusion term in (1.1), while
the latter is concerned with more general, density-dependent mobilities.

As for the multi-species case, by defining the free energy functional as

. x 1 B 1
Flo,nl = / ~|Vol* + = |VnI* + aVp - Vi — Zp* — =n° —wpy ) dx,
wa \ 2 2 2P T2

system (1.4) can be written as a 2-Wasserstein gradient flow with respect to the (extended) free

energy functional

= 2

Flo.n] if(o,n) € PAR™?, (Vp,Vn) € LA(RY)

Flp,nl = { . (1.7)
+00 otherwise.

Our main goal is to show global existence of weak solutions of (1.1) form <m, :=2 + g (sub-
critical case) and for m = m, (critical case) for subcritical mass, 0 < y < x,, by leveraging the
aforementioned gradient flow structure. The critical parameter y, is identified by the sharp con-
stant of a suitable functional inequality [49]. The critical exponent m, is determined by scaling
arguments using mass-preserving dilations of densities in the energy functional (1.5). Moreover,
we also obtain global existence of weak solutions for the system (1.4) by an analogous approach. In
fact, we employ the (by now) classical variational minimising movement scheme, or JKO scheme,
[1, 43] to obtain an approximation of a candidate solution. A crucial step will be to use the flow
interchange technique, developed in [47, 52] to gain suitable regularity. Afterwards, we check that
limits of the variational scheme are indeed weak solutions in any dimension.

Our main result provides sharp conditions on the exponent of backwards diffusion in (1.1) to
ensure global existence of solutions in the natural class of initial data for any dimension compared
to previous literature [47, 48, 59, 66].

The key ingredient to take advantage of the gradient flow structure of (1.1) and system (1.4) is
to have uniform bounds on the competing terms in the free energies (1.5) and (1.7), respectively.
Interestingly, this is reminiscent of similar arguments developed for generalisations of the
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40f49 | CARRILLO ET AL.

Patlak-Keller-Segel equation for chemotactic cell movement [10, 19, 24]. Actually, we can draw
a nice parallelism with this well-studied problem. Generalised Patlak-Keller-Segel equations are
of the form (1.3). In particular, let us focus on the power-law kernel

B k20
W, (x) = - 1 # 0,
log|x| ifk=0.

We find an immediate connection with the problem (1.1). Analogously to the case we are studying
in this work, there exists a critical exponent, s, = 1 — g, also found via mass-preserving dilations
on the corresponding free energy functional which characterises the behaviour of (1.3).

The case s > s, is the diffusion dominated regime and global well-posedness for (1.3) is
expected, see for instance [10, 15-17, 23, 61]. This is analogous to the case 1 < m < m,, for (1.1).

As for the range 1 < s < s, aggregation-dominated regime for Equation (1.3) — analogous to
the case m > m, for (1.1) — coexistence of blow-up and global existence depending on the initial
data is expected; see [4, 27, 51] for instance.

In the fair competition regime s = s, — analogous to our critical exponent m = m, — there
exists a dichotomy between aggregation and diffusion in terms of the initial mass: M, analogous
to our parameter y. Sharp constants of variants of Hardy-Littlewood-Sobolev type inequalities
determine the critical value of the mass M, for (1.3), analogously to our critical parameter y,. We
note that for our fourth-order Cahn-Hilliard-type equation, the crucial functional inequality was
established in [49]; see a limiting case in [50]. In the supercritical mass case, M > M_, there exist
solutions that blow up in finite time; see for instance [3, 4, 10, 16, 17]. In the subcritical mass case,
M < M_, global existence of solutions is shown and spreading self-similar solutions are expected
to attract the long-time dynamics; see for instance [3, 4, 11, 16, 17, 32].

In the critical case M = M, there are infinitely many stationary states given by the optimisers
of the variants of the HLS inequalities, solutions are globally well-posed blowing-up at infinite
time for bounded second moment initial data if m = 1, and local stability of stationary solutions
is expected, see [9, 10, 16, 17, 32, 67].

We will perform a parallel study to nonlinear Keller-Segel equations (1.3) for our family of
Cahn-Hilliard equations (1.1), depending on the critical exponent case m, and parameter y.

Finally, we want to emphasise that our work sets the path to many other interesting open ques-
tions. Uniqueness is widely open being the functionals not convex, even in subsets, in any obvious
manner. Existence of minimisers in the subcritical case in the whole space is not clear since we
do not know at present how to bound uniformly in time the second moment or any other quan-
tity controlling escape of mass at infinity. Long-time asymptotics are, in turn, widely open in all
global existence cases. Free boundary problem techniques could help understand if the evolution
leads to compactly supported solutions corresponding to compactly supported initial data. This
conjecture is corroborated by numerical experiments being this another challenging problem. In
the two-species case, we can identify other interesting issues such as sharp segregation for specific
parameter values between the two species not only at steady states but along their evolutions. This
information is important for the applications in mathematical biology [25, 39].

We structure the paper as follows. Section 2 is devoted to the precise statements of the main
theorems together with some preliminary material used in the sequel. We will analyse the exis-
tence of global minimisers of the energy (1.5) following the strategies in [10, 16, 32] in Section 3. In
Section 4 we deal with the core main result of global existence of weak solutions to the single Equa-
tion (1.1) in any dimension for generic initial data. Finally, Section 5 focuses on the generalisation
of this approach to the case of systems of the form (1.4).
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2 | MAIN RESULTS AND PRELIMINARIES

We begin by listing the main results covered in this manuscript. First, we study some properties of
the free energy functional 7,, and its minimisers. The following theorem summarises the results
proven in Section 3.

Theorem 2.1. Let F,, be as in (1.5). The following hold.

1) If1<m<2+2/d, then F,, is bounded from below.

(2) If m =2+ 2/d, then, for the subcritical and critical mass regimes, F,, is bounded from below.
Furthermore, for the critical mass, the infimum is achieved. In the supercritical mass regime, F,,
is unbounded from below.

(3) If m > 2+ 2/d, then F,, is unbounded from below.

Case (1) is proven in Proposition 3.1. Case (2) is a combination of two results. In Proposition 3.2
we show that for y < y, the free energy is bounded from below. In Proposition 3.3, we prove that
the infimum is achieved for critical mass and that the free energy is unbounded if y > y,. Finally,
in Proposition 3.5 we show case (3).

Throughout the manuscript, we denote by P(R?) the set of probability measures on R¢, for
d € N,and by P,(R%) :={p € P(R?) : m,(p) < +00}, beingm,(p) := fRd |x|? dp(x) the second-
order moment of p. We will use 7%(R?) and PJ(R?) for elements in P(R?) and P,(R?) which are
absolutely continuous with respect to the Lebesgue measure. In order to deal with LP-regularity,
we set

. +o0 ifd=1,2,
2" i1=4 2

i ifd > 3.

The second result we prove is the existence of weak solutions to (1.1), in the following sense:
Definition 2.1 (Weak solution). A weak solution to (1.1) on the time interval [0, T], with initial

datum p, € PZ(R?) such that Vp, € L*(R?), is a narrowly continuous curve p : [0,T] - P,(R%)
satisfying the following properties:

(i) p € L=([0,T]; LP(R)) n L=([0, T]; HY(R)) n L*([0, T]; HA(RY)), for any p € [1,2*], d # 2,
and for any p € [1,2*) when d = 2;
(ii) forevery ¢ € Cf(Rd) and every 0 < s; < s, < T it holds

[ #tps0dx = [ op(s,5dx
R4 R4
52
- / / (pApAp + ApVp - Vp)dx dt
s, JRA

52
—)(/ / oM Ap dx dt.
s, JRd

Theorem 2.2. Assumel < m < 2+ 2/dorm = 2+ 2/d with subcritical mass y < y.and let p, €
Pg(Rd) be an initial datum such that F,,[py] < +oo. Then there exists a weak solution to (1.1).

A ' 'v202 ‘Xyi209rT

)"00SYIRLIPUO /SNy WO |

8SUB0| 7 SUOWIOD BRSO 3|qedl|dde 8y} Aq pausenoh afe SapILe YO ‘88N J0 S9N 10 AR1q1T8UIUO AB]IA UO (SUOIHIPUOD-PUR-SWLBIALIOD" AB| 1M ARR1q 1 jBul Uo//SANY) SUOIIPUOD PUe SWi 18U} 88S *[y202/0T/2T] Uo Ariqiauljuo A8|IMm ‘IRl eueIy00D Aq £292T SWId/ZTTT OT/I0p/wo Ao M Ariq)



6 0f 49 | CARRILLO ET AL.

We extend our results from the one-species case to construct weak solutions to system (1.4), in
the following sense.

Definition 2.2 (Weak solution for the system). A weak solution to (1.4) on the time
interval [0,T], with initial datum o, = (y,7,) € PS(R?)? such that Vp,, Vn, € L(RY), con-

sists of a pair of narrowly continuous curves p,7 : [0,T] = P,(R%) satisfying the following
properties:

@ p,n € L=([0, T; LP(RY)) n L=([0, T]; H' (R®)) N L*([0, T]; H*(R?)), for any p € [1,2*], d #
2, and for any p € [1,2*) when d = 2;
(ii) forevery g,y € CCZ(IRd) and every 0 < 5; < 5, < T it holds

[ epndx = [ otpts, vax
Rd R4
52
- K/ / (pApAp + Vp - VpAp) dx dt
s, JRd

52
- a/ / (pAnAgp + Vp - VpAn)dx dt
s JRd

6 5 52
—5/ / p2A¢dxdt+w/ / oVn - Vedxdt,
s, JRA s, JRd

/ BCOn(s,, x) dx = / PO (sy, x) dx
Rd R4
_ / ? /R (AAY + V- VpAn) dxde

5
— oc/ / (mApAY + Vy - VipAp) dx dt
s, JRd

1 sy sy
——/ / nzAzpdxdt+co/ / nVp - Vipdxdt.
2 5, JRA 5, JRA

Theorem 2.3. Let (o, 7,) € P;(Rd) X Pg(Rd) be aninitial datum such that F[py, ny] < +oco. Then
there exists a weak solution to (1.4).

The last result is generalised to a wider class of systems allowing for nonlinear self-
diffusion terms.

2.1 | Preliminaries

We present the notation and we collect some a priori results that we will use throughout
the manuscript.

A key tool for the analysis is the Wasserstein metric, that is a distance function in the space of
probability measures with finite second-order moments.

A ' 'v202 ‘Xyi209rT

)"00SYIRLIPUO /SNy WO |

8SUB0| 7 SUOWIOD BRSO 3|qedl|dde 8y} Aq pausenoh afe SapILe YO ‘88N J0 S9N 10 AR1q1T8UIUO AB]IA UO (SUOIHIPUOD-PUR-SWLBIALIOD" AB| 1M ARR1q 1 jBul Uo//SANY) SUOIIPUOD PUe SWi 18U} 88S *[y202/0T/2T] Uo Ariqiauljuo A8|IMm ‘IRl eueIy00D Aq £292T SWId/ZTTT OT/I0p/wo Ao M Ariq)



COMPETING EFFECTS IN FOURTH-ORDER AGGREGATION-DIFFUSION PDES | 7 of 49

Definition 2.3 (2-Wasserstein distance). For i, v € PZ(IRd), we define the 2-Wasserstein distance,
W, (u,v), between u and v as

2
Wy(i,v) := min {/ Ix—yIZdV(x,y)} ,
yelf(uy) \ Jrdxrd

where I'(u, v) is the set of transport plans between y and v,

T(u,v) = {y € PRIXRY) : (m)yy =, (m))4y = v},

and 7, and 7, are the projections onto the first and the second variables, respectively.

In the expression above, marginals are the push-forward of y through 7;. For a measure p €
P(RY) and a Borel map T : RY — R", n € N, the push-forward of p through T is defined by

/ fO)AT4p(y) = /d f(T(x))dp(x) for all f Borel functions on R¢.
R" R

We refer the reader to [1, 58, 64] for further details on optimal transport theory and Wasser-
stein spaces.

In order to obtain strong convergence of p in L2([0, T]; L>(R%)) we take advantage of a refined
version of the Aubin-Lions lemma for compactness in measures, due to Rossi and Savaré. It relies
on two conditions: tightness and weak integral equi-continuity.

Proposition 2.1 [56, Theorem 2]. Let X be a separable Banach space and consider

* a lower semicontinuous functional T : X — [0, +oo] with relatively compact sublevels in X;
* a pseudo-distance g : X XX — [0,+00], that is, g is lower semicontinuous and such that
g9(p,m) = 0forany p,n € X with I[p] < oo and I[n] < oo implies p = 1.

Let U be a set of measurable functionsu : (0,T) — X, with a fixed T > 0. Assume further that U is
tight with respect to 1

T
sup/ T[u(t)]dt < oo, 2.1)
uelU Jo

and satisfies the weak integral equi-continuity condition

T—h
lim sup/ g(u(t + h),u(t))dt =0. (2.2)
hlo yeu Jo

Then U contains an infinite sequence (u,), cy convergent in measure, with respecttot € (0,T), toa
measurable i : (0,T) - X, that is,

lim [t € (0,7) : llu,(0) —&Dllx > 6} =0, V5>0. 2.3)

In addition to the strong convergence given by Proposition 2.1, we will need an L? bound on Ap
to obtain suitable compactness in time and space for Vp and Ap. We employ the flow interchange
technique, developed by Matthes, McCann and Savaré in [52] and previously used in [55] — we
also refer the reader to [14, 20, 30, 31] for further details. The idea of the flow interchange consists
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8 0f 49 | CARRILLO ET AL.

in considering the dissipation of the free energy 7, along a solution of an auxiliary gradient flow,
and using the evolution variational inequality (EVI) afterwards to obtain the desired estimate.
For the reader’s convenience we recall the definition of A-flow for a general functional G, which
is connected to the EVI.

Definition 2.4 (1-flow). A semigroup S : [0, +oo] X P,(RY) — P,(R?) is a A-flow for a func-
tional G : P,(R?) — R U {oo} with respect to the distance W, if, for an arbitrary p € P,(R?), the
curve t - Stgp is absolutely continuous on [0, c0) and it satisfies the EVI

1d* A
a7 V2 Sce )+ S Wy (Sgp, 1) < Gl — ClSgel, (EVI)

for all ¢ > 0, with respect to every reference measure u € P,(R%) such that G[u] < .

As shown in the seminal work by Jordan, Kinderlehrer and Otto [43], the heat equation can be
regarded as a 2-Wasserstein steepest descent of the Boltzmann entropy
1 dx, pl e L'(RY).
£lo] = {/Rd p(x)logp(x)dx, p ogp (R%) _
+0o0 otherwise

We mention [1, 58] and the recent [40, Chapter 3.3] for further details. The functional € is 0-
convex along geodesics and it possesses a unique 0-flow, which we denote S¢, given by the heat
semigroup, see, for example, [1, 29, 31]. We will use the heat equation as the auxiliary flow and the
free energy (2.4) as the auxiliary functional.

In order to illustrate the method, let us calculate the dissipation of the Boltzmann entropy
along solutions of our Equation (1.1). For simplicity, we consider m = 2, although the method
generalises to other exponents. In this case, a formal computation yields

4 / plogpdx = —/ log p div(pV(Ap))dx — 2)(/ log p div(pVp) dx.
dt RrRd RrRd Rd

:/ Vp-V(Ap)dx+2)(/ |Vp|? dx.
R4 R4

< —/ (Ap)? dx + 2C,
RrRd
where the constant C > 0 is given in Proposition 3.1. By integrating in time, we obtain

18017, o ryscmay < ELPol = Elor] +2CT

< llooll7, oy = Elpr] +2CT.

It remains to note that £[p] can be bounded from below by the second moment of p, m, (o), which
gives the desired L? bound on Ap. Although this formal computation requires further regular-
ity, it illustrates how we may use an auxiliary flow to obtain H? estimates for our equation. In
Lemma 4.2, we will make this calculation fully rigorous by considering, instead, the dissipation
of our energy functional F,,[p], (1.5), along solutions of the heat equation with suitable initial
data.
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COMPETING EFFECTS IN FOURTH-ORDER AGGREGATION-DIFFUSION PDES | 9 of 49

Remark 2.1. We remind the reader of the following bound for the Boltzmann entropy functional
8’

Elpl = /d plogp > —C(1 + my(p)).
R

To prove this, let M(x) := (27)~4/2 exp (—|x|2 / 2), and consider the relative entropy

0
E(p|M) = log — dx.
(pIM) Aﬁ%Mx

Jensen’s inequality implies that

p P
E(pIM) > 1 £ md Zdx=o,
i >tog( [ Lyex) [ £ax

and thus, we conclude that
d 1 5
0< EpPIM) = plogpdx + =log(2m) + = [x]“p(x)dx,
RrRd 2 2 RrRd
which implies

d 1
/R ] plogp > > log(27) — Emz(p)-

3 | PROPERTIES OF THE ENERGY FUNCTIONAL

The energy F,, plays a crucial role in the analysis of (1.1), as it provides uniform bounds we
hinge on for the construction of weak solutions. Furthermore, in the theory of gradient flows, the
dynamical problem is usually related to energy minimisers via stationary states. This is, indeed, a
valuable advantage of studying Equation (1.1) in the Wasserstein space (P,(R%), W,). As we will
see below, the Gagliardo-Nirenberg inequality is essential for a thorough study of our problem
as it reveals critical regimes. For the reader’s convenience we recall it in the lemma below, cf. for
instance [13, 54].

Lemma 3.1 (Gagliardo-Nirenberg interpolation inequality). Let 6 € [0,1],1 < p,q < +o0and1 <

r < oo such that% =0 (1 — %) + %. Then, it holds

r
] -6
1 ety < CVANE, o 12
where C denotes a positive constant depending on p, q,r, 6, but noton f. In the cased = 2,6 € [0, 1).
In the proposition below we find a range of exponents for which the free energy 7, is bounded

from below, thus proving Theorem 2.1, case (1). In turn, this implies further regularity for the
density p and provides the critical exponent, m, =2+ 2/d.
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10 of 49 | CARRILLO ET AL.

Proposition 3.1 (Lower bound for the free energy and induced regularity). Assume p € L} (IRd)
and let1<m<2+§. Set o :=1+ d( — form>1 and a :=2, for m = 1. The following
d

properties hold.
(1) Lower bound for the free energy: let Vp € L*(RY), then F,,[p] is bounded from below as

Flp] > =ClloIE, o €8

where C = C(m,d, ).
(2) H'-bound: assume F,,[p] < +oo, then the following bound holds

IVOI2 oy < C(Finlo] + 1911, o)) (3:2)

where C = C(m,d, ).
(3) LP-regularity: assume F,,[p] < +oo, then p € LP(R?) for any p € [1,2*], d # 2, and for any
p € [1,2%) when d = 2. In particular, there exists a constant C = C(m, p,d, p, x) > 0 such that

lollLp(rdy < C < +o0. (3.3)

Proof. Step 1: Lower bound for the free energy. Let 1 <m <2+ %. By applying Gagliardo-
Nirenberg inequality to ||o]| ,mga) We find
lollngaey < CIVAIL, o OIS o

2

where 6 = d 2 — ! €(0,1). By applying Young’s inequality with p = = = d >1and p’ its
conjugate, we have
m(1-6)p’
o < IVl ey oot 1PN
P Lm(Rd) p EP, p/

Therefore, taking any 0 < € < (p(m — 1)/2 )()1/ P we obtain the bound

Fule] = 21VPI o) = =210

mp’

1 xeP %C i)y’
> (2 A~ _oxemr
= <2 p(m — 1)> Il P”LZ(Rd) o'(m - Der’ ”p”Ll(Rd) (3.4)
> =CllPI,

where C = C(m,d, ),anda = m(1-0)p’ =1+ d(m :
+Io

Note that in case of linear diffusion m =1, that is, F;[p] as functional, we can argue similarly
by using that

Filpl =2 Falpel 2 _C”p”il(Rd)'

Note that the first inequality holds because &, [p] < &,[p], since x log x < x?, for x > 0.
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COMPETING EFFECTS IN FOURTH-ORDER AGGREGATION-DIFFUSION PDES | 11 of 49

Step 2: H'-bound. The result follows from (3.4) by noting that F,,[p] < +oo and choosing again
0<e<(pim—1)/2x)"7.

Step 3: LP-regularity. From the previous case, we have Vp € L*(R%), and thus we can apply
Gagliardo-Nirenberg inequality to obtain

lollp(ray < CIIVPIILZ(Rd)IIpIILl(Rd) <C <o,

with 6 = ﬂ— € [0,1] and p € [1,2*] for d = 1 and d > 3. Note that for d > 3 and p = 2* we

have 6 = 1.1In the case d = 2, we need to impose 6 < 1, and p € [1,2%). O

In the critical exponent case, m, = 2 + %, deriving energy bounds and induced regularity as
in Proposition 3.1 reveals the critical mass

m,—1
= R 35
Xe Con (3.5)

where Cgy stands for the sharp constant from the Gagliardo-Nirenberg inequality, for m = m,
given by

2/d
o1, ety < ConlIVOI  IPIF 1 (3:6)

Remark 3.1 (Critical mass and the parameter y.). The critical mass in (3.5) is obtained for the sharp
Gagliardo-Nirenberg constant, C;y. This value is found in [49], extending to general dimension
[66]. Note that we refer to x, as the critical mass since we assume that all densities are probability
measures with unit mass. However, upon rescaling (1.1) using the change of variables

1 1
T=t/ym2 and p=pym2,

Equation (1.1) becomes 9,9 = —div(p V(AB)) — Ap ™. Therefore, one can distinguish between
subcritical, critical and supercritical regimes, in terms of the usual mass || 5| .1 (ra). More precisely,
by denoting M := |||, the critical mass is

d
(%)
M, :=
2CoN
We show that for y < y. and m = m, the free energy is bounded from below, which
covers Theorem 2.1, case (2).

Proposition 3.2. Letm = m,, y < x,, and assume p € P(R?), Vp € L*(RY). The free energy (1.5)
satisfies the bound

1 xC
F [p]/quMLz(Rd)( — <=l IILl(Rd)> >0.
c

Moreover, if x < x. and F, [e] < +00, then

lollLerays IVl 2Ry < C,
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12 of 49 | CARRILLO ET AL.

where C = C(m,d, y) and p € [1,2*], d # 2, or p € [1,2%) when d = 2. Furthermore, for y = x,,
the optimisers of the Gagliardo—Nirenberg inequality (3.6) are the set of global minimisers of the
free energy.

Proof. From the Gagliardo-Nirenberg inequality (3.6), we can deduce that

_ 1 2 X m,
Fn o] = SIVell ey = m”P“LmC(RJ)

(4

1 xCon 3
> IIVP||EZ(Rd)<§ - m”ﬁllzl(m) :
(o

In particular, since y < x. and |||l 1ga) = 1, we obtain

Fm lp] > 0.

(4

The last properties are simple consequences of the Gagliardo-Nirenberg inequality (3.6), the
definition of the free energy and y < x.. O

Summarising the previous two propositions, using the Gagliardo-Nirenberg inequality we
showed that the free energy 7, [p]is uniformly bounded from below when the exponent m is sub-
critical, 1 < m < m,, or when m = m, and we have subcritical or critical mass, y < y.. Moreover,
this induces further regularity in the subcritical exponent and critical exponent with subcritical
mass cases. In Section 4, we use this information to prove existence of weak solutions to (1.1).

In order to gain further intuitions on the remaining cases, m = m, with y > y, and m > m,,
we study energy minimisers distinguishing between the two cases.

3.1 | Critical exponent case

First, we focus on the critical case given by m =m, =2 + %, and study properties of the free
energy (1.5), following ideas from [10]. This highlights an interesting connection with Patlak—
Keller-Segel sytems [19], and more broadly with aggregation—diffusion equations, as mentioned
in the introduction.

A crucial observation concerns the homogeneity of the energy funcional 7, : in the criti-
cal case, and for mass-preserving dilations, the aggregation and diffusion terms in the energy
functional (1.5) have the same homogeneity.

Lemma 3.2 (Scaling properties of the free energy). Assume p € L™ (R%) such that Vp € L*(R?).
Let p;(x) := A4p(Ax), for any x € R, then

¢ d ¢ d
1ol gty = 240N e 1V ey = A2V s

forall A € (0, +0). In particular,

Fonlpa] = 247°F,, [0
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COMPETING EFFECTS IN FOURTH-ORDER AGGREGATION-DIFFUSION PDES 13 of 49

Proof. We have

X/ldmc
P 2] = / IV o) dx — / p™e(Ax) dx
mc -1 RrRd
Ad +2 V d ld(mc_l) m d
= [ vewrax -2 [ omiar
= Ad+27:'mc [e],
sinced(m, — 1) =d + 2. O

Next, we study the infimum of the free energy 7, . Let us define u, :=inf cy, F,, [p], where
={p e PARHNL"(R?) : Vp € LA (R}
The next result completes Theorem 2.1, case (2).

Proposition 3.3 (Infimum of the free energy). We have
’u — 0 l‘f)( G (0’ )(C] ’
* —0 lf)( > Xe-
Moreover, forp € Y,

(mc - 1)Fm [P]

< (e + 0IVPIL, (3.7)

where the critical mass y,. is defined in (3.5) and Cgy is the sharp constant in the Gagliardo-
Nirenberg inequality (3.6). In particular, the infimum is not achieved for y < x., and there exists
a minimiser in Y for y = x..

Proof. Let p € Y. By Gagliardo-Nirenberg inequality (3.6),

1 xCon |, ,2/d
Folo] > | anz(Rd)( - _1”/3“5@@)
(4

Con
= IIVpIILz(Rd)()(C 07
and also

R e L2

CGN
”Vp”LZ(Rd)(XC + X)m—_ﬁ

which gives (3.7).

Casel: x < x.. Wefirstshow u, = 0. From (3.7) we see that u, > 0. Letu.(x) = e9u(ex), where
u € Y. Then, u, € ¥ and by Lemma 3.2, we have ||Vu|| 2ra) = O(e?/?+1). Hence, by sending
¢ | 0in (3.7) we obtain My =0
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14 of 49 | CARRILLO ET AL.

Next note that if y < y, the inequality in (3.7) is strict and the infimum cannot be achieved.
When the mass is critical, y = y., we exploit [49], where equality in the Gagliardo-Nirenberg
inequality is proven for a nonnegative radial symmetric function that can be chosen in Y. In
particular, we have a minimiser for F - Moreover, all minimisers coincide with scalings of this
fixed profile, that is, the set of global minimisers is given by the optimisers of the Gagliardo-
Nirenberg inequality (3.6).

Casell: y > x..The arguments presented here are inspired by [65]. Fix & € (x./x,1). Duetothe
Gagliardo-Nirenberg inequality, there exists a nonzero function p* € L™ (R%) with Vp* € L*(R%)
such that

* c
107117%,

<Cgns
Ln2/d
19012, g 19127

(3.8)

Cand <

for instance p* could be chosen as the optimiser of the Gagliardo-Nirenberg inequality (3.6) for

the critical exponent m,. Now let A > 0, and consider the function p,(x) = 1¢p* (/1|| I ||i{?R ay )

It is easy to check p; € Y. From Lemma 3.2, (3.8) and the definition of the critical mass (3.5), we
obtain

%2/d 511 Me
S U Al i T e
" 0 e 2 m, ~1
#1Me
= e I VeI 2 Wl
2 LY(R4) LZ(Rd) mc_l I *Hz/d IV 0% 12
Pl ey 1V P 2 gy
A9+2 0 a/d1 X
< I G 1V ey (1= 58 )
Owing to the choice of § and taking the limit 4 — +oo we obtain u, = —oo. O
3.1.1 | Self-similarity
In the critical case m = m, =2 + % we may assume the self-similar ansatz
o(x,t) =t %u(xt™?). (3.9)

Mass conservation gives the usual relation between the exponents a = bd. Moreover, assuming
(3.9) is a solution of (1.1), we obtain

au + bVu(z) - z = div(uV(Au(z))) + yAu(z)™

with
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COMPETING EFFECTS IN FOURTH-ORDER AGGREGATION-DIFFUSION PDES 15 of 49

In particular, we obtain the equation
div(uV(Au(z))) + yAu(z)™ — b div(zu) = 0,
which is the equation for steady states of the corresponding evolution problem
d,u = =div(uV(Au(z))) — yAu(z)" + b div(zu). (3.10)

The above evolution PDE is (at least formally) a 2-Wasserstein gradient flow of the energy

£lul = 7,y [u] + / l212u(z) dz.

For this energy, one can prove existence of minimisers using the direct method of calculus of
variations. The main advantage with respect to the minimisation of 7, is the presence of the
additional term, fundamental for the compactness of the minimising sequence, as we will see
also in Proposition 4.1. As the proof of the latter proposition applies to a wider range of exponents,
including m = m,, we postpone this proof to Section 4, below that of Proposition 4.1.

Proposition 3.4 (Existence of minimisers for £). Given y < y,, the functional £ : P4(R?) —
[—o0, +00] admits minimisers in the set {u € P4(RY) : Vu € L2(R%), m,(u) < oo}.

A natural question to ask is whether one can characterise energy minimisers, in the spirit of
[10, 17, 18], and check if these are steady states of Equation (3.10). In turn, one would be able to
characterise self-similar profiles for (1.1).

As mentioned in Remark 4.4, Equation (3.10) admits weak solutions arguing as in Section 4.
Studying the long-time behaviour of solutions to (3.10) is also another interesting open problem we
leave to future investigation, as well as a thorough study of energy minimisers for the subcritical
case m < m,.

3.2 | Supercritical exponent case

We study the infimum of the free energy 7, when m > m,, that is, it is supercritical. As before,
we define the set

Y={peP'RHNL"R?) : Vp € LR},
and we prove that the free energy is not bounded from below. This is, indeed, Theorem 2.1, case (3).
Proposition 3.5 (Infimum of the free energy). Assume m > m,. Then

52;5 Fulp] = —co.

Proof. Given p € Y, we define p,;(x) := 19p(1x), for any x € R%. Note that p, € Y. Then, we
have

d —
XA (m-1) m

d+2

A
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16 of 49 CARRILLO ET AL.

X/ld(m m)_l

Let us note that for any A big enough

X/ld(m mE)_l
Fulpl = m—_||P||Lm(Rd) <0.

Therefore, by letting 4 — +o0, F,,,[0;] = —o0, obtaining the desired result. O

Finally, we briefly discuss on finite-time blow-up of classical solutions for the supercritical
regimes. This shows that our main global in time existence results in Theorem 2.2 for (1.1) are
sharp. Our arguments are based on the computation for the evolution of the second-order moment
m,(p) as classically done in Keller-Segel models [10, 11, 17, 32, 49]. We assume the solutions are
classical solutions such that the following computations using integration by parts are allowed.
More precisely, one can find that

Sime) =2 [ x-(oVap) + 2Vem dx
t RrRd
=—2d/ pApdx—Z/ (x-Vp)Apdx—Zd)(/ o™ dx
RrRd RrRd RrRd

=(d+2)/ |Vp|2dx—2d)(/ o™ dx
Rd Rd

— 2+ |Flel = 1 (5 — g ) 1| G

(o

where we used that

/ (x-Vp)Apdx = —/ V(x-Vp)-Vpdx
Rd Rd

=—/ |Vp|2dx—/ x-D?pVpdx
Rd Rd
:—/ |v,o|2dx—1/ X - V|Vp|?dx
RrRd 2 R4
:(%—1)/ [Vp|?dx.
Rd

We observe that this computation could be made rigorous for the solutions constructed in Theo-
rem 2.2 by using the flow interchange technique with a suitable auxiliary flow [52], in the same
spirit as in Proposition 4.2. A short-time existence of solutions in the super critical exponent is
expected as in [26] but it is not a trivial question for the variational scheme below.

Note that for the critical case m = m,, (3.11) reduces to

L ma(p) = 2(d + 2, [o].

In particular, by using Proposition 3.3 we obtain that the second moment is non-decreasing in time
for the subcritical and critical mass regimes, y < y.. In the supercritical mass regime, by using
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the above equation and that free energy 7, [p] is unbounded from below, see Proposition 3.3,
the authors of [49] are able to show that any solution to (1.1) with an initial datum p,, satisfying
Flpo] <0, has a finite-time blow-up in the L™c-norm.

A similar argument also works in the supercritical exponent case. If m > m, then

£ my(p) < 20d + 27, [6] < 2d + 2, [g] <,

for an initial datum with F,,,[0,] < 0, which can be chosen by Proposition 3.5. If the initial second
moment is finite, then there exists some time * > 0 such that m,(po(t*)) = 0, implying that such
solutions can only exist locally in time.

Our main results are also summarised in Figure 1, where we plot numerical solutions to (1.1)
in one spatial dimension and for different values of the exponent m and the mass parameter y.
These are based on the finite-volume scheme presented in [2]. In particular, we observe that for
subcritical exponent, solutions evolve towards a compactly supported steady state while the free
energy stays bounded from below. For critical exponent with subcritical mass, we also note that
the free energy is bounded by zero from below, but in this case solutions tend to the self-similar
profile mentioned in the previous sections. By plotting the solution in self-similar variables, this
scaling is numerically verified. Finally, we observe finite-time blow-up for critical exponent with
supercritical mass, and for supercritical exponent. In both cases, the free energy is unbounded
from below.

4 | EXISTENCE OF WEAK SOLUTIONS VIA THE JKO SCHEME

Once we understood the properties of the free energy (1.5) we study existence of weak solutions
of (1.1). The variational structure of Equation (1.1) allows to construct a candidate approximating
solution by means of the so-called JKO scheme or minimising movement, cf. [1, 43]. For a fixed
T > 0, we define the following sequence recursively:

PY 1= pos
W3 (e, p¥) 1)
Pkt € argmin MeNiali + Fpulp] ¢, given p¥, k > 0.
pEP(RY) 2

First, we prove the above scheme is well defined, which is not immediate due to the negative
component in the energy functional, or destabilising term. Let us fix p € Pg(le) and define the
functional

A p(Rd) — R

W3 (e, p)
'_) —

7. [o].
= T mle]

Proposition 4.1. Letp € P;’(Rd) andl<m<2+ % orm=2+ % with subcritical mass, that is,
X < X The functional A,, admits minimisers in the set {p € P*(R?) : Vp € L*(R%)}. Moreover,
o € LP(RY) forany p € [1,2*], d # 2, and forany p € [1,2*) whend = 2.
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FIGURE 1 Numerical solutions to (1.1) in one spatial dimension for different values of m and y, and decay

of the free energy F,,[p] as a function of time.
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Existence of minimisers is based on the direct method of calculus of variations, as we prove
below.

Remark 4.1. Note that sz(p, p) and ||V,o||i2 ®9) are lower semicontinuous with respect to weak

convergence in P(R%) and L?(R%), respectively. However, the negative terms in the free energy,
S——PTL and - | plogpdx,
m — 1 Lm(Rd) Rd

are both upper (and not lower) semicontinuous with respect to the weak convergence in L™(RY).
In particular, our functional .4, cannot be weakly lower semicontinuous.

Proof Proposition 4.1. We split the proof into three parts.

Step 1: Boundedness from below and minimising sequence. Taking into account the definition
of the free energy functional (1.5), we look for minimisers p € P%(R%) such that Vp € L*(RY),
otherwise the functional is infinite. Due to (3.1) we have the bound from below

Fulpl =2 C, (4.2)

which implies A,,[p] > C. Boundedness from below ensures we can consider a minimising
sequence, p,,, for which we also know A,, < C. Since the functional F,, is bounded from below,
we obtain the bound for the second-order moment

My () < 2W2(0, B) + 2m,() = 474, [p,] — 47F,[p,] + 2m,(P)

<CT(1+m()).

(4.3)

for a different constant C.
Step 2: Lower semicontinuity and compactness. First we comment on the lower semicontinuity
of A, with respect to a suitable convergence, that is,

liminf A,,[p,] > A,,[e]-

n—oo0

From Remark 4.1 we infer we cannot have lower semicontinuity with respect to weak convergence
in all terms, but we have it with respect to the convergence

Vo, = Vo inLA(R%),

p, = p inL™(R%) if1<m<2+§,
p,logp, —» plogp inL'(RY) ifm=1.

Let us note that (3.2) combined with (4.2) implies that p, and Vp,, are uniformly bounded on
L™(R%) and L*(RY), respectively, as p, is a minimising sequence.
Step 2a: Strong L™ convergence of p,,. If 1 <m <2 + % orm=2+ é with y < y,, since

lonllmray < C, (4.4)
by Banach-Alaoglu theorem, up to pass to a subsequence,

o, = p Wweaklyin L™(R%). (4.5)
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20 of 49 | CARRILLO ET AL.

Taking into account (4.2)—(4.4), we can restrict to the set
m 1= {f € PURY)  my(f), IV Sl 2ays [Fmlf1l < C}
Furthermore, from (3.3), if f € H,,, then
I llpray < Cs (4.6)

for all p € [1,2*], d # 2, and for any p € [1,2*) when d = 2;.

Next, we prove that H,, is relatively compact in L™(R?) by means of Kolmogorov-Riesz-
Fréchet theorem [12, Corollary 4.27]. In particular, we first show the uniform continuity estimate:
IfC+h) = fOllpmgaey = 0as [h| — 0. We distinguish two cases: m = 2 and m # 2.

Case I: m = 2. Let us take

/Rd If(x+h)—f(x)|2dx=/Rd
1 2

_ 2
= |h| /Rd‘/o Vf(x +sh)ds

1
<|h|2/ / |Vf(x +sh)|* dsdx — 0,
rRd JO

2

'd
/Oa(f(x+sh))ds dx

dx

since ||V fll2gay < C for every f € H,,,.
Case II: m # 2. We use LP interpolation and apply Case I afterwards. If 1 < m < 2,

2m=2

7G4+ 1= POl < IFC+ B = FON T 7G4 1) = FOIL Ty

2m=2

< (2 lpee) ™ NFCHR = FOI I,

f2<m<2+ % orm=2+ % with subcritical mass, by using a different L? interpolation we
obtain

m=1

IFC+h) = fFOllm@ay < IFC+h) — f()IILZ(m SN G Oy f()IILZ(Rd)

< (zllf”LZ(m—l)([Rd))mT”f( +h) - f )“Lz(Rd) 0,

and the convergence follows from (3.3) given that 2(m — 1) < 2*.
In order to prove uniform integrability at infinity we first use Holder’s inequality to show that

) 1-6
m 1 2 ?
/R o 1O dx<ﬁ< /R i f(x)dx> ( /R e 5dx> .

Now & € (0,1) can be chosen so that the exponent p := TT_; satisfies p € [1,2*],d #2,0r p €
[1,2*) when d = 2. Hence, by (3.3), || flp(ra) is uniformly bounded. In particular, by taking the
R — +oo limit, and using that f € H,, has uniformly bounded second moments we obtain the
uniform integrability at infinity.
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Then, H,, is relatively compact in L™(R%) and combining it with (4.5) we obtain
p, = p in L™(RY). (4.7)

If m = 1, since F,[p] > F,[p] we have that H; C H,. From here, we recover (4.6), and (4.7) for
m = 2. We show p,, log p,, = plog p in L'(R) via an extended version of Lebesgue’s dominated
convergence theorem [57, Chapter 4, Theorem 17]. Note that strong convergence in L2(R%) implies
that, up to a subsequence,

pplogp, — plogp ae.inx e R,
1
Furthermore, it is easy to check the majorant |p,(x)log p,(x)| < pz(x) + p/ (x), for any x e RY.

We claim that p + ,on - p2+ pz strongly in L'(R?). Since H, C H, it is enough to show pn

P 3 strongly in L'(R?). Applying Jensen’s inequality for concave functions we have pn € LY(RY),
while continuity of the square root function ensures

1 1
pa(x) » p2(x) aeinxe R,

By applying Fatou’s lemma,

1
lim inf/ prdx > / p% dx, (4.8)
and concavity implies,
1 1
lim sup/ ps dx </ P2 dx. (4.9)
n—oo RrRd RrRd

Combining (4.8) and (4.9) we infer

lim pzdx—/ p% dx.
R4 R4

n—oo

Applying the extended dominated convergence theorem we obtain
pnlogp, —» plogp inL'(RY).

Step 2b: Weak L? convergence of Vp,. Given that Vp is bounded in L2(R%), from Banach-
Alaoglu theorem we obtain that up to a subsequence,

Vp, = Vp weakly in L*(RY).

Note that the limit is Vp, which can be checked by testing Vp against a smooth and compactly
supported test function, and using the convergence p, — p in L™(R?) that we proved in the
previous step.

Step 3: Existence of minimisers. Due to the Weierstrass criterion for the existence of
minimisers, cf., for example, [58, Box 1.1], .4,,, has at least one minimiser in H,,,. O
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As mentioned in Section 3.1.1, the proof of Proposition 3.4 can be obtained by adapting the
previous one to the functional £ : P%(R%) — R given by

£lul = 7,y u] + 2 / l212u(z) dz.

Proof of Proposition 3.4. Boundedness from below follows from Gagliardo-Nirenberg inequality
and nonnegativity of the additional term in £[u], as noted in Proposition 3.2. For a minimis-
ing sequence {u, },cy, since y < y. we derive the following bounds, again as a consequence of
Gagliardo-Nirenberg, cf. Proposition 3.2:

”un”LP(Rd) S C’ ”Vun”Lz(Rd) < C; mz(un) < Ca

for any p € [1,2*], d # 2, and for any p € [1,2*) when d = 2; the constant C = C(m,, p,d, x) >
0. Kolmogorov-Riesz-Fréchet theorem provides relatively compactness in L™ (R%) for {f €
PR : m,(f), IV fll2(mays |L[p]| < C}, arguing as in Proposition 4.1. For the sake of complete-
ness, we point out the additional term is lower semicontinuous with respect to the weak-L?
convergence by applying a cut-off and monotone convergence Theorem — choosing p = 2 we
infer weak-L? convergence of u,, from the above uniform bounds. Proceeding as in Proposition 4.1,
and for y < y,, we can show existence of minimisers in {u € PYRY) : Vu € LA(RY), m,(u) <

+o0}. O

Proposition 4.1 guarantees the sequence is well defined, as we can solve the minimisation prob-
lem in (4.1). Next, we set up the approximating solution to (1.1). Let T > 0, and consider N := E] .

We define the curve p, : [0,T] - P(R?) as the piecewise constant interpolation
p(D) 1= p, 1€ (k-1 k], (4.10)

where p’T‘ is defined in (4.1). We can prove convergence of this piecewise interpolation to a
continuous curve with respect to the 2-Wasserstein distance.

Lemma 4.1 (Narrow convergence and discrete uniform estimates). Let p, € Pg(Rd) such that
Fuleol < +ooandl<m <2+ % orm=2+ 3 with subcritical mass y < x.. There exists an abso-
lutely continuous curve p : [0,T] — Pz(Rd) such that, up to a subsequence, p_(t) narrowly converges
to B(t), uniformly int € [0, T].

Moreover, we obtain the following discrete uniform bounds:

1/2
S‘;P ||VPI;||L2(Rd) <G (Fm[:oo] + ||Po||zl(Rd)) < +o00; (4.11)
sup 10X Loy < C; < +00; (4.12)
m,(0¥) < 2m,(py) + 4T(F 0] + ), (4.13)

for constants C, = C,(m,d, y) > 0and C, = C,(m, p,d, py, x) > 0, forany p € [1,2*], d # 2 and
any p € [1,2*)whend = 2.

A ' 'v202 ‘Xyi209rT

)"00SYIRLIPUO /SNy WO |

8SUB0| 7 SUOWIOD BRSO 3|qedl|dde 8y} Aq pausenoh afe SapILe YO ‘88N J0 S9N 10 AR1q1T8UIUO AB]IA UO (SUOIHIPUOD-PUR-SWLBIALIOD" AB| 1M ARR1q 1 jBul Uo//SANY) SUOIIPUOD PUe SWi 18U} 88S *[y202/0T/2T] Uo Ariqiauljuo A8|IMm ‘IRl eueIy00D Aq £292T SWId/ZTTT OT/I0p/wo Ao M Ariq)



COMPETING EFFECTS IN FOURTH-ORDER AGGREGATION-DIFFUSION PDES 23 of 49

Proof. By construction of the sequence we have

WZ( k’ k—l)
2 P‘r pr +F

k
Fle] < = m

(P51 < Pl "1 (414)
In particular, this gives

sup Fulpk1 < Frulog] < +oo,

which together with (3.2) and (3.3) implies that ||Vp’r‘ lL2(ray and || p’Tc lLp(ra)y are uniformly
bounded in k and 7 for p € [1,2*], d # 2, or p € [1,2*) when d = 2. Hence we obtain (4.11) and
(4.12).

Next, by summing up over k in (4.14) and using that the free energy is bounded from below,
(3.1), we deduce

L W2k, okt , ,
2 5 <Fulpll = Fulptl < Fulool +C. (415)
k=i+1
Therefore the 2-Wasserstein distance between p,, and p,(¢) is uniformly bounded. Indeed, for t €
(( =Dz, jzl,
J
Wi (oo, p-(D) < j Y, W3(RK, o571 < 2j7(Fyulp] + C) < 2T(Fpulop] + ).
k=1

Furthermore, we obtain second-order moments are uniformly bounded on compact time intervals
[0, T] since

m,(p, (1)) < 2m,(py) + 2W22(p07pr(t)) < 2my(pg) + 4T (Flpo] + O).

Let us now prove equi-continuity. Consider 0 < s < t such that s € ((i — 1)z, ir] and ¢t € ((j —
1)7, j7]. Using Cauchy-Schwarz inequality and (4.15) we have

J
Wy(p:(), () < D Wy(pk, ok
k=i+1

j 2 1 (4.16)
<< > wg(p’:,p’;ﬂ) lj —il2

k=i+1
< Q(Flp0) + O3 (VIE=sT + 7).

Thus, p; is %-Hﬁlder equi-continuous up to a negligible error of order \/? Therefore, by a refined
version of the Ascoli-Arzeld Theorem [1, Proposition 3.3.1], we obtain that p, admits a subse-
quence narrowly converging to a limit § as T — 0%, uniformly on [0, T]. Moreover, using the
uniform bound (4.13) and that | - |? is lower semicontinuous and bounded from below, we obtain
that the limiting curve g has bounded second-order moments,

m,(6(1)) < lir?lionf m,(p,(t)), Vte][0,T]. 0

The bounds (4.12) and (4.11) imply weak convergence of the interpolation p, to a probability
density § with regularity provided below.
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24 0f 49 | CARRILLO ET AL.

Proposition 4.2 (Weak convergence). Let p, € Pg(IRd) such that F,,[py] < +ooandl <m <2+
% orm=2+ % with subcritical mass y < x.. The piecewise interpolation p, in (4.10) is such that
p; € L2([0,T]; LP(RY)) n L®([0, T]; HY(RY)), for any p € [1,2*], d # 2 and p € [1,2*) whend =

2. In particular, the limit p belongs to L ([0, T]; LP(R%)) n L*®([0, T]; H'(R%)) and

p. = p  inL*([0, T; H'(R?)).
Proof. From (4.12) in Lemma 4.1 we have

e llzoqoriio@ay = SUp 1ol o@ay = sup 10Xl Loemay < +oo,
te(0,T) k

for p € [1,2*], d # 2 and p € [1,2*) when d = 2. Analogously, from (4.11) we obtain Vp, €
L>([0,T]; L2(RY)). In particular, for any compact time interval [0,T] with T > 0, we have
ozl L2(jo.1):01 (rey) < € uniformly in 7 and the weak convergence follows from Banach-Alaoglu
theorem. Regularity of the limit follows from standard arguments. O

The uniform-in-z L®([0, T]; H'(R¢)) estimate allows us to obtain strong convergence of o; via
a refined version of the Aubin-Lions lemma due to Rossi and Savaré — cf. Proposition 2.1.

Proposition 4.3 (Strong convergence of p.). Let p, € Pg(le) such that F,,[p,] < +o0 and
1<m<2+ % orm=2+ % with subcritical mass y < .. The sequence p, converges, up to a
subsequence, strongly to the curve p in L>([0, T]; L%(R%)) for every T > 0.

Proof. We apply Proposition 2.1 to a subset U = {p.}.5, for X =L*R%) and g :=W,, the
2-Wasserstein distance. Further, we consider the functional I : L2(R%) — [0, +c0] defined by
2 2 d 1(d
11] = § WPV * Jua I5PRGIAx - p € PR AR,
+00 otherwise.

Note that W), is a distance on the proper domain of Z. Indeed, if Z[p] < oo then p € P,(R?). Lower
semicontinuity of 7 follows from standard arguments — see for instance [14].

Next, let B, = {p € L*(R?) : I[p] < c} be a sublevel of I. We note that B, C P,(R%) n H'(R?)
and thus we can apply Kolmogorov-Riesz-Fréchet theorem [12, Corollary 4.27] as in the proof of
Proposition 4.1 to obtain that B, is relatively compact. Hence we have 7 is an admissible functional.

The tightness condition (2.1) follows from the uniform-in-r second-order moment and
L=([0,T]; H'(R%)) bounds for o, given in (4.13) and Proposition 4.2. The integral equi-continuity
condition (2.2) can be seen from the Ho6lder equi-continuity of p,, proved in Lemma 4.1. More
precisely, for & > 7 we have

T—h
W, (o, (t + h), p.(£))dt < /0 C(\/ﬁ + \/?>dt <2cTVh,

for a constant C > 0 independent of T and h. If instead, h < 7, we can write

T—h

0

T—h N-1

Wy (t + ), p(D)dE <k YT Wikt oF)
k=0

N-1
<hVN Y W3Rk, pF) < ChVT,
k=0

where C > 0 is the constant defined in (4.15).
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Hence we can apply Proposition 2.1 to obtain that there exists a subsequence, that we label
by 7 | 0, such that p, converges in measure to 3, as in (2.3), where X := L*(R%). Let us denote
by As(7) :={t €(0,T) : |lp(t) — p(®)|lx = &}, which vanishes as 7 — 0. Owing to (4.12) and
Proposition 4.2 we can prove (see, for example, [22, Proposition 4.3])

. 1/2

tim sup Nl = A1 o ryaeyy < 8T
hence strong convergence in L>([0, T]; L>(R%)) since § is arbitrarily small. O
4.1 | Flow interchange

The strong convergence of the sequence p, obtained in Proposition 4.3 is not enough to pass to
the limit in the Euler-Lagrange equation associated to (4.1) and arrive to a weak formulation
of our equation. We use the heat equation as auxiliary flow to obtain uniform bounds on the
Hessian of the sequence {p.},; cf. Section 2. More precisely, we exploit that the heat equation is a
2-Wasserstein gradient flow of the entropy functional £[p] = [ plogp dx.

In the following, for u € P,(R) such that £[u] < oo, we denote by S;‘g,u the solution at time ¢
of the heat equation for an initial value u at t = 0. Furthermore, we also define the dissipation of
F,, along S¢ by

F — FlS;
D¢F,lpel :=limsup{ mlP] . nlSeP] }

510

Remark 4.2. Given some initial datum w, € P(R%) the solution of the heat equation, S’ Mo, can be
written as the convolution of the heat kernel G, with the initial condition, that is,

— —Iy—v]2
Setto = Gy * o = (47t) 4/2 /d e /A (y).
R

As a consequence, S’ oMo €C ((O, +00) X Rd). Moreover, for solutions of the heat equation we
can integrate by parts to obtain the well-known equality

/d |ASL pto|? dx = / |D?S% pt|* dx . (4.17)
R Rd

We are now ready to prove an H? bound for o7.

Lemma 4.2 (H? uniform bound). Let p, such that F,,[p,] < +c0,and1 < m < 2+ % orm=2+ %
with subcritical mass y < x,. The piecewise interpolation p, constructed in (4.10) is such that p, €
L2([0, T]; HA(RY)). In particular, we obtain the uniform-in-t bound

< d||D?p.|I? <C,

”Apf”LZ( 0,TILA(R4)) L2([0,T];L2(RE) ™

where C = C(m,d, py,T) > 0.
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Proof. For all s > 0, we consider Sép’r‘“. Then, by the definition of the scheme (4.1) and of p’f‘“,
we have the inequality

k+1
T ]9

1 1
szz(p’;, P + Flof ] < wa(p’f‘, SLpth + 7S50

from which we obtain
FlofH] = F[S5pfH] 1 W2(k, S5.051) — W2(pk, o)
T = .

<
s 2 s

By taking the limsup as s | 0 we obtain

d+
TDSFm[Pl;H] < @G

N | =

W3t e < Eler] - £, (4.18)

t=

where in the last inequality we use the (EVI), as S¢ is a O-flow; cf. Definition 2.4. Note that

F [pk+1]_7:: [Sspk+1]
DgFm[p’T‘“]:limsup{ il Sm i

sl0

= limsup/1 <—i
SlO 0 dZ

From this point of the proof, we distinguish between two cases.
Case: 1<m<2+ % orm=2+ % with subcritical mass y < y, Let us compute the time
derivative:

(4.19)

F,, [sgp’;+1]> dr.

z=st

d
SFalstett == [ lastettipds
R

(4.20)
xm _
e /R (SepTm A pH dx.

Therefore, combining (4.18), (4.19) and (4.20) we obtain

1
7lim sup/ (/ |ASS oK+ |2 dx + A / (S plHym=IASS o+ dx> dt
slo Jo Rd m-—1 Jga

< E[PF] - [k,

By applying Young’s inequality we have

xm _
/R;d |Astsg'[pl;+1|2 dx + o1 /R;d(stsftplfc+1)m IAS?‘O};-'-I dx

xm _
> / ASgor i dx — / (SR 11ASg Pk | dx
Rd m-—1 Rd

1 x*m? K _
> = ASs[ k+1)2 dx — / SS[ +12(m—1) dx ,
2/Rd| g Ml
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which gives

—11m1nf / / |ASS pkF1 |2 dx dt
sl0

2
< E[pE] - €[ + 1 z(fq gy hnsll%up / / |5 pKH1120m=D) dx di.

In order to take the s | 0 limit in the above expression, first we note that, in view of Remark 4.2,
we can write ||AS?,0’T‘+1|| L2(Rd) = ||D25§p];+1|| 12(rd)- Since the auxiliary flow is the heat equa-
tion with initial datum pf*! € H'(R?), we have SLo**! — p¥*1 in L2(R?) as well as VSLpk*! —
Vet in L2(R%) as t | 0 — by noting that VS.,0%*+! is a solution to the heat equation with initial
datum Vp’T‘“ € L*(R%). By the weak lower semicontinuity of the H! seminorm we have

1
lim inf / / |D2S3 pk*1 12 dx dt > / ID?pf 12 dx. (4.21)
slo Jo Jmd Rd

Next, we focus on the term involving ||Sf€[pi‘+1 Il 20m-1)(ray and distinguish between two cases,
depending on the value of m. We apply Young’s convolution inequality to ngt ,o’fc+1 Gy * pk“,
as noted in Remark 4.2.

If % <m<2+ % orm=2+ % with subcritical mass, then 1 < 2(m — 1) < 2* and, by (3.3),
pk+l e L2m=D(R?). Furthermore, we have

t k+1 k+1
1S o7 lp2m-1 gy < ”Gst”Ll(Rd)”pT ||L2(m—1>(Rd)=||PT Il L20m-1) (-

In particular, we obtain

1
limsup/ / IS?,O’T‘“IZ(’”'Ddxdts/ |plfc+1|2(m—1)dx.
510 0 JRrd Rd

fl<m< %, we use that the function | - 2™~ is concave and apply Jensen’s inequality to
find

2(m—1)
_ 2(m—-1
/ ISstpk+1|2(m D dx < / S(sstplrcﬂ dx = |G, >x<pk+1||L(1rng))
RrRd
2(m—1) ~k+12(m—1) k+1,2(m—1)
< NGl Mo I = S I,
when
1 2(m—1)
limsup/ / |8t pkH112m=D) dx i < / pf+dx
510 0 JRrd R4
As a consequence,
T D2ok+112 dx < £l oK k+1 x*m? k+1,2(m—1)
> [Rdl p; 17 dx < Elpr] — Elp; ] + WHPT ||Lq(Rd),

Withq=2(m—1)for§ <m<2+%orm=2+%Withsubcriticalmass,andq=1for1<m<

%. By summing up over k from 0 to N — 1, considering that x logx < x> and Remark 2.1, we
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28 of 49 | CARRILLO ET AL.

recover, further using Jensen’s inequality for concave functions for g = 1,

2 _ N k+1)2(m—1)
_”D prlle( [0,T]; LZ(Rd)) [PO] S[pf ] 1)2 Z T”p “Lq(Rd)

)(2””2 2(m—-1)

+ 2(m — 1)2T2(m—1) 1 ”pT”Lq( [0,T];L9(RY))’

which is uniformly bounded, due to Lemma 4.1. In particular, we also obtain

1Ap: N 20, 17:02(R)) < \/EHDZPT||L2([0,T];L2(Rd)) < C(m,d, py, x,T).

Case II: m = 1. Let us compute the time derivative

dtrl[sgp1;+l / IAS k+1|2 dx

-x /d ASLEM(1 + log SLeMH!) dx
: (4.22)

== [ 1AS.e P dx
R

+)(/ VSLpkt . Viog Lokt dx.
Rd

By combining (4.18), (4.19) and (4.22), we obtain

1
Tlim sup/ (/ |ASS pFH |2 dx — )(/ VS pktl . Viog S okt dx) de
510 0 R4 R4

[ k+1] .

E[PF] - €[

Similar to the previous case, we obtain

‘L’lln’llnf/ / |ASS o 112 dx dt

8[‘0};] Cc:[,ok-'—1 ]+ xt hml%up/ /d VSSthH VIOgSSt k+1 4y df
s R

Elpk] - 8[p’§“]+)(fhmlsup( E[pEH] — £S5k,

where we recognised the third term as the Fisher information functional for solutions of the heat
equation. Next, using well-known properties of the heat equation and the estimates in Lemma 4.1
we have

lim sup (E[F] = €lS2pH]) < €
S
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COMPETING EFFECTS IN FOURTH-ORDER AGGREGATION-DIFFUSION PDES | 29 of 49

for a constant C independent of k. By summing up over k from 0 to N — 1, and using (4.17) and
(4.21) again we obtain

and in particular, Ap. is uniformly bounded in L3([0, T]; L2(R)). O

Proposition 4.4 (Strong convergence of Vp_). Let p, be such that F,,[p,] < +o0, and 1 < m <
2+ % orm=2+ g with subcritical mass y < x,. Up to a subsequence, the sequence p, : [0,T] —
P,(R%) converges strongly to the curve  in L*([0, T]; H'(R%)).

Proof. First note that due to Lemma 4.2, D?p, — D25 in L([0, T]; L>(R%)). The limit can be
uniquely identified by integrating against a smooth and compactly supported test function and
using the convergence Vp, — V5 in L([0, T]; L>(R%)); cf. Proposition 4.2. Next, we claim strong
convergence of p, in L*([0, T]; H'(R<)) follows from the strong convergence in L>([0, T]; L*(R%)),
cf. Proposition 4.3, and the fact that ||p; |l 2(jo.7].02(re)) i uniformly bounded in 7, as given
in Lemma 4.2. More precisely, using Gagliardo-Nirenberg (for the gradient) and Cauchy-Schwarz
inequalities, we obtain

T
[ 1960 = VAR,
0

T
<C / 10?0, (t) — D*B(0)|l 12(ay ll o (1) = BNl 2 (gay
0

< CIID*0, = D*Bli2oryre@apler — Allrzqoryzmay-

The result is obtained by using that the norms |D?0_ |20 r1.2(rdy) @a0d 1D2B1l 120 7).12(rd)) aT€
uniformly bounded in 7 — Lemma 4.2. O

The strong convergence of Vo, allows us to improve the result of p, given by Proposition 4.3
via interpolation inequalities. In particular, we obtain the integrability exponent needed to pass
to the limit 7 — 0 in the weak formulation.

Corollary 4.1 (Higher integrability). Assume 1 <m < 2 + % orm=2+ % with subcritical mass

X < X, Then, the sequence p, : [0,T] = P,(R%) converges strongly, up to subsequence, to the curve
g in L™([0, T]; L™ (R%)) for every T > 0.

Proof. The proof is based on that of Proposition 3.1. For 1 < m < 2 + %, by applying Gagliardo-
Nirenberg and Holder inequalities we obtain

[ o0 O 0

T
< 0
<C / IVpo(0) = VBN o loc(D) = SOOI ) de (4.23)
0
m(1-6)
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2d m—1 _ d( 1)
= L e 1)anda =1+ 2 2om

Vp, and by noting that the second term is uniformly bounded in 7 due to the narrow convergence
of p, given in Lemma 4.1, being p, and p probability densities.
In the critical case m =m, =2 + %, (4.23) gives

where 6 =

. The result follows from the strong convergence of

/ 10:(6) = DI, g
T 2
<C /0 1900 = VAN, g I0:(0) = BONS, 0

d

< CIVer = VAl ryaaman 1Pe ) = PO (o .01 gy

where the second term is uniformly bounded in 7 by Lemma 4.1 and Proposition 4.2. Again, the
result follows from the strong convergence of Vp,. O

4.2 | Consistency of the scheme

The results from the previous subsection ensure we can prove that g is a weak solution of (1.1) in
the sense of Definition 2.1. This subsection completes the proof of Theorem 2.2.

Proof of Theorem 2.2. We prove the theorem by showing that the sequence p. : [0,T] = P,(R%)
converges, up toa subsequence to a weak solution g of (1.1). Let us focus on two consecutive steps
in the JKO scheme, o Kand ,okJr1 and consider the perturbation p® = P ,okJr1 given by P¢ = id + &£,
where ¢ is a vector field ¢ € C®(RY;R?) and ¢ > 0. From the definition of the scheme we have

(4.24)

L<W§(Pi‘,p£) ~ Wf(p’;,p’fl)) o Pl = Fulerl
27 € € -

As we want to let ¢ » 0 and recover the Euler-Lagrange equation of the minimisation
problem (4.1), we examine each term in (4.24).

Step 1: Wasserstein distance terms. We consider, in view of Brenier’s Theorem, the optimal map
T between p’Tc and ,o’r“rl (see, for example, [58, 63, 64]), so that

WAk A = [ e Teorpk e dx.
Moreover, from the definition of the Wasserstein distance, we also have

W) < [ 1= PICoRek dx
= [ =700 - LT GpPet o dx

= W3 (o, Pk — 2¢ /d(x — T (x0) - (T ())pk(x) dx + O(?).
R
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Consequently,

k
W (ef. p°) = W (pr, oE+

2t¢€

) (-1 / (x = T(0) - {(T () (x) dx + O(e) (4.25)
T Jpd

Step 2: Aggregation terms. We use the area formula [1, Section 5.5] and that det VP*(x) =1+
ediv¢(x) + O(e?). For the case 1 < m < 2 + % orm=2+ % with subcritical mass, we obtain

k m
/ ()™ dx = / P det VP® dx
Rd [Rd det VPE

/ (P (1 — e(m — 1)(div¢) + O(e?)) dx

Thus, we find

1 / (P5)™ — (pkt1ym .

m-—1 €

= / (P (div¢) dx + OCe).
Rd

For the case m = 1 we have that

pk+1 pk+1
1 )dx = L 1 ‘ detVP*d
/Rd P loglp") dx /Rd det VPe 08 (det Vpe > ¢ x

= [ Pt og gttt = gk og (1-+ adivg + O dx

Therefore,

il

pflog pf — pk+1log pkt! 4 Pl log (1 + ediv¢ + O(e?)) 4
/Rd £ *= /Rd £

and taking the limit in € we obtain

,OE log ps k+1 log,ok“
- lim/ .

dx = / Pk (div¢) dx.
RrRd

=0 Jpd

In particular,

 Enlpfl =
—lim

e—=0

+1
] / (P (div¢) dx, (4.26)

holds forevery1 < m < 2 + % orm=2+ % with subcritical mass.
Step 3: Diffusion terms. We use the definition of push-forward and the area formula to obtain

k+1
/ |VP, 0k ()] dx—/ l detVPE o(P%)”™ )(x)

2
L

2

k+1
Pz

V(ps)_l(x)v< VP ) ((P) ')
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320f49 CARRILLO ET AL.

2
|det VP*(x)| dx

. pl‘[{+1
- [, vere (x))v( detVPE)(x)

covoof P ’

|det VP*(x)| dx.
Next, we observe that (VP)™! = I; — eV¢ + O(e2), with 1; the identity matrix. Hence, we have

. 1, 2
/Rd |VP#pIT‘+1|2dx = /Rd ’Vp’fr1 - E(pI;_HV(le{) + V§fo+1 + E(dw{)Vp’T‘“) dx + 0(e?),

and, in particular,

1 |VPypkt1|2 — |Vpkt!2
= dx
2 /Rd €

4.2
- / d (pI;HV(divg) VR 4 (VEV Rk L vkt 4 %divgwpfgﬂﬁ)dx (4.27)
R

+ O(e).

Step 4: Letting ¢ — 0. Let us perform again the same computation for € < 0. Then, we consider
¢ = Vo and compute the limit ¢ — 0. By taking into account (4.25)-(4.27), we have that

L[ o700y .
L [ =TG- Vet dx

1
= — /d <pl‘:+1V(Ag0) . V‘OI;+1 + (D2¢VPI;+1) . Vp’;+l + 5A§0|V,Ol;+1|2)dx (428)
R

w1 [ @Eaps.
RrRd

Next, we rewrite the left-hand side of (4.28) by considering a Taylor expansion of ¢ on 7 (x). Since
P, is Holder continuous, (4.16), we have

/ =T ) V(T ())er (x) dx = / L POPr () = pr*!(0)] dx +0().
R R

Let 0 < 57 < s, < T be fixed with,

hy = [S—l] +1 and h, = [S—Z]
T T

By summing with respect to k in (4.28), we obtain

/ ()P (x) dx — / (e (x) dx + O()
R4 R4
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h2 . . . . .
=2 / d (Pi“V(Acv) Vel + (D2pVpl™) - VeIt + %Mlvpfl'z)d)‘
j=hy ‘R

h, )
-x ) f/ AR INL P
j=m R

Using the definition of the piecewise constant interpolation p, and integration by parts,
cf. Remark 4.3, this is equivalent to

/ P(x)p, (85, x)dx — / P(x)p (51, x)dx + O(7)
Rd Rd

Sy 1
= / /d (pTV(Aqo) -Vp, +(D*¢Vp,) - Vo, + EAquVpTIZ)dx dt
S1 R

$2
- )(/ / pl'Ap dx dt
s, JRd

S2 52
= —/ / (p;Ap,Ap + Ap, Vp. - Ve)dx dt — )(/ / P Ag dx dt.
s, JRd s JRrd

(4.29)

By combining Lemma 4.2, Proposition 4.3, Proposition 4.4 and Corollary 4.1 we can pass to the
limit in (4.29) as T — 0%, and recover a weak solution. O

Remark 4.3. Assume p € H*(R?) and ¢ € C3(RY) — this is indeed not a restriction as ¢ €
C>(R%; RY). Using integration by parts several times, we have

1
/ (#90- V@@ + - (D?9Vp) + 2891717 ) dx
R
= —/ pApAp dx + l/ (2Vp - (D*¢Vp) — Ap|Vp|?) dx
RrRd 2 RrRd
= —/ PApApdx + / (Vo - (D*¢Vp) + Vo - (D*pVp)) dx
R4 R4

=— /d (pApAp + ApVp - Vo) dx.
R

Remark 4.4. We observe that the addition of an external potential to the energy F,,, thus
to (1.1), even nonlocal, does not bring further difficulties to our strategy under minimal regularity
assumptions. Indeed, the above proof can be integrated with previous results, for example, [43,
52].

5 | EXTENSION TO SYSTEMS OF TWO INTERACTING SPECIES

In this section, we extend the one-species theory to study system (1.4) and prove existence of weak
solutions. First, we obtain some basic properties of the free energy functional, defined in (1.7), we
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recall here for the reader’s convenience:

Flo.n] = Flo.n] if(o,n) € PARY?, (Vp, Vi) € LARY),
S +o0 otherwise,

being

- 1 B 1
Flo,y] = / 5190 + 219y +avp - Vi — £o2 = 1y2 oy ) dx.
wi \ 2 2 2P 72

We remind the reader the parameters in the model are such that 8, w € R and the matrix

=9

Remark 5.1. Throughout this section we restrict to the case p,7 have both mass equal to 1. Our
result holds true when [ pdx = [ ndx = M # 1 up to changing variables as

is assumed to be positive definite.

T=Mt, p=p/M, 7=n/M.

If the masses are different we consider the Wasserstein distance between measures with given
mass for each species and the corresponding distance on the product space.
Proposition 5.1 (Lower bound for the free energy and induced regularity). Assume (p,n) €

P(RY)2. The following properties hold.

(1) Lower bound for the free energy: let Vo, Vy € L3(R), then F|p,n] is bounded from below as

Flonl > =C (11012, gy + 112, ) 1)

where C = C(x,a, 3, w,d) > 0.
(2) H!'-bound: assume F[p,n] < +oo, then the following bound holds

VS, 00y < C(PaAF1+ 112, ) )s - for [ € fo,13 (52)

where C = C(d) > 0.
(3) LP-regularity: assume F[p,n] < +co, then p,n € LP(R?) forany p € [1,2*], d # 2, and for any
p € [1,2%) when d = 2. In particular, there exists a constant C = C(p, d, f) > 0 such that

IfllLpdy € C < +o0,  for f € {p,n}. (5.3)

Proof. Step 1: Lower bound for the free energy. By using Cauchy-Schwarz and Young inequalities
we obtain

1 B 1
r[p,n]=/ 1o+ 2vnP +avp vy — £ — L2 — e ) dx
wt \ 2 2 27 T2

x 1 B+ |w]| 1+ |o]
>/ Vo2 + L1VnP = )| Vol V] - P - »* )dx
wd \ 2 2 2 2
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x— |ale ,  1—lale7? , BHlwl , 1+|wl ,
> —\V —|Vn|* — - dx.
/Rd< 5 IVel"+ > IVl 5 P S0 )dx

Since the matrix A is positive definite, x — a? > 0 we can choose ¢ € (|«], ﬁ) sothat1 — |a]e™! >

0 and x — |ale > 0. Hence, we obtain
Flo,nl > (c — lale)F,lp] + (1 — |ale™)F,[n], (54)

where we implicitly have two different values of y in the two energies, depending on the param-
eters of the system. This is not an issue as we are in the subcritical exponent case, m = 2. The
energy is, therefore, bounded from below, and the result follows from the one-species case (3.1).
Step 2: H'-bound and LP-regularity. Given F[p,n] < +oo, then (5.4) implies F,[p], F,[1] <
+00. The results follow from the one-species case (3.2), (3.3). O

5.1 | The JKO scheme

Analogously to the problem for the one-species case, we can use the JKO scheme to construct an
approximation to a candidate of a solution.

Remark 5.2. For the sake of completeness we specify the notation for the 2-Wasserstein distance
in the product space. Let 0; = (0;,9;) € P,(RY)? and o, = (p,,7,) € P,(R%)?. The 2-Wasserstein
distance between o, and o, is denoted as

d%V(Up 0y) = sz(Pp p2) + sz(m, 7). (5.5)

Furthermore, note that for o = (p,7) € P,(R%)?, m,(c) = m,(p) + m,(»).

As in the one-species case, we consider the following recursive scheme, for o, € P,(R%)?.

* Lett > Oandsetc? := 0o, = (0, 1)
* Given J’T‘ = (p’r‘,nf) e P(R%)? for k > 0, choose

d2 (o,0%)
okt = (o1 1) € argmin W Flo] . (5.6)
ceP(RI)2 2t

We start checking that the scheme (5.6) is well defined. Let us fix & = (5,7) € P;(Rd)2 and
define the functional
A: P(Rd)z —R
d? (c,0)
~—— +Flol.
27

Proposition 5.2. Let Eepg([Rd)z. The functional A admits a minimiser in the set
{o=(p,n) € PRI : Vp,Vn € LR}

Again, we employ the direct method of calculus of variations and the results from the one-
species case; cf. Proposition 4.1.
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Proof. Step I: Boundedness from below. Analogously to Proposition 4.1 we note that
Alo] = C.
This ensures that we can consider a minimising sequence {0, },, where o,, = (p,,, 3,,), satisfying:

m,(p,) + my(n,) < CT(1 + m,(p) + m,(n)).

Step 2: A is lower semicontinuous. Repeating the argument in Proposition 4.1 we know that,
up to a subsequence,

Vo, = Vp and Vp,—Vp in L2(RY), (5.7a)
pp,—p and 1n,—7n in L2(RY). (5.7b)
Next, we write
Vo Vi, = £[V(p, + a7n,)| = £1Ve, I = 2= 1Vn
n n 2 n n 2 n za n

Note that p, + a~ ', — p + a5 and also V(p, + a~'5,) = Vp + a~'Vy in L*(R%). By using
the lower semicontinuity of the H! seminorm and that x — a? > 0, we obtain

liminf/ (X1vpuP + Livn, 2 +ave, - Vi, ) dx
Rd 2 2

n—+oo

o x —a? o’ _
:hmlnf/d ( Vo, |* + 7|V(pn +a1n,)
R

n—+oo 2

x —a? a? RN
Z/d <T|Vp|2+7|V(p+oc 177)' )dx
R

2
>dx

X 1
= /d (5|Vp|2 + EIan2 +aVp- Vn)dx.
R

In order to deal with the other terms involved in the free energy, the quadratic terms follow from
the convergence (5.7). In order to deal with the last term, we now claim that

Pulln = Pn in L'(RY).
This follows from
lonnn — Pl ey < I1M,(0 = Pl Ray + 110 = NIl L1 (R
< |Mullizwaylle = rll2way + Il 2wy 1m = Dl 2@Ray = O

Step 3: Existence of minimisers follows then from the Weierstrass criterion, cf., for example,
[58, Box 1.1]. O
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Let T > 0, and consider N := E] . We define the curve o, : [0,T] — P(R?)? as the piecewise
constant interpolation

o ()=0F te (k-7 k], (5.8)

where O’ (pT f) is defined in (5.6). In the following, we prove the two-species analogous of
Lemma 4.1, Proposition 4.2 and Proposition 4.3.

Lemma 5.1 (Narrow convergence and discrete uniform estimates). Let o, € 73;(IR‘1)2 such that
Flo,] < +o0. There exists an absolutely continuous curve & : [0,T] — 732([Rd)2 such that, up to a
subsequence, o.(t) narrowly converges to 6(t), uniformlyint € [0,T].

Moreover, we obtain the following discrete uniform bounds:

sup IV oIl 2ray + sup IV7E Nl 2may < €1 < 400, (5.9)
SUP ||PT o ey + SUP ||77T lp(dy < €3 < +o0, (5.10)
m,(0.(1)) < 2my(0y) + 4T (Floy] + C), (5.11)

forp €[1,2*],d # 2and p € [1,2*) when d = 2. The constants C; > 0 and C, > 0 are independent
ofkandr.

Proof. The proof works analogously to the one from Lemma 4.1. By construction of the sequence
we obtain that
dZ, (ok, ok 1)

Flof] < ———— +Flo{] < Flot ], (5.12)

and, in particular,

sup T‘[a’;] < Floy] < +o0.
k

This combined with (5.2) and (5.3) implies that ||V,o’T‘IILz(Rd), ”VUI;”LZ(Rd) and ||p’;||Lp(Rd),
||nf||Lp(Rd) are uniformly bounded in k and 7 for p € [1,2%],d # 2 and p € [1,2*) when d = 2.
From here we recover (5.9) and (5.10).

Summing up over k in (5.12), we obtain that

/ (o ,6" D) , :
D (oo ) < Flol] - Flol] < Floy] + C, (5.13)
k=i+1

where the last inequality holds because the free energy is bounded from (5.1). Therefore, the
distance dy, between o, and o(t) is uniformly bounded, as for ¢t € ((j — 1)z, j7],

J
d3 (00, 0:(0) < j Y, (0¥, 0571 < 2j2(Flog] + C) < 2T(Flo] + C).
k=1

Furthermore, this last inequality combined with the triangular inequality for the 2-Wasserstein
distance gives us that second-order moments are uniformly bounded on compact time intervals
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[0,T]:
m,(o.(t)) < 2m,(o,) + 2d? w(00,0:(1) < 2m,(0) + 4T(F[oy] + C).

We can now prove equi-continuity. Consider 0 < s < t < T such that s € ((i — 1)7,ir] and t €
((j = D, jr]. Then, combining Cauchy-Schwarz inequality with (5.13) we have

J
dy (0. (), o () < Y dy(ak,ak™)

k=i+1

J 3 )
s( > d%V(a’f,o',“l)> lj =il
k=i+1
< Q2(F[o,] + C))> (\/ It—s|++7 ) (5.14)

From here we obtain that o, is %—Holder equi-continuous up to a negligible error of order \/?
Thus, using the refined version of the Ascoli-Arzela theorem [1, Proposition 3.3.1], it follows that
o, admits a subsequence narrowly converging to a limit & = (5, %) € P(R%)? ast — 0%, uniformly
on [0, T]. Furthermore, using that | - |? is lower semicontinuous and the uniform bound (5.11), we
obtain that the limiting curve & is such that

m,(6(t)) < hm 1nf m,(o.(t)) < I

Proposition 5.3 (Weak convergence). Let 0, € YJEI([Rd)2 such that F[o,] < +o0. The piecewise
interpolation o, constructed in (5.8) is such that o, € L®([0, T]; H'(R%))?. In particular, the limit &
belongs to L*([0, T]; H'(R))? and

o, =6 inL*[0,T]; H'(RY))%.
Proof. From (5.9) in Lemma 5.1 we have

oz llLeo o, wayy = sup llp-(Ollr2way = sup ||PI;||H1(Rd) < +o0,
te(0,T) k

and analogously for 7. In particular, for any compact time interval [0, T] with T > 0, we have
ozl L2qo. e (rey) + M2 20,7311 Ry < € uniformly in 7 and the weak convergence follows
from Banach-Alaoglu theorem. Regularity of the limit follows from standard arguments. O

Proposition 5.4 (Strong convergence of o.). Let o, € Pg(le) such that Fo,] < +o0. The sequence
o, : [0,T] = P,(R)? converges, up to a subsequence, strongly to the curve & in L*([0, T]; L>(R%))?
foreveryT > 0.

Proof. We apply Proposition 2.1 to a subset U = {0}, for X = L*(R%)? ang g : = dy; defined in
(5.5). Similar to the one-species case, we consider the functional T : L2(R%)? — [0, +oo] defined

by

P, (R N HY(RH
Ilp.n] = o111 ey + 1 gy + m2(0) + M) .7 € .2( )N HI(RY),
+00 otherwise.
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Note that dy, is a distance on the proper domain of I. Indeed, given o = (p,7), if I[o] < +o
then o € P,(R4)%. As in Proposition 4.3, the functional Z is lower semicontinuous from standard
arguments [14] and has relatively compact subsets from Kolmogorov-Riesz—Fréchet theorem [12,
Corollary 4.27].

Proving that I and dy, satisfy the tightness and integral equi-continuity conditions in
Proposition 2.1 can be done as in the one-species case by using arguments analogous to
those in Proposition 4.3. Tightness follows from the uniform-in-r second-order moment and
L>([0, T]; H'(R%)) bounds for ai‘ given in Lemma 5.1. Equi-continuity is a consequence from the
Holder equi-continuity of o, proved in Lemma 5.1. [

5.2 | Flow interchange

As in the one-species case we can obtain H? bounds for p and 7 using the flow interchange tech-
nique. In order to do so, we consider the decoupled system of heat equations as an auxiliary
flow

aIll'{l = Alul ’ (5 15)
Orky = Auy,

and the auxiliary functional

Ly 1] = fRd [py log iy + py log uyldx, g log uy, o logu, € LY(R%);
P2 400 otherwise.

For any u = (uy, 4,) € Po(R?)? such that E[u] < co, we denote by Sty := (SLu, SL4,) the solu-
tion at time ¢ > 0 to system (5.15) for an initial value u. Furthermore, we define the dissipation of

F along the flow S¢ as
Flo] - F[S;o]
D¢eFlo] :=limsupq —— 3,
510 N

where o denotes o : = (p,7) € P(R9)2.

Lemma 5.2 (H? uniform bound). Let o, such that F[o,] < +co. The piecewise interpolation o,
in (5.8) is such that o, € L*([0, T]; H*(R9))2. In particular, we obtain the uniform bound

” IOT”LZ( 0 T] Lz(Rd)) ” UT”LZ( 0 T] LZ(Rd)) C

where C > 0 is independent of T.
Proof. We proceed analogously to the one-species case. Note that o. € L2([0, T]; H'(R%))? by

Proposition 5.3. For all s > 0, we consider S5,0¥*! = (5,051, S57¥*1). Then, by the definition
of the scheme (4.1) and of olz?“, we have the 1nequa11ty

%div(a’; I;+1)+F[ k+1] d2 (a S8 k+1)+r[Ss k+1]’
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from which we obtain

Flos] = F[sporet] | d3 (k550441 ) - d, (ok,054)
T < = .
s 2 s

By taking the lim sup as s | 0 and considering the definition of the distance dy;,, we obtain

tDgFlok ] <

j— d2,(c*, 5Lk < E[] — E[0FH], (5.16)

1
2

where in the last inequality we use the (EVI), as Sg is a 0-flow, cf. Definition 2.4.
The dissipation of F along the flow S, can be written as

F[O’k+1] _ T'[SS 6k+1]
DgF[o**!] = lim sup { : £t

510 N
(5.17)
! d k+1
= limsu / <—— F[SZokt ]) de.
sl0 P 0 dz z=st 8 t
Let us calculate the time derivative:
d
EF[SI k+1] / (K|AS£pT+1|2 + |ASf€77};+1|2 + ZOCASt pT+1ASt 77}_;+1)d
/(,BIVSEPT+1I2 IVSSUT+1|2+ZCUVS£ PI.;+1 VS[ nzlf+1)d
By applying Young’s inequality, we obtain
d _
— SISz [ (e ImiolaS,e I 4 (1~ laleDlasgr ) dx
= [ B+ @DIVSLE P + 1+ leDIVSL ) dx, (518)
Rd

where ¢ can be chosen such that ¥ — |a|e > 0 and 1 — |a|e~! > 0. Therefore, combining (5.16),
(5.17) and (5.18) we obtain

Tllmlnf/ / (Gc = lal)IASE R 2 + (1 — Jale™)IASE ) dx de

1
<Tlimsup/ / ((B + DI VSEREH 2 + (1 + || VSE 7S+ ) dxdt
510 0o JRrd

+ E[o¥] - E[oFH1].

Next, we recognise VS?G’T‘“ as the solution of the system of heat equations with initial data
Voktl e LA(R?)%. Hence, VS§ok*t! — Vo+l in L2(R9)% as 5 | 0. In particular,

1
lim sup / |VSSo 2 dx dt = / |Vok 1|2 dx.
510 0 JRrd Rd
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Moreover, by well-known properties of the heat equation and the weak lower semicontinuity of
the H! seminorm we have

1
lira(i)nf /0 /[R ) |ASY K2 4 |ASS |2 dx dt

1
= lir?l inf /0 /R ) DS k2 + |D2SSnkH |2 dx dt
;/ |szf+1|2+ |D277]_;+1|2dx.
Rd

Thus we have found

k
TlID?07 11 gy + TP I,

< C(El0¥] = EGFH1) + C(TNVAEIZ, )+ TIVEEIZ, o ),

foraconstant C = C(x, a, 3, w) independent of 7. By summing up over k from 0 to N — 1 we obtain
the desired H? bound by using Lemma 5.1 since we have

2 2 2 2
DRl a0, ryz2cmay + 1D el o,y may)
< C(elo0] = ELN1) + C(IVPel 100 + IV Wz ) O

The obtained H? bound allows us to obtain a two-species analogous of Proposition 4.4.

Proposition 5.5 (Strong convergence of Vo). Let o, such that F[o,] < +o0. Up to a subsequence,
the sequence o, : [0,T] — P,(R%)? converges strongly to the curve & in L*([0, T]; H(R9))2.

Proof. The result follows by applying Proposition 4.4 to Vp, and V7, together with the uniform
H? bound derived in Lemma 5.2. O

5.3 | Consistency of the scheme

Now we are ready to prove that & = (5, 7)) is a weak solution of the problem (1.4) in the sense of
Definition 2.2. This subsection completes the proof of Theorem 2.3.

Proof of Theorem 2.3. We prove the theorem by showing that the sequence o, : [0,T] — P,(R%)?
converges, up to a subsequence, to a weak solution & of (1.4). We will prove only the consistency for
the first Equation (1.4a). The case (1.4b) will work analogously. Let us fix two consecutive steps in
the JKO scheme ¥ = (p¥, k), o*+1 = (pk*1, n*+1), and consider the perturbation o° = (p¢, n**1)
where p¢ = P, o1 given by P = id + ¢, where ¢ is a vector field ¢ € C2(RY;R%), and ¢ > 0. By
applying the definition of the scheme we obtain

> 0. (5.19)

2T

1 (dgv(a';,of) - dgv(o';,afﬂ)) .\ Flo¢] — Flok+1]

€ €
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We proceed now to analyse each one of the terms in (5.19).
Step 1: Wasserstein distance terms. We first realise that
dy, (0¥, 0%) — dj, (0F, o) W(ek, p°) — Wi (ok, pi*)

5.20
2t¢e 2t¢e ( )

Therefore, Step 1 of the proof of Theorem 2.2 applies to this case. Let 7 be the optimal map between
Pk and p**1, then

da,(crf, of) — dfv(a’;,of“) 1

<-= / (x = T(x)) - $(T (x)pf(x)dx + O(e).
T Jpd

2t¢e

Step 2: Self-aggregation and self-diffusion terms. As in the one-species case; cf. Theorem 2.2,
we have

V2 _ (pk+1)2
_ / bl 20 / (P)2(dive) dx + O(e) (5.21)
RrRd 3 Rd
and
Vot 2 _ \V/ k+1|2
1 / [Ve®|= = Ve dx
2 Rd g
Rd

1..
+§d1v§'|Vp’T‘Jrl |2> dx + O(e).
Step 3: Cross-interaction terms. For the second-order term we use the area formula to obtain

€ _ Ak+1 k+1(pe _ pk+1
/ pe(x) — o7 (x)n,; () dx = / n: T (PE(X) =7 (%) dx
RrRd 4 R &

) PEH(x)
(5.23)

= / POV (x) - () dx + O(e).
R

Similarly, for the fourth-order term, we use the fact that Vn*t1(Pf(x)) = Vp+l(x)+
eD?n* 1 (x)¢(x) + O(e?), and argue as in the one-species case to obtain

Vot -V k+1

/ u . VU];"'I dx
Rd 3

. 5.24

== [ (eI - Vi 4 Vg (vevgi G249

Vet (D*¥*1¢)) dx + OCe).

Step 4: Taking the limit ¢ — 0. Analogously to the one-species case we perform the same compu-
tation for ¢ < 0 and we take again { = V. If we consider ¢ — 0, and thanks to (5.20)-(5.24), we
have

L =T VoGt dr
Rd
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1
= —x / (PE1V(Ag) - VoI + (DVI) - VplH1 4 280l Vol 2) dx
—a / (PEHIV(Ap) - Vi 4+ VOt (D?@ViH!) — VRHT - (D* 9+ V) ) dx
+ g/(pfﬂ)zAgo dx — co/,o’fern’T‘Jr1 -Veodx. (5.25)
As in the one-species case, and using the Holder continuity of p_, (5.14), we have
(x = T(x)) - V(T (x))pk(x) dx = (0)[pk(x) = pEH ()] dx + O(1)
& X (T (x))ps(x)dx = Rdcpx[pfx) PEH(X)] dx + O(2).
R
Let 0 < 57 < s, < T be fixed with
S

hy = [S?l] +1 and h, = [?]

By summing on (5.25) and using the definition of piecewise interpolation, we obtain
/ P(x)p. (55, x)dx — / e(x)p. (51, x)dx + O(7)
R4 R4
E 2 1 2
= [ [ (p¥ap)- Vo + 09Vp0) - Vo + Ja01Ve, ) dx
s, JRd
)
+ CC/ /d (pTV(A¢) : Vnr + fo ' (D2§0V771) - Vpr : (DznTqu))dxdt
Sq R

52 52
- g/ / p?Ago dxdt + co/ / P V1. - Vpdxdt. (5.26)
s JRrd s, JRA

Integrating by parts in the first two terms after the equality, as in Remarks 4.3 and 5.3, we obtain
/ P(x)p. (85, x)dx = / P(x)p (51, x)dx + O(1)
Rd RrRd
52
—x [ ] oo+ 20V, Vo) dxa
$1 R
52
—a / / | (peAnAp + An. Vo, - Vo) dx di
S1 R

‘3 $2 S2
- E/ / pgA(pdxdt + co/ / P V1, - Vedxdt.
s JRA s JRA

By combining Proposition 5.4, Lemma 5.2 and Proposition 5.5 we can pass to the limit as t — 07,
and, in this way, recover a weak solution. As aforementioned, an analogous argument for the
species 7) can be repeated to obtain (1.4b). O
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Remark 5.3. Assume p,7 € H*(R%) and ¢ € CS([Rd). Using integration by parts, we have
/ (pVAP - Vi +Vp - (D*pVn) - Vp - (D*nVe)) dx
R
= —/ pANAP dx +/ (Vo - (D*¢Vn) — Vp - (D*nVe) — ApVp - V1) dx
R4 R4
= —/ pAnAp dx + / (Vo - (D*¢Vn) + Vo - (D*pVn)) dx
R4 R4

=— /d (pAnAp + AnVp - Vep)dx.
R

5.4 | Extension to generalised self-diffusion systems

In this subsection we remark that, taking advantage of the one- and two-species cases, we can
generalise the existence theory to the following system with nonlinear self-diffusion terms

0,0 = —div<pV <KAp + aAn + %pml_l + cun) ) (5.27a)
-

o= —div(nV <aAp +An+wp + nm2_1> > (5.27b)

m, —1

wherel < my,m, <2+ %. As before, the parameters in the model are such that 8, w € R and the
matrix

is positive definite. In this case, we consider

" x 1
T‘ml,mz[P,n]=/ (—IVpI2+—IVn|2+och-Vn—wp77)dx
Rd 2 2

B 1
- Egml [o] - m_zg’”z[”]’

where &,, is the entropy defined in (1.6). The system of equations above can be written as a 2-
Wasserstein gradient flow with respect to the (extended) free energy functional

F o m,looml if (o, 1) € PAR™EY, (Vp, V) € LA(R?)?,
+o0 otherwise.

le,mz [P, 77] = {

We can obtain the following lower bound for the free energy:

K 1
F oy mylosm] = /d <5IV0I2 +5IVnl* +aVp - Vi - copn) dx
R

B 1
- Efml [e] - m—zfmz (7]
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K 2, 1 2 lw| 5 ol ;
> EIVol? + V)2 — |al|Vpl| Vgl — 2L p2 - 12120 g
/Rd<2| el +2| Nl —lal|VellVn] 2P > 7 x

B 1
- m—lfml [e] - m—zc‘?mz (7]

x — |ale 5 ol 5
> ——|Vp|" — — d
/Rd< 1 Vel S P dx

1—|ale! 5wl ,
ST v - 224

x — |ale B

— 2 — —
+/Rd S IVer dx - 2, o)

1—|ale™? ) 1
——|Vp|*dx — —¢& .
+/Rd 7 |Vnltdx s m, (1]

Therefore, since we can take ¢ such that x — |a|e, 1 — |a|e~! > 0, it follows that
Fomyosm] = C(Falp] + Faln] + F, [o] + Fip I0]). (5.28)

In particular, for 1 < my,m, <2+ %, the free energy is bounded from below. Furthermore, (5.28)
gives the basic estimates that we used for the existence of the one- and two-species cases. Since
the cross-interacting terms are kept as in (1.4) and the new terms with exponents m; and m, have
already been treated on the one-species case, our previous results can be easily generalised to
obtain existence for the problem (5.27).

In addition to that, using a scaling argument, we can show that the free energy is unbounded
from below if m; > 2 + %, or equally m, > 2 + %. Without loss of generality we state the result
for m,. A thorough analysis of more general systems, as well as the other cases for the exponents,
will be object of further investigation, as it is beyond the purpose of the current manuscript.

Proposition 5.6. Assume m; > m, and denote
Y :={(p,n) € PAR)* nL™(RY) x L™(RY) : Vp,Vn € LAR?)}.
Then

inf F ,n] = —o0,
(o.n)EY my.my [P 7] 0

Proof. Given (p,7) € Y we define p;(x) := 19p(4x), for any x € R¢ and any 1 € (0, +c0). Note
that (0;,%) € Y. Then, we have

x - B
F o [02 0] = ATV, g = 24 “mupn;ﬁzlmd)

1 1

d ) _ d
+/[Rd al*Vp(ix) - Vn(x)dx /[Rd wA%p(Ax)n(x)dx
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_ qd+2[ X 2 _ 2d(m —mc)L my
=4 <2||Vp”L2(Rd) AT my(m, —l)llp”Lm](Rd)>

1 1

d ) _ d
+/[Rd al*Vp(ix) - Vn(x)dx /[Rd wA®p(Ax)n(x)dx.

Therefore, if we take p and # such that 1 X supp(p) N supp(n) = @ for big enough 1 it follows that
Fnym, [p7,n] & —oo0 when 4 — +o0; for instance we could consider the support of p to be an
annulus and that of 7 to be a ball. O
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