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A B S T R A C T

Under-expanded jets appear in various processes of engineering interest and, among others, during the injection
of gaseous fuels in the combustion chamber. In this context, large eddy simulations of under-expanded
hydrogen jets were carried out adopting a low-numerical-diffusion scheme based on the flux-splitting method.
Pressure ratios ranging from five to twenty and the influence of chemical species injected were considered.
Convergence and uncertainty of the numerical results were preliminarily assessed, and then the comparison
with Schlieren acquisitions was exploited to validate the mathematical methodology adopted. Mach disc
dimensions were found to be in good agreement with the experiments. Dynamic Mode Decomposition (DMD)
was applied to investigate the characteristics of the resultant turbulent flow. A comparison of methane and
hydrogen under-expanded jets reveals that the latter penetrates faster and presents a more developed vortical
structure that enhances air/fuel mixing.
. Introduction

Under-expanded jets are complex high-speed flows that are present
n various engineering applications, including exhaust plumes from
ircraft like rockets and missiles, combustion chambers, and, among
thers, these types of jets can also occur in natural phenomena like
olcanic eruptions (Orescanin et al., 2010; von der Linden et al., 2021;
arcano et al., 2013; FOX, 1974; Duronio et al., 2021b). As a result,
nder-expanded jets have a long history of investigation, particularly
n aerospace applications. However, in the last decade, the research has
ocused on their impact on the injection process in advanced propulsion
ystems, making it a relatively new area of study within fluid dynamics
nd engine-related analysis (Duronio et al., 2023).

The adoption in modern propulsion systems of fuels like hydrogen,
ropane, methanol and methane involves the injection of the fuel
n gaseous conditions rather than as a liquid. Due to the significant
ressure difference between the injection environment and the injector
ail, supersonic conditions are almost always reached (Duronio et al.,
023; Vuorinen et al., 2014; Hamzehloo and Aleiferis, 2014a, 2016b) .
his results in the development of under-expanded jets downstream of
he injector’s nozzles, creating a particular flow field structure (Allocca
t al., 2020; Samsam-Khayani et al., 2022). Although extensive studies
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have investigated the characteristics of gaseous jets for aerospace appli-
cations, it is equally essential to thoroughly understand these processes
for propulsion applications (Onorati et al., 2022).

Numerous scientific research studies were conducted to investigate
methane jets (Yosri et al., 2020; Banholzer et al., 2019; Bartolucci
et al., 2020; Dong et al., 2018), while comparatively fewer efforts
were dedicated to study hydrogen fuel despite its heightened scientific
interest. Schlieren imaging is usually adopted to record the evolution
of transient under-expanded hydrogen jets issued from gaseous fuel
injectors. The effect of pressure ratio (PR) and nozzle characteristic
were evaluated, as well as the jet tip penetration (Coratella et al.,
2024; Yeganeh et al., 2023a; Lee et al., 2021; Yeganeh et al., 2023b,
2022). The experimental investigations are almost completely limited
to qualitative parameters rather than quantitative ones. On the opposite
for jets of other chemical species, density maps and PLIF (Planar Laser
Induced Fluorescence) acquisitions are available and allow to have
local values of fuel concentration as well as of the gas density (Yu et al.,
2013b, 2011; Sakellarakis et al., 2021; Ni et al., 2022). These kinds
of investigations are essential to robustly validate CFD simulations of
under-expanded jets.

Indeed, to gain a more detailed understanding of the underlying
physics, scientific research can undoubtedly leverage simulation tools,
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which can also significantly aid in developing simplified models to
design and optimize injection devices. The methodology commonly
employed includes explicit (Onorati et al., 2022; Buttay et al., 2016;
Hamzehloo and Aleiferis, 2019; Duronio et al., 2022) and implicit algo-
rithms (Yosri et al., 2020; Rahantamialisoa et al., 2022; Hamzehloo and
Aleiferis, 2014b). The density-based approach, incorporating a Large
Eddy Simulation (LES) turbulence framework, was proven to be the
most suitable choice for replicating the characteristic features of under-
expanded jets. Implicit methods, such as the Pressure Implicit Split
Operator (PISO) algorithm, historically employed for solving incom-
pressible fluid flow governing equations, were more recently adapted
for compressible flows. However, as extensively demonstrated in the lit-
erature (Hamzehloo and Aleiferis, 2014a; Vuorinen et al., 2014, 2013),
explicit methods are the optimal choice regarding result accuracy. This
preference arises from inherent aspects of the algorithmic procedure.
High-order integration schemes (e.g., Runge Kutta 4th order) are also
necessitated due to strong fluid-flow discontinuities.

Various works can be found in the literature regarding under-
expanded jets of methane, nitrogen, and air (Yu et al., 2013a; Banholzer
et al., 2017; Traxinger et al., 2018; Banholzer et al., 2019; Xiao et al.,
2019). The interest in hydrogen is growing, in the last years (Anaclerio
et al., 2022, 2023; Ballatore and van Oijen, 2024; Su et al., 2020).
Hamzelhoo et al. studied the near-nozzle structure of different under-
expanded jets (Hamzehloo and Aleiferis, 2016a, 2014a). They used a
CFD code based on the AUSM (advection upstream splitting method)
discretization scheme for compressible flows and they investigated the
jet tip penetration, the shear layer, and the Mach disc (Hamzehloo
and Aleiferis, 2016b). Cryogenic H2 jets were investigated numerically
and experimentally to understand the effects of the nozzle diameter
and pressure ratio on the under-expanded structures (Ren and Wen,
2020; Hecht and Panda, 2019; Gopal et al., 2020; Loureiro et al.,
2020; Madana Gopal et al., 2023) . The numerical setup used by Ren
et al. features a 2D model to save computational resources and WENO
schemes; it also differs from common approaches because it does not
use a high-pressure reservoir, which is replaced by a total pressure
boundary condition. This approach was also used by Zhang et al.
(2019). Other studies regarded the influence of real-fluid properties
on jet behavior. Both Redlick–Kwong and Peng–Robinson equations of
state were tested, demonstrating how, in certain injection conditions,
the results differ from the ones obtained using the ideal-gas equation
of state (Jin and Yao, 2021; Rahantamialisoa et al., 2023).

So, the simulation and the experimental validation of hydrogen
and methane weakly-to-strongly under-expanded jets with different
pressure ratio and nozzles dimensions were performed. A CFD approach
previously developed in the OpenFOAM environment was adopted.
The methodology was newly validated using hydrogen experimental
images regarding the Mach discs and then applied to compare the
behavior of under-expanded jets of methane and hydrogen. Dynamic
mode decomposition was applied to the flow field to recognize the pres-
ence of coherent turbulent structures and to understand the dynamic
of air/fuel mixing both within and downstream the under-expanded
structures. This topic, the main novelty of the present contribution,
was scarcely deepened in the past, not for hydrogen jets (Saddington
et al., 2004; Vuorinen et al., 2013) and revealed some interesting
outcomes, highlighting how the flow field strongly depends on fluid
characteristics.

Acquiring such a deep understanding of the leading phenomena
that occur when a gaseous pressurized fuel like hydrogen is discharged
in a low-pressure environment is essential for developing reduced
models. These meta-models need to describe the behavior of the under-
expanded jets adequately and, at the same time, guarantee small com-
2

putational costs, making them implementable in a whole engine model.
2. Mathematical and numerical method

The governing equations of the compressible fluid flow, which
include conservation of mass, momentum, and total energy, were ex-
pressed in their conservative form (𝜌, 𝜌𝐮 and 𝜌𝑒):
𝜕𝜌
𝜕𝑡

+ ∇ ⋅ (𝐮𝜌) = 0 (1)

𝜕(𝜌𝐮)
𝜕𝑡

+ ∇ ⋅ [𝐮(𝜌𝐮) + 𝑝] = ∇ ⋅ 𝜎 (2)

𝜕(𝜌𝑒)
𝜕𝑡

+ ∇ ⋅ [𝐮(𝜌𝑒) + 𝑝] = ∇ ⋅ (𝜎 ⋅ 𝐮) + ∇ ⋅ 𝐪 (3)

where:

• 𝑝 represents the pressure connected to density and temperature
through the ideal gas state equation.

• 𝑒 is the total energy, it is calculated as the sum of internal 𝑈𝑖 and
kinetic energy:

𝑒 = 𝑈𝑖 +
1
2
‖𝐮2‖ (4)

with 𝑈𝑖 being expressed as:

𝑈𝑖 = 𝑐𝑣𝑇 (5)

𝑐𝑣 represents constant volume-specific heat, and 𝑇 is temperature;
• 𝜎 is the stress tensor that, for a Newtonian fluid, is equal to:

𝜎 = 𝜇
[

∇𝐮 + (∇𝐮)T
]

−
( 2
3
𝜇∇ ⋅ 𝐮

)

𝐈 = 2𝜇𝑑𝑒𝑣(𝐃) (6)

with 𝜇 viscosity and 𝐃 strain tensor (𝐃 = 1
2

[

∇𝐮 + (∇𝐮)T
]

).
• 𝐪 is the heat flux vector computed as:

𝐪 = 𝜆∇𝑇 (7)

where 𝑇 is the fluid temperature and 𝜆 is the heat conduction
coefficient computed as:

𝜆 =
𝜇𝑐𝑝
𝑃𝑟

(8)

with 𝑐𝑝 being the constant pressure specific heat and 𝑃𝑟 = 0.7 is
the Prandtl number. 𝑐𝑝 is computed as a function of temperature
from JANAF tables (Chase, 1998).

o investigate the mixing of multiple species, the governing equations
re completed by including a transport equation for each species.

𝜕
(

𝜌𝑌𝑖
)

𝜕𝑡
+ ∇ ⋅ 𝜌𝐮𝑌𝑖 = ∇ ⋅

(

𝜌𝐷𝑖∇𝑌𝑖
)

(9)

where, for the i-species, 𝑌𝑖 is concentration, and 𝐷𝑖 is the diffusivity,
equal to:

𝐷𝑖 =
𝜇

𝜌𝑆𝑐
(10)

with Schmdit number 𝑆𝑐 = 0.7, after Vuorinen et al. (2013). The
molecular viscosity is temperature dependent according to Sutherland’s
law specific constants of the single species (White and Frank M. White,
1991).

The governing equations were discretized using the so-called cen-
tral schemes formulations of Kurganov (KNP) and Kurganov and Tad-
mor (KT) (Kurganov and Tadmor, 2000; Kurganov et al., 2001). Flux
splitting methods guarantee low numerical dissipation and, at the
same time, provide improved stability in comparison with central
schemes (Hamzehloo and Aleiferis, 2019; Vuorinen et al., 2013; Duro-
nio et al., 2024; Duronio and Di Mascio, 2024) . These methods are
non-staggered second-order central schemes that compute the fluxes
on the cell faces using a flux-splitting approach. The cell-to-face flow
interpolation is subdivided into an inward and outward direction with
respect to the face owner cell. A complete and detailed description
of KNP and KT central schemes can be found in Greenshields et al.
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Fig. 1. Schematic representation of the computational domain used for the simulations.
(For interpretation of the references to color in this figure legend, the reader is referred
to the web version of this article.)

(2010). VanLeer flux limiter ensures the simulation stability (Green-
shields et al., 2010; van Leer, 1974; Versteg and Malalasekera, 2007)
while time integration is performed using explicit Runge–Kutta 4th
(RK4) method in order to correctly reproduce shock-waves present in
flow-field (Hamzehloo and Aleiferis, 2019; Vuorinen et al., 2013). A
complete description of the method can be found in Duronio et al.
(2021a) and Duronio et al. (2021b).

Large Eddy Simulation (LES) modeling is preferred to reproduce the
air/fuel interaction with great detail following literature Refs. Vuorinen
et al. (2014, 2013) and Hamzehloo and Aleiferis (2019). A one-equation
eddy viscosity model for compressible flows was adopted (Huang and
Li, 2010; Yoshizawa and Horiuti, 1985). The sub-grid scale eddy vis-
cosity 𝜈𝑡 is calculated using a transport equation for turbulent kinetic
energy 𝑘𝑠𝑔𝑠 field and the filter dimension 𝛥 (usually evaluated from the
grid size) according to the following relation:

𝜈𝑡 = 𝐶𝑘𝛥
√

𝑘𝑠𝑔𝑠 (11)

where 𝐶𝑘 is a model constant whose default value is 0.094.
Finally, using this parameter, the effective dynamic viscosity (𝜇𝑒𝑓𝑓 )

can be computed and used for the solution of the governing equa-
tions (1)–(3) (Hamzehloo and Aleiferis, 2019; Greenshields et al.,
2010; Pope and Pope, 2000). More specifically, the effective viscosity
is the sum of the molecular and of the eddy turbulent viscosity:

𝜇𝑒𝑓𝑓 = 𝜇 + 𝜇𝑡 (12)

3. Case study

Two nozzles, experimentally investigated by Yip et al. (2020) and
Allocca et al. (2020), respectively, were considered. In the following,
for brevity, they will be referred to as nozzle 1 (Yip et al.) and 2
(Allocca et al.). Both of them regard round jets issued from single-hole
nozzles. The diameter is equal to 0.58mm for nozzle 1 and 1mm for
nozzle 2. Images of the under-expanded jets were acquired using optical
Schlieren and Shadowgraph imaging techniques. They are diagnostic
techniques that visualize optical in-homogeneities of transparent me-
dia, otherwise not visible to the human eye (Settles, 2001; Panigrahi
and Muralidhar, 2012). These methods are sensitive to changes in the
refractive index of a light beam traveling through a heterogeneous
medium. Fig. 1 shows the general characteristics of the integration
domain used for both the simulated nozzles.

The computational domain consists of a cylindrical reservoir (col-
ored in cyan) initialized with high-pressure fuel. This reservoir is
connected, through the investigated nozzle, to a lower-pressure cham-
ber containing nitrogen (green cylinder) initialized with environmen-
tal pressure conditions. The inflow section of the upstream reservoir
(colored in red) is treated with a total pressure boundary condition.
3

Table 1
Details of the injection conditions simulated.

Nozzle 1 Nozzle 2

Nozzle diameter [mm] 0.58 1
Nozzle length [mm] 1 0.9

Pressure ratio [–] 5 10 20 9 12

Ambient pressure [bar] 10 1
Ambient temperature [K] 298

Table 2
Uncertainty and grid convergence index evaluation along the jet’s axis.

Average value Uncertainty Grid convergence index

𝜌 1.29 kgm−3 2.77% 1.08%
𝑝 11.76 bar 3.03% 1.29%
𝐔 1525 m/s 2.29% 0.92%

The computational grid is created using cfMesh and includes various
levels of refinement extending in the axial direction for a length equal
to seventy diameters, as depicted in Figs. 2(a)–2(b).

The nozzle diameter was discretized using 40 cells, and the other
zones had cells whose dimensions gradually increased. This meshing
strategy has already been adopted in previous studies with similar flows
where the pressure ratios are in the same range as the cases investigated
here. The strategy exhibits discrete result accuracy, avoiding too exces-
sive usage of computational resources (Bonelli et al., 2013; Khaksarfard
et al., 2010; Rana et al., 2011; Rahantamialisoa et al., 2023; Hamzehloo
and Aleiferis, 2016a; Duronio et al., 2021b).

The test conditions and the nozzle dimensions are detailed in Ta-
ble 1.

The nozzle exit velocity can be estimated with the hypothesis
of having sonic conditions at the exit section as done in previous
works (Hamzehloo and Aleiferis, 2016b; Edgington-Mitchell et al.,
2014). It is equal to U𝑒𝑥𝑖𝑡,𝐻2

= 1190m s−1 and U𝑒𝑥𝑖𝑡,𝐶𝐻4
= 419m s−1. The

time-step adopted was variable and depended on the Courant number,
which was set to be lower than 0.8 (Courant et al., 1928; Duronio
et al., 2021a,b) .

4. Hydrogen jets investigation

4.1. Preliminary discussion. Code accuracy assessment

The aforementioned numerical approach has already been validated
by the authors on methane jets issued by single and multi-hole pat-
terned injectors (Duronio et al., 2021b, 2022, 2021a); anyway, for
the present contribution, a further verification of the methodology
accuracy was performed for hydrogen injections.

The simulation’s convergence and uncertainty were assessed using
two grid levels (a further coarser grid was explicitly considered for
the purpose). Table 2 reports the average values for the main fields
evaluated along the jet’s axis with the relative uncertainty and the grid
convergence index. The jet issued with PR = 20 was considered.

The grid convergence is defined as:

𝐺𝐶𝐼 = 𝑆𝐹
𝑓1

𝑓2 − 𝑓1
𝑟𝜎 − 1

(13)

where SF is a safety factor, 𝑓2 and 𝑓1 the solutions obtained with the
two grid levels, r the grid dimensions ratio and 𝜎 the order of the
discretization scheme employed.

Fig. 3 shows the plot of density, pressure, velocity, and temperature
fields sampled along the jet axis, together with the uncertainty once the
jet with PR = 20 reached pseudo-stationary conditions.

The uncertainty of the numerical results was assessed as in the
classical paper by Roache (1997), in which the procedures now adopted
by AIAA, ITTC, and IEEE are described and discussed in detail. In this
procedure, the uncertainty is computed exploiting different solutions
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Fig. 2. (a) Vertical section of the grid with refinement regions and respective grid dimensions. (b) Near nozzle zoom.
Fig. 3. Temporal averages of density, pressure, velocity and temperature. The blue horizontal lines represent the ambient pressure and a Mach number equal to the unity in the
respective graphs.
obtained with two or three levels of grid where the dimensions are
in a fixed ratio, for example, doubled. The uncertainty bars, being
significantly small, demonstrate the adequacy of the mesh size adopted
to represent the evolution of the under-expanded jet. The classical steep
variation of the flow field can be observed in correspondence with the
first shock at a distance of approximately 1.7 mm from the nozzle exit
section. The jet velocity reaches at the most 3000m∕s and Ma number
at most equal to 4. Nevertheless these are very high-velocity values,
4

these findings are in agreement with what obtained by Hamzehloo and
Aleiferis (2016b,a, 2014a), Lacerda (1987) and Jin and Yao (2021).

In order to assess the adequacy of the chosen grid to represent the
turbulence effects, we evaluated the modeled kinetic energy compared
to the total energy. This evaluation followed the methodology outlined
by Di Mascio et al. (2022). Fig. 4 illustrates the ratio between the
modeled and total kinetic energy computed once the jet reaches steady
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Fig. 4. 𝐾𝑚𝑜𝑑∕(𝐾𝑚𝑜𝑑 +𝐾𝑟𝑒𝑠) plotted on an axial section.
Fig. 5. Assessment of quality for LES simulations.
Fig. 6. Comparison of numerical results (left side) and experimental schlieren image (right side) for the jet issued with PR = 5, 10 and 20.
state conditions and the Mach disc is fully developed. These results are
presented on the axial mid-plane for a specific temporal instant.

The modeled kinetic energy is relatively low compared to the re-
solved kinetic energy. The ratio between the modeled and total kinetic
energy consistently remains below 0.3 throughout most of the domain.
This finding aligns with the criteria set forth by Pope and Pope (2000)
for adequate resolution in Large-Eddy Simulation (LES). There are
5

only a few localized regions where this ratio reaches 0.3. They are
located near the shock waves where, due to the presence of relevant
field discontinuities (velocity gradients), the results cannot not be
considered.

The quality of the LES simulation is also confirmed by Figs. 5(a)–
5(b). They report the ratio between effective and molecular viscosity
( 𝜈𝑡,𝑒𝑓𝑓 ) and the LES Quality index computed following the methodology
𝜈



International Journal of Heat and Fluid Flow 107 (2024) 109381F. Duronio and A. De Vita
Fig. 7. 3D rendering of the three jets investigated represented by fuel mass fraction volume rendering. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)
Fig. 8. Jet volume plotted over time for PR = 5, 10, 20.
6

Fig. 9. DMD spectrum. The intensity is normalized to the maximum value.
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Table 3
Mach disc height measurements.

Pressure Experimental CFD Relative
Ratio height height difference
[–] [mm] [mm] [–]

10 1.07 1.11 3.6%
20 1.64 1.69 3.1%

proposed by Celik et al. (2005) :

𝐼𝑄𝐿𝐸𝑆,𝜈 =
1

1 + 𝛼𝑣(
𝜈𝑒𝑓𝑓
𝜈 )𝑛

, (14)

where 𝛼𝑣 is a constant with a value of 0.05, 𝑛 = 0.53 and 𝜈𝑒𝑓𝑓 and 𝜈
respectively effective and molecular kinematic viscosity.

As discussed by Celik et al. (2005) and Lien et al. (2024), a ratio
greater than 80% describes an high-quality LES simulation.

Once having verified the result’ convergence and their numerical
accuracy, the validity of the approach adopted was assessed by com-
paring the Schlieren images acquired by Yip et al. (2020) against the
logarithm of the density gradient computed from the CFD simulations.
Fig. 6 reports the latter alongside the experiments for the three nozzle
pressure ratios investigated.

The code reproduces correctly the hydrogen jets issued over a
range of pressure ratios ranging from moderately to highly under-
expanded configuration (Franquet et al., 2015). The position of the
Mach disc, numerically computed, matches the experimental images,
and the under-expanded structures are reproduced accordingly.

With a PR = 5, the jet is moderately under-expanded and has a ‘‘di-
amond’’ or ‘‘X’’ structure. Oblique compression shocks, usually called
intercepting shock, depart from the nozzle edges and converge toward
the jet axis. This structure is repeated multiple times downstream,
demonstrating how expansions and re-compression zones follow one
another.

Mach disc appears as the pressure ratio increases (PR = 10). The
regular reflection of the intercepting shock on the axis is no longer
possible. As a result, above the critical angle, this reflection becomes
singular, resulting in the appearance of a normal shock-denominated
Mach disc. The triple point is clearly recognizable as the intersection
of the intercepting shock, the Mach disc, and the reflected shock that
are well reproduced together with the slipstreams.

The jet becomes very highly under-expanded when the pressure
ratio is equal to 20. The structure is dominated by a unique barrel,
and the Mach disc dimensions increase. The Mach disc height measure-
ments are reported in Table 3 for the pressure ratios investigated.

The agreement is quite satisfactory, as depicted by the slight per-
centage difference computed. It must be noted that the case with PR =
5 was not listed since the Mach disc does not appear.

4.2. Insights about the jet structure

Fig. 7 shows a volumetric rendering, colored according to the fuel
mass fraction (𝐻2), of the jet after 100 μs for the three PR analyzed.

The under-expanded shocks propagate for approximately 10 mm
from the nozzle’s exit section in the axial direction while, further down-
stream, the jet, having loosened momentum, resembles a characteristic
turbulent flow. It can also be observed how, further than the increasing
axial penetration with the injection pressure, the higher the injection
pressure is, the greater the jet’s overall volume becomes. This is also
confirmed by Fig. 8 where the jet volume is plotted over time for PR =
5, 10, 20.

A proficient method to comprehend the essential dynamics of a tur-
bulent flow without the need for detailed physical modeling is Dynamic
Mode Decomposition (DMD) (Weiner and Semaan, 2021; Rathje et al.,
2022; Vega and Clainche, 2020) . The application of DMD to CFD simu-
lations allows for the identification of dominant flow patterns, coherent
7

Fig. 10. Real part of the top DMD modes defined for the three frequency range. Density
field.

Fig. 11. Real part of the top four DMD modes computed from the velocity field.
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Fig. 12. Q-criterion contour colored by total kinetic energy (TKE). (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 13. Total kinetic energy (TKE) plot in the near nozzle zone.
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Fig. 14. Temporal evolution of logarithm of the density gradient for the hydrogen and methane jets.
structures, vortex shedding, and flow instabilities. This investigation
is essential to create low-dimensional models, significantly reducing
simulation computational costs.

The idea behind DMD is to decompose a three-dimensional flow
field into two separate parts that describe how flow structures change
in space (but are constant in time) and how these modes evolve over
time. DMD was performed on the velocity and density fields considering
the PR = 20. Fig. 9 presents the resulting DMD frequency spectrum for
the density.

The modes’ frequency is expressed in Hz while the intensity is
normalized with the maximum value. The spectrum reveals that the
dominant mode is the 12th, with a frequency equal to 𝑓 = 38.7 kHz.
The 9th and the 13th modes have comparable intensity, respectively
the 10% and 20% lower. Their frequencies are 𝑓 = 7531 kHz and
𝑓 = 68 590 kHz, respectively.

To provide a quick and comprehensive representation of all modes
dynamics, the spectrum was divided into three parts:
9

• Low-frequency modes: frequency range 0–100 kHz. Dominant
mode: 12th.

• Mid-frequency modes: frequency range 10–200 kHz. Dominant
mode: 6th.

• High-frequency modes: frequency range 100–400 kHz. Dominant
mode: 2nd.

For each frequency range, the real part of the dominant mode was
reported on Fig. 10.

In the near nozzle zone, all three modes present alternating pockets
of positive and negative density fluctuations, indicating the mixing
between the streams of varying density. This pattern, which depicts the
shear layer, is axial-symmetric and becomes wider going downstream
the flow. Precisely, after the Mach disc, it regards the whole jet width.
Even if of minor absolute intensity, the higher the frequency, the wider
the fluctuations.

Fig. 11 reports the four dominant modes obtained performing the
velocity decomposition.
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Fig. 15. Hydrogen and methane Mach disc comparison.

The transverse component is anti-symmetric and shows positive and
negative velocity fluctuations in the external shear layer. This pattern
provides evidence of helical vortices of varying wavelengths as already
observed by Vuorinen et al. (2013). The presence of axisymmetric shear
layer instabilities, depicted by the axial component of the velocity, acts
as a forcing mechanism for the generation of toroidal modes.

Finally, to better understand the influence of the upstream pressure
on the flow’s turbulent development, the Q-criterion (𝐐 = 1

2 (‖Ω‖

2 −
‖𝐒‖2), where 𝐒 is the strain tensor and Ω is the vorticity tensor) was
used to capture vortices. Fig. 12 shows Q-criterion iso-surfaces with the
color map representing the turbulent kinetic energy (TKE).

The turbulent kinetic energy increases drastically, moving towards
the jet’s tip. No great vortices appear within the potential core where
the hydrogen is confined while, moving outwardly from the jet’s axis in
the radial direction, small vortices with a reduced amount of TKE can
be easily recognized. On the opposite, larger vortices, with relatively
high TKE, are present on the jet tip, enhancing the mixing process and
creating the conditions for effective air-fuel interaction. Increasing the
PR, TKE values grow significantly, and the vortices become bigger. This
implies an enhanced downstream mixing activity as already observed
by other authors (Vuorinen et al., 2013).

Fig. 13 reports a further axial plot of the turbulent kinetic energy
(TKE) on an axial plane. It is confirmed that the higher the PR is, the
greater the TKE owned by the jet becomes.

5. Hydrogen-methane jets comparison

Once having further verification of the capabilities of the developed
numerical approach in representing under-expanded jets, a comparison
between different fuels, more precisely, H2 and CH4, was carried out.
As previously mentioned, the methane CFD simulations were already
experimentally validated and discussed in a previous work (Duronio
et al., 2021a) while, here, the hydrogen was investigated using the same
setup.

Fig. 14 reports the evolution of the logarithm of the density gradient
in the injection environment obtained by slicing the domain with an
axial plane for the two different pressure ratios and both fuels.

The development of the hydrogen jet is much faster than the
methane; this is a consequence of the smaller dimensions of the
H2 molecule. This behavior was observed also in other researches
(Hamzehloo and Aleiferis, 2016b; Jin and Yao, 2021; Hamzehloo and
Aleiferis, 2016a). At PR = 9, only methane exhibits the behavior of
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a highly under-expanded jet. Intercepting shocks can be distinctly
observed in the hydrogen jet, and only if we increase the PR to 12
we begin to observe the appearance of Mach disc. The dimensions of
the latter are not stable, but as depicted from the snapshots series, it is
clear that we are in a transition state.

Fig. 15 is a zoomed view of the near-nozzle zone proposed to
compare hydrogen and methane Mach discs characteristics.

The Prandtl-Meyer expansion fans, barrel shock, angle of reflected
shock, triple points, and slip lines were all accurately predicted, and
they were all in excellent agreement with other authors’ computational
findings and experimental visualizations as well as with the theory of
under-expanded jet (Vuorinen et al., 2011; Yu et al., 2012; Dauptain
et al., 2012). Upstream the Mach disc, methane and air did not in-
teract. On the other hand, momentum exchange and mixing at the jet
boundary can be observed at the lateral borders of the hydrogen Mach
disc where large oscillations are present. These vortices are known as
Gortler vortices (Saric, 1994; Hall, 1982).

Particular attention deserve the axial plots of the main fluid-
dynamic fields for the two fuels. Fig. 16 reports precisely pressure,
density, velocity magnitude, and temperature along the nozzle axis for
the PR = 12.

The density of hydrogen is way smaller than methane, and so, as a
consequence, differences obviously appear in the graph. The pressure
graph shows comparable oscillations in correspondence to the normal
shocks.

At the opposite, the hydrogen’s jet velocity is significantly higher
than the methane one. The maximum values are approximately 2600
m/s for the first fuel, while the second one reaches at most 900 m/s.
The fluctuations are much higher with the hydrogen jet; more pre-
cisely, crossing the hydrogen Mach disc, the velocity diminishes by
approximately 2000 m/s while with the methane of 700 m/s.

The minimum temperature reached upstream of the Mach disc is
approximately 50K for the H2 and 100K for the CH4. Downstream
oscillations of the latter fuel are small if compared with the hydrogen
ones. Finally, Fig. 17 reports the Mach number behavior along the jet
axis for the hydrogen and methane jet.

The characteristics of turbulence play an essential role in the for-
mation of the air/fuel mixture and fulfill a primary importance in
combustion efficiency. The temporal evolution of the vortical struc-
tures, depicted by the Q-criterion iso-surfaces, is shown in Fig. 18, with
the color map representing the turbulent kinetic energy (TKE).

The vortical structures are way more developed in the hydrogen
jet, while the methane flow presents smaller and fewer structures
characterized by reduced kinetic energy. The energy cascade, which
creates the multitude of vortices, is more developed with H2, which has
consequences on the mixing activity. A quick and intuitive evaluation
of the mixing activity can be observed in Fig. 19 where maps of the
scalar dissipation rate (SDR) for both fuels are shown.

In the near-nozzle zone, both the jets are bounded by a thin region,
the shear layer. As depicted by the SDR map, the fuel concentration
diminishes abruptly across this boundary in a relatively small space.
Only downstream, where the jets have loosed a significant amount of
momentum, the turbulence intervenes, enabling an intimate interaction
with the ambient gas, even within the jet core, and allowing the mixing,
as depicted by the multitude of string-like structures. The turbulent
mixing zone is significantly more developed on the H2 jet than the
CH4 one. The potential core is reduced in length, and the interaction
between the species is faster.

A quantitative evaluation of the mixture quality can be provided
by analyzing the development of the average value of the fuel con-
centration (expressed as mass fraction) over time. Fig. 20 shows the
outcomes of such analysis for the hydrogen and methane jets issued
from the nozzle 2 with PR = 9 and 12.

The jet boundaries are defined by a fuel concentration equal to
0.1%. The graph shows how the pressure ratio has a minimum effect

on the mixture quality, slightly decreasing the average concentration
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Fig. 16. Density, pressure, velocity magnitude and temperature axial plots for PR = 12. Nozzle 2.
Fig. 17. Mach number axial plots for PR = 12. Nozzle 2.

towards lower values. At the opposite, a relevant difference can be
observed by comparing the two fuels investigated. After 130 μs, the
hydrogen jet presents an average concentration equal to approximately
60% while, for the methane, the value is significantly higher, 87%
precisely.

6. Conclusions

The current study investigates near nozzle shock structures and
the mixing activity of under-expanded hydrogen and methane jets.
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The mathematical methodology, already validated by the authors on
methane jets, was also verified with hydrogen injections featuring
pressure ratios ranging from weakly to highly under-expanded jets.
Convergence and uncertainty of the computations were preliminary
assessed by adopting the classical Roache theory. The main findings
obtained from analyzing the hydrogen jets are:

• The low-dissipative explicit method adopted properly captures
the under-expanded hydrogen jets over a wide range of pressure
ratios. The measurements of the Mach disc height provide a
quantitative term of comparison.

• Increasing PR results in greater Mach disc dimensions and jet
volume.

• DMD decomposition of the flow reveals that the main mixing
begins downstream of the Mach disc location and also in the
vicinity of the jet boundaries where intense turbulence dominates
the mixing process.

• The transverse velocity component originates anti-symmetric he-
lical vortical structures while the axial component of the velocity
gives toroidal modes.

• Higher turbulent kinetic energy and greater vortices can be ob-
tained with higher PR.

The comparison of hydrogen and methane jets results in the following:

• The near-nozzle shock structure showed different patterns de-
pending on the chemical species injected. Mach disc does not
appear when injecting hydrogen with a PR = 9, while using PR =
12, the hydrogen disc is present.

• For both fuels, the mixing activity does not occur in the potential
core where shock waves are present; only the hydrogen jets
showed a more developed mixing layer at the boundaries of the
jet where an actual mixing takes place.
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Fig. 18. Q-criterion contour colored by total kinetic energy (TKE). (For interpretation of the references to color in this figure legend, the reader is referred to the web version
of this article.)

Fig. 19. Scalar dissipation rate plot for the two studied fuels.
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Fig. 20. Temporal development of average fuel concentration for hydrogen and
ethane jets issued with PR = 9 and 12.

• The main mixing zone grows downstream of the Mach disc loca-
tion, particularly where intense turbulence plays a dominant role
in the mixing process.

• The hydrogen jet, reaching higher velocities, penetrates faster
than the methane jet; thus, it exhibits the presence of more
developed vortical structures. This can be observed plotting the Q-
criterion iso-surfaces and looking at the turbulent kinetic energy
field.

• The characterization of the mixing process highlights that hydro-
gen mixes with the air faster than the methane. Scalar dissipation
rate plot shows the presence of more extended string like struc-
tures and at the end of the simulated period the average concen-
tration of the hydrogen present in the injection environment is
the half of the methane one.
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