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Abstract

This thesis is about finite-dimensional Pl-superalgebras with two additional structures: pseudoau-
tomorphism (p-algebras) and superinvolution (c-algebras). After giving the preliminary notions, we
will first develop a theory of polynomial identities for p-algebras. Then, we will discuss the behavior

of the codimension sequence of central polynomials in the context of ¢-algebras.

Keywords: superalgebras, polynomial identities, graded linear maps, codimension growth, cen-

tral exponent.






Introduction

This thesis is on polynomial identity (PI) superalgebras with additional structures. The theory of
polynomial identities is a branch of algebra arising from group theory. Pl-algebras can be seen as
class of algebras generalizing the commutative ones and behaving well with respect to some problems
in algebra. Indeed, they have been proved to give a positive answer to some famous conjectures in
group and ring theory (Kurosh problem and Burnside problem, for example).

Let F be a fixed field of characteristic zero and let X = {z1,x9,...} be a countable set of
non-commuting variables. The free algebra F'(X) contains all polynomials in the variables from X
and coefficients in F.

Given an associative F-algebra A, we say that f(z1,...,2z,) € F(X) is a polynomial identity
of A(f =0on A)if f(a,...,a,) = 0, for any choice of a; € A. We say that A is a Pl-algebra
if it satisfies at least one non trivial polynomial identity. The set of all identities satisfied by A is
denoted by Id(A) and it is an ideal invariant under all endomorphisms of F'(X) (T-ideal). The class
of algebras B that satisfy the same identities of an algebra A is called the variety generated by A
and denoted by var(A).

The main goal of the theory of polynomial identities in algebra is, given an algebra A, to study
its T-ideal Id(A). Nevertheless, this is a very difficult problem and it has been completely solved
only in very few cases.

In [41], Regev introduced the sequence of codimensions of an algebra A

P

Cn(A): = dlmF m,

where P, is the space of multilinear polynomials in n variables. This sequence is an effective way
of giving a quantitative measure of the polynomial identities satisfied by an algebra A. The most
important feature of the sequence of codimensions, proved in [41], is that, in case A is a Pl-algebra,
cn(A) is exponentially bounded. Later, in [30, 31|, Kemer showed that, given any Pl-algebra A,
cn(A),n = 1,2,... cannot have intermediate growth, i.e., either it is polynomially bounded or it
grows exponentially. We also mention the famous conjecture of Amitsur, proved by Giambruno and
Zaicev in 1999, that states for associative Pl-algebras the existence of the limit
s, Ven(d)

that is a nonnegative integer, called the exponent of an algebra A.

The growths of codimension sequences of Pl-algebras are deeply studied and a celebrated the-
orem of Kemer ([31]) characterizes them as follows. Given a Pl-algebra A, if G is the infinite

dimensional Grassmann algebra over ' and UT5 is the algebra of 2 x 2 upper triangular matrices




over F| then ¢,(A),n =1,2,..., is polynomially bounded if and only if G and UTs do not satisfy
all the identities of A.

We also recall the corresponding characterizations in the context of superalgebras and super-
algebras with superinvolution (see [11, 14]|). We will prove an equivalent result in the setting of
superalgebras with pseudoautomorphism. Indeed, throughout this thesis we will work with finite-
dimensional Pl-superalgebras with two additional structures: pseudoautomorphism and superinvo-
lution.

Superalgebras play a very important role in PI-theory. Indeed, thanks to a celebrated theorem
of Kemer, we are able to recover information about the identities of ordinary algebras by studying
the identities of superalgebras.

We recall that a superalgebra is a Zo-graded algebra. Let A be an associative algebra over a field
F' of characteristic zero. If Zs is the cyclic group of order 2, a Zo-grading on A is a decomposition
of A, as a vector space, into the direct sum of subspaces A = Ag® Ay such that AgAg+ A1 41 C Ag
and AgA1+ A1Ag C A;. The subspaces Ag and A; are the homogeneous components of A and their
elements are called homogeneous of degree zero (even elements) and of degree one (odd elements),
respectively.

In the last years one of the main research lines in this theory has developed on Pl-superalgebras
with additional structures. This happened thanks to a result of Aljadeff, Giambruno and Karasik,
who proved that superalgebras with superinvolution can be studied in order to recover information
about the identities of algebras with involution (see [2]). Moreover, thanks to the results in [26], we
can also link the structures given by linear maps on superalgebras between them.

A pseudoautomorphism p on the superalgebra A = Ap @ A; is a graded linear map (a map pre-
serving the grading) p: A — A such that (a?)? = (—1)l9ll’lg, for all @ € A and (ab)? = (—1)llblgPpP,
for any homogeneous elements a,b € Ay U Ay, of degrees |al, |b|, respectively. We shorten the
notation by referring to a superalgebra with pseudoautomorphism as a p-algebra. Pseudoautomor-
phisms are useful to link other graded linear maps that can be defined over superalgebras and that
are deeply studied (see [26]).

A superinvolution ¢ on the superalgebra A = Ag® A; is a graded linear map ¢: A — A such that
(a®)® = a, for all a € A and (ab)® = (—1)I?lP1p°a°, for any homogeneous elements a,b € Ag U A,
of degrees |a|, |b|, respectively. We shall refer to a superalgebra with superinvolution simply as a ¢-
algebra. The superinvolutions play a prominent role in the setting of Lie and Jordan superalgebras,
beyond ¢-algebras being the graded generalization of algebras with involution.

This thesis has two goals: to develop Pl-theory (the theory of polynomial identities) for p-
algebras and to study the behavior of the central codimension sequence for ¢-algebras. This latter
problem has already been addressed in the field of associative algebras or of algebras with involution
or superalgebras with graded involution (see [19, 39, 42]). A central polynomial is a polynomial
that has values in the center of an algebra. We can define the central codimension sequence of an
algebra A, denoted by ¢Z(A) as the codimension of the T-space of central multilinear polynomials
in n variables. The reason of interest in its behavior is that by studying the central codimension

sequence we can recover information about the codimension of identities. Indeed, holds

cn(A) = cp(A) 4 n(A),
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where 6, (A) = dimp %ﬁ((f)) is the sequence of proper central polynomials, i.e., central polynomi-
als that are not identities.

The first two chapters are introductory. We start by giving the first notions and stating the
main results of the theory of polynomial identities for ordinary associative algebras. Then, in the
second chapter we present Pl-theory for superalgebras and its main results.

The third chapter is dedicated to p-algebras. After giving the corresponding definitions of PI-
theory in this setting (p-identities, p-codimensions, p-varieties and so on), we first prove Wedderburn-
Malcev decomposition theorem for p-algebras. We also recall that p-algebras can be seen also as
K-graded algebras, where K is the Klein group. Then, we use the Wedderburn-Malcev decompo-
sition theorem we proved to characterize p-algebras with polynomial growth of the p-codimension,
getting to prove an equivalent in this context of the celebrated Kemer’s theorem mentioned above

and stated in the first chapter. After doing this, we discuss the existence of the limit
expP(A): = lim {/ch(A),
n—oo

called the p-exponent of a p-algebra A. This limit exists and expP(A) is a nonnegative integer.
We close the third chapter by characterizing p-algebras with low p-exponent. We also note that
the algebras we studied to give this characterization define minimal varieties with respect to the p-
exponent, i.e., varieties V such that, for every proper subvariety U generated by a finite dimensional
p-algebra, holds exp?(V) > exp?(U).

In the last chapter of this thesis we work with superalgebras with superinvolution. After intro-
ducing the analogous objects in this setting (the free ¢-algebra, the o-polynomial identities Id°(A),
the sequence of o-codimensions c{(A), the concept of o-variety var®(A) and the o-exponent), we
introduce central o-polynomials Id®#(A) and their codimension sequence c,°(A) = dimp #&%A)'

In this chapter we study the existence and the value of the central o-exponent of a ¢-algebra A,

exp®?(A): = lim {/cy*(A).
n—oo
We will prove that for an associative ¢-algebra A the central o-exponent exp®?(A) exists, is also

a nonnegative integer and its value is less or equal than the ¢-exponent. We close this thesis by

giving a couple of examples of cases with different behaviors.
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Chapter 1

Preliminary notions from PI-theory

This whole thesis will be about Polynomial Identity algebras (PI-algebras). In this chapter we give
the preliminary notions in PI-theory that will be useful in the next chapters to present the main
results of this thesis.

Through the whole thesis we will work with associative algebras.

In the first two sections we define polynomial identities, PI-algebras and central polynomials
(polynomials with values in the center of an algebra) and we introduce codimension sequences and
central codimension sequences of Pl-algebras.

Lastly, we state the main results, introducing also the exponent of a Pl-algebra. We close this

chapter with the definitions of the central exponent and the proper central exponent of an algebra.

1.1 Polynomials, identities and varieties

Let F' be a field and let X = {1, x2,...} be a countable set of (non-commuting) variables.

Definition 1.1. The free associative algebra in X over F is the algebra F(X) of all polynomials in
the variables of X and with coefficients in F.

A linear basis of F(X) consists of all words in the alphabet X including the empty word 1.
Such words are called monomials and the product of two monomials is given by juxtaposition. The
elements of F(X) are called polynomials, and if f € F(X), we write f = f(x1,...,2,), where
Z1, ...,y are the only variables of X occurring in f.

We define deg u, the degree of a monomial u, as the length of the word w and deg, u the degree
of w in the indeterminate x;, i.e. the number of occurrences of x; in u. In the same way, we define
the degree deg f of a polynomial f = f(z1,...,z,) as the maximum degree of a monomial in f and
the degree deg,. f of f in z; as the maximum degree of deg,, u where u is a monomial in f.

The algebra F(X) is defined, up to isomorphisms, by the following universal property.

Universal Property 1.2. Given an associative F-algebra A, any map X — A can be uniquely

extended to a homomorphism of algebras
F(X)— A.

Definition 1.3. The cardinality of X is called the rank of F(X).




1.1. Polynomials, identities and varieties

Now we introduce the main object of PI-theory.

Definition 1.4. Let A be an associative F-algebra and f = f(x1,...,x,) € F(X). We say that f is
a polynomial identity of A (or just an identity) if f(a1,...,an) =0, for all ay,...,a, € A. We write
f=0o0n A

As the zero polynomial f = 0 is an identity for every algebra, we say that A is a Pl-algebra (or

a polynomial identity algebra), if it satisfies at least one non-trivial polynomial identity.
Example 1.5. Here are examples of PI algebras:

e every commutative algebra C| since it satisfies the identity [z1, z2] = 122 — 221 = 0;

e every nilpotent algebra N with nilpotency index m, since it satisfies the identity x1 - - - 2, = 0.

Definition 1.6. Given an algebra A, we define the two-sided ideal of polynomial identities of A as
Id(A) :={f e F(X): f=0 on A}.

We recall that an ideal I of F/(X) is a T-ideal if ¢(I) C I for every endomorphism ¢ of F(X).

It is easy to check that Id(A) is a T-ideal. Moreover, given a T-ideal I, it is proved that
Id(F(X)/I) = I. Then, all T-ideals of F(X) are actually ideals of polynomial identities for a
suitable algebra A.

It can happen that many algebras correspond to same set of polynomial identities. For this

reason, we will define varieties of algebras.

Definition 1.7. Given a non-empty set S C F(X), the class of all algebras A such that f =0 on
A, for all f € S, is called the variety V = V(S) determined by S.

A variety V is called non-trivial if S # 0 and V is proper if it is non-trivial and contains a

non-zero algebra.
Example 1.8. The class of all commutative algebras forms a proper variety with S = {[x1, z2]}.

Notice that if V is the variety determined by the set S and (S)r is the T-ideal of F'(X) generated
by S, then V(S) = V((S)r) and (S)7 = NaeyId(A). We write (S)p = Id(V).

In the following definition we introduce the concept of relatively free algebra.

Definition 1.9. Let V be a variety, A € V an algebra and Y C A a subset of A. We say that A is
relatively free on'Y (with respect to V), if for any algebra B € V and for every function o: Y — B,

there exists a unique homomorphism 5: A — B extending «.

When V is the variety of all algebras, this is just the definition of a free algebra on Y. The
cardinality of Y is called the rank of A. Relatively free algebras are easily described in terms of free

algebras (see, for instance, [16, Theorem 1.2.4]).

Theorem 1.10. Let X be a non-empty set, F(X) a free algebra on X and V a variety with
corresponding ideal 1d(V) C F(X). Then F(X)/Id(V) is a relatively free algebra on the set
X = {x+1d(V)|zr € X}. Moreover, any two relatively free algebras with respect to V of the

same rank are isomorphic.
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1.1. Polynomials, identities and varieties

The following theorem (see for instance [16, Theorem 1.2.5|) explains the connection between

T-ideals and varieties of algebras.

Theorem 1.11. There is a one-to-one correspondence between T-ideals of F(X) and varieties of
algebras. More precisely, a variety V corresponds to the T-ideal of identities Id(V) and a T-ideal T
corresponds to the variety of algebras satisfying all the identities of I.

If V is a variety and A is an algebra such that Id(A) = Id(V), then we say that V is the variety
generated by A and we write V = var(A). Also, we shall refer to F/(X)/Id(V) as the relatively free
algebra of the variety V of rank |X|.

If the ground field F is infinite, then the study of polynomial identities of an algebra A over F' can
be reduced to the study of the so-called homogeneous or multilinear polynomials. This reduction is
very useful because these kinds of polynomials are easier to deal with.

Let F,, = F(x1,...,x,) be the free algebra of rank n > 1 over F. This algebra can be naturally
decomposed as

F,=FVaF?eqg...,

where, for every k > 1, F,gk) is the subspace spanned by all monomials of total degree k. The F,(Li)s
are called the homogeneous components of F,. This decomposition can be further refined as follows:

for every k > 1, write

where Fé”""’z”) is the subspace spanned by all monomials of degree i1 in x1,..., i, in x,.

Definition 1.12. A polynomial [ € FT(Lk), for some k > 1, is called homogeneous of degree k.
If f e FT(L“’”"Z") it will be called multihomogeneous of multidegree (i1, ...,i,). We also say that a

polynomial f is homogeneous in the variable x; if x; appears with the same degree in every monomial

of .
Among multihomogeneous polynomials a special role is played by the multilinear ones.

Definition 1.13. A polynomial f € F(X) is called linear in the variable x; if x; occurs with degree
1 in every monomial of f. Moreover, [ is called multilinear if f is linear in each of its variables

(multihomogeneous of multidegree (1,...,1)).

It is always possible to reduce an arbitrary polynomial to a multilinear one. This so-called
process of multilinearization can be found, for instance, in [16, Chapter 1]. The following theorem
explains the importance of multilinear polynomials. For a proof of it see [16, Corollary 1.3.9] and

previous results.
Theorem 1.14. If charF = 0, every T-ideal is generated, as o T-ideal, by the multilinear polyno-
mials it contains.

Now we will define central polynomials. They will be one of the main objects of study of the

last part of this thesis. Let us denote by Z(A) the center of an algebra A.

Definition 1.15. We say that f € F(X) is a central polynomial of an algebra A if

Ginevra Giordani 6



1.2. Codimensions and central codimensions

1. f(ay,...,an) € Z(A), for any ay,...,a, elements of A;

2. its constant term 1s zero.

It is easy to see that all the identities of A are central polynomials. A central polynomial f such
that f ¢ Id(A) is called a proper central polynomial of A. Here, it is important to highlight that
even if an algebra A has a nonzero center, it can happen that A has no proper central polynomials.

We will denote by Id*(A) the set of all central polynomials of a given algebra A and it will be
called the T-space of A. In fact, Id*(A) is a vector subspace of F(X) which is invariant under the

endomorphisms of F(X).

1.2 Codimensions and central codimensions

The main goal of the theory of PI algebras is to study the ideal of identities of algebras. To
explicitly compute Id(A) given an associative Pl-algebra A is in general a very difficult problem
that is completely solved only in very few cases. So, a combinatorial approach to this problem
consists of studying how multilinear polynomials and identities lying in a given T-ideal grow as we
increase the number of variables we consider. So, we will define a numerical invariant of a T-ideal:
its codimension sequence. This object has been introduced by Regev in [41]|. In order to give its
definition, we have to set some preliminary notations.

Let A be a Pl-algebra over a field F' of characteristic zero and let Id(A) be the T-ideal of
identities of A. We define

Py = spanp{xs(1), s To(m) | 0 € Sn}

the vector space of multilinear polynomials in the variables z1,...,z, in the free algebra F'(X).
From Theorem 1.14, Id(A) is determined by its multilinear polynomials, since charF' = 0. So, in
the free associative algebra F'(X), Id(A) is generated by

(Py N1A(A) & (P, NIA(A)) @ -+ & (P, N1d(A)) & - --

If the algebra A satisfies all the identities of some other algebra B then (P, NId(A)) D (P,NId(B))
and so dim((P, NId(A)) > dim(P, N1d(B)) for every n > 1. In this sense, the dimensions of
P, N1d(A) give us the growth of the identities of an algebra A.

Finally, we can define the following object.

Definition 1.16. Let n > 1. The nonnegative integer

P,

is called the n-th codimension of the algebra A. The sequence {c,(A)}n>1 is the codimension se-
quence of A.

In the same way, we can study the growth of the spaces of the central polynomials of an algebra

and then compare it with the growth of the spaces of its identities.
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1.3. Classical results

Definition 1.17. Let n > 1. The nonnegative integer

P

Cn(A) = dlmF m

is called the n-th central codimension of the algebra A. The sequence {cn(A)}n>1 is the central

codimension sequence of A.

Note that since Id(A) C Id*(A), then ¢ (A) < c,(A).

For n > 1, we can also define the following object.

Definition 1.18. The sequence of proper central codimensions of an algebra A is

P, N1d*(A)

5(A) = dimp S\
en(4) = dimp 527570

n
Lastly, from the definitions of these objects, we can see that

cn(4) = ¢ (A) + ) (A), (1.1)

1.3 Classical results

In this section we want to state some results in Pl-theory that are fundamental in the study of
codimensions and central codimensions. We start by presenting the most important results about

codimensions and then we will pass to central codimensions.

By definition, the growth of the codimension sequence is bounded by n factorial. In [41], Regev

showed that such a growth is much slower, provided that the algebra is PI.
Theorem 1.19 (Regev, 1972). If A is a Pl-algebra then c,(A), n > 1, is exponentially bounded.

Definition 1.20. Let A be a Pl-algebra. A has polynomial growth if its sequence of codimensions

cn(A), n=1,2..., is polynomially bounded, i.e., c,(A) < anb, for some constants a and b.

If V is a variety of algebras, then the growth of V is defined as the growth of the sequence of

codimensions of any algebra A generating V, i.e., V = var(A4). So we define

Definition 1.21. A wariety V has polynomial growth if its sequence of codimensions c,(V), n =
1,2,... is polynomially bounded. We say thatV has almost polynomial growth if ¢,(V), n=1,2,...,

s not polynomially bounded but every proper subvariety of V has polynomial growth.

Now we will see that ¢, (V) not polynomially bounded means that the growth of ¢, (V) is expo-

nential. The reason is the following result of Kemer (see [30, 31]).

Theorem 1.22 (Kemer, 1978-79). Let A be a Pl-algebra. Then c,(A), n > 1, either is polyno-

mially bounded or it grows exponentially.

Now we want to present another very important theorem of Kemer. In order to do it, we first
define two algebras generating varieties of almost polynomial growth. First consider the infinite-

dimensional Grassmann algebra over F', that is the algebra generated by a countable set, of elements
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1.3. Classical results

{e1,e,...} with the relation e;e; = —eje;. Then, consider UTh, the algebra of upper triangular
2 x 2 matrices over the field F. These algebras have been studied in [34] and [35], so we have an
explicit description of the T-ideals of identities of these algebras.

Let (f1,..., fn)r denote the T-ideal generated by the polynomials fi,..., f, € F(X).

Theorem 1.23. We have
o 1d(UTz) = ([x1, x2][xs, x4])T;
e 1d(G) = ([[x1, z2], x3])7-
Now we can state the theorem of Kemer.

Theorem 1.24 (Kemer, 1979). A variety of algebras V has polynomial growth if and only if G,
UTy, V.

Corollary 1.25. The varieties var(G) and var(UTy) are the only varieties of almost polynomial

growth.

A natural question that could come out about codimension sequence is what happens to ¢, (A)
when n goes to infinity. More precisely, if the limit of this sequence exits. This question is known
as the Amitsur’s conjecture. For associative algebras, the answer is positive and we have a very

strong result, proved by Giambruno and Zaicev.

Theorem 1.26 (Giambruno, Zaicev, 1999). Let A be an associative algebra and let c,(A) be

1ts codimension sequence. Then the limit

exp(A): = lim {/c,(A)

n—o0

exists and is a nonnegative integer. This number is called the exponent of the algebra A.

We conclude this section by recalling some results concerning the central codimension sequence.
From (1.1) and by Theorem 1.19, it follows that also ¢7(A) is exponentially bounded. So, again, a
natural question that comes out is asking if the corresponding limit exists. Also here, the answer is

positive for associative algebras (see [18, 19]).

Theorem 1.27. Let A be an associative algebra and let ¢ (A) and ¢ (A) be its central codimension

sequence and proper central codimension sequence, respectively. Then the limits

exp?(A): = lim {/cz(A) and exp’(A): = lim {/cS(A)

n—oo n—oo

exist and are nonnegative integers. These numbers are called the central exponent and the proper

central exponent of the algebra A, respectively.

We close this chapter by noting that, from (1.1), we have that

exp®(A) < exp(4) and  exp’(A) < exp(A).
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Chapter 2
Superalgebras

In this chapter we define graded algebras in order to introduce Zs-graded algebras, also called
superalgebras. Indeed, superalgebras will be the base object of research in this thesis. We give
some examples and present the main results in Pl-theory concerning them, also highlighting the

importance of their role.

2.1 Graded algebras and superalgebras

Definition 2.1. Let A be an algebra over a field F' and let G be a group. The algebra A is G-graded

if it can be written as the direct sum of subspaces
A=A,
geG

such that for all g,h € G, AgAp C Agp. The subspaces Ay are called the homogeneous components

of A and, in the same way, an element a € A is homogeneous if a € Ay for some g € G.
From the definition follows that any element a € A can be written as a sum

a=P a

geG
with ay € Ay. In other words, a group decomposes an algebra into its homogeneous components.

In this thesis we are mainly interested in algebras graded by Zo = {0, 1}.

Definition 2.2. A superalgebra A is a Zo-graded algebra, i.c., an algebra that can be written as the
direct sum of subspaces A = Ay @® A1 such that

o ApAp+ A1Ar C Ag;
o AgA + A1 Ay C Ay

The subspaces Ap and A; are the homogeneous components of A and their elements are called
homogeneous of degree zero (even elements) and of degree one (odd elements), respectively. If a is
a homogeneous element, we shall write dega or |a| to indicate its homogeneous degree. A subspace
B C Ais graded if B = (BN Ay) @(B N A;). In asimilar way one can define graded subalgebra,

graded ideals, and so on.

10



2.1. Graded algebras and superalgebras

Note that any algebra A can be viewed as a superalgebra with trivial grading by setting A9 = A

and A; = 0. Now we present some examples of superalgebras.

Example 2.3. Let A = M, (F') be the algebra of the n x n matrices on F. Given any n-tuple
(91,.-.,9n) € Z3, one can define a Zs-grading on A, called elementary, by setting

(Mn(F))o = spang{e;; | i +9; =0 (mod 2)}
(MTL(F))I

spanp{ei; | gi+g; =1 (mod 2)}
where e;;’s are the usual unitary matrices.

Elementary gradings play a main role for matrix algebras. In fact, from [5] we have the following

result.

Theorem 2.4 (Bahturin, Zaicev, 2003). Let F' be an algebraically closed field. Then any Zs-

grading on the matriz algebra M, (F) is an elementary grading.

Let now (g1, -..,9n) € Z% be an n-tuple defining an elementary grading on M, (F). It is obvious
that the n-tuple (¢ + g1,...,9 + gn), g € Zo, defines the same grading. In particular, one may
always assume that g; = 0. Furthermore, if we permute g1, ..., gn, according to some permutation
o € Sy, then we get the isomorphic Zs-grading defined by the n-tuple (gy(1), .- -, go(n))- In fact, if
A and B are the matrix algebra M, (F') with the grading defined by the n-tuple (¢1,...,9,) and
(9o(1)> - - - » Go(n))> TESPECtively, then ¢,: A — B defined by ¢(e;j) = e,(;)€q(;) is an isomorphism of
superalgebras. In conclusion, up to isomorphism, any elementary Zo-grading on M, (F) is defined
by the n-tuple

(0k,1"): =(0,...,0,1,...,1)
T
with &+ h = n. In this case M, (F) is the superalgebra denoted by M, ;,(F), whose decomposition

is given by

<Mk,h<F>>o:{<f 2) | K € My(F), Hth<F>},

(M, (F))1 = {(g ](f) | R € Myxn(F), S € thk(F)} -

Note that if A = 0 we have trivial grading.

Elementary gradings can also be defined on subalgebras of Mj, ,(F'), so we define them in the
same way on the algebra of upper triangular matrices UT, (F). We give a concrete example with

n = 2.

Example 2.5. Let A = UTy(F). We set h = k = 1 and define the non trivial grading given by
(0,1). The decomposition is

<UT2<F>>0={<§ 0>|6F} <UT2<F>>1={<8 3>|beF}.
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2.2. Pl-theory for superalgebras

We denote with UTy and UT,"" the algebra UT,(F) with trivial and non-trivial grading, respec-
tively.

In the following two examples we present some last superalgebras that will be useful later on.

Example 2.6. Let F' be algebraically closed. We define the superalgebra with Q(n) = M, (F) &
cM,(F), where M, (F) is the algebra of n x n matrices over F' and ¢ = 1. We can consider this

algebra as a superalgebra with trivial grading or with natural grading defined by

(Q(n))o = Mn(F),  (Q(n))1 = cMy(F).

Note that if n = 1, we get the superalgebra F' @ F', that can have trivial grading or natural grading
given by
(FeoF)y=F, (F®F) =F.

This grading can be written as

(F® F)o={(a,a) |a€ F} =F(1,1),
(FoF)={(a,—a)|ac F}=F(1,-1).

Example 2.7. Consider the infinite dimensional Grassmann (exterior) algebra G that we introduced
in the previous chapter, i.e., the algebra generated by a countable set of elements {ej,es,...}
satisfying the relations e;e; = —eje;, for all ¢, 7. It is well known that G has a natural Zo-grading
G = Gy ® G, where Gy is the span of all monomials in the e;s of even length and G is the span of
all monomials in the e;s of odd length. Since we can define, as we did before, on G also the trivial
grading, in order to distinguish between the two, we denote with G*“P the Grassmann algebra with

its natural Zo-grading and with G the Grassmann algebra with trivial grading.

2.2 PIl-theory for superalgebras

Superalgebras are very important in Pl-theory. Indeed, by studying the identities of superalgebras,
we can recover information about the identities of ordinary algebras. This link is explained in the

following theorem of Kemer (see [32]).

Theorem 2.8 (Kemer, 1984). For every Pl-algebra B, there exists a finite dimensional superal-
gebra A = Ao @ Ay such that
1d(B) = 1d(G(A)),

where G(A): = (Ap ® Go) ® (A1 ® G1) and G is the Grassmann superalgebra G = Gy @ G.

Now, let us introduce the main concepts of the theory of polynomial identities in the setting of
superalgebras.

The free associative algebra F(X) on a countable set X = {x1,x9,...} can be seen as a su-
peralgebra as follows. We write X = Y U Z, the disjoint union of two sets Y = {y1,y2,...} and
Z = {z,%,...}, and we denote by Fy the subspace of F(Y U Z) spanned by all monomials in
the variables of X having even degree in the variables of Z and by J; the subspace spanned by
all monomials of odd degree in Z. Then F(Y U Z) = Fy @ F; is a superalgebra called the free
superalgebra on X =Y U Z over F.
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2.2. Pl-theory for superalgebras

Definition 2.9. A superpolynomial f(y1,...,Yn,21,---,2m) € F(Y U Z) is a superidentity of the
superalgebra A = Ay @ A1, and we write f =0, if, for all vy,...,v, € Ag, u1,...,u, € Ay, we have

f(vla"'avn7u1a"'7u7n) = 0.

We denote by Id*“P(A) = {f € F(YUZ) | f =0 on A} the Th-ideal of superpolynomial identities
of A (i.e., an ideal invariant under all graded endomorphisms of F(Y U Z)).

It is well known that in characteristic zero Id**P(A) is completely determined by its multilinear
polynomials and we denote by Pp“? the vector space of all multilinear polynomials of degree n in

the variables y1, 21, .., Yn, Zn-
Definition 2.10. The non-negative integer

sup : P
cyP(A) = dimp PP A Idsup(A)’ nzl

is called the n-th supercodimension of A.
As showed in [15], we have an exponential bound also for supercodimensions.

Theorem 2.11 (Giambruno, Regev, 1985). The sequence c;'*(A), n > 1, is exponentially
bounded.

Given a non-empty set S C F(Y U Z), the class of all superalgebras A = Ay @ A; such that
f=0on A, for all f € S, is called the supervariety V = V(S) determined by S. Moreover, if
A= Ap® A, is a superalgebra, we write var®P(A) to denote the supervariety generated by A, i.e.,
the class of all superalgebras B = By @ By such that f =0 on B, for all f € Id**P(A).

Definition 2.12. Let A = Ay ® A1 be a superalgebra. A has polynomial growth if its sequence of

supercodimensions ¢V (A), n > 1, is polynomially bounded.

In the same way we define the growth of a supervariety V as the growth of the sequence of
supercodimensions of any superalgebra A = Ay @ A; generating V. Then a supervariety V has

sup

polynomial growth if ¢, (V), n > 1, is polynomially bounded and V has almost polynomial growth

if ¢, (V) is not polynomially bounded but every proper subvariety of V has polynomial growth.
Now we will present some important results concerning superidentities and supercodimensions

of some superalgebras that we have introduced in the previous section. Recall that (fi,..., fu)n,

denotes the Th-ideal generated by the polynomials f1,..., f, € F(Y U Z).

Proposition 2.13. The superalgebra F' & F generates a supervariety of almost polynomaial growth.

Moreover
Idsup(F S F) = <[y17y2]7 [y7 Z], [Zlv 22]>T2'

Let us now consider the superalgebras G and UT5 with trivial grading. Since z = 0 on G and

Uy, then we are dealing with ordinary identities and, by Theorem 1.23, we get the following result.

Proposition 2.14. The superalgebras G and Uly generate corresponding supervarieties of almost

polynomaal growth. Moreover

. Idsup(UTQ) = <[y1,y2][y3, 3/4]7 Z>T27'
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2.2. Pl-theory for superalgebras

o 1d*(G) = ([ly1, 2], y3, 2)1>-
We now consider G*“P. In [14] the authors proved the following result.

Proposition 2.15. The superalgebra GYP generates a supervariety of almost polynomial growth.

Moreover
Idsup(GSUP) = <[y17 yQ]) [ya Z]a 2122 + Z2Z1>T2'

The following proposition collects the results concerning the superalgebra UTj, """

Valenti in [43].

, proved by

Proposition 2.16. The superalgebra UT,"? generates a supervariety of almost polynomial growth.

Moreover
1™ P(UTy™) = ([y1, y2], 2122) 13-

Finally, we present the characterization of the supervarieties of polynomial growth (see [14]).

Theorem 2.17 (Giambruno, Mishchenko, Zaicev, 2001). Let V be a supervariety of superal-
gebras. Then V has polynomial growth if and only if F & F, G, G*P, UT,, UT,"" ¢ V.

Corollary 2.18. The supervarieties var(F & F), var(Q), var(GS*P), var(UTy), var(UTy ") are the
only supervarieties of almost polynomial growth. Moreover, c;'*(A), n > 1, either is polynomially

bounded or it grows exponentially.

The Amitsur’s conjecture has a positive answer also in the setting of superalgebras (see [3, 6,
12, 23]).

Theorem 2.19 (Super exponent). Let A = Aq® Ay be an associative superalgebra and let ¢, (A)

be its codimension sequence. Then the limit
exp®(A): = lim {/cn?(A)

exists and 1s a nonnegative integer. This number is called the super exponent of the algebra A.
Now we want to develop the same theory for central superpolynomials.

Definition 2.20. We say that f € F(Y U Z) is a central superpolynomial of a superalgebra A =
Ag® Ay of

1. f(ay,...,an) € Z(A), for any a1, ..., a, homogeneous elements in AgU Ay;

2. 1its constant term 1s zero.

It is easy to see that all superidentities of A are central superpolynomials. A central superpoly-
nomial f such that f & Id**P(A) is called a proper central superpolynomial of A.

Now it is important to highlight that, even if a superalgebra A = Ay @® A; has a non-zero center,
it can happen that A has no proper central superpolynomials.

We will denote by Id*“P*(A) the set of all central superpolynomials of a given superalgebra
A = Ap @ Ay and it will be called the Ty-space of A. In fact, Id*“P?(A) is a vector subspace of
F(Y U Z) which is invariant by endomorphisms of F(Y U Z).
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2.2. Pl-theory for superalgebras

We want to state some results about the growth of the spaces of the central superpolynomials of a
superalgebra (see [37]) and we want to compare it with the growth of the spaces of its superidentities.

To this end, for n > 1 we define the n-th central supercodimension of A as

i

S0 (A) = di .
Cn ( ) mpg Prfup N Idsup,z(A)

Remark 2.21. Since I[d**P(A) C Id*"P*(A), then ¢,"*(A) < P (A).
For n > 1, we can also define the sequence of proper central supercodimensions of A as

P3P 0 1d*P* (A)
PP 1A (A)

;P (A) = dimp
It is clear from the definitions of this objects that

P (A) = P (A) + 'O (A). (2.1)

By Remark 2.21 and considering that c,?(A) is exponentially bounded, it follows that also

cn'?*(A) is exponentially bounded. So, a natural question that comes out is asking if the corre-

sponding limit exists. The following result is contained in [37].

Theorem 2.22 (La Mattina, Martino, Rizzo, 2022). Let A = Ay ® A1 be an associative PI

superalgebra over a field F' with characteristic zero. Then, the limits
exp®P?(A) = lim {/cy'P*(A) and exps“p’5(A) = lim \ CZUp’d(A)

ezxist and are a non-neqative integers. These numbers are called the central exponent and the proper

central exponent of A, respectively.

From Remark 2.21 and (2.1), we have that

exp®P*(A) < exp®P(A) and exp®PO(A) < exp®“P(A).
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Chapter 3

Superalgebras with pseudoautomorphism

In this chapter we focus on superalgebras with pseudoautomorphism.

We start by defining superalgebras with pseudoautomorphism and giving some examples. We
recall that p-algebras can be also seen as K-graded algebras, where K is the Klein group. Then,
after proving Wedderburn-Malcev decomposition theorem in this setting, we study the sequence of

p-codimensions and develop Pl-theory for p-algebras, presenting our results through all this chapter.
Assume that our fixed field F' of characteristic zero contains an element i such that 2 = —1.

Definition 3.1. Let A = Ag® A1 be a Zs-graded algebra. A pseudoautomorphism on A is a linear

map
p:A— A

that is graded, i.e., p(A;) C A; for i =0,1, and such that

p(ab) = (=1)“Wp(a)p(b)  and  p(p(a)) = (—1)""a,
where |a| is the homogeneous degree of a. If A is endowed with a pseudoautomorphism, we say that

A is a superalgebra with pseudogutomorphism.

We will often use the notation a” to indicate p(a). From this definition we can see that a
pseudoautomorphism on the even part of a superalgebra is just an automorphism. We say that an

algebra A has trivial pseudoautomorphism if A has trivial grading and p = id is the identity map.
Remark 3.2. According to the hypotheses on the field F, the pseudoautomorphism p allows us to
decompose the superalgebra A = Ag ® A; as follows:

A=AT @Ay © Al @ A"

where
Al ={a€ Ay :pla)=a}, Ay :={a€ A:pla)=—a},
Al :={a € Ay :p(a) =ia}, A]':={ac€ A :p(a) = —ia},

where 72 = —1.

Definition 3.3. An element a € A is called symmetric if a € Ag, skew-symmetric if a € Ay,

i-symmetric if a € A%, and i-skew-symmetric if a € Al_i.
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Chapter 3. Superalgebras with pseudoautomorphism

With the term p-algebra we will indicate a finite-dimensional Pl-superalgebra with pseudoauto-
morphism.

Here are some examples of p-algebras.

Example 3.4. Consider the algebra UTy»(F) of 2 x 2 upper triangular matrices over F'. Recall that

with e;; we indicate the unitary matrices.
e The algebra UT5 is the algebra UTy(F') with trivial pseudoautomorphism.

e The algebra UT, is the algebra UT»(F') with trivial grading and (pseudo)automorphism given

by
P
b -b
“ — . (3.1)
0 d 0 d
We can see that

UTQ:{C; 2) |a,d€F}@{<8 3) |beF}@{0}@{0}.

e The algebra UT} is the algebra UTy(F) with natural grading

(o 0) 1aacele{ (0 Y ser)

and pseudoautomorphism given by

a b b a b
(o d) :<0 d)' 32
UTj:{(Z 2) |a,d€F}@{0}@{<8 g) IbeF}®{0}~

e The algebra UT, " is the algebra UT,(F") with natural grading and pseudoautomorphism given
by
P
b —ib
“ —(* ). (3.3)
0 d 0 d
, a 0 0 b
Ury' = a,de F ®{0} &0} & beF,.

Example 3.5. Consider the algebra F' @ F.

We have

So, we have

e D is the algebra F @ F with trivial grading and (pseudo)automorphism

(a,b)” = (b,a).
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Chapter 3. Superalgebras with pseudoautomorphism

Clearly
D ={(a,a) |a€e F}®{(a,—a) | a € F} & {0} ® {0}.

e D' is the algebra F @ F with natural grading and pseudoautomorphism given by
(a,b) = il@)(p, q).

So, we have
D' ={(a,a) |a € F}® {0} ® {0} @ {(a,—a) | a € F}.

e D7 is the algebra F' & F' with natural grading and pseudoautomorphism given by
(a,b)* = (=i)l@V)(p, q).
We can see that

D" ={(a,a) |ac F}& {0} & {(a,—a) |a € F} & {0}.

Let F'(X) be the free algebra on X over F. We already said that F'(X) has a natural structure
of superalgebra. Write X = Y UZ, the disjoint union of two sets. Then F(X) = F(YUZ) = Fod I
is a superalgebra, as we explained in the previous section. Now we define a pseudoautomorphism
on F(Y UZ). We write F(Y U Z,p) for the free superalgebra with pseudoautomorphism on the
countable set Y UZ over F' and we regard it as generated by even symmetric and even skew elements
and by odd ¢-symmetric and odd i-skew elements: if for j = 1,2,..., we let y;r be the symmetric
elements, y;~ be the skew-symmetric elements, z;“ be the i-symmetric elements and z;” be the i-skew
elements, then

FYUZ)=F(yl yr 20 2043 2% %)

Definition 3.6. A polynomial f(y!, . ..U Yl s s Uns 21 s s 23205y 25) € F(Y UZ,p) is a

p-polynomial identity of A= A & Ay ® AL & AL" (or simply a p-identity), and we write f =0, if,

for allul, ... uf € AL, uy,...,u; € Ay, vf,...,vf € AL, v, ..., v7 € AT", we have that
fluf, o ut ul, o uy v o e, s ) = 0.

We denote by IdP(A) = {f € F(Y U Z,p)|f = 0on A} the T5-ideal of p-identities of A,
e, IdP(A) is an ideal of F(Y U Z,p) invariant under all graded endomorphisms of F(Y U Z)
commuting with the pseudoautomorphism p. We denote by (f1,..., fn>T5 the T5-ideal generated
by fi,...,fn € F{Y UZ,p).

It is not difficult to prove that every p-identity is equivalent to a system of multilinear ones.
Hence if we denote by

F)'rlz):Spa“nF{u}O'(l)”'/wo(n)|o-E Sna w; € {yjay;azjazii}ai: 17"'7”}

the space of multilinear polynomials of degree n in the variables yf YL s zf PRI TR Tl S -
(i.e., y; or y; or z
to the study of Py N1dP(A), for all n > 1.

or z; appears in each monomial at degree 1), the study of Id”(A) is equivalent
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Chapter 3. Superalgebras with pseudoautomorphism

Definition 3.7. The non-negative integer

Py

alA) = dime ooy

n>1,

is called the n-th p-codimension of A.

Let n > 1 and write n = n; + -+ + ng as a sum of four nonnegative integers. We denote
by Pui,..na C PP the vector space of multilinear polynomials in which the first nq variables are
symmetric, the next no variables are skew, the next ns variables are i-symmetric and the last ny
variables are i-skew.

. . Py L .
Now, if we set ¢y, .. n,(A) = dimp P”;thﬁw, it is immediately seen that
ny ny

yeeey

o)=Y <m’ " M) Cnyoma (A), (34)

ni+-+n4=n

Where( " ) =

related to the growth of multinomial coefficients and of ¢, . pn,(A), for any n = nj+---+ny. Since

m,”i'm, stands for the multinomial coefficient. Hence, the growth of ¢ (A) is

for any n =nq + - - + ny,
cn17---,n4(A) < cn(4),

where ¢,(A) is the n-th ordinary codimension of A (see [10], Remark 2.1), we get that c,(A4) <
ch(A) <4"c,(A),n=1,2,.... So the following corollary holds.

Corollary 3.8. Let A be a p-algebra satisfying a non-trivial ordinary identity. Then ch(A), n =

1,2,..., is exponentially bounded.

Now we introduce the notion of variety of superalgebras with pseudoautomorphism. Roughly
speaking, a p-variety V is a class of superalgebras with pseudoautomorphism sharing the same set
of p-identities. The growth of V is defined as the growth of the sequence of p-codimensions of any

algebra A generating V, i.e., V = varP(A).

Definition 3.9. A p-variety V has polynomial growth if ch (V) is polynomially bounded and V has
almost polynomial growth if ¢ (V) is not polynomially bounded but every proper p-subvariety of V

has polynomial growth.
We close this section with a remark linking p-algebras and Klein-graded algebras.

Remark 3.10. We can see that a p-algebra A can be also viewed as a K-graded algebra, where K
is the Klein group. Let A= A} @ Ay ® Al @ Al_i and K = {e,r,s,rs}. Then,

A:AQ@AT@AS@AT‘S

where

Ac= A5, A=Ay, As=A, A=A

Vice versa, consider a K-graded algebra B, ® B, & Bs® B,s, where By = B.® B, and B; = Bs® B, .
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3.1. Wedderburn-Malcev decomposition for p-algebras

Define the following pseudoautomorphism p

p: B— B
b=be+ by + bs + bps > be — b + ibs — ibys.

We can easily see that
Bf =B., By =B,, Bj=DB;, Bj'=B..

So, any K-grading on an algebra A is equivalent to a suitable pseudoautomorphism defined on the

superalgebra A = Ag @ A; with a certain Zs-grading. For more details, see [29].

3.1 Wedderburn-Malcev decomposition for p-algebras

In this section we prove a Wedderburn-Malcev theorem for p-algebras (see also [20]).

Recall that a subset (subalgebra, ideal) S of a superalgebra A = Ay @ A; is said to be graded if
S=(SNAy) ®(SNA).

We denote by J(A) the Jacobson radical of A, which is the intersection of all maximal left ideals
of A. It is well-known that J(A) is a graded nilpotent ideal of A, containing any other nilpotent
ideal. If J(A) = 0 we say that the algebra A is semisimple.

Now assume that the superalgebra A is endowed with a pseudoautomorphism p. In what follows
we will often use of the exponential notation: so AP stands for p(A). We are ready to prove the

following lemma.

Lemma 3.11. Let A be a superalgebra endowed with a pseudoautomorphism p. Assume that B =
By @ By is a graded subalgebra of A and let I = Iy @ I be a graded ideal of B. The following hold:

1. BP = Bl @ BY is a graded subalgebra of A;
2. I = IV @ IV is a graded ideal of B?;
8. If I is minamal, then IP 1s minimal;
4. If B is semisimple, then BP is semisimple.

Proof. The first three items are trivial. For the last one we just need to show that J(BP) = 0,
where J(BP) is the Jacobson radical of BP. Since J(BP) is nilpotent, there exist the smallest
positive integer m such that J(BP)™ = 0. Now take aq,...,a, € J(BP)P. Since J(BP) is a graded
ideal of BP, for all 7, we have that a; = (b; + ¢;)?, where b; € J(B?)p and ¢; € J(BP?);. Then

alamzzaj(d{d.’zn)p’

where d{ =b; or d{ = ¢;, oy = £1. But J(BP)™ = 0 and so we get that a;---a,, = 0. We have
proved that J(BP)P is nilpotent. Hence J(BP)P C J(B). Since B is semisimple, it follows that
J(BP)P = J(B) =0 and so J(BP) = 0. [ ]

An ideal I of A is called a p-ideal if it is graded and IP? = [.
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3.1. Wedderburn-Malcev decomposition for p-algebras

Definition 3.12. Let A be a p-algebra such that A? # 0. We say that A is
o simple if it has no non-trivial ideals;
o super simple if it has no non-trivial graded ideals;
o p-simple if it has no non-trivial p-ideals.
Now we can prove the Wedderburn-Malcev theorem for p-algebras.

Theorem 3.13. Let A be a finite dimensional p-algebra over F. Then there exists a semisimple

superalgebra B with pseudoautomorphism such that
A=B+J(A).

Moreover J(A) is a p-ideal of A and B can be further decomposed in the direct sum of simple
p-algebras:
B=B1® - ® By,

Proof. By the Wedderburn-Malcev theorem for superalgebras (|17]) we can write
A=B+J=B1®--- @B, + J,

where B is a semisimple graded subalgebra of A, the B;’s are simple superalgebras and the Jacobson
radical J = J(A) = Jo®J; is a graded ideal of A. Since J is nilpotent, following the proof of Lemma
3.11, we get that also J? is a nilpotent ideal of A. Being J the maximal nilpotent ideal of A, then
JP C J and so JP = J. In conclusion J is a p-ideal of A.

If J =0 or B = BP there is nothing to prove. So assume that J # 0 and B # BP.

First consider the case in which J2 = 0. By item (4) of Lemma 3.11, BP is a semisimple graded

subalgebra of A. Moreover, according to [10, Lemma 4.2], there exists x¢ € Jy such that
BY = (1 + x0)B(1 — p).

For any homogeneous element b € B we have that
b = (1 + z0)b(1 — x0),

for some element b € B with the same homogeneous degree as b” and b. Hence

(=DM = (17)7 = (1 + 20)b(1 — 20))P = (1 + 2)b"(1 — ab)
= (14 a8)(1 + z0)b(1 — 20)(1 — 20)”
= (14 2f + z0)b(1 — & — x0)

= b+ xBb + 2ob — baf — bxg

for some b € By U By with the same homogeneous degree as b. Since J N B = 0, we obtain that

(~1)Po=b and (ah + 20)b = b(xo + 2B).
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3.1. Wedderburn-Malcev decomposition for p-algebras

It follows that

bP = (1—1—%0)()(1—{1}0)
1+x0+$g+x0—x€>b<l_m+x€_xo—xg)

( 2 2 2 2
p p
To — Ty - To — Ty
1 b (1———
(o) ()

= (L+ag)b(1-ag)

P
_ .1‘0 - xo —
where z, = 5 € Jy.

To complete the proof of this case consider the following subalgebra of A:

o+ 5)a(-5)

Clearly C is a graded subalgebra of A and by the above it is also a p-subalgebra. Moreover, since

C = B, it is a semisimple p-subalgebra of A and we are done.

Now let us consider the general case in which J? # 0. Choose m > 2 such that J™ # 0 and
JmHl = 0. Tt is easy to see that J™ is a p-ideal of A and, so, A/J™ is a superalgebra with induced
pseudoautomorphism. Its Jacobson radical J(A/J™) = J(A)/J™ is such that J(A/J™)™ = 0.

Hence, by induction on m, we have that there exists a semisimple p-subalgebra B’/J™ such that
A/J" =B )J" + /™.
From J(B'/J™) = 0 it follows that J(B’) = J™ and, so, we can write
B =C+Jm,

where C is a semisimple graded subalgebra of B’. Since (J™)2? C J?™ = 0, by the first part of the

proof we can assume CP = C, i.e., C is a semisimple p-subalgebra of A and we are done since
A=B'4+J=C+J"+J=C+J.

In order to complete the proof of the theorem we are left to show that the semisimple part can
be further decomposed in the direct sum of p-simple algebras. By the Wedderburn-Malcev theorem
for superalgebras, we can write

C=D1®--® Dy,

where Dy, ..., Dy, are all the minimal graded ideals of C. Hence, by Lemma 3.11, for every ¢, DY is
also a minimal graded ideal of C' and, so, D¥ = D, for some j € {1,...,h}.

We now rename D1, ..., Dy and we write
C:CI@...@CTM

where either C; = D; with D; = D? or C; = D; @D?, with D; # Df. Thus C4,...,C,, are minimal
p-ideals of C', i.e., p-simple algebras. |
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We conclude this section by refining the above decomposition in light of the classification of
p-simple algebras obtained by loppolo and La Mattina in [27]. In order to do it, we need some
preliminary notions and to keep in mind the superalgebras we presented in the previous section.

Given a superalgebra B, let B denote the superalgebra with the same graded vector space

structure as B but with product o given on homogeneous elements a, b by the formula
aob:=(—1)lPlgp,

Two p-algebras (A, p) and (A, p’) are isomorphic if there exists an isomorphism of superalgebras
7: A — A’ such that 7(a?) = 7(a)”, for any a € A.

Assume that our field F' is also algebraically closed.

Theorem 3.14. Let A be a finite dimensional p-simple superalgebra with pseudoautomorphism over

F. Then A is isomorphic to one of the following:

1. My p(F) ® My, (F) with the pseudoautomorphism pex given on homogeneous elements by

(a, b)Pe® = ((—1)\<avb>\b, a) .

2. Q(n) @ Q(n), with the pseudoautomorphism pex defined above.

3. My p(F) endowed with the following pseudoautomorphism
K R\" [ PKP +iPRQ
S H) \+iQSP QHQ |’

1 0 I 0
k1 ,Q = h Ay Iny, Iy, In, are the identity matrices of
0 —Ik2 O _Ihz

orders ki, ko, h1,ha, resp., k = ki + ko, h = h1 + ho.

where P =

4. My, (F) endowed with the following pseudoautomorphism

(55 (2 %)

5. Q(n) endowed with the following pseudoautomorphism

pla+cb) = f(a) % icf(b),

where f is an automorphism of order < 2 on M, (F).

3.2 A Kemer-like theorem

This section is dedicated to the characterization of the varieties of superalgebras with pseudoau-

tomorphism of polynomial codimension growth generated by finite dimensional algebras. We will
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3.2. A Kemer-like theorem

prove a theorem whose role is analogous as the one of the Kemer’s theorem for ordinary Pl-algebras
(Theorem 1.24). We follow [20].

In the following proposition we collect some results concerning some suitable p-algebras.
Proposition 3.15. We have that
e 1d?(D) = <[x1,1‘2},z+,z_>T2p.

IdP (DY) = ([x1, 22),y, 2T ) .

2

e 1dP(D~%) = ([1,m2),y ™, 27 )p-

;
o 1P(UTy) = [y v llyd ui oy~ 2" 2 ) e

o 1P(UTy ) =l 5l w1 v, 2t 2 )y

o IP(UT) = [y ufly™ 2 232 )pr-

o IP(UT;") = Iy ysy 2T, 21 25 )

o h(D)=ch(DY) =ch(D7) =2".

e ch(UTy) =2""1(n—-2)+2.

o H(UTy) =ch(UTY) =ch(UT, ") =n2""! + 1.

o All these algebras generate varieties of almost polynomial growth.

Proof. The algebra D has trivial grading and it is commutative. Hence its pseudoautomorphism
ex can be seen as an involution and this case was completely treated in [13]. The same approach
can be used to deal with the algebras D’ and D~%. Since UT, has trivial grading and trivial
pseudoautomorphism, one can see it just as an ordinary algebra (see [30, 38]). The case of the
algebra UT'~ is analogous to that one treated by Valenti in [43]. The same approach can be used
to complete the cases of UT? and UT . |

In order to prove the last theorem of this section we need two lemmas.

Lemma 3.16. Assume that F' is algebraically closed. Let A be a finite dimensional p-algebra over
F. Suppose that D, D', D™ UTy, UT, , UTs, UTy" ¢ varP(A). Then A = B + J(A), where
BXF®- - @ F is endowed with trivial (induced) pseudoautomorphism.

Proof. By Theorem 3.13,
A=B1®---& By, +J,

where By, ..., B, are finite dimensional p-simple superalgebras and J is the Jacobson radical of A.

According to Theorem 3.14, we have to consider the following cases.

Case 1. B; = (B ® B, pex), where B = My ,(F) or B = Q(n).
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3.2. A Kemer-like theorem

Consider the subalgebra C = (a,b) of B; generated by the even elements a = (e1,1,€1,1) and

b= (e1,1,—e1,1) with induced grading and pseudoautomorphism. The linear map

g:C—D
a— (1,1)
b— (1,-1)
is an isomorphism of superalgebras (trivial grading) with pseudoautomorphism. Hence, D €
varP(B;) C varP(A) and we have a contradiction.

Case 2. B; = My, ,(F) with pseudoautomorphism
K R\" [ PKP +iPRQ
S H) \+iQSP QHQ

I, 0 I 0
where P = | M Q=M k1 + ko =k and hy + hy = h.
0 —Ih, 0 —Ip,

Assume first h = 0 and consider the subalgebra C' = (a, b, c) of B; generated by the elements
a = e11, b= etk a0d ¢ = €p ko ki+ho- 1t is clearly a graded subalgebra with (induced)
pseudoautomorphism isomorphic to UT5 in case ko = 0 and to UT, in case k3 > 0. Hence UT5 or
UT, belongs to var?(B;) C varP’(A), a contradiction.

Now suppose that h > 0. Consider the subalgebra C' = (a,b, c), where a = €11, b = e j1p and
¢ = epyh k+h- Clearly C is a graded subalgebra with pseudoautomorphism.

Since p(ey gin) = Fier pin, we get that C is isomorphic (as a p-algebra) to UT§ or UTy ", via
the map g given by

gla) =e11, g(b)=e12, g(c)=ezo.

This implies that UT4 or UT, " belongs to var?(B;) C varP(A), a contradiction.

Case 3. B; = M, 1, (F), with pseudoautomorphism

(5 5) (2 %)

We define the subalgebra C' := (e11, €441 ,+1) of B; with induced (trivial) grading and pseu-

doautomorphism. The linear map

f:C—=D
e1,1 — (1,0)

eht1,k+1 — (0,1)

is an isomorphism of p-algebras. So we have a contradiction, as D € varP(B;) C varP(A).

Case 4. B; = Q(n) with pseudoautomorphism

pla+cb) = f(a) £ icf(b),
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3.2. A Kemer-like theorem

where f is an automorphism of order < 2 on M, (F).
Assume first that we have a + in the pseudoautomorphism p. If n = 1, we have that Q(1) =
(1,¢) = D~ via the map

f:Q(1) =D
1+ (1,1)
c—(1,-1)

and so we get immediately a contradiction. Suppose then that n > 1 and write I, = ey 1+---+enn.
Consider the subalgebra C := (I, cI,) of B; with induced grading and pseudoautomorphism. The

linear map

g:C — D™
cl, — (1,-1)

is an isomorphism of p-algebras. In conclusion we reach a contradiction, as D~% € var?(B;) C
varP(A).

Finally, in case we have — in the pseudoautomorphism p, we obtain the corresponding contra-
diction with the algebra D

We have showed that, for all 1 < ¢ < m, B; 2 F with trivial pseudoautomorphism. The proof

is complete. |

Lemma 3.17. Assume that F is algebraically closed. Let A = B1 & --- & By, + J be a finite
dimensional p-algebra over F', where for every i = 1,...,m, B; = F is endowed with the trivial
pseudoautomorphism. If UTQ,UT;,UTQZ',UTQ_i ¢ varP(A) then B;JB, = 0, for oll 1 < i,k < m,
Proof. Suppose that there exist i,k € {1,...,m}, i # k, such that B;JBjy # 0. Then there exist
a € B;, b€ By, j € J such that ajb # 0, with a> = a = a?, b> = b = bP and |a| = |b| = 0. We may
assume without loss of generality that j is an homogeneous element.

Let C be the graded subalgebra of A with induced pseudoautomorphism generated by a, b, ajb.
Consider the linear map f: UTy(F') — C defined by

€1,1 — a
€22 — b

€1,2 — ajb.

Clearly f is an isomorphism of ordinary algebras. Moreover, if |j| = 0, we have isomorphisms of
p-algebras between C' and UT; or UT, , according as j is symmetric or skew. Analogously if |j| = 1,
we get that C is isomorphic as a p-algebra to UT4 or UTQ_i, according as j is ¢-symmetric or i-skew.

In all the four cases, we reach a contradiction since by hypothesis UTy, UT, , U TQZ', UTQ_i ¢
varP(A). [ |

Finally we are in a position to prove the main result of this section.
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Theorem 3.18. Let A be a finite dimensional p-algebra over F. Then the sequence ch(A), n =
1,2,..., is polynomially bounded if and only if D, D, D~%, UTy, UT, , UTS, UTQ_i ¢ varP(A).

Proof. By Proposition 3.15, all the above algebras generate varieties of exponential growth. Hence,
if ¢l,(A) is polynomially bounded, they cannot belong to the variety generated by A.

In order to prove the other direction, notice that, since we are dealing with codimensions that
do not change by extending the base field, we may assume that the field F' is algebraically closed.
Hence, by Theorem 3.13 and Lemmas 3.16 and 3.17,

A=B1&®---& By +J,

where for every ¢ = 1,...,m, B; = F is endowed with the trivial pseudoautomorphism and B;J By =
0, for all 1 < i,k <m, i +# k. Hence Ay & A} & Afi C J and, if q is the least positive integer such
that J7 = 0, then A; ® A} @ Al_i generates a nilpotent ideal of A of nilpotency index < ¢. This
says that cp, nymnsng(A) =0 as soon as ng + ng + ng > ¢ (see [33, Theorem 2.2]). Hence, by (3.4),

we get:

ST DI R o) 35)

ni+--+ng
n2+n3+n4s<q
Notice that the number of non-zero summands in (3.5) is bounded by ¢® and that (n1 " n4) <nf
(|33, Proposition 2.2]). Hence, since ¢, nyngng(A) < cn(A4) and ¢, (A4) < an' (see [17, Theorem
7.2.14]), we get the desired conclusion. [ |

As a consequence we have the following corollaries.

Corollary 3.19. The algebras D, D', D™%, UTy, UT, , UT4, UTQ_i are the only finite dimensional

superalgebras with pseudoautomorphism generating varieties of almost polynomial growth.

Corollary 3.20. If A is a p-algebra, the sequence ch(A),n = 1,2, ..., either is polynomially bounded

or grows exponentially.

3.3 The p-exponent of a p-algebra

In this section we discuss the existence of the limit

lim {/ch(A).
n—oo
Also in the case of p-algebras, we have a positive answer. Indeed, the result can be proved in
the same way as it has been done in other settings (for example, see [25] for superalgebras with
superinvolution).
We shortly recall the main points of how to prove this result. We start with the following

definition.

Definition 3.21. Let A= By ® --- ® Br + J be a finite dimensional p-algebra and let Cq,...,Cp
be distinct simple p-subalgebras of A from {Bi,...,Br}. The p-algebra C = C1 @ --- @ C}, is called
p-admissible if

CiJ - JCr_1JCy, # 0.
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Now we can define the following integer.

Definition 3.22. Let A be a finite dimensional p-algebra. We set
d=d(A) := max{dimp C : C is an admissible p-subalgebra of A} .

The role of such an integer in the description of the asymptotic behavior of the p-codimensions

is explained in the following result (see |7, Theorem 5]|).

Theorem 3.23. Let A be a finite dimensional p-algebra over F and consider the integer d of
Definition 3.22. Then there exist constants a1 > 0 and as, by, by such that

an®d" < d(A) < asn”d".

Hence the p-exponent of A, expP(A) = lim,, oo V/ch(A) erists and it is a non-negative integer.

Remark 3.24. Note that, as explained in Remark 3.10, p-algebras are equivalent to K-graded
algebras, where K is the Klein group. So, the above theorem can also be obtained by following this
direction (see [1, 3, 12, 24]).

3.4 Characterizing algebras according to the p-exponent

In this section we aim to characterize p-algebras according to the p-exponent.

As an immediate consequence of Theorem 3.23 we get the following corollary.

Corollary 3.25. Under the hypotheses of Theorem 8.23, the sequence ch(A), n=1,2,..., either is
polynomially bounded (i.e., expP(A) < 1) or it grows exponentially (i.e., expP(A) > 2).

In the previous section, we described the varieties of p-algebras of polynomial growth by giving

a finite list of p-algebras to be excluded from the variety. Hence we can state the following theorem.
Theorem 3.26. Let A be a finite dimensional p-algebra over F. The following are equivalent:

1. expP(A) < 1;

2. ch(A) is polynomially bounded;

8. D, D', D7 UTy,UTy ,UTS,UTy " ¢ varP(A).

Definition 3.27. A wvariety V of p-algebras is minimal with respect to the p-exponent if for any
proper subvariety U, we have that exp?(V) > expP(U). Here the p-exponent of a variety is the

p-exponent of a generating algebra.

Since the above algebras have p-exponent equal to 2 (see previous section and [20]), by using

this definition we get the following result.

Corollary 3.28. The algebras Uy, UTy UTi, UTQ_i, D, D!, D™ are the only finite dimensional

p-algebras, up to equivalence, generating minimal varieties of p-exponent 2.
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Now, in order to classify p-algebras with p-exponent bounded by 2, we construct a suitable finite

list of p-algebras generating varieties of p-exponent > 2. This list is presented in [7].

Let us consider the following simple p-algebras:

C1, the superalgebra My o(F') with trivial pseudoautomorphism id;

Cy, the superalgebra My o(F') with pseudoautomorphism p given by

C3, the superalgebra M 1 (F') with pseudoautomorphism p given by

Cl4, the superalgebra M; 1 (F') with pseudoautomorphism p given by

Cs, the superalgebra M 1 (F') with pseudoautomorphism p given by

<
(
(0
(

Cs, the superalgebra Q(1) @ Q(1) with the pseudoautomorphism pex(a, b) = ((—1)‘(“’]’)‘1), a).

By Theorem 3.23 we get the following result.
Remark 3.29. For any i = 1,...,6, exp?(C;) = 4.
The above p-algebras allow us to prove the following lemma.

Lemma 3.30. Let B be a simple p-algebra with dimp B > 4. Then C; € varP(B), for some
jed{l,...,6}.

Proof. We shall prove the lemma by constructing a p-subalgebra of B isomorphic to C; for some
jed{l,...,6}.

, where P and @ are
S H

1 1,
p=|" 0 and Q = [ ™ 0 )
0 I, 0 —Ip,

Suppose first that A = 0. This means that the superalgebra B has trivial grading and the

) (K R\" [ PKP +iPRQ
Case 1. B = (Myu(F),p) with < > - (iiQSP QHQ

pseudoautomorphism p is just a graded automorphism. If ks = 0, p is the identity map and it
is immediate to see that the p-subalgebra of B generated by the elements a1 = e1 1, as = ey,
az = ey, 1, A4 = €, k, is isomorphic to C1. Now assume ko > 0. We easily get that the p-subalgebra
C' of B generated by the elements a; = ej,1, as = €k1+1k1+1, A3 = €1 k141, 4 = €}, 41,1 1 isomorphic

to Oy through the isomorphism f: C’ — Cs, given by

fla1) =e11, fla2) =e22, f(az) =e12, flas) =ea1.
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We are left to deal with the case h > 0. Let C’ be the p-subalgebra of B generated by the
elements a1 = e1,1, 2 = €x41 k+1, A3 = €1 k+1, @4 = €j41,1. The linear map f given by

fla1) =e11, fla2) =e22, f(ag) =er2, flas) =ean,

is an isomorphism of p-algebras between C’ and Cj5 or C4, according to the sign (4i) of the pseu-

doautomorphism p.

Case 2. B = (M ;(F),p) with p <<I§ Ii)) = (52 Z}i)

Let C’ be the p-subalgebra of B generated by a1 = €1,1, 42 = €kl k41, A3 = €1 k41, A4 = CLy1.1-
Hence we obtain an isomorphism of p-algebras between C’ and Cj via the linear map f: C' — Cj
given by

flar) =e11, flaz) =e2p, flaz) =e12, flaa)=e2;.

Case 3. B = (Mk,h(F) @mmex) Jk>h>0.

Suppose first k = h = 1. The p-subalgebra C” generated by the elements a; = (e1,1 + e2,2,0),
az = (e12+€2,1,0), ag = (0,e11+e22), as = (0, e 2+e€21) is isomorphic to Cs = (F@CF)@W
through the isomorphism of p-algebras: f: C' — Cg, given by

f(al) = (170)7 f(aQ) = (6170)7 f(a3) = (07 1)7 f(a4) = (0701)‘

Now assume k > 1. In this case, we get that the p-subalgebra of B generated by a; = (ej1,€1.1),

as = (6272, 6272), az = (6172, 6172), as = (6271, 6271) 18 iSOmOI‘phiC to Cl.

Case 4. B = (Q(n) @ (n),pea;).

If n =1, then B = Cg and there is nothing to prove. Now, let n > 1. Then C] is isomorphic to
the p-subalgebra of B generated by the elements a; = (e1,1,€e1,1), a2 = (€22,€22), a3 = (e1,2,€1,2)
and ay = (6271, 6271).

Case 5. B = Q(n) with pseudoautomorphism p(a + ¢b) = f(a) £ icf(b), f automorphism of
order < 2 on M, (F).

Since dimp B > 4, we have that n > 2. Hence we can consider the p-subalgebra C’ of B
generated by a1 = e11, a2 = e22, az3 = e12 and ag = ea . C’ has trivial grading and induced

pseudoautomorphism p. Since f is an order 2 automorphism of M, (F), it is well-known that it acts

trivially on Ms(F) or
f a b [ a b
c d S \—c¢ d )’

According to the action of f, we get a p-algebras isomorphism between C’ and C; or Cy and we are
done. |

Next we need to consider some suitable Zs-gradings and pseudoautomorphisms on the algebra
UTs of 3 x 3 upper triangular matrices. Recall that an arbitrary triple (g1, g2, g3) of elements of Zo
defines an elementary Zs-grading on UT3 by setting:

(UT3)o = span{e;; | gi + gj = 0 (mod 2)} and (UT3)1 = span{e;; | gi + g; = 1 (mod 2)}.

Ginevra Giordani 30



3.4. Characterizing algebras according to the p-exponent

On UTs we can define the following automorphisms (of order < 2):

a b c a

id 0 d e =10
0 0 f 0

a b c a

P2 0 d e =10
00 0

b
d
0

c a b c a —b —c
el, ©1 0 d e =10 d e |,
f 0 0 f 0o o0 f
—c a b c a —b ¢
—€ |, »3 0 d e =10 d -—e
f 0 0 f 0o 0 f

If UT3 is endowed with trivial grading, the above automorphisms can be seen as pseudoauto-

morphisms.

Given any superalgebra A = Ay @ Ay, one can consider the following pseudoautomorphism

(recall that i? = —1)

p: Ay B Al = Ag® Ay

apg +ai — ag +taq.

Notice that in case the superalgebra has trivial grading, the pseudoautomorphism p is actually the

identity map.

According to the result of [29], it is not difficult to see that the composition between p and a
graded automorphism of order < 2 on UTj is a pseudoautomorphism of UT3. Hence we have the

following p-algebras:

C7, with trivial grading and trivial pseudoautomorphism id;
Cg, with trivial grading and pseudoautomorphism ¢1;
Cy, with trivial grading and pseudoautomorphism vs;

Cho, with trivial grading and pseudoautomorphism s3;

e (11, with grading induced by (0,0, 1) and pseudoautomorphism p;

e (12, with grading induced by (0,0, 1) and pseudoautomorphism p o ¢y;

e (13, with grading induced by (0,0,1) and pseudoautomorphism p o po;

e (14, with grading induced by (0,0,1) and pseudoautomorphism p o @s;

e (15, with grading induced by (0,1,1) and pseudoautomorphism p;

e (g, with grading induced by (0, 1,1) and pseudoautomorphism p o ¢1;
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C47, with grading induced by (0,1,1) and pseudoautomorphism p o po;

C1s, with grading induced by (0,1,1) and pseudoautomorphism p o ¢s;

Chg, with grading induced by (0,1,0) and pseudoautomorphism p;

Cy, with grading induced by (0, 1,0) and pseudoautomorphism p o ¢1;

Cs1, with grading induced by (0, 1,0) and pseudoautomorphism p o ps;

Cy, with grading induced by (0,1,0) and pseudoautomorphism p o ¢3.

Remark 3.31. For j =7,...,22, we have that exp?(C;) = 3.

Proof. All the p-algebras C; have the same Wedderburn-Malcev decomposition:
Cj :Al@AQ@Ag—FJ,

where A1 = Fel,l, AQ = F€272, A3 = F€373 and J = F€172 S5 F6173 D F€273. Since A1JA2JA3 75 O7
A1 @ As @ Aj is a maximal dimensional p-admissible subalgebra and the result follows by Theorem
3.23. -

The above p-algebras allow us to prove the following lemma.

Lemma 3.32. Assume the field ' to be algebraically closed. Let A= B1 @ ---® B + J be a finite
dimensional p-algebra over F. If there exist three distinct simple components B;, = By, = B;, = F

such that B;, JB;, JB;, # 0, then C; € varP(A), for some j € {7,...,22}.

Proof. Let e1, ez, e3 be the unit elements of B;,, B;,, B;,, respectively. Then elQ = ef =e € (Bj)o
and ereg = dpgep, for r,s,1 =1,2,3. Since By, JB;,JB;, # 0 then e;JeaJes # 0. So we may assume

that there exist homogeneous (symmetric, skew, i-symmetric or i-skew) elements j, j' € J such that
erjesj'es # 0.
Consider the p-subalgebra U of A linearly generated by
e1, ez, e3, eijes, eajles, eijesjes.

The linear map f: U — UTs, defined by

fler) =e11, fle2) =e22, flez) =e33, flerjea) =e12, f(ezj'es) =eas, flerjesj'es) =eis,

is an isomorphism of algebras. Now, by taking into account the homogeneous degrees of j and j’ and
their symmetry with respect to the pseudoautomorphism p, we get an isomorphism of p-algebras
between U and Cj, for some j = 7,...,22. [ |

Now, let us consider the algebra
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3.4. Characterizing algebras according to the p-exponent

a+aad e+ ae 0 0
0 b v 0 0
M= N | ad bl e dd e, f,f € F, o® =1
0 0 c+ad 0
0 0 f+af d+ad

and the automorphism T on it given by

a+ad e+ ae 0 0 d+ad f+af 0
0 b+ ot/ 0 0 _ 0 c+ ad 0 0
f 0 c+ad 0 B 0 0  btabt 0
0 0 f+af d+ad 0 0 e+ae a+ ad

We denote by M; the algebra M such that o’ = b = =d = ¢ = f' =0, endowed with trivial
grading and pseudoautomorphism . Instead we use the symbol Mjy in case the grading is the
elementary one induced by (0, 1,1,0) and the pseudoautomorphism is p o f. We need the following
p-algebras:

e (53, the subalgebra of M with b = c;

Cay, the subalgebra of My with a = d;

Css, the subalgebra of My with b = ¢;

Csg, the subalgebra of My with a = d.

Now notice that the algebra M can be seen as a superalgebra also with the following grading:

a e 0 0 ad ae 0 0
0 b 0 O v
| a,b,c,d,e,fE€F } @ « | a v, d e f e P
0 0 ¢ O 0 ad O
0 0 f d 0 0 a«af ad

We denote by M; the superalgebra M with the pseudoautomorphism p; given by

a+ad e+ ae 0 0 d+iad f+iaf 0 0

0 b+ ab 0 0 B 0 ¢+ iad 0 0

P 0  ctad 0 I 0 btiak 0
0 0 f+af d+ad 0 0 e+iae a+ica

Analogously, M_; denote the superalgebra M with pseudoautomorphism p_; defined as p; but with
—¢ instead of <.

The last p-algebras we have to consider are the following:
e (97 is the subalgebra of M; with a=d, b=c,d' =d and ¢ =V = 0;

e (g is the subalgebra of M_; witha=d,b=c,a' =d and ¢ =¥ = 0;
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e (g is the subalgebra of M; witha=d, b=c, b = and d’ = d' = 0;

e (59 is the subalgebra of M_; witha=d,b=c, b =c andd’ =d = 0.

Using the same approach as in Remark 3.31, we get the following result.
Remark 3.33. For j = 23,...,30, we have that exp”(C}) = 3.

Now we can prove the following lemma.

Lemma 3.34. Assume that the field F is also algebraically closed. Let A= B1®---@® B+ J be a
finite dimensional p-algebra over F' such that ByJB,, # 0 with (B, By,) in

{<F7 D)’ (D7 F)’ (F7 DZ)’ (Dl? F)’ (F7 D_Z)7 (D_Z7 F)}

with | # m. Then C; € varP(A), for some j € {23,...,30}.

Proof. Suppose first that (B, B,,) = (D, F). Let ¢, = e1 + e and e, = eg be the unit elements
of By and B,,, respectively. Clearly p(e;) = ez and p(e3) = es. Since By JB,, # 0, there exists a

homogeneous element j € J such that

ejem = (61 + 62)j€3 75 0.

Without loss of generality, we may assume that ejjes # 0. Let U be the p-algebra linearly generated
by the elements

e1, ez, e3, eyjes, eap(jes.

When the homogeneous degree of j is 0, the map f defined by

fler) =er1, flea) =eas, fles) =e22+e33, fleijes)=-e12, fleap(jles) =eus,

is an isomorphism of p-algebras between U and Cs3. When the homogeneous degree of j is 1, the
map f defined by

fler) =ein, fle2) =eas, flez) =eap+e33, flerjes) =ern,  fleap(j)es) = iess,

is an isomorphism of p-algebras between U and Cos.

In a similar way, when (B, By,) = (F, D) we obtain that Cayg, Cog € varP(A).

Suppose now that (B;, By,) = (D!, F). Let ¢; = e; and e,, = e be the unit elements of B; and
By, respectively. Clearly p(e;) = e and p(e2) = es. Since By J By, # 0, there exists a homogeneous
element j € J such that

eijem = erjes # 0.

Let U be the p-algebra linearly generated by the elements

el, ez, cey, epjea, eip(jlea, cerjea, ceip(j)es.
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Then U is isomorphic to Co7 as p-algebras, via f defined by

fler) =ei1+ess, flea) =ezo+es3, flcer) =clern+ess), flerjea) =eio,
fleip(j)e2) = eas, flcerjes) =cera,  f(ceip(j)e2) = ceas,

when the homogeneous degree of j is 0, and f defined by

fler) =e1q1+ess, flea) =ean+es3, flcer) =cler1 +eas), flerjer) = cero,

fleip(j)e2) =icess, f(cerjea) =ern,  f(ceip(j)ez) = iess,

when the homogeneous degree of j is 1.
In a similar way, when (By, By,) = (D74, F), (F,D") or (F,D™"), we obtain that Cag, Cag or
C3p € varP(A), respectively. |

The following proposition proves that the list of p-algebras C1, ..., Csg cannot be reduced.
Proposition 3.35. For all l,j € {1,...,30}, | # j, IdP(C;) € 1dP(C}).

Proof. By the classification of pseudoautomorphisms on UT,, given in [29], we have that the p-
algebras C;, i = 7,...,22 are not pairwise equivalent. Now, let y denote an even variable, z an odd

one and x any variable. The proof is completed by putting together the following facts.

e 1d°(Cy) ¢ 1dP(Cy), 1 = 1,3,4,7,11,13,15,16,19,22, j # I: in fact y~ = 0 on C; but not on
Cj.

o 1dP(Cy) € 1dP(Cj), 1 =1,2,7,8,9,10,23,24, j # I: in fact z = 0 on C; but not on Cj.
o 1dP(Cy) € 1dP(Cy), 1 =3, j = 4: in fact 2~ = 0 on C; but not on Cj.
o IdP(Cy) € 1dP(Cy), 1 =4, j = 3: in fact 2T =0 on C; but not on Cj.

o 1d°(C)) € 1dP(Cy), 1 = 2,...,6,12,14,17,18,20,21,25,26, j # I: in fact [y;,y5] = 0 on C
but not on Cj.

e 1d°(C)) € 1dP(Cy), l=1,...,5,j=17,...,22, in fact [[$1,l‘2]2,$3] = 0 on (] but not on Cj.

o IdP(Cy)  1dP(Cy), 1 =5, j = 2,3,4,25,26: in fact [y*,z] = 0 on C) but not on C;.

e IdP(Cy) € 1dP(Cy), 1 =5, j = 6: in fact y~ 27 + 27y~ = 0 on C; but not on Cj.

o IdP(Cy) € 1dP(Cy), 1 =6,5=1,...,5,7...,30: in fact [x1,22] = 0 on C; but not on Cj.
o IdP(Cy) € 1dP(Cy), 1=17,...,30, j =1,...,6: in fact exp?(C}) < expP(C}).

o IdP(Cy) € 1dP(Cy), 1 = 6,23,...,30, 5 =1,...,5,7,...,22: in fact [x1,x2][x3,24] = 0 on ()
but not on Cj.
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o IdP(Cy) € 1dP(Cy), 1=17,...,22, j = 23,...,26: in fact y; y5 y5 =0 on C; but not on Cj.
o 1dP(Cy) € 1dP(Cy), 1 =23, j = 24: in fact [y, ,y; Jy; = 0 on C; but not on Cj.

o 1d°(Cy) € 1dP(Cy), I =24, j = 23: in fact y5 [y; ,¥5 ] = 0 on C; but not on Cj.

o 1dP(Cy) € 1dP(Cy), 1 = 25, j = 26: in fact 2Ty~ =0 on C; but not on C;.

o 1d7(Cy) € 1dP(Cy), I = 26, j = 25: in fact y~ 2" =0 on C; but not on C;.

o 1dP(C)) € 1dP(Cy), 1 =27,...,30, j = 23,...,26: in fact y; y5 = 0 on Cj but not on Cj.
e 1d7(C)) € 1dP(Cy), 1 = 28,30, j = 27,29: in fact zfz; = 0 on () but not on Cj.

o 1dP(Cy) € 1dP(Cj), 1 = 27,29, j = 28,30: in fact 2, 2z, = 0 on C; but not on Cj.

o IdP(Cy) € 1dP(Cy), 1 = 27,30, j = 28,29: in fact 2~ 2" =0 on C; but not on Cj.

o IdP(Cy) € 1dP(Cy), 1 = 28,29, j = 27,30: in fact 272~ =0 on C; but not on Cj.

Now we are in a position to characterize the p-algebras A with expP(A4) < 2.

Theorem 3.36 (|7]). Let A be a finite dimensional p-algebra over F. Then exp?(A) < 2 if and
only if Cj ¢ varP(A), for any j € {1,...,30}.

Proof. Since we are dealing with p-codimensions that do not change by extending the base field, in
what follows we may assume that the field F is algebraically closed.

First let exp?(A) < 2. Since exp”(C;) > 2, by Remarks 3.29, 3.31 and 3.33, we get C; ¢ var?(A),
je{l,...,30}.

Conversely, let C; ¢ varP(A), for any j € {1,...,30}. Hence by Theorem 3.13 we can write
A= DB ®---® By + J, where the B;’s are simple p-algebras isomorphic to those ones given in
Theorem 3.14. Since Ci,...,Cq & varP(A), according to Lemma 3.30, we have that dimp B; < 4,
for any (.

Suppose by contradiction that exp?(A) > 2. Then by Theorem 3.23, one of the following

possibilities occurs:
1. there exist distinct B;,, B;,, Bi, such that B;, JB;,JB;, # 0 and B;, = B;, = B;, = F,
2. for some i1 # 49, B;, JB;, # 0 and B;, = F and B;, = D or D' or D7,
3. for some i1 # 49, B;, JB;, # 0 and B;, = D or D' or D™ and B;, =2 F.

Notice that when we are in the situation B;, JB;, # 0 with B;;, = D or D' or D~ and B;, = D
or D! or D7 it easily follows that one of the last two cases occurs.

If 1. holds, then, by Lemma 3.32, C; € varP(A), for some j € {7,...,22}, a contradiction.
We reach a contradiction also in all the other cases, since by Lemma 3.34, we should have that
C; € varP(A), for some j € {23,...,30}. [ |
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In light of Theorems 3.18 and 3.36, we get the characterization of p-algebras with p-exponent

equal to two.

Corollary 3.37. Let A be a finite dimensional p-algebra over F. Then exp?(A) = 2 if and only if
- Cj ¢ varP(A), for all j € {1,...,30} and
- either UTy or UTy or UTy or UTy " or D or D' or D™ € varP(A).

Now let us slightly change the definition of minimal varieties given in the previous sections:
a variety V of p-algebras is minimal with respect to the p-exponent if, for any proper subvariety
U, generated by a finite dimensional p-algebra, we have that exp?(V) > expP(U). By using this

definition we get the following.
Corollary 3.38.

1. The p-algebras C;, j =1,...,6, generate minimal varieties of p-exponent 4.

2. The p-algebras Cj, j = 7,...,30, are the only finite dimensional algebras, up to equivalence,

generating minimal varieties of p-exponent 3.

Proof. We prove just item 2. (the proof of 1. is similar).

Let V be a proper subvariety of var?(C;), j = 7,...,30. Clearly C; ¢ V. Also, by Proposition
3.35, we get that C; ¢ V, for any [ = 1,...,30. Then, from Theorem 3.36, exp?(V) < 2 and we are
done.

Now suppose that there exists a minimal variety U of p-exponent 3 which is not generated by
any of the algebras in 2. Since U is minimal and its p-exponent is 3, C; ¢ U, for any j. Then by
Theorem 3.36 we should have exp?(U) < 2, a contradiction. [ |

So, we close this section by stating the complete result
Theorem 3.39. Let A be a finite dimensional p-algebra over F. Then expP(A)
o <2ifUT, UT, , UTS, UT,", D, D', D" & varP(A).
e =2 4f
- either UTy or UTy or UTy or UTy" or D or D' or D™ € varP(A) and
- Cj & varP(A), for all j € {1,...,30}.
e > 2 if C; € varP(A), for some j € {1,...,30}.

Remark 3.40. Note that another way to prove this result can be using the correspondence (Re-
marks 3.10 and 3.24) between p-algebras and K-graded algebras and looking at the characterization
of G-graded algebras of exponent two given in [28].
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Chapter 4

Superalgebras with superinvolution

This last chapter is dedicated to superalgebras with superinvolution.

We start by giving the definition of superalgebras with superinvolution and some examples,
recalling that these algebras are the natural graded generalization of algebras with involution. Then,
we state the main results in the theory of polynomial identities in this context. Lastly, we discuss
the behavior of the central ¢- codimension sequence and the existence of the central ¢-exponent.

We present our results in the last section of this chapter.

4.1 Definitions and examples

From now on, unless otherwise stated, the field F' is of characteristic zero.

Definition 4.1. Let A = Ay @ Ay be a Zs-graded algebra. We say that A is a superalgebra with

superinvolution < if it is endowed with a graded linear map ¢: A — A with the following properties:
o (ab)® = (=1)I9Plpoa® for every a € A,
e (a®)® = a for all homogeneous elements a,b € Ay U Aj.

where |a| is the homogeneous degree of a.

Note that with the notation a® we indicate ¢(a). We can immediately see from the definition
that a superinvolution acting on the even part of a superalgebra is just an involution. We say that

an algebra A has trivial superinvolution if A has trivial grading and ¢ = id is the identity map.

Remark 4.2. Let A = Ag® A1 be a superalgebra with superinvolution ¢. Since F' has characteristic

Zero, we can write
A=A @ Ay @ AT @ A7,

where, for ¢ =0, 1,
Al ={a€Ai:a®=0a} and A; :={a€ A :a°=—a}
denote the sets of symmetric and skew-symmetric elements of A;, respectively.

From now on we will refer to a finite dimensional Pl-superalgebra with superinvolution simply

as a o-algebra.
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Recall that an ideal (subalgebra) I of a o-algebra A is a o-ideal (subalgebra) of A if it is a
graded ideal (subalgebra) and I° = I. The o-algebra A is a simple o-algebra if A% # 0 and A has

no non-trivial ¢-ideals.
Now we will give some examples of superinvolutions.

Remark 4.3. On the superalgebra M}, ;(F') we can define two types of superinvolutions. They have
been described by Racine in [40].

e The orthosymplectic superinvolution osp can be defined on My, ;(F) if and only if [ = 2s:

x Y\ (. o\ (x —v\'[(5 o
z 1) \o @) \z 7)\o @)

0 I
where ¢ denotes the usual transpose, Q = ( OS>’ Iy, I are identity matrices of orders
—1s
k,s. We have
+ X 0 t t
(My 25(F), 08p)g = 0T | X = X°, =—-QT'Q, X € Mp(F), TE¢€ My(F),,
— X 0 Xt t
(M 25(F),08p)y = 0T | X =-X', T=QT'Q, X e Mi(F), Te My(F)y,
+ 0 Y ¢ t
(Mp,25(F),08p)] = 7 0 | Y =2°Q (or Z=QY"), Y € Myos(F), Z €& Mas(F),,

(M 25(F),08p)] = {(; ) | Y =-2'Q (or Z=-QY"), Y € M;q2(F), Z¢ _Mgs,k(F)}.

e The supertranspose superinvolution trp can be defined on My ;(F) if and only if £k = by the
formula
trp
X Y B T8 —Y!
z 1rv) \zt Xxt)°
We see that

(M i (F), trp)g = )g )?t) | X € Mk(F)}7

<Mk,k<F>,trp>a={<f _i) \XGMk(F)},
\(

Y t t
s o) 1Y =Y Z2=7 Y. ZeM(F)y,
_ 0 Y . .
(Mip(F),trp)y = 4|, ) 1Y =Y Z2=-2" Y.ZeM(F),.

Other examples of superalgebras with superinvolutions are the following, presented in [11].
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Example 4.4.
o Let F'& F be the two dimensional group algebra of Z;. We denote by D the algebra F & F

with trivial grading and exchange superinvolution ¢ given by
(a,0)° = (b, a),
for all (a,b) € D. We can decompose D in the following way
D ={(a,a):a € F}, Dy ={(a,—a):a€F}, Dj=D;={0}

e Let M = F(e11 + eqq) @ F(ego + e33) @ Feja @ Fesy be a subalgebra of UTy, the algebra
of 4 x 4 upper-triangular matrices, with trivial grading and endowed with the reflection su-
perinvolution, i.e., the superinvolution obtained by reflecting a matrix along its secondary

diagonal.

Hence, if a = a(e11 + eaq) + B(ea2 + €33) + ye12 + desq, then
a® = a(ern + eas) + Blen + e33) + dera + yesq.
So we have
My = {alen+ear)+Blezz+ess) +y(erztean)}, My ={v(erz—ess)}, M =M ={0}.
e Now we consider a non-trivial grading on M: we denote by M*“P the algebra M with grading
My" = F(e11 + eas) ® F(e + e33), M"" = Feja & Fegy,

endowed with reflection superinvolution. Hence

(M**P)g = {a(e1r + eas) + Blexr + e33) | o, B € F},
(M=) = {0},

(M"Y T = {y(e12 +e34) | v € F},

(M) = {6(e12 —e34) | 6 € F}.

o Let G = (1,eq,€e2,... | e;e; = —eje;) be the infinite dimensional Grassmann algebra over F'

with its natural grading G = Gog @ G1, defined as we explained in Section 2.

— We let G# be the algebra G with natural grading and superinvolution ¢ induced by

setting ey = e;. Hence
(GF)f = (GF)o, (GF)g = {0}, (GF)] = (G, (GF)r = {0}

— We denote by G* the algebra G with natural grading and superinvolution ¢ induced by

setting ey = —e;. In this case

(G")g =Go, (G7)g ={0}, (G")] ={0}, (G"); =G
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The structure of a finite-dimensional ¢-algebra is known due to a generalization of the Wedder-

burn - Malcev decomposition (see [10, Theorem 4.1]).

Theorem 4.5 (Giambruno, Ioppolo, La Mattina, 2016). Let A be a finite-dimensional o-

algebra over a field F' of characteristic 0. Then there exists a semisimple o-subalgebra B such that
A=Ba&J
as vector spaces and the Jacobson radical J is a o-ideal of A. Moreover
BXB & - ® By,

where By, ..., By, are stimple o-algebras.

We can further refine this decomposition since the classification of the o-simple algebras is known
(see |4, 22, 40]). Before doing it, we introduce some preliminary notions.

Given a superalgebra A = Ay @ Ay, we define the corresponding superalgebra A®°P having the
same graded vector space structure as A and product given on homogeneous elements a,b € AP
by

aob=(—1)"lpg,.

Moreover B = A® A% is a superalgebra with By = Ay ® A" and B1 = A; & AT” and it becomes

a o-algebra since it is possible to define the so-called ezchange superinvolution ex as below
(a,b)* = (b,a).

Consider again the superalgebra from Example 2.6, Q(n) = M, (F @ cF), where ¢? = 1, with
grading Q(n)o = M, (F) and Q(n); = cM,(F). Then, the algebra Q(n) ® Q(n)*°P is a c-algebra

with exchange superinvolution.

Now, we can state the following theorem that gives us the classification of the finite-dimensional
simple o-algebras (see [4]).

Recall that, if A and B are two superalgebras endowed with superinvolutions ¢ and *, re-
spectively, then (A,¢) and (B,x) are isomorphic, as ¢-algebras, if there exists an isomorphism of
superalgebras ¢: A — B such that ¢(z°) = ¢(z)* for all x € A.

Theorem 4.6 (Bahturin, Tvalvadze, Tvalvadze, 2009). Let A be a finite-dimensional simple
o-algebra over an algebraically closed field F' of characteristic different from 2. Then A is isomorphic

to one of the following

1. My (F) with supertranspose superinvolution,
2. My o5(F) with orthosymplectic superinvolution,
3. My (F) @ My (F)%P with exchange superinvolution,

4. Q(k) ® Q(k)*°P with exchange superinvolution.
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4.2 o-Identities

Our next step is to define a superinvolution on the free associative superalgebra F(Y UZ). We write
the sets Y and Z as the disjoint union of two other infinite sets of symmetric and skew-symmetric
elements, respectively. Hence the free superalgebra with superinvolution (free ¢-algebra), denoted

by F(Y U Z,9), is generated by symmetric and skew variables of even and odd degree. We write
F<YU Zv<>> = F(yf—7y1_7zi~_721_ay;7y2_72’;—722_a" '>7

where y:r stands for a symmetric variable of even degree, y;” for a skew variable of even degree,
z;r for a symmetric variable of odd degree and z; for a skew variable of odd degree. In order to
simplify the notation, sometimes we denote by y any even variable, by z any odd variable and by z

an arbitrary variable. The elements of F(Y U Z,¢) are called o-polynomials.

Definition 4.7. A o-polynomial f(yi ...,y T, Ums 2052 2 21 -+, 25) € F(YUZ,0) isa

o-tdentity of the o-algebra A = Aar@Aa ® AT @ AT, and we write f = 0, if, for alluf, ... u}t € Ag,

uf,...,u;LGAa,vf,...,vfGAT and vy ,...,vy € A, we have
+ T — .t + o -\
flul, oo uy uy e Uy, 0] 0,0y ) = 0.

We denote by Id°(A) = {f € F(Y U Z,0) | f = 0on A} the Ts-ideal of o-identities of A,
ie., Id°(A) is an ideal of F(Y U Z,¢) invariant under all Zg-graded endomorphisms of the free
superalgebra F(Y U Z) commuting with the superinvolution .

We denote by (f1,..., fa)ry the T3-ideal generated by fi,..., fn € F(Y U Z,0).

As in the ordinary case, it is easily seen that, in characteristic zero, every o-identity is equivalent

to a system of multilinear ¢-identities. Hence if we denote by
P = spanF{wJ(l)---wU(n) o€ 8n, wi € {yy; 2,2}, i= 1,...,n}

the space of multilinear polynomials of degree n in yi, vy, 27,21,y yn, 27, 2 (e, it or gy
+
3

of P°NId°(A), for all n > 1.

or z;” or z; appears in each monomial with degree 1), the study of Id®(A) is equivalent to the study

Definition 4.8. The non-negative integer

PO
n > 1
PonIdc(A) "=

co(A) = dimp
15 called the n-th o-codimension of A.

In [10], the authors proved the following result.

Theorem 4.9 (Giambruno, Ioppolo, La Mattina, 2016). The sequence ¢, of o-codimensions
of a o-algebra is exponentially bounded, provided that the o-algebra satisfies a non-trivial ordinary

rdentity.

In case A is a finitely generated superalgebra with superinvolution and satisfies a non-trivial

ordinary polynomial identity, in [25] the author proved the following result.
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Theorem 4.10 (Ioppolo, 2018). Let A be a finitely generated superalgebra with superinvolution
and satisfies a non-trivial ordinary polynomial identity. Then, there exist constants C1 > 0,Coa, 11, to

and a non-negative integer d such that
Cin'td™ < 2 (A) < Cyn'2d™.

Thus we can conclude that

lim {/c5(A) =d.

n—oo

Definition 4.11. The non-negative integer
exp®(A): =d

15 called the o-exponent of A.

The class of ¢-algebras satisfying the identities in the Ts-ideal Id®(A) is called the o-variety
generated by A and denoted by var®(A). If V = var®(A), then we consider that ¢ (V) = ¢ (A) and
exp®(V) = exp®(A).

Definition 4.12. A o-variety V has polynomial growth if ¢ (V) is polynomially bounded and V has
almost polynomial growth if ¢ (V) is not polynomially bounded but every proper o-subvariety of 'V

has polynomaial growth.

In [11], the authors characterized o-varieties with polynomial and almost polynomial growth.
Proposition 4.13 (Giambruno, Ioppolo, La Mattina, 2019).

o 1d°(M) = (yy 45,27, 27 )13

o 1d°(M*"P) = (y~, z122)13 -

e 1d°(D) = ([acl,xg],zﬂz*ﬁ?o.

o 1d°(G?) = ([y,z], 2122 + 2221,y 527 )15

o Id°(G*) = ([y, ], 2122 + 2221, 9, 2" )15

Theorem 4.14 (Giambruno, Ioppolo, La Mattina, 2019). Let V be a variety of algebras with
superinvolution. Then 'V has polynomial growth if and only if M, M**P, D, G#, G* & V.

From this theorem follows that there is no ¢-variety of intermediate growth between polynomial

and exponential. Moreover, this theorem implies the following corollary.

Corollary 4.15 (Giambruno, Ioppolo, La Mattina, 2019). The varieties of algebras with
superinvolution var®(D), var®(M), var®(M**), var®(G*) and var®(G*) are the only ones of almost

polynomial growth.

In [25], the author showed how to explicitly compute the o-exponent of a o-algebra. Let A =
A+J=A®---®A,+J be a finite-dimensional o-algebra, with the A;’s o-simple. A o-subalgebra
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B is admissible if either B = B; or if B = B1 & ---® B, where By, ..., B, are distinct ¢-subalgebras
taken from the set {A;,..., A,} and

B1JByJ ---JB, # 0. (4.1)
The o-exponent exp®(A) is the maximal dimension of an admissible ¢-subalgebra of A:
exp®(A) = max {dimp B | B admissible} .
It easily follows that, for a finite-dimensional ¢-algebra A,
exp®(A) < dimp A.

In case exp®(A) = dimp A the o-algebra is called reduced.

4.3 Central ¢-polynomials

Now we introduce central o-polynomials, the main object of this chapter.
Let us denote by Z(A) the center of an algebra A.

Definition 4.16. We say that f € F(Y U Z,¢) is a central o-polynomial of a ¢-algebra A if

1. f(ai,...,an) € Z(A), for any ay,...,a, homogeneous elements of A;

2. its constant term 1s zero.

It is easy to see that all o-identities of A are central o-polynomials. A central ¢o-polynomial f
such that f ¢ Id°(A) is called a proper central o-polynomial of A.

Here it is important to highlight that, even if a o-superalgebra A has a non-zero center, it can
happen that A has no proper central ¢-polynomials. We will see some examples later on.

We will denote by 1d®*(A) the set of all central o-polynomials of a given ¢-algebra A and it will
be called the Ty-space of A. In fact, Id®*(A) is a vector subspace of F(Y U Z, ) which is invariant
by endomorphisms of F(Y U Z, ).

The main goal of this chapter is to study the growth of the spaces of the central ¢-polynomials
of a ¢-algebra and to compare it with the growth of the spaces of its ¢-identities. To this end, we
define, for n > 1, the n-th central o-codimension of A as
P

©2(A) = dimp s
G () = dimr peerieea)

n

Remark 4.17. Since Id°(A4) C Id*#(A), then ¢;*(A4) < 2 (A).

By the previous remark and according to the fact that ¢ (A) is exponentially bounded, it follows

that c;*(A) is exponentially bounded. Hence the following holds.

Remark 4.18. If A is a finite-dimensional ¢-algebra with exp®(A) = d, then there exist constants

Cs > 0,9, such that, for n large enough,

&% (A) < Con'2d™.
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A natural question that comes out is asking if the corresponding limit

exp”?(A) = nlLHgO VenF(A)
exists.

In the next section we will find a lower bound for ¢;;°(A) and conclude that for any finite-
dimensional ¢-algebra A such that exp®(A) > 5 the central ¢o-exponent exp®*(A) is equal to the
o-exponent exp®(A). Also, we will observe that the same is true in case exp®(A) = 3. Then, we
will study the remaining possibilities for exp®(A) and prove the existence of the central o-exponent,
presenting the possible values for exp®?(A).

To this end, we define proper central o-codimensions.

Definition 4.19. For n > 1, the sequence of proper central o-codimensions of A is defined as

PSN1d>*(A)

0,0 :
S(A) = .
e (A) = dimp o= T 557

n
It is clear from the definitions of these objects that c2(A) = c¢°(A) + 62’5(14).
In [36], La Mattina, dos Santos and Vieira provided information about the existence of the limit

lim 02’5(14).

n—oo

4.4 Central exponent for superalgebras with superinvolutions

As explained in the previous section and in Chapter 1, understanding the behavior of the codimen-
sion of central polynomials in PI algebras can help us to recover information about the codimension
sequence. Indeed, the the growth of the central codimension has been studied in different settings.
Firstly, in [18] the authors studied the behavior of central and proper central codimensions of or-
dinary PI algebras. Then, [11] the authors studied central polynomials of associative algebras and
their growth, they proved the existence of the central exponent and they compared it with the
Pl-exponent of the algebra. Moreover, in [37] and [39] there are results about the growth of central
polynomials of algebras with involution and of graded algebras, respectively. Finally, the authors of
[42] proved the existence of the central exponent in the context of algebras with graded involution.

Here we present our results on the behavior of the central codimension sequence for superalgebras

with superinvolution (see [21]).

4.4.1 The c-algebras UT°(By,...,Bn)

Let A be a finite-dimensional o-algebra. The goal of this subsection is to introduce a suitable
o-algebra UT; (B4, ..., By,) belonging to var®(A) and having the same o-exponent as A. Such a
construction was obtained by Di Vincenzo and Nardozza (see (8, 9]).

Let si,...,s4 be positive integers and denote by UT(sy,...,s,) the upper block triangular
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matrix algebra of size s1,...,s, over F', namely
Bi1 B2 -+ By

0 By --- By,

As anticipated, the o-algebra whose construction we are recalling is built from o-simple algebras.
As observed in [9], the idea of constructing UT (B, - - - , Bg,,) is to find isomorphic matrix algebras
with elementary grading and superinvolution given, up to sign, by reflection along the secondary
diagonal for each simple o-algebra B, ..., By,. In order to do it, we recall some preliminary notions
and results from [8].

Let g = (g1,...,9p) be an elementary grading on My,(F'). Define Revg := (gp,...,91) and
C¢g:=(g1+1,...,gp+ 1) the complementary word of g. We denote by 9, the reflection involution
along the secondary diagonal. Finally, define g := (g|%(Rev g)), where | denotes the juxtaposition
of words.

From now on, assume the field F' to be algebraically closed. We are ready to recall the -

embedding ¢ according to the specific type of simple ¢-algebra between the ones in Theorem 4.6.

Type 1-2: If A is isomorphic to either My, ;(F") with supertranspose superinvolution, or My, o5(F)
with orthosymplectic superinvolution, then it has an elementary grading given by g = (g1,...,9p),
where p = k + [, with [ = k in the former case and [ = 2s in the latter one.

Consider now Ma,(F) with grading word (g|Revg) = (0%,1%,0%) and denote L = {i €
(9/Revg): gi = 0} and R = {i € (g|Revg): g;i = 1}. Then, |L| = 2k and |R| = 2l. The fiber
L is divided into L1 = {1,...,k} and Lo = {k+ 20+ 1,...,2k + 21}.

To construct a signed version of 1¥9,, we assign a signature 7 according to the following table
(see [8, 9])

n | R L
Ly +1 +1 -1
R|-1 +1 +1
Ly | -1 -1 +1.

Then we define 521) by
V2, Vp

GU = 77(2’])61]

We call ¥g,, the orthosymplectic superinvolution for (Ma,(F), g). So, the embedding is described
by the monomorphism ¢ from A = My, ;(F') to Ma,(F') with grading given by (¢g| Rev g) and super-

- a 0
a 0 (ao)ﬁp

where ¢ denotes the superinvolution of My ;(F').

involution 5217:

Type 3: If A = My ;(F)®Mj,;(F)*P, then it has an elementary grading given by g = (0%, 1!), where

p =k + 1. In this case we can consider the monomorphism ¢ from A to M, (F') with elementary
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grading given by (g| Revg) = (0%, 1% 0%) and superinvolution ¥:

a 0
(a,b) —> (0 bﬁ2p>

where v9, is defined as in the previous case.

Type 4: If A = Q(k) ® Q(k)*°P, then it has an elementary grading given by g = (0*,1%), where
p = 2k. In this case we can consider My, (F) with grading given by (g| Revg) = (0%,12% 0%). The
fibers L and R have the same cardinality (see [8]). So, 2k = |L| = |R|. We define the sign map (see
[9]) e: [2k] x [2k] — {£1} by

o -1 if(i,j)e LxR
e(i,j) = ,
+1 otherwise.

Then the map ¥ = 521, defined by B
eszp: = E(i,j)e;’f”

is a superinvolution and it is called the supertranspose and the embedding is given by the monomor-

phism ¢ from A to Ms,(F) with elementary grading given by (¢g| Rev g) and superinvolution d,:

L)

(a+cb,a’ +cb') —

For each type of simple ¢-algebras, any a € A gives rise to a pair of p X p matrices (a’,a”) such

that
a 0
90(&)=<0 a,,)eszm

for the appropriate p, and in each case ¢ turns out to be a ¢-embedding.

Now let (By, ..., By) be a sequence of simple o-algebras, each B,, with size p,, and grading word
gu, chosen for the embedding B,, < Ma,,, (F). Note that the size of B, is

ku + 25y if By = My, 2., (F),
Pui=4 ky+1, if By =My, 1, (F)® My, 1, (F)*,
2k, if By = My, &, (F) or By = Q(ku) & Q(ku)*”.

Then consider the semisimple o-algebra B = B1 @ --- @ B, and set the size to
p:=pi+-+pg

Set g := (g1|g2| - - lgq) € Z5, so that the algebra Ma,(F) has grading induced by § and it is endowed
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with the standard supertranspose trp. Then the map ¢: B — My, (F') defined by

!
ay

ay 0 a0 al
so(al...,aa:so((() )(O )): " (42)

is a o-embedding of the semisimple ¢-algebra B into My, (F'). We say that (Ma,(F'), g) is the simple

enveloping o-algebra of the sequence (By, ..., By).
Now, for i,5 € {1,...,q}, let

Uij := €ij @ Mp,xp;(F) C Map(F) (4.3)

and denote its trp-image by U;; := Uf;p C Moy (F).

Definition 4.20. If (By,...,By) is a sequence of finite-dimensional simple o-algebras, let Moy (F)

be its simple enveloping ©-algebra and define
UT*(By,...,By) = e(B)® P (U@l CU
1<i<j<q

where U = @ (Uyj @UTJ) C Moy (F).

1<i<j<q

Note that the Jacobson radical of UT® (B, ..., By) is

1<i<j<q

Finally, for any o € Z5, UTS(By, . . ., By) is the o-algebra UT®(By, . . ., B,) with grading induced
by &+ g. We will call any algebra of this kind a triangular algebra.

We are in a position to state the following result.

Theorem 4.21. Let A be a finite-dimensional o-algebra of o-exponent d. Then there exist finite-
dimensional simple ©-algebras Bi, ..., By, where dimp B; = p; and an element g € Z5, where

UT; (B, .., Bn) € var(A).
Remark 4.22. Finally, we observe that if dimp(B; @ --- & By,) = d, then
exp’(UT,(By, ..., Bp)) = d.

4.4.2 On the central ¢-exponent

In this subsection we aim to prove the existence of the central ¢-exponent exp®?(A) for a finite-

dimensional ¢-algebra A. To this end, we will need to examine the possible values of exp®(A4). We
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start by considering the situations exp®(A) € {0,1,3,d}, where d > 5. In the next subsection, we
treat the cases exp®(A) = 2 and exp®(A) = 4.

e exp®(A) = 0: in this case A is nilpotent and clearly we have that exp®*(A) = 0.

e exp®(A) = 1: there are two possibilities.
If ¢;;*(A) = 0 for some n, then we have that ¢;”*(A) = 0 for all k > n and so exp®?(A) = 0.
If ¢;*(A) # 0 for all n, then, according to Remark 4.18, there exist constants Co, 5 such that,
for all n,
1 <c%(A) < Con™.

Hence exp®?(A4) = 1.

eexp®(A) > 1.
First we give an example, highlighting the important role that triangular algebras play in this

situation.
Example 4.23. Let us consider the ¢-algebra A = By @ By + J such that B1J By # 0, where

o By = My o(F) @ M o(F)*°P with exchange superinvolution;

e By = M, (F) with transpose superinvolution.

Notice that exp®(B1) = 8 and, by [25], exp®(B2) = 4. Since dimp(B; & Ba) = 12, it follows that
exp®(A) = 12.

Now, we want to construct UT,(B1, Bg) € var®(A), by following the steps explained in the
previous subsection. We have py =2, po =2, p = p1 + p2 = 4 and 2p = 8. Hence

a b uyr uis
c d uzr u
7 k
U =UTS(B1,Ba): = Lemo o
J o~k un ue
=l m U U
i h
f e

where g = (03,12,0%), u,y = u?t for r,t = 1,2 and according to the notation established in (4.3),

J(U) = Ups @ Upa.

Our next goal is to show that J(U)N Z(U) = {0}. Consider j € J(U)NZ(U). So j € UjaUU13.

Moreover, since j € Z(U), we must have a1j = ja; and asj = jag, where a; := ¢(1p,) and
as = 1/)(132). SO7

a1 = ej1 + ez +e77 +egg and az = €33 + eaq + €55 + €66.
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An easy computation shows that

ai1j = uieis + ui2€14 + ug1e23 + uzzead,

jai = uiiesy + uUioess + Usieer + U226€68-

Since a1j = jay, it follows that w,; = 4,y = 0, for all ;£ = 1,2, and so j = 0, as desired.

Observe that, if f is a central multilinear ¢o-polynomial, we may assume without loss of generality
that every variable of f appears in every monomial of f. In fact if f =) f; is a sum of monomials
fi, where distinct sets of variables appear in each f;, then each monomial f; is also a central -
polynomial. In order to prove the last statement, fix an index k£ and take an arbitrary evaluation
p(fx). Now define the evaluation p’ of f such that u/(fx) = p(fx) and all variables not appearing
in fi are evaluated in zero. Since f is a central o-polynomial, we have that p/(f) = > u/(fi) =
' (fr) = p(fr) is a central element; thus fx is also a central o-polynomial.

Now, let f be a multilinear central o-polynomial. As J(U) N Z(U) = {0} and By N By = {0},
then we have to evaluate all the variables of f in the same simple component, either By or Bs. It
follows that any evaluation A of f is such that A(f) = aa; or A\(f) = Bag, for some «, 5 € F. Taking
m € Uyo, it follows that aaym = am = maa; = 0. Hence o = 0. Analogously one gets § = 0. In

conclusion

" (U) = ¢, (U).

Since U € var®(A), according to [25], there exist some constants Q1 > 0, t; such that, for all n,

& (A) > &*(U) = (U) > Qnir12m.

n
Taking into account Remark 4.18, we can conclude that exp®?(A) = 12.
We see that the Jacobson radical of UT; (B, . .., By,) has trivial intersection with its center.
Lemma 4.24. Z(UT;(By,...,Bm)) N J(UT,(B,. .., Bn)) = {0}.

Proof. Tt is sufficient to follow step by step the proof of [42, Proposition 4.1], with the necessary
changes. |

Using the same arguments of [42, Proposition 4.2|, by Lemma 4.24, we get the following result.
Proposition 4.25. If m > 2, then UTgO(Bl, ..., Bp) does not have proper central o-polynomials.
Now we are ready to prove the following result.

Corollary 4.26. Considering U = UTy(Ba,...,Bn) with m > 2, we have e (U) = &(U0).

Moreover, if A is a finite-dimensional o-algebra such that
e exp®(A) =d and
o U e var®(A), with dimp(B, & --- & By,) = d,

then exp®?(A) = d.
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Proof. As observed in Section 4, we have that exp®(U) = d and U € var®(A). By Proposition 4.25,
we get
H(A) = F(U) = ¢, (U) = Qun"d",

n

for some constants @1, 71. Using Remark 4.18, this implies that exp®*(A4) = d. |

e exp®(A) = 3.

Observe that there is no 3-dimensional simple ¢-algebra. Hence, by Theorem 4.21, at least one of
the triangular algebras UT (F, F, F') or UT; (B, F), where dimp B = 2, belongs to var®(A4). Then,
as a direct consequence of Corollary 4.26, we conclude that exp®*(A) = exp®(A) = 3.

e exp®(A) > 5.
Our main goal is to prove that, in this situation, the central ¢-exponent exists and it has the

same value as exp®(A). To this end, we need a technical lemma.

Lemma 4.27. Let B be a finite-dimensional simple o-algebra such that dimp B > 5. Then there
exists an element b € B such that, for all non-zero a € Z(B), we have that ab ¢ Z(B).

Proof. According to Theorem 4.6, we have to consider the following possibilities.

e B ng,l(F)a with k£ +1 > 2.

The element we are looking for is b = ey y4; + Ix4;. In fact, taking a = §1;1; € Z(B), we get
ab = 6Lyt + e1k41) & Z(B).

o B My (F)& MP(F), with k > 2.

The element we are looking for is b = (L4 + €1 k1, Tkti + €1 k+1)-

e« B=Qk)® Q) k> 2.

In this case, we can consider b = (I, + e1 5, I + ex1).

Now we are in a position to prove the main result of this section.

Theorem 4.28 (Giordani, Ioppolo, dos Santos, Vieira). Let A be a finite-dimensional o-
algebra. If exp®(A) = d > 5, then there exist non-zero constants Q1,Ca, 11, to, such that, for n large
enough,

Qin"d™ < ¢F(A) < Con'2d™.

Proof. According to Remark 4.18, we already have the desired upper bound. In order to complete
the proof, we need to find a suitable lower bound as well.

Let U = UTy(Bu,...,Bm) be the o-algebra obtained according to Theorem 4.21. Since U c
var®(A), if m > 2, we are done by Corollary 4.26.

Now assume m = 1. Hence U = U T7(B1) = By, that is, U is a simple o-algebra with dimension
d > 5 and exp®(U) = d. Recall that, since U € var®(A), we have that Id**(A) C 1d**(U), and so
e (A) > ¢*(U). Thus we are left to find a lower bound for ¢*(U). Fix n and write ¢5(U) := N.
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This means that there exist fi,..., fny € P75 that are linearly independent o-polynomials modulo

1d°(0).

We wish to prove that, in this situation, ¢?

1 (U) > ¢&(U). Consider the multilinear o-polynomial

+ — + — . - + —
w(yn+17 yn—H’ Zn+17 Z7L+1) - yn+1 + yn-l—l + Zn—l—l + Zn+1‘

It is clear that, for any element u € U, there must be an evaluation p’ such that p(w) = u. We
will show that fiw,..., fyw are linearly independent modulo 1d%*(U).

Fix A1,..., An not all zero scalars and consider the o-polynomial f = Ay fi1 + -+ Anfn. Since
f is not an identity of U, there exists an evaluation p” of f such that p”(f) # 0. We wish to show

that fw is not a central o-polynomial of U. To this end, consider the evaluation p of fw such that
p(fw) = p"(f)p' (w), where

oo )l iEp(f) ¢ Z(0)
po(w) = . _
be U otherwise
where b € U is the element given in Lemma 4.27.
In both cases, the result of the evaluation u(fw) does not belong to the center of U and so we
conclude that fw is not central. A similar reasoning proves that each ¢-polynomial f; is also not

central. Thus we get that fiw, ..., fyw are linearly independent modulo Id**(U). This means that

cfl’il(ﬁ) > N = ¢ (U). Since ¢ (U) > Qin"'d", for some constants @1, 71, we are sure that, for n

large enough, we have ¢y*(U) > Qin"'d"™. The proof is complete. ]
As a consequence we immediately get the following corollary.

Corollary 4.29. If A is a finite-dimensional o-algebra and exp®(A) > 5, then exp®?(A) exists and
exp®?(A) = exp®(A).

4.4.3 Particular cases

In this subsection we shall treat the remaining possibilities for the ¢-exponent, that is exp®(A) €
{2,4}.
e exp®(A) = 2.
Assume first that UTy (F, F) € var®(A). By Corollary 4.26, we immediately get exp®*(A) = 2.
On the other hand, by Theorem 4.21, there exists B; € var®(A), where B; is a simple o-
algebra with exp®(B;) = 2. According to Theorem 4.6, up to isomorphism, we have that B; =
F & F with trivial grading and exchange superinvolution. Since the grading is trivial, the exchange
superinvolution can be seen as a (graded) involution and so, as in [42], we obtain the following

result.

Proposition 4.30 (Giordani, Ioppolo, dos Santos, Vieira). Suppose that A is a finite-
dimensional o-algebra, where exp®(A) = 2 and UT,(F,F) ¢ var®(A), then exp®*(A) ewists and
exp®?(4) € {0,1,2}.

In conclusion, we have the following corollary.
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Corollary 4.31. If A is a finite-dimensional o-algebra such that exp®(A) = 2, then exp®?(A) exists
and exp®*(A) € {0,1,2}.
e exp®(A) = 4.

By Corollary 4.26, if UT; (B1, ..., Bn) € var®(A), g € Zy, p = p1 + -+ - + pm with dimp(B; ©

- ® By,) =4 and m > 2, then
exp®?(A) = 4.

Otherwise, we have that m = 1. Consider A = B1 & --- @ By, + J(A). By Theorem 4.21, there
exists B; € var®(A), where B; is a simple ¢-algebra with dimp(B;) = exp®(B;) = 4. According to

Theorem 4.6, it follows that B; must be isomorphic to one of the following simple ¢-algebras:

o M5 o(F) with trivial grading and orthosymplectic superinvolution;
e M, (F) with transpose superinvolution;

o (F+cF)® (F+ cF)*P with grading (F @ F,cF @ cF) and exchange superinvolution.

In the first two cases, we can find suitable elements as those given in Lemma 4.27. Consequently,
applying similar arguments as those used in the proof of [42, Theorem 4.5], it is possible to find a
lower bound for the central o-graded codimensions of A and conclude that exp®*(A) = 4.

From now on, we will focus our attention on the third situation.

Remark 4.32. The simple o-algebra B = (F + ¢F') @ (F + ¢F)*°P has 3 distinct homogeneous
elements z1,z2 and x3 such that 3 = (1,1) and 2? = (1, —1), with i = 2,3. In fact, it is enough to

consider

e 71 :=(1,—1), a skew element of homogeneous degree 0;
e 19 := (cl,cl), a symmetric element of homogeneous degree 1;

o x3:= (cl,—cl), a skew element of homogeneous degree 1.

Again we will follow a similar reasoning as the one presented in [42|. First consider the case
r =1, that is By is the single simple component of the maximal semisimple subalgebra of A which
is isomorphic to (F' + cF) @ (F + cF)*P.

Proposition 4.33 (Giordani, Ioppolo, dos Santos, Vieira). Suppose that A = By + J(A),
where By = (F 4 cF) @ (F + c¢F)%°P, then exp®®(A) exists and it is either 0 or 4.

Proof. Assume first that for all b € A, 1g,b € Z(A). Then for n large enough, ¢;*(A) = 0 and so
exp”?(A) = 0.

Now assume there exists an element b € A such that 15,0 ¢ Z(A), and we may assume it to
be homogeneous without loss of generality. In order to show the existence of the central o-graded
exponent we will find a suitable lower bound for c;*(A).

Let us fix n > 4 and for 0 < ¢ < n—2 with n—¢—2 even, consider the following set of monomials

R T T n Vi P v SN v o VN 11
Ql O {yql yQiy""l y'rjzsl Zsk’ztl Ztl wn—lwn}
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wy, is a variable of the same homogeneous degree as the element b;

J,k,l run through all combinations of even non-negative integers such that
jtk+l=n—1i-2;

L=y ifk+1=0 (mod4) or w/,_; =z | otherwise;

*w n—1

/
n—

<<, rr <<y, 8 < S, T < - <y

{1, @t U{r,...,r U s, s U{tn, .. b ={1,...,n—2}.

Also we consider Q) := U Q;.
n—i—2 even

By following the same steps as in [42], we can conclude that |Q| > 4"~%. In fact,

Q| =227 —2n=4 > 4"~ if s odd,

Q| = 22n=T 4 9n=3 > 4"~ if n is even.

We are left to show that the elements of ) are not central and linearly independent modulo
Id**(A).

Recall that x1, 22 and z3 are the elements given in Remark 4.32. We will consider an evaluation
A such that w,, goes in the element b and the remaining variables will be evaluated in 1p,, =1, x2

and x3 according to their corresponding homogeneous degrees. It follows that

131131b = 131[) ¢ Z(A) itk+1=0 (mod 4),

)\ y+ e Ziw;_lwn) e
(v -2 zixb=1pb¢ Z(A)  ifk+1%0 (mod4).

In conclusion, all the elements of () are not central. The proof that they are linearly independent
is identical to the one presented in [42].
By putting all this together, for some constants Cy and to, the following inequality holds for all
n > 4.
41 < 9%(A) < Cynl24™,

It follows that exp®?(A) = 4 and the proof is complete. [ |

According to the above proposition, we can apply the same steps as in [42], to obtain the

following result.

Proposition 4.34 (Giordani, Ioppolo, dos Santos, Vieira). Let A = B+ J(A) with exp®(A) =
4, where B=B1 @ -+ ® By, m > 2, and B; = (F + c¢F) & (F + cF)*°P, for some i € {1,...,m}.
Then exp®?(A) exists and exp®?(A) € {0,1,2,3,4}.

In the next corollary we summarize all the above results.

Corollary 4.35 (Giordani, Ioppolo, dos Santos, Vieira). If A is a finite-dimensional o-algebra
such that exp®(A) = 4 then exp®?(A) ezists and exp®?(A) € {0,1,2,3,4}.

Finally, we provide an example that illustrates what can happen when the hypotheses of Propo-

sition 4.33 are not satisfied.
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Example 4.36. Let us consider the ¢-algebra A = Ay @ Ay, where
e Ay = (F+cF)® (F + cF)*P,
o Ay =UTS(F,F,F), with g = (0%).

Notice that A is a commutative algebra, exp®(A;) = 4 and exp®(Az) = 3. Thus exp®(A) = 4.
Now let us compute the central o-exponent of A. Since A; is a commutative algebra, any

polynomial with no constant term is central for A;. This implies that
Id**(A) = 1d*? (A1) N1d**(Ag) = 1d**(As).

So ¢*(A) = ¢*(Az). Moreover, we can apply Proposition 4.25 to Ao and conclude that it has no
proper central polynomials. Then ¢, (A) = ¢;*(As) = ¢2(Az). This implies that

exp®?(A) = lim {/en?(A) = lim {/c8(Ag) = exp®(Az) = 3.

n—oo n—oo

We have proved that exp®(A) = 4 whereas exp®?(A) = 3.

Here, it is important to highlight that the previous example is not an isolated case but represents
a general behavior. In fact, following step by step the arguments employed in [42], it is possible
to show that any o-algebra A satisfying exp®*(A) < exp®(A) is a direct sum of a commutative
o-algebra A; with exp®(A) = exp®(A;) and a o-algebra Ay such that exp®(As) < exp®(A).
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